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In this paper a [n,k,dl-code 
codeword length n, dimension k and 
n, k and d are called the code'. 
l~e~. Let d_&M(n,k) be defined 
1 i kin by 

1. Introduction 

i. a binary linear code 
minimum distance at least 
g.ram.~, and [n,k,dl 
for integers nand k 

with 
d; 

its 
with 

d __ M(n,k) := MAX ( d I there exists. [n,k,dl-code ) (1) 

No practical general method to determine d_&MCn,k), given nand 
k, is currently known. The existence of a [n,k,dl-code implies 
d_.MCn,k) 1 dl Similarly, the nonexi.tence of [n,k,dl-code. means 
d __ .. (n,k) i d-l. Using the best code. known and the sharpe.t non
existence results, Helgert an~ Bttnaif ccmpiled ~ table of upper 
and lower bounds on d ...... (n,k) -fo~- n < 128, which wa .. , published as 
CAl in 1973. Many new code. and nonexi.tence proofs tightening 
their bounds, however, have appeared .ince then. 

We were assigned the task of producing an updated table of 
bounds incorporatin9 the.e new re.ult.. This ta.k reduces to two 
subtasks: collecting new results, and updating the table. The 
first subtask is a matter of .canning the available literature, 
extracting actual bounds, and checking their usefulness. Usually 
this raises no additional problems, because article. on bounds 
«existence and nonexistence of binary linear codes) are readily 
identifiable a. such, and often the table in CAl is 9xplicitly 
referred to. 

The second subtask, which'is the topic 0+ this report, turns 
nil t t n b. som.wh.t mar'. camp Ii (" at.d t hoillln may at. i r,.t !sf?~m. 

Updating. at course, Simply cons1st. In replacing some values by 
new ones. Consider, however, the improvement of a lower bound by 
the discovery of a new code. From this new code ma~y ~thers can 
be derived by applying general code construction techniqUes, pos
sibly involving some previously known codes as well. A few stan
dard techniques involving only the new code are: adding a parity 
check, shortening, and puncturing; among the techniques combining 
two codes are: concatenation, and the, so cal1~d, (u,u+v)
construction (for detail~ se~ s@ctlon 2J. This con5tru~tian p~D-
cess can be repeated, i.e. 
more codes can be derived 
repeatedly shortening). Not 
are necessarily good codes, 
known lower bounds. 

yrcm the newly derived codes $till 
using the same tecnnique~ (like 
al: cf th.~e (indirect) derivatives 
but some may improv@ the curr~ntly 

In general, whenever a promising new CodR is found, most 
derivative. will not yet have be.n constructed (a notable excep
tion being the addition of a parity check •• When compiling a 
table of bounds, however, one 1. obviously interest~d in the best 
that is achievable. So, if easily derived codes could improve a 
bound, they will have to be constructed and taken trlto considera
tion. The situation for upp~r bDunds is an®lc90u5. becau5~ the 
nonexistence ot cades of on~ type leads--via similar construc
tions--to the nonexistenc~ of others. To put all of this in a 



• sntroduction

somewhat different iangua9~; ~~~ improvement of one Duund can
result In the improvem~nt of other.. You might say that Improve
ments can propagate accordin9 to certain Npropagation rules. w It
is this erratic--but desirabl -propsgation of t~p~ov~m.nt that
complicates the upaat~ng ta.k and makes tne ·p.ncil-an~-r ••er"
approach unworkable.

We set ourselves the goal of producing a table of bDunds
that is "closed" Dr ninvariant~ under a set of propagatlDn rules,
i.e. the final table hAS to ~e such that no more Improv~ill.nt 1s
possible by applying any pro~agation rule (the table in [HJ is
not closed, see section 5). This still leaves U5 ~he freadom of
choosing our propagation ru~es. The more rules the betteY the
bounds, but also the more effort it will demand to compu~ the
closure. We shall come back to the choice of propa9atior ~ules in
section 3. A second goal I~ to .atntain a refsr.nce wj h vBeh
bound, indicating where it criginated, lika th~ t0b r !n • J
This reference tells whether a bound resulted from a propagation
rule (and 11 so which one) 01 wh&ther it was obt3ined oth~rHi~.

(and if so in what article). The references allow one to trace
each bound to its ultimate origins and thus should improve the
usability of the table, ease its checking, and thereby increase
its credibility.

We shall aim at an algorithm that will restore the table's
invariance after the improvement of a single bound, by systemati
cally applying propagation t~les until no more change is pos
sible. This algorithm should ~lso keep the references up to date.
Making one improvement and applying the algorithm will be called
making an update based on thi~ improvement. Compiling a complete
table (8128 pairs of bound~ vor n < 128) is now a matter ~f

starting with a trivial inv.riant table and making an update
based on each improvement f01 ~~ in the literature. The table in
[Al can roughly be thought of as constructed from a little over
150 of such updates (but, ag.1n, it is not closed, as opposed to
any table resulting from the ~u9gested updating algorithm). Our
new table embodies more than 80 additional updates (makin9 ov~r

30 previous improvements superfluous).

Implementing this algor~thm as a computer program has sev
eral advantages over manually updating the table. Automatic
updating is less prone to err~r, it takes care of future updates
on the table, and it enable~ us to check the table in CAl (this
table has to be reconstructe( anyway, since typing it into the
computer would defeat the firRt advantage).

We have developed a packhge of programs, written in PASCAL
on the university'S mainframe computer, for the maintenance of a
table of upper and lower bounds on d"~~(n,k) with
1 i kin < 128. B.sides th~ updating algorithm this package
inclUdes such features .s generating an initial (not too trivial)
table, maintaining statistics generating reports on updat~s, and
pretty-printing (part of) a table.
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1. Introduction

The following sections expose the underlying ideas. We have
tried to separate several levels of concerns. Section 2 deals
with theoretical aspects: propagation rules, how to obtain them
from general construction techniques, some of their properties,
how to use them in computing the closure after the improvement of
a bound, and the placement of associated references. Section 3 is
about the more practical (program design) aspects: our choice of
propagation rules, the updating algorithm, the generation of an
initial invariant table, this includes the problems due to the
finiteness of the table. Section 4 is concerned with implementa
tion details of the actual programs, it also explains how to use
our table (interpret the references as justification for an
entry). Finally, section ~ summarizes some of our experiences
after using the package. The appendices contain the results,
especially the updated version of the table of bounds, and r-om
plete SDurce listings of the two most important prDgrams.
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In this section we shall 9ive a more detailed treatment of
improvement propa9ation. In order to describ~ the notion ~f a
propagation rule and some relLted concepts, we need a SUItable
context and a few notations. A complete formalization o~ the
concepts involved would lead u£ too far astray and wouldn?~ m~ke

for better reading, therefore we shall sometimes rely on
intUition, if it does not seem to harm understanding. PASCAL-like
constructs will be used for so~e descriptions.

First we deal With a familiar aspect of coding theory: gen
eral techniques (for binary li~ea~ codes) to construct a new rode
from one or more known codes. These general construction t~ch

niques form the basis of the propagation rules. The adjective
"g~n~~~l" is intended to restrict attention to techniques th~t

(a) allow codes of (almost) any type to serve as input code, and
(b) need not know more about the structure of the input codes
than their type. We are not 50 much interested in the construc
tion techniques themselves as in their effect. By the ~ii~£l of a
construction we mean the resuI~in9 code's parameters expressed as
a function of the parameters 01 the input codes (this is possible
because of assumption (b». We use the same identification for
constructions as in [Al; Prop~rty 1 will be abbreviated Pl, etc.
Construction B (discussed below) shows how a technique that is
not general, can be transformed into a (somewhat weaker) general
technique.

Below we describe the effects of several general construc
tion techniques. The propositian "there exists a [n,krdl-code" is
abbreviated to [n,k,dl (the code's type). The effect of a con
struction is in the first place written as a logical implication
(==>, which can also be read as "yields"), with the type of the
input code(s) on the left-hand side and the type of the resulting
code on the right-hand side. Universal quantification over free
variables (often n, k and d) is intended, but not explicitly men
tioned; sometimes a restriction on their range will be included
(1 i kin is always required).

Each code construction technique can also be used to derive
the nonexistence of codes of ~ne type from that of another, by
contraposition or the standard reductio ad absurdum argument (if
the one would exist then 50 w~uld the other by the const~uction

under discussion, but the other does not exist, contradiction, so
the one does not exist). The iollowing relationship between code
(non)existence and bounds on d m __ allows other equivalent formu
lations of the effect of a construction technique:

[n,k,dl
not [n,k,dl

is equivalent to
is eqUivalent to

dm__ (n,k) 1 d
dm__ (n,k) i d-l



2. Theoretical Discussion

For each construction technique, therefore, we give a number of
equivalent propositions describing ita effect, these are true
propositions by virtue of the construction. This enables one to
awitch from one mode of thinking to another, without too much
interruption. Eventually we derive the propagation rules from
them.

Property 1 is a code construction without input codes, and
thus is not useful for improvement propagation. It is mentioned,
b.c."uts. it is us.d when g.nerating an initial tabl. of bounds
(se. below), and because a Nstatic N bDund on d M _ M depends on it

«20), see remarks below P4). All these equivalences reqUire
proofs, which we have omitted, since they are all very similar.
Property 2 serve. as an example of how th.e proofs run.

INTERMEZZO: Some functions and a few of their properties.

Integer valued functions defined for a real argument:

ceilex)
floorCx)
evlltncei 1 Cx)

evenfloorCx)
oddceilCx)
oddfloorex)

:- smalle.t integer not less than x
:- largest integer not greater than x
:= smalle.t even integer not less than x
:= largest even integer not greater than x
:= smallest odd integer not less than x
:- largest odd integer not greater than x

Boolean valued functions defined for an integer argument:

evenCn)
odden)

:- n is even
:- n is odd

Some properties Cfor real x and y, and integer n):

the 6 ceil/floor functions are idempotent: fCfex))
and monotonous: if x 1 y then fCx) 1 fCy)

evenceilex) = 2 * ceilCx/2)
x 1 evenceilCy) is eqUivalent to evenfloorex) 1 y

- fCx),
(4)

e:5 )
(6)

value of evenceilen) evenfloorCn) addceilCn) oddfloorCn)

----------+------------+------------+-----------+-----------
if even(n)l n n n + 1 n - 1
----------+------------+------------+-----------+----------- (7)
if oddCn) n + 1 n - 1 n n

evenceileoddfloorCn» - oddfloorCn)+l = evenceilCn) 1 n (8)
evenflaorCn) = oddflooren+l) - 1 (9)

Using PASCAL constructs (on the right-hand side) we can write:

.au I (n/:"l

floor-(x)

eveTlce i 1 Cn )

- (n'11 I)IV ~

'" tt'unc(x)
= n + ord(odden»
= n + n MOD 2

eEnd of Intermezzo)
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2. Theoretical Discussion

PI: Boundary c ••es

[n,l,n] and not [n,l,n+l] and
dm_ MCn,l) = nand dm_M(n,n) =

P2: Adding a parity ch.ck

[n,n,l] and not [n,n,2]
1

[n,k,d] ==> [n+l,k,evenceil(d)]
if dm_MCn,k) L d then d m_ M(n+l,k) L evenceil(d)
dm_ MCn+l,k) L evenceil(dm_M(n,k»

not [n,k,d] ==> not [n-l,k,oddfloor(d)]
if dm_M(n,k) i d then dm_ MCn-l,k) i evenfloor(d)
dm_ MCn-l,k) i evenfloor(dm_M(n,k»

(10)
( 11)
(12)

(13)
(14)
(lS)

In (13) to (lS) n > 1 is supposed. Propositions (10) to (lS) are
equivalent. The equivalence proofs are fairly straightforward,
relying on (2) and (3), and often some substitutions.

