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Abstract: ~'Ve presenl efficienl. algorithms faT' cllO'I'dal bipartite graphs. Both algorit.hms 'lise a doubly 

/c.1;icaf ordering of the bipaTii-fe adjacency 'IIIa-tri.r. The first algol'dhm. computes a perfect edge with.out 

I;ert.c): elimination ordering (l.nd 1-he second one tisls all ma:l:im,al c01l1plete bipartite sttbgrap/Js. 

Keywol'ds: Dcsiqll of algorithms. effieiellt a.lgorithms. chordal biJlortile graphs. 

Introduction 

Chordal bipartite graphs form a lnrge class 
of perfect graphs cOllta.ining for example COl1-

vex and biconvex bipa.rtite graphs~ bipartite 
permutat.ion graphs and bipartite dista.nce 

hereditary graphs (or (6. 2)-chordal bijlnl"tite 
gri'l.phs). For an on~rdc\\' OIl graph classes the 

render is referred to [2. 6J. 

HecogniziJlg chordal iJipartit.e graphs can be 
done in time O(min(m log n. n2

)) [7. 9. D. 12J. 
All these recognition ()Jgorith ms use the sa.me 
underlying idea .. Fjrst compnte a clOllhly lexi
cal ordering of the bipart.ite adjacency llletrix 
of the given hipa.rt.ite graph end then check if 
t.his is [,-free (see, e.g., [1. 4. 7]). 

Chordal bipartite graphs call also be rep
resent.ed by a so-cnlled pnfer!. cdqe ,(til"
out verie:I; e1irnination ordering. \-Ve show 
that such all ordering can easil~" lw corn~ 

puted from allY dou bly lexical ordering of t.he 
bipartite adjacency matrix. Thus \Velind 
an O(nlin(rnlogn.n2)) a]gorithtn ('ompllti.ng 

a pe\vveo from the given chorda.l bipartite 
gra.ph. Furthermore, we present a.n a.lgorithm 

'"This research WilS done w]lile the second aut.hor 
was wit,h JRISA Renlles (France) as a CH:\f fellow. 
Emilil: kratsch@rninet.uni-jena.de 
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computing a list of a.ll lllaximal cOBlplete bi
pa.rtite Sll bgraphs of a chordal bipartit.e gra.ph 
ill time O(min(m logn: n2

)). 

vVe improve upon the best }{]10Wll time 

bounds for cOlllPuting the perfect edge with
out vertex elimination ordering as well a.s for 
computing the list of lIIa.ximal complete hi
p('!,rtite subgra,phs. Such a.lgorHlnlls are in

teresting since a. perfect edge without vertex 
elimiJlation ordering and the list of maximal 
com p]ete bipartite S\1 hgraphs of a. chordal bi
pa.rtite gra.ph are useful tools for designing ef
fteicllt. algorithms Oil chordal bipart.it.e graphs 
and hi-interval gra.phs [8: 10J. 

Background 

III this section we sta.rt with sonte definitions 
a.nd easy lernrna,s. .t'or Blore information the 
reader is referred to [2J or [6J. 

Definition 1 A fjTOph is c({lIed chordal bipar
tit.e if it is bip"rtite (Inri each cycle of lellgth 
at leo.,t si;J.: hos a chord. 

Throughout the IJi1·per we assume that the in
put chordal bipartite graph has no isola.\ed 
Ycrt-ex. Furthermore: we denote by 11. the 
number of vertices and by In the nnmber of 



edges of the input graph. If '" is a vertex of a 
gra,ph G = (V, E), we denote by N (.1:) the set 
of neigh bars of ,1:. 

Definition 2 Let G = (X, Y, E) be a {Jipar
tite graph. Then (,:, y) E E is called a bisim
plicia.l edge if N (:c) U N (y) induces a complete 
bipo1'lite subgr"ph of G. 

The notion of a 'perfect edge without ver
tex elintina.tion ordering: appears for exalnple 
in [2]. It refers to a.n edge elimina.tion order
ing stich t.hat 110 vert.ices are deleted in the 
process. 

