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The construction of four infinite hierarchies of t-independent and t-dependent conserved 
functionals for the F ederbush model is given. A formal proof of the existence of these infinite 
hierarchies is given in Appendix B. 

I. INTRODUCTION 

In a recent paper 1 one of the authors constructed four 
infinite hierarchies of Lie-Backlund transformations of the 
Federbush model.2

•
3 Moreover he computed four creating 

and annihilating local (x,t)-dependent Lie-Backlund trans
formations that lead to these hierarchies. In this paper we 
show that to these four creating Lie-Backlund transforma
tions, we can associate four t-dependent conserved function
also By consequence the attempt to construct recursion4.5 

operators from these creating Lie-Backlund transforma
tions failed since they are Hamiltonian vector fields. By re
cursive action of the Poisson bracket with these functionals 
we construct infinite hierarchies of conserved functionals 
associated to the (x,t)-independent Lie-Backlund transfor
mations. This will be done in Sec. II. In Sec. III we construct 
four new (x,t)-dependent Lie-Backlund transformations 
from which we shall prove the existence of four infinite hier
archies of t-dependent conserved functionals, and conse
quently hierarchies of (x,t)-dependent Lie-Backlund trans
formations ofthe Federbush model. A formal proof is given 
in Appendix B, while a survey of the already known vector 
fields is given in Appendix A. 

We want to stress the fact that all computations have 
been worked out on a DEC-system 20 computer using RE

DUCE6 and a software package7
•
8 to do these calculations. 

Lie-Backlund transformations are vector fields V de
fined on the infinite jet bundle9 of M,N, J 00 (M,N) , where M 
is the space of independent variables and N the space of the 
dependent variables. A Lie-Backlund transformation of a 
differential equation is a vector field V defined on J 00 (M,N) 
satisfying the condition 

!i" v (D 00 I) CD 001, (1.1 ) 

where! denotes a differential ideal associated to the differen
tial equation at hand, while D 001 denotes its infinite prolon
gation to J 00 (M,N);!i" v is the Lie derivative with respect to 
the vector field V (Ref. 9). Since the vector fields V are 
supposed to depend only on a finite number of variables, 
condition (1.1) reduces to 

!i" vIeD 'I for some r. ( 1.2) 

Using this method we computed Lie-Backlund transforma
tion of the Federbush model. 1 

It can be shown that the Lie-Backlund transformations 
in this setting are just symmetries in the works of Magri,4 

Ten Eikelder,4.s and Fuchssteiner and Fokas,lo where (gen
erators of) symmetries of partial differential equations of 
evolutionary type are described as transformations on spe
cial types of infinite dimensional spaces. Suppose that 

du = 0.- 1 dH (1.3) 
dt 

is an infinite dimensional Hamiltonian system, where 0. is 
the symplectic operator, H the Hamiltonian, dB is the Fre
chet derivative of H. Then to each Hamiltonian symmetry 
(also called canonical symmetry) Y, there corresponds by 
definition a Hamiltonian F( Y) such that 

Y = 0. - 1 dF( Y), ( 1.4 ) 

and the Poisson bracket of F and B vanishes. 4.5 Suppose that 
Y1, Y2 are two Hamiltonian symmetries, then [Y1,Y2 ] is a 
Hamiltonian symmetry and 

FC[ Y2, Yd) = {F( Y1 ), F( Y2 )}, ( 1.5) 

where {.,.} is the Poisson bracket defined by 

{F(Y1),F(Y2 )} = (dF(Y1),Y2 ), (1.6) 

where (.,.) denotes the contraction of a one-form and a vec
tor field. These notions shall be used throughout Sec. II and 
III. 

II. CONSERVED FUNCTIONALS FOR THE FEDERBUSH 
MODEL 

We shall discuss conserved functionals for the Feder
bush model. This model is described by 

(
i<a t + ax ) - m (s) ) (tPS.I) 

- m(s) i(at - ax) tPs.2 

=4 :A, (ItP_S.21
2 

tPS.I) 
817: ItP_s.112 tPS.2 (s=±l), (2.1) 

where tPs (x,t) are two-component complex-valued func
tions.3 Suppressing the factor 41T (A.' = 41TA.) and introduc
ing the eight real variables UI,VI,U2,V2,U3,V3,U4,V4 by 

tPl,1 = U I + iv;o 

tPI.2 = U 2 + iv2 , 

tP -II = U 3 + iv3, m( + 1) = m l , 
. (2.2) 

tP _ 1.2 = u4 + iv4 , m ( - 1) = m2, 
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Eq. (2.1) is rewritten as a system of eight nonlinear partial 
differential equations for the functions U\, .•• ,V4; i.e., 