(10) <==> (11 ) on account of (2 )
( 11) ._> (12) take d = dm&M(n,k) in ( 11)
(11) <-= (12) due to (4 ) (monotonicity of evencei l)
CI0) =-> (13) substitute n-l for n and oddfloorCd) for

d in C10) , use (8) and contraposition
C10) <== ( 13) similar
(13) <==> (14) substitute d+l for d in ( 13) , use (3 )

and (9)

(14) ==> US) take d = dm_M(n,k) in (14)
(14) <== US) monotonicity of evenfloor
(12) <==> ( 15) substitute n-l for n in (12) and use (6 )

REMARKS:
--P2 is slightly different from Property 2 in [A], although,

no dOUbt, the formulation we have given was intended (the
parity check is not supposed to be added only to optimal
codes with odd minimum distance). From P2 and P3 (see below)
follows:

if odd(dm_M(n,k» then dm_ M(n+l,k) = dm_ MCn,k)+l (16)
--P2 implies: d m_ MCn+l,k) L dm_M(n,k).

P3: Puncturing (deleting a coordinate)

[n,k,d] ==> [n-l,k,d-ll
if dm_M(n,k) l d then d m_ M(n-l,k)
d Cn J.k) 2 d Cn.k)-J

1 d-l
\

> (k<n)
I

not [n,k,d] ==> not [n+l,k,d+l]
if dm_M(n,k) i d then d m_ M(n+l,k) i d+l
dm&M(n+l,k) i d m&M(n,k)+l

7



P4: Shortening
Cselection on and sub.equent deletion of a coordinate)

[n,k,dl ==> [n-l,k-l,dl
if d._M(n,k) 1 d then d._MCn-l,k-l) 1 d
d._MCn-l,k-l) 1 d__MCn,k)

,
> (k>l)

/

not [n,k,dl c=> not [n+l,k+l,dl
if d__MCn,k) i d then d__MCn+l,k+l) ~ d
d__MCn+l,k+l) i d__MCn,k)

(20)

(17)
(18)
(19)

d._MCm,k)
d._MCm,k)+n-m
d._M(n+s,k+s)

REMARKS:
--P2, P3 and P4 are monotonicity properties of d._M• These are

needed for some of the equivalence. below. By induction we
get from
P2: if n 1 m then d._MCn,k) 2
P3: if n 1 m then d._MCn,k) i
P4: if 5 1 0 then d._MCn,k) 1

--Using (19) and PI we get:
d__MCn,k) i d__MCn-k+l,l) = n-k+l

--Combining (19) and CI7), taking 510, yields:
d__MCn,k) 2 d__MCn+s,k+s) 1 d__MCn,k+s), or equivalently

if j 2 k then d__M(n,k) 2 d••MCn,j) (21)

A: Helgert and Stinaff con.truction ([Al, residual code)

[n,k,dl c_> [n-d,k-l,cei/(d/2)l
if d._MCn,k) 1 d then
d__M(n-d._MCn,k),k-l) 1
2*d._MCn-d__M(n,k),k-l)
2*d__M(n-d._MCn,k),k-l)

d._MCn-d,k-l) 1 cei/Cd/2)
cei/(d__MCn,k)/2)
1 evencei/(d._MCn,k»
1 d._.Cn,k)

\

\

>Ck>l)
/

/

E: On.-.t.p Gri••••r bound (equivalent to A)

not [n,k,dl ==> not [n+2d,k+l,2dl
not [n,k,dl --> not [n+2d-l,k+l,2d-ll
if d._M(n,k) i d then d__M(n+2d+l,k+l) i 2d
d__MCn+2*d__M(n,k)+I,k+l) i 2*d__MCn,k)

REMARKS:
--There is only a historical reason for using different

identifiers (A and E) to denote the.e equivalant properties.
--The last line of A and of E are quite similar, but it is not

50 trivial to prove their equivalence UBing (17) and (18).
--From k > 1 and (20) follows d._M(n,k) < n, so that the

first argument of d._M in the last three lines of A is posi
tive.

8



2. Theoretical Discussion

[n,k,dl and not [n,n-k,s+il ._> [n-s,k-5+1,dJ
if dmaMCn,k) 2 d and am._Cn,n-k) i 5

then dma_(n-s,k-s+l) L d
dma_Cn-d__MCn,n-k),k-dma~C~,n-k)+l)2 d_aMCn,k)

not [n,k,dJ and nat [n+s,n-k+l,s+ll ==> not [n+s,k+s-l,dJ
if dmaMCn,k) i d and dma_cn+s,n-k+l) i 5

then d_a _Cn+s,k+s-l) i d
dmaM Cn+so,k+50-1) i d_._Cn,k)

whenever So = MIN ( 5 ) 0 : d_aM Cn+5,n-k+l> is}

REMARKS:
--Construction Yl Caee [Ml) is not a general technique in our

sen.e, since it involves the minimum distance of the dual
code as well. Construc~ion Yl states: it th.r~ exists ~

[n,k,dJ-code C and t is the minimum distance of the dual
code of C, then there ex~sts a [n-t,k-t+l,dl-code. Repeated
application of P4 yields a [n-s,k-s+l,dl-code tor any aLl.
Obviously d__MCn,n-k) 1 t holds, so it is fine if
s 1 d_aMCn,n-k). This results in a general technique that
constructs a new code from one code and the nonexistence of
another.

--The existence of So ia not as.erted. In fact, it does not
exist for k a n, and rightly so.

--Other equivalencea might have been added, e.g.:
[n,k,dJ =a> [n,n-k,a+ll or [n-a,k-.+l,dl

C: Concatenation at cades

[n,k,dl and [m,k,cl •• > [n+m,k,d+cJ
if dm_MCn,k) 1 d and d.aMCm,k) 1 c

then d_aMCn+m,k) 1 d+c
d_a_Cn+m,k) 1 d__MCn,k) + d_a.Cm,k)

not [n,k,dl and [m,k,cl ~=> not [n-m,k,d-cl
if d __"ln,kl i d and d lm,kl 1 c

then d_aM(n-m,k) i d-c
d_aMCn-m,k) i d.a_Cn,k) - d••MCm,k)

D: Cu,u+v'-canstructian

\

>
I

I

\
)

I

I

(k.$..m(n)

[n,k,dJ and [n,j,cl •• > £2n,k+j,MIN(d,2c}l
if d_a_Cn,k) 1 d and d._MCn,j) 1 c

then dma.(2n,k+j) 1 MIN{d,2c}
dm__ C2n,k+j) 1 MIN ( d._M(n,k), 2*dm__ (n,j) )

\

> (j in)
I

I

REMARKS:
--We omitted the nonexi.te~ce consequences because they

out to be of little practical value, besides, they do
allow a compact pre.entat on (case analysis required).

9
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Although w@ may have mure than on. labl@ of bDunds at our
dl1.pc~~'il. the ufHtr'.tIofiB W. hil'llv~ In mInd wor'k on only on. such
table (w@ shall not consider operattons combining two or more
tables). From now on we shall sp~ak of t~ l~Ql~ Df t~~nQa. being
thE" table that is the SUbject o~, al Jl up...ratiu....."I€:: i'.present
hat single table of bounds for the theoretic~l discussion (in

~he programs a difterent representation is usedl by two triangu
~~r lower-l~tt matrices (two-dlme~~~onal array~, mappings)
.~b\n,!<j and Ub(n,ld with 1 i k .i di +or the time bein9 we do not
bother about their size, take the range of n to be upwardly
unbound~d. A restriction on the range of n introu~ce~ what we
5hall call an ~~11il£1~1 Qgyng~~~, k· 1 and k = n are called
£!.~lg.t.i!"! QQ!:!.nQ.i!r.a.l!o The jf.st·l"b;d'~j';\;tr:tfj; c·f Lt- and IJb .:1,...e. ['.15........C'

tJ,\":!'ly, io$',,:u .;Ired u ...per [.;, ...Ull .... n .. .:10 ..... , l.e. p ....6itlJ.".n.;f,c:."'r·s,
satisfying:

Lb(n,k) i d M8.(n,k)
dM8.(n,k) i Ub(n,K)

If Lb(n,k) = Ub(n,kl, then dM_.(n,k) is known and equals the
common value. The integer d, d i dMAM(n,kj, 1. an imP-~Q~~nl for
,.h~ lower bound in the table a.:. pih·.meter pail'" (n,k) if
d } Lb(n,k); similarly: if d 1 d..... (n,k), then d improves the
upper bound at (n,k) when d < Ub(n,k). Using pseudo-PASCAL we
,iant to define the boc.i"".m furlt:U.:.M IsIlIIprOVelllti:mt to catch this
,J._.~." Before c:!oirt9 !!IO W~ lr.tro1uC'4f b,,-i." i{~iI"l :,1' ",I. a .".:" ~i.

o~d~r to distinguish between lower and upper bounds, and the
riotion of a location lr:1..Itl.Jt, indicating a position in the table
by specifying a bound kind, a length, and a dimension. Further
more, we use the term bound gyadruglJt to stand for the quadruple
ot the bound's kind, the len9th and dimension of the code type it
reiers to, and the actual bound on the minimum-distance, i.e. for
a triple combined with a bound. From now on we shall often use
bound in the sense of bound quadruple instead of a single inte
~~rJ confusion is not very likely o.cau.e of th~ ~ontwxt, but at
ti~eD w~ shall say bound quadruple to make the dlst.hct~on clear.
i,~ .. {-unction Bound returns the bound Guadrupl. COrl'6'Spcl'lding ttl a
:ccat.ir.m in the table. \.J-o ahh"; .1.'.I· .... I.Ub.~ ;'h", cl......d,liar·y ~ ....nL' ••:m
ZsBol.fn:i i:l:"1 103, :....~,.U'''jj~i~~, i'J i- ;c '::., ...../~ '~i;.,.1 ",""I(j- prUtH:~£.1tj,'~W'l '~L1 is i~i-

;::,op.ar Doun.l q",adruple" , i.e. if q '" (b,n,k,d): "d is ... bound of
kind b for d M8_(n,k).- rsBound i$ & ~Dnceptual tunctjon only, for

we could program it etfict~ntl) in PASCAL, ~any problems
t~oncerning d on8_ would have lJ E':'f.!' 1\ solved. So ",\!';,\... n Jitlvol.<.ing
::s,""pror,,'el:fent, its pre-condition r<)'c,Rf'lt be known t':J hoJ" by fcome
other means than th~ u~e of rsBauna. We also need a way to change
tl'l\l? table, "..,~ h<AVei!' ch......'$l'n lfle L,' .. ..,' poi rill. mcditi':"'~;'C:I';"; as!:ii~n

,l.;,'l ,,-,.;'fin",'" b .... "iJiII', ii.£; ~S.'J,iS!idj"I.':·";'.
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TYPE
boundkind

triple
b
n, k
END {

= RECOkD { An~ALot.n9 locdtion
boundk i ,'ld ;
integer-

triple } ;

n the table.: }

= RECORD ( inGicating bound and its location
tr-iple I
inte-3ll'r-

quadr-up Ie ) ;

quadruple
t
d

END {

VAR
Lb, Ub: ARRAY [ 1 •• ·inf~, 1 •• -1n+- ] OF integer

{ both Lb and Ub a~e luw~r-Ieft matr-ices }

FUNCTION BoundCt: tr-iple)~ quadruple
( Pre-condition: 1 i t.K i t.n.

