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MATHEMATICAL MODELLING AND NUMERICAL SOLUTION OF SWELLING
OF CARTILAGINOUS TISSUES.
PART II: MIXED-HYBRID FINITE ELEMENT SOLUTION *

K. MALAKPOOR!, E.F. KAASSCHIETER? AND J.M. HUYGHE?

Abstract. The swelling and shrinkage of biological tissues are modelled by a four-component mixture
theory. This theory results in a coupled system of nonlinear parabolic differential equations together
with an algebraic constraint for electroneutrality. In this model, it is desirable to obtain accurate
approximations of the fluid flow and ions flow. Such accurate approximations can be determined by
the mixed finite element method. The solid displacement, fluid and ions flow and electro-chemical
potentials are taken as degrees of freedom. In this article the lowest-order mixed method is discussed.
This results into a first-order nonlinear algebraic equation with an indefinite coefficient matrix. The hy-
bridization technique is then used to reduce the list of degrees of freedom and to speed up the numerical
computation. The mixed hybrid finite element method is then validated for small deformations us-
ing the analytical solutions for one-dimensional confined consolidation and swelling. T'wo-dimensional
results are shown in a swelling cylindrical hydrogel sample.
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Nomenclature

right Cauchy-Green strain tensor

[
c molar concentration of the fluid phase [mol m~?]
? molar concentration of ion 8 per unit fluid volume [mol m~?]
cfe molar concentration of fixed charge per unit fluid volume [mol m~?]
D’ diffusivity of ion [m? s71]
£ strain tensor []
fh activity coefficient of ion 3 []
F Faraday’s constant [C mol~1]
K hydraulic permeability [m* N—1 s71]
P pressure of the fluid phase [N m~2]
q! specific discharge relative to the solid [m s™1]
q° flux of ion G relative to the fluid [mol m—2 s~ !
R universal gas constant [J mol~1 K1
S second Piola-Kirchhoff stress [N m~2]
t time [s]
T absolute temperature K]
u displacement [m]
i partial molar volume of ion 3 [m? mol 1]
v velocity of the a-phase [m s™1]
G velocity of ion 3 [m s~
28 valency of ion 3 -]
2fe valency of fixed charge [-]
o Cauchy stress tensor [N m~2]
As Lamé stress constant [N m—2]
ul electro-chemical potential of the fluid phase [N m—2]
wh electro-chemical potential of ion 3 [J mol~1]
ILs Lamé stress constant [N m~2]
IT first Piola-Kirchhoff stress [N m~2]
¢ voltage V]
pe bulk density of the a-phase [kg m~—3]
P true density of the a-phase [kg m—3]
® volume fraction of the liquid phase [-]
* volume fraction of the a-phase []
P volume fraction of the component 3 [-]
I osmotic coefficient of ion 3 []

1. INTRODUCTION

Cartilaginous tissues are soft hydrated tissues with strong swelling and shrinkage properties. This swelling
and shrinkage behaviour of cartilaginous tissues is caused by the flow of water that is bound to the charged,
solid skeleton of porous tissue. The driving mechanism is an interplay of mechanical, chemical and electrical
forces. In Part I [13], a finite deformation four component model has been derived to account for osmotic effects.
To account for finite deformation the set of equations is written in Lagrangian coordinates. This leads to a



system of couple time-dependent non-linear equations together with boundary conditions as follows:

Balance Equations

Vo (SFH) = o,
DJQD 1 o
o Dr +Voe-® = 0,
D+ Vo (@ PR = 0, B=+-,

Constitutive Equations

ow

% —ch_l = 8,
—7~C(V0/ﬂ +ctVout +¢ Vou~) = &
’Zsﬁcﬁgo
_ [CA— B — _
RT V(),LL () s ﬁ +, -

where F, J, C, Vo, % and W are the deformation gradient of the solid phase, its determinant, the right
Cauchy-Green strain tensor, the Gradient operator in reference configuration, the material time derivative and
the Helmholtz free energy, respectively. Also

‘DB = Jj:_lqﬁv 6:la+7_,
K = JF'KF T,
P’ = JFIDFT, g=1, -

In this paper we keep all the assumptions from [13], but we also assume infinitesimal deformation for the solid
phase. In the infinitesimal theory of elasticity it is assumed that the components of the displacement vector
and their spatial derivatives are infinitesimal of the first order so that we neglect products and squares of these
quantities in comparison with their first powers [3, page 6]. Using this approximation we find the deformation
tensor and the strain tensor as

1
F=T+VoU, €=5(VoU+ (VoU)T), (1.2)

where U = x — X is the displacement vector.
Recall [13, Equation 4.1] that

1_
p=l-gp'=1--—"72 (1.3)

Since the solid phase is assumed to have infinitesimal deformation, the Taylor linearisation for J =1 at F =1
implies
1 0J
J =l ==—= (F-I)=1-V,-U.
(J?afJ‘f_z s '
In the above relation, we use

o]
oE=IF (1.4)

Putting the linearized form of J~! into (1.3) results into

[p=1-(1-¢0)(1-V,-U) | (15)




4
Also remember the relation for fixed charges density in [13, Equation 4.7] given by
cf® = e} po(J — pg) . (1.6)

From the assumption of infinitesimal elastic deformation for the solid phase, the Taylor linearisation for the
function (J — ¢3)~! at F = T results into

1 oJ
J— )~ 1—81—<)| (F-1). 1.7
V=) = 0=~ (G r) | D) (17)
Hence
cfc:cgc(l—M>. (1.8)
Yo

We choose a linear elastic material and therefore the elastic energy part is of the form:
As 9
W(E) = us€: €+ 5 (Vo-U), (1.9)
where \; and p4 are the Lamé stress constants.

In the next step we will rewrite the equations in the infinitesimal deformation regime. Starting from the force
balance and the related constitutive equation we have

ow _r 1
ow
or VO' (a—ng) —va:(),

or Vp- (%—ZfT) —JF TV =0,

By using (1.2) the last equation is reduced to

Vo - (2us€ + AsVoU) — Vop + Vo - ((2us€ + A VoU) Vo UT)
+ VoUTVop — Vo -UVep+ V- UV UTVip =0.

Assuming infinitesimal deformation for the solid phase, all terms except first and second terms are vanished
and finally we have

Vo (2us€ + AVoU) — Vop = 0.
Note that from (1.5), we have

Jo=(1+V -U)1—-(1—-¢p)(1=V-U))=V-U + .

The last assumption in this paper is that, the permeability and diffusion tensors are considered to be isotropic
tensors represented by scalar multiple of the identity, thus in the Lagrangian coordinates DP and K are con-
stants. To make the notations simpler, we change notations according to the following table:

D ~ ~

Old notations | U | V, br Q)ﬁ, B=1+,— ’Dﬁ7 B=+,—-|K
. 0

New notations | u | V P ?, p=1,+,— | D, p=+,— | K
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Let © be an open domain in R”, n = 1,2,3, then define Q7 = Q x (0,7] for T > 0, and consider the sets I'?
and T'YY (and similarly 1"5 and 1—\]10\/) to be two disjoint open subsets of the total boundary I" = 02, such that
I2NTY =@ and T2 UTY =T for o = u and p. We assume meas ' > 0 for o = u,p. Now the total set of
equations are given as:

Conservation Equations
0 = V.o-Vp,
oV -
0 = — YV,
AV -u+ pg)c?
0 = %+V(qﬁ+cﬁql)’ 5:4373
Constitutive Equations
1
= 2us&€ + A\ tr€, €= ~(Vu+ (Vul)),
d = —-K(Vu'+ctvut +evu),
DB
B Y av,s -
q R PC VHS =
Secondary Equations (1.10)
v
¢ = 1-(1=¢o)(1-V-u), Cfczcécc(l_ u>
¥0
1 1 4c? pt—pd + 0 — g
B8 = __— fcpfe _ cpfc)2 0 0
e 2\/(Zf SPVE e RT ’
p = p—py+RT(THcr +T7c ),
1 fBch
= Zﬂ—F<Hﬁ_lj’g_RTln ¢ )7 ﬂ:—’_v_?
Boundary Conditions
u = 0 on 'Y x (0,77,
po= on T8 x (0,T], B=1+—
g = n-(o(u)-pl) on 'y x (0,77,
n'q/(3 = 0 OUF;I)VX(Oa ]a ﬁ:la+a_

