EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

The Abelian sandpile model on an infinite tree

Citation for published version (APA):
Maes, C., Redig, F. H. J., & Saada, E. (2000). The Abelian sandpile model on an infinite tree. (SPOR-Report :
reports in statistics, probability and operations research; Vol. 200017). Technische Universiteit Eindhoven.

Document status and date:
Published: 01/01/2000

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023


https://research.tue.nl/en/publications/7204da5f-b376-4365-9ea1-964d2fdfb1f1

technische universiteit eindhoven

-

.




The Abelian Sandpile Model on an
Infinite Tree

Christian Maes, K.U.Leuven *
Frank Redig, T.U. Eindhoven!
Ellen Saada, C.N.R.S., Rouen }

November 22, 2000

Abstract: We consider the standard Abelian sandpile process on the Bethe
lattice. We show the existence of the thermodynamic limit for the finite volume
stationary measures and the existence of a unique infinite volume Markov process
exhibiting features of self-organized criticality.

1 Introduction

Global Markov processes for spatially extended systems have been around for
about 30 years now and interacting particle systems have become a branch of
probability theory with an increasing number of connections with the natural
and human sciences. While standard techniques and general results have been
collected in a number of books such as [Liggett (1985), Chen (1992), Toom (1990)]
and are capable to treat the infinite volume construction for stochastic systems
with locally interacting components, some of the most elementary questions for
long range and nonlocal dynamics have remained wide open. We have in mind
the class of stochastic interacting systems that during the last decade have in-
vaded the soft condensed matter literature and are sometimes placed under the
common denominator of self-organizing systems.

Since the appearance of the paper [BTW (1988)], the concept of self-organized
criticality (SOC) has suscited much interest, and is applied in a great variety of
domains (see e.g. [Turcotte (1999)] for an overview). From the mathematical
point of view, the situation is however quite unsatisfactory. The models ex-
hibiting SOC are in general very boundary condition dependent (especially the
BTW model in dimension 2), which suggests that the definition of an infinite
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volume dynamics poses a serious problem. Even the existence of a (unique)
thermodynamic limit of the finite volume stationary measure is not clear. From
the point of view of interacting particle systems no standard theorems are at
our disposal. The infinite volume processes we are looking for will be non-Feller
and cannot be constructed by monotonicity arguments as in the case of the
one-dimensional BTW model (see [MRSV (2000)]) or the long-range exclusion
process (see [Liggett (1980)]). On the other hand in order to make mathemati-
cally exact statements about SOC, it is necessary to have some kind of infinite
volume limit, both for statics and for dynamics.

In this paper we continue our study of the BTW-model for the case of the
Bethe lattice, this is the abelian sandpile model on an infinite tree. For this
system, many exact results were obtained in [DM (1990b)]. In contrast to the
one-dimensional case this system has a non-trivial stationary measure. We show
here that the finite volume stationary measures converge to a unique measure g
which is not Dirac and exhibits all the properties of a SOC-state. We then turn
to the construction of a stationary Markov process starting from this measure
¢. The main difficulty to overcome is the strong non-locality: Adding a grain at
some lattice site = can influence the configuration far from z. In fact the cluster
of sites influenced by adding at some fixed site has to be thought of as a critical
percolation cluster which is almost surely finite but not of integrable size. The
process we construct is intuitively described as follows: At each site z of the
Bethe lattice we have an exponential clock which rings at rate p(z). At the
ringing of the clock we add a grain at z. Depending on the addition rate (),
we show existence of a stationary Markov process which corresponds to this
description. We also extend this stationary dynamics to initial configurations
which are typical for a measure u’ that is stochastically below p.

The paper is organized as follows. In section 2 we introduce standard results
on finite volume abelian sandpile models, and summarize some specific results
of [DM (1990b)] for the Bethe lattice which we need for the infinite volume
construction. In section 3 we present the results on the thermodynamic limit
of the finite volume stationary measures and on the existence of infinite vol-
ume Markovian dynamics. Section 4 is devoted to proofs and contains some
additional remarks.

2 Finite Volume Abelian Sandpiles

In this section we collect some results on abelian sandpiles on finite graphs which
we will need later on. Most of these results are contained in the review paper
[Dhar (1999)], or in [IP (1998)].

2.1 Toppling Matrix

Let V denote a finite set of sites and AV = (AY y)zyev @ matrix indexed by
the elements of V satisfying the conditions :

L Forallz,yeV,z #y, AV, =AY, <0,

z,y

2. Forallz eV, AKCEZL

3. ForallzeV, 3 oy AY, >0,

z,y =



4.3, ev AV, >0.

Such a matrix AV is called a toppling matrix. The fourth condition ensures that
there are sites (so called dissipative sites) for which the inequality in the third
condition is strict. This is fundamental for having a well defined toppling rule
later on. In the rest of the paper we will choose AY to be the lattice Laplacian
with open boundary conditions on a finite simply-connected set V C S, where
S is a regular graph, like the d-dimensional lattice Z¢, or the infinite rootless
tree Ty of degree d + 1. More explicitly:

AY, = 2 ifVc T
= d+1ifV CTy,
AXy = -1 if z and y are nearest neighbors. (2.1)

The dissipative sites then correspond to the boundary sites of V.

2.2 Configurations

A height configuration 7 is a mapping from V to IN = {1,2,...} assigning to
each site a natural number 7(z) > 1 (“the number of sand grains” at site z). A
configuration n € INY is called stable if, for all z € V, n(z) < AX'I. Otherwise
n is unstable. We denote by Qy the set of all stable height configurations. For
neINY and V! c V, 5|y denotes the restriction of 1 to V.