Retur-ns the curr-ent bound in the table at location t.
)

BEGIN
Bound.t := t ;
WITH t DO CASE b OF

lower: Bound.d := LbCn,k)
upper-: Bound.d := UbCn,k)
END ( ca.. )

END ( Bound ) I

FUNCTION ZsBoundCq: quadruple): boolean;
( Is q a proper bound ~~.druple? Conceptual function! }
BEGIN
WITH q, t DO

IF C1 i k) AND Ck i nl THEN
CASE b OF

lower-: IsBound ;= (d i d__MCn,k))
upper: IsBound .; (d L d__M(n,k)
END ( case )

ELSE IsBound :- false
END { IsBound } ;

FUNCTION ZsZTJlproveTJIent Cq: ,.1uadruple): boolean;
( Pre-condition: ZsBoUTiulq).

Does q improve the cu, rent bound in the table at
the corresponding po¥ tion?

)

BEGIN
WITH q, t DO

CASE b OF
lower: IsImprovement := Cd > LbCn,k))
upper: IsImpr-ovemen := (d < Ub(n,k))
END { case }

END { I.Improvement } I

11



PROCEDURE AssignBoundeq: qu.~~~p!.' !
( Pre-condition: ZsBound(q).

Assign q a. the new bound !~ the tab1e.
}

BEGIN
WITH q. l DO

CASE b OF
lower: Lb ( n , k) :.. d
upper: Ub ( n , r.c) :. d
END ( c:a.e )

END ( A•• ignBound ) I

have defined the t~bl. of boundB to b~ ~ mappin~ of
t.o inf..g..r~, n,(, ..,~rl\ "r', (jru.. " 1:\":"-"""8 the b'~Hn"

u.u~lly flxod; ,t WO"!~ r ••ult in longer exprce-
t~;o'('"!II'

kind is
sions.

--Sf nC'~ PASCAL lack... RECORn ~O:''!''tL~uc:tor, ~.~1't !!'.',.' U "l'Je t"'!!t
conventional fIlilkt.h"'iluat'.1c,,,d ,.. j::.:'-;~:, fc~ t ipL"~ ';,,1 tll,;1'.d:'li,··
pie.. Often we .hall omit the parenthe••• around a tuple,
when it is the only para.eter to .. function or procedure, or
whe~ tuples are n••t.~.

--(22) is equivalent to ,1.~Dund(P,"u~d(""",=",,», ~" .. aU b,n,k.
--The pre-condition on AssignBound ••sure. that ~fterwards Lb

and Ub still for. ill table of bo~nds, i ••.•atisfv (22).

REMARKS:
--We cou!d

There ~s on... w"':;" of r::h,;"',:,:,:i -9 t:·.. tjll\~·. th .... & ~·~ .... tc:;ul"'l .... lv
interests UII: raising." lowe... r,;:.!_-.'J.,,"l~ "'C .ilOt'i r; ~n9 an ~),~;"").r Dound,
it will be called imprpVlng th~ t~~l. ~br1n9in9 the lower and
~pp~r bound. closer together, whe~ they ••et, d__M i~ known). Of
course we never want to lower a 10w.~ bound (or raise an upper
bound). In succe••ive table. Lben,k) en and k fixed) should be
nc.n··>]ocr ....,:ing ~!'td iJb("lil~d rt'.,'.~,,.~·,,..... I!'-'~ ... ~'!";9. ThiE Id.n<1 • r chsnge
II,•.')' tlppropriahtly be call.d t~rll ~~·hi'-~~1·~t. tlgmll.211!..t. I"!t,~Hicat10n.

It can be defined in pseudo-PASC~L ~~ follow••

PROCEDURE ~~(q: qU.d~~~l.)

r. Pre-condition: .lsBow'I"'<q)
Incorpor~te the h~u .... d rv~d~v?'. ~ intu the tabl~,

Pt)~t-r:~~,1Jtt,.,l'l~ ~'1"'T 7',,:t ... ·~,·,',~,'!.,'.<~cn ANn

)

l:lEGHI
~F 151mprDv•••~ilql TH~N : ~'n~~~un~(q~

END { MM } •

"_ de
we Clan

table.
.,'" t ~,'t

1'" .ti'c::~ion 2 • .1. bDI.Un,h, ~1~" tr:f/'M'I;~,,-· t",~iv~du!").~.

scribed how one s.t of bQtiJnd .. ,('~~n~u~t.tfy other.. jl'o:1··'

appl y thi. t,o ti•••wh" ....bl" ~f !:'~.,.f~~;!lI" iU :cul i.ct~d :in ."",
~ !,,~. tt:; ld."'p ,! r.~*mb 1n ~ n"" (",::~",Y ~ , ", U"'. ~ ... ~ f, I"\~ 1'\, • Lt", ""
Nt".oM 1I~



d__M Cn+1,k) 1 evenceilCLbCn,k»,

or equivalently

(23)

ZsBoundClower,n+1,k,evenceilCLbCn,k»).

This mean. that ~~'. pre-condition i ••atisfied,
invocation

~~Clower,n+1,k,evenceilCLbCn,k»)

(24)

and hence the

(25)

produces a correct and possibly improved table of bounds. Such an
improvement will be called an 1~n§1 improvement. We say that
the table is ln~~lAn! with respect to Cor £lp,cd under) P2's
lower bound Cor existence) formulation (P2a.w.r for short), if
the table cannot be improved in this way, that is if NOT
ZsZmprovement(lower,n+l,k,evenceilCLbCn,k») holds for all nand
k. Applying the definition of ZsZmprovement, this can also be
written as: for all Cn,k) evenceil(LbCn,k» i LbCn+l,k). Invari
ance implies that internal improvements are impossible. We now
list the quadruples for which ZsBound holds, and that can be
derived from the construction techniques of section 2.1 using
(22). All fre. variables are shown in parentheses following the
construction's name. In general there is a lower and upper quad
ruple for each construction.

P2 Cn, k) :

P3(n,k):

P4(n,k):

A(n,k):
E(n,k):

B(n,k,s):

CCn,m,k):

DCn,k,j):

Clower,n+l,k,evenceil(LbCn,k»)
Cupper,n-l,k,evenfloorCUb(n,k»)

(lower,n-l,k,Lb(n,k»
(upper,n+l,k,UbCn,k»

Clower,n-l,k-l,LbCn,k»
(upper,n+l,k+1,Ub(n,k»

Clower,n-LbCn,k),k-l,ceilCLbCn,k)/2»
Cupper,n+2*Ub(n,k)+1,k+l,2*UbCn,k»

Clower,n-Ub(n,n-k),k-UbCn,n-k)+1,Lb(n,k»
Cupper,n+s,k+s-l,UbCn,k» if UbCn+s,n-k+l) <= s

(lower,n+m,k,Lb(n,k)+LbCm,k»
Cupper,n-m,k,Ub(n,k)-Lb(m,k»

Clower,2*n,k+j,MINCLb(n,k),2*Lb(n,j»)

REMARKS:
--Invariance with respect to R.(j, •• ,s) is defined as:

For all sensible j, •. ,s: not ZsZmprovement(R.Cj, •• ,s»
--Each of these quadruple. has a length-dimension pair differ

ing from that of all bounds CLb or Ub) involved in its con
struction, whatever the values of the free variables.

--Invariance with respect to P2a.w.r, P3a.w.r and P4a.w.r
implies monotonicity of Lb similar to that of d__M as in
CI7), (18) and CI9). The same holds for Ub in case of

13



2. Theoretical Discus.ion

invariance with re.pect to P2y~~.~, P3~~~.~ and P4~~~.r. In
fact d__ M is possibly equal to Lb or Ub for all nand k, as
far as we know. When the table is closed, therefore, Lb and
Ub share tho.e properties with d__ M that depend on the
closing constructions.

--Ay~~.~ •• E,.w.~.

--Byp~.~ has an exceptional formulation.

If the table i. not closed under a set of constructions,
then there is at least one construction R~ and a set of values
j, •• ,5 for its free variables such that ZsZ.provement(R~(j,•• ,s))
holds. That is, an internal improvement is possible, it will be
called a Y~~!~n£~. Applying ~~(R.(j, •• ,s)) improves the table,
and has as a consequence: not ZsZ11Iprovllllllent(R... (j, •• ,s)) (this
particular variance is removed. see second remark above>.
although it may caus. other new vartances. Any finite part T ot
the table, however, can only take a finite number of improve
ments, since these are monotonic and reduce

SUM( (n,k> in T: Ub(n,k) - Lb(n,k) ),

which is a non-negative integer. When the sum equals zero, this
means that d m _ M is completely known for that part T of the table.

We aim at a table closed under a particular set o( construc
tions (the choice is still to be made). How can invariance be
obtained? The method suggested above is repeatedly finding a
variance and applying ~~. For a finite table this process will
terminate, and will result in a closed table. The removal of one
variance. however, may produce (many) others. A straightforward
w.. y of r'.mllvin<I .. II varl.w.nc •• i ••canninq t.h. whol. t ....ble. maldnq
wtl_lever' tnt4f>r'nolll lmpr'ovement. that are pu•• Jhl4f>, "ulll r'e.cannlng
the table until none are found for one complete scan. For a
fairly large table this will mean that many constructions are
tried without avail every time over and aver again. What we need,
is a systematic way of keeping track of all variances. This
shOUld not be too difficult if it is known what new variances can
be introduced by a removal.

Once we have a closed table, inveriance can only be dis
turbed by bound improvements from ·outside· (i.e. not based on
any of the constructions under which the table is closed), these
improvements will be called ~~~l. We seek to restore invari
ance immediately after making a single external improvement. When
the bounds in the table are not very tight, it could be more
efficient to make all po.sible external improvements before re
storing invariance. But only in the very beginning do we have
loose bounds .nd consequently the opportunity for many improve
ments. We suggest the following recursive algorithm to re.tore
invarianee. It is only an informal attempt, so the terms occur
ring in it are n~t w~11-def~ne1, but it has the right $tructure.