In the above equations ), and ,ug , B =+, —, are the reference electro-chemical potential of the fluid phase and
ion 3, respectively; T'? € (0,1], 3 = +, — is the osmotic coefficient, the activity f° is defined by

e ré—1

fﬁ = (_> ) ﬁ = +a I

c

We assume that the electro-chemical potentials are continuous at the boundary, i.e.,
u’?’n :lu’gut’ 6:l?+a_a

where subscript 'in’ and ’out’ refer to the electro-chemical potentials in the outer and inner solutions, respec-
tively. Assume that T}, =T, =T and I'},, =T',,, = 1, then

Min = 1o+ Pout — 2RT Cout, (1.11)
Wi = ph 4 F2%€, + RTTIn ©, (1.12)
&




where, cout, Pour and &, are the ions concentration, fluid pressure and the electrical potential of the outer
solution, respectively.

In our model it is desirable to obtain approximations of the fluid flow and ions flow that fulfill the conservation
equations. In finite element simulations [11], these quantities are generally calculated by differentiation of the
electro-chemical potentials solution. This approach may lead to violation of the mass conservation principle.
The mixed finite element method provides an attractive framework for this type of problems by simultaneously
approximating flows and electro-chemical potentials. Flows computed by mixed finite elements automatically
satisfy the “divergence free” property, both locally and globally, and the corresponding normal flux field is
guaranteed to be continuous across inter-element boundaries. The mixed finite element method has been
extensively used for the solution of parabolic equations arising in different application fields. The mixed finite
element method was proposed for two-dimensional problems by [16-18], and by Nédélec for three-dimensional
problems [14,15]. In this article the mixed finite element variational formulation is derived for the set of
coupled equations in general dimension. Only the lowest-order mixed method will be considered, first, because
higher order-methods result in some conceptual complications and, second, because the lowest-order method is
comparatively easy and straightforward to use for practical problems.

In steady-state flow problems, i.e. elliptic equations, the discretised system derived from mixed formulation
becomes indefinite. A common solution method is so-called mixed-hybrid finite element (MHFEM) technique [4].
Through the definition of an extra variable representing the pressure at element edges, MHFEM gives rise to
a symmetric positive definite matrix with good conditioning properties. Using the MHFEM technique for our
model, we still have an indefinite system but the advantage is that the number of degrees of freedom will be
reduced. In fact, for a three-dimensional problem this number will be reduced from 15 to 6 degrees of freedom.
Note that in our case the equations are time dependent and non-linear, therefore a choice of time integration
and nonlinear solver is needed. We use some techniques to tackle this problem. In [12] the analytical solution
are given for a linearized problem. Finally the results are validated for confined consolidation and free swelling
experiments using the analytical solution.

This paper is outlined as follows: Section 2 considers the coupled mixed formulation of the problem with some
preliminary definitions of function spaces. In this section we introduce the MHFEM technique and following
the theory we derived a nonlinear algebraic equation for the displacement as unknown. Section 3 is devoted to
the numerical simulations of one-dimensional confined consolidation and swelling experiments. Furthermore, in
this section we consider a two dimensional swelling experiment.

2. THE COUPLED MIXED FORMULATION

2.1. Notations and Preliminaries

In this section we will introduce some notations and definitions crucial for the mixed formulation [2].
Throughout this article, ) shall denote a bounded, open, connected subset of R, n = 1,2, 3, with a Lipschitz
continuous boundary I' (see [2, p.12]). L2(Q2) is the set of all measurable scalar functions f : Q — R such that

1/2
1£llo = ( /Q deX> <.

L2(Q) is the set of all measurable vector functions f : 2 — R™ such that

1/2
If]lo = </ |f|2dx> < 00.
Q

Let k be a nonnegative integer, then H* () denotes the Sobolev space,

HY(Q) = {ve L*(Q): D*v e L*(Q) forall |a| <k},



equipped with the norm o]ls = Z 1D%v]jo.
lo| <k

Let C§°(92) denote the space of all infinitely differentiable scalar functions ¢ : 2 — R with compact support in
Q. We denote by HE(Q) the closure of the space C§°(£2) in H*(). Moreover if we define

ol =Y [1D%]lo,

|lal=k
then |- | and || - || are equivalent norms in HF(2). We denote by H~*(Q) the dual space to HY(Q). For
fe H ),
< f,v>

[fll-x = sup
0AvEHE () HUHIC

defines the related norm, where < -,- > denotes the duality pairing between H~*(Q) and H}(Q).
Let k = 1, for p € HY(Q), the trace vpp = ¢|r is well defined and is in L*(T"). In other words there exists a
constant C, depending only on {2, such that

lellor < Cllglls for all ¢ € H' ().
The image of the above trace mapping is denoted by
H'Y2(T) = {ypp:p € H(Q)},
and is a Hilbert space with norm

= inf p = .
Wl = _inf Ll s 6 =00}

The space H (div; () is defined by
H(div;Q) = {qe L*(Q): V-q€ L*(Q)}.
H(div; Q) is a Hilbert space with respect to the norm

1/2
lallaiv = {llall§ + IV -allg} "

We shall use the following version of Green’s formula:
/(¢V~q+V<p~q)dXZ/<pQ~nds,
Q r

for all q € H(div;Q) and ¢ € H'(Q) .
We also define the following linear spaces:

V = {uE(Hl(Q))":uzoonFE}
= {cpEHl(Q):cpzoonl"f},

)
HYA () = {AeH1/2(F);/\:00nr5},
Hy(div;Q) = {qu(div;Q):n-q:()onl";)v}7
HYYAT) = {ueH—W(F);ﬂ:oOnrg}.
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2.2. Mixed Variational Formulation of the Problem

For the preliminary step of defining a spatially semi-discrete approximate solution to our initial boundary
value problem, we write the problem in weak form. We introduce a mixed variational formulation of the
problem with the related boundary conditions. Define qfot =q® + ?q', B =+, —. Then the mixed variational

formulation of problem reads:

/(Qusg(u):g(ﬁ)+/\SV~uV~ﬁ) dxf/,ulVTldx
Q Q

:/ (RT(I‘*C*—%I"C*)—ué—pm)V~ﬁdx+/ g . ads,
)

ry

RT
s | a’dxr [ Vwatax—0. 5= 4.
DF Jq Q
oV -
- V-qlﬁldx—/ uﬂldXZO,
Q o Ot
. B
7/v'qgotﬁﬁdxz/a(v ut o iedx, B =+,-,

where q° = qfot — A

1
—/ql~qldx7/ulv'qldx+ Z /cﬁVuﬁqldx:f/ pton-qds
K Jqo Q et 9 ro

(2.1a)
(2.1b)
(2.1¢)
(2.1d)

(2.1e)

Note that the solution is time dependent. After summing up equations (??) and (?7?), using the fact that

qfot is in Hy (div;§2) and applying the Green’s formula the above problem is rewritten as:

Find (u,q', i, dror, ' 1t 17) (1) € V x Hy (div; Q) x Hy (div; Q) x Hy (div; Q) x L2(Q) x L*(Q) x L*(Q),

such that

/(2u58(u):8(ﬁ)+/\sv-uv-ﬁ) dx—/,ulVTJ_dx
) Q

=/ (RT(F+C++F_0_)—,uf)—pm)v-ﬁdx—i-/ gl - ads,
Q

ry

1 1 =l RT/ (qtﬁt - Cﬁql) : (qtﬁt - Cﬂ(_ll)
_ . d o O O d
[ d-a o 3 i), o x

[ uveda- 3 [ wveal,ax
Q gt 0
— [ pneatds= 30 [ uiin-alds,
rp B=1,— /TP
oV -
—/V~qlﬂldx—/ Ul dx =0,
Q Q

ot

_ AV -u+ )’ _
7/ v'qfotiu’ﬁ dx:/ %ﬂﬁ dX, /6):+a77
Q Q

(2.2a)

(2.2b)

(2.2¢)

(2.2d)

for all test functions (0, @', @iy, G, 4, 17, 1) € V x Hy (div; Q) x Hy (div; Q) x Hy (div; Q) x L?(Q) x L2(€2) x

L2(Q) and t > 0.



