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THE FOURIER-JACOBI TRANSFORM
OF ANALYTIC FUNCTIONS WHICH ARE (ALMOST)
PERIODIC IN THE IMAGINARY DIRECTION

by
C.A.M. van Berkel
and
J. de Graaf

Summary

We show that the Fourier-Jacobi transform of index (a,B), @ > -1, B € R, maps functions of the
form

t > ¢(1-2tanh®f)cosh™ ¢,

with ¢ an entire analytic function and ve €, such that Re(¥)>a+B+1 and
%v e {0,~1,-2,---) and;-v-ﬁ ¢ {0,~1,-2, - - - }, bijectively onto the functions

X = I‘(.‘i. (v—o~B—1+ix)) I‘(_lz. v—o-B-1=ix)) y(x).
Here y is an even and entire analytic function of sub-exponential growth, i.e.

Veso ! Sup ly(z)! exp(-e lz 1) < oo,
ze £

Our treatment is based on recurrence relations.

AM.S. Classifications: 33A65, 30D15, 42A38.
Key Words: Fourier-Jacobi transform, analytic functions.



1. Introduction

For 0, B € € we define the function A, g : R* — R by
'¢)) A, p(t) = 2sinh )" 2 cosh2)®! | 150

and the differential operator D, g by

1 d d
2) Dmﬁ:_A—:ﬂ- E;AG'B 'd—t+(a+ﬁ+1)2.
Consider the eigenvalue problem
Dopu=-2u
G) w(0)=0 , u(0)=1.

By substituting z =—sinh?7 a hypergeometric differential equation is obtained with parameters
-é-(a+B+ 14i3), é-(a+B+ 1-id), o+ 1 (cf. [E, 2.1(1)]). So if o #—1,-2,-3,... the solution of
(3) is given by

@ u(t) = 0P (1) = 2F | (0+B+1+i1), 1 (0+B+1-iR); a+1; ~sinh? ).

Here »F 1(a,b; c; z) denotes the hypergeometric function, which is the unique analytic continua-
tion for z ¢ [1,00) of the power series

= @B
n=0 ©hnn!

&) Lzl <1,

The function ¢{*P) is called the Jacobi function of the first kind and of index (a, B).
The Fourier-Jacobi transform of index (a,B), f +—> f®, is formally defined by

©) FER) = [ 1) 6P(@) Agp(®) .
0

It is well known, see [K], that the Fourier-Jacobi transform of index (o, B) maps the function
Q) f(@)=(coshry 32 p@d) (1 .2 tanh? 1)

onto the function

POy = —— 2242 Ta+1) (1) .
® FePe) n!I‘(_;.(a+B+8+iu+2)+n)r(%(“’ﬁ""s””*'z“")

. {r(é. B+ip+1+id) I‘% G+ip+1-in))-
Wa (G 225 L@+in+1), 2 @-ip+1), 3 (@+B+1), L(a-B+1),

B.A,ue R, ne Nu {0}, o,d>-1.



-3

Here the P©™® are Jacobi polynomials and the W, are Wilson polynomials. If we abandon the
factor between { } and if we keep the parameters a, B, 8, u fixed, then it is clear, that via the
Fourier-Jacobi transform the space of polynomials is mapped linearly and bijectively on the space
of even polynomials. Let us denote this linear mapping by F, g5,

We pose ourselves the following problem: Extend Fyp 5, bijectively to suitable spaces of ana-
Iytic functions.

In [BG] we studied the mapping F_i; 1 5,. In that special case the Fourier-Jacobi transform
reduces to the Fourier-cosine transform. As an extension of the results in the paper [BG] we now
study the general mapping Fop5.,.

At this point we emphasize that our treatment is inspired by Koomwinder’s formula (8) but does
not use it.

2. A special infinite upper triangular matrix
In the sequel we takea > ~1,Be R,ve C withRev>a+p+1 and%.v, %Vmﬁat(),-l,-—?.,..,
fixed. We denote Ny = IN L {0}.

Lemma 2.1.

(i) Foreachn e INg there exist complex numbers c;, , 0< j< n, such that

. n .
(2tanh? ¢t —1)* cosh™t =Y c;, Dip (cosh™1) ,te R.
j=0

(ii) The numbersc;,, 0< j< n, satisfy the recurrence relation
@n+v)(n +-§-—V'— Blcjns1 =Cj1n +
+@2n2+2nQa+1) +v(2a+ﬁ+2-%v) —(a+B+ 1)) cj, +
=2nQ2e+B+2=v=n)cjn) = 2n(n=1)Cjr2 ,0€jsn+1
with boundary conditions

Co,o=1 ’ cj,a=0 if j<0 or j>n

Proof.
The proof is by induction. Obviously (i) is true for n =0, then cq ¢ = 1. Next suppose (i) is true
forn=0,1,..., N. Applying the differential operator D, we get

N+l R
Dop (tanh? t—1¥ cosh™t} = 3 cjyn DL (cosh™1).
j=

Evaluating the left hand side of this equality, using the induction hypothesis, leads to both asser-
tions (i) and (ii) at once. 1
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In the following theorem we gather some properties of the numbers ¢, , 0< j< n.

