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Abstract: We consider short-time existence, uniqueness, and regular-
ity for a moving boundary problem describing Stokes flow of a free
liquid drop driven by surface tension. The surface tension coefficient
is assumed to be a nonincreasing function of the surfactant concentra-
tion, and the surfactant is insoluble and moves by convection along the
boundary.

The problem is reformulated as a fully nonlinear, nonlocal Cauchy prob-
lem for a vector-valued function on a fixed reference manifold. This
problem is, in general, degenerate parabolic. Existence and uniqueness
results are obtained via energy estimates in Sobolev spaces of suffi-
ciently high order. In the two-dimensional case, the problem is strictly
parabolic, and we prove instantaneous smoothing of the free boundary,
using maximal regularity results in little Holder spaces.

1 Introduction and problem formulation

The moving boundary problem of Stokes flow (in its simplest form) of a viscous, in-
compressible liquid consists of the Stokes equations together with the incompressibil-
ity condition. These equations form a linear elliptic system. We will consider surface
tension as the only driving mechanism. Mathematically, this is described by an inho-
mogeneous boundary condition on the normal stress. Up to now, most attention has
been given to the case of a constant surface tension coefficient v > 0. In this case, v is
just a proportionality factor linking the normal stress to the curvature vector at the
boundary (and can be normalized to 1). The two-dimensional version of this problem
has been discussed in e.g. [3, 4, 12, 14], and short-time solvability in the general case
was proved in [10, 15].

For various applications, it is also of interest to consider a nonconstant surface
tension coefficient . In this case, the surface gradient of v also occurs in the boundary
condition for the normal stress, giving rise to the so-called Marangoni effect, a well-



known cause for which is a temperature dependent ~ [4].

The possibly simplest reasonable model with nonconstant surface tension co-
efficient has been discussed in [11]. There it is assumed that fixed values of 7 are
assigned to the particles at the boundary, i.e. v is transported along with these par-
ticles. (This situation arises from the temperature-dependent case if heat conduction
is negligible.) Recently, there is increasing interest in the case where « is a function
of the concentration of a surfactant, i.e. a surface-active substance which decreases
surface tension. For examples of applications we refer to [18], where, in particular, the
delivery of surfactant in the human lung for medical purposes is modeled.

We discuss short-time well-posedness and regularity for the problem with a sur-
factant in a simple topology, namely, for a free drop of finite volume. We assume that
the surfactant is insoluble and its diffusion on the surface of the drop is negligible,
i.e. it is transported by the tangential component of the liquid velocity (cf. [18]).

The original problem will be transformed to a Cauchy problem for a fully non-
linear pseudodifferential evolution equation on a fixed compact reference manifold.
As remarked in [11], the cases of constant and nonconstant surface tension lead to
evolution equations of different types: For v = const, the problem can be transformed
to a scalar parabolic equation for an unknown representing the local distance of the
moving boundary from the reference manifold. In the general case, however, where
tangential transport in the boundary has to be considered, one arrives at a vector-
valued equation which is degenerate parabolic in the following sense: the principal part
of the linearization of the right hand side in the evolution equation has an infinite-
dimensional kernel, hence no coercive estimates can be obtained. In the situation
discussed here, under some natural assumptions on our data, this kernel is given by
the divergence free tangential velocity fields. As there are no nontrivial divergence
free vector fields on curves, in the two-dimensional case we obtain a parabolic system
for an R2-valued function.

The structure of this paper is as follows: After the formulation of our moving
boundary problem, in Section 2 we transform the problem to a nonlocal evolution
equation ((2.20)). In Section 3, this evolution equation is linearized, an LZ-energy
estimate for the linearization is derived. This estimate together with a nonlocal chain
rule is used in Section 4 to obtain energy estimates for the nonlinear problem in higher
order Sobolev norms. The necessary estimates for the lower order terms (Lemma 4.1)
are somewhat tedious but essentially straightforward. At the end of Section 4, the
existence results are obtained by Galerkin approximations in a fashion oriented at
[13]. Sections 2—4 are to some extent parallel to [11], therefore some proofs are just by
reference to that paper. The parabolic problem arising in the plane case is addressed
in Section 5. Apart from a slightly larger class of admissible initial data, our main
interest there is in the proof of the smoothing property one expects for a parabolic
equation: For smooth data, the solution will be smooth for all positive times in the
existence interval. We prove this, both for C'*°-smoothness and for analyticity, using a
general theorem on parabolic smoothing which has been proved in [7]. This theorem is
a generalized version of a “parameter trick” due to Angenent [1, 2] which is based on



the property of maximal regularity for the linearized problem. Therefore, in Section 5
we change the functional analytic framework and use little Holder spaces as in these
spaces the maximal regularity property can be established in a standard way. Finally,
the appendix summarizes some results on solution operators for various standard
elliptic boundary value problems on fixed, bounded smooth domains which are used
in Section 5 but are otherwise independent of the moving boundary problem.

We start by giving a precise description of our problem (cf. [11]). For given
Q(0) ¢ R™*! and given p(-,0) > 0 defined on 9Q(0), one looks for

e a family of bounded domains Q(t) C R™*! parametrized by time ¢ > 0 with
C?-boundaries I'(t) which move with velocity V,,(¢) in the direction of the outer
normal n(t),

e (nonnegative) functions p(-,t) € C1(I'(t)), and

o functions (-, t) € C2(Q(1), R™), 5(-,t) € CL(Q))

such that
—Au(,t)+Vp(,t) = 0 in (1),
divua(,t) = 0 in (t),
(T@C, 1), 5, (), = diveey(GC,0Vr@n(t)  on T(),
:y('?t) = O'(ﬁ(',t)), (].].)

fQ(t) u(,t)dr = 0,

fﬂ(t) rotu(-,t)dz = 0,
Vo(t) = u(-t)-n(t) on I'(¢).

Here, Q(t) represents the domain occupied by the liquid drop at time ¢ > 0, p is the
surfactant concentration on I'(¢), @ and p represent the velocity and pressure field, T'
is the stress tensor given by

(T'(u,p))ij = Oguj + Oju; — pdij,

and 7(+,t) is a scalar function on I'(¢) representing the surface tension coefficient. The
differential operators A, V, and div are applied with respect to the spatial coordinates,
the operators divp(y and V() are the divergence and gradient on I'(t) with respect
to its Riemannian metric induced from the ambient space, and z(t) : T'(t) — R™*!
denotes the natural embedding of I'(¢) into R™*1.
The surface tension coefficient 7 depends on p via o € C*°([0, 00)) satisfying the
structural assumptions
>0, o <0, (1.2)

i.e. 7 is a nonnegative and nonincreasing function of the surfactant concentration.
(The assumption that o is defined on [0,00) is just for the sake of simplicity, its
domain of definition may be restricted to a suitable interval.)