Denote the triple (o', q;t;,qr,) and (4!, u*, =) by q and u, respectively, and define:

a(u,u) = /Q(2usg(u) :€()+ AV -uV-u)dx
b(u, ') = —/ V- up! dx,
Q
_ L[ (At — ?d) - (Ao, — ¢’d)
cg,a) = — [ d-qdx+ / dx,
K Ja ﬂg Q pch
d'(pa) = —/QulV -q' dx,
dﬁ(uﬁvqgot) = - /Q .uﬁv . (:ltﬁot dX, /8 =+,
F) = / (RT(T* et +T7¢™) — ply — pin) V~ﬁdx+/ gl ads,
Q ry
Fl((i) = _/ :uénn : ql - Z :uzﬁnn ' qfot dS’
r f=t,—
F@) = [(Fourondn®de 5=+,

then the problem (2.1a)-(2.1d) can be rewritten as follows:

Find (u,q’,q, Quo 1, 0™ 07) €V x Hy(div; Q) x Hy(div; Q) x Hy (div; Q) x L*(Q)
x L2(2) x L*(2) such that
alww) ______ by = P,
. I___(g,_qi d(qh gD +dT(Gd . ) +d (G ) Fi(a),
a o, 7) | _
AL )l +d (', f1') | 27
| d*(quwﬂ*)i = F ),
d
Ld (g, i) T
¢ G ) ).

for all test functions (@, @', q;oy, Qpog, £ A1, 1) € V x Hy(div; Q) x Hy (div; Q) x Hy (div; Q) x L2(Q) x L?(Q) x

L3(Q) and t > 0.

We shall use the implicit Euler scheme for time discretisation. Let At be the time step and (un, q, qx)t’n, Qeot,n

T Ta ;L;) the approximation of the solution vector (u, qd',ai, e, b p ,u*) at t = t, = nAt. Then the

system of equation (2.2) resulting from backward Euler is:

Find (W, ql,, Qior s Qeotns By g s iy ) €V X Hy (div; Q) x Hy (div; Q) x Hy (div; Q) x L?(£2)
x L?(Q) x L*() such that

alwn @) ________ obgh) = F),
_Atey(ay.q)_ _ﬁAtdl(g A AT (@ ) AR (g 21 1= AtFy (@),
(unvﬂl ) I +A_£d (Ena [ ) I —b(uf,l,f )7
| Atd (qtot wr B | = 2,n(ﬂ )s
LA (Aporps 1)) = Fonlnm),

(2.4)
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for all test functions (8, &', Gy, Gror 7717,/ € Vx Hiv(div; @) x Hyv(div; @) x Hyv(div; 2) x L2(2) x L2(Q) x
L?(Q), where
FLEP) = FLL(0%) = F 1 (%), B =+~
where
S

Note that the dependency of ¢, (qn,q), F.(@), Fi,(q) and fgn(ﬂﬂ to n is because of ¢, and ¢2. Note that
also we need some iteration procedure to solve the nonlinear system of equations. Let us define

Ay(u,q;0,q) = a(u, )+ Aten(q,q), (2.5)
B(w,q;iz) = b(u,ji') + Atd'(q', i) + Atd¥ (qi, i17) + Atd ™ (Qgeq, 1),
Gl,n(ﬁa (_1) = (Fn(ﬁ)a AtFl,n(q))T ) G2,n(ﬂ) = (b(unfla ﬂl)a f:(ﬂ+>7 f; (ﬂ_))T . (27)

Then (?7) is rewritten as

Find (W, Qn, p1,,) € V x (Hy(div; Q))? x (L2(Q))3

);
),

o o 2.8
An(Un, qn; 0, q) +B(T, q; p,,) =G 28)
B(u,,qn; it) :GQ’”(

T gl

for all test functions (u,q, z) € V x (Hy(div;2))3 x (L3(Q))3.
Let skip the subscript n in the above system and assume that ¢, ¢t and ¢~ are given.

Theorem 2.1. Consider the saddle point problem (?7). Assume that o, ¢™ and ¢~ are given, then
(i) The bilinear form A is ker (B)-elliptic, i.e., there exists a positive constant a(p,c™,c™) such that

A(uaq; u, q) >« |H (ll, q)|||1a fOT‘ all (uaq) € ker (B)

where
1/2

llCa, @)l = (lallf + lla' [Five + il + lawolEe)
(ii) The bilinear B satisfies the inf-sup condition

B(u, q;
sup  DE) 5 g for all e (1))
ae(Hy (div))® (@ a)llla

Proof. To prove the first part, take (u,q) € ker (B), then we have
/ V-ui dx + At (/ V~qlﬂldx+/ Vgl it dx+/ V- Qi dx) =0,
Q Q Q Q

for all p = (!, g+, i~) € (L?(2))3. This results into

V-u+AtV.-q =0, (2.9)
V-qh, =0, (2.10)
Vg = 0. (2.11)

It is easy to see that
c(q,q) = / qC'*qdx, (2.12)
Q
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where
1 n RTc™ n RTc™ RT RT
K Dﬂ}o2 D= Dty D=
Ccli* = _ R _RT (2.13)
D+ Dtpct
_RT 0 RT
D~y D~pc~

But C'* is symmetric positive definite. Indeed, if we define N = diag (1,¢",¢™), then we have

ﬁ N RTct o N RIc"yp  RTc'yp  RIcp
K D+ N D~ D_;_" D~
QOQNCH:N _ _ RTc 2] RTc © 0
D+ D+
_RTcy 0 RTc ¢
D- D~

In Lemma [12, Lemma 2.2] we proved that this matrix is symmetric positive definite.
Now let us continue the proof of ker (B)-ellipticity of the bilinear form A. Take (u,q) € ker (B), then by
using Korn’s inequality (see for example [?]) and equations (??) - (??) we have

—1
A, qu,q) = /ms(u):s<u>+As<V-u>2dx+At / At an)C | at
@ @ Aot
> 2pelull? + AV - w2+ CAH(lQ! I + eI + lla )
> 2pcul? + A(AD|V - o2 + CALA2 + llat e + o Zieic)
> all (wa)ll, (2.14)

where o = min (2u4¢, A\s(At)?,C) and C = C(p,ct,c7).
To prove the second part (inf-sup condition), we restrict the supremum to a subset of functions (0, q),

d(al. it d+ + + d(a . u~ _
At sup (q ) )+ (qtotv.u’ )+ (qtotp’ ) Z ﬂHILHO,
q€(Hy (div;))3 ||q||div;Q

for all p € (L?(Q))?. Easily it can be seen that the above supremum is greater or equal than

dl l’ l d+ +’ + d—(a- N
At sup (lq w)o sup (gtot )4 sup (%ot 7).
ql€Hy (div;Q) ||q HdiV?Q q?;tEHN(div;Q) ||qtotHdiV§Q Aoy EH N (div;Q) ”qtot”diV;Q

In fact, we split the inf-sup condition to three inf-sup condition for each component, liquid, cation and anion.
To proceed the proof, the following Lemma is needed.

