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On infinitely differentiable and Gevrey vectors
for representations

by

A.F.M. ter Elst

Abstract

In the present paper we give a condition in order that the set of
infinitely differentiable vectors for a representation 7 in a Banach
space is equal to the set of all infinitely differentiable vectors for the
restriction of 7 to a subgroup. Similar results for Gevrey vectors and

analytic vectors are proved for unitary representations.
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1 Introduction and notations

Let 7 be a continuous representation of a d-dimensional real Lie group G in a Banach space
E. Yor each u € F define 4 : G — E by @(z) := m,u (¢ € G). A vector v € F is said to
be infinitely differentiable, analytic resp. a Gevrey vecior of order X for m, A > 1, if the map
 is infinitely differentiable, (real) analytic resp. a Gevrey function of order A for =. (Cf.
[Gar], [Nel] and [GW] respectively.) Let D®(x), D*(n) and G(r) denote the space of all
infinitely differentiable vectors, of all analytic vectors and of all Gevrey vectors of order A for
7 respectively. Note that D¥(7r) = Gi(r). For each X in the Lie algebra g of G let dn(X)
denote the infinitesimal generator of the one-parameter group t + Texpex and let 9r(X)
denote the restriction of d7(X) to D®(r). The map X — 97(X) extends uniquely to an
associative algebra homomorphism from the compler universal enveloping algebra U(g) of g
into the set of all linear operators from D*(x) into D°(r). The extension is denoted by o7
also.

There exist infinitesimal characterizations for the spaces D®(r), D¥(7r) and G (7). There-
fore, let A be a set of (possibly unbounded) operators in E. Define the joint C*°-domain
D>(A) of the set A by

D¥A):= () [) D(Are...04,).
n€Ng A1,...,An€A

Here D(Ajo0...0A,) denotes the domain of the operator A; o...0 A,. For A > 1 define the
Gevrey space Sx(.A) of order A relative to A by

S3(A) = {u € D®(A) : Lt50YneNo Vs .. dned [[[ 410 ... 0 Anuf] < ct™nl]}.

(Cf. [GW, Section 1].) Now Goodman and Wallach have proved the following infinitesimal
characterization of the spaces D*(r) and G(x).

Theorem 1 Let r be a representation of a Lie group G in a Banach space E. Let X1,...,Xy
be any basis in the Lie algebra g of G. Let A > 1. Then

D=(x) = D*({dr(Xz),...,dr(Xa)})
and
G(n) = Sa({dn(X1),...,dn(Xa)})-
Proof. See [Goo, Proposition 1.1] and [GW, Proposition 1.5]. O
Let d; € {1,...,d— 1}, where d = dimg. Then clearly for any basis X;,...,Xzin g:
D*®(x) = D®({dnr(X1),...,dn(Xq)}) C D®({dr(X1),...,dn(Xq4,)})-

In the present paper we give conditions on the Lie algebra ¢ and the representation 7 in
order that D°(x) = D*®°({dnr(X3),...,dn(Xg,)}) for suitable X;,...,Xq4, in g. Also, in case
?:= span{dn(Xy),...,dn(Xy,)}is a subalgebra of g, there exists a subgroup K of G with Lie
algebra £ and we obtain



D*®(x) = D®(x|k).

For a semisimple Lie group G these conditions are satisfied if for € we take the subalgebra ¥in
the Cartan decomposition g = ¥+ P of g and for the representation 7 a completely irreducible
one or a principal series representation.

For unitary representations we prove similar theorems for the set of Gevrey vectors.

2 Infinitely differentiable vectors for restrictions to subgroups

In this section we prove the following theorem.

Theorem 2 Let 7 be a representation of a Lie group G in a Banach space E. Let X4,...,Xy
be a basis in the Lie algebra g of G. Let dy € {1,...,d— 1} and let

Ci=Xl+.. . +X3 -X3,,-...-X}eU(p).

Suppose C' belongs to the center of U(g) and suppose there exists T € C such that
ox(C)=rl.

Then

D*®(n) = D*({dn(Xy),...,dn(X3)})= D¥{dn(X1),...,dn(Xq,)})

Proof. Without loss of generality, we may assume that G is connected. Let

A = X24...+X%eU(g),
Ay = X%-%-..-l-Xf’;lEU(Q),
A = XP4+..+X3
51 = X%-i-'{'}?i

Here X denotes the left invariant differential operator on G which corresponds to X. Let
v € D®({dr(X1),...,dw(Xg4,)}) be fixed. We have to prove that the function @ from G
into E is infinitely differentiable. By [Pou] it is enough to prove that % is weakly infinitely
differentiable, i.e. the function f o % from G into C is infinitely differentiable for all f € E’.
We shall show that for all f € E’ and all m € IN there exists a continuous function g on G
such that f o @ is a weak solution of the equation A™F = g and then by using regularity
theory for elliptic differential operators the regularity of f o @ follows.