The problem is completed by an evolution equation for the surfactant concentra-
tion on the moving boundary. As we assume that the surfactant is insoluble and that



the surfactant diffusion is negligible, the evolution of p is given by two mechanisms:
surfactant transport and local change of the surface area, both induced by the flow
at the boundary. To be more precise, let us introduce Lagrangian coordinates by

X(t€) = X9,

for £ € T'(0), t > 0. Write the material derivative of p as

DX (1.6).t) = L(FX (1.€).1)),

Tt
this makes sense as (1.1)7 ensures X (¢,I'(0)) = I'(¢). Then the mass conservation
equation for the surfactant reads (see e.g. [5], Ch. 10)

Dip(-,t) + p( ) (diveyur (-, 1) — s(t)u(-,t) - n(t)) = 0 on I'(2), (1.3)

t > 0, where ur denotes the component of u tangential to I'(t) and () is the (m-fold)
mean curvature of I'(¢) with the sign taken negative if Q(t) is convex.

2 Transformation and evolution equation

We fix the following notation and recall some basic estimates; for the proofs see [11].

Let © ¢ R™*! be a bounded smooth domain, I' := 9 and let Trp denote the
trace operator from function spaces on 2 to the corresponding spaces on I'. For 7 € R,
we denote by H™(I') and H™ (I, R™*!) the usual L2-based Sobolev spaces of order 7
with values in R and R™*!, respectively. The norms of these spaces are denoted by
||||£ If z is a function defined on ), we write ||z||£ instead of ||Trpz||£. For 7 > 0,

H™(Q), H™(Q,R™ 1), and |-|| are defined analogously, and for z € L2(Q) we define

||z||?7 = sup /zvdm.
ol ?=11/2
We recall the estimates
Q Q r
10:217 < (=l + 121540 (2.1)
for 7 < -1,z € H'(Q),
llz0[l} < Cllz)| ¥ ol| 3 (2:2)

for |[7] <s,8> %, 2z ¢ H™ (M), ve H*(M), and

k
lrzz ...zl < O T =l (2.3)
=1
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where M is Qor I, 0 < 7 < 5, 7 — dM Zle(si — dmMy e H59(M).
Moreover, we introduce a right inverse £ of Trp by £Eh :=w, h € Hz (I"), where

w solves
Aw = 0 in Q,
w = h onl,
and recall the estimate
Q r r r
1R,y + IVERIE_y +[[V2€R][_, < Cln} (2.4)

for he HT(T)N H*(T), s > 2.

Let us fix s > 5, s > so +4 integer. Let U be a small open neighborhood of the
identity in H*+1(I',R™*!) which will be shrunken in the sequel whenever necessary
without further mentioning. For ¢ € U, set

®:=E(¢ — Idr) + Idg
(with £ acting componentwise on R™*!-valued functions) and note that
® € C3(Q,R™) N Diff(2, ®(Q))

due to the Sobolev embedding theorem and the smallness of U.

Let (&%) be a local parametrization of I' (in Cartesian coordinates.) The mappings
® and ¢ induce on 2 and I' the Riemannian metrics g and g, respectively, having
Cartesian coordinates

gij = 0i®*0; 0", Gop = 0a'gi; 058,
i,j =1,....m+1, ,8 = 1,...,m. Furthermore, we set G = (g;5), g = detG,
g7 = (G71);;, and introduce analogous notation for g. Moreover, let
al = (PN o ® = ((DD) L)y

(Clearly, all these quantities depend on ¢ but we are going to suppress this dependence
in our notation for the sake of brevity.) In order to transform the moving boundary
problem to the fixed domain 2, we introduce the spaces

vV o= {(Cij) li,j=1,...,N,c7 €R,c7 = —cji},

X, = H™ 3(QR™1) x H2(Q) x (R™ x V),

Y, = HT3QR™Y) x H3(Q) x H YT, R™) x R™H x V
for 7 > % and the operator L : U — L(X,,Y;), using the notation of covariant
calculus, by

—V*Viu + Vip + Maj, ’
L(¢)(u,p,A) = | (V') +VIu' —g"p + Mslaialyn; . (2.5)
fQ \/58;9(1)%’“ dx

Jo V90RO, DI (VFu! — ViuF) do



We denote the canonical projection of X, onto its i-th component by II; and by Fs3 the
operator in L(H™~YT,R™*1)Y,) mapping H to E3sH := (0,0, H,0,0). For Banach
spaces E and F, let L;5(E, F) denote the set of continuous isomorphisms from E to
F with the topology inherited from L(E, F). It is shown in [11], Lemma 2.4., that

LeC®U,Lis(X,,Yy)). (2.6)

Furthermore, fix a nonnegative function p € H*(I') and define

o g(1d)

T (” §(¢>>’ 27
ko= iaa G73%P050"), k=1,....m+1, 2.8
f Nz (Vg o0k + (2.8)
f o= (fY... fmh. (2.9)

Using the fact that H7(I') is a Banach algebra for 7 > %, one can show as in the
proof of Lemma 2.3 in [11] that

l%p §(1d)

| € (U, H*(T)). (2.10)

Applying additionally Theorem I1.4.3 in [17] on the smoothness of superposition op-
erators given by smooth functions we also get

v € C™(U,H*(I)), (2.11)
feoc>W, YT, R™T). (2.12)

To account for the pull-back of vector fields, we introduce the mapping D® given by
(D®z)" = 0,027
and note that

[¢ = DB] € C(U, Lis(HF2(QR™1)) N O WU, Lis(H* 3 (Q,R™))
NC>® U, Lis(H*H (T, R™TH)). (2.13)
Now we can transform our moving boundary problem to a nonlocal evolution equation

on a fixed manifold. For this purpose, we change notation slightly and consider ¢ as
a function of time ¢ € [0,T], valued in U.

Lemma 2.1 (Transformation) For ¢ € C1([0,T],U) the following statements are
equivalent:



(i) For the family of domains Q(t) := ®(-,t)[Q], t € [0,T], there are functions
a(,t) € C*Q),R™Y,
B.t) € chQ),
plt) € CHI()
such that
o(t) = a(X(¢(-0),0).8)Ir, (2.14)
~ g(1d
p(,0) = ¢(0). (ﬂ %)>7 (2.15)
and (1.1), (1.3) hold.
(i) There are functions
(u,p) € C([0,T], H**2(Q,R™1) x H*~%(Q)) (2.16)
such that, with f from (2.8), (2.9),
L(¢)(u,p,0) = E3(D®)"'f, (2.17)
6 = (D®)Teru=: F(8) = G(6,7). (2.18)

Proof: (i)=(ii): Let ®(¢) := Idq + £(¢(t) — Idr) and let ®(¢)* and ®(t). denote the
pull-back and push-forward operators induced by ®(¢) (both for scalar functions and
for vector fields). Set

u(-t) = @@)u(, 1),
p(t) = @@)"p(-1).
On I" we introduce the time-dependent functions
g(Id
pl('at) = P = ( ) )
9(o(t))

p2(-5t) = (t)"p(, ).
Let us denote by D(1/g) the Fréchet derivative of the map ¢ +— \/g. Furthermore,
E(-,t) := X (t,4(-,0)). Then =(-,t) = ¢(t) and
&) = DIV
= D(Vg)lar(E(, 1), ) +u(E(
= [divpya(2(-,t),t) — £(E(, ¢

= [divgur — kgu'(ng);]

=
=
jul
=
= -
=4
w3
=
=
=2
/[I\]A—A
=
=
@

[ <

=)

3



where divg denotes the divergence in the Riemannian manifold (I', g), and kg and ng
are the curvature and the outer unit normal vector of I with respect to g. The third
equality follows from the transport theorem in a Riemannian manifold (see e.g. [16],
Ch. 2.2) and the well-known “first variation of area formula” for variations in normal
direction. Hence

 ad . . i

p1=—p=—=—vV9g=—pi(divgur — kgu'(ng);). 2.19
If (1.3) is transformed to I" by ¢(t)* we get the same equation for ps, and as we have
assumed p1(0) = p2(0) we get p1 = p2 from the uniqueness of the solution of (2.19)
for given initial datum, hence

ﬁuw:¢@*Q 35»'

Now it is a routine task to check that (1.1) and (2.14) transform (at first formally) to
(2.17) and (2.18) (see [11]). The regularity result (2.16) follows then from (2.10) and
(2.6).