Lemma 2.2. There exists a positive constant C' such that for all ¢ € L*(Q) there exists a function q €
Hpy (div; ) satisfying

-V-q=q and |[dfaiva < Cllgllo-
Proof. Let q € L*(Q), then by the Lax-Miligram Theorem [?, Theorem 2.7.7] there exists a unique ® € H}(Q)
satisfying

—-A®P =g¢q in Q,
V&-n =0 onF;,V.
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If we define @ = V@, then q € Hy(div; ) and we have
/QQV@dx: /qudx for all ® € H,(Q).
By choosing ® = ®, we have
lall§ = /Qq‘1> dx < lgllof[®llo < C(N)lgllolIVPllo,

where the last inequality was derived by the Poincaré inequality [?, Proposition 5.3.5]. O

Let p! € L2(2), then by above the lemma there exists a function q € Hy (div; Q) such that —V - q = u! and
lallaivie < Cllullo

for some constant C'. Use the fact that

J@Mpkﬁvqﬁw:AWFm:W%

therefore we have .

1 L(,l =
At sup d(u,q)ZAtd(u,q)>g

- > = -
q€H (div;Q) Hquiv;Q Hquiv;Q c

_ At _ _
Therefore the inf-sup condition holds for all 3¢ < Yok Similarly we have lower bounds 3% and S~ for the

bilinear forms d* and d—, respectively. Thus

d'(q', 1t) + dT (agoe, 1) + d™ (Apoy, 7))

At sup ZBIHMIHO+B+||M+||0+B_HM_||O
q€(Hny (div;Q))3 ||q||div;Q
~ _ 1/2 -~
> B NE + Nt 1E + e 118) " = Bllallo- (2.15)
Therefore the inf-sup condition holds for all 5 < ﬁ This proves the second part of the theorem. O

Remark 2.3. Following the above theorem, we can conclude that given ¢, ¢t and ¢~ the solution for the
system (?7) exists and is unique. Moreover, one has the bounds

1 4]\ 1
< - - Y .
s < 21 (14 20) Syep (2.16)
L, Al 4] (1Al
lolzzapsenery < 5 (14 20 ) g B0 (1 80 e, (217)

where
ker(B*) = {p € L*(Q) | B(u,q; ) =0 for all (u,q) € V x Hy(div;Q)}.

2.3. A Mixed Finite Element Method

Assume that € is a polygon (n=2) or a polyhedron (n=3). We denote by 7}, a triangulation of Q by n-
simplices T of diameter not greater than h (7' is a triangle or rectangle for n = 2, a tetrahedron or block for

n = 3), where
a=r
TeT,
For the definition of a triangulation, see ( [2], p.38) for example. We shall also use the notation:
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- meas T = the Euclidian measure of T in R" (geometric area if n = 2, geometric volume if n = 3),

- hp = the diameter of T', which in case of a triangulation by simplices, is just the length of the longest
edge,

- pr = the radius of the circle inscribed in T if n = 2, of the sphere inscribed in T if n = 3,

- h = max hT.
TeTy

A family of triangulations {73, : h > 0} is said to be regular if infh = 0 and inf min PT .

h>0 h>0 T€T;, hr
Now in order to state a finite element formulation of the problem (2.2), it is necessary to define finite-dimensional
subspaces of V, Hy (div; Q) and L*(Q).
Let H(div;7;,) be the space of square-integrable vectorial functions q € L2(£2), whose divergences are square
-integrable on every sub-domain 7" € 7y, i.e.

H(div;73) = {q € L*(Q) : q|r € H(div;T) for all T € 7.}, (2.18)
with norm
1/2
lallaiviz, = <||q||8 + > v qlﬂl%) : (2.19)

TeT)

In order to define finite-dimensional basis functions for H(div;7,), we need to define a local basis function on
a reference element. Let T be the convex hull of L suitably chosen points X,,¢ = 1,..., L, that is

L L
T{QZQ@IOSC@SLZQl}- (2.20)
1 1

Define the affine map
x=F,%) =B,%+b,, xeT, (2.21)
where B,, € R"*" such that det B,, > 0, and b,, € R".

Define Pl(T) as the L-dimensional space of polynomials spanned by the basis functions ¢;, ¢ = 1,..., L, such
that

0i(X)) = 645 (2.22)
Now, define P!(T) as the L-dimensional space spanned by

i) = (%), i=1,...,L. (2.23)
It is well known that
/ p;dx = / @; det By, dx. (2.24)
T T
Also
Vei(x) =B;TV@(x) forallxeT. (2.25)

Since V consists of vectorial functions, the following subspaces are defined to approximate each component of
functions in this space.

PL(Ty) = {ecL*Q):p|lr € PYT) forall T €Ty}, (2.26)
Fy(Th) = PL(Ty)NHY (), (2.:27)
Pp(Th) = {p€P(Th):¢=0 onT{}, (2.28)
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Let &, i =1,...,1, be the edges (n=2) or faces (n=3) of T, and RT°(T) be the I-dimensional space of linear

vectorial functions @ on 7" such that n; -G is constant on &;, ¢ = 1,...,I. The basis functions for this space are
vi,i=1,...,1, such that

/nfﬁ,dézdzj, ’L,]ZL,I (229)
Define RT°(T) be the space spanned by the basis functions
vi(x) = (det B,)'B,v;(%), xeT, (2.30)

that is,
RT(T) = {(det B,) 'B,i, 1€ RTO(T)} . (2.31)

Theorem 2.4. Let i € L2(T) and ¢ € L*(T).
u(x) = (det Bn)ianﬁa p(x) = p(%),

then the following equalities hold:

/ u-Vedx = /ﬁ~V¢ dx, for all e LA(T), ¢ € HY(T), (2.32)
T T

/ OV -udx = /@V - dx, for all ¢ € L*(T), u € H(div;T), (2.33)
T T

/ enr-uds = / ¢nj - ads, for all g € HY(T), @ € H(div; T), (2.34)
oT oT

where ny and ny are the outward normals to 0T and GT, respectively.
Proof. For a proof, see [18, proposition 1I-5.2 and I1-5.4]. O

From equation (2.18) it follows that, if 4 € H(div;T), then u € H(div;T) and
V- u(x) = (det B,) 'V - a(%). (2.35)

Note by Theorem 2.1 and relation (2.15), for every u € RTY(T), nr -u is constant on the edges (n=2), or faces
(n=3) e;,i=1,...,1.

The details and an overview of possible choices for the reference element T and the assigned shape functions
can be found in [9].

Using definitions (2.16), we define the Raviart-Thomas spaces

RT°(T;) = {ucl?Q): ulr € RT°(T) for all T € Tp,}, (2.36)

RT{(7,) = RT°(Th) N H(div;Q), (2.37)

RI§N(Th) = RT°\(Tn) N Hy(div; Q). (2.38)

Further, u' and pu?, 8 = +,—, in L?(7},) are approximated by piecewise constant functions. Therefore, let

MPO(T) be the one-dimensional space of constant scalar functions on T Its basis function is ¢, where ¥(x) = 1
forxeT.