U\t + U\x - m\v2 =AR4v\, 

- V\t - Vtx - m\U2 = AR4u \' 

U2t - U2x - m\v\ = - AR3V2' 

- V2t + V2x - m\u\ = -AR3Uz, 

U3t + U3x - m Zv4 = - ARzv3, 

- V3t - V3x - m 2u4 = - AR2u3, 

U4t - U4x - m2v3 = AR \V4' 

- V4t + V4x - m2u3 =AR IU4, 

where, in (2.3), 

R\ = ui + vi, R2 = u~ + vL 

R3=U~ +vL R 4 =u; +v!. 

(2.3) 

Equation (2.3) can be written as a Hamiltonian system4
•
S 

~ = a-I dH, (2.4) 
dt 

'J 

o 

0= 
J (2.Sa) 

J 

o 
J 

and 

(2.Sb) 

(by f~ 00 we mean integration of the integrand with respect 
to x). In (2.4), dH is the Frechet derivative of H defined by 

~H(x + EY) I = (dH,y). 
dE £=0 

(2.6) 

In a previous paper l we constructed four first-order Lie
Backlund transformations Y 1+' Y ~ I' Y 1-' Y = I (Appen
dix A) that are Hamiltonian4

•
s vector fields; the associated 

Hamiltonian densities are given by 

F( Y t) = - !(U2x V2 - U2V2x ) + (A 14)R34R2 

- !m\ (u\UZ + v\vz), 

F( Y:- I ) = - !(ulxv\ - u\v lx ) + (A 14)R34R I 

+ !m\ (U IU2 + V\V2)' 

F( Y 1-) = - !(U4x V4 - U4V4x ) - (A 14)R\2R4 

- !m 2 (u3u4 + V3V4 ), 

F( Y = I) = - !(U3x V3 - U3V3x ) - (A 14 )R\2R3 

+ !m 2 (u3u4 + V3V4 ), 

(2.7a) 

while the Hamiltonian densities associated to the gauge 
transformations Y 0+ , Y 0- (see Ref. 1 and Appendix A) are 
given by 

F(Yo+) =!(R I +R2), F(Yo ) =!(R3 +R4)· 

(2.7b) 

In (2.7a), R 12, R34 are defined by 

R12 = RI + R z, R34 = R3 + R 4· (2.8) 

(Note that we use F for the density of the conserved func
tional F, so F = f~ 00 F.) The associated Lie-Backlund 
transformations can be derived from (2.7a) by the formula 

Y = a-I dF( y), (2.9) 

and for reasons of completeness they are surveyed in Appen
dix A at the end of this paper. The Hamiltonian densities 
associated with the second-order Lie-Backlund transforma
tions Y 2+, Y:!:2' Y 2-, Y=2 (see Ref. 1 and Appendix A) 
are computed, yielding 

F( Y /) = - !(ut + vix) + (A 12)R34(U2xV2 - U2V2x) 

-!m\(u2x v l -u\V2x ) -iA2R~4R2 

+ !m\AR34 (U IU2 + VIV2) - imiR\2' 

F( Y:!: 2) = - !(uix + vix) + (A 12)R34(UlxVI - u\vtx ) 

+ !m\ (U lx V2 - U2VIX) - iA zR i4R\ 

- !m IAR34 (U\UZ + vIVZ) - !miR\z, (2.10) 

F(Y;) = -!(u;x +v;x) - (A12)RI2(U4xV4-U4V4X) 

- !mZ(u4x v3 - U3V4x) - iA 2R i2R4 

- !m~R\Z(u3U4 + V3V4) - !mi R 34' 
- - 2 2 
F(Y -2) = -!(U3x +V3x) - (AI2)R12(U3xV3-U3V3x) 

+ !mZ(U3xV4 - U4V3x ) - iA 2R i2R3 

+ !m~R\Z(U3U4 - V3V4) - !miR34· 

The Hamiltonian densities associated to the vector fields 
Y 3+' Y:!: 3 (see Ref. 1) are computed to be 

F( Y 3+) = - (U2xx V2x - U2x V2xx ) - AR34(U2xxU2 + V2xx VZ) + (A 12)R34(Ut + vix) - m\ (U lx U2x + Vlx V2x ) 

