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3He flow in dilute *He-*He mixtures at temperatures between 10 and 150 mK

C. A. M. Castelijns, J. G. M. Kuerten, A. T. A. M. de Waele, and H. M. Gijsman
Eindhoven University of Technology, Eindhoven, The Netherlands
(Received 12 December 1984)

The mutual friction between *He and “He II below 150 mK has been studied. Empirical relations
for the adiabatic and the nonadiabatic flow properties of *He moving through *He have been deter-
mined using a dilution refrigerator with a single mixing chamber. The validity of the relations is
verified by osmotic-pressure measurements and by measuring the properties of a double-mixing-
chamber system. It is shown that superleak shunts have a strong effect on the flow characteristics.
From the nonadiabatic flow properties an expression is derived for the mutual-friction-force density
between *He and “He II. This has a strong resemblance to the Gorter-Mellink mutual-friction-force
density between the normal and the superfluid components in pure *He II. It is speculated that the
He flow in our systems generates a “He vortex tangle, which leads to the observed mutual fnctlon
between *He and “He and also to a strong clamping of the “He to the walls.

I. INTRODUCTION

In the hydrodynamics of *He-*He mixtures, the mutual
friction between *He and “He plays an important role.!
As a consequence, the hydrodynamic equations, based on
the model in which the mutual friction is neglected®? [the
mechanical-vacuum (MV) model], cannot be in agreement
with the experimentally observed behavior. In our labora-
tory new empirical relations for the adiabatic flow proper-
ties have been determined.*

In this paper we report on further results of our experi-
ments concerning the variations of liquid properties as
functions of the *He flow rate and the tube dimensions.
In general, flow channels of cylindrical shape (tubes), of
which the length is an order of magnitude larger than the
diameter, will be considered. Attention will be paid to
pressure, osmotic-pressure, temperature, and *He-
concentration measurements in the steady state, using a
single mixing chamber. Furthermore, the influences of
superleak shunts across the tubes on the flow properties
will be discussed. A new description of the operation of a
double mixing chamber’ will be given, based on the
empirical relations derived from our experiments.

Section II deals with the flow properties determined
with a single mixing chamber. In Sec. III the double mix-
ing chamber will be considered. In both cases we will give
a short discussion of the consequences of the MV model
for the system, a description of the experimental setup,
and the experimental results. In Sec. IV an expression for
the mutual-friction-force density will be derived, our re-
sults will be compared with the results obtained by others,
and we will speculate on the physical phenomena behind
the observations.

II. SINGLE MIXING CHAMBER
A. Mechanical-vacuum model

1. Enthalpy balance

The law of conservation of energy for a steady flow of
SHe through “He II in a restricted geometry (flow resis-
tance) reads

32

hispts+13TSp+Q =const , (n

in which n; is the 3He molar flow rate, Q is the heat flow
rate, T is the temperature, i3 is the *He molar chemical
potentlal and Sy is the entropy of the mixture per mole
SHe. The molar flow rate 7, of the “*He component is as-
sumed to be zero. Equation (1) can be written in the form
of an enthalpy conservation law in which the enthalpy
HY is given by

HY =p3+ TSk . )

A treatment of the thermodynamlc quantities of liquid
3He-*He mixtures is given by Kuerten e al.® The limit-
ing values for 3He concentrations near saturation and tem-
peratures near absolute zero, are summarized in the Ap-
pendix.

Using Eqgs. (1) and (2), the variation of the thermo-
dynamic properties in a cylindrical tube with length L
and diameter D can be calculated in the same way as did
Wheatley et al.®> and van Haeringen,’ starting from the
Gibbs-Duhem relation for *He-*He mixtures

x duz+(1—x)dus=—S,,dT +V,dp , (3)

in which p4 is the molar chemical potential of the “He
component, x is the *He molar concentration, p is the
pressure, and S, and V,, are the entropy and volume per
mole mixture. At very low temperatures the contribution
of the “He component to the total entropy of the mixture
can be neglected. Hence,

Spm=xSp . : 4)

In the MV model the mutual friction force between *He
and “He is assumed to be zero. In that case, in the steady
state, u4 is constant:

Hq=const . (5

Combining Egs. (1)—(5) leads to
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where. V3=V,,/x is the volume per mole *He. The heat
flow Q is given by

: 7D* dT

Q= 2 (7)
In Eq. (7) I is the distance from the tube entrance and «
the coefficient of thermal conductivity. :

Within the framework of the MV model, the *He is as-

sumed to flow with a certain viscosity 77 equal to the
viscosity of the total mixture as measured by Kuenhold
et al.® The pressure change, assuming Poiseuille flow, is
given by

. 128
dp =—'T]n3V3-;BIdI . (8)

Hydrostatic-pressure changes will not usually be con-
sidered in this paper. However, in a few important cases,
when the pressure variations due to the 3He flow are on
the order of 1 Pa, they may play a dominant role. The ra-
dial distribution of the molar-flow-rate density j; is given
by

85
~ =D*

where r is the distance from the tube axis.

At very low temperatures Sr, k, and 77 can be approxi-
mated by their low-temperature values (see the Appendix).
Substitution of these approximations in Egs. (6), (7), and
(8) leads to a differential equation for the 7-/ relationship,
which can be written in dimensionless form by introduc-
ing the dimensionless parameters 7 and A according to

A=1/Lg (10)

J3 (D*—4r?), )

and
r=T/Ty, (11

in which Ly and T are given by

- K% 1/31)8/3
Lo=— 5 - (12)
2 128C07]0V3 ni3
and
1285,V 3k, |'7°
o= |~ | p-iss (13)
Cph '

The differential equation for the 7-/ relationship can then
be transformed to

a1

_1_d|1d
dr 2 dr

1dr
-

r
a0 =0. (14)

2. Thep, T, x, and 11 profiles in tubes

Equation (14) and the scaling parameters 7, and L,
play a central role® in dilution refrigeration; e.g., it can be
shown that dilution refrigerators should have an intrinsic
low-temperature limit equal to 0.7T,.> The solutions of
Eq. (14) are described by van Haeringen.” His analysis
shows that in the main part of long tubes (length L >>L)
at higher temperatures (7' > T), the thermal-conductivity

term can be neglected. In that case, Eq. (14) reduces to

d7? 1
d?L_q—z—O' (15)

Integration gives

T*=T} |1+ (16)

n
wD* Co T}

1281 4V3no . ]
3 s

where T, is the temperature at the tube entrance. In our
experiments the entrance is usually situated in the dilute
phase in the mixing chamber of a dilution refrigerator. If
the heat flow Q can be neglected, integration of Eq. (6)
gives

Co
=pm— = (T?—T2) . 17
P=Pm—7%p ( m) (17
At low temperatures the fountain pressure can be
neglected. In that case, it follows from Eq. (5) that
p —II=const . (18)

From the low-temperature limit of IT (see the Appendix)
and from Egs. (17) and (18),

T?>=T2%—b(x —x,,) , (19)

where b is given in the Appendix [Eq. (A9)]. Combining
Eq. (16) with (19) gives an expression for the concentra-
tion profile in the tube:

X =X, ——

4V2 172
! ———128’———3"%3] ~1|. o

wD* CoT}

The relations (9), (16), (17), and (20) form a complete set
of equations from which the j;, T, p, and x profiles in the
tube can be calculated from n;, T,,, and the tube dimen-
sions. They result from the basic assumptions of the MV
model as expressed in Egs. (5), (8), and (9).