2.3 Toppling Rule
The toppling rule corresponding to the toppling matrix AV is the mapping
Tav : NV xV - N
defined by
Tav(n,z)(y) = n(y)—AY, ifn(z) > A7,
= 7n{y) otherwise. (2.2)

In words, site z topples if and only if its height is strictly larger than A;/,z, by

transferring —AX y &rains to site y # z and losing itself A;’, » grains. Toppling
rules commute on unstable configurations. This means for z,z € V and 5 such
that n(z) > A;’,z,n(z) > AZZ,

TAV (TAV (77:55), Z) = TAV (TAV("la z),x) (23)
We write [TAV (', Z)TAV ( 37)](77) = [TAV ('7 z)Tav ('v 2)](77)
Choose some enumeration {zi,---,z,} of the set V. The toppling transfor-

mation is the mapping
Tav :INY 5 Qyp

defined by N
Tav(n) = ]y%o (Hhv(um)) (). (2.4)

In [IP (1998)] it is recalled that



1. The limit in (2.4) exists, i.e. there are no infinite cycles, due to the presence
of dissipative sites.

2. The stable configuration 75 v (n) is independent of the chosen enumeration
of V. This is the abelian property and follows from (2.3).

2.4 Addition Operators

For n € NV and z € V, let ° denote the configuration obtained from 7 by
adding one grain to site z, i.e. 7*(y) = N(y) + dzy. The addition operator
defined by

azv : Qv — Qvin e azvn = Tav (n7) (2.5)
represents the effect of adding a grain to the stable configuration # and letting

the system topple until a new stable configuration is obtained. By (2.3), the
composition of addition operators is commutative: For alln € Qy, z,y € V,

afc,V(anyn) = ayav(azyv’r’)'

2.5 Finite Volume Dynamics

Let p denote a non-degenerate probability measure on V, i.e. numbers p,,
0 < p; < 1 with Zzevpz = 1. We define a discrete time Markov chain
{n» : » > 0} on Qy by picking a point z € V according to p at each discrete
time step and applying the addition operator a, v to the configuration. This
Markov chain has the transition operator

Pyf(m) = pzf(azvn)- (2.6)

zeV

We can equally define a continuous time Markov process {n; : ¢ > 0} with
infinitesimal generator

L fm) = e@)[flaz,vn) - F()), (2.7)

T€EV

generating a pure jump process on {ly, with addition rate p(z) > 0 at site z.

2.6 Recurrent Configurations, Stationary Measure

We see here that the Markov chain {,,n > 0} has only one recurrent class and
its stationary measure is the uniform measure on that class.

Let us call Ry the set of recurrent configurations for {n,,n > 0}, i.e. those
for which P,(n, = 7 infinitely often) = 1, where P, denotes the distribution of
{nn,n > 0} starting from ny = n € Qy. In the following proposition we list
some properties of Ry. For the sake of completeness we include a proof which
we could not find worked out completely in the literature.

Proposition 2.1
1. Rv contains only one recurrent class.

2. The composition of the addition operators a,y restricted to Ry defines
an abelian group G.



3. |G| =IRvy|.
4. For any z € V, there exists ny such that for anyn € Ry, a;”’vn =1.
5. |Ry| =det AY.

Proof: 1. We write < ( if in the Markov chain ¢ can be reached from 7 with
positive probability. Since sand is added with positive probability on all sites
(px > 0), the maximal configuration n,.. defined by

Thmax (QZ) = Aa‘:/,m

can be reached from any other configuration. Hence, if € Ry then 7 — Nmas,
therefore ma: € Ry and Npqez < 7 (see e.g. [Chung (1960)] p.19).
2. Fix n € Ry; then there exist n, > 1 such that

Ny —
H Ay v =1,
yeV

and
- My,
ge=apy' [ 4%
yeV,y#z
satisfies (ax,v9z)(n) = (gzaz,v)(n) =n. The set

R* ={¢ € Ry : (Gy,v9z)(€) =}

is closed under the action of a,,v, contains 7, hence also fmqz: it is a recurrent
class. By part 1, R* = Ry, a,,vg: is the neutral element e, and g, = a;lv if
we restrict a;y to Ry.

3. Fix ( € Ry and put ¥, : G — Ry;g — g((). As before ¥¢(G) is a
recurrent class, hence ¥.(G) = Ry. If for g,h € G, ¥¢(g) = ¥¢(h), then
gh~1(¢) = ¢, and by commutativity gh~!(g9’¢) = ¢'¢ for any ¢’ € G. Therefore
gh™1(&) = ¢ for all £ € Ry, thus g = h. This proves that ¥, is a bijection from
G to Ry.

4. Since G is a finite group, for any z € V there exists n; > 1 such that
ayy, = e.

5. Adding A;’, - barticles at a site z € V' makes the site topple, and —A,‘{,y
particles are transferred to y. This gives

v v
A:n,: — —A:,y

Gy = ay v
y#z

On Ry the a, v can be inverted and we obtain the closure relation

ay,
H v =6

yeV

which completely determines the one-dimensional representations of the group
of addition operators, and in particular the cardinality of the latter, as obtained
in [Dhar (1990a)). [

Remark. Ry does not depend on the p,, and does not change by going from
discrete to continuous time, i.e. from (2.6) to (2.7).

The main consequence of the group property of G is the fact that the unique
stationary measure is uniform on Ry.



Proposition 2.2

1. The measure

1
py =Y, =, (2.8)
ey |Rv|

is invariant under the action of ag,v, * € V (6; is the Dirac measure on
configuration ).