2. Theoretical Discussion

PROCEDURE Restore(t: triple) I
{ Remove all variances involving t as "input" }
VAR v: "vector" ; q: quadruple I
BEGIN
FOR "all constructions R" DO BEGIN

FOR "all occurrences of t in R" DO BEGIN
v := "vector of values for free variables in R

corresponding to this occurrence of t"
q :"" R(v)
IF IsImprovement(q) THEN BEGIN

AssignBound(q)
Restore(q.t)
END { if}

END { for }
END { for }

END { Restore }

When q is a possible external improvement,
will be:

the calling sequence

( .lsBound(q) }
"',.. ( q) ;
{ all variances--if any--involve q.t as "input" }
Restore(q.t)
{ the table is invariant }

Notice that "'''' cannot be used in the body of Restore. The calling
sequence can be rewritten as:

( .lsBound (q) }

IF .ls.lmprovement(q) THEN BEGIN
AssignBound(q) ;
{ all variances--if any--involve q.t as "input" }
Restore(q.t)
END { if}

{ the table is invariant }

We see that this sequence also occurs inside the body of Restore.
It can be eliminated in the following way, combining the implied
one-point monotonic modification With the restoration of invari
ance. The resulting recursive procedure is called Update.

15



PROCEDURE Upaate(q: quadruple)
( Pre-condition: ZsBound(q).

Post rondlt Ion: q I. In~nrpnrRted In the table, AND
no v.ri~nce. were 4dded, I.e. the ones that were
introduced have all been removed as well.

}

VAR v: "vector" ,
BEGIN
IF ZsZ.prove••nt(q) THEN BEGIN

AssignBound(q) J
FOR "all constructions R" DO BEGIN

FOR "all occurrences of q.t in R" DO BEGIN
v := "vector of values for free variables in R

corresponding to this occurrence of q.t"
Update(R(v»
END ( for )

END ( for )
END { if }

END { Update } J

Its calling sequence is:

( the table is closed AND ZsBound(q) }
Update(q)
( bound q has been incorporated AND the table is closed )

REMARKS:
--The stacking mechanism involved in the execution of these

recursive procedure. keeps track of 811 potential variances.
"IF ZsZ.prove••nt" detects true variances (except for the
outermost invocation of Update, where it checks the useful
ness of the new bound), AssignBound eliminates one (again
excepting the outermost invocation of Update, where it makes
the external improvement, thereby possibly introducing the
first variances), and the FOR-loops (with recursive call)
"extend" the list of potential variances with the ones that
may have been introduced by AssignBound. The initial list is
trivial.

--The post-condition of Update is to be proved under the
assumption that each recursive invocation in the body termi
nates in the given post-condition (like the step of an
induction argument); that is why it is somewhat stronger
than wh~t the outermost Invocation i. to accomplish.

--Because the lable is considered unbounded, these procedures
may never terminate. But they do not leave any variances,
and they do not cycle (get stuck), the only problem is that
they may "run away" (see section 3.2 for more on this
problem). This can be understood by considering any finite
part T of the table, where ZsZ.prove.ent is modified to
return false if q.t lie. out.ide T. A termination argument
for this situation was given at the end of section 2.3.

16
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Some constructions have more than one input (in particular:
B, C and D). When restoring invariance they have to be considered
more than once (that is what the second FOR-loop in Update does).
In constructions C and D the inputs are almost independent, so
that the second input can be chosen in many ways even if the
first is fixed. The notion of a propagation rule (or function) is
a refinement of that of a construction, such that it has only one
input. This makes no difference for P2, P3, P4, A, and E. B, C,
and D, however, decompose into several propagation rules. The
advantage of propagation rules is that they are all alike, this
simplifies reasoning about, for example, the effect of applying
constructions one after the other (see section 2.6).

We define a aLQQ~9~~lQn ~g~~ to be any partial function P,
mapping bound quadruples into bound quadruples, possibly involv
ing values of the table Lb and Ub, and which satisfies:

for all q in dom(P): ZsBound(q) ==> ZsBound(P(q)) (26)

where domCP) is P's domain. Since there is only one table, we
shall not explicitly writ. Lb and Ub as arguments or parameters
to the propagation function. The function argument will often be
called input, the function value sometimes its consequence. By
the ~Q~l£~~ion of the propagation rule P at the location s we
mean the invocation ~~(P(Bound(s))).

Propagation functions can be derived from construction tech
niques. We use the construction's identifier also as a name for
the related propagation function (when there are more functions
related to one construction, the distinction will be made by sub
scripting or priming (')). The if-then formulation of the con
struction techniques is most suitable for the derivation, because
of the implication in (26), and the occurrence of d M _ M in the
definition of ZsBound. The derivation is straightforward. For
instance, C'M was obtained by taking d = Ub(n,k) in the fifth
proposition for the effect of construction C (see section 2.1),
and afterwards substituting nand m for resp. m and n.

P2(b,n.k,d) : = (}ower,n+l,k,evenceil(d)) case b=lower
(upper,n-l,k,gvenfloor(dl I case b"upper

P3(b,n,k,d) .- (lower,n-l,k,d-l) case b=lower.-
(upper,n+l,k,d+l) case b=upper

P4(b,n,k,d) .- (lower,n-l,k-l,d) case b=lower.-
(upper,n+l,k+l,d) case b=upper

A(b,n,k,d) .- (lower,n-d,k-l,ceil(d/2») if b=lower
ECb,n,k,d) := (upper,n+2*d+l,k+l,2*d) if b=upper

17
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Using propagation rUles the notion of invariance can be
redefined in an obvious way. Invariance of lower bounds w.r.t.
construction D corresponds to invariance w.r.t. propagation rules
D~ and D'~, for all j. With the new notion it is easier to pin
point what a variance is, it is completely specified by a propa
gation rule R and a triple s, for which we have
IsI~prDve~ent(R(BDund(s»), allowing an internal improvement.
Using propagation rUles. the procedure Update can be rewritten as
follows.

if b=lower
if b=upper
if b=upper

it)
if b-upper

if b=lower
if b=lower

case b=lower
ca.e b=upper
If b-Iower

(lower,n-Ub(n,n-k),k-Ub(n,n-k)+l,d)
(lower,n-s,n-k-s+l,Lb(n,n-k»
(upper,n+s,k+s-l,d)

where 5 - MIN ( t I Ub(n+t,n-k+l)
(upper,n,n-k,Ub(n-s,n-k-s+l»

B~(b,n,k,d) :=
Ba(b,n,k,s) .-
B3(b.n.k,d) :=

B4 (b,n,k.s) :=

Cm(b,n,k,d) :=

REMARKS:
-_NCase N indicates a definition by cases, Hif H indicates a

restriction on the function's domain.
--lhe domains of these functions were not clearly defined; b.

n. k and d are to be restricted to Hvalues that make sense. N

The domain may be quite irregular, since it can depend on
the actual values in the table.

--B3 require. explanation. Actually s shOUld have been a
parameter (50 B3 ._), satisfying 5 1 Ub(n+s,n-k+l). But since
B3 ._ follows from B3 ._ when s < t (by P4), we might as well
restrict ourselves to the minimal 5.

--Notice that almost always the the bound kind of the conse
quence is the same as that of the input. There are two
exceptions: Ba (propagation from upper bound to lower bound)
and C' (propagation from lower to upper bound).

--In the propagation functions P2, P3, P4, A and E no values
of the table occur; they work directly from input to conse
quence.

--Propagation functions A and E have diSjoint domains and
could therefore have been combined into one function.

--For the same reason B~ could have been combined with any of
the other B t • This was not done for the sake of clarity.

--B.(b,n,k,Lb(n,k» B2 (b.n,n-k.Ub(n.n-k»
B3(b.n.k.Ub(n.k» == B4(b.n+s,n-k+l,sl (5 as in B3 )

Cm(upper,n.k.Ub(n.k» =m C'n(upper,m,k,Lb(m,k»
D~ (b,n.k,Lb(n,k» •• D'k(b.n,j,Lb(n,j»

(lower,n+m,k,d+Lb(m,k»
(upper,n-m,k,d-Lb(m,k»

C'M(b,n,k,c):= (upper,m-n,k,Ub(m,k)-c»

D~ (b.n.k,d) :- (lower,2*n,k+j,MIN{d,2*Lb(n,j)})
D'~(b,n,k,d):= (lower,2*n.k+j,MIN{Lb(n,j),2*d»
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2. Theoretical Discussion

PROCEDURE Update(q: quadruple)
( Pre-condition: ZsBound(q>.

Produce a table that incorporates the bound q, and
that has no new variances.

AND (27)
ca.e ql.t.b a lower
ca.e ql.t.b a upper

ql.t a q2.t
ql.d 1 q2.d
ql.d i q2.d

is defined asql -) q2

)

BEGIN
IF ZsZmprovement(q) THEN BEGIN

AssignBound(q) ;
FOR -all propagation rules R- DO

IF -q in dom(R)- THEN Update(R(q»
END ( if )

END ( Update )

Propagation rules can be combined by simple functional com
position. We shall write P;R to denote the function that maps q
onto R(P(q» (the semicolon was inspired by the sequential compo
sition operator for statements as used in many programming lan
guages>. When P and R are propagation functions, then so is P;R,
i.e. P;R satisfies (26). We shall now discuss some relationships
between the propagation rules given above and some of their com
posites. We introduce the binary relation -) on bound quadruples,
indicating that one bound is at least as useful as another.

For example, a post-condition of ~~(q) is: Bound(q.t> -) q,
expressing that ~~ does not weaken the table. If ql -) q2 holds,
then ZsBound(ql> implies ZsBound(q2> (but not nec.ssarily the
other way round; for instance, take ql z (24,15,5) and q2 =
(25,15,6». We define the identity propagation function Id by:
Id(q> :- q. We shall list a number of relationships between prop
agation functions in the following format: P r R, where r is ->,
<-, or -- (equality of quadruples>. This is meant to be read as:
for all q-(b,n,k,d) in the inters.ction of dom(P> and dom(R>,
P(q> r R(q) hOlds. The postfix operator * on a propagation

A new problem is that propagation rules are not independent. That
is, in order for Update--as defined above--to work correctly
(indeed restoring invariance) , the set of propagation rules
cannot be chosen arbitrarily. Invariance w.r.t. B1 is equivalent
to invariance w.r.t. B., as is readily seen from the last REMARK
above. But if invariance w.r.t. B1 is desired, then B. has to be
included as well. We need a &gma~ g~mggI111Qn of a construc
tion into propagation rules. It is obtained by deriving a propa
gation rule for each occurrence of Lb (or Ub) in the construc
tion, by performing a coordinate transformation such that we get
Lb(n,k) (or Ub(n,k», and then replacing it by d. Construction C,
for example, gives two propagation rules for lower bounds that
happen to be equivalent. The propagation rules above form com
plete decompositions.



function is used to indicate -a sufficient nUMber of times (10)
composed with itself,- it is an existential quantification inside
the universal quantification over the argument q, i.e. the number
may depend on q. Of course, proofs are required, but in most
cases they are trivial, and have been omitted. For lines with #
in front a proof is given below.