3. Superleak shunts

A superleak S usually consists of a tube filled with fine
powder. Viscous fluids like *He cannot flow through the
pores of the powder, but superfluid “He can pass without
dissipation. The “He chemical potential u, is constant
over such a superleak.

The validity of the MV model can be tested in a direct
way by comparing the measured flow properties in a tube
Z shunted by a superleak S, with the properties of Z
alone. This can be understood as follows.

The net 3He flow rate through Z is always equal to the
externally applied *He flow rate 713, whether Z is shunted
by a superleak or not. On the other hand, the “He flow
rate in Z may be modified significantly by inserting S:
without S the net *He flow in Z is zero. However, with
S||Z, the *He component may circulate internally
through the tube and back through the superleak. There-
fore, the relative motion of the two components in Z may
be significantly different in the two cases. In the MV
model the effects of the relative motion of the two com-
ponents are assumed to be negligible. Hence, the system
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properties should be independent of the motion of the
“He. In other words, if 4 were constant in the tube even
without the superleak shunt, then the p, T, x profiles for
given 13, measured before and after the installation of a
superleak, should be the same.

In the first dilution refrigerator, built by Das, de Bruyn
Ouboter, and Taconis!® in 1964, the dilute-flow channel
was shunted by a superleak. Unfortunately, the effects of
the superleak on the *He-*He flow properties had not been
analyzed in more detail at that time.

B. Experimental setup

1. Dilution refrigerator

In Fig. 1 a schematic drawing is given of the low-
temperature parts of a >He-circulating dilution refrigera-
tor with a single mixing chamber. The machine used in
our experiments has been described in more detail else-
where.!! The total circulation rate 7,, measured with a

|

22 L2

Z

a4
SN

7

N
N

E
F\\_\X*Q
M

FIG. 1. Schematic drawing of the low-temperature part of
the dilution refrigerator used in our experiments.. M: Mixing
chamber; E: experimental space; H: heat exchangers; St: still;
K: 1-K plate; S: superleak (optional).
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flow meter at room temperature, is the sum of the 3He
and “He circulation rates:

hy=n3+ny . @D

The circulation rate 7, could be varied between 0.13 and
2.5 mmol/s by varying the heating power Qs to the still.
The “He flow rate n, was typically 3% of 1, (see
Sec.C1). .

In our experiments heat leaks were negligible. The
minimum temperature was limited by the heat-exchanger
performance. With a single mixing chamber in the con-
tinuous mode it was about 10- mK.

2. Mixing-chamber and experimental space

Schematic drawings of the measuring system are given
in Figs. 1 and 2. The mixing-chamber part M was made
of stainless steel (inner diameter 38 mm, height 78 mm).

Qi
, =
Xe — | ¢
Te Ti
Pe E
Z s
_ P
A
Pm
Tm
—{— 1+ M

FIG. 2. Schematic drawing of the mixing chamber M and ex-
perimental space E. Between M and E, a flow resistance Z,,, a
superleak S, and a differential pressure gauge P could be in-
stalled. Temperatures T;, T,,, and T, were usually measured by
calibrated Speer carbon resistors. The *He concentration x, in
E was measured with an air capacitor. Temperature T; could

be varied with a heater Q; at the entrance tube.
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An experimental space E (inner diameter 30 mm, height
34 mm) was part of the top of the mixing chamber. The
3He entered E at the bottom. The other side of E was
connected to the dilute side of the heat exchangers
through a tube with inner diameter 5 mm and length 250
mm.

In general, the flow impedances studied were cylindri-
cal tubes with L >>D. The lengths varied from 5 mm to
1.4 m; the diameters from 0.3 to 2.3 mm. The tube under
investigation, Z,,, was mounted between M and E.
Furthermore, a superleak and a pressure cell could be in-
stalled between M and E, parallel to Z,,. During certain
experiments (e.g., the calibration of the thermometers in
E), Z,, consisted of a short tube with a relatively large di-
ameter. This situation will be referred to as Z,, =0.

_In the nonadiabatic flow experiments a heating power
Q. was supplied by a heater consisting of a copper body
with a copper-powder sinter sponge (surface area 1 m?) in
order to keep the temperature of the heater body low.
Twelve parallel channels (inner diameter 2 mm, length 23
mm) provided a passage for the flowing *He with practi-

- cally zero flow resistance.

The temperature 7, in E was usually substantially
higher than T,. Therefore, in principle, heat flowed
from E to M. However, the thermal contact between the
liquids in E and M was negligible due to the high Kapitza
resistances and the poor thermal conductivity of the
liquid in Z,,. The heat flow to E via the connecting tube
to the heat exchangers was also negligible.

The temperature T; of the He flowing into the mixing
chamber could be varied by supplying a heating power 0.
The surface area of this sinter sponge was 0.5 m2. Using
this heater, T,, could be varied independently of the other
variables, such as Qs or Q,, within certain limits.

For T; > 500 mK, boiling of the liquid in the inlet tube
occurred. In that case the dilution refrigerator failed to
operate properly. Therefore, 7; was limited to values
below 500 mK and, as a consequence, T, < 150 mK.

3. Thermometry

A superconductive fixed-point device, a cerium mag-
nesium nitrate (CMN) thermometer, and resistance ther-
mometers were used for the temperature measurements.
All thermometers were placed in the liquid. The super-
conductive fixed-point device SRM 768 is described by
Schooley et al.!*> External magnetic fields were screened
by a metal cylinder with a high magnetic permeability
(u-metal). The superconducting transitions were detected
with an ac current of 10 uA rms and a frequency of 329
Hz through the primary coil. The CMN thermometer
was calibrated against the superconductive fixed-point de-
vice. The resistance thermometers in the low-temperature
part of the dilution refrigerator were of the Speer type.
They were calibrated against the fixed-point device and
the CMN thermometer. The thermometers in the experi-
mental space E were calibrated while Z,, =0, in which
case, 1,=T,,.

4. 3He concentrations

The 3He concentration x, of the liquid in E was deter-
mined with an air capacitor, using the property that the
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dielectric constant €, of a 3He-*He mixture is a linear
function of x (Ref. 13) according to

€,=1.0572—0.0166x . (22)

The capacitor had a nominal value of 32 pF and a plate
distance of 0.2 mm. It was calibrated by measuring the
capacitance in vacuum, in pure “He, and in a 6.6% mix-
ture, respectively. The latter value was obtained in experi-
ments with Z,, =0 or from the extrapolation of the x,-n,
dependence (see Fig. 6) to zero flow rate.

5. Osmotic pressure

The osmotic pressures II, and II,, of the mixtures in E
and M, respectively, were obtained from the measured
temperatures and concentrations.® The osmotic pressure
II; in the still was measured with a so-called London de-
vice.!* With this technique the value of the osmotic pres-
sure is derived from the temperature at which the osmotic
pressure is balanced by the fountain pressure. This tem-
perature was about 1.3 K. The resistance thermometer
(Allen-Bradley, 56 Q; % W) in the London device was
calibrated against the vapor pressure of “He with an accu-
racy of 25 mK. Due to the strong temperature depen-
dence of the fountain pressure, this led to an accuracy in
II; of a few times 100 Pa; the resolution was on the order
of 10 Pa. The uncertainty of the calibration was removed
to some extent by shifting the calibration curve slightly in
such a way that the measured fountain pressure was equal
to I1, at low flow rates.