2. On L?(uy) the adjoint of az v is
oy =agy. (2.9)
Proof: Since a,,yv : Ry — Ry can be inverted, we have
> flazvmgm) = > fmalazym),
n€Ry nERy

hence (2.9). By choosing g = 1, part 1 follows. o

Remark. This shows that py is invariant under the Markov processes gener-
ated by (2.6) and (2.7).

2.7 Burning Algorithm

The burning algorithm determines whether a stable configuration n € Qy is
recurrent or not. It is described as follows: Pick € Qy and erase all sites
z € V satisfying the inequality

n(z)> Y (-4,

yEV y#z

This means “erase the set E; of all sites z € V with a height strictly larger than
the number of neighbors of that site in V”. Iterate this procedure for the new
volume V' \ Ej, and the new matrix AY\E1 defined by

AN = A fzyeV\E
0 otherwise,

and so on. If at the end some non-empty subset V; is left, 7 satisfies, for all
T € Vf,

@< Y (Al

yEVy, y#z

The restriction 7|y, is called a forbidden subconfiguration. If Vs is empty, the
configuration is called allowed, and the set Ay of allowed configurations satisfies

Proposition 2.3

Av = Ry.



The main ingredient to prove this result (see [IP (1998)], [Speer (1993)]) is
the fact that toppling or adding cannot create a forbidden subconfiguration.
The set Ay is thus closed under the dynamics and contains the maximal con-
figuration Nmaz-

Remark that the burning algorithm implies that for V' D V, and 5 € Qv,
n € Rv, then any { € Qy such that (|y = n satisfies {( € Ry+. Indeed,
the property of having a forbidden subconfiguration in V; only depends on
the heights at sites ¢ € V;. Therefore n € Ry implies n|ly € Ry. This
“consistency” property will enable us to define allowed configurations on infinite
sets.

2.8 Expected Toppling Numbers

For z,y € V and 5 € Qy, let ny (z,y,n) denote the number of topplings at site
y € V by adding a grain at z € V, i.e. the number of times we have to apply
the operator Tav (-, y) to relax n*. Define

Gv(z,y) = / pv(dn) nv(z,y,n)- (2.10)

Writing down balance between inflow and outflow at site y, one obtains (cf.
[Dhar (1990a)])

Z A;,‘,-/,ZGV(% Y) = 0z,
€V
which yields
Gy (z,y) = (A")z-

In the limit V 1 S (where S is Z¢ or the infinite tree), Gy converges to the
Green’s function of the simple random walk on S.

2.9 Some specific results for the tree

When V,, is a binary tree of n generations, many explicit results have been
obtained in [DM (1990b)]. We summarize here the results we need for the
construction in infinite volume.

1. When adding a grain on a particular site 0 € V,, of height 3, the set of
toppled sites is the connected cluster C3(0,7) of sites including 0 having
height 3. This cluster is distributed as a random animal (i.e. its distribu-
tion only depends on its cardinality, not on its form). Moreover

lim sy, (Ca(0,m)| = k) = Ck~*/2 (2.11)

as k goes to infinity. The notation ~ means that if we multiply the left
hand side of (2.11) by k3/2, then the limit k¥ — oo is some strictly positive
constant C.

2. When adding a grain on site z, the expected number of topplings at site
y satisfles

tim [ v, (dn) n, (@,9,7) = Gla,v), (212)



where G(z,y) is the Green’s function of the simple random walk on the
infinite tree, i.e.
G(0,z) = C27 =1, (2.13)

9

and [z| is the “generation number” of z in the tree.

3. The correlations in the finite volume measures uy, can be estimated in
terms of the eigenvalues of a product of transfer matrices. This formalism
is explained in detail in [DM (1990b)], section 5: Let f, g be two local func-
tions whose dependence sets (see below a precise definition) are separated
by n generations. To estimate the truncated correlation function

mv, (f;9) = /fgdl‘l’Vk - /fdliv,e /gdl-tvm (2.14)
consider the product of matrices
o 14 1+7f°’”)
Mk = i i , 2.15
n ]__=_|1: ( 1 24+ ’)’f’n ( )

where v/"" € [0,1]. Let A%* (resp. A%F) denote the smallest (resp.
largest) eigenvalue of MF. Then

)\n,k

Zm_ (2.16)
AE

rv, (f;9) < C(f,9)

If f and g have dependence sets “deep within” Vi, then 'yf "™ is very close
to one, and the correlations are governed by the maximal and minimal

. 2 2\"
eigenvalues of M, = < 1 3 ) .

3 Main results

3.1 Notation, definitions

From now on, S denotes the infinite rootless binary tree, V C .S a finite subset
of S; Qy is the set of stable configurations in V, i.e. Qy ={n:V — {1,2,3}},
and the set of all infinite volume stable configurations is Q = {1,2, 3}5 . The
set 2 is endowed with the product topology, making it into a compact metric
space. For n € ©, n]y is its restriction to V, and for 5, { € Q, nv (v - denotes the
configuration whose restriction to V (resp. V¢) coincides with n{y (resp. {|v-).
As in the previous section, Ry C Qv is the set of all allowed (or recurrent)
configurations in V, and we define

R={neQ:VV CS finite, n|yv € Ry }. (3.17)

A function f :  — R is local if there is a finite V' C S such that 7|y = (|v
implies f(n) = f(¢). The minimal (in the sense of set ordering) such V is called
dependence set of f and is denoted by Ds. A local function can be seen as a
function on Qy for all V > Dy and every function on 2y can be seen as a local
function on Q. The set £ of all local functions is uniformly dense in the set C({2)
of all continuous functions on (2.

All along the paper, we use the following notion of limit by inclusion for a
function f on the finite subsets of the tree with values in a metric space (K, d):



Definition 3.1 Let S={V C S,V finite}, and f: S — (K,d). Then

Im f(V) =~

if for all € > 0, there exists Vo € S such that for all V O Vo, d(f(V), k) < e.