(il)=(i): We set

ut) = e(t)aul-t),
p(t) = @().p(-, 1),
- g(1d)
plt) = o(t) <p =— |-
Vi
Then it is straightforward to check all statements in (i). [ |

The proof of Lemma 2.1 also provides a translation for any solution to (2.18) to
a solution of our original moving boundary problem. Conversely, given (sufficiently
smooth) initial data €(0), p(+, 0), one chooses a smooth domain 2 near (0), an initial
function ¢g such that ¢q is near the identity and ¢o(T") = I'(0), and p € H*(T') such
that (2.15) is satisfied. Then, by the above lemma, our problem is reduced to the

Cauchy problem .
o = F(9),
b0) = b } (2:20)

which will be investigated in the sequel.
At first, we conclude from (2.6), (2.11) (2.12) and (2.13) that

FeC™®U,H*(T,R™ 1)),
G € C™(U x H* (), H*(T,R™*1)). (2.21)



3 Linearization

To give the necessary estimates on F'(¢), we start with an additional regularity
result on the Stokes equations with traction boundary conditions which might be of
interest in its own right (Lemma 3.1 below). To ensure uniformity of the estimates
with respect to perturbations of the domain, we work with a general metric g induced
by an arbitrary ¢ € U on the fixed domain €.

We will also work with the measure on I' induced by g, given by wg dI' where

e Y9
VTITY

We denote by Ag := V'V, the Laplace-Beltrami operator with respect to g and
introduce the operators A(¢) and B(¢) by

A(¢) = Trpll L(¢) ' Es,
B(¢)0 := Trr(Ag,dn) (0,0 —0)
with
= Jpwgfdl
" [pwedD
and 0, = néTrpai. Moreover, we will write P8 for the g-orthogonal projection of

R™*+1 valued vector fields onto 7T, given by
(PE0)) = 000" g D¢’ vi,

and V& for the gradient in (2, g). Note that then V8 := P8VSEE is the gradient in
(T, g) if tangent vectors on I' are identified with their images under the embedding
in the ambient space.

We recall that the operator A maps the traction boundary data of solutions to
the homogeneous Stokes equations to the corresponding Dirichlet data. The operator
B is the solution operator for the Neumann problem of the Laplace equation, for
details we refer to [11]. In particular, it follows from [11], Lemma 3.1. that

1By < Cllo]”, (3.1)

with C' independent of 6 and ¢ € U.

The following lemma can be informally stated as follows: the subspace of po-
tential tangential vector fields is invariant under the principal part of A, and its
restriction to this space is conjugate to %B under the gradient map V&. Note that
standard regularity results would only provide an estimate with C||||§ on the right.

Lemma 3.1 (The operator A on gradients) There is a C > 0 such that for all € U
and all 0 € L*(T")
I(AVE — $VEB)|[5 < C[0]%,.



Proof: Suppressing the argument ¢ again, we set

(u,p,\) = L 'E3V&0,
P o= %(Agaan)_l(oaa_g)'

Applying Lemma 3.5.(ii) in [11] and writing n instead of ng, we get

I(AVE — 3VEB)6|[§

IN

HnniAiVEGHZ + HPE(AVE - %VéB)HHZ

A

ClOI", + || PE(u— VER)||5.

It remains to estimate the last term on the right. For this purpose, we extend n as
a C2%-function to the interior of Q, such that [nllc2(m) is bounded uniformly with
respect to ¢ € U, and calculate

Ag(Vin) VEVLViY) = RYV jah,
divg(V8Y) = Agy =0,

in Q, where RY are the coordinates of the Ricci tensor of g, and
(ViVIiY + VIV, = 2VVign; = 2(VH(Viyn;) — ViypVing)
2(VE) (Viyn;) — 2VpVin;
= 2(VE)(Viym ) + 2VF(Vin ) ngnt — 2V Vin;
= (V8)'0 +2VF(Vign ) ngn' — 2V9Vin;

on I'. Hence

— RV 1) T
0
L(u— V8, p,\) = | —2VF(VIin;)ngnt + 2VipVin, ,
Jo VIOR®'VF Y dx
0

and applying first [11], Lemmas 3.2 with ¢ = 1 and 3.5.(i) with ¢ = 0 and then [11],
Lemma 3.1. with ¢ = 0 we get

| PE(u— Ve < C‘<||R“vjw||“g + ([ (VI |y + ([ VROV |
+ ‘/ VIO ®' VY dx )
Q
< (I + i) < clel”s.

10



We start the linearization by linearizing the right side of (2.17) with respect to
an (vector-valued) perturbation h. For this purpose, we introduce the notation

pi=p~r—t=-" k:=(D®)'h, v:=Ddng= Ddn.
g Wg

Lemma 3.2 (Linearization of f) We have
(D®)~ f'(9)[h] = v2g(h'T')n — V(o' (§)p divg PEK) + Ra(o)h,

where R1(¢) is a first order differential operator whose coefficients are smooth func-
tions of ¢ and its derivatives up to order 3.

Proof: As in the proof of Lemma 3.4 in [11] we have
f=3%0u7v90 + 73 0apd’ V',

and, using the same results on D(\/E) as in the proof of Lemma 2.1,

~

f') = 570, <—a’(f>) \/ED(\/E)[hO 9p¢ + 7 Baph’ V'V + Ra(d)h
= —§*P0 (' (p)P(divg Pk — kgk'n;)) 93¢ + 7§ Oaph?! V' + Ra($)h
= —D®VE (¢'(p)pdivg PEk) + 7§ 0ash? D) DO + Ro($)h,

where Ra(¢)h denotes varying first-order differential operators whose coefficients are
smooth functions of ¢ and its derivatives up to order 3. Thus

(D)7 f'[h] = —VE& (o' (p)pdivg PEE) + 7§’ Dush’in + Ra(¢)h,

and the proof proceeds further as the proof of Lemma 3.4 in [11]. ]
Now the key estimate for the linearized evolution operator can be proved:

Lemma 3.3 (L2-energy estimate for F'(¢)) There is a C > 0 such that for all ¢ € U
and all h € HTHT,R™T1)

2
(F'(¢)[R], h) o gm+1y < C||h||§ .
Proof: We introduce the notation

A(¢) = DPA()(D®) ',
(6) = On(Ag,Trr) ™,

P

and recall from the proof of Lemma 3.6 in [11] that for any nonnegative x € C*(T)
we have the estimate

/F wgxtApdr > —Cllu||" (3.2)

11



for all ¢» € HO(T'), where C' depends only on ||x||c2(r). We have

F(6) = A(9)f(0)
and hence, using Lemma 3.2,
F()n] = f(l( O)[h] + Fizy () [1],
F1y(@)[h] A()[n)f (o ) A($)DB(7Agk nin + Ru[h]),
Flay ()R] ~DPA($)VEd' (p)pdivg PEk.