6. Pressure changes

The pressure gauge consisted of two spaces (connected
to M and E, respectively, see Fig. 2) separated by a Kap-
ton foil (thickness 25 um). A silver layer was evaporated
onto the foil and another onto a surface of the gauge
body. The capacitive coupling between the two silver
layers was on the order of 2.5 pF and is a function of the
pressure difference across the foil. The gauge was cali-
brated in a “He cryostat against the hydrostatic pressure
of a *He-liquid column. The sensitivity was 480+30
aF/Pa. The resolution was 0.2 Pa.

7. Experimental procedure

Modifications in the system, such as changing tubes, in-
serting or removing superleaks, etc., were made at room
temperature. After closing the cryostat, the first data
could be taken after 24 hours. When a parameter, such as
Qs, Q,~, or Qz was changed, a new steady state was
reached after one hour. In this paper only steady-state
properties will be reported. In a usual sequence of mea-
surements, one parameter (such as T,,) was fixed, while
another (such as Q; or Q,) was varied.

With a heater, the superleak S, shunted parallel to the
heat exchangers (Fig. 1), could be warmed locally above
the A point during a run. Thus, the system could be stud-
ied with and without a superleak shunt across the heat ex-
changers while the system remained at low temperatures.
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C. Experimental results

1. Flow rates

The relation between the total circulation rate n, and
the heating power to the still QS is dependent on the flow
resistance of the dilute channel and on the presence of su-
perleaks in the system. First we will discuss the situation
in which the flow resistance Z,, in the mixing chamber is
negligible (Z,, =0). The results are plotted in Fig. 3. The
squares represent the ﬁ,-Qs dependence, measured when
the heat exchangers were not shunted by the superleak S
shown in Fig. 1. At rn,=0.92 mmol/s, the curve shows a
kink.’> For circulation rates below the kink,
dQ,/dn,=33 J/mol; in the other part of the curve,
dQ, /dn, =74 J/mol.

The appearance of the kink can be explained as follows:
at low flow rates an increase of Q, leads mainly to an in-
crease of n3; and not of n4. The slope of the Q;-n, curve
then corresponds to the latent heat of evaporation of *He.
At high flow rates, increasing QS mainly increases ng; the
slope corresponds to the latent heat of evaporation of “He.
Apparently, at circulation rates corresponding to the kink
or higher, the 3He concentration in the liquid in the still is
very low, due to a flow resistance somewhere in the dilute
channel.

In Fig. 3 the ﬁ,-Qs dependence is also given as mea-
sured with a superleak connection between the still and
the dilute exit tube of the mixing chamber (S||H). The
kink in the n,-Q; curve has disappeared due to a reduc-
tion of the effective flow resistance of the dilute channel
by the superleak shunt."!3

In order to extend the *He flow-rate region of our

hf (mmol /s)

0 . 50 100

FIG. 3. Measured r,-Q, dependences with (O) and without
(O) a superleak S parallel to the dilute side of the heat ex-
changers. In both cases Z,, =0.
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machine to values larger than 0.92 mmol/s, all experi-

. ments described below were performed with S||H. In this

case an appreciable amount of *He was circulated when
n, > 1.5 mmol/s, due to the temperature rise in the still.
If n, < 1.5 mmol/s, then n, =n; within 6%.

The #,-Q, characteristics, measured with a superleak
parallel to the heat exchanges (S||H), are dependent on
the flow resistances Z,, in the mixing chamber. This is
shown in Fig. 4. For large flow resistances (large L, small
D), a kink at a critical flow rate n,, was observed similar
to the kink shown in Fig. 3. For small flow resistances
the kink was less pronounced.

Special attention should be paid to the curves 1, 6, and
7: curve 1 corresponds to Z,, =0, curve 6 corresponds to
a relatively large Z,, (L=23 mm, D=0.8 mm) without
superleak shunt, and curve 7 to the same Z,, but with su-
perleak shunt S||Z. Again, the addition of a superleak
shunt led to a significant increase of #,.

For n,>>n, large amounts of “He were circulated.
The experiments performed in this situation showed that
the flow properties of the 3He component, as reported in
this paper, were not very sensitive to *He-circulation rates
up to 50%. In this paper only the results of experiments
in which the “He circulation rate was less than 6% of the
total circulation rate [#, < min(#,., 1.5 mmol/s)] will be
presented.

2. Pressure differences

Measurements of the pressure difference Ap =p,, —p,
were performed with and without a superleak S shunted
across Z,,. Results with S||Z are shown in Fig. 5, where
the variation in the capacitance of the pressure gauge is
plotted against the right-hand side of Eq. (17), using the

iy (mmol /s)

1 I 1 |

1 1 1 1 1
0 50 100
Qs(mW)

FIG. 4. Measured 7,-Q, dependences with a superleak shunt
across the heat exchangers (S||H) for different sizes of Z,, (L
and D given in mm): 1, Z, =0; 2, L=23, D=1.6; 3, L=80,
D=1.6; 4, L=700, D=1.6; 5, L=1400, D=1.6; 6, L=23,
D=0.8; and 7, L=23, D=0.8, with superleak shunt S||Z.
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AC (fF)

Ap(Pa)

FIG. 5. Pressure changes across a tube shunted by a super-
leak (S||Z). The variation AC of the capacitance C of the pres-
sure gauge (defined as AC =C —2450 fF) is plotted versus the
pressure difference Ap calculated from the measured tempera-
tures T, and T,, with Eq. (17). The slope of the line is 460+15
aF/Pa, in good agreement with the calibration of the pressure
gauge (480+30 aF/Pa).

measured temperatures 7, and 7,,. The points show a
linear relationship with a slope of 460+15 aF/Pa, in
agreement with the calibration of the pressure gauge of
480+30 aF/Pa.

In the absence of a superleak, the pressure differences
where on the order of magnitude of 1 Pa. This is 3 orders
of magnitude smaller than the values of about 1000 Pa
that would result from Eq. (17) and the measured T2-T2
values, which were in this case much higher than with a
superleak shunt. Pressure changes of 1 Pa are on the
same level as the small variations due to circulating “He
or due to hydrostatic effects. This leads to the important
and simple flow property that, down to this level, the
pressure difference due to the *He flow through “He II is
zero:

p =const . (23)

3. 3He concentrations

The total change in *He concentration in Z,, is defined
by

Ax =x,, —x, . (24)

The value of x, was measured as described in Sec. IIB4.
The value of x,, was obtained from T, using the relation

X, =0.066+0.506T2 —0.249T +18.2T —74.2T>,
(25)

for the concentration of the saturated dilute solution as a
function of temperature.® In Fig. 6 some typical results of
x.-n, measurements are given. Curve 4 applies to the
same Z,, as curve 6 in Fig. 4. In both curves a kink
showed up at n,=0.3 mmol/s. For n,>0.3 mmol/s, x,
had a practically constant value of about 1.3%. Such a
low x, value led to a very low *He concentration in the
liquid of the still, resulting in a high “He concentration in
the vapor in the still (see Sec. IIC 1). In Fig. 7 some typi-
cal x,-T,, dependences are given. To first order Ax is in-
dependent of T,,. ‘

From double-logarithmic plots of Ax vs #,, as given in
Fig. 8, it follows that

Ax=pny, (26)
where «a is a constant given by
a=2.8+0.4, (27)

independent of T,,, n;, L, or D. The parameter 8 de-
pends on L and D, but not on T, or #,.