- ~ ZR;4 (uzxVZ - UZV2x ) + !m\AR34(UlxVZ - U\V2x + U2x VI - UZVlx ) - ami (UlxVI - U\Vlx ) 

- !mi (U2x VZ - UZV2x ) - ami (u\UZ + VIVz) + iA 3R ~4Rz - !m\A 2R i4 (U IU2 + V\Vz) + !miAR34 (R\ + 2R2) 
(2.lla) 

and 
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- 2 2 F(Y ~3) = UlxxVlx - UlxVlxx + ,1,R34(ulxxUI + VlxxV I ) + (A !2)R 34 (U lx + vlx ) - ml(u lx u2x + Vlx V2x ) 

+ a,1, 2R ~4 (UlxV I - UIV lx ) + ~ml,1,R34(ulxv2 - UIV2x + U2x VI - U2Vlx ) + ~mi (utxv I - u\v tx ) 

+ !mi (U2xV2 - U2V2x) - 1m; (U\U2 + V\V2) - iA 3R ~4RI - !ml,1, 2R ~4 (U IU2 + VIV2) - Imi,1,R 34(2R\ + R2)· 
(2.l1b) 

Similar results are obtained for the Hamiltonians associated 
to the Lie-Backlund transformations Y 3- , Y :::. 3 • The vector 
fields Z 0+ , Z 0- (see Ref. 1 and Appendix A) are Hamilton
ian vector fields also, and the associated Hamiltonian densi
ties are 

F(Zo+) =x(F(Y t) -F(Y ~ \)) 

+ t (F( Y 1+ ) + F( Y ~ I )), 

F(Z 0- ) = x(F( Y I" ) - F( Y :::. I ») 

+ I (F( Y :::. I ) + F( Y :::. I »). (2.12) 

Now we arrive at the remarkable fact that the creating and 
annihilating Lie-Backlund transformations Z 1+' Z ~ I , 

Z 1- , Z :::. I' (see Ref. 1 and Appendix A) tum out to be 
Hamiltonian vector fields. The corresponding Hamiltonian 
densities are 

F(Z 1+ ) = x{F( Y 2+ ) - !mi F( Y 0+ )} 

+t{F(Y2+) +!miF(Yo+)}, 

F(Z ~ I ) = x{ - F( Y ~ 2) + ami F( Y 0+ )} 

+ t{F( Y ~2) + !miF( Yo+ )}, 

F(ZI-) =x{F(Y I-) -!m~F(Yo-)} 

+ t{F( Y 2-) + !m~F( Y 0- )}, 

F(Z:::.t> =x{-F(Y:::. 2) +!m~F(Yo)} 

+ t{F( Y :::. 2 ) + !m~ F( Yo)}, (2.13) 

The Hamiltonians F(Z 1+ ), ••• , F(Z :::. I) act as creating and 
annihilating operators on the t-independent Hamiltonians 
F( Y ~ 3 ), ••• , F( Y 3+ ), F( Y :::. 3 ), ••• , F( Y 3- ) by the action of 
the Poisson bracket (1.6), for example, 

{F(Z t), F( Yo+)} = 0, 

{F(Zt),F(Y~I)}=!mi{!RI +~2}=!mi F(Yo+), 
(2.14) 

{F(ZI+),F(Yt)}= -F(Yt), 

and similar results for F(Z ~ I)' F(Z 1-)' F(Z :::. I)' SO the 
Hamiltonians F(Z t ), ... ,F(Z :::. I) generate four hierar
chies of (probably commuting I-independent) Hamilto
nians 

F(Y~i) (i=0,1, ... ). (2.15 ) 

Note that due to results described in Sec. III, we are more 
likely to consider 

... ,F( Y ~ 3 ), ••• ,F( Y 0+ ), •.. ,F( Y 3+ ),... (2.16a) 

and 

... ,F( Y:::. 3 ), ••• ,F( Y 0- ), ••• ,F( Y 3- ), ••• 

as two hierarchies instead of four. 
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I 
III. INFINITE HIERARCHIES OF (x,t)-DEPENDENT LIE
BACKLUND TRANSFORMATIONS AND THEIR 
ASSOCIATED HAMILTONIANS 

In this section we shall prove by construction the exis
tence of infinite hierarchies of (x,t)-dependent Lie-Back
lund transformations 

Z 0+ ,Z t ,Z t ,z 3+ = [Z t ,Z 2+ ] , ••• , 

Since the Lie algebra of Lie-Backlund transformations is a 
direct sum of two Lie algebras, I we shall restrict our consid
erations from now on to the" + " part. First of all we con
struct the vector fields Z t , Z ~ 2 (cf. Table I). Second, we 
prove that [Z 1+ ,Z 2+] is independent of Z 0+ , Z t , Z t , 
and by an induction argument we obtain an infinite hierar
chy. The same arguments apply to the other hierarchies. 
Moreover we shall prove that the vector fields Z ~ i are Ha
miltonian vector fields, and the associated Hamiltonian den
sities are given. 