Let x;, i = 1,...,I, be the numbered nodes of 7,; &, be the collection of edges (n = 2) or faces (n = 3) of
sub-domains T' € 7p,; e;, j = 1,...,J, be the numbered edges (n = 2) or faces (n =3) of {e € Ty e ¢ ff} and
Ty, k=1,... K, be the numbered sub-domains of 7},.
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The finite-dimensional space RT& ~(7p) is spanned by the linearly independent vectorial basis functions vy,
1=1,...,J, such that

/nj'VidS:(Sij, ’i7j:17...,J,
€j
where the normal vector n; is the normal to e; pointing from T}, to Tj, k > [, if e; = T}, N1}, and outward if
e; C ]_"5

The multiplier space M°,(7},) is defined as

M° (7)) = {\ € L*(Q) : Ar € M(T) for all T € Tp,}. (2.39)
Its basis functions are ¢, k = 1,..., K, such that
¢k(x):§kl, xeT, kil=1,... K. (240)

2.4. Hybridization of the Mixed Method

Fraeijs de Veubeke [4, 5] introduced a hybrid method for the mixed formulation in order to simplify the
solution of the algebraic system that must be solved in the procedure. In [9] mixed-hybrid finite element
discretisation is used to solve an important class of problems in mathematical physics which involves equations
of the form

V- q= f7
where A is a symmetric and uniformly positive definite second order tensor. It can be seen that mixed formu-
lation of the above system leads to a saddle point problem. Using the hybridization technique, the mixed finite
element method results in a system of linear equations with a sparse and symmetric positive definite coefficients
matrix.
Despite to this fact, hybridization method reduces the number of degrees of freedom. Furthermore, in the
computations we only have the inverse of element-wise block diagonal matrix.
In this section hybridization technique is used for four component model. First we introduce a hybridization
procedure for the mixed formulation. This will simplify the solution of the algebraic system that must be solved
in the procedure. The idea behind hybridization is to relax the continuity requirement for the variables ' and
qfot across the internal edges. This will require to enlarge the Raviart-Thomas space in which q' and qtﬁOt are
sought and to introduce Lagrange multipliers to enforce the continuity of the normal component of ' and qfot
across the inter-element boundaries. Define

{q =—-AVyp,

E)={ec& :eCT}. (2.41)

We assume that I‘]? is the union of some e € 5,?.

Let jit, and [Lfn, both in L2(Q), be piecewise constant approximations of u!, and ,ufn, such that

/([Lin —ut)ds = 0 forall ec &l ecC I‘f, (2.42)

€

/([L;@n—ufn) ds = 0 forall ecé&?, eCI‘f7 =4, - (2.43)

€

The hybrid formulation will make use of Lagrangian multipliers belonging to the space L?(&,) that is defined
to be the product space
L&) = [] £2(07). (2.44)

TeT),
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Recall that M9(e), e € &, is the space of constants functions on e. Define the multiplier spaces

MO (&) = {A=Neee, € H?([J €)1 Ae € MO(e) for all e € &}, (2.45)
ey

M° (&) = {AeM%(&):A=0 on TD}, (2.46)

M° (&) = {AeM° (&) :A=[, on L)}, (2.47)

M2, 4(&) = {NeM° (&) :A=j), on D} pg=+ - (2.48)

The following lemma is an immediate consequence of the above definitions.

Lemma 2.5. Suppose q € RT°,(7},), then q € RT(?’N(Th) if, and only if,

/ Ang-qds =0, forall A€ M°, o(&).
TeT, /o7 ’

Mixed Hybrid Variational Problem: A spatial semi-discrete approximation by considering the hybridization
technique is as follow.

Find (uthz,qgt,h,q;,th,uzvuz,u;%,xzw) (~1) € (PH(Ta)" xRTC(T,) x RT%,(T;) x RT%,(T;) x
MO, (T,) x M°,(T3,) x M°,(T;,) x M° 1l(é’h) x M° 1,4+ (En) X x MY, —(&n), such that

/ (2M58(uh) : 8(l_lh) +AsV-u, Ve l_lh) dx — / ;Llhv -uy, dx
Q Q
= / (RT(FJ’_C; +T7¢,)— b —pm) V- dx+/ gy, ds,
Q ry
(2.49a)

1 /ql dx + Z / qtoth Chqh)(qtﬁot,h_cgqgl) dx
i hAp
K Q B=t,— @hcg
-5 ([ v ediac— [ dnr-ah o)

ter, \IT oT
- 5[5 ([t [ )] <o

B=+,— LTen, V& or

(2.49b)
oV - uy,

- / V - dj iy, d / atu' fiy, dx = 0, (2.49¢)

TeT),

oV -uy + & B

-y /V A dx—/ ( 5 P0)h 1B ax, B—+,—, (2.494)

TeTy

Z / nr - gy N ds =0, (2.49¢)
TeT) or

Z / nr - qfot’hjxf ds=0, [B=+4,—, (2.49f)
TETy
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for all test functions (ﬁh,qﬁl,q:gm,qt_()t)h,ﬁﬁl,ﬁ;,ﬁ;,;\ﬁwXZ,X;) € (PL(Tp))™ x RTY (T5) x RTY\(T) x
RT?(Tp) x M2y(Tp) x M2, (Tp) x M2, (T5) % M91,D(5h) X M91,D(5h) X M91,D(5h) and ¢ > 0.

Note that in the above variational formulation the values for ¢, and cg are calculated from the secondary
equations mentioned in (1.1).
Let x;, i = 1,..., I, be numbered nodes of the triangulation {x € 75 : x ¢ I'2}; T}, k = 1,..., K, be numbered

sub-domains of 75, and egT), j=1,...,JT) be the edges (n = 2) or faces (n = 3) of T for each T € T;,.
Recall that the finite-dimensional space RT°,(7},) is spanned by the linearly independent vectorial basis func-

tions V§-T), j=1,...,J%0 T €T, such that v

; * has its support in 7" and

/m ng 'V§T) ds =65, jj'=1,...,J9.

Thus a function q € RT°,(7}) has JT) degrees of freedom per sub-domain 7' € 7;, and in total .J = > rer, J™
degrees of freedom in 7j. The degrees of freedom of q in the sub-domain 7' € 7}, are equal to

. - (1)
/eF.T)nT qds, j=1,...J".

Recall that the finite-dimensional space M?,(7},) is spanned by the linearly independent scalar basis functions
Y, k=1,..., K, such that (2.25) holds.

Let e, 1 =1,..., L, be the numbered edges (n = 2) or faces (n = 3) of {e € &, : e Z T'}}. The finite-dimensional
space MELO(E;L) is spanned by the linearly independent scalar basis functions n;, { = 1,..., L, such that

nl(X):6ll/, X € ey, l,l/zl,...,L.

Therefore a function \ € Mgljo(é’h) has one degree of freedom per edge €;, [ = 1,..., L, which is equal to its
constant value on ey.
Now by definition, functions uy, ulh, uf , qﬁw qtﬁOt > )\lh and )\’g are expressed as

nl
uy(x,t) = Z a;(t)wi(x),

dheet) = D a bV,

Jj=1
J
qfot,h(xﬂi’) = Z qtﬁot,j (t)vj (X)7 B=+,-,
=1
]K
ph(,t) = Y i ()vk(x),
k=
Kl
phxt) = 3 aMusx), =+,
k=
1 B ~
Mty = AL+ A (Om(x),
/=
L1~
Nxt) = MY Mtmx),  B=+-
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where \?, 3 = 1,4, —, are defined by

)\?n S Mgl(gh),

)‘iﬁn = ﬂfn on F;?’