Definition 3.2 A collection of probability measures vy on Qy is a Cauchy net
if for any local f and for any € > O there exists Vo D Dy such that for any
V, V' >V,

[ swvian - [ - tan)] < e
A Cauchy net converges to a probability measure v in the following sense:
The mapping
V:L-TR; fr——>\Il(f)=%/i%/dev

defines a continuous linear functional on £ (hence on C(2)) which satisfies
U(f) > 0for f > 0 and ¥(1) = 1. Thus by Riesz representation theorem
there exists a unique probability measure on Q such that ¥(f) = [ fdv. We
denote vy — v, and call this v the infinite volume limit of vy.
We will also often consider an enumeration of the tree S, {zo,Z1,...,Zn,.-.},
and put
T ={zg,-..,Zn}- (3.18)

3.2 Thermodynamic limit of stationary measures

Theorem 3.1 The set R defined in (3.17) is an uncountable perfect set, i.e.
1. R is compact,
2. The interior of R is empty,

3. For all n € R there exists a sequence 1, # 1, M € R, converging to 1.

For n € 2, we denote by C3(0,7) the nearest neighbor connected cluster of
sites containing the origin and having height 3.

Theorem 3.2 The finite volume stationary measures uy defined in (2.8) form
a Cauchy net. Thetr infinite volume limit u satisfies

1. p(R) =1,

2. p is translation invariant and exponentially mizing,
3. p(n:1Cs(0,m)] < o0) =1,

4. [1C5(0,m)|p(dn) = co.

Remark: Point 3. above remains true for the set C;(0,7), the nearest neighbor
connected cluster of sites containing the origin and having height 1, and probably
also for C'>(0,7) but this we have not been able to prove.



3.3 Infinite volume dynamics
The finite volume addition operators a, v (cf. (2.5)) can be extended to Q via
a2,y 1 = n ag,vn = (az,vnlv)vive. (3.19)
Proposition 3.1
1. There ezists a subset ' of R with u(Q') =1 on which the limit

i = 3.20
%}% az,y1 = Qg7 (3.20)

exists, and a,n € V.
2. The measure u of theorem 3.2 is invariant under the action of a,.
3. For everyn € (V, az(ayn) = ay(azn), for aliz,y € S.

Part 2 implies that the infinite volume addition operators a, (cf. (3.20))
define norm 1 operators on L?(u), for 1 < p < oo via

(azf)(n) = flazn).

We now construct a Markov process on u-typical infinite volume configura-
tions which can be described intuitively as follows. Let ¢ : S — (0, 0c0); this
function will be the addition rate function. To each site £ € S we associate
a Poisson proces N:;“’ (for different sites these Poisson processes are mutually
independent) with rate p(z). At the event times of N5* we “add a grain” at z,
i.e. we apply the addition operator a,, to the configuration. Then LY, introduced
in (2.7) generates a pure jump Markov process on . Indeed, this operator is
well-defined and bounded on any LP() space by Proposition 3.1, which implies

Proposition 3.2 LY, is the LP(u) generator of the stationary Markov process

defined by
exp(tLY) f = / (H afﬁ"f) dPP,

where IP denotes the joint distribution of the independent Poisson processes
Np®, and f € LP(yu).

The following condition on the addition rate ¢ is crucial in our construction.
Remember |z| is the generation number of z:

Summability Condition: z ()27 < o0 (3.21)
€S

This condition ensures that the number of topplings at any site z € S
remains finite during the addition process.

Theorem 3.3 If ¢ satisfies condition (3.21), then we have

1. The semigroups S{,(t) = exp(tLY;) converge strongly in L'(p) to a semi-
group S,(t).

10



2. S,(t) is the L'(u) semigroup of a stationary Markov process {m; : t > 0}
on 2.

3. Forany feL,
WERCIES

t10

=L%f= Z So(x)[amf - f]a

z€S
where the limit is taken in L'(u).

Remarks.

1. In Proposition 4.1, we show that S, (t) is a strongly continuous function of
P.

2. In Proposition 4.2, we show that condition (3.21) is in some sense optimal.

Theorem 3.4 The process {m; : t > 0} of Theorem 3.8 admits a cadlag version
(right-continuous with left limits).

The intuitive description of the process {n; : ¢ > 0} is actually correct
under condition (3.21), i.e. the process has a representation in terms of Poisson
processes:

Theorem 3.5 If p satisfies condition (8.21), for pu x IP almost every (n,w) the
limnat .S
i ag” =

zeV

Y

exists. The process {n; : t > 0} is a version of the process of Theorem 3.3, i.e.
its L' () semigroup coincides with S,(t).

Finally, we can slightly generalize Theorem 3.5 in order to define the dy-
namics starting from a measure stochastically below u. For n,{ € 2, n £ ¢
if for all z € S, n(z) < {(z). A function f : @ — IR is monotone if n < ¢
implies f(1) < f(¢). Two probability measures g and v satisfy p < v if for all
monotone functions, [ fdu < [ fdv.

Theorem 3.6 Let p' < pu. If ¢ satisfies condition (3.21), for p' x IP almost
every (n,w) the limit

erists. The process {n; : t > 0} is Markovian with no distributed according to
l4

u.

Remark. The last Theorem implies that 7 = 1 can be taken as initial configu-
ration.

4 Proofs

This section is devoted to the proofs of the results described above. Some of
them will be put in a slightly more general framework so that they can be ap-
plied to other cases (where S is not a binary tree or where we have other addition

11



operators a,) as soon as the existence of a thermodynamic limit of the finite
volume stationary measures is guaranteed. The essential cause of difficulty is
the non-locality of the addition operators. The essential simplification is the
abelian property which enables us to think of the a, as complex numbers of
modulus one.