Motivated by the result of Z 0+ , Z t , Z ~ I (Ref. 1) we 
search for a local (x,/)-dependent Lie-Backlund transfor
mation, linear in x,t and of degree 4. The structure of such a 
Lie-Backlund transformation has to be 

X C=~3 aim;-lily/ ) + t C=~ 3 Pim;-lily/ ) + C, 

(3.2) 

where, in (3.2), ai,Pi (i = - 3, ... ,3) are constants and Cis 
(X,/) independent of degree 4. Eventually, after a huge com
putation, we obtained two Lie-Backlund transformations 

Z2+ =x(Y3+ +!miYt) +/(Y3+ -!miYt) +C 2+, 

Z ~ 2 = X ( - Y ~ 3 + !mi Y ~ I ) 

+/(Y~3 +!miY~I) +C~2' 
where, in (3.3), 

TABLE I. The Lie-algebraic picture of the Federbush model. 

Y,+ Y; 
Z2+ Y+ 

2 Y-2 I 
Z2-

Z+ Y+ Y
1
- Z-

1 1 I 1 

Zo+ - _I - Yo+- - -Yo- _1- - - Z-
I 0 

Z+ 1 Y+ Y- I Z-
-\ I 

-\ -I -I 

Z+ Y+ Y- I Z-
-2 -2 -2 -2 

Y+ 
-3 Y--3 

I 

P. H. M. Kersten and H. M. M. Ten Eikelder 

(3.3) 

deg = 6 
deg=4 
deg= 2 
deg=O 
deg=2 
deg =4 
deg=6 

2142 

Downloaded 01 Oct 2011 to 131.155.197.179. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



C 2+'u, = Am t( - 2V2x -AR34U2 + mtUt), 
C t ,VI = Am t ( - 2u2x - AR34V2 + mtVt), 

C 2+'u, = ~(- 4u2xx + 4AR34V2x + U(R34)xV2 - 2m tvtx 
(3.4a) 

c t ,V, = ~( - 4v2xx - 4AR34U2x - U(R34)xU2 + 2mtuIx 

+ A 2R ;4V2 - mtAR34Vt + miv2), 

c 2+,u, = (AI3)v~t, ct,v,= - (A!2)U~2+' 

ct,u<= (A!2)v4L 2+, ct,v<= - (A 12)u4Lt, 

and 

C "!:.iu, = ~( - 4u txx + 4AR34Vtx + U(R34)xVt + 2m tv2x 

+ A 2R ;4Ut + mtAR34u2 + miut), 

C "!:.~I = ~(- 4vtxx - 4AR34Utx - U(R34)xUt - 2mtu2x 

+A 2R ;4Vt + mtAR34v2 + mivt), 
C"!:. iU' = Amt (2v tx + AR34Ut + mtU2), 

C "!:.~, = Am t ( - 2u tx + AR34Vt + mtV2)' 

A C + ,v, - U L + 
-2 - -2 3 -2' 

(3.4b) 

c "!:. iU< = (A 12)v4L "!:. 2' 

while 

C"!:.~<= -(AI2)u4L"!:.2' 

L t = 2U2x U2 + 2V2x V2 - mt(u tV2 - u2vt ), 
(3.4c) 

L "!:.2 = 2utxut + 2vlx vt - mt(u tv2 - U2Vt)· 

Remarkably, the vector fields Z 2+ , Z "!:. 2 are again Hamil
tonian vector fields, and the associated Hamiltonian densi
ties are computed to be 

F(Zt) =x(F(Y3+) +!miF(Yt»)+t(F(Y3+) 
2 -- !mIF( Y t») - (A 12)R34(U2U2x + V2V2x ) 

+ (AI4)mtR34(UtV2 - u2vt ) - !m t(UtU2x 

(3.Sa) 

and 
F(Z "!:. 2) = x( - F( Y "!:. 3 ) + !mi F( Y "!:. t ») + t (F( Y "!:. 3 ) 

2-
+!mIF(Y"!:.t»- (AI2)R 34 (U tUIx +VtVlx ) 

+ (AI4)mtR34(UtV2 - U2Vt) -!m t(u tu2x 

Yo+ = -vlau, +ulaV, -V2 au, +u2av" 

(3.Sb) , 

Obviously, similar results will hold for vector fields Z 2- , 

Z = 2 and their associated Hamiltonian densities. A formal 
proof of the existence of infinite hierarchies of t-dependent 
Hamiltonians and corresponding Lie-Backlund transforma
tions is given in Appendix B by application of Lemma 1. 