E -} P3*;P4
P2;E =... E;P2 if IItvlltn(d)
P3;E -) E;P3;P3;P3
P4;E == EiP4

B1 -} P4*iP3
P2;B .. == P4* if IItvtf1T1(dl
p~IB. B.IP~HPq* I f pq-clo••d
pq;B .. == B .. I P4* It P3-c1OEifPd

P2;B:a -) B:a if added) and P4-closed
P2;B:a -) B:a;P4 if evened) and P4-closed
P2;B:a -) B:a;P4* if P4-closed, in general
P3IB:a (- Ba if P4-closed
P4;Ba -) B:a;P2 if P2-closed

B::s -} P4*;P3
# P2IB::s =.. B::s;P2;P4* if P4-clos.<i

P2;B::s ..... P4* if IItvenCd)
P3;B::s;P2;P4* -) B;s if evened) and
P4;B;s == B;s

P2;B.. not reachable from B.. by P2,P3,P4
P3;B.. .= B.. ;P4
P4;B.. -) B.. ;P3 if P3 closed

P2;C... ... C... ,P2 if eVlltn(Lb(m,kl)
P2;C... (- C"'+ 1 if add(Lb(m,k» and P2-closed
P3JC... ..= C... ;P3
P4JC... -) C... ;P4 if P4-closed

C... (- C... -1IP2 if Lb(m,k) - Lb(m-l,k)
C... (- C...+1 ;P3 if add(Lb(m,k» and P2-closed

20

P3;P2 == Id
P3;P2 {- Id

P2;P3 == Id
P2;P3 {- Id

P2;P4 == P4;P2
P3;P4 == P4;P3

A -} P3*;P4
# P2;A == A.. P2;A (- AJP2

P2;A {- A;P2*
P3JA (- A
P4;A =- AJP4

if IItvlltnCd)
in general

if added)
in general

if added)
if IItvlltn(d)
in general



P2; D~ -) D,t;P2;P2 if P2-closed
P3;D,t -) D,t;P3;P3 if P3-closed
P4; D~ no relation giv.n
P2;D' .1-> D'~;P2;P2 if P2-closed
P3; D' ~ -) D',t;P3;P3 if P3-closed
P4r D' .I -) D' ,t r P3; P4 if P3-closed

D,t -) D' ~ if Lb Cn,j ) So d
D' .I -) D,t it LbCn,j) 2. d

Proofs for relationships prefixed with #:
CP2 r A) Clower, n, k, d )

{ def. of ; and of P2 }
== AClow.r,n+l,k,evenceilCd»

{ def. of A }
Clower,n.l-evenceil(d),k-l.ceil(evenceil(d)/~»)

( use (5) and (4) Cidempotency of ceil) }
== Clower,n+l-evenceiICd),k-l,ceilCd/2»

( case analysis: evenlodd d, and (7) }

== Clower,n-d+1,k-1,ceilCd/2» case evenCd)
aa Clower,n-d ,k-1,ceilCd/2» case oddCd)

{ def. of A }
== AClow.r,n,k,d) cas. oddCd)

CA; P2) Clower, n, k, d )
{ d.f. of I and of A }

== P2Clower,n-d,k-1,ceilCd/2»
{ def. of P2 }

== Clower,n-d+l,k-1,evenceilCceilCd/2»)
( (8) and def. of -) }

-) Clow.r,n-d+l,k-1,ceilCd/2»
{ above }

.= CP2rA) Clower,n,k,d) case evenCd)

CP2IB~) Cupper,n,k,d)
{ def. of ; and of P2 }

== B~Cupper,n-l,k,even~loorCd»

{ def. of B~ }
== Cupper,n+s-l,k+s-l,even~loor(d»

where. := MIN 5, 5:- ( t I UbCn+t-1,n-k) it)

CB~;P2IP4*)Cupp.r,n,k,d)
( def. of r and of B~ >

== CP2IP4*)Cupper,n+u,k+u-1,d)
wh.re u := MIN U, U:= ( t I UbCn+t,n-k+1) it>

{ def. of ; and of P2 }
== (P4*) Cupper,n+u-1,k+u-l,even~loorCd»

{ def. of P4, taking * A5 i tim•• }
== Cupp.r,n+u+i-l,k+u+i-l,even~loorCd», where i 2. 0

If the table is P4-clo••d, then UbCn+t,n-k+1) So UbCn+t-l,n-k)' 50
5 is contained in U, and hence u So.. By taking i = s-u, we get
P2;B3 == B3 ;P2;P4* if P4-closed.
(End of Proofs)
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2. Theoretical Discus.ion

REMARKS:
--Let R(i,j,k) stand for a composition of P2, P3, and P4

occurring resp. i, j, and k time. in any order. All P4's can
be shifted to the right since they commute with both P2 and
P3. By repeatedly ·cancelling· adjacent P2's and P3's we get

R(i,j,k) <- i-j times P2 I k times P4 if i2j
R ( I , j , k ) <- j - I time. P3 I k time. P4 i f j 2 i

With each bound we as.ociate a ctf.r.nk~, indicating the
bound's ~!.!~ll.Q!!. A bound is said to be 1.n!.~r..IlAll~ justi
fied, if it can be derived by a construction, possibly involving
other bounds in the table (it is the result of a propagation rule
or P1); the construction's name may serve as reference in this
case. Other (ad hoc) proofs of bounds will be called ~~r.nAl

justifications; the article containing the proof, or its origi
nator's name, can be used as reference. A bound can, of course,
be justified in many ways, even internal and external justifica
tions do not exclude each other. Circular justifications are not
acceptable. For example, [8,4,3] and [9,4,6] justify each other
by the addition of a parity check (P2) and by puncturing (P3),
hardly satisfactory since neither exists.

The procedure Update can be given an extra parameter repre
senting the reference for the bound. When the table is changed
(by AssignBound), the associated reference can be updated as

w.. ll, roflt>t:tin<J th. jll.tifir..ation of the nt>w bounc1. Upd.t. will
never 9ive r-t!!le to tnternlll juetifJclIllJun cYL_lvs. Cycle. Involv

ing an external justification are of course still possible: for
instance, two articles each referring to the other for some
intermediate results. Or even more dangerous: an article that
constructs bound u via an ingenious method using, it says, bound
v from the table. What if u is incorrect because v does not occur
in the table, but the incorporation of u has as an indirect con
sequence v, so that after the update v does occur in the table?
The program can not be expected to detect these flaws. There are,
however, some additional problems with references. These will be
discussed below and in section 3.2.

We prefer the internal justifications P1 through P4 to
others, because they are simpler. The corresponding construction
is easier to carry out, and the other bound involved--if any--has
length and dimension differing by at most one from those of the
bound justified. In the table as pre.ented in appendiX I, the
references P1 through P4 have been omitted, they are called
lmQl1£!!. references, the others .~1!k11. This was done in order
to make the table better readable. There are many of these, and
P4 Rcommutes· with P2 and P3 (se. s.ction 2.6), so that in most
ca'l>f~l'!l lh. chulce WDlllc1 !IIi.em lIlr-bltrary. E.g., [6,3,3] can be
derived trom [8,4,4] by P3;P4 (via [7,4,3]), or by P4iP3 (via
[7,3,4]), so both P3 and P4 are possible as reference on [6,3,3].
The interpretation of an implicit reference requires a little
more attention, see section 4.1 for a recipe. The preference of
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implicit reterences complicates the updating process, because now
references may have to be changed not only when a bound is
improved, but also when it is equalled by a P2, P3, or P4 conse
quence. In the latter case we shall wBnt to replace the existing
reference by an implicit reterence (calleod !ill!1!l.9 a reference for
short). Some care is needed with reference wiping, in order not
to Wipe the external reference that started the update (see sec
tion 3.2 Ad (iii)).

Although we are anxious to avoid circular justifications, it
appears that reference cycles may have to be accepted. Starting
from a bound, repeatedly following its reference to another bound
(any of the others, if more than one is referenced, as with S, C
and D), should ideally. end at a bound that is justified exter
nally, or by Pl. Imagine, however, a table that allows an
improvement at location s, which by a propagation chain improves
itself during the restoration of the table's invariance. What
should be the reference at s, the external reference, or the last
reference of the improving chain? Both are required to recon
struct what has happened. So the history of a table of bounds
cannot be neglected. Self-improvement can be detected, but it is
only one manifestation of the problem. What about an improvement
u that together with bound v constructs bound w, where a conse
quence of w makes an improvement (or wipes a reference) somewhere
in the justification chain for v. This is much harder to detect
dynamically during updating. As far as we know (by visual inspec
tion aided with the report., like in AppendiX III), there are no
reference cycles in our table. A program could be written to
verify this.
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In this section we shall deal with more practical
while postponing implementation details to .ection 4.

issues,

As already mentioned in the introduction, invariance under
more propagation rules generally implies tighter bounds, but also
requires more effort to compute the closure. It does not pay to
include a propagation rule that is no stronger (in the sense of
(a) having a larger domain, or (b) the relation -») than all the
others and their composites.

We used the following propagation functions in the construc
tion of our tables: P2, P3, P4, A, B, C~ (restricted to b =
lower), D~, D'~, and E. The upper bound consequences for con
structions C and D were omitted, because they did not seem to be
very effective, but would give rise to many additional propa
gation rules; checking all of them for every improved upper bound
seemed a waste of computing time. Their ineffectiveness was not
proved, but some unsuccessful attempts at internal improvements
using them on tables generated without them convinced us. By the
way, inspection of the updated table also reveals that construc
tions C and D have lost (most of) their power for improving lower
bounds as well, since even the maximal increase of a lower bound
(by making it equal to the upper bound) does not introduce a
variance w.r.t. constructions C and D. The contribution to lower
bound!& by construction B is not very impressive, n4Pither that of
A When compdred to the dmount ot upper bound consequences tor B
and E.

When we designed the procedure Update in section 2, there
were several aspects that we ignored, and that turn out to be
problematical. (i) The table that we intend to maintain is
finite, 50 the artificial boundary comes into play. (ii) Update
is inefficient. (iii) The updating of associated references has
to be incorporated.

Ad (i).

The finitene.s of the table is demanded by out storage
facilities, and is reqUired for the termination of Update. There
for we introduce an artificial boundary by restricting the length
parameter n to values less than, .ay, 1281 this brings along
some new problems. Bounds (codes) that fall outside the arti
ficial boundary can be ignored as far as invariance is concerned,
although we should not totally neglect them if we want the best
possible bounds. Especially not if they are close to the bound
ary, because by using a construction technique we might very well
derive a bound improvement Within the table. How far outside does
it make sense to keep this up? The problem i. that it may take
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several applications of propagation rules to get inside;
puncturing, for instance, seems worth the trouble.

twice

The artificial boundary also causes a referencing dilemma.
What reference do we associate with a bound u that is the result
of propagation rule P applied to a bound v outside the table
(justified by ZZ)? Neither 'P' nor 'ZZ' alone is sufficient to
trace u to its origins, since its justification chain can never
be followed further than v (because bounds outside the artificial
boundary are not stored, there is no reference attached to them).

Ad (i i ) •
Update considers all possible chains of improvements, it

attempts to extend the chain by using a propagation rule. This
means that starting from the place where it makes its first
improvement, all possible composites of one or more propagation
functions are applied. A composite P;R 1s not considered if P did
not result in an improvement, since the table is assumed invar
iant before the outermost invocation of Update, hence R cannot
improve if P didn't. This already cuts the number of interesting
composites considerably, but in the light of the properties in
section 2.6 many more composites can be dropped. For example,
none of P2*,P3*,P4*,A need be considered, if all of A,P2*,P4* are
investigated as well.

Ad (i i 1 ) •
Our preference for implicit references and abhorrence of

(too obvious) reference cycles poses another problem. The fol
lowing version Of Update is unacceptable.