Plots of n, vs D, at constant values of Ax, for flow im-
pedances with length 23 mm,* led to the relation

n,~D? . (28)

0.06

@ 0.04
>

0.02

0 . 05 1.0
Nt (mmol /s)

FIG. 6. Measured x.-n, dependences for Q,~ =Q,=O for four
different sizes (mm) of Z,: 1, L=23, D=1.6; 2, L=10.5,
D=1.2; 3, L=23, D=1.2; and 4, L=23, D=0.8. The lines
connecting the points are for visual aid only. The dotted part of
curve 4 results from the extrapolation of the points with 7, < n,,
and n, > n,, respectively.
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0.07 T T T T T T T T

W/O 1
0.06 2 -

L 005+ -
0.04 -
D?/O___C/E“
3 | | 1 | | | | | |
o.o-o : 50 100
T (mK)

FIG. 7. Measured x.-T,, dependences for Q,=0 for two
sizes (mm) of Z, and different values of n, (mmol/s): 1,
L=23, D=1.6, n,=0.51; 2, L=23, D=1.6, n,=0.76; and 3,
L=23, D=1.2, n,=0.71. The lines connecting the points are
for visual aid only. The curve labeled x,, represents the x,,- T,
relationship calculated with Eq. (25). '

0.1 T T I

0.01 ]
x
<]
0.001 1 1 u
0.1 1.0

nt (mmol /s)

FIG. 8. Measured Ax-7, dependences for Q; =0, =0 for the
following tube sizes (mm): 1, L=23, D=0.8; 2, L=130,
D=16; 3, L=10.5 D=12; 4, L=23, D=1.6; and 5, L=23,
D=2.3. The straight lines represent Ax-7, dependences of the
form Ax~n§. The dotted curve 6 represents the Ax-r, rela-
tionship measured with the flow impedance as used by Wheatley
and discussed in Sec. IV B.
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Equation (28) suggests that the flow properties of the sys-
tem are only dependent on the cross-sectional area of Z,,
and not on the shape of the cross section. This would
mean that the flow-rate density j; is homogeneous in the
tube:

Jj3=const . (29)

The validity of Eq. (29) was verified in an experiment in
which Z,, consisted of four parallel tubes with L=23
mm and D=0.6 mm. The results turned out to be the
same as with one single tube of the same length, with
D=1.2 mm. '

The concentration x as a function of / was measured
with the setup depicted in Fig. 9. In this experiment, Z,,
had a diameter of 1.6 mm and a total length of 130 mm.
It was cut in four pieces with lengths of 8, 15, 37, and 70
mm, respectively. The pieces were connected by experi-
mental spaces 4, B, and C, in which x and T were mea-
sured.

In Fig. 10 the *He concentration x is plotted versus /
for different rn,. A linear x-/ dependence was found. The

Te
ﬂxe 3

7

OO

FIG. 9. Experimental setup for x-/ measurements. In spaces
A, B, and C, temperature and 3He concentration were mea-
sured. The connecting tubes had equal diameters (D=1.6 mm).
The lengths L were 8, 15, 37, and 70 mm, respectively.
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FIG. 10. Measured x-! dependences for four different flow
rates indicated in the figure in mmol/s. The values of x and T
were measured at /=0, 23, 60, and 130 mm, respectively (see
Fig. 9). The measured x-/ dependences are represented by
straight lines.

measured T2 dependences were straight lines [Sec.
IIC4, Eq. (35)]. Together with Egs. (26) and (29), the x-/
measurements lead to the equation

—yljg (30)

for the variation of the concentration along a tube. Ac-
cording to the experiments, ¥ is given by

y=(35+3)%10~° (SI units) . (31)

x =X,

In calculating the value of y in this paper, it is taken into
account that 7, contains on the average 3% “He. This re-
sults in a 9% larger y than the value reported in Ref. 4.

When x, =0, then Eq. (30) leads to a maximum value j,
of j; given by

Jo=xpm /YL)V® . (32)

This critical *He flow-rate density is responsible for the
critical flow rate 1,, which shows up in the 7,-Q, curves
as discussed in Sec. IIC1. It is an important quantity in
the design of dilution refrigerators.'®

4. Temperatures

The He enters the heat exchangers at the dilute side
with a temperature 7,. The heat flow in the heat ex-
changer next to the mixing chamber is proport10nal to

Te, so T; is a function of T,. When T <<T the in-
fluence of T, on T; is small. However, when T, is so
large that it is comparable with T;, an increase of T, will
also increase T; because T, always has to be smaller than
T;. In our machine, T, satisfied the condition
T, <0.97;. Since external heat leaks may be neglected in
our case, it follows from the enthalpy balance of the mix-
ing chamber in the low-temperature limit that
H,T}=H%T2%, which gives T;=2.8T,. Hence,
T, <2.5T,,. When T,~2.5T,,, the temperature increase
in Z,, is nearly equal to the temperature decrease in the
mixing chamber. In this paper this situation will be re-
ferred to as the “high-dissipation” limit.
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The conservation of energy for a steady flow of 3He
through *He II can be formulated according to Eq. (1). In
adiabatic flow, Q=0 (see Sec. II B 2), hence,

H} =const . (33)

In our T-x region (10—150 mK, 2—7 %) the enthalpy H3}
is in good approximation a linear function of T? and x.°©
Therefore, it is convenient to plot the experimental data in
a T?x diagram. In Fig. 11 the measured T2-x, depen-
dences are given for three different types of experiments.
In the first type n, was varied while Q,- =0. When large

‘flow resistances (and/or large flow rates) were used, the

system was in the limit of high d1ssxpat10n (T,~0.9T;) as
discussed above. In this case the T -x, relationship is
represented by curve 4.

In the second type of experiments, 7, was varied while
T,, was fixed by adjusting Q; (in Fig. 11 curves 2 and 3,
corresponding to T =70 and T,, =40 mK, respectively).
The measured T?2-x, dependences can be represented by
straight lines according to

T?+ax,=T?: +ax,, , (34)

0.015

~ 0.010
x
o~
-
0.005
0 70.02 004 006 0.08
FIG. 11. T?-x diagram. Curves 1—9 mean the following: 1,

Phase-separation line; 2, and 3, least-squares fit of measured
T2-x, points with constant values of T, =70 and 40 mK,
respectively. The T2-x,, points are indicated by @. Points, in-
dicated by O, represent T?-x, measurements obtained with dif-
ferent flow rates and different Z,; 4, High-dissipation limit
(also the limit of our experimental region in the T2-x diagram).
With a dilution refrigerator only T?2-x. combinations can be
achieved between curves 1 and 4; 5—9, Tf-x, dependences for
constant 1, and varying T,,. These points are represented by 1.
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where a is an experimentally determined parameter which
is independent of L, D, or n,. Its value varies ‘slightly
from 0.21 K2, at low temperatures, to 0.19 K? for T, =70
mK. These values are in agreement with the calculated
T2 x dependence of isenthalps [see Appendix, Eq. (A4)].
A relation for the temperature profiles can be found by
combining Egs. (30) and (34):

T*=T2 +aylj§ . (35)

At large flow rates the heating power Q;, necessary to fix
T,,, was a decreasing function of 7,. At a certain max-
imum flow rate Qi was zero. It was not possible to in-
crease n, above this value without forcing T,, to rise.
This is the limit of high dissipation as discussed above
(curve 4).

A third set of curves (5—9) in the T2-x diagram was
obtained by varying Q; for fixed n,. The T?-x, curves
are parallel to the phase-separation line, reflecting the ob-
servation that Ax is, to first order, constant for different
T,, (compare Fig. 7). For 0, =0, two situations can be
distinguished:

(1) T, <<0.9T;. In this case the temperatures T,,, T,,
and T; are determined by the performance of the heat ex-
changers.