4.1 Thermodynamic limit of stationary measures

Proof of Theorem 3.1:

1,2. If n € R and ¢ > 7, then ¢ € R (by the burning algorithm (|v > n|v
implies that {|y € Ry ). Sincen = 2is in R (again by the burning algorithm), we
conclude that R is uncountable. To see that R has empty interior, notice that if
n € R, there does not exist z,y € S nearest neighbors such that n(z) =7(y) = 1
(that way, 77|(; 4} would be a forbidden subconfiguration). Finally R is closed
as intersection of closed sets.

3. Let mnge be the maximal configuration, gme.(z) =3 forallz € S. If
nlv € Ry, then ny (Mnaz)ve € R. Therefore any n € R containing an infi-
nite number of sites = for which n(x) # 3 has property 3 of Theorem 3.1. If
n € R contains only a finite number of sites having height 1 or 2, then we
choose a sequence £ = {z, : n € N} C {z € S : n(z) = 3 and n(y) =
3 for any neighbor of z} such that two elements of ¥ are never nearest neigh-
bors, and |z,| is strictly increasing in n. We then define n,(z) = n(z) for
€S\ {zx €X:0<k<n}and n,(zr) =2for z, € &, k > n+ 1. Thesen,
belong to R by the burning algorithm, and n, — 7. m

Proof of Theorem 3.2:

We use T, introduced in (3.18), but with the x; such that n < m implies that
the generation numbers satisfy |z, < |z,,|. Then we have

|| =~ log, n. (4.22)

To prove that the probability measures uy form a Cauchy net, it is sufficient to
show that for any local function f : @ — IR we have

S [ fdur, - fap ] < o (4.23)

We do it for f(n) = 5n(zo) (a general local function can be treated in the same
way), by giving an upper bound of the difference [ fdur, — [ fdur,,, by a
truncated correlation function (cf. (2.14)). Then we estimate the latter by the
transfer matrix method (cf. Section 2.9, part 3). We abbreviate in what follows
bn = U1, Ry = R,

Lemma 4.1

|[ns1[n(zo)] = pn[n(z0)]| < Cinsa[n(@o); I(M(En+1) = 3)]

12



Proof: By the burning algorithm, every n € R,, can be extended to an element
of Ryt by putting n(z,41) = 3. Moreover

{nlT, : n € Rnya, n(Zpy1) =3} =R,

thus

R
Pt [1(Znt1) = 3] = IRo| ) (4.24)
Rt
which yields
1
pa(n(zo)) = (o)
NERL n
1 Rp+1
= > |R——|n($0)1(ﬂ($n+1 = 3)| |7g+| |
NERn+1 el "

= Y o) nfean) = 8

R sn |Rpt1] trns1[(Tns1) = 3]

Therefore

/J'n+1[77(330); I(n(zn41) = 3)]
fintr[n(za +1) = 3

The Lemma follows now from (4.24), and the fact that |R,| grows like e°" for
some ¢ > log 2. ]

|tnt1(n(z0)) — pn(n(zo))| <

Recalling Section 2.9, part 3, we have

NESNEN
Hnln(20); [(n(wn) = 3)] < C ooy (4.25)
AMn ’
Lemma 4.2
+00 )\mn|,|mn|
‘o0

Neaband <
n=1 ‘M

Proof: We abbreviate A/ = )\‘Tﬁ""lm"l, /\(Mn) = /\lﬁ""lz"l, M(n) = M3z %=

'yt!"”"l"”""l. Remember 0 < 'yz!z“l’lz"l < 1is close to one for i < n and n large. In
terms of the trace and the determinant of M(n) we have

A %(Tr(M(n))—!-\/[Tr(M(”))]Z_4det(M(")))
AP = 2 (M) ~ VTGP - At m) -
Therefore,

RN M)
7111{?0 ()\(M")) ( det(M(n)) ) =1

To prove the Lemma we show that (cf. (4.22))

det(M(n)) é |Zn |
([TY(M(n))]"’) <@ (4.26)

13



Use

[z~

det(M(n)) = JJ(1+7)2,

i=1

and

|zl
Tr(M(n) 2 ﬁ(n(lgw 23%))

=1
[@n] fzal
= Jla+w+][@+m)
i=1 =1

to estimate (for 1 <14 < [z,], 2(2+ 1) > 3(1 + V%))

det(M (n)) T P A
([Tr(M(n))]z) : (1+2iI=11 [1+%} +iI=II [1+%-]
< (1 +2.(3/2)kn + (3/2)221)
< (/9.

For a general local function f, we have to replace |z,| by |z,.| — No, where
Ny is the number of generations involved in the dependence set of f. Since f is
local, Ny is finite, hence the convergence in (4.23) is unaffected. n

4.2 Infinite volume toppling operators

Definition 4.1 Given the finite volume addition operators a.yv (defined in
(3.19)) acting on Q, we call a configuration n € Q normal if for every z € S
there exists a minimal finite set V() C S such that for ali V' OV D V,(n)

Az, V1] = Qg,V7]-

In other words, for a normal 7, outside V,(7), no sites are affected by adding

a grain at z. In our case, when a particle is added at some site x € S, the

cluster of toppled sites coincides with the cluster C3(x, ) of sites having height
3 including z, thus

VZ (T’) = 03 (3377)) U 6603 (l‘, 77), (427)

where J. denotes the exterior boundary. Notice that for a normal configuration
7, by definition,
az(n) = lim az,v(n) = az,v,(n)(n) (4.28)