Definition 3 Let G = (X, Y. E) be a bijilli'
tite !Jf'(IjJh. Let. (Cl: ..• :f:m ) be (/'11 o,.d€rinf/ 
of the ed,!es oj G. For i = 0 ..... m de

.fine the s1/byral'i! Gi = (X, )', E i ) as FJllows. 
Go = G and for i 2: 1 G'i is the suug'l'ap" 
oj C i_ l IF;th /Jerkr set X U Y anrl Irili! edye 

sr::t Ei = Ei _ 1 \ {Ci} (i.e. the edge Ci i81"(,

mOl'ed lm! not the r:ndrerlices). The ol'deriny 
(e1:"': em.) ;8 (I. perfect edge without. yertcx 
elimina.tion ordcrill.g fOI" G' if each edge Ci i.'3 
/n"simplicio/ in c: i-I' 
\\le use pewveo as a. shorl:11(1.n(l for perfect edge 
withollt vertex elimination ordering, 

The follmving lemma appears for example 

in [2]. 

Proof. G is chordal bipartite, hence there is 
a perfect edge without vertex elimination or
dering (e} ~ ... ) em). Consider a maxima.l com
plete bipartite subgra,ph (A, B). Let ei be the 
first edge in the ordering which is all edge of 
(A,B). Let ei = (,u,y) with,: E A and y E B. 
Since Ci is bisimplicia.! and (A, B) is maximal 
we have A = N(y) a.nd B = lYe"). D 

Recently the importance of a fast algorithm 

computing a pewveo of a. chordal bipartite 
gra.ph wa.s recognized ill [8: 10], In both pa,
pel'S the ordering is llsecl for the computation 
of the list of a.ll mcbs. 

An O(n,2'ln) a.1goritillll for computing a 

pewveo follows from results of [.5] and an 
0(n2 + '1112) algorithm is given in [8]. Both 
algorithms iteratively compute a. bisimplicial 
edge in the gmph G; for i = 0,1, ... , m - l. 

The list of a.ll mebs of a. connect,ed chordal 
bipa,rtitc graph can be computed in tirHe 
0(nm2) from a. pc\Vveo ill a straightforwa.rd 
manner (see [8]). An alternative O(mO) algo

rithm using fast matrix 11ll11tiplication is given 
ill [8], where O(m") is the best known time 
bOUllc! for multiplying t\VO m· X '1rz· ma.trices. 

Doubly 
perfect 

lexical ordering and 
edge without vertex 

Lenll11a 1 (,' i8 chordal hipol'tite 
'If thac i8 a /'If"''',.O of G. 

elimination ordering 
U and only 

\Ve dellote coJllplNe bipartite suhgraphs of 
a chordal bipartite graph G = (X, Y,E) by 
(A, B). where A and [I are 1I0nomp!), subsets 
of X and Y, respectivel.\'. We usc mcbs as 
a. short.ha.lld for masilll;.:d cOillplete bipa.rt.ite 

Stl bgra.ph. 
The following lennna. indicates how t.o (Olll

pllte the list. of all mchs from a 1'8Wl'eO of the 
chordal bipa.rliU-' gra.pb. 

OU1' new a.1gorjthlll for computillg a. pmvveo 

'"plaits the information contained in a dou
bly lexical orderirrg of the bipartite adjacency 
matrix of t.he giv"11 chordal bipa.rtite graph. 

Definition 4 Lei G = (X, Y E) be a. bipar
tite (!Nip" ",ithX = {Xl, "2, ... , 'u,} and Y = 
{Vl: l}2:, .. : yd, The bipartite a.dja.cency ma.
trix of (,' i8 the /Jino.("!) .s x t nwt.,.i:c A = (ui.i) 
such Ihai (lij = 1 'if and only if (Xi, w) E E. 

For the recognition of cho]'(tal bipa.rtite graphs 
Lemma 2 Ij c: = (_Y, V, E) i8 chordal bi/1(1I'- it is of illiportance to obt,ain a. doubly lexica.! 

lite. then it. conJoirt8 (1./ r!lost '}]1 Jlw;rimfl/ COnt- onlering of its bipartite adjacency ma,trix [1, 
plele bipartite s'lIb!j'mphs. ~J. i). 
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Definition 5 fl clollhly lexica] ordering oj a 
binary m,at.!'i:/: £8 arl ordering of the columns 
and of the .,.0108 such lhal both the columrls and 
the TO"IOS. (IS vector8~ (Ire le,rical1y in("l'easing. 

The te1'1n ;increasing 1 is to be understood as 

~llon-decrea.sing·'. Here the vectors a.re rcad 
ba.ck,va.rds~ i.e., a. vector:"l: is less tha.n another 
vector y if in the last different entry,; has a 

zero a.nd y a. 0I1C. 