(2) T, ~0.9T;. Again this is the high-dissipation limit.
The points are situated on curve 4. In this case T, is the
minimum exit temperature ( T, ) for the given tube Z,,
and with given n,. This temperature would be reached,
even with zero thermal resistance in the heat exchangers,
because it is determined by the dissipation in Z,, and not
by the heat-exchanger performance. The corresponding
minimum mixing-chamber temperature (T, mi,) follows
from

T, ~0.9T;=2.5T s min - (36)

5. Minimum mixing-chamber temperature

The minimum mixing-chamber temperature of a dilu-
tion refrigerator is a complicated function of the external
heat load, the performance of the heat exchangers, and the
exit-tube dimensions.!® The intrinsic low-temperature
limit based on the MV model has been derived by Wheat-
ley et al.® At present it is not clear how this derivation
has to be modified in order to take the mutual friction
into a&count. A possibility has been sketched by de Waele
et al.

Here we will discuss the case in which the minimum
temperature of the mixing chamber is determined by the
temperature increase in Z,, [case (2) in Sec. IIC4, Eq.
(36)]. Combining Eqgs. (35) and (36) leads to

1 .
Tm,m=—23(any3'>”2 . 37

Some typical Ty, min-#, dependences calculated with Eq.
(37) are drawn in Fig. 12. The asterisks marking the ends
of the curves correspond to the critical flow-rate densities
derived from Eq. (32). The experimental T,,-n, depen-
dences with Q,- =Q, =0 are also given in Fig. 12. At low
flow-rate values, T, is determined by the heat exchangers
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FIG. 12. Measured T,, vs 1, for Q; =0, =0 for five different
tubes (L and D in mm): L=1382, D=1.6 (0); L=280,
D=16 (V); L=105, D=12 (A); L=23, D=16 ({); and
L=5, D=1.6 (O). The solid curves are calculated with Eq.
(37). Critical flow rates, corresponding with Eq. (32), are indi-
cated with *. The lines connecting the measured points are for
visual aid only.

[T, <0.9T;, case (1) in Sec. IIC4]. At high flow rates a
high percentage of “He is circulated (#, > #,,). At inter-
mediate flow rates the measured T,, values are in agree-
ment with Eq. (37).

6. Osmotic pressure

The osmotic pressure II, of the mixture in E was ob-
tained from the measured x, and 7,.® In Fig. 13 a typical
example is given. In this figure the II,,-n, relationship is
also given, where II,, was obtained with the measured
Tp; X, was calculated with Eq. (25). The line A
represents the osmotic pressure in the still, determined
with the London device (Sec. IIB5). The values of II;
and II, are the same within the uncertainties of the cali-
bration of the thermometer in the London device. Large

T T T T T T T — | T
- e -
| P B
2000 —
- .
R l
= r -
1500— -
i i
4 1 1 It ul 1 1 1 1
10000 ©02 0.4 0.6 08 1.0
fiy (mmol /s)

FIG. 13. Osmotic pressures in M, E, and in the still, plotted
versus n, for a tube Z, with L=10.5 mm and D=1.2 mm.
The osmotic pressures in M and E, represented by X and O,
respectively, are calculated from the measured x and 7. The
osmotic pressure in the still (A) was determined with the Lon-
don device.
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differences between II, and II,, were observed even
though Ap=0 [compare Eq. (18)].

7. Nonadiabatic flow

In this subsection we will discuss experiments where a
heating power Q, was supplied to the flowing *He. In the
first set of experiments the *He was flowing through the
heater with no flow resistance in series [Z,, =0, Fig.
14(a)]. Figure 15 is a T2-x diagram in which isotones
(lines of constant osmotlc pressure) are drawn,® together
with three pairs of T?2-x,, T;,-xm points. The osmotic
pressures of the measured T,-x, and the corresponding
T2-x,, are equal. This demonstrates the important prop-
erty that holds for Z,, =0: IlI,=Il,, or u4 =p4,. These
relations are the famlhar relatlons for the steady state of
SHe flowmg through *He in the absence of mutual fric-
tion.2

In the second set of experiments, a flow resistance Z,,
was connected in series with the heater in such a way that
the He, leaving M, first passed Z,,, passed next the
heater, and then entered E [Fig. 14(b)]. The T?-x, rela-
tionships were determined by varying Q, for a certain
value of n,, while T, was fixed within 1 mK by adjusting
Q;. In Flg 16 some typical results are given. The mea-
sured T2-x, relationships for glven T,, closely followed
an isotone. This means that not the 3He concentration x,,
but the “He chemical potential us, was constant. The
measurements with the London device also showed that
I1, was constant.

In the third set of experiments, the positions of Z,, and
the heater were interchanged. Hence, the *He first passed
the heater and then Z,, [Fig. 14(c)]. Again the T>-x, re-
lationships were measured for fixed T, and #,. The T2-
x, dependences were the same as in the previous case.
The pressure gauge between M and E showed that Ap =0
as in the adiabatic flow experiments.

(a) (b) (c)

- FIG. 14. Setups used in nonadiabatic flow measurements. (a)
Heater connected between M and E without flow resistance in
series. (b) Series connection of the flow impedance and the
heater. *He first passes Z,, and then the heater. (c) Positions of
Z,, and the heater are interchanged with respect to (b).
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FIG. 15. Calculated lines of constant osmotic pressure: 1,
IT=3200 Pa; 2, I1=2800 Pa, and 3, [1=2400 Pa. The poxnts
represent the measured 772-x, (O) and corresponding T2-x,,
(®) in nonadiabatic flow measurements with Z,, =0 [Fig. 14(a)].
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0.015

0.005
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FIG. 16. Typical results of T2-x, relationship in nonadiabat-
ic flow experiment (O). The impedance Z, (L=23 mm,
D=1.5 mm) and the heater were connected in series according
to Fig. 14(b). Measurements were performed with three dif-
ferent constant values of T, (®). The points were obtained by
increasing Q, while adjusting Q; to fix T,,. The solid lines are
isenthalps, the dashed lines represent isotones, and the thin lines
connecting the points are for visual aid only. The flow rate was
0.75 mmol/s.
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III. DOUBLE MIXING CHAMBER

A double mixing chamber (DMC) is a device in which
the *He, circulating through a dilution refrigerator, is di-
luted in two steps.> A schematic diagram is given in Fig.
17. A DMC can be installed in place of the single mixing
chamber and can be used to extend the temperature range
of a dilution refrigerator to lower temperatures. In the ex-
periments described in this paper the DMC is used as a
measuring device for the flow properties of *He-*He mix-
tures. Furthermore, a new explanation of the operation of
the DMC will be given, based on the empirical relations
obtained in Sec. II.

A. MV model

A full discussion of the DMC in the framework of the
MYV model is given by Coops et al.> In this paper we give
a simplified discussion: we neglect heat loads to the mix-
ing chambers, we assume that all flow resistances in the
DMC can be neglected, except the resistance of the dilute
exit tube of the first mixing chamber Z; (diameter D,
length L), and finally we assume that 7, =0.