Finally we computed the action of the vector fields Z t 
on the hierarchy (Y / ) ieZ by a calculation of the Poisson 
bracket of the associated Hamiltonians, which resulted in 

{F(Z 2+)' F( Y"!:. 2)} = -lm~F( Y o+), 

{F(Z "!:.2),F(Y2+)} = -!m~F(Yo+), 
{F(Z 2+)' F( Y"!:.I)} = - !miF( Y I+), (3.6) 

{F(Z"!:.2), F( Yt)} = -!miF(Y"!:.I)' 

{ F(Z t ), F( Y 0+ )} = 0, { F(Z "!:. 2 ), F( Y 0+ )} = 0, 

while the action on the F(Z ;+ ) ieZ hierarchy is 

{F(Zt),F(Z"!:.I)}= -~miF(Zt), 

{F(Z"!:.2),F(Z!I)}= -~miF(Z"!:.), (3.7) 

{F(Z t), F(Z"!:.2)} = - m~F(Zo+), 

a result which is twice the action of Z ~ I , being similar to the 
result obtained by Ten Eikelderll for the massive Thirring 
model. 

IV. CONCLUSION 

We obtained four infinite hierarchies of (x,t)-indepen
dent Lie-Backlund transformations and four infinite hierar
chies of (x,t)-dependent Lie-Backlund transformations, 
which are all Hamiltonian vector fields. The corresponding 
densities are given. 
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APPENDIX A: LIE-BACKLUND TRANSFORMATIONS OF 
THE FEDERBUSH MODEL 

We summarize the Lie-Backlund transformations ob
tained in Ref. 1, only giving the" + "part, Y 0+ , Y t , Y ~ 2' 

Z 0+ , Z ~ + , i.e., 

Y t = !m lv2 au, - !m lu2 av, + !(2u2x + mlv) - Av2(R 34 »)au, + !(2v2x - m)ul + AU2(R34»)av, 

- (A 12)V3R2 au, + (A 12)u3R2 av, - (A 12)v4R 2 au. + (A 12)u4R2 av., 

Y"!:. I = !(2ulx - m lv2 - AVI (R 34 »)au, + !(2vlx + m lu2 + AU) (R34 »)av, - !mlv) au, + !mlu) av, 

- (A 12)v3R I au, + (A 12)u3R I av, - (A 12)v4R) au. + (A 12)u4R I av<' 

Y 2+'u, = !ml{ + 2u2x -AV~34 + mlv)}, y 2+,v l =!m l{ + 2V2x + AU2R34 - mlul}' 
Y 2+ ,u, =!{ - 4V2xx - UU2(R 34 )x - 4AU2x R 34 + 2m)ulx - Amlv)R34 + A 2V2R;4 + m;v2}, 

y/,v'=a{+ 4U2xx - Uv2(R34 )x -4AV2xR34+2mlvlx +Amlu)R34-A2u2Ri4 +m;u2}, 

Y / ,u, = (A 12)V3K 2+' Y 2+ ,V, = - (A 12)u~ 2+' Y 2+ ,u< = (A 12)v~ 2+, Y 2+ ,v< = - (A 12)u
1
K t , 

where 
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K / = - 2ulx vi + 2U IVIx + m l (U IU2 + VIV2) + AR IR 34, 

Y~:t'=H-4vlxx -Uul(R 34 )x -4AulxR34-2ml~ +AmIV2R34+A2VIR;4 +m~vJ, 

Y ~ f' =!{ + 4ulxx - UV I (R 34 )x - 4AvlxR34 - 2ml~ - AmlU2R34 - A 2UIR;4 - m~ul}' 

Y ~ iU ' = !m l{ - 2ulx + AVIR34 + m lv2}, Y~ f' = !m l{ - 2vlx - Au IR 34 - mlu2}' 