NMo=0 on U e\r>.
e€lp

Substituting this in the mixed-hybrid variational formulation gives

dt

_.dy _ _ d® _
Ql(@h?c;vch )7 + EB(QD}UCZ7C}L )y = 3((,0},,,(32_,(3}1) + E(@}ch_vch )7

+ - + -
where A(¢n, ¢, ¢, ) and B(py, ¢, ¢, ) are

BTa 1=9,j=1,
Ql(whchvC}:)ij -
0, i£5 AL,
Ar__Q_____.Q _____ o__ 0O 0 _0__0_. _O.I
Olcll(@hcg) C'"(on)  C'"(pn) |D 0O 0 E 0 Ol
0, C" (o) C™(pnc)) 0 0 DO 0 E Ol

+ N T
%(soh,chvch) - gl ])0 ])OT g I
OI 0 0 DT I
T 0
01 E 0 0 | 3(K+L)x3(K+L)
oi 0 E” 0 i
OO __0_____E___
respectively, and
R SR | )
y = [u’ql’q$t>qtot7ulau+7u >>‘7>‘ 7A i| )

S(QthC;vC}:) =

&(on, b, cp)

In the above formulations,

[F,F.,F},F1,0,0,0,0,0,0]"
[0,0,0,0,0,F},F;,0,0,0]" .
[+ i),

@1, ,47)"

[~‘§)t,1’ ’qtﬁot,J]Tv 8=+,
[y, gl

G5t B=+
AL AL,

AL AT B=—

(2.50)
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Ay = /9(2/158(wi) E(Wj) + AV -w, V- wy) dx,
B, = 7/ V- w; dx,
T;
1 RT civi-v
1 B _ hVi J
Czy((phch) = K/VZ.Vj dx + Z m o on dx,
B=+
RT V-V
Ciﬂ(gp}) = _7/ : ! dX7 ﬁ = +a ]
J v Dﬁ a Yh
RT ViV,
Cﬁ’a Cﬁ = 7/ L J B /6) - +a ]
(¢ney) D5 J, @hc@
D, = - V - v; dx,
T;
Ei. = / n; -vj d57
ek
F, = /Q(RT(I‘*CI—#I‘_C;)—,uf)—pm)V-wZ- dx+/FN gl - w; ds,
(Fll)l = 7/.uinn Vi dS,
r
(Flf)l = 7/ ﬂinn " Vi dS, ﬂ =+,
r
(F'g)l = / (V~uh+g00)cfdx7 g=4,—.
T;

Remark 2.6. From now in our notations, we omit the dependencies of the matrix functions to @, cz, c, - We
keep in mind that this is just to make our formulas more readable.

Define
ct ¢+ ci- D 0 O E 0 O
c=| c+ ctt o , ® = 0 D 0 |, ¢=| 0 E 0 |. (2.51)
c- 0o C- 0 0 D 0 0 E

Theorem 2.7. (D|&)T€ 1 (D|E) is a symmetric positive-definite matriz.

Proof. € is symmetric positive-definite and (D|&)T€ ! (D|&) is symmetric positive semi-definite. To prove
the positive-definiteness, we need to show that (®|&) has full rank. Let

,u’/}?(xﬂf) = ﬁg(t)wk(x) S Mgl(/];l)a ﬂ’ﬁ = [ﬂ?a e 7/1?(]Ta /8 = lv+7 e

B

)‘g(xﬂt) S\ZB(t)’r}l(X) € Mgl(gh)a 5‘ = [5\?7 e 7X€}T7 6 = l,—|—, -

~1
Dji' + EX =0,
AN | =0, then Dit +EA =0, (2.52)
Di~ +EX =0.
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Since
DI+ EXN =0 VI(Di +EN)=0 forall VeR/

& Z (/ u;v - vy, dx —/ )\ﬁbnT -V, ds) =0 forall vy € RT°,(T})
TeT, or

N Z/ (MZ—)\L)HT'VhdSZO for all v, € RT%,(7},)
TeT;, * 9T
& phb=MN ondT forall T€T, < pul=0inQ, )\ﬁl:OOHUG
€€l

& =0, A =0

Similarly &” = 0 and 5\[3 = 0 for f =+, —. Therefore we have

(DAL + EAL)T €1 (DA + EAs) >0 (2.53)

for all (Aq, Ag) € R3EFL\ {0} O

In the sequel the hybridization technique will be proceeded. Note that the system (2.35) can be considered as

Au+Bj' =F,
[l/l
) it
q e 0
Q: (’vl:gt "‘ (@|€) Xl = O 5
Q;m X+' 0
A (2.54)
BT 0
0 B FS
o |4 a i |
3 T ~ — 2
o |a®t®% ot al|l o
0 Aot 0
0 0

In the system (2.39) € is symmetric positive definite matrix and can be inverted at the finite element level
(recall that q! and g7, are in the space RT,(75)). Therefore the second equation in (2.39) implies

!

l
+

. p

a . e

Al | =-€ 7 (D[€)| § (2.55)
Aot +

> >
I
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Using (2.40) and the third equation in (2.39) we get

oe)
H
It N
+ S
ol o

a. i
Si-(@e) e (Dle)

Fa (2.56)

> '

I
SR
)

S oo oo
>3

+

o

In the next step we solve the above equation for [[Ll, i, 17]7. To do this, we need to state the following lemma.

Lemma 2.8. ®7¢'D is a symmetric positive definite matriz.

Proof. Since € is symmetric positive definite matrices, therefore D7 € 1D is symmetric positive semi-definite.
In order to prove that this matrix is positive definite, we need to find the null spaces of it.

Let ®ji% =0, 8 =1,+, —, then

Z /ﬂ’gv'vth:O for all v, € RT° (T3), B=1,+,—,.
T

TeT),

vy, is assumed to be continuous inside each element 7T, therefore the above summation will reduce to each
element 7. With an appropriate choice of vy, we can take V - vy to be equal to 1 in T', therefore we have

/ungZO forall T €T, pB=I+,—.
T

Hence

“h’TZO forall T€Ty, B=1+—.

This results in the symmetric positive definiteness of D7 €~ 1D, O

Remark 2.9. It can be seen that 7€ 1® is similar to a block diagonal matrix. In fact, we need to define an
appropriate permutation matrix. Define P after reordering the rows of an identity matrix I3y w37, based on the
vector (1,L+1,2L+1,2,L+2,2L +2,---,L,2L,3L). Then it can be seen that the matrix P(@TQ:*l@)P_l
is a block diagonal matrix and has K blocks which are 3 x 3 matrices and the inverse is block diagonal too.
This will imply that the inverse of DT¢ 1D has the same pattern as DTe 1D,

Now by applying the above lemma and using equation (2.41) [f2', &*, 5~]" can be expressed as
i N
l»:ll—‘,- — (©T¢71®)_1 _DTQ:*le X"!‘
" A (2.57)

BT 0
d_. d v

2

2

il
0 dt dt F

+




22

If we substitute (2.42) in the system (2.41), then this system reduces to

i,
At A A 4 F s \d [0
1 2 bY _ 1 1) @ +
(o) e(at S )| 3 () (R)ale )| e
2
IS
where 211,20, and 23 are
BT
A0, = (B o o)@"¢'D)| 0o |, (2.59)
0
A, = —(B 0 0)@"¢c D) '@ e e, (2.60)
A = —(¢TeD)@ e D) (@ e e+ (eTee).
(2.61)
&1 and §9 can be derived as
§ = (B o o)@e¢'D) (2.62)
F = —(eTe'D)y@Te D)L (2.63)
Remark 2.10. From theorem 2.4 it follows that
T _ T p—1 3K
n Asn = (Dn, + €n,)" € (Dny + €ny) >0 for all ny, € R*\{0}, (2.64)
where
M =—(DCD)IDICT €y, = (11.m).
Therefore 23 is a symmetric positive definite matrix.
Remark 2.11. By using the above remark, we can take one more step to solve the system for
by A
A =23t [2wfa - T F} 7 (2.65)
. F,
whence the system (2.43) is reduced to
d a9
(211 + 2122(;1215) Zh+ Al = (5 + 2 '%) — | FL |- (2.66)
dt dt Fo
2

Remark 2.12. Note that in computation of 20y, s and s, the inverse of the matrix D€ 'D is needed. In
remark 2.6 we have seen that this inverse can be calculated per finite element. This is an important fact in

using the hybridization technique.
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)

“ln ~+n <
Letting At be the time step and (ﬁ”, A n, AF n, A

at t = t,, = nAt. Then the nonlinear system of equation (2.43) resulting from backward Euler is:

N . Lol gt -
") the approximation of the solution vector (u, AL LA )