It can be shown in complete analogy to the proof of Lemma 3.6 in [11] that

2
('7:(11)(¢)[h]1 h) o (r rmt1y < C||h||§ )

thus it remains to show a parallel estimate for F (’2). Setting x := —210’(p)p and noting
that this is nonnegative due to (1.2), one gets

(Flo (@b B e sy =2 [ g A'(VE (raivgePER) s
r
= / weg(VEB(xdivg P8k), k) dT + R
r
= / wgg(VEB(xdivg P8k), PEk) dl + Rj
r

- / we B(xdivg PEk) divg Pk dT + Rs
r

with
Ry = / wgg(2AVE — VEB)(xdivg PEk), k) T,
T

and thus, due to Lemma 3.1,
g g : ez || T i pEL|IT r r2
Rs| < CH(2AV — VEB)ydivg P kHOHkHO < O||xdivg PRE||" IK]IE < b~
It follows from Green’s formula that B is symmetric with respect to the inner product
(u,v) — / weg(u,v)dl.
r
Hence, using AB = 1d, (3.2) and (3.1), we obtain

(Flay (6)[h], 1) moge sy = — /F wexB(divg PEk) divg PEk T + Ry

/ ngB(diV”éng) ABdngng' dl' + R3
r

IN

0| BdivgPk|} " < CfldivgPok|", < cllalls .

12



4  Main result in the general case

On the basis of Lemma 3.3 we can give corresponding energy estimates in higher
Sobolev norms for the nonlinear operator. This will be done essentially parallel to [11],
and not all the details given there will be repeated here. However, we will describe
the main arguments and point out the new aspects.

Let Dq,..., Dyy1 be m+ 1 smooth vector fields on I', identified with first order
differential operators, such that

span{Dl, ey D7n+1} =T, I' Vxel.

We recall the definition of the operator G from (2.18) and the following facts from
[11]:

e For all n € N, the scalar product (-, - ), defined by

(U, v)y := Z (DaU,DaU)HO(F),

|l <n

D* := D ...Dyn ol i= oq 4 ... + qupgr, generates a norm on H™(T')

which is equivalent to the usual one.

e For sufficiently smooth ¢ € U and 7, we have

DG(¢,7) = G'(¢,7) (D%, D*v)]

||

+3 Y CaranGW(09) (D6, DY), (D, D).

k=2 ai1+...+ar=«
(4.1)

e As G is linear in the second argument,
GM(6,7) [(D*1¢, D)., (D, D)) = FH (§)[D*' 6, ..., D g]

k
+3 (ag—lg) (6, DY) D™, ..., D%, D%+, ... D%¢|,  (4.2)
j=1

where 855 denotes the [-th Fréchet derivative with respect to the first argument.

Now our main effort is to give estimates for the higher Fréchet derivatives of G.
Essentially, we will show that the terms can be estimated like terms of order zero.
For any multiindex o € N™*! we define the “nonlinear commutator”

Ry = D*(v()) — ' (¢)[D"¢]. (4.3)

Recall that we have fixed so > 5, 8 > so + 4 integer.
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Lemma 4.1 (Lower order terms) Assume k,r € N, r > s, ¢ € UNH"TYT), p €

H"(T), ag,...,a € Nt ap . ap >0, a:=ap+...+ax, 1 <|a| < r. Then
there is a C' = C, .y, such that
(i) .
105G (6, D*y)[D** 6., D**]||; < C(|I¢ll, +1) (4.4)
for a # ap and a # aq,
(iz)
16(6, Ra)llg < C(lléll, +1)- (4.5)

Proof: 1. Define the operators S(¢), T(¢), L(¢) by

S(@)(u,p,\) = (DPu,p,\),
T(¢)(F,K,H, My, M) := (D®F,K,D®H, M, M),
L(¢) = T($)L($)S(¢) .

We recall from [11] that L € C™(U, Lis(Xs,Ys)) and note that G(¢,~) = u, where

L(u,p,0) = Esf(,7). (4.6)

This equation defines u and p implicitly as functions of ¢ and ~y, and we introduce
the notation

(u’p)(]) (¢,’Y)[h1, C) h]] = (8éu(¢77)[h17 ) h]]7 8;29((;57 ’7)[h17 SRR h]])

Moreover, for t € [0,s0 + 2], (u,p) € H+3(Q,R™1) x H*3(Q), we introduce the
aggregated norm

r Q r r Q
(s Pl = Nully + Mlulley s + IVull—y + el + el

We are going to prove the estimate

CUllf +1):  a#aoha#a,
(*) (¢, D0~)[ DL ax tHled

u,p ¢,D ’yD (]5,...,D (ZS S

Il (,2) (@, D) e {cuwnaamm a=apva=a

(4.7)
for all t € [0, 5o + 2] and all multiindices a, ag, . .., a; € N™*1 such that

a=ap+...+ap, oa1,...,05 >0, t+]af <7 (4.8)

(Note that we also allow o = ap = 0 here.) The estimate (4.7) with ¢ = 0 implies
(4.4).

14



2. Fix t € 0,80 + 2], @, g, . . ., ax € N+ such that (4.8) holds. As a first step,
we will show

C(||¢||£+|a‘ +1), (1#0&0/\0{#@17

k(¢ DYDY, ..., D]l . <
9676 D201 DOk S o1l s + 1), @ =0 va=an,

(4.9)
and - -
1£(6, Ra)lZy < C(0ll, +1)  (a#0). (4.10)
From (2.7) we find that D®0+ is a finite sum of terms of the form
l L ) )
a(V,p) [[ D™ p[[ 0 €D*¢
i=1 i=1
with || = 1, Y a + Y. af = ap, and a is smooth. The nonlinear commutator

R, also has this structure, and we have af # ag for all summands occurring there.
Consequently, both [“)éﬁf((b, D) [D* ¢, ..., D*¢| and f(¢, Ry) are finite sums of

terms
l

L k
T :=a(V®,V?®,p) [[o D> p ][] 00D ¢ [ 0 €D 6
i=1 i=1 i=1
with 0 < Jvoi| < 1, 1< 8] <2, 1< |vi] <2, 3 [woi + S0 11+ (i = 1+ e+ k+ 1.
To estimate these terms, we distinguish three cases:
Case 1: a = 0: Then

TNy = £ (&N —y < Clollpey +1).