Definition 6 /:1 binary 'IIwi.'f'ix is 1'-f1'ee if it 
does nol corll(l.in the nwtril" 

((8 {f. 8'lIbm.at."iJ.:. 

The following lennna, shows a. strong relation 

between f-free matrices and chordal bipartite 

graphs (see [i. 9]). 

Lem ma 3 Ii {jl'iljJit is clwrd,,1 biparl ite iJ {/lui 
only if 1/ dou.!J!y I,,:ei('al {mle";/li/ of it., bipmIile 
(f(hacency matri:r is 1"'-/1"ee. 

Hence, chordal bipartite graphs can be recog
nized by determining a. dOllhJy lexica.l ordering 
of its bipartite adja.cency matrix a.nd checking 

\vhet.her this ma.trix is r-free. This approacll 

leads t.o O(mJoun) and 0(n2 ) recogllition aJ
gori th III s I' Of ell orrl <1.1 bi pa,rti to grrl.p Its. \\-hefe 
the complltation of a dOl.lb]~· lexica] ordering 

is the most time consuming step [11. 12]. 

\Ve clescdbe a.n algorHhm to compute a 
pcw\'eo of a chorda.l bipartite graph C = 

(X.Y,E). We aSSUJl\e that the bipartil:e oS X t 
adjacency matrix of the gra.ph is stored hy 
lists of nonzero elltries of the CO]llIllllS and 

rows. respectively. as described in [9, II]. This 
will allow llS to inspect the nonzero entries of 
the matr'lx hy using a, po'll1ter for ('a,eh list. of 

the nOll zero en tries of a. row. 

Using the aigoritlllJl of [11] or [12]. a dOllbl,v 
lexica.l ordering of this ma,trix is compilted in 

time O(rnin(mlogn~ 11,2)). Th/~ resulting ma.
tdx is f-frec. ",(, denote it by A ancl assmne 

:3 

tllat X <l,nd Y a.re la.beled sl1eh tha.t a.ij = 1 if 

all(1 on I)' if (Xi,Yj) E E. 
The procedure pew"eo(A) given in Figure 1 

COIll]H] tes a. pewveo of G'. 

proced ure pewveo( A) 
begin 

for i = 1 to oS 

do begin 

end. 

In jncrcasing order of 
nonzero entries aij in TOW -i. 

do begin 

end 

put (Vi, Vj) in the pewveo; 

set flij = 0 
end 

Figure 1: computing a, pewveo 

The proced life lle'Wveo( fl.) cau obviously be 

implemented such t.hat it runs in O( n + 717.) 
time. 

Lemma 4 Lei A be 0 l'-free bipa'l'lite a{!ja
cency nUl,t'ri.'!: of (f chordal bipa rtite graph G. 
The'n. the j1'l'ocedu.'re 7)Clo'uoe(;-1) computes (J 

pewveo of G. 

Pmo/. The crllcial point is that when inspect

ing Hi) then hy the order of passing the matrix 

we have (/pj = 0 for a.ll jJ < i and air; = 0 for 

all q < j. 
Let liS denot:e tile bip<'I-l'tit.e gra,ph which cor

resJlonds to the matrix when inspecting a'j by 
C:' = (X, 1', E'), i.e., C:' is the graph resulting 
from G by the removal of those edges which 

arc already inserted in the pewveo. Let N'Cu) 
denote the set of neighbours of a. vertex'll in 
C'. 

We conclude the proof by showing that 

(";i, Vi) is bisill1plicial in C:'. Let 'V" E jV'(Xi) \ 
{y.;} a.nr! x'i E N'(!!j) \ {Xi}. Then l' > j and 
q > i. Hence (/,iJ = 1; (/,ip == 1 a.nd Uqj = 1 
whirl! implies th;-It fl.]),! = 1 sillce A is f- free. 



Conseqlleatly JV/(.1.;) U IV/(Yj) induces a com
plete bipa.rtite sub graph of (;/. Hellce. by dcf
initiolL (:l:i,y,d is bisirnplicial in C/. 0 

Theorem 1 The procedure pewveo( A) is an 

O( 17 + Ill) algorithm computing a pe'fect 
edge without vette," elimination ordering 0/ a 
chordal bipartite gmp" (; which is 'liven by a 
r-/ree bipartite a(!iacency matri," A. 