~ +1 +mntl  —ntl +1 +n+l  —n+l
< Aun+1 ) 2ll (SOZ » Cp, , Cp, ) 2[2 (SDZ , Cpy » Cp, )
T +1 +,n+1 —n+1 +1 +,n+1 —,n+1
0 QlZ (QOZ » Cp, » Cp, ) _2[3 (QOZ » Cp, y Cp )
ﬁn-‘,—l —a"
t +1 +n+1  — n+l
S‘,n+1 ( F, )+ Silen e ey,
>< =
~ 1 +1 +mn+l —n+l
A+7n+ 0 32 SDZ » Ch » Chy
T —n+l1
A
0
+ n+1 +n+l —n+l + +,n —n
F; (‘Ph y Cpy y Cpy >7F2 (‘PZaCh »Cpy )
x At : (2.67)
— n+l +.n+l —.n+l — +.n —n
F, (‘Ph ) Ch » Chy )_F2 (@Zvch = )
At

The assumption that cf , B = +4,—, and ¢ are known transforms the system into a linear one. For ¢ the
value at the old time step is taken. Thus the value of cic at the old time level is known and therefore the
difference c; —¢;, by electroneutrality. Define ¢t = ¢t + ¢, then the solution /J;[j of the linear system (2.52)
and (2.42) for fixed cg, B = +,—, can be denoted symbolically by (1,7, 1) = A~ (¢F)b(c), where A and b
represent the matrix and right-hand side of the linear system. Now Cf can be computed by the third relation
in the secondary equations in (1.1), i.e. c,f = f(uz,u;,cf), where the dependence of f on cf is generated by
the activity coefficient 7. Ergo, we obtain the non-linear system

Gt =f (A (gn)b(cy) cf) - (2.68)

This system can be solved by an iterative procedure for non-linear system (see Algorithm 1).

In each iteration a linear system has to be solved. It should be observed that different scales are apparent in
(2.43) that will result in a poorly scaled matrix in the linear system. Therefore the matrix A is replaced by the
scaled matrix DAD, where the diagonal matrix D is defined by

(2.69)

. L L RTL  RTL
D” = diag s T 7o
At(2us +Xs)" K™ Dopgel®” D=pocl

Here L is a representative length scale.

3. NUMERICAL SIMULATIONS

3.1. The System of Equations

In this section the element contributions to the matrices and right-hand sides in (2.43) is computed.
The element contribution to the elasticity matrix A and B in (2.43) can be calculated in an standard way. To
calculate the element contribution to the matrices C?7, 3,y = I, +, —, we need to consider the following analysis.
After linearizing the problem it is enough to calculate the following matrix which we call it C. Considering

(2.15) we have
(CL(JT%XJ(T))H = / i 'Vj('T)dXZ / CTY; - ¥dx, (3.1)
%) T T
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Algorithm 1 Solving the nonlinear system (2.52) by using iterations

Given ¢}, c,f’" and given ¢
criteria < 1
while criteria > ¢ do

no_
cic M= cgc exp S SV )

@o(1 — o)
di[ e CZ " c;in {= ¢/ by electroneutrality}
n n
Ch = (6" dy")/2
"= cf M
Intl chntl -l .
( ntl A" " )\+ i S A i ) < solve the linear system (2.52)

([Ll’"ﬂ, pn [f’"“) < use equation (2.42)

(gntt ghm & ") < use the secondary equations in (1.10)

criteria < mlnﬁ 4 Hcﬁ n+1 Cﬁ’nHo

5” <:C§L'37n+17 6_ +7_

~[3 n+1

where CT) () = (det Bn)_lBZB and v;(x) = (detB,,)B,, V( )( ), x € T, is considered. Note that the
local basis functions v;,4 = 1,---,J(T), only depend on the reference element T. If the notations vi(x) =

[0k (X)) =y .., and CM = {ég)} . are used, then

=1,...,n

.....

k=11=1
where the matrices
((Akl)ﬂT)XJ(T))ij = ~/Tﬁikﬁjl dx (3.3)
only depend on the reference element T. Note that C(T) = él(kT) and Ay = Ay, thus
n n—1
T T
(Cfﬂ%) < J(T)) ) Z Ckk (Akk); ;T Z Z cl(cl) A + Alk)ij ) (3.4)
k=1 I=1

where all matrices in the summations are symmetric.

In [9], an overview of the matrices Ay, and Ay + Ay, k # [, corresponding to various choice of the reference
element 7' is given.

Using Green’s formula, (2.19) and (2.14), simple formulas can be derived for the element contributions of the
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remaining matrices and right hand sides in (2.43), namely

T T
(060, - - [Fax=nt o
T T
(Gf](i)")xJ(T))ik = /m nr - VE ) ds = diks (3.6)
€k
_~ina if i C F_D
Flﬁ(T) = /u ne . P 7ﬂ = l7+7_' (3.7)
0 otherwise.

The computation of (DFC~1D;)~! is essential when determining the matrices 2A;, (i = 1,2,3) in (2.44)-(2.46).
This matrix is a block diagonal matrix (Remark 2.6) and it can thus be computed at the finite element level.
The matrices 2(; are obtained by assembling its element contributions. The right hand side vectors §; and §»
can be computed in an analogous way.

3.2. Confined Consolidation and Free Swelling Experiments

In this section, numerical solutions are calculated for confined
consolidation and free swelling. To verify the method, solutions are
compared with the analytical solutions from [12]. The homogeneous ﬁﬁgﬁning
sample is placed frictionless in a holder. Figure 1 illustrates the
experimental setup. At the bottom X = 0, (X is the Lagrangian
coordinate) the sample is in contact with a glass filter saturated piston
by a sodium chloride solution. an impermeable piston is placed on
the top of the sample, X = L, where an external mechanical load is ®

| sample |
: . . e O ©0
applied. The sample was made out of a hydrogel. A bathing solution n r < filter ®

flowed through a porous glass filter at the bottom of the sample.

T

Consolidation

In the consolidation experiment, we apply a load on the piston
to be equal to f(t) = —foH(t — to), with H(t — to) the Heaviside
function and fy > 0. For the reference values of electro-chemical potentials we choose

ph = 2RTCoy, 1l =—RTIn C"c“t. (3.8)

By Donnan equilibrium, we know that the electro-chemical potentials are continuous at the boundary, i.e.,
u?n = ufut, 8 =1,+,—, where subscript ’in’ and ’out stand for inner and outer solution, respectively. Assume
1";; =TI, =T, rr I' . =1 and poyr = 0 and &,yr = 0, then

out —

:uin = /limt = /1‘6 + Pout — 2RTT syiCout = 0,
Cou
luzﬁn = /’[’/gut = /’(’gut + ZﬁFfout + RTFOU’t In Is t = 0’ ﬁ = +7 -

Therefore, the initial condition for the displacement and electro-chemical potentials with respect to the steady
state reference state ¢ = ¢ are:
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Where[uio uj(') ,Ltt_o]:[fo 0 0].

Free Swelling

In free swelling experiment, we change the concentration of the external salt solution. For the reference
values of electro-chemical potentials we choose

ph = 2RTCoy, 1l =—RTIn C"c"t. (3.10)

The initial and boundary conditions for the displacement and electro-chemical potentials with respect to the
steady state reference state t = t( are:

(i wt w10 = [ i pi ]
[uhowt wm [ (Xto) = [,y mgg
u(0,t) = 0,
uw(X,ty) = 0, (3.11)
in which Nﬁ, =0,8=1+,—, and
:uin = *QRTACoutv
td)
+ RT] Cout( 0 ,
T8 nicout tg_r) (3.12)
Cout(tg)
= RTI1 )
Hin Cout(ta)

Acoyt is the change in the external concentration and tg and t;, are the time just after and before ¢, when
chemical loading is applied.