Theorem 2.2,
-J T¢1 1 y—
_ 2 I‘(i. V) I“‘(?v B)
TG+ VTG +3v=B)
(ii) There exists a positive real number §, g , such that

M ¢y jz0.

Cjn

Sg&p‘v . OﬁjS n <oo,
Cjj

oy s - T 1
@) Jim {c;; V2 ¥ ) = 2o TG TG V=)

Proof.
(i) Take n=j-1 inthe recurrence relation, then (2j +v-2) (j-i-%w»B-—l) €jj =Cj-1,j-1. Not-

ing that ¢ = 1 the result follows.

Cjn

(i) Putd;,= P 0< j< n <o, Then from the recurrence relation we obtain,
jiJ

2j+v) U+%V~B)
Cn+v) (n 4--;-\*-[5)

djs1n41 = jn +

2n? +2nQa+1) +Vv(Q20+B+2-1v) - (o0+B+1)
+

disyn+
@n+v) (n +%V-—B) sl

2n(2a+B+2-v—n) 2n(n—-1)
+ djsi 1 + :
@2n+v) (n+-;-v-B) @n+v) (n+3v=B)
1

Since 5-\:,%\*-5#0,-1,-2,..., there exists e>0 such that ln+-;-vl>e and

djs1n-2-

In -!% v—-Bl >eforall n € IN,. Applying the triangle inequality we estimate, for instance,

2j+v < n <24 Ivl 0<i<n
2n+v |~ in-i%vl_ 2 oI

So it easily follows that there exists &, p , > 1 such that
ldjs1anl S % Eapy (djnl + 1djs1 0l + 1djypa 1 +1dj1 p21) s
,-1<jsn

Now apply induction.



(iii) Follows from (i) and Stirling’s formula.

We gather the numbers ¢; , in an upper triangular matrix C = [c,;,,]}f’,,,,o. The next theorem gives
some results on the inverse C~! of C which is also an upper triangular matrix. The proof does not

differ much from the preceding proofs.

Theorem 2.3.
() Theelementsay;, 0< k< j <eoof C! satisfy

Dig (cosh™ £) = éﬂ agjcosh™t 2tanh?t—1)* ,re R.
(ii) The numbers a; ;, 0< k< j, satisfy the recurrence relation
yj1 = Qk+v=2) (k+1v—B-Dapy ; +
- Qk*+2kQa+ 1)+v(2a+5+2-%. V)= (a+B+1)%) ayj +
+2(k+1) Qo+B+1-v—Kk) Ay j +2(k+2) k+1Darsp,; , 0S kS j+1
with boundary conditions
apgpo=1, a,;=0 if k<0 or k>
(iii) There exists a positive real numbern, g , such that

Icjjae;' Snbpy 0S kS j<oo,

Proof.
() Follows from Lemma 2.1 (i).
(ii) Applying the differential operator D, g we get

: j
D} (cosh™t)= ¥ ayj Dyp {cosh™ ¢ (2tanh? = 1)t}
k=0

Evaluating the right hand side of this equality yields the asserted recurrence relation.

(iii) Put byj=c;ja;;,0< k< j <o Noting that (2j+v)U+%v—B)cj+;J+1 =c;j; it follows

from the recurrence relation for the g, ; that

Qk+v-2) (k+.;.v—[5-1)

bjst = b1+
ST @i Griv-p

QCk? +2kQo+ D+vQa+p+2-1v) - (a+B+ %)
Q@j+v) +1v-P)

bk”;-i-
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L 2R+D QoABrl-v=k) , . 2(k+D) (k+1)
@j+v) G+Lv-p) HLTQj v G+ Lv-p)

Preceding as in the proof of Theorem 2.2 (ii) yields the result. 0

k+2,j+

3. The growth behaviour of the Fourier-Jacobi transform of a class of analytic functions.

We start with some auxiliary results. From [E, 2.3 (9)] we extract the following asymptotic for-
mula for the hypergeometric functionz — ,F(a,b;c;z) for large values of |z |. Unless a b
is an integer, there exist A;,A» such that

Fiabic;z)=0z2+0224+0@ 2 H)+0Et ) |, 1z 50,

If a — b is an integer, z™ or z™® has to be multiplied by a factor log z. Using these asymptotic for-
mulas noting that Re(v) > o.+ B + 1 and that the Jacobi function ¢{*P is the solution of the eigen-
value problem (3) it follows by partial integration that

| Do (cosh™ 1) 0P(2) Agp(t) dt =A% [ cosh™ 1 P (t) Ay p (1) dt.
0 0

Substituting x = sinh? ¢ in the latter integral, and using the integral formula [P, 2.21.1 (16)] we
obtain the following explicit formula for the Fourier-Jacobi transform of 1 +—> cosh™ ¢,

| cosh™ £ 6B (1) Aq p(t) dt =
]

