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498 PROBLEMS AND SOLUTIONS

Two Integrals Arising from a Reaction-Diffusion Problem

Problem 93-15, by JOHN BILLINGHAM (Schlumberger Cambridge Research, Cambridge,
England).
Evaluate the two integrals

_ A
i) / e"'ds/Aﬁ(s), nevenand > 0,
0

(i) f [1/4s2—e"z/A,2,(s)]ds, noddand > 1,
0

where

n/2
An(s) = Z(Zs)z’(n/2)!/(2r)!(n/2 -r)!, nevenand >0,
=0

(n=1)/2
A= Y @) ((n—13/2)!/@Qr + DN(n —1)/2—r)!, noddand > 1.

r=0

This problem arose as the leading order approximation to the small time solution of a
reaction-diffusion problem [1].
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Solution by J. BOERSMA AND P. J. DE DOELDER (Eindhoven University of Technology, Eind-
hoven, the Netherlands).

The two integrals are evaluated by a method due to Belevitch [1, §3], for obtaining
indefinite integrals involving independent solutions of a linear differential equation, by means
of the Wronskian. First we express 4, (s) in terms of confluent hypergeometric functions ¢
[2, §6.1] and of the Hermite polynomial H, by means of [2, form. 10.13(17), (18)], viz.

" (&)
i En !
Ap(s) =d —%n, %; —s2) = —————;—'—H,,(is), nevenand >0,
(1 1
] (En - 5)'
An(s) =25®(=3n + 3, 33 —s") = —————H,(is),  noddand > 1.

From the differential equation for Hermite polynomials (see [2, form. 10.13(12)]) we infer
that u = H,(is) satisfies the equation

u’ + 2su’ —2nu =0,

where a prime denotes differentiation with respect to s. The latter equation has two independent
power-series solutions

ui(s) = ®(=in, L =5,  wals) =s®(—in+3, 3 —s?),
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constructed in the standard manner. The Wronskian of these solutions is readily found to be

_2
W(uy, uz) = uyuy — uiup = e

Furthermore, we establish the expansions

m®) _ 1o -0,
Uy (s) )
ui(s) 2F(%n +1)

ua(s)  Tdn+1)

+0G7%) (- ),

where the latter expansion was obtained from the asymptotics of the ®-function, as discussed
in[1, §6.13.1].

The evaluation of the integrals is now straightforward by setting e = uiuy — uyua,
An(s) = u; forevenn > 0, and 4,(s) = 2u, for odd n > 1. As a result we find

2

fm e gs= /oo ity uyuy o Ua(s) =
0 A%(S) 0 u% ui(s) Is=0
r 1 + 1
= _(_2_]"__2_)_‘ nevenand > 0,
2l(zn +1)

(1 e 1 /1 wu,—uu,
— L \ds=- ———2 "2y
fo (4s2 Aﬁ(s)) s 4_/0 (s2 u3 ) d
o1 (ul(s) 1)
T4 \ua(s) s
Remark. The two results may be combined into the integral

/00 e—s2 2—n—1 ﬁ
d —
0

e =

s=0  T(3n+1)
s=0  2F(dn+ 1)’

noddand > 1.

, n=012,...
where in the case of odd n, the finite part of the divergent integral should be taken.
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Also solved by C. C. GROSIJEAN (University of Ghent, Ghent, Belgium), W. B. JORDAN (Scotia,
NY), and the proposer.

ERRATA

Problem 92-11*, by MALTE HENKEL (Université de Geneve, Switzerland) and R. A. WESTON
(University of Durham, Durham, UK).
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