PROCEDURE Update2(q: quadruple, r: reference) , ( no good )
BEGIN
IF ZsZmprovement(q) THEN BEGIN

AssignBound2(q,r) J ( make improvement)
FOR -all propagation rule. R- DO ( remove variance)

IF -q in dom(R)- THEN Update2(R(q),'R')
END ( improvement )

ELSE IF -q zm Bound(q.t)- THEN
IF -r is an implicit reference- THEN

AssignBound2(q,r) ( replace reference)
END ( Update2 ) J

n,k: 6 7

----+-----+-----+

----+-----+-----+
: E lT3

24 I 10 : 10
----+-----+-----+

n, k: 6 7

----+-----+-----+
I G

"2£ I .."

•
23 : 10 8-9

----+-----+-----+
I E I :

24 I 10 : 9-10:
----+-----+-----+

72

23

9

10

8

9



3. Pra~atic Considerations

It is not acc.ptabl. b.cau.e the following .cenario Is possible.
Th. bound u • (low.r,24,7,10) is to be Incorporated with r.fer
ence 'T3' in the table shown on the left (It was taken from the
table in [All for an explanation of the table's format see s.c
tion 4.1). This bound u has as P3-con.equence v = (low.r,23,7,9),
which is also an improv.m.nt. The P4-consequence of v Is
(lower,22,6,9), which only equals the bound With reference 'G.'
Th. scoundrel is, how.ver, v'. P2-con••quence (lower,24,7,10),
which equals the original bound u. Wh.n UpdateZ(u,'T3') is
invoked, the r.f.r.nce 'G' is wiped as d•• lred, but the reference
'T3' soon al80 disapp.ars after being enter.d corr.ctly. The
table shown on th.. r'iqht i. what w.. would havlP liklPd. In its zpal

to apply all propagation rule. at each improvement UpdateZ may
introduce an obvious two-reference cycle (involving P2 and P3)1
notice that the bound. are corr.ctly ju.tlfled, only the associ
ated references will be circular. In order to prevent this,
Update will have to know .omething about its calling history, for
instance via an additional parameter, but we propose a different
solution.

Our approach consist. of restoring Invarlance w.r.t. P2, P3,
and P4 nonrecur.ively prior to the recur.ive application of other
propagation rules. This i. fairly .impl. owing to their composi
tion properties (see section 2.6), and ha. several advantages.
~ will be u••d to .tand for P2, P3, and/or P4. P234 invarianc.
can be establi.hed much mar. efficiently when done nonrecursive
ly, furthermore it allow. P234 compo.ition properties of other
propagation rules to be taken into account, thereby further
increasing efficiency. Thl. is all we shall do about (Ii). Two
reference cycl.s can also be ea.ily avold.d without strengthening
the obligation. of Upd.te, thereby .olving (iii). And it enables
us to take a fair stand on bound. out.ide the artificial bound
ary: to get inside, P234 will be applied repeatedly (composing
them nonrecurslvely), and of the other propagation rules those
that d.creas. the bound'. length will be applied r.cursiv.lyl
this d.als With on. of our concerns .xpr••••d in (i).

The obligations of this new proc.dure Update have to b. for
mulated carefully, Its implementation i. a delicate affair.
Instead of giving a fully d.tail.d de~crlption of Update With all
assertions reqUired for a corr.ctn••s proof, we shall discuss
some of the problems .ncounter.d, and our way of attacking them.
Update roughly gets the following structure, which can be vi.wed
as a transformed version of the original proc.dure.
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3. Pra~atic Considerations

PI<UCI::.UUlott:. Clp".e.(q: qu.druple. r: r •••r·.nL... 1 I

(a) {pre-condition: ••• , post-condition: }
VAR V: SET OF quadruple; { see (c) and (e) }

BEGIN
V :- [] ; ( V became. the empty set}

(b) IF"q is interesting" THEN BEGIN
(c) "make improvements on account of P234, seeing to it that

P234 invariance is finally restored again, thereby
possibly introducing ather variances; add each such
improvement to V; also take care of the proper
references, possibly wiping same" J

(d) FOR "all non-P234 propagation rules R" DO
(e) FOR "all quadruples p in V" DO
(f) IF "R is applicable to p and reqUired"
(g) THEN Update(R(p),'R') ;

END ( if}
END ( Update } ;

Ad (a).

Update'S pre-condition is changed to "the table is closed under
P234" AND ("ZsBound(q) an account of r" OR "q lies outside the
natural boundaries"), bounds outside the table simply being dis
carded. The reason for doing so is that q does not belong to the
domain of propagation function R if R(q) falls outside the natu
ral boundarie., part of the test "q in dom(R)" can now be defer
red to a recursive callan Update, so that propagation functions
can be applied naively. Update's past-condition i. strengthened
to "incorporate q" AND "do not introduce new variances" AND "the
table is closed under P234." Closure of the table under P234 is
now an invariant of the procedure Update, this is helpful in (c)
and (f).

Ad (b).

Because of (i) Update only takes action if"q is within all
boundaries" AND "q is an improvement, OR "q is Within the natural
boundaries, but outside the artificial boundary." In the latter
case an attempt will be made to derive bounds closer to or within
the artificial boundary. No construction. are considered that
first lead away from the artificial boundary, even though it is
po•• ible that this would later result in something interesting;
these detours can not be done tor lack of a good ct'iterium to
select a finite number of promising composites (termination
reqUirement).

Ad (c).
Due to the composition properties for P234 (see section 2.6, esp.
the closing REMARK) and the assumed closure under P234 (see (a»
it is fairly easy to find all interesting P234* con.equences of q
(* indicating repetition), but the artificial boundary reqUires
some care. We have chosen the following strategy. P3 is applied
zero or more times to q until it is usele.s, to each of the.e
reSUlts P4 is applied zero or more times (until useless). P2 is
applied once or more until usele.s, to each result P4 i. again
applied repeatedly. In this way all interesting P234* conse
quences of q (q's f~~~ ~A for short) are generated, including
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3. Pr.~.tic CDnsideratiDns

q itself. Each improving P234* consequence is to be added to the
set V, so that all remaining variance. can later on be removed
recursively (see (e)l. Thi••et V i. an admi.tration local to
each invocation of Vpdat.. It. repre.entation in PASCAL is some
what problematic, since .ets of records are not allowed.
Actually, maintaining a .et of triple. in.tead of quadruples
suffices, the table can be con.ulted for the associated distance.
Such a set of triple. can be repre.ented by its characteristic
function. Under (e) we discu.s a method of doing this in one
global variable. it introduces the po•• ibility of interference
between these local administration., but this turn. out to be
benef i c ial.

If a P234* consequence is useles. but give. the same bound as in
the table, then the associated reference can be wiped
(CoDdWipeRef in appendix IV, .pecial care is needed when q lies
outside the artificial boundary). P2 is never applied after P3,
nor the other way round, .0 the two-reference cycles mentioned in
(ii) will not occur. The reference as.ociated with q will be r,
q's P234 consequences get an implicit reference. If, however, q
lies outside the artificial boundary, but (some of) it. P234*
consequences improve the table, then we want an explicit refer
ence somewhere, giving at lea.t a hint about how the improvement
arose (see (i)). The current version of the updating algortihm is
rather naive in this respect, and puts far too many explicit
references on the artificial boundary, superflUOUS ones being
removed manually.

In order to deal with the artificial boundary, it is good to have
an idea of the P234* area's anatomy. On all the diagonals gener
ated by P4 the bound is constant (equal to q.d); in P2's direc
tion it is also constant (but possibly differing by one from
q.d); in the direction of P3 it is steadily decreasing (increas
ing) by one on each step for lower (cq. upper) bounds. It is not
necessary to generate that part of the P234* area outside the
artificial boundary, so in our program is incorporated a
straightforward method to .kip that part.

Ad (d).

This FOR-loop can be unrolled and each non-P234 propagation rule
dealt with separately in an ad hoc fa.hion.

Ad (e).
All the variances introduced by (c) have their inputs in q's
P234* area, as registered in the .et V. Previously there was only
one such input (viz. q it.elf), therefore the stacking mechanism
kept track of the location of all (inputs of) variances during
the recursive calls (g), obviating the set V. We want to repre
sent V without introducing too much overhead, and such that it
can be easily traver.ed. Is it feasible to reconstruct q'. P234*
",r' • .Il fr'l:lhl q ... lone',' Well, q i. Irlde.d kept Intact by the .t.ckln9

mechanism, but the table has possibly undergone radIcal changes
as a result of the recursive calls. It would be fairly easy to
find an encompassing area; it might, however, be much too large,
giving rise to many unneeded applications of propagation rules.

28



We have chosen to mA~k q'. P234* area in the table while doing
(c), this amounts to representing V by its characteristic func
tion. With each bound in the table there is--besides the current
bound on the minimum distance--a reference, and a mark. At first
one might think of a boolean mark, but the recursive nature of
Update introduces enough problems to drop this idea (the q's
alone do not give enough clues to distinguish between the local
V's, which may be adjacent). We use integer marks: an invocation
of Update marks with its recursion depth (1 and up), 0 indicating
unmarked. That overlapping V's cannot be represented in this way
is no problem, a variance needs to be removed but once. V's grow
only at (c) on the deepe.t recursion level, which takes prece
dence in case of overlap. The traversal of the set V at (e) is
accomplished by starting from q (itself a member of V), u.ing the
P234 rules for .tepping, and u.ing the mark. to decide when to
stop. In a certain .en.e a P234* area i. convex and, hence, con
nected. With the way we finally implemented marking, it is not
necessary to remove the marks afterwards (a .elected few beyond
the P234* area'. boundary are removed While marking), but one
re.triction is that the P234* area has to be traversed in the
same waya. it was generated under (c). When q lies outside the
artificial boundary, no marking i. done. Due to our choice of
propagation rules only q and not it. entire P234* area is
required for the application of rule. that decrease the length
parameter (and for the removal of variance. introduced by q's
P234* con.equences). The a ••ociated reference will be that of the
propagation rUle, the reference with the bound out.ide the arti
ficial boundary i. lo.t.

Ad (f).

Applicability ot. propa9ation rule R to bound p should t0gether
with (b) cover the te.t "p if! dotn(RI." Only undefined compllt.··

tions have to be prevented by (f), like acce•• ing a bound outside
the table; resulting in a negative dimension i. alright, and is
eliminated by (b) one recursion level deeper. The properties of
composition (.ee 2.6) allow us to reduce the number of applica
tions, becau.e Updat. (on the next level) always applies P234
repeatedly. For example, rule A need only be applied to q and not
to the other bounds in its P234* area. It is also nice to know
that the table is closed under P234 prior to the application (see
(a) and (c», so that even more properties can be used. Invari
ance w.r.t. Besides, P234 is a more natural state of the table
since it expresses certain monotonicity properties. For instance,
in the light of the properties for CM and clo.ure under P234, Cm

only ha. to be applied to q and it. P4 con.equence., and only for
tho.e m that .atisfy odd(Lb(m-l,k».

Ad (g).