Proof of Proposition 3.1:
1. We show that there is a full measure set ' of normal configurations. From
(2.11) and Theorem 3.2,

/mawmbm@:cmm.
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Therefore ¢ concentrates on the set {2 of configurations for which all the clusters
Cs(z,n) are finite, hence for which # is normal. Moreover this set Q' is closed
under the action of the addition operators a,, since (cf. (4.27))

C3(w’ay"7) C Vx(n) U Vy(n)' (4-29)

2. Choose € > 0, pick a local function f, fix V,, 1 S and ng such that n > ng
implies

€
pin € Q:Ve(n) ¢ Va} < At 1 (4.30)

This ng exists since u concentrates on normal configurations. We estimate

| / Flasn)du — fn)du| < | / F(anvun)du — f fn)du)
+  2f flloopt{n € Q: Va(n) & Vu}
<

tim| [ @z mduv, - [ foduv| + 3
= + 2 oo i v, (2,16, (1) # 0,2 (1)

IN

% + 2/ f]loo (1 — lim py,, (V2 (n) C Vn))

€

= =420 floo (1~ B(Va(n) € Vo) <

In the last step we used that the indicator I(V4(n) C V») is a local function.
3. Let p € ', z,y € S be two different sites and V D V,(n) U Vi(azn) U
Vz(ayn). Since a;,v and ay,y commute, we have

am(ayfl) = a':z:(ay,Vn) = a‘z,V(ay,Vn)
= ay,v(a:,vn) = ay,v(azn) = ay(a:n).

|
4.3 Infinite volume semigroup
We now turn to the proofs of Theorems 3.3 and 3.4.
Definition 4.2 We define the cluster of n€ Q atz € S as
C(z,n) = {y € S : ayn(z) # n(z)}, (4.31)
and put
Gulesy) = [ 1y & Clam)duto) (4.32)

Finally for ¢ : S — [0,00), write

£l = X e(a) [ tdn)f(azn) = £,

€S

B, ={f:Q— R : f bounded,| f||, < oo}

15



Lemma 4.3 If
> o(x)Guly,z) < 00 for ally € S, (4.33)

zE€S
then all local functions are in B,.

Proof: Let f be a local function with dependence set Dy. Then f(a.n) # f(n)
if for y € Dy, azn(y) # n(y), i.e. z € C(y,n):

e = 3w / lasf — fldu

z€S

= [ X et - rid

z€Uyep,Cly,n)

20 flloo 3 () / I(@ € Uyen, Cly,n)du

z€S

2 flloo Z > Guly,z)elz) < o0.

y€Ds z€S

IA

[7AN

The next lemma provides a link between G, and the Green’s function for
simple random walk on S, i.e., between conditions (4.33) and (3.21).

Lemma 4.4
Gu(z,y) < Z G(y7z) = 6z,y + 3G(.’L‘, y),
2z~
where z ~ & means that z and = are neighbors.
Proof: We have to estimate the probability that a,n(y) # n(y). I by adding

a grain at z we influence y, this can only be achieved by the toppling of one of
the nearest neighbor sites of y. Since u concentrates on normal configurations,

plazn(y) #n(y)) = %}% p(azn(y) #n),Va(m)UVy(n) C V)
= lim lim pw (az,vnly) #n(y), Va(n) UV, (n) C V)
= lim lm pw (az,wn(y) # n(y), Va(n) U Vy(n) C V)
< vl‘i,rTnSuw (az,wn(y) # n(y))
< é&r{}suw(azeW,zNy:nW(zayan)Zl)
< Jmy [ duw nawz,v,m)
= Y G(zy), (4.34)
where we used (2.10),(2.12), (4.27) and (4.29). [

The following Lemma finishes the proof of Theorem 3.3 and shows that By, is
a natural core for the domain of the generator of the infinite volume semigroup.

16



Lemma 4.5

1. For f € B, the net

S(6)f = exp(tLY) f = exp (t S ole)(as — I)) f (4.35)

zeV

converges in LY (u) (as V 1 S) to a function S,(t)f € L*(u). f— S,(8)f
defines a semigroup on B, which is a contraction in both L'(u) and B,
norms.

2. Under condition (4.33), the semigroup S, (t) corresponds to a unique Markov
process on §).

Proof: We denote by | f|| the L!'(u)-norm of f, and we abbreviate Sy (t) =
Sy(t), S(t) = S¥(t), Ly = LY.

1. First note that Sy (t) is well-defined on L!(u) by Proposition 3.2. By the
abelian property (Proposition 3.1, part 3) we can write for V C V' C S:

ISv(®)f = Sy @ fll = I(Syrv () — DSy (DSl

By Proposition 3.2, Sy (¢) is the semigroup of a stationary Markov process and
hence a contraction on L*(p). Therefore

I15v () (Svv (&) = DIl < 1(Svav (#) = DIl

t
= /0 Lyny Sy (s)fds]

IN

i
[ 12w s
tY g / (aw - Dfldu—0asV,V' 15,  (4.36)

TEV\V

IA

where the last step follows from f € B,. Hence Sy (¢)f — S(t)f in L'(u). We
show that S(t)f € B,:

3" olz) / 1S(t) f(azm) — S(&) £ ()| (i)

z€S

< >0 [ SOlans - fldu
zE€S

= [ X elo)ast - fidu =11l

z€S

Thus S5(t) is also a contraction for the |- || ,-norm. We finish with the semigroup
property:

S®)S(s)f lim Sy (1)S(s)/]

= lim lim Sy()Sw () f,

17



and
S(t+s)f = %}% Sy (t)Sv(s)f.

Then, since Sy () is a contraction in L(u),

1Sv (£)Sw () f — Sv (&)Sv () fIl < |ISw (s)f — Sv(s)fll, (4.37)

By (4.36), the right hand side of (4.37) goes to zeroas VW T S.