Case 2: a = a > 0 or a = ;. In this case, 7 contains just one factor with a derivative
of ¢ of order at most || + 2, hence

r r
||'T||t,1 < O||¢||t+\a|+1'

Case 3: Otherwise, set

Bi = oo +|vsl, 1<i<,
Bivi = |O‘6|+|V(ZJ|7 1<i<u,
Bitiri = |ag|+|wil, 1<i<k.

Then 5; < |a|+1fori=1,...,l+ ¢+ k. Define I := {j|8; > 3}, m = #I.
Case 3.1.: m < 1: Then I C {i} for some 7, and, using (2.3) we get

r r r r
171,_, < CmaX{Hth-i-ﬁi—lv ||¢||t+5i—1} < C(”¢”t+|a\ +1).
Case 3.2: m > 2: We proceed as in step 1.2. of the proof of Lemma 4.1 in [11] and set

b= B PV k) Ti=(t—1)%, 5= (1= ) (s0+ 1)+ N7
= 3> T Th_3m = ) Jj= j)\50 K
jeI
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Then0§7§50+1,r§sj,2’“

j=18i =7+ ((k—=1)(so+1)>7+(k—1)%, and by
(2.3)

r r r r
1Ty <ITI <O IT lellsyrg, TT 19154,

jel,j<l JeI,j>1
Using now that
s;+ 85 < (1 —=Xj)(s0+4) +X(T+]a]) <7

we get, using the corresponding interpolation inequalities for the Sobolev scale H*(T),

r r r =x..r A r
1Tl <C T 10lls,15, < Cldlugss 190410 < CUlSlr1a) + 1),
jELj>1
where A=}, A; € [0, 1].
Thus, |7 ||tF_1 is estimated in all possible cases. Assume now « # 0 and consider
only the terms from f(¢, R, ). This excludes cases 1 and 2, and (4.10) follows. Assume

now a # ap and a # «a;. This also excludes cases 1 and 2, and (4.9) follows.
3. The estimate (4.10) and Lemma 3.2 in [11] imply

[ @) 570, R, = IS ()L(6)7(0) 57 (6, R
ClIF (6, Ba)lIZy < C(I8], +1),

1G(6, R[5

IN

thus (4.5) is proved.
4. Finally, we prove (4.7) by induction over k. For k = 0, one immediately gets
from Lemma 3.2 in [11] and (4.9)

(. ) (&, DYl < ClUF (6, DONIy—y < CUM 4 apsr +1)-

Assume now (4.7) for the derivatives up to order k — 1. Taking the k-th Fréchet
derivative of (4.6) with respect to ¢ and applying it to (D*¢, ..., D¥¢) yields

L(#)(u, p)®) (¢, D7) [D¥1 6, ..., D ¢| = B3 fF) (¢, D¥~)[D¥ ..., D]

k
=373 L0(g, Do) (D0, .., D ]

=1 weSy
(u,p) "D (g, D20y)[DO+01 g, .., D= ).

Now all the terms on the right can be estimated by a similar technique as in step 2,

and (4.7) for (u,p)* follows from [11], Lemma 3.2. For the details we refer to the

analogous arguments in the proof of Lemma 4.1 in [11]. [ |
Considering now the nonlinear commutator

[D*, F] := D*F(¢) — F'(¢)[D*¢]
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and taking into account (4.1), (4.2), and (4.3) we find

[D*,F] = D%G(¢.7) — 0G(¢,7)[D"¢] — 0,G(¢,7)[v'[D" ]

el

G(ARa)+ D Y Cara,0G(6.7)DM 6., D g
k=2 ai1+...‘tar=«
la k

+Y Y Cavan 03 VG(0D™ 6,
k=2 a1+...+tar=« i—=1
' ’ D=1, D1, D).

To all the terms on the right hand side we can apply Lemma 4.1 and obtain
a r T
1D Flllp < C(lell, +1) (4.11)

for a <r.
As in [11], this implies the following a priori estimate:

Lemma 4.2 ( H" - a priori estimate for F) Let r > s+ 1 be integer. Then
2
(F@) o) <C (1+10l17),  ¢euUnH TR,

Proof: It is sufficient to show the estimate for smooth ¢ € U. For such ¢, we have
from Lemma 3.3, the definition of (-,),, and (4.11)

(F(0), 0)r
= > (DF(¢), D)o = (F(¢), 8o+ »_ (D*F(¢),D¢)o

la|<r 1<]al<r
= (F(@),0)0+ > (F(@)[D*¢, D)o+ Y (D F(4), D)o

1<|a|<r 1<|e| <7

C (1+10057).

IN

|
For the formulation of our main result, we introduce the following notation: Let
r > rg = s+ 1 be integer and set V := U — Id, where we assume that V is a ball of
radius § > 0 around 0 in H™ (I, R™*1). As usual, we will denote the open ball in X
around 0 with radius K by By(K, X).
Setting ¥ := ¢ — Id, instead of (2.20) we consider the equivalent problem

'@/} F(yp +1d), } (4.12)

Y(0) = do:=go—Id.

Theorem 4.3 (Eristence, uniqueness, and reqularity of solutions to (4.12))

17



(i) For any o € VAH" (T, R™ 1) with ||vpo||;, < K < & thereis o T =T(K,r) >0
such that (4.12) has a unique solution

b =W( 1) € C([0,T],VnH (T, R™H))nC ([0,T), H" (T, R™1)) .

(it) For any r > ro, K € (0,0), and t € [0,T(K,r)], the mappings V(t,-) are con-
tinuous from By (K, H™ (I, R™*1)) N H"(T',R™) to H™(I',R™*), uniformly
with respect to t.

(iii) Suppose ¢ € C ([0,T],V) is a solution to (4.12) with 1o € H"(T,R™*1). Then
Y e C([0,T], H"(T,R™*1)).

The proof is literally the same as for Theorem 4.3 in [11]. |
We repeat the remark from [11] that this result implies, in particular, the fact
that solutions starting from smooth initial data are smooth in space and time.

5 The plane case

In the case m = 1, I' is a smooth curve which can be parametrized by its arclength
s. If smooth functions and vector fields on I' are identified via =195, both divr and
Vr reduce to the arclength derivative ds, and the second order differential operator
Vrdivr, which is degenerate elliptic for m > 1, reduces to the strongly elliptic operator
92 = Ar.

This observation enables us to prove, under natural assumptions, that the plane
version of our problem (1.1) yields a parabolic surface motion having the smoothing
property, i.e. the moving boundary becomes smooth in space and time immediately
after the initial time. For this purpose we use the approach described in [7] which
is also applicable to the proof of analyticity. In particular, we will use (continuous)
maximal regularity, therefore it is convenient to change our analytic framework to the
so-called little Holder spaces h?(I"), h?(2) which for € R, \N are defined as closures
of C®(T") and C*(Q) := BUC>®(Q) in the usual C’-Holder norms which we will
denote by || - |l¢ and || - ||o,o, respectively.