Let # be the contragredient representation of 7 on the Banach space E in the sense of
Bruhat. So E consists of all f € E’ for which the map z + (7,-1)*f from G into E' is
(strongly) continuous. (Here ( )* denotes the dual operator in the dual space.) Then for all
z € G the operator % is defined by #, := (7,-1)*|z. So & — % is a continuous representation
of G in the Banach space E. (See [Bru, §1.2.2].) We first consider infinitely differentiable
vectors for #. Let f € D(#). Then foi(z) = f(myu) = [f,-1f)(u)forallz € G,so foiiis
an infinitely differentiable function from G into C. Let m € IN. Let



Wiy == (2 ‘]zzx[d,?r(){}c)]2 - TI) u.

k=1
Recall that u € D*°({dn(X1),...,dn{Xq,)}).

Assertion 1. For all f € D*™(#) and all z € G we have
[A™(f 0 )] (2) = [f o Bm] (2).

Proof of Assertion 1. Let f € D*®(i). Let n € IN and let jy,...,jn € {1,...,d}. Then for
all z € G:

~

[X; o...ofjn(foﬁ)](s:)z

g 0
= 3—31 o “en gg' Of(ﬂ’g;?fexp(tlle} ¢...0 ﬂ‘exp(tnxjn)u)
a 9
= Bl Bt |y Tep(tAd@)X,,) © -+ © Texp(taAd(z) X;) M)
0 21 1. .
= Bl Bt o [Wexp(-t,,Ad(x)Xj,,) 0...0 Wexp(—tlAd(:c)le)f] (nzu)

= (-1)"[97(Ad(z)(X;, ... X;,)) f1(mzu)
= [0%(Ad(z)(Xj, ... X)) f] (7).
Here L — L* denotes the usual antiautomorphism from U(g) onto U(g). Let Y € g. Then

Ad(expY)(C) = Y (C) = C, because C belongs to the center of U(g). Since G is connected,
Ad(2)(C) = C for all z € G. Moreover, for all v € D®(r) we have

[0%(C)f](v) = f(Or(C*)v) = f(On(C)v) = 7 f(v).
Since D™(r) is dense in E, by [Gar], 8%(C)f = 7f, by continuity. Note that A = 24, - C.
So we obtain for all z € G:

[Bm(foi)] (2) = [or(Ad(z)(A™)f](mru)
= (-1 (*;‘:) [{8#(Ad(=)(C))}* 7 (Ad(z)(201)™ )] (m0u)

k=0
m

= (-1 (’:) [r"&i(Ad(m)(fzal)m_k)f] (wzu)
k=0

= [97(Ad(2)((2D81 = 7)) f] (nou)

= [@A1-1)"(fo 1)) (2)

= [(f o wm)](2).
This proves Assertion 1.

Let A be a right Haar measure on G.

Assertion 2. For all ¢ € C°(G) and all f € E’ we have

[1B7¢] @) e @)@) = [ (91 0 Bl (2)dA(2)
(e} G
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Proof of Assertion 2. Let Tk be the polar topology for E’ of uniform convergence on the
compact subsets of E. Since F is complete, the topology Tk is compatible with the dual pair
(E’, E) by [Wil] Example 9-2-10 and Theorem 9-2-12. Now it follows by the same arguments
as in [Bru, page 113] that E is not only w*-dense in E', but E is even dense in (E', Tk).
Since D®(#) is dense in the Banach space E and since E is dense in (E', Tk), it follows
that D°°(%) is dense in (E',Tx). Now let f € E' and ¢ € CP(G). Let € > 0,let K := {myu:
z € supp ¢} U {m;wy, : € supp ¢} and M =1 +é’|f\mg9(x)|d)\(:c)+éflcp(x)|d,\(a:). There

exists g € D®(%) such that for all a € K: |f(a) — g(a)| < eM~1. Then by Assertion 1:

J[Bre] @) e i@are) = [ pl@) [An(g 0 @] (2)eN@)
G

G

i

[ #(@)lg 0 Tnl (2)aA(2).
G
So

<

‘ / [Zy"«p] (z) [f o @] (z)d\(z) ~ / o(2) [f o ] (z)dA(2)
¢ e

< [|[Eme] @) (o) - glmew)] d@) +
G

+ =

[ B¢ ) g W(@)dr@) - [ ¢(@)lgo Bl (2)dN(z)
G G
+ [ 16(@) (9(Fs10m) = f(r0m)) l4A2) |

G

eM (Cj |Bmg(z)lax(z)+ [ lso(xndA(x))
G

< &

IA

This proves Assertion 2.