_ 22 g +1) (_

—g=B=14+i) T (v—a—B—1-i\)).
I"‘(-v)I‘(_v 5 (v-o—B-1+i) T (v-a-P in)

Let ¢(z) = z a, z" be an entire analytic function and let f(t)=¢(1-2 tanh? ¢) cosh™ . Consider
n=0

the following formal computation

FePR) = [ o(1-2tanh? 1) cosh™ 7 6P (r) Ag g (1) dt =
0

o*——-.s

= [T 2,(1-2tanh® 1)"] cosh™ 1 ¢{*P(e) Ag () dt =
n=0

=3 q, j (1-21anh? £)" cosh™ £ 6P (t) A p(r) dt =
n=l)

= z -1 a, z Cjm j D, g (cosh™ 1) ¢{%P(1) Ag p(t) dt =
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L]

=3 3 1) G c;uA2Y [ cos™ 1 6ED(r) Agp(r) dt =
n=0 j=0 0

_ 22 Ta+1)
FGvTEGv-H)

r(é (V=a—B—1+i1)) 1"(.;_ v=o—-B—~1=id)) y(b)
with

vy = §o bjA¥ and bj=3F 1" ¢jnan.
J n=j

In order to justify this formal calculation we proceed as follows. Introduce the vectors
a=column (ap,q;,42, --*) and b =column (bg,by,b2," ")

and the infinite diagonal matrix
I=diag (1,-1,1,-1,..., 1" ---).

Now the relation between the, supposed, Taylor coefficients of the functions ¢ and y can be writ-
ten as

b=ICIa and a=iC7'Ib.

We introduce the following terminology. An entire analytic function g(z) is called sub-
exponential if

Ves0: sup 1g(z)! exp(—e!zl) <eoo,
zelC

The proof of the following characterization is elementary.

Characterization 3.1.
() Consider the Taylor series ¢(z) = %a,, z". The function ¢ is entire analytic if and only if
n
Vis0:(@ne™)rp € Lo
(ii) Consider the Taylor series y(z) = gb,, z?*. The function v is entire and sub-exponential if
n

and only if V, . : (b, n% e™)p € 15. 1]

In the next theorem we derive some fundamental estimates for the matrices C and C ™.
Theorem 3.2.
For each ¢ > 0 there exists © > ¢ such that the infinite upper triangular matrices

(t,7) :=diag (n? e™) I C I diag (¢™)

E(t,7) =diag (™)1 C' I diag (e ™" n™2)

are bounded as /,-operators.



Proof.
For0< j< n wehave
o c
10,01 =j% e/ Icj;1 |25 |e™
c..
5ii
=, . IR B
1Exj@ OV =" e apl 57— e
hi

Taking 1 sufficiently large the results follow with the aid of Theorems 2.2 and 2.3 and the esti-

mate IKli< ¥ sup, 1K, 1 for the I5-operator norm IIK|l of an infinite matrix K. 0
n—J=

k= o0
Finally, our main result.

Theorem 3.3,

The mapping F o 5,, Which maps the space of polynomials bijectively on the space of even poly-
nomials can be extended to a bijective continuous linear mapping between the space of entire
functions and the space of even entire functions of sub-exponential growth.

Proof.
Let ¢ > 0. Consider
diag (n?" e™)b =diag (n>* e™)I Cla =
= {diag (n?* e™) I C I diag (¢™")) diag (¢"%) a.

According to Theorem 3.2 the operator befween { } is bounded in [, for 1 sufficiently large.
Furthermore, diag (¢"*)a e I, for all 1t > 0 (see Characterization 3.1(i)). So diag n* e™ybe ;.
From Characterization 3.1(ii) we conclude that vy is an entire analytic function of sub-exponential
growth,

The inverse Fp 5,,, which corresponds to the equality @ =/ C ™! I b can be dealt with in a similar
way.
Thus all formal calculations at the beginning of this section become justified. 0

Corollary 3.4. )

The Fourier-Jacobi transform of index (o, p) establishes a bijection between the functions
®(1-2tanh?®#) cosh™¢ , ¢ entire

and the functions

I’(-é-(v-—cx-B-—le)) r(.;.(v—a-ﬁ-l-iz)) v(z)

with y entire, even, y of sub-exponential growth. 0



Corollary 3.5.
Comparison with the general formula in Section 1 shows

Wi x? 5 3 G+in+1), 2@=in+1), L (@+p+1), L (a—p+1)=

1Y I’(% (a+B+8+ip+2)+N) r(.;. (a~PB+8+ip+2)+N) N!

— -

r(% (@+B+3+ip+2)) I'(.;_ (a—B+8+ipn+2)

N N . 2i
2 IX E e pan] Y
j=0 n=j

N
with o, such that P§2G) = 3 o z*.

k=0 i
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