In order to discuss the C'*°-case and the real-analytic case simultaneously, we
fix K € {oo,w} and demand that T is a C®¥-manifold. On our data, we impose the
smoothness assumptions

peCEM), oeC¥0,0), (5.1)
and the nondegeneracy assumptions
/

c>0, o <0, p>0, (5.2)

which are sharpenings of our earlier demands.
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We start with a brief description of the abstract results which will be used; for
further details, we refer to [7], Sections 2 and 3. Let Ey and E; be two Banach spaces
with continuous and dense embedding F; — Ejy. Let D C E; be open, and suppose

P e CY(D,Ey). (5.3)

We fix ug € D and consider the abstract Cauchy problem

Oou+ P(u) = 0,
u(0) = wo. (5:4)
The parabolicity assumption on (5.4) is
P'(v) € H(EL, Ey), veD (5.5)

i.e. —P’(v) (considered as an in general unbounded operator on Eg with domain Ey)
generates a strongly continuous analytic semigroup on Ej.
For fixed T' > 0 we introduce the Banach spaces

Ey = C([(LT],E()),
E, := C([O7T],E1)ﬂcl([O,T],Eo),

and the trace operator at ¢t = 0, Tri—¢ € L(Eo, Ep), given by w — w(0). We assume
that the linearization of (5.4) has the so-called maximal regularity property:

(815 + P/(U), Trt:()) S Eis(]El,]EO X El), v € D. (56)

(Note that the validity of this condition does not depend on T'.) Then, the following
holds:

Theorem 5.1 (DA PRATO-GRISVARD [6]) Assume (5.3), (5.5), (5.6). There is a
tt =t%(ug) > 0 such that (5.4) has a unique maximal solution in

C([0,t7), D)nC([0,tT), Ey).
To show the smoothing property, we make the following further assumptions:
Ey = (CHD)", By = (C(T)" (A1)
for some n € N. Next we fix a suitable N € N and a mapping
S e CERN xR xT,T)
having the following properties:

S(p,-,-) is a flow on T for all u € RY,
S(u,t,-) € DI E(I),  (u,t) € RN x R,

0
{gs(uahp”t:fhMERN}:Tpra per7

[N = %S(/L,t, ')lt:o} = Hom(RN’ VK(P))’
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where VX (') denotes the set of CX-vector fields on I'. For K = w, the existence of
such an S is shown in [7], Lemma 3.1, for K = oo the proof is simpler and proceeds
along the same lines. (For our application, we will give a simple explicit construction
of S with N = 1 below. Here, however, we prefer to describe the general result
independently from this.)

As S(p,-,-) is a flow, the family of mappings W,(t) € Isom(E;), j = 0,1
(parametrized by t) given by

Wu(t)v = S(p,t,-)"v:=voS(u,t,-), veE;, j=0,1,

form a one-parameter group with respect to composition. We demand its strong con-
tinuity:
[t — W,(¢)] is a strongly continuous group on Ej;, j =0, 1. (A2)

Let V,, denote the infinitesimal generator of ¢ — W,(¢), considered as a group of
operators on Ey. We assume that

E; — dom(A,) for any pucRY. (As)
and
[(/L, w) — Auw] € 52(RN x F, EQ) (A4)
In order to formulate the crucial condition on P we set for u € RY
Su = S(u1,-) € Dii(D),
S,v = woS,, weE;j=01
Sk = (S;)’l.
Recall that Sy is the identity. Hence, by continuity, there is an 7y > 0 and and open

neighborhood Dy C D of ug such that W, (1)[Do] C D for all p € Bg~(0,70). Hence
we can define the mapping

Q : BRN(O,T‘Q) X DQ — EQ
by
Q(u,v) :== S, PSkv.

We shall assume
Q € C* (Bgw (0,70) x Do, Ey). (As)

Note that (As) implies Q(0,-) = P|p, € CK(Dy, Ey). More generally, (As) can be
seen as a compatibility condition between P and “spatial shifts” given by S,. If P is
a (linear) differential operator, (As) implies a smoothness demand on the coefficients
of P. (For a simple but illuminating example, see Remark 3.7 b) in [9].)

To formulate now the result on the smoothing property which we will apply, let
u be as in Theorem 5.1 and define @ € C([0,¢1) x [, R™) by

u(t,p) = u(t)(p)-

The following result holds:
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Theorem 5.2 (Smoothing property, [7], Theorem 3.9) Under the assumptions of The-
orem 5.1 and (A1)—(As), we have

Ul(,1+)xr € CH((0,t7) x T, R™).

(Note that in [7] only the case n = 1 is considered. The result in the vector-valued
case follows from a straightforward modification of the proof of Theorem 3.9 of that
paper.)

We are going to apply Theorems 5.1 and 5.2 to (2.20), where we will set n = 2,
0 €(0,1),

Bo:= (FT)?, Er= (BT)2, P=-F, w=do.  (57)

The little Holder spaces are stable under continuous interpolation. It follows from
this fact and Théoréme 3.1 in [6] that in our application, the validity of (5.5) for
all 8 € (0,1) implies (5.6) for all # € (0,1), see Remark 2.2.j) in [7]. Moreover, it is
straightforward to check that conditions (A1)—(A4) hold. Hence, it remains to check
(A5) and (55)

To simplify the technicalities, suppose I' is parametrized by arclength s. Then
g(Id) = 1. Moreover, let t denote the (positively oriented) unit tangent vector field
onT,let N =1 and let S(u,-,-) be the flux generated by pt, thus S, is a translation
along I' by arclength p. This implies, in particular, that 95 and .S}, commute.

We recall the definition of G from (2.18) and begin the proof of (As) by showing
smoothness of G in little Holder spaces. (Although we use different function spaces
we keep the same notation for corresponding functions and operators.)

Lemma 5.3 (Smoothness of G in little Holder spaces) There is an open neighborhood
D of the identity in (h3t9(T))? such that

G € CF(D x h**(I), (h**°(T))?).
Here and in the sequel, we shrink D when necessary without explicit mentioning.

Proof: The proof proceeds along the same lines as the proof of (2.21). First we
note that the spaces hf(I'), h?(Q), 6 € R, \N, are Banach algebras with respect to
pointwise multiplication. This fact is the basis of the following considerations.

We introduce the Banach spaces

Vo= {(@)]ij=1,....m+1, ¢V R, ¥ ="},
X% = (R2P(Q)m T < RITO(Q) x (R™TE X V),
Y= (RO(Q)) T x RMO(Q) x (BMHO(D)) T X R <V

and for ¢ € D we will consider the operator L(¢) given by (2.5) as an operator on
X? now. Using the analyticity of the inversion of regular matrices and square root of
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positive functions, one straightforwardly checks

1
Gij, \/Ea % S CK(D7h2+0(Q))7

VB e € CRD),
L € CX(D,Lx’ y%).
By Lemma A.1 in [7] we have
L(1d) € L5 (X9, %) (5.8)

and consequently, as L;s(X?, V%) is open in £(X?,)?),

LeCK(D,L;s(Xx%,7).
Moreover, we have

(L LY € CF(Lis (X%, %), Lis (Y, X))

and D® € CX(D, L;s(h™(Q))?) for 7 <24 6, 7 ¢ N. Considering

1 1
= ——0,(y—=0s 0"

as a function of ¢ and v we get
[(6:7) = fl € CF (D x h**(D), (KF9(I))?).
Now the assertion of the lemma follows from

G(¢,7) = DOTrr L(¢) ' E3(D®) ™" f(¢,7).