1. Temperature and flow distribution

The temperatures of the first and second mixing
chamber (T'; and T,), and the dilute flow rate of the first
mixing chamber (7,), can be obtained from n,, Z,, and
the inlet temperature T;, with the following relations:

nH T} =n H3 T+ (n,—nHTT , (38)
(hy—n HYT5—H,T?)=0, (39)

T N }11-
e “
4 Aok
o ,;
¢ % ] 1
MCI MCI

FIG. 17. Schematic drawing of a double mixing chamber.
The hatched regions represent *He in the concentrated phase.
The first and second mixing chamber are represented by MCI
and MCII, respectively. Moles per second 7, (7,) of *He are di-
luted in MCI (MCII). The inlet temperature 7; could be varied
with a heater at the entrance tube.
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128L 7o .
Pr—Pr="_ % = —mVi, ‘ (40)
p1—p2=I,T} —IL T3, (41)
128L 7o .
,73 1,73 = ey T2"‘V3' (42)

Equations (38) and (39) express enthalpy conservation for
the first and second mixing chamber, respectively. Equa-
tion (40) follows from Eq. (8); Eq. (41) from Eq. (18).
Equation (42) follows from Eqgs. (40) and (41).

Equations (38)—(42) can be written in dimensionless
form by introducing

t1=T1/7}, 12=T2/T',', r=n'1/ti,, (43)
3
Hj, V. A
Ay =— *3s No¥3 128{;_14’ (44)
H(H3—H.) s 7D* T;
resulting in
*
1=—2m2 4 (1—r)?, (45)
L‘

(1—=r) ( t3—1t1|=0, (46)
2 * '
H;(H3,—H_.) Ar

t%—t%Z c 3s c 1 . 47)

H3] 3
Equation (46) can be satisfied by r=1 or by H}t3=H,z?2.
From the analysis of Coops, it follows that
r=1 for 4,<1 (48a)
and

H3t3=H.t] for A;>1. (48b)

If Egs. (38)—(42) were valid, all measured ¢;,¢,- 4, rela-
tionships would be independent of the individual values of
L, D, n,, or T;.

2. Level difference

The level difference Ak between the two phase boun-
daries follows from the condition for hydrostatic equi-
librium:

ApgAh =p,—p, , (49)

where Ap=159 kg/m? is the difference between the densi-
ties of the dilute and the concentrated phases, respectively,
and g is the gravitational acceleration. With Egs. (41),
(48), and (49), Ah can be expressed as a function of T:

128L MoV3 1y

Ah = — ford,<1, 50.
ﬂ'D4 Apg T2 1 ( a)
H} —H, Il N
Ah=———— Tt for4,>1. (50b)
H3 glp

With T'; between 20 and 60 mK, values of Ak from 5 to
50 cm would result from Egs. (50a) and (50b) for 4, on
the order of 2.
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B. DMC with empirical relations of Sec. II

In this subsection we derive the properties of the DMC
from Eqgs. (25) and (30). According to Eq. (30), the *He
flow rate n; through Z, is determined by the concentra-
tion drop Ax across Z,;. We assume that Ax is the result
of the difference of T and T,. For simplicity the slope
of the T2-x,, dependence given by Eq. (25) will be ap-
proximated by a constant x, which is, in the 40—150-mK
region, equal to 0.6 K—2 within 15%. Hence,

Ax =x,—x,~x,(T?—T3) . (51)

1. Temperature distribution
Substituting Eq. (51) into (30) leads to
4n,

L
T} -13=1= | —L
wD

Xt

(52)

The relation is the analog of Eq. (42) derived from the
MYV model. It can be written in dimensionless form by in-
troducing a parameter B defined by

2 S

B®= HC(H}{;;S—HC) % ::)tz —Tl,f ’ 63
giving

ti—1t3 =£°ﬂ:—H—°lB“r“ , (54)

Hi;

while

r=1 forB<1 (55a)
and

H3}t3=H.t} forB>1. (55b)

The t,,¢, vs B relationships are similar to the #,,¢;, vs 4,
relationships discussed in Sec. III B [Eq. (48a) and (48b)].
However, the definitions of the parameters 4, and B are
different, which implies a different relation between L, D,
n,, and T;.

2. Level difference

The experiments described in Sec. IIC2 show that the
pressure drop across Z is zero [Eq. (23)]. Thus,

pP1=p2 - (56)
Hence, according to Eq. (49),
Ah=0. (57)

C. Experimental setup

The two mixing chambers were constructed from
stainless-steel cylinders (inner diameter 30 mm; length 100
mm). The temperatures T, T,, and T; were measured in
the liquid with calibrated resistance and CMN thermome-

ters. The inlet temperature T; could be varied by supply-
ing heat to the inlet tube (Sec. IIB2). The total flow rate
n, was varied with the heater in the still. The flow im-
pedance Z, was usually installed at the entrance of the di-
lute exit channel of the first mixing chamber (see Fig. 17).
The two mixing chambers were suspended at equal
heights, within 0.1 mm.

The levels of the phase boundaries in the two mixing
chambers were determined by capacitive level meters (Fig.
18) attached vertically to the tops of the mixing chambers.
They consisted of two concentric metal cylinders with an
axial slit in order to give the liquids free access to the an-
nular region. The levels of the phase boundaries could be
varied externally by varying the total amount of *He in
the dilution refrigerator. The calibration was deduced
from the capacitances, with the phase boundaries com-
pletely below and completely above the detectors, respec-
tively. Level changes of 50 um could be detected.

D. Experimental results

1. Temperature distribution

The temperatures T; and T, were measured as func-
tions of n, and T; for several different tube sizes. If a
small flow resistance Z; was used (small L and large D),
kinks in the T-n, relationships could be observed in our
flow-rate region. In Figs. 19(a) and 19(b) the measured re-
duced temperatures, plotted versus A; and B, respective-
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L ®56mm .
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FIG. 18. Capacitor used for measuring the level of the phase
boundary. The capacitance was about 10 pF. ¢ is a diameter.
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ly, are given for a tube Z; with L=5 mm and D=1.6
mm.

The curves representing the experimental #,z, vs A
relationships show a dependence on #,. On the other
hand, Fig. 19(b) shows that the reduced temperatures,
plotted versus B, are independent of n,. The kink in the
t1-B and t,-B curves is situated near B=1.4 instead of at
B=1[Eq. 55(a) and 55(b)]. This deviation may be due to
the fact that the geometrical factor L/D?* in B® was
modified because the length of this tube was not much
larger than its diameter.

2. Level difference

The phase-boundary-level difference has been measured
as a function of n, and T'| for a number of different tube
dimensions and double-mixing-chamber geometries. In
general, tubes were chosen resulting in values of 4, on the
order of 2 in our T region (Sec. III A 2). The measured
Ah was usually on the order of 1 mm, much smaller than

0.6 T T T T T T T T

0.2 _
0 1 n | L 1 | 1 1
0.1 1 10 - 100
1035
0.6 T T T T T T T T

04 M _

0z W-

FIG. 19. Measured ¢, (solid symbols) and ¢, (open symbols)
for a tube Z| with L=5 mm and D=1.6 mm. The value of T;
was varied at four different flow rates [0.14 ({); 0.48 (0 ); 1.03
(0); 1.75 (A) in mmol/s]. The results are plotted in two dif-
ferent ways: (a) As functions of parameter 4,. t-A; depen-
dences are dependent on the flow rate. (b) As functions of pa-
rameter B. t-B dependences are not dependent on n,, in agree-
ment with Eq. (54).

values on the order of 10 cm calculated from Eq. (50).
Sometimes A/# was even negative. The small measured
values of A depended on the place where Z; was mount-
ed in the DMC system.