We have usually put (e), (f) and (g) together in one (or more) ad
hoc procedure(s) for each non-P234 rule, the supplied reference
in (g) is simply a con.tant, and is alway. an explicit reference.
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3. Pragaatic Considerations

At first we thought of u.ing a trivial initial table (one
that is easily generated), and u.ing Update to turn it into a
table closed under our .election of propagation rules. Update as
described above reqUire. the table to be closed under P234 , so
that is also a prerequi.ite of any initial table. Two trivial
table. sugge.t themselve.. The most trivial table has not even
incorporated PI: Lb(n,k) • 0, and Ub(n,k) .. "infinite,· for all n
and k. This table is al.o invariant under all the other propaga
tion rules. It should be turned into an initial table by incorpo
rating PI, which can be done by using Update to introduce the
bounds: (lower,MaxN,I,MaxN), (lower,MaxN,MaxN,I), and
(upper,!,!,!). The representation of ·infinite· is troublesome,
but the representation for the table a. used in the programs
makes it even less interesting (see section 4.2), since the
bounds on the natural boundary n .. k would initially not be
equal. Another quite trivial table is:

I n
Lb(n,kl .. < £

\ I

(k ,. 11

(1 < k ( nl
(k .. n)

Ub(n,kl n-k+1 (1 i ki n)

It is closed under P234, even PI is incorporated, and it does not
have the representation problem. of the preVious one, but it
takes a careful analysis to find out which improvements have to
be made for it to become clo.ed under the other propagation
rules. Since we did not use this table either, we shall not go
through the s.arch for a (minimal) set of improvements by consid
ering all the variances in this table. The reason for discarding
this alternative as well is that it take. Update an enormous
amount of time to compute the closure. This is not so strange
because the table allows for a lot of improvement, the point is
that each tiny improvement causes an avalanche of other small
improvements. Update doe. not wait for the big catch, and conse
quently is running through a huge number of propagation chains,
piling one improvement up another, the final value at a partic
ular location being obtained only after what seems to be the
maximal number of minimal improvement••

So we abandoned the idea of a trivial initial table. We
would have to inve.t some effort in the initial table itself,
instead of letting Update do all the work. We came up with a one
pass dynamic initialization, determining once for each location
in the table what would be the best value from the other values
that were already available, by applying the constructions at
hand. Any variance.--when known--can be removed afterwards by
Update.

The order of this single pas. over all locations leaves some
freedom. We have chosen for the natural writing order, starting
with length equal I and working downward. (increasing length),
..,~"I ... ,," ..... '0 'o""lh rlnln'J _II ,llmen.I,·!n", In Inr'ltAllllnq ord"rl

ci 1 I l he.- lowct,· uuund••, ... dUllet f t, 1Il t. I Llr ... t to t 1'1 .. l IIlII "* 1 I 1)"","1=

with the same length and smaller dimension, and all bounds with

30



3. Pra~atic Considerations

smaller length (any dimension) are available. So, tor lower
bounds we can consider the constructions P2, C, and D (followed
by P3 or P4 it the length is odd); tor upper bounds P3, P4, B
<port III, and E. rhl. implleR Invarlance of thp Initial t.bIp
w.r.t. the•• construction.. It 1. not au difficult to pruve <U/
induction on the number of computed entrie.) that the lower
bounds will be closed under P3 and P4 as well, similarly tor
upper bounds under P2.

While filling in the lower bound. any variances with respect
to A can be detected and written to a file, so that they can be
SUbjected to an Update afterwards. During the generation of upper
bounds variances under B for lower bounds and some upper bounds
are detectable in the same way. It turns out, however, that the
table generated in this way is immediately closed under our
.election of propagation rules, so the separate Update-pas. is
not needed. We have not proved that this is generally the case.
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The progr~mming language PASCAL wa. u.ed to write a bound
table mainten~nce package. This package of progr~m. was imple
mented in Burroughs Pascal (version 3.4.7~O) to run on a
Burroughs B7900 mainframe computer system. In section 4.1 we dis
cuss the outside of the package, expl~ining such user aspects as
the format of a table printout. Section 4.2 reveals inside
details, and serves as addition~l program documentation. Appendix
IV cont~ins the listings of the two most important programs in
th@ package.

Since the t~ble 15 fairly l~rge, it is impossible to find
out by simple visual inspection what h~s and what has not been
changed a. result of ~ series of updates. As an aid to the inter
pretation of an updated table, some statistics are maintained,
and during each update session a report is generated, indicating
major events. These events include: d._M completely known for a
particular parameter pair, along an entire column, or along an
entire rowj previous bound with external reference has been indi
rectly equalled (the reference is wiped out), has been super
seded. See Appendix III for the report generated while producing
the updated table.

Each new bound is checked before it is incorpor~ted in the
table. This is done to safeguard the table's integrity, because
it is next to impossible to undo a faulty update. It is always
possible, of course, to corrupt the table by feeding invalid but
lik@ly bounds. Ideally IsBound should hold before AssfgnBound is
done, but in its stead we enforce the more computable NOT
IsViolation. In case of a violation the program is aborted if
there is reason to believe the internal table to be corrupted
Ci.e. if the table was modified since the outermost invocation of
the Update that caused the violation), otherwise the Violating
bound is discarded.

FUNCTION IsViolationCq: quadruple): boolean;
( Is bound quadruple q in conflict with the other bounds?
)

BEGIN
_WITH q, t DO CASE b OF

lower: IsViolation :- Cd > UbCn,k))
upper: IsViolation :- Cd < LbCn,k))
END ( case )

END ( IsViolation ) ;

The table is partitioned in blocks for printing. Each block
to ...... ;''; (lIr ~'.!) r .."...... nd ~'(I ,n!l1ftln_ nl hl".,"1 1''''''111. Ihl. , ....hnllt

thco IllCiximum amOuI,t lh .. l tilb 0', \.Jilt!' pily'" of uur 11,..ep,-u.t .. ,- <ot,
lines of 132 columns), when a block has been formatted with hori
zontal and vertical separating lines every ~ bound pairs and each
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4. Iapl..entation Details

bound is accompanied by its reference. After an update session
there is an option to print all modified blocks with moditica
t I" •• ", "td"Jhll ..,ht"",-" A hlflrk 10; Id_"t I f I_d bi ~ p;:alr of hloc\.<
l.uur.II .... l"'•• l.h.....r", _hIH"HI I" lh. up~.' rand low., '·I')hl h.nd

corners. The code's length is plotted vertically, its dimension
horizontally.

A bound pair is printed as follows. If the lower and upper
bound are equal then d m _" is known, its value is shown centered;
otherWise both lower and upper bound are printed separated by a
dash (-I. A reference consists of a two-character string. an
implicit reterence is shown as two blanks.rhe reference as§oci
ated With the lower bound is shown over the bound's value (and
possibly a bit to the left); the upper bound's reference is simi
larly shown as a (right-hand) superscript. Between these refer
ences there is a high-lighting symbol, a blank indicates that
neither bound was modified during the update session; a less-than
(greater-than) sign «,> think of arrows) indicates that only the
lower (upper) bound was modified; an asterisk (*) means that both
bounds were improved.

How can the references in a table of bounds be interpreted?
An external reference (an explicit reference other than A through
E) directly refers to the REFERENCE section. Keep in mind that
any reference on the artificial boundary (n • 127) may have been
produced by a P234* consequence of a bound outside that boundary
(see section 3.2 (c)). The list below should help in interpreting
internal references. Notice that such a reference does not always
uniquely determine the other bound(s) involved, furthermore, it
may reqUire a search to find them. An implicit reference--one of
PI through P4--has to be reconstructed since it was omitted from
the table. We now give a recipe for the reconstruction of an
implicit reference. It is not unique, indeed that was one of the
reasons for their omission. If the bound lies on a natural
boundary (n = 1, or n = k), its missing reference is Pl. Other
wise, first try P4, next try P3 (if the bound is odd it must
work, since P2 always reSUlts in an even bound), then try P2;
take whichever worked first. If none worked, then the table is
not closed under P234.

Once the internal reference is known it can be traced to
other bounds. If this tracing is repeated--by taking any of the
oth",r bounds InvolvE'd alii new hound--it should alw.ys I ••d to PI,
an explicit reference, or outside the artificial boundary. If it
does not, then there seems to be something amiss with the refer
ences. In fact, the tracing process can only cycle for ever in
that case, so there is a reference cycle. In general, these are
hard to avoid, but in practice they have--as far as we know--not
appeared in our tables. For an example of a reference cycle try
to trace the bound (upper,83,40,20) in the table in tAl, actually
the explicit reference 'K' is missing there. In our table such a
two-reference cycle cannot occur, implicit references can always
be traced to PI or an explicit reference.
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Int.rnal r.fer.nc.
ill J.l D!!~.u..!l..t..kl

PI
P2
P3
P4
A
B

c

D

i!1 J.!:!eJllt!:......!l..t..kl
PI
P2
P3
P4
E
B

c

bQ~gnfi Q! bQ!:!n~ !:~fe!:!:~g 1Q
nDn.
( 1D r, n -1, k)
( 1 D r, n +1, k)
(ID r,n+l,k+l)
CID er,n+2*Lb(n,k),k+l}
(lower,n+s,k+s-l), (upper,n+s,n-k+l)

tor some 5 with 5 1 Ub(n+s,n-k+l)
(ID....r,m,k), (IDwer,n-m,k)

fDr BDme m 2. k
CID....r,ceil(n/2),j), (ID....r.ceil(n/2),k-j)

fDr SDme j < n

nDn.
(upper,n+l,k)
(upp.r,n-l,k)
(upp.r,n-l,k-l)
(upper,n-Ub(n,k)-l,k-l)
cupp.r,n,n-k), (upper,n-s,k-s+l)

...h.r. B s Ub(n,n-k)
(ID....r,m,k), (upper,m+n,k)

fDr SDme m

&Mm2.l~.. Q! ~!:Q!:.lil1.Umbuu Qn .t..b.t altiJt .!n &lan&1ls. 1
(upper, 12, 5, 4) H: s.e [H] fDr nDn.xistence Df [12,5,~1

(ID...er,127, 16,51) W.: punctured [128,16,52] frDm [We]

( ID....r, 38, 9,15) A: residual cDde Df [68,10,30]
( ID....r, 85, 8,40) B: cDnstructiDn Busing

[89,11,40] Ie (upper,89,78,4)
(ID...er, 24, 3,13) c: cDncat.natiDn Df [ 6,3,3] Ie [18,3,10],

Dr Df [10,3,5] Ie [14,3, 8] ,
Dr Df [11,3,6] Bot [13,3, 7]

(ID....r, 90, 7,44) D: (u,u+v) Dn [45,1,45] Bot [45,6,22]

(upp.r, 65, 8,30) E: Gri.sm.r bDund using (upper,34,7,15)
(upper, 18, 10, 4) B: via cDnstructiDn Busing

(upper,18,8,6) Bot (upper,12,5,4)

(ID...er, 63, 12,24): recipe (repeat.d) leads tD [66,18,23] 0,
equally gDDd are [66,14,25] L, and
[63,16,23] I (their P234* areas Dverlap)

(upper, 23, 12, 7): recipe (repeated) l.ads tD (upper,16,6,6)
E, equally gODd is (upper,18,10,4) B