2. If condition (4.33) is met, then B, contains all local functions by Lemma
4.3. Therefore, by contractivity the semigroup S(t) on B, uniquely extends
to a semigroup of contractions on L!(u). Since by Proposition 3.2, Sy (t) is a
Markov semigroup, so is S(t), i.e. S(t)1 =1, S(¢)f > 0if f > 0. Hence, by
Kolmogorov’s theorem there is a unique Markov process with semigroup S(t). R

Remark. When ¢ = 1, condition (4.33) is equivalent to

S [ winite e cyn) = [ i mludn) <+oo,

z€S

i.e., the clusters must be integrable under u. For models which exhibit “self-

organized criticality”, C(y,7) is usually a “finite but critical percolation cluster”,

implying that [|C(y,n)|dp = oo (cf. Theorem 3.2 part 4, because C(y,n) D

8.C3(y,n)). Therefore this formalism breaks down for addition rate ¢ = 1.
The following Lemma proves Theorem 3.4.

Lemma 4.6 Under condition (4.58), the process {n; : t > 0} of Theorem 3.3
is almost surely right-continuous, i.e.

]Pﬂ l:ltl,ﬁ)l d(ni;nO) Z 6] = 0’ (438)

where 1P, is its path-space measure, and the distance d is defined below (in

(4.41)).
Proof: Pick a function ¥ : S — (0, 1) such that

> ¥(z) =1, (4.39)
€S
and
> o(x)Gulz,y)¥(y) < oo (4.40)
z,yES
The distance
d(n,¢) =Y In(z) - ¢(z)|¥(=) (4.41)
zES

generates the product topology. Denote by IE, the expectation w.r.t. IP,,. For
fy(m) =n(y),

t
Fy0) = fy0) = /0 L°fy(ns)ds + M,

where M} is a centered martingale with quadratic variation

E, [(M})’] = B, [ [wrm) -2n oo s e . @

18



Using stationarity of 5, and

[ dulzrgl < 2lgle Y 3 0l2)Gulya),

z€SyYED,

for a local bounded function on 2, we obtain from (4.42)

u, [(Mt < Ct Z ‘10 G (y,m)
z€S

Now we can estimate

P, |3s<t: Y [ne(y) —mo()|¥(y) 2 e}

yES

L

-t
P, || dsd |L°f,(ns)|¥(y) >e¢/2| + P MYB(y)| > ¢/2
s,ﬁsglmnmmq+$x%;(wd}
2
< (12t/e) Y @(@)Guly, 2)T(y) + (2/€)E, | MY ¥(y)
z,yES yES
<

(12t/€) Y w(@)Guly, )T () + (2/€)’E, [Z(Mt")2‘1’(y)}

z,yeS yeES

< 10 Y @()Guly, z)(y).

©,y€S

Here we used Markov’s and Doob’s inequalities in the second step and the
Cauchy-Schwarz inequality combined with (4.39) in the third step. The result
(4.38) follows. [ |

4.4 Poisson representation

In this section we prove Theorems 3.5 and 3.6. Intuitively it is clear from the
abelian property that the process of which we showed existence in the previ-

t.x
ous subsection can be represented as [], ¢ aiv’ n, where N‘f;m are independent
Poisson processes of intensity yp(z).
We take T, as in (3.18). We say that the product [], . sa3*n exists if for
every y € S there exists NV, such that for all m,n > N,

[H a;’:’n] (v) - l]_[ a;"n] )| =

$€Tn IBETm

This is equivalent to the convergence of the sequence [, aZ=7 in the product
topology.

Lemma 4.7 Under condition (4.33), the product

11 aivi;zn =1

z€S
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exists for p-almost every realization of N(f;’” and almost every n. The process
{7}t : t > 0} is a version of the Markov process of Lemma 4.5.

Proof: Choose a realization of N.* such that
Z N:,""”G‘,(:z:,y) < 00 (4.43)
z€S

for every y. This happens with probability one by condition (4.33). Define for
7€

nr.®) = [ ar* n. (4.44)

z€T,

Under u, 07, (t) is stationary in n and t. We have

£ | ) @) ~ (1s ) ()] 2 1]

/
225 ] 6 - n(w‘ ()

t =n+1

< / Z |[ah,0u] @) = [a2,] @) atam)

< Nt w"+1G ($n+lyy)

tza 41

o o (t)] W) - (or. (1 )<y>} u(dn)

IA

In the second and last steps we used the invariance of p under a.. By the
Borel Cantelli Lemma, (4.43) implies that for almost every realization of N:;”‘

p [3no : Vn > no (nr, () () = (nr, (1)) (@)] = 1.

This proves p-a.s. convergence of the product. To see that 7, is a version of the
Markov process with semigroup S, (), combine Proposition 3.2 with Theorem
3.3, part 1 to get, for any local function f,

fo

In the preceding argument we used a particular enumeration of the countable
set S. But changing it gives again a process with semigroup S,(t). Therefore
the limiting process will not depend (up to sets of measure zero) on the chosen
enumeration of S. ]

/ dPf (i) — S,(t)f| =

Proof of Theorem 3.6:
For n € ' and y € S we have the relation (remember (4.44))

nv(t)(y) =n(y) + I(y € VING® — Ank (), (4.45)

where nt,(z), an integer valued random variable, is the number of topplings at
site z in the time interval [0, £], when sand is added in V. For T}, defined in (3.18)
we will first prove that n%, increases X IP almost surely to an L' (uxIP) random
variable nt, interpreted as the number of topplings in [0,#] when we add grains
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according to N;’m. By the abelian property the sequence n%, (0) is increasing in
k. The following estimate is similar to (4.34)