The observed Ak values correspond to pressures of the
order of 1 Pa. Similar to the situation discussed in Sec.
IIC2, these pressure differences may be due to effects
that were neglected in Eq. (56), such as variations in the
densities of the liquids in the various parts of the DMC,
the pressure drop in the concentrated connecting tube be-
tween the mixing chambers, or the “He in the circulating
mixture.

For small flow resistances, kinks were observed in the
Ah-T, dependences (cf. Sec. III D 1). This is demonstrat-
ed in Fig. 20, where the measured Ah-T; dependences for
values of n, are given for the tube with L=5 mm and
D=1.6 mm (cf. Fig. 19). In this figure the Ah-T; rela-
tionship, calculated with Eq. (50) for this tube with n, =1
mmol/s, is also presented.

L © 0.4 _
L o 0.48 -
o 1.03 _
L s 1.75

L

Ah (mm)

T1 (mK)

FIG. 20. Results of Ah-T, dependences measured with a
tube Z;, with L=5 mm and D=1.4 mm (compare Fig. 19) for
four different values of 7, given in the inset. The lines connect-

. ing the points are for visual aid only. The curve labeled MV

represents the Ah-T; dependence according to Eq. (50), calculat-
ed with n,=1 mmol/s. It should be compared with the squares
in the figure. Measurements with other tubes showed that the
Ah-T, dependences for T, values below the kink, were not
dependent on the tube size. '



IV. DISCUSSION

A. Mutual friction

The results of our experiments on the adiabatic flow
properties of *He moving through “He, can be summa-
rized by

p =const , (23)

J3=const , , (29)

T?+ax =const , (34)
and

x =x,—vlj$ . (30)

The absence of any temperature dependence in Eq. (30)
suggests that the He flow is completely determined by
the concentration drop across the tube. However, due to
the validity of Eq. (34), the difference of any linear com-
bination of x and T? is proportional to j§. From the ex-
periments with nonadiabatic flow (Sec. IIC7) it can be
seen that Ax changes when Qz changes, while the differ-
ence between the “He chemical potentials in M and E is
constant. Since p4 can be written as a linear combination
of x and T? (see Appendix), Eq. (30) can be generalized to

Ha=pam +7'lT o (58)
where
y'=27x10"° (SI units) . (59)

The relations (23), (29), and (30) differ from the analo-
.gous relations (8), (9), and (20) obtained with the MV
model. However, when S||Z the experimental observa-
tions are in much better agreement with the predictions of
the MV model. This can be explained by assuming a mu-
tual friction between *He and “He:! without the superleak
the motion of the *He is impeded by the “He. With S||Z
the “He circulates between the mixing chamber, the tube,
the experimental space, and the superleak. When in Z,,
the “He velocity is equal to the *He velocity, the mutual
friction force is zero there. Furthermore, the *“He chemi-
cal potential in the superleak is constant: g4, =fl4.-
Hence, the conditions for the MV model are satisfied.

B. Comparison with other work

In 1971, Wheatley et al.'’ measured the temperature
increase resulting from a flow impedance consisting of an
annular space (width 0.1 mm) between two cylinders. The
SHe was flowing perpendicular to the cylinder axis. The
temperature range was 12 to 40 mK; the 3He flow rate
varied between 10 and 53 umol/s. Contrary to our obser-
vations, the experimental results were in good agreement
with the MV model.

In order to investigate this discrepancy we duplicated
the flow impedance used by Wheatley, carefully avoiding
slits that might act as internal superleak shunts. Unfor-
tunately, it was not possible to operate our refrigerator at
flow rates below 150 umol/s. In Fig. 8 the Ax-n, mea-
surements with Qz=0 and Qi=0 are represented by the
dotted line. For 7, >0.4 mmol/s the Ax-n, dependence is
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almost the same as for a cylindrical tube with L=10.25
mm and D=1.2 mm, but for n, <0.4 mmol/s, Ax tends
to be larger. Furthermore, a dependence of Ax on T,
was found. The agreement with Eq. (26) was improved
when T,, was increased, but there were still deviations
from the n § behavior at lower flow rates.

Our measurements, extrapolated to low flow rates, did
not agree with the MV model. On the other hand, we
found deviations from the empirical relations, as deter-
mined  with long cylindrical tubes. Apparently the
geometry of the flow channel plays a role. A possible
mechanism for geometry effects could be that in some
cases macroscopic vortices of the total mixture develop in-
side the flow channel. Another reason for temperature-
dependent deviations of the empirical relationships could
be that there are slits in the system which act as super-
leaks. In this case the system will behave in accordance
with the MV model.

Niinikoski'® reported the observation of large osmotic-
pressure differences between the mixing chamber and the
still (compare Sec. II C 6) which were not compensated by
a fountain pressure or by a pressure drop due to the
viscosity of the solution. From the flow impedance of
Niinikoski’s sintered heat exchangers, we estimate that the
free passage in the heat exchangers is a slit with dimen-
sions 7% 0.4 mm? Using Eq. (32) with x,, =0.08, a criti-
cal flow rate of 800 umol/s is found. This value is in the
flow-rate range of 50—1200 pmol/s, as used by Niini-
koski. According to our empirical relations, large devia-
tions from the MV model should indeed be expected in
this system. )

Frossati'® observed anomalous r3-Q; behavior similar
to the phenomena described in Sec. IIC 1. In his experi-
ment, a critical flow rate of about 60 umol/s was found
with a tube in the dilute channel with D=0.5 mm and an
estimated length of 100 mm. From Eq. (32), a critical
flow rate of 80 umol/s would follow. Furthermore, Fros-
sati observed that with a tube with D=1.8 mm and L=6
m, flow rates up to 300 umol/s could be realized. This
value should be compared with the critical flow rate of.
240 pmol/s following from Eq. (32).

In order to draw definite conclusions from the observa-
tions of Niinikoski and Frossati, more detailed informa-
tion would be necessary. However, from the data avail-
able in Refs. 18 and 19, it seems justified to conclude that
their observations are consistent with Eq. (32).

C. Hydrodynamic considerations

In this subsection the experimental observations are
considered in the framework of the *He—*He-II hydro-
dynamics. Some of the assumptions are rather speculative
and need justification by a more detailed analysis in the
future.

In the steady state the hydrodynamic equations of
3He—*He-II mixtures can be written as follows:

V-p3v3=0, (60)
V-pavy=0, (61)
Vp=n(Avs+3V(V-v3)), (62)
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Vus+V4F3=0, (63)

where A=V"V, p; and p, are the densities of the *He and
“He components, v; and v, their respective time-averaged
velocities, and ¥V, the volume of the mixture containing 1
mole of “He. The mutual-friction-force density between
the He and the “He is denoted by F,;. Terms of second
and higher order in the velocities are neglected. Further-
more, we assume that the temperature is so low that the
influence of the normal component of the “He II can be
neglected.

We consider a flow through a long cylindrical tube and
assume that the vectors v; and v, are in the direction of
the tube axis and that u4 and p are constant in a plane
perpendicular to the axis. Equation (63) gives

ilfi'f‘ V4F43=0 ’ (64)
dl
where F,; represents the magnitude of the vector Fy;. A
similar notation will be used for the other vectors.