Now we prove the theorem. Let f € E’. By Assertion 2 the function fo @ is a weak
solution of the equation A™F = f o i,,. Since f o @y, is a continuous function and A™ is an
elliptic operator of order 2m, it follows from the local regularity theorem for elliptic operators
that fo % has locally L? derivatives of order < 2m. (See [Fol, Theorem 6.30].) Hence by [Fol,
Lemma 6.9] (the Sobolev lemma), the function fo# is 2m—d times continuously differentiable.
Therefore f o ¥ is infinitely differentiable for all f € E’ and hence the function % is infinitely
differentiable. Thus u € D*(x). o

Corollary 3 Let G be a semisimple Lie group with Lie algebra §. Let © be a representation
of G in a Banach space. Let C € U(g) be the Casimir element. Suppose there erists T € €
such that On(C) = 11. Let g = ¥+ be a Cartan decomposition of g and let K be a subgroup
of G with Lie algebra €. Then

D>®(r) = D*(x|x).



Proof. Let B denote the Killing form of g. Let X3i,...,Xg4, be a basis in £ and Xg4,41,...,X4
be a basis in p such that B(X;, X;) = —§;; for all 1 £ 4,5 < d; and B(X;, X;) = §;; for all
di<i,j<d Then C =%, . X} — Y% X} Soby Theorems 2 and 1 we obtain that

Dm(x) = Dm({dW(Xl)a' ) ,dW(de)}) = DW(W‘K)'

Remark. Note that there are no conditions on the center of G in the previous corollary.

Corollary 4 Let G be a connected semisimple Lie group with finite center. Let K be a

mazimal compact subgroup. Let w be a principal series representation of G. Then D*(r) =
D>(x|x)-

Corollary 5 Let © be a completely irreducible representation of a Lie group G in a Banach
space. Let X1,...,Xy be a basis in the Lie algebra @ of G. Let dy € {1,...,d—1}. Let

C=Xi+...+X} -X3,-...-X]eUy).
Suppose C belongs to the center of U(g). Then D®(w) = D®({dn(X1),...,dn(Xq)})-

Proof. Since 7 is completely irreducible, by [Tay, Proposition 0.4.5], there exists 7 € € such
that 9=(C) = 7L ]

3 Gevrey vectors for restrictions to subgroups

In this section we prove a similar theorem as in the previous section, but now for Gevrey
vectors instead of infinitely differentiable vectors. However, in this section we only consider

unitary representations. We immediately formulate the main theorem of this section.

Theorem 6 Let m be a unitary representation of G. Let X1,...,Xy be a basis in the Lie
algebra g of G. Let d; € {1,...,d— 1}. Let

Ci=Xi+...+X2 - X} 1—...— X3 U(g).

Suppose C belongs to the center of U(g) and suppose there erists T € IR such that
or(C)=1l.

Let A > 1. Then
Gi(r) = Sa({dr(X1),-..,dn(X2)}) = Sx({dn(X1),. .., dn(X4,)}).

In particular,

Dw(ﬂ') = SI({dW(XlL ‘e ?dW(Xdl )})



Proof. First we prove that §,({97(X1),...,07(Xq)}) = Sr({07(X1),...,0%(X4,)}) Let
A:=Xl+...4+X2€U(g)and Ay := X7 +...+ X} € U(g) be as in the proof of Theorem
2. Let u € S\({07(X1),...,07(Xy4,)}). By an elementary counting argument it easily follows
that u € §2)({07(A1)}). Let C,t > 0 be such that

l[ox(A)]ul| < Cta1?A
for all n € INg. Since d7(A) = 207 (A1) — 9n(C) = 207(Ay) — 71, we obtain for all n € INo:
llor(a) sl < Y (Z) 2| [or(An)]

k=0

n
C Z (7]:) zktkl,rln—kk!ZA

k=0

n
< Cn!Zz\ Z (':) 2ktk|,rln—k

k=0
= C(2t+|r])"n!?.

So u € Sy ({07 (A)}).
Now by [GW] Example folowing Theorem 1.7, we obtain that u € Sy({07(X1),...,8%(Xq)}).
(Here we used that = is a unitary representation.) So
S3({07(X1),...,07(Xq,)}) C Sr({07(X1),...,07(X4)})-
Thus

IA

Sx({07(X1), .., 07(Xq)}) = Srx({07(Xa),. .., 07(Xa)}).
By Theorem 2 we have the equality of the joint C*°-domains
D¥({dr(X1),...,dn{X4,)} = D*®({dr(X1),...,dx(Xa)}).
So
Sa{({dn(X1),...,dn(Xq4,)} = Sa({dr(X1),. .., dn(Xa)}).

This proves the theorem. o
Remark. Another proof of this theorem has been presented in [tE, page 102].

Now for the Gevrey vectors for unitary representations we can state the same type of
corollaries as in Section 2, for example:

Corollary 7 Let G be a semisimple Lie group with Lie algebra g. Let = be a unitary repre-
sentation of G. Let C € U(g) be the Casimir element. Suppose there exists T € C such that
0r(C) = rI. (For ezample, © is irreducible.) Let g = €+ 9 be a Cartan decomposition of g
and let K be a subgroup of G with Lie algebra . Then

G}.(?F) = G,\(?T‘K).
In particular

D“(n) = D*(n|K).
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