(bxP) ( Inf,(0)=nk;,,0) 2 ¢) = (uxP) (nt, ,(0) )

< 1 [ b, Onlan) x P(@)

S %]1/1% / nft”k+1 (O)I(Vzk+1 (m) UVa(n) € V)u(dn) x IP(dw)

1
< =l to(z
S oA Ny (Th+1, 0, M) uw (dn) x IP(dw)

1
S tp(@re1)G(0, zhrr)- (4.46)

In the fourth line, n¥, (zx41,0,7n) denotes the number of topplings up to time ¢
at site 0 € W by adding grains at site z4; € W. By the Borel Cantelli Lemma,
condition (3.21) implies the a.s. convergence of nT (0), and analogously of every
nk, (). Pick (n, w) such that n%, (n, w) converges, i.e. such that supy, nTk (n,w) =
'(n,w) is finite (indeed, n, (17, ) is an integer). If 7/ <7, then nf, (n',w) <
nf., (n,w) because we can obtain 77 from 7’ by adding sand at sites = € S for which
7] (:L) < n(z) thereby increasing the number of topplings. We thus conclude that
the convergence of n, (n,w) implies the convergence of n%, (n',w) for all ' <.
Now let ' < p in the FKG sense. There is a coupling Py, of ¢/ x IP and
4 x IP such that

Pya (((m,w1), (m2,ws)) s w1 =wz,m <12) =1,

i.e. we use the same Poisson events and couple p’ and p according to the optimal
coupling (see [Strassen (1965)]). Then

(1 x IP) ("E.r,c (n,w) — nt(n,w)) =1y (nh (m,w1) = nt(m,m))

P2 (&, (m,w1) — n'(m,w1), nk, (N2, w2) — nt(N2,wa),ws = wz,m < 72)
P12 (nf, (2, w2) — n'(n2,w2))

= (px P) (nk, (n,w) - n*(n,w)) = 1.

v

This shows the u’ x IP-almost sure convergence of n¥, , hence by (4.45) the prod-

t,x

N,
uct [[yes@z® (w)n' converges g’ X IP almost surely. n

As a further result we show that the semigroup S,(t) is continuous as a
function of the addition rate . We define

t={p:5-[0,00): llell = Y ¢(@)G(0,z) < o0}.
z€eS

It is a complete metric space (as a closed subset of a Banach space) with the
property: If v, € €1, @, T ¢ (pointwise), and ¢ € £; then ¢, — ¢ in £;.

Proposition 4.1 The semigroup S,(t) of Theorem 3.3 is a strongly continuous
function of o, i.e. if p, — ¢ in Ly, then for any local function f, S,, (£)f —
Se(t)f-
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Proof: Let nfp = limg_,oo 1, be the number of topplings in [0,t] from sand
addition at rate . In the proof of Theorem 3.5 we have shown that this random
variable is p x P almost surely well defined and, after taking limits in (4.45),
satisfies

=" + N; - Anfp, (4.47)
where Nj, = limy1s ) ey N:;”. Note that if ¢¥1 < 1, the Poisson processes
N}, and N, can be coupled in such a way that for all z € S, pr: < N,j,’:', and
hence, by the abelian property, n!, (z) < nf, (z). Consider a coupling of the
four Poisson processes Ni,, Nj ., , Nby,. and N/, under which the inequalities
Xi1(t) > Xa(t), Xa(t) < X3(t), X3(t) > X4(t), are satisfied with probability one.
Let IP denote the law of the marginal (X, X4). We have, by a reasoning similar
to (4.46),

/du (IE\nfo" (0) — nf,,(O)I)

IA

[ (& s, (0) =t 1, 0)

+ B (nfyy, (0) = nhay, (0)

+ B(nby,, (0) - n, (0)))

< 1) len(@) —e@IGO, ), (448)

z€S

which tends to zero for ¢, — ¢ in {;. Take now a local function f, and denote
Df =DsU aeDf,

S0 () = Sp@®)(f)| < P (nh, (s) # nby () for some z € Dy)

< Y Enb(z) -nb, (@),
Eeﬁf
Combining this with (4.48) concludes the proof. [ |

One might ask whether we can go beyond condition (3.21), which essentially
guarantees that the expected number of topplings stays finite in the addition
process. In the following proposition we show that it is impossible to keep
integrable toppling numbers and “rate 1”7 addition. The relation (4.49) should
be regarded as the infinitesimal version of (4.47), where a(z) replaces the rate
¢(z). We then show that ¢ has to depend on z.

Proposition 4.2 Let a : S — {0,1} be a stationary and ergodic random field
distributed according to v. Denote by [ a(0)v(dn) = p its density. Suppose
there egists a measurable transformation T : {0,1}° x Q — Q which satisfies the
conditions

1. The measure u of Theorem 3.2 is invariant under T(a,-) for any c.

2.
T(a,n)(z) = n(z) + a(z) ~ An{a,n, z), (4.49)

with n(a,n,.) € L'(u) for v almost every a.

Then, p=20.
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Proof: Taking expectation over y in (4.49) gives
A¥(a,z) = a(z), (4.50)

where ¥(a,z) = [n(a,n,z)p(dn). By stationarity of u and v, ¥(a,z) is a
stationary random field. Let (z; : t > 0) denote continuous time simple random
walk on S, starting at 0. From (4.50),

t
E¥(0,z) = ¥(a,0) + B / a(zs)ds.
0

Divide this last line by ¢ and let ¢ T +00. As v is ergodic (making the last term
equal to p) and as the process ¥(a, z;) is stationary, we conclude that p=0. B
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