In pure “He 11, the Gorter-Mellink mutual-friction-
force density F, between the superfluid and normal com-
ponents is given by?°

Fo=Apsp, | Vi —V, | Hvs—V,) , (65)

where p; and p, are the superfluid and normal densities
and A is the Gorter-Mellink parameter (which is of the
order of magnitude of 500 sm/kg). In analogy, we as-
sume that F,; can be written in the form

Fy3=Auppsps | v4—v3 |1 (vs—v3) (66)
or
1/q
V3=v4+ —Z:—;g'—};: ] (67)
where g is a cbnstant. With Eq. (64) the relative velocity
V43 =V3—Vy4 (68)
is given by

V43 = (69)

dpgsdl |
AgpsMy

In Eq. (69) M, is the molar mass of the “He. Since u, is
constant in a plane perpendicular to the tube axis, v,z is
also constant in this plane. In particular,

Vg =V3p—V43 , (70)

where v3, and vy, are the velocities of the *He and *He
near the wall.

Since L >>D, the second derivative of the velocity in
the axial direction is usually much smaller than in the ra-
dial direction. If we neglect the contribution of the axial
term, Eq. (62) leads to the well-known relation

b3 =v3y+(r2—LD?) d4/‘” : (71)

This gives for the total *He flow rate through the tube,

aD* dp

1287 dl -~ 72

. 1
V3n3 =TW’D21)3w~—
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The “He flow rate satisfies
V47i4=V37i3—%1TD2U43 . ) (73)
With Egs. (70) and (72) follows

mD* dp
1287 dl

In our experiments, n; and r, are imposed externally.
The “He flow rate is in good approximation equal to zero:

ny,=0. (75)

Varig=5mD%4,— (74)

In the MV model it is assumed that v;, =0, similar to
the case of a flowing single-component viscous fluid.
However, in the case of a combined diffusive and viscous
flow,?! it is a linear combination of the velocities of the

'two components that is assumed to be zero at the walls.

In analogy, we write for the boundary condition,

P33+ fuPaVaw=0, (76)

where f,, is a dimensionless parameter that accounts for
the difference in strengths of the forces between the wall
and each of the two components, respectively. Good
agreement with our experiments can be obtained if a
strong frictional force between the “He and the boundary
is assumed, such that f,>>1. It then follows that
Vg <<U3y. As a first approximation we take

V4w =0. (77)
Substitution in Eq. (70) gives
U3w =043 » (78)

and from Egs. (74)—(77) follows

dp
—==0. 79
dl 79
In our model, the momentum transfer of the *He to the
wall is compensated by an infinitesimally small “He flow
which sticks strongly to the wall. This is an explanation
of the remarkable properties, that the pressure is constant
in the tube and that the *He velocity is nonzero near the
wall.
The zero-pressure gradient leads to a flat velocity pro-
file for both components:

V3 =V3y , (80)

U4=‘0 . (81)

Furthermore, it follows from Eq. (69) that-

q
dug n3
7=A43P31W4V§ i p? (82)
3
or
dug q
—_ ” 83
dl ?’ J3 ( )
with
Y’I=A43M3M4V§_l . (84)
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M, is the *He molar mass.

Here, equations (79)—(82) have been derived for
cylindrical tubes. It is also possible to derive these expres-
sions for the more general case of a long tube with a con-
stant cross section of arbitrary shape. In that case one can
use Green’s theorem to derive that vy, =0 everywhere in
the tube from the assumption that vy, =0. The relations
(79)—(84) are consistent with experiments if

q=a (85)

and
r'=y". (86)

Within experimental accuracy, the value of ¢ is equal to
the exponent in the Gorter-Mellink force [Eq. (65)]. The
value of A,;, calculated with Eqs.(84)—(86) for a 6.6%
mixture, is strongly dependent on the value of . With a
variation of a from 2.4 to 3.2, the value of A4,; varies
from 100 to 60000. With a=2.8, the value of 4,3 would
be 2600 sm/kg; a value of A43=A4=500 sm/kg would
give a=2.6

The mathematical expressions for the mutual-friction-
force densities are the same. In addition, ¢ =a and
A 43 =A within experimental accuracy. This strongly sug-
gests that the mechanisms responsible for the mutual fric-
tion between normal and superfluid “He, and between >He
and *He, are the same. In pure “He II the mutual friction
is caused by a “He vortex tangle.?? It is conceivable that
the motion of the *He generates a “He vortex tangle in a
similar way.

This suggestion is supported by experiments of Aws-
chalom et al., who found that v, is homogeneous in
“He II, just as is v3 in our experiments, and by experi-
ments by Baehr and Tough,?* who showed that the wall
plays an important role in the “He II hydrodynamics.
The presence of a “He vortex tangle may justify our as-
sumption that the “He is strongly clamped to the walls.

The *He flow properties can provide a powerful tool to
investigate the “He tangle: contrary to the situation in
pure “He II, the temperature and the normal-component
fraction can be varied independently. Since *He has a nu-
clear spin, NMR techniques can be used.?’> Furthermore,
the fact that the *He cannot be converted into “He, may
simplify the description of the flow properties. The fun-
damental aspects of the flow properties of >He-*He mix-
tures are presently under theoretical and experimental in-
vestigation in our group. '
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APPENDIX: LOW-TEMPERATURE LIMITING
VALUES OF SOME LIQUID PROPERTIES

In this appendix we shall give the low-temperature lim-
iting values of some properties of pure *He and of ‘He-
4He mixtures for concentrations near saturation (x ~Xxg).
For thermodynamic quantities that are to first order pro-
portional to T2, we write the approximation in the form

F(T,x)=F(0,x0)+Fy(x —xo)+FyT?, (A1)

where F, and Fy are constants. In Eq. (A1) the symbol F
stands for H3, II, w3, or us. The values of F(0,x), Fy,
and Fr are obtained from Kuerten et al.® and are listed in

. Table L.

The dilute side of the phase-separation curve is given by
x,(T)=x+0.506T . (A2)

With Egs. (A1) and (A2), one can calculate the values of
the thermodynamic quantities on the phase-separation
curve. In general,

F(T,xs(T))=F(0,x0)+F,T? .

The values of F, are also given in Table I. The T2 x
dependence at constant H3 is given by

(A3)

T?+a'x =const with a’=H}%,/H3r=0.209 K>. (A4)

The specific heat C34 and the entropy Sp per mole SHe of
the dilute mixture with x =x are given by

C34=Sp=CoT with Co=104 J/molK? . (AS5)
The viscosity of the mixture is given by®

n=n0/T? with 7o=5x10"% sPaK?. (A6)
The thermal conductivity of the mixture satisfies?

k=ko/T with kKg=3X10"* W/m . (A7)

The volume per mole He is

TABLE I. Values of F(0,x,), Fyx, Fr, and F; for some thermodynamic quantities.

F . F(0,x,) F, Fr F;

x 0.066 1 0 0.506 K2
H¥ 0 J/mol 17.58 J/mol 84.06 J/mol K? 92.95 J/mol K?
IT 2209 Pa 45.0 kPa 81.7 kPa/K? 104.4 kPa/K?
U3 0 J/mol 17.58 J/mol —20.28 J/mol K? —11.39 J/mol K2

Ba —0.06092 J/mol

—1.242 J/mol

—2.253 J/mol K2 —2.882 J/mol K?
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V3=V3(140.286x)/x with V§=27.58x10"% m?.
(A8)

The constant b, determining the slope of the T-x depen-
dence in the case of viscous, adiabatic flow, Eq. (19), is
given by

IT,

_ = (A9)
HT+ TCO/VE)

b =0.217 K?.
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The low-temperature limit of the enthalpy HY of pure *He
is given by?’

HY=H,T? with H.=11.4 J/molK?; (A10)
the specific heat C$ and the entropy S by
C=8%=C.T with C,=22.8 J/molK . (A11)
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