3.3. Results

In this section, the results for the confined consolidation and

the free swelling are prescribed. For both computations, the pa- P -

. X arameter Unit Value
rameters in the table are taken. These two experiments are taken s + N MPa Ix10°
from [7] and our aim is to validate the numerical solutions by an- K mi N“Ls !l 1.0x 1018
alytical solutions described in [12]. ofe mol m—3 —9% 102

As mentioned in the previous section, an uniaxial confined Cout mol m~3 1% 102
swelling and compression experiment is performed on a cylindrical © 0.1
sample of cartilage substitute. This sample, with the diameter of 4 Dt m? s~ ! 13.3 x 10710
mm and the height of approximately 1 mm is put in an insulating D~ m?s! 20.3 x 10710
conforming ring. A piston on the top of the sample is loaded me- R J mol " K~ 8.3145
chanically. A bathing solution flows through a porous glass filter r K . 293
at the bottom of the sample. A change of the salt concentration E C mol 96484.6
of this solution generates a change in the boundary of ion con- r 0-9

centrations and electro-chemical potentials as well as pressure and
voltage.

During the experiment, the mechanical and chemical load are varied. Inspired by this, two numerical simu-
lations are considered.

Note that the problems of confined consolidation and free swelling are one dimensional with variation in the y
direction only. Considering the extension of our model to higher dimensions, we would prefer to implement these
one-dimensional models in a horizontally-fixed displacement two-dimensional geometry. We use a rectangle in
which only vertical displacement (direction of force) is allowed with 32 vertical elements and one horizontal
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FIGURE 1. Analytical-MHFEM comparison of the solutions for the confined consolidation (I).

element. Successively, 30 increments of 20 seconds, 10 of 50 seconds and 7 of 100 seconds are used for time
discretisation.

Analytical solutions for displacement, fluid pressure, electro-chemical potentials and flows for both of prob-
lems have been derived in [12]. Representative results from mixed hybrid finite element are compared to these
solutions.

For the consolidation experiment, an inward force fo = 5 MPa is applied to the top no-flow boundary, and
at the bottom rigid boundary, the porous medium is in contact with an electroneutral bathing solution. All
boundary conditions are described in (3.9).

The implicit Euler backward scheme is used for the time discretisation. The nonlinear system (2.51) is solved
based on iterations for ¢*. The criteria for convergence of this iteration is 107'2. The average iterations for this
problem is 10 iteration per time step and it is reduced from 15 iterations in the beginning to one when sample
reaches equilibrium. We use a direct solver for the linear system. In fact, a direct solver for our one-dimensional
problem is a good choice but we are aware of the fact that for higher-dimensional problems an iterative solver
should be considered.
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FIGURE 2. Analytical-MHFEM comparison of the solutions for the confined consolidation (II).

Note that in this experiment, all the unknowns change immediately at ¢ = t¢ s, thus another equilibrium
will be establish at infinite time. At the final equilibrium, the electro-chemical potentials p?, 3 = [, 4, —, have
the same value as the values in the initial state. However, the stress and fluid pressure have changed, since the
porous medium is compressed, Figures 7?7 and 7?7 display the comparison between the analytical solution and
mixed hybrid finite element solutions for confined consolidation.

For the free swelling experiment, the initial and boundary conditions are chosen from (3.11). In this ex-
periment, we decrease the external salt concentration with a small amount from coyr = 1 x 102 mol m™2 to
Cour = 0.995 x 102 mol m~3. The displacement, pore pressure, electrical potential, electro-chemical potentials
and ion concentrations are displayed in Figures 7?7 and ??. The pore pressure increases from the initial value
to the maximum value 0.0041 MPa at 0.1648 h.

The results obtained, despite the relative coarseness of the meshes are quite good. As it was expected from
the mixed method, the fluid flow and ion inflows and outflows are equal per element and per time step. All
functions were written in MATLAB and were run on a pentium IV (2.66 GHz).

Due to the nature of the hybridization method, the element matrix computation time and the inverse of
the block diagonal matrix to get the global matrix is markedly smaller than the same procedure in the finite
element code. Another reason for the hybrid method’s better performance is the relatively shorter time required
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FIGURE 4. Analytical-MHFEM comparison of the displacement and pore pressure for confined
swelling (IT).

to compute the right-hand side at each iteration and each time step. This is due to the fact that (D7¢™1®)~!
in (2.47) and (2.48) is computed per element in forming the stiffness matrix. Thus the force vector is computed
from stored element level values ¢ and ¢ at the previous time step independently for each element. In contrast,
the right-hand side for the finite element method [11] is computed at the global level, requiring the multiplication
of the entire stiffness matrix. Therefore the finite element method needs more CPU time due to the size of the
matrices involved.

In conclusion, for the large problems for which a three-dimensional geometry is considered, the hybrid method
offers significant advantages in both the amount of storage required and the CPU time to obtain a solution.

3.4. Two-dimensional free swelling

In this section, a mixed hybrid finite elements
for two-dimensional four-component model is de-
veloped.

We consider the swelling cylinder to test the two-
dimensional hybridization method. We choose an
axisymmetric geometry as described below.

A cylinder of height 0.5 mm and radius 1 mm is
in equilibrium with an external salt solution. The

FIGURE 5. Experiment on hydrogel disc external concentration is reduced from 4.6 x 102
(J. M. Huyghe, 1999) mol m~2 to 4 x 102 mol m~3. A change of the salt
concentration of this solution generates a change at

the boundary of ion concentrations and electro-chemical potentials as well as pressure and voltage.

For this computation we take p, = 0.4688 MPa, A\, = 0.3125 MPa, ¢f = 0.7 and the other parameters are
unchanged.

The intersection of the cylinder through the center is made in order to illustrate the swelling. For the
boundary conditions of this rectangular shape intersection, we consider no horizontal displacement at the
bottom left corner and no vertical displacement in the bottom. The bottom and top plane are considered
impermeable.

While the external salt concentration is reduced, the cylinder starts to shrink at the top surface where the salt
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concentration and the medium are in contact. This is due to the fact that the ions need less time to diffuse
than the liquid, therefore an ions flow takes the liquid out of the sample and shrinkage happens. Further, the
computation shows that after 6 hours the cylinder has regained its initial shape, however it is enlarged. Figure
7?7 shows the shrinkage period and following swelling period at the side surface.

As it was expected for the higher dimensional geometry the number of iterations for the nonlinear solver is
larger in comparison with the one-dimensional case. But thanks to the hybridization technique for less amount
of storage it requires. Note that the nonlinear solver takes more iterations for the period ions are diffusing (the
shrinkage period), later on while the hydrogel returns to its initial shape, the number of iterations is reduced
to one iteration near final time.

Figure 7?7 (a-f) displays the swelling at different times.

4. CONCLUSIONS

The four-component model in the Lagrangian formulation by assuming infinitesimal deformation for the
solid phase is derived ( [13]). Note that for a finite deformation model it is important that the Lagrangian
formulation to be considered. But in this article due to the fact that confined compression and swelling are
considered as test problems, infinitesimal assumption is given. This results in a coupled system of nonlinear
parabolic differential equation. For the numerical experiments it is clear that an accurate approximation of the
flows can be determined by the mixed finite element method. The benefit of the mixed method are apparent for
problems with rough tensors of hydraulic conductivity (for example confined compression and swelling method)
and especially if the domain is subdivided into very flat sub-domains.

Of course, if one is interested in an accurate approximation of the potential, then the conforming finite
element is preferable with a non-uniform time discretisation with a larger steps near the equilibrium. The
number of required iterations to solve the nonlinear system is reduced for one-dimensional experiments.

Using the hybridization technique, the mixed finite element method still results in an indefinite system but
will less number of degrees of freedom. We use iteration for solving the nonlinear system derived after taking the
Backward Euler scheme for the time integration. This algorithm has been tested for one-dimensional confined
consolidation and free swelling experiment and the results has been verified with analytical solutions.

A two-dimensional swelling and opening crack problem is tested by using hybridization method. Note that for
higher dimensional problem we are aware of using an iterative solver to solve the system of equations. even more
a right preconditioner is needed for our indefinite system. The implicit time discretisation is unconditionally
stable, but still we should be careful in choosing the time step to avoid possible oscillations.
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