We recall that in our application we have

and prove a result similar to (Aj) for the mapping [¢ — 7.

Lemma 5.4 (Compatibility of v and S,,) Assume (5.1). Then there is a ro > 0 such
that

[(1,¢) — Sy (SEQ)] € CF((=r0,m0) x D, h*T(T)).

22



Proof: Set ¢ := S{'¢ and note that

Sty (SHC) = oS =0 L0 ) —g PO Sy )
(510 = 2005, o (L2 ) o (bt

Y —
VOs((+8,)70,(C+ 507 )

It follows from (5.1) and Lemma 4.4 in [7] together with the analyticity of the square
root, operation that

poSy
V05(C+5,)705(C + Syu)!

[(%C) — € CX((=ro,m0) x D, R**(I)).

The lemma follows from this by the fact that the superposition operator induced by
o is C¥ in Holder spaces (and thus, by an approximation argument, also in little
Holder spaces), see e.g. [17], Theorems I1.4.4 or I1.5.2, respectively. [ |

Now it is straightforward to check the validity of (As). Writing ¢ := S¥'¢ again
and using the equivariance of G with respect to arbitrary smooth diffeomorphisms of
T (cf. [11], Eq. (4.1)) we get

Qp, ¢) = G(9,7(0)) 0 S = G(¢,7(¢) 0 Su) = G(C, 5,7(SLC)),

and (As) follows from Lemmas 5.3 and 5.4.
Our next aim is to show (5.5) in the case of our application. As

H((h*+(D))%, (h**(I))?) is open in L((A*7(I))2, (A*9(I))?),
it is sufficient for this purpose to show
—F'(1d) € H((h***())%, (h**°(I))?). (5.9)
Parallel to the calculations in Section 3, we obtain
F'(1d)[h] = Ao(o(p)d2(h - n)n — 050’ (p)pds(h - t)t) + Ryh (5.10)
with

Ap
Ry

A(1d) = TepIL L(Id) ™ E3,
L((R*H(T))%, (R*H0(T))?).

m

We introduce the operators Af, AR € L(h3H9(T), h*+9(T)) by

Afy =t Ag(yt),
oY = n-Ag(yn)
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and write Q € C>(I', R?*2) for the orthogonal matrix mapping the unit vectors to t
and n, respectively. Then we find from (5.10)

—Aj0s (0" (p)p0s) 0

F ) =Q 0 Ap (0 (p)03)

Q"h + Rsh (5.11)

with
Rsh := Ryh —n - Ag(9s(c’ (p)pds(h - t)t)n + t - Ag(a(p)dZ(h - n)n]t.
From Lemma A.1 of the present paper and Lemma A.2 in [7] we conclude that
Rs € L(B*(1))%, (h*+0(1))2). (5.12)

The crucial step in the proof of (5.9) is the following generation result for the
scalar operators on the diagonal in the first term of (5.11).

Lemma 5.5 (Scalar generators) Assume (5.2). Then we have

(i) [ A§Ds(0'(p)pOsi)] € H(RPHO(T), h2+(I)),
(i) [V — —AF (0 (p)02¢)] € H(R*HO(T), h**H0(T)).

Proof: (i): We write o := —0’(p)p and note that « is a positive smooth function.
Moreover, we introduce the operators By and Ay by

By = Ter(A,0,)" (0,6~ 7). 7= S0

B =
0"/} fr dr’ )

Ao = A(Id) = 8, (A, Trr) (0, ).

Identifying tangential vector fields and scalar functions on I', we get

ALDL(0D) = 20.Bo(adu) + (t - Agdy(adsth) — 10 Bo(adsih))
= —2Ao + (Aot + 0By (adst)))
(- Aou(0d) — 20, Bo(ad,)).

Consequently, by Lemmas A.2 and A.4,
15 A0y + A§ds(adst)) 340 < CllYllz+o, ¥ € KPH(T).
It can be shown as in [7], Appendix B, that for any positive 5 € C*°(T") we have
BAy € H(RTO(D), h2HO(T)). (5.13)

(The result is shown there only for § = const, the proof is by “freezing of coefficients”
and therefore immediately generalizable to the case of variable [.)
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By continuous interpolation, for any given 8 € (0,1), 6’ € (0,6), and any € > 0
there is a C such that

15 Aot — As(0" () pdsih)lla-+o
< 13 Aot — A50u(0 (o2 lssor < [Wllssor < elllsio + Cllzo

By a well-known perturbation result for analytic generators, this estimate together
with (5.13) implies (i).
(ii): Writing o := o(p) for brevity, we have
Ap(00y) = A§oi(ov) + Ag[0Z, ol
= —3A(0¥) + (340 + AGO7) (o) + AG 93, o]0
= —5A0 + (5, Aol + (340 + A§O2)(09) + AF[0Z, 0]0).

Now we obtain from Lemma A.3 of the present paper and Lemma 5.4 in [7] that

15 Ao + A§(0039)[l3+0 < Clllls+e, ¥ € K3HO(T).

From this and (5.13) we conclude the assertion by the same argument as in (i). ®
To finish the proof of (5.9), we note that Lemma 5.5 obviously implies

—AbOL( (p)pds) O
{ R A3<a<p>a§)]EH((’”‘“G(F))Qa(h“e(r))?)

and, as Q is an isomorphism both on (h2t9(T))? and (h3T%(T))2, also

—Aj0s(0” (p)p0s) 0

q| Aoty | @ € RO OP, 0272

Now (5.9) and, consequently, (5.5) for our application follows from (5.11) by a per-
turbation argument parallel to the ones in the proof of Lemma 5.5.

We have shown that all assumptions of Theorems 5.1 and 5.2 are satisfied in our
situation given by (5.7). These theorems yield the following final result:

Theorem 5.6 (Well-posedness and smoothing for (2.20) in the plane case)

Assume K € {oo,w} and (5.1), (5.2). There is an open neighborhood D of the
identity in (h3T9(I))2 such that for any ¢o, there are a t+ = tT(¢o) > 0 and a unique
mazximal solution

¢ € C([0.¢7), D) N CH([0. 1), (A**°(T))?)
of (2.20). Moreover,

[(t:9) = 6B D)]] g0y € CF((0,¢7) X T, R?).
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Conclusion

Let us compare the approaches and the resulting evolution equations for the cases
v = const., as discussed in [10], with the case v = o(p) (and purely convective
surfactant transport), as discussed here. (For simplicity, we assume (5.2).)

~ = const. v =o(p)
Desc.rlptlon of normal perturbation Lagrangian coordinates
moving boundary
Evolution equation R Rm+1
valued in
Type parabolic in any parabolic if m =1
M space dimension degenerate parabolic if m > 1

It would clearly be interesting to investigate the effect of surfactants on the long
time behavior of the flow, at least in the neighborhood of an equilibrium. However, one
easily sees that our model (1.1), (1.3) does not posess equlibria if v is not constant on
the moving surface. This property results from neglecting the surfactant diffusion. An
analysis including this effect would result in a coupled system of evolution equations
where (2.18) is augmented by a diffusion equation for p whose coefficients depend on
¢. It seems reasonable to conjecture that in this case the equilibria are given by balls
with constant surfactant density, and that these are stable, at least in the strictly
parabolic case.