Theorenl 2 7'11,(:l'c is an ({[[Jorit/un comput

ing a pelj'eel edge without verl-e.t elimi'oalion. 
ol'dcrinq of (! given chordal uipo'l'tilf fin/ph in 
time O(mill(mlog'I..112)). 

Listing all maximal complete 
bipartite subgraphs 

Notice that: for bipa.rt:ite graplls in general; a 
list o[ a.Il mcbs can be computed as [olloll's. 
First male a clique of the t\\'o color classes 

a.nd 1.hell llse a. clique list.ing algoritlun (seE'. 
c.g.: [:3]). 1n this section WE.' show tha.t. t.here is 
a faster lllC't.hod for chordal bjpa,rtit.e graphs 

using a doubly lexical orelering of the bipartite 
adjacency ma.trix. 

Let A be the r-free bipartite adjacency 

matrix of the chordal bipartite graph C = 
(X, Y, E). Let the vertices of (; be labeled 

such that (:ri. Vj) E E if and only if "ij = 1-
Consider the pcwvco (C,.CZ, .... em ) of 

C cOIll)JlHed by the procedure pewuco( A). 

Given the pcwveo. there is (-1, c01l1pact. pre
sC'ntation of the list of tllcbs. For allY (ldge 

c,. = (:c. y) in the pewvco consider the graph 
(;,. = C \ {8l, .... c,·~d. Let A,. and 13,. 
be the set,s of neighbors of y a.nd :1:, respec
tively, in C, .. Then (4,., ll,) induces a com
plete bipn-l'titc subgraph in Gr. Hence., givell 
the pewveo, the rncbs algorithlll needs only to 
output those edges 8,. of C for which (A,., ll,.) 
is a mcbs in G. Equiva.lently. our a.Jgorithm 
labels those pairs {i.j} for which "ij of A is 

ll01lZero and for which the corresponding edge 
(:I:i, Yj) gives n, mcbs of (;. 

Let aij be a. 1l0lLZerO entry of A. \IVe de

note by (Ai;,}]i.i) := ({x,. I /,; ~ i A Ok; = 
I}, tw I C ~ j A IIi! = I}) the complete bi
partite subgraph of C corresponding with the 

edge (Xi,Yj) with respect to (81,e2, ... ,e",). 
\,Ve caU a. nonzero entry (lij maximal if 

(A,j,}]i;) is a mcbs of C. Recall that, by 
Lemma 2, for any mcbs (A, B) of C there is 

a. 1101l%ero entry (lij = 1 such that (A, B) = 
(;\i;,13ij). 

Lenllua 5 A rW/l.zero entry (Lpq of A is Ilot 

nw:6nwl if and only 1j there is another 
nonzero e'nt.,-.y aij such thai i ::; p .. j ::; q a'ful 

( 1 ) 

(2) 

"k9 = 1 A k ~ l' 

"p!=IAC~q 

({.~'j = 1 

(t.iC = 1 

Proof. Clea,rly: t be nonzero entr.y upq is not 
maxima.] .if a.nd only if there is a. nonzero eIl

tr." "i.i, with i. ::; p and j ::; q, snch that AI" <;; 
Aij and 13,,,, <;; Bi;, which is equivalent to 

{·1:k I k ~ 1'A(lk, = I} <;; {.1:k I k ~ iAak; = I} 
alHl {V! I C ~ qAa,,! = I} <;; {V! I C ~ JACtil = 
I}. This is equivalent with (1) and (2). 0 

\Y<, will say tha.t (l,iJ coven, apq if the concli

tions of Lemma.5 are fulfilled. 

Definition 7 Let A be a r-free 'lI1.a./-rix. For· 
el:ery rton.;:en) entry (liJ of.A we define 

I{k ~ i I 0kj = 1}1 and 

I{C~j I "i/:= 1}1 

C01tSe(J1l(~ntJy (h.i = 'Lt=i Ukj a.nd rij 

Lk=.i {f,il!· (Notice that dij a.nd ri.1 a.re uude
filled in case (f,ij = 0.) 

Proposition 1 Let A be It r -free H/,a/:r;x. For 
any 1'0'(11 i .. the .sequen.ce d.ij (of 'it." n.onzero e·n
tric.s) is increo.sing in j. }'or any column j J 

the .sC(jnence 1'iJ (of its nonzero e·ntries) is in
creo.s'l,ng UI. / .. 