Y~iuJ= (A/2)V3K~2' Y~fJ= - (A/2)U3K~2' Y~iu,= (A/2)V4K~2' Y~f'= - (A/2)U4K~2' 

where 

K ~2 = - 2ulx vi + 2U lVIx + m l(u lu2 + VIV2) +AR IR 34, 

while the (x,t)-dependent Lie-Backlund transformations are given by 

Zo+ =x(Yt - Y~I) +t(Yt + Y~I) +!( -ulau, -vlav, +U2au, +v2aV)' 

ZI+ =x( + Y 2+ -!m~Yo+) +t( + Y 2+ +!miYo+) +!( -2V2x +mlul-Au2R34)au, 

+!( + 2u2x + miv i - AV2R34)av" 

Z:I =x( - Y:2 -!miYo+) + t( + Y: 2 +!miYo+) +!( +2vlx +mlu2 + AuIR 34 )au, 

+!( - 2ulx + m lv2 - AvIR 34 )av" 

Y 3+ = [Zt'Y2+]' Y~3 = [Z~i'Y~d· 

Similar results have been obtained for the" - " part. I 

APPENDIX B: THE INFINITY OF THE HIERARCHIES 

We shall prove a lemma from which the existence ofinfi-
nite hierarchies of Hamiltonians 

F(Yo+ ),F(Yt ),F(Y/ ), ... , 

F( Yo+ ), F( Y ~ I)' F( Y ~ 2 ), ... , 
(Bl) 

F(Z 0+ ), F(Z 1+ ), F(Z 2+ ), ... , 

F(Zo+), F(Z ~ I)' F(Z ~2 ), ... , 

and their associated Lie-Backlund transformations 

YO+,Yt'Y~2'"'' ZO+,Z~I'Z/,,,,, (B2) 

immediately follow. In this lemma the lower indices of u, v 
refer to partial derivatives with respect to x (i.e., U I = ux ' 

U2 = uxx ,"')' 

Lemma: Let H" (u,v), K" (u,v), H" (u,v), and K" (u,v) 
be defined by 

H" (u,v) = I: '" (u~ + ~), 

K,,(u,v) = I:", (U,,+IVn -V,,+IU,,), 

Hn (u,v) = I: '" x(u~ + ~), 

K(u,v) = I:", X(Un+ I v" - Vn + I u,,), 

and define the Poisson bracket of F and L { F,L} by 

{F,L} =J'" (+ 8F 8L _ 8F 8L), 
- '" 8v 8u 8u 8v 

then the following results hold 

{HI,H,,} = + 4nK", 

{HI,K,,} = + 2(2n + l)H,,+ i' 

{HIP,,} = + 4(n -l)K", 
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(B3) 

(B4) 

(B5a) 

(B5b) 

(B5c) 

(B5d) 

Proof We shall prove relations (B5a) and (B5c) (the 
other proofs run along the same lines): 

8H" 8H" 
Tu= (-1)"2u2", &= (-1)"2v2n' (B6a) 

8H 8H 
8u" = ( - l)"2(xu" )("1, 8v" = ( - l)(")2(xv" )(n). 

(B6b) 

Substitution of (B6a) and (B6b) into (B4) yields 

{HI,Hn} 

= - I:", 4( - l)"u2n (xvl)(I) - 4( - 1 )"v2n (xu 1)(1) 

= 4( - 1 )2"f'" (xv )(")u - (xu )(,,)v I ,,+ I I ,,+ I 
- '" 

= +4nI:", V"U,,+I -U"V,,+I = +4nK", 

which proves relation (B5a). Substitution of (B6b) into 
(2.4) yields 

{HIP,,} = - I:", 4( - 1 )"(xvi )(I)(xu" ) (,,) 

_ 4( - l)"(xu l )(I)(xv" )(") 

= 4( - 1)"( -l)"I: '" (XVI)(")(xu" )(1) 

- (xul)(")(xv" )(1) 

= +4(n-1)J:", X(U"+IV,, -U"V,,+I) 

= + 4(n - l)K", 

which proves relation (B5c). This existence of infinite hierar
chies H ( Y ~ j) now follows from the explicit structure of 
H(Z ~ I ) [Eq. (2.12)] andH( Y ~ I) [Eq. (2.6)] by consid-
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ering the (A.,m\Omz)-independent parts and application of 
part a and b of this Lemma. The existence of the infinite hier
archies H(Z ~,,) follows from a similar argument using 
Hm (u,v),K" (u,v). 
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