A Appendix:
Some auxiliary estimates for the Stokes and La-
place equations in Holder spaces

In this appendix, we collect the results on linear, nonlocal operators arising from solu-
tions of the Stokes and Laplace equations on a fixed, smooth domain that are needed
in Section 5. All these results can also be proved using the calculus of pseudodifferen-
tial operators on (smooth, compact) manifolds, however, to carry out the necessary
details would be more technical than direct proofs. Although we will apply the results
in the case m = 1 only, we prefer to give the results in arbitrary dimension where this
is possible without additional difficulties.
We recall the following definitions: For § € R4 \N, we set

\% {(c]i,j=1,...,m+1, ¢V €R, ¥ ="},
X0 = (RPT(Q)T X BM(Q) x (R™H < V),
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Y= (R x RMTO(Q) x (BMHO(D)) T x R < VL
and we have Lo := L(Id) € £, (X?,)?) given by

—Au+Vp+ X\ ’
divu N
Lo(u,p, A) := | (Qiu; + Oju; — pdij + A3 )n;
Joudzx

fQ(&uJ — 8JUZ) dx

(cf. (5.8)). Moreover, we have defined Agy, By and Ag by

Ay = A(ld) = Trrll, Ly ' Es,
Boh := B(Id)h = Trr(A,d,) (0, h —h),
Ao = A(d) = 9,(A, Trr) 710, 1),

and P denotes the orthogonal projection of I' x R™*+! onto TT.

Our first result concerns the Neumann problem for Stokes flow and is comple-
mentary to Lemma A.2 in [7]. It is completely parallel to Lemma 3.5 (i) in [11], but
here we work in Holder spaces, and can restrict ourselves to the unperturbed domain.

Lemma A.1 (Diagonal structure of Ag) We have f — PAo(fn) € £ (R*(T), (R3T9(I))™+1).
Proof: Assume f € C*(I") and let (u,p, \) be given by

Lo(u,p, A) = (0,0, fn,0,0).
As Ay maps smooth functions to smooth functions, it is sufficient to show

| Pulls+o < C| flli4o

with C' independent of f.
Define ¢ € C*(Q2) by

Ay = 0 _in Q,
Jo =0

Let d € C°°(Q) be such that d = 0 and Vd = n at . (Such a d can be constructed by
using the signed distance function near I' and cutting it off away from I'.) We extend
n into the interior of Q by Vd. Define now

v = Yn—dVy,
q = —2Vy-n.
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Then it is straightforward to calculate (with summation over indices occurring twice)

—Av; +0;q = —28j@/18jni — YAn; + Adoiyp — 20k 0iny,
dive = 1divn,

and on I
(0505 + Ojvi)n; — qni = Y (9;n; + Ojni) + (f — fns.
Moreover,
/ (81"()]' - 8jv¢) dr = /(mvj — le’Ui) dl’ = 0.
Q r
Hence
25j¢8jni + YAn; — AdO;p + 200 0;n
—pdivn
Lo(u —v,p—q,\) = —pn;(O;n; + Oym;) + fny
— Jo(¥n —dVy) dx
0

Note that Pv = 0 on T', hence by (5.8) and well-known regularity results on the
Neumann problem for the Laplacian

[Pullsro = [[P(u—v)lsre < Cllu—vllsro < Cll(u—v,p = g, )|+
< CllLo(u —v,p =g, Mllyre < C([Pll2r0.0 + [ fllo) < Cllfll1+o-

|
The following lemma, as well as its proof, is parallel to Lemma 3.1. We will write
Vr for the surface gradient in I and recall that VpTrr = PTrpV.

Lemma A.2 (The operator Ay on gradients I1) We have AgVr—3VrBy € £ (h2T0(T), (h3+0(I))m+1) .
Proof: Fix f € C*°(T'), define ¥ as in (A.1), v := V), and (u, p, ) by

Lo(u, p, \) = (0,0,Vrf,0,0).
Then (cf. the proof of Lemma 3.1)

0 T

0
Lo(u —v,p,A\) = —02ym + 20;9Vn;

Jo Vipda
0

Hence, by (5.8), Lemma A.1, and Lemma A.2 in [7]

1
1CAVr = 5V Bo) flls+o < [[(n - AoV f)nllsre + [[P(u —v)lls+
< C(107¢llto + IVYll210.0) < Cllvllsro.0 < Cllfll2+o-
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This implies the result. [ |
Our next lemma concerns a simple commutator property of the Dirichlet-Neu-
mann operator A (cf. e.g. [8] Lemma 6.5.)

Lemma A.3 (Commutator estimate for Ag) For any o € C(I'), we have oAy —
Apa € L (R*T9(T)) .

Proof: Fix f € C*°(T') and let u,v € C*(Q) be the harmonic extensions of f and «f
into 2, respectively. We extend both o and n smoothly into 2 and define w := au—wv.
Then w vanishes at I and, by straightforward calculations and standard estimates,

[Onw]l216.0 < Cllwl|ze.0 < CllAwll110.0 < C|[Vulli1e.0 < Cllull2+0.0,
and

(Ao — Aoc) fll2+o

||0‘8nu - 8nv||2+0,ﬂ = ||6nw =+ [a7 8n]u||2+9,ﬂ
Cllull2+o0,0 < C| fll2+o-

VANVAN

This implies the lemma. u
In our last lemma, we restrict ourselves to the case m = 1 and denote by 95 the
tangential derivative along I' with respect to arclength.

Lemma A.4 (Relating By and Ag) Assume m = 1, a € C*°(T'). Then we have
9sBoads + oAy € L (R?FO(T)).

Proof: For arbitrary f € C*°(T), let u € C°°(£2) be given by

Au = 0 in Q,
f Opu = adsf—adsf onT,
rudl = 0,

and let v be the harmonic extension of f into . Extend «, n, and the positively
oriented unit tangent vector field from I' to smooth functions on Q such that we
can consider now 9, and 0, as first-order differential operators on Q. Define w :=
Osu + ad,v. Then

lawlog < Cllullzso0 + [o]l20.0)

and on I’

Opw = 0s(adsf) + On(dpv) + [On, Os]u

(D2 f + 9%0) + [0, )05 f + [On, )0pv + [0, Ds]u
= (02 + 02+ [0s,a)0s f + [0, A)Opv + [On, Os]u
= —akOpv + [0s,a]0sf + [On, @]Onv + [On, Os|u,

where we have used the identity

TrrA = (8? + 8721 + Iian)TI‘p
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with x denoting the curvature of I'. Consequently, using the standard Schauder esti-
mate for the Laplacian with Neumann boundary conditions, we get

(05 Boads + aAo) f 2+

wll2te.0 < C(|Awllg,a + |Onwl]l1+e + [[w]lo.0)
C(l fll2+o + llull240.0 + lvll2+0,0) < ClIfll246-

INIA

This implies the lemma. u
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