Proof. Let (Iii = L lIiq = 1 and j < q. Then 
(Lkj = :I. i.mpUes (l.kq = 1 for any k > i since A is 

f·free. Hence di.; ::; rti,}" Analogously, ai; = 1, 
(/.pj = 1 a.nd i < p jmply tha.t Tij :s; rpj. 0 



The following len1111a. indicates how we ca.n 

determine the llonzero entries of A which nre 
Illa,ximal. 

Lenll11a 6 The nonzero entry {(P? of the f
free uipadite (ufjacency m,atri:t.: A ofG £.13 ma,T
;nwl if (lnd only if 

(:3) \fk<p [Tkq < 1''''IJ (lnd 

(4) \f~<, [rlp/: < rlp,J 

Proof. ASSll111E' (lpq is not· I))nxilll.al and 0i.1 

covers fiT"]' T'hE'tl i ::; p. j ~ fl·, aiq ::::: .I 
a.nd fl.p.1 ::::: :I by Lemma -5. Hence dp.i ::::: dpy 

and 'l'iq ::::: i"prJ by Lelllllla, S and Proposition 1. 
Since i op par j op 'I. either (:3) or (.J) is \'io

I a.ted . 
Now a.SS1111le t.hat Okq is nonzero and i"kq ::::: 

'l"pq for sorfle /;; < p, \Ve show that fl.kq cov
ers ({pt} = 1. \'Ve vc.rif~: t.he conditions of 
Lern rna,). Clearlv. I J) is fulfilled. Furl her

lllore~ rkq ::::: 'I"pfJ and t.l18 I'-freE'.lless of A imply 

t.hat {vII C 2: "Auk! = I} = {vII C 2: IIAopl! = 
I}, thus (2) is also fulfilled. 

Ana.logously. dpf = dpq for SOIllE' C < q im-
plies tha.t. (Jpt' cov('rs (JPt}. 0 

Conseqll('nt.ly~ the maximal nonzero entries 
of '/.1 can be determined using the proccciu re 
given in Figure 2. 

The correctllcsS of the proccdlll'c follows 

from Lellllll a. (). 
It is not: hard to implement lIlr;/)s( A) Sllth 

that it rlillS ill 0('11 + 1ll). The comput.ation of 

the valucs ri.1 and di.i can be clone by scanning 
a.ll ro\vs and a.1l C011.11nl1.:3 oncc. 

Theoren13 The /11"ocuI1ll'( mc{).';::(A) is on, 
01'11 + m) "l'lori!hlll. colllpuling the Ii,,! of 
all nUI:l:inw.l cornplete bipartite SHufj'l'ophs of a 
chordal hipurlile graph G which 'is (firen ['!) {/. 

r-free uil,art£te (u~i{/cency 1Ha/n·:r A_ 

Theorell1 4 There i.r;' 0/1 a/[J(witluH cO'Inpnt

iny the hst of oil nw,'eil/wl complete hipartilr:. 
!3l1b[JlYIphs of (f qiFen chorr/o/ bi]Jort.ite [fro])!1 1-11 

time O(min(nllog n. n'!)). 

·5 

proceduremcb.s(A) 
begin 

Compllt.e ri.i a.nd di.i for nonzero entries; 
for i = 1 to s 

do begin 
Pass through all nonzero entries of 

ro\\' i in increasing order of j a.nd 

label those (Ii;; wit.h D for which 

dij > max{ d i ! I C <i} 
end: 

for j = 1 to t 
do begin 

Pass through all nonzero entries of 
column j in increasing order of'i a.nd 

label those "i.i with R for which 

1'ij > max{rkj I k <i.}. 
end: 

Output (·1;i· Y.iI for all ent.ries (lij 
labeled D and 7~ 

end. 

Fignre 2: comput.ing t.he list of lllcbs 

Conclusions 

We have shown t.hat a. perfect. edge without 

vertex elimination ordering and a, list of a.ll 
maxima.l cOlnplete bip;.ntitc sllbgl'aphs of a 

chorda.l bipartjte grapll (<'l·U be conllJuted in 

li]ll~~.r time \\'11cJI. the graph is given by a, f-free 
bipartite adja.cency ma.trix. Such a. Inatdx is 

the out'.put of the best. known recognition al

gorithms for chordal bipartite gra.phs [11, 12J. 

Howc\-er. it. would be interesting to know 
\\'hether the bil'ilI't.itc adjacency matrix of a. 

given chorclal bipa.rtite graph ca.n be tra.ns
formed into a r-free bipartite a.djacency ]na.

trix by <1 linear t:ime algorithm. 
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