Th. prDgrams Bou"dUpdater and Z"itialBt are list.d in Appen
dix IV. A table Df bounds is stDred in t ...D ...ays: during prDgram
executiDn it is in an (internal) ARRAV (TVPE BtArray), fDr mDre
p.rmanent storage a FILE is used (TVPE BtFile). Bou"dUpdater
reads in a BtFile, prDmpts via standard OUTPUT, reads cDmmands
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4. I.ple.entation Details

via standard INPUT, performs the specified operations on its
internal copy of the table, and afterwards writes it out to a
BtFile; it also produces a report via the FILE Report and a list
of applied updates via the FILE List; table printout is via the
FILE Pro InitialBt generates a BtFile and a list of improvements
on it, that can be used by BoundYpdater to obtain a closed table
of bounds. BoundYpdater interprets commands one line at a time,
the first non-blank on the line determines the type of operation
requested, the rest of the line constitutes a parameter list. The
following commands are available:

L: incorporate specified bower bound and restore invariance
U: idem tor ypper bound
S: ~ave internal table on file and print statistics
P: frint the block with specified coordinates
A: print 811 blocks
M: print all Modified-but-not-yet-printed blocks
W: print all blocks in ~allpaper format
Q: do S, finish off, and iuit program

The limitiations of PASCAL and the limited resources avail
able on the computer system running the software compelled us to
do some things in a less straightforward way. In what way this
influenced the design will be discussed next, along With other
aspects that are in want of explanation. To begin With, the
source text of BoundUpdater is divided in three parts, viz.
BoundUpdater, UpdateBt, and PrintBt; the latter two are textually
included in the first by the compiler. With each bound in the
table there is associated a two-character reference, an integer
mark, and a boolean indicating whether the bound was changed
during the update session (see the TYPE BtElement). The latter
two are only used during prosram execution, but are nonetheless
saved on the BtFile as well. Notice that the reference is not of
TYPE Reference, for otherwise BtElement would not be packed in
one word (6 bytes) because of alignment restrictions.

The TYPEs triple and quadruple were not used since PASCAL
lacks a RECORD constructor and does not allow a RECORD to be
returned as function value. Hence the function Bound becomes use
less, and was accordingly eliminated. The function IsBound is
only a conceptual function, never intended to be put in the pro
gram. The procedure AssignBound does not explicitly occur by that
name, it was swallowed by ~a~eImprove.ent, a procedure that also
does some other things besides modifying the bound (e.g., check
ing for violation, updating the statistics, and reporting some
major events).

PASCAL does not know triangular arrays, and two square
arrays each half-filled require too much space (for n < 128,
there are 16256 bounds, each occupying one word (6 bytes) of
storage, that is about 92K bytes; doubling this would go too
far). We decided to put upper and lower bounds in one square
array Bt, lower bounds in the lower left triangle, upper bounds
in the upper right triangle. That is, for 1 i kin we have
Bt[n,kJ.dist = Lb(n,k), and Et[k,nl.dist = Ub(n,k). The diagonal
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4. I.pl..entation Detail.

is sha~ed by both t~iangle., this i. po•• ible since the value of
dm _ K is known on the boundary n • k eviz. equal 1), 50 uppe~ and
lower bounds are the same. This sha~ing does call fo~ ext~a ca~e

when using the array Bt.

Seve~al nonstanda~d PASCAL features have been used.
will now be listed accompanied by a sho~t comment.

These

Compile~ Directives: a line sta~ting with a dollar sign e$) is an
inst~uction for the compile~, and not part of the p~ogram as
such; these are used to enable or disable certain compile
time options (like listing o~ range checking>, and such
things as conditional compilation e$ SET OMIT = and $ POP
OMIT> and source file inclusion e$ INCLUDE).

Identifie~s: uppe~ and lowe~ case are equivalent; all characters
are significant; may contain (significant) unde~scores.

PACKED: our prog~am ~elie. on effective packing; without it the
table would increase in size appreciably; this is of cou~se

implementation dependent, the (7) Pascal standa~d doe. not
prescribe anything on packing.

FILE: associated with a file a~e a number of attributes elike its
title if it is a disk ~esident file>, the values of which
a~e determined by: defaults, the program heading, file
attribute equations at program invocation, and special pro
cedures (see below).

STRINGen): p~edefined type; a variable length st~ing of at most n
characters.

MIN, MAX: functions with a va~iable number of paramete~s all of
the same scalar type, returning the minimum resp. maximum.

RUNTIME: parameter less function returning the amount of process
time (in seconds) elapsed since the program started; result
is of type real.

IORES: pseudo function that can serve a. a constant indicating an
1/0 result; it. actual parameter is re.tricted to a number
of identifiers that only have a .pecial meaning in this con
text elike Ok and DataErr).

ABORT: parameter Ie.. procedure that immediately aborts the pro
gram'. execution.

GETATTRIBUTE, SETATTRIBUTE: procedure. to inspect and modify file
attributes; they have a special syntax.

CLOSE: procedure to close a file; its fi~.t parameter is the file
to be closed; its second parameter is optional and indicates
a special action, it is restricted to a number of identi
tiers that only have this sperial meaning in this context
(like SAVE and CRUNCH).

READ: when used as procedure an 1/0 error aborts the program; can
optionally be used as a function that returns an integer
indicating the 1/0 result without aborting.

OTHERWISE: an extension of the CASE statement; this reserved word
is not followed by a colon; it is syntactically the last
alternative; it can be followed by a statement list that
will be terminated by the .tandard END; this alternative is
semantically chosen iff none of the others apply.
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We used our bound table maintenance package to reconstruct
Helgert and Stinaff's table in [Al, which was to serve as the
starting point for a more up to date table of bounds. For the
reconstruction we extracted all bounds from their table th.t had
external references (i.e. 'F' through 'Z', see Appendix II), and
used these to update our initial invariant table (which is based
solely on PI and all possible constructions by P2, P3, P4, and A
through E). We did not recheck the correctness of all these
externally determined boundS, but we could not trace their lower
bound 26 on dm_~(59,8), which has reference 'U.' It is the only
'u' in their table, and it refers to construction VI, which is
the basis of the general construction B; it might be that there
is a [63,11,26l-code with a dual code of type [63,52,4l (we know
4 i dm_~(63,52) i 5, but that is not enough). Two external refer
ences are missing in their table: the lower bound 23 on
dm_~(127,57) is on account of 'I,' and the upper bound 20 on
dm_~(83,40) is from 'K.'

Our reconstruction of the table in [Al revealed some of its
shortcomings. First, our program showed that the table in [Al is
not closed under any of the constructions A through E, substan
tiating the concluding remark in [Al that the effects of B had
not been fully evaluated. Using the same data, the program found
the follOWing (internal) improvements, written as (bound kind,
length, dimension, bound on distance); their P2, P3 and P4 conse
quences are not mentioned, (**) indicates a second order improve
ment:

( lower, 38, 9, 15) A (upp.r, 88,16,36) B
(upper, 62,12,26) E (upper. 91.16.38) B
(upper, 66, 9,30) E (upper, 91,25,32) B (**)
(upper, 68,17,26) E (upper, 94,25,34) B (**)
(upper, 71,13,30) E (upper, 98,25,36) B (**)
(lower, 72,14,28) A (lower, 98,31,23) D
(upper, 76,24,26) E (upper,101,25,381 B (**)
(lower, 79, 7,37) C (upper,125,25,50) E
(upper, 81,16,321 B (upper,125,36,441 E
( lower, 82, 7,39) C (upper,127,10,60) E
(upper, 84,16,34) B

Second, there are some minor differences in the references,
that were associated with each bound. Most remarkable are: (a)
the omission of the superfluous references 'c' and 'I' for the
lower bounds on resp. dm_ M (105,18) and dm• M (31,21) (both bounds
are also justifiable by P3 and P4, going back to resp.
(lower,117,20,431 'X,' and (lower,33,22,6) 'N'); (b) the avoid
ance of external justification for a number of bounds (see list
below: the lower bounds were justified by D and P3; the upper
bound by E). It must be noted that a different order of incorpo
rating external improvements Will, generally, result in different
references, so (b) is not very telling.
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~. Concluding R..arks

( lower, , 4, 31 I, ,
( 1ow.r, 15,11, 3) I
(lo....r, 31, 6, I~H I
(lo....r, 31,26, 3) I
(lo....r, 63, 7,31) I
(upp.r, 63, 9,28) .J

(lower, 63.::0/, 31 I

(10 r,115.12,47) X
(lo r,119, 7.59) F
(lo r,127, 8,63) I
(lo r,127,120,3) I

In our initial invariant table th.r. is no contribution to
lo....r bounds by constructions A and B. nor to upp.r bounds by
construction B ... ith 2k < n. As a r.sult the initial table gener
ated in one pass from top to bottom (incr.asing l.ngth), and left
to right (increasing dim.nsion) is imm.diately invariant. W. have
no proof for this. it just happened to b. the case.

Th. n.... table of upp.r and lo.... r bounds on the minimum
distanc. of binary linear code., as it appears in appendix I, is
bas.d on many improvements found in the literature (see REFER
ENCES and App.ndix II). The updat•• on the table ....r. made in
chronological order of appearance of the improv.ment. The results
in [Sul ...ere improved by those in [PT1. the reference 'Su,'
therefor., disappear.d again after a short ...hile. It ...as impos
sible to give full credit to all researchers involved, many
r.sults ...ere found independently. At l.ast on. source is men
tioned for each improvement incorporated. It appeared that some
result. claimed to be n........er. derivable from older improvements
by constructions P2 thru E. this may .xplain some unexpected
or missing referenc••.

Most noticeable in the updated table is that dm• M has been
completely determined for dimensions 6 and 7 (due to [T31). The
ne... table is the result of 89 single updates, of ...hich about 80
lasted. This reSUlted in 110 additional paramet.r pairs for ...hich
dm• M is no... kno...n. It is remarkable that (roughly) in the range
8 i k i 20, dm_M(n,k) is most often known, ...hen its value is a
multiple of 4 (ranging from 8 to 40). For comparison .... give the

~QmQut1ng l1m.- (in seconds on Burroughs 87900)
3 for initial invariant table

264 for reconstruction of table in [Al
19 for updating table (includes conversion for print-out)

No... that the table of bounds is available in
readabl. form, it can be used for other purposes than
updating and printing.

Ac:::kno...l~d9menU

computer
automatic

Chris Vas did most of the searching through the available
literature of the past ten years. Henk van Tilborg dug up some
interesting articles from his files, that might other... ise have
been overlooked. Cees Hem.rik suggested some improvements in the
presentation of the programs. any imperfections, ho...ever, fall
under my responsibility.
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implicit, explicit, internal, external 23
wiping 23, 28
interpretation, tracing, cycle 23, 26, 33, 34

Report 23, 32, 35
Table of bounds on d...... 2, 10, 34

Lb and Ub 10, 11, 13, 35
natural and artificial boundary 10, 24, 25, 30, 36
bound kind: lower, upper '0, 11
location triple, bound quad~uple 10, 11, 35
one-point (monotonic) modification 10, 12, 35
closure, invariance, variance 13, 14, 18, 31
initial table 6, 30
violation 3L

format, block 32, 33, 35
Update 16, 19, 22, 24, 25, 27
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Upper and Lower Bounds on d.w3x(n,kl for Binary Linear Codes

888

7 8 9

888

10 9-10 8-9

...

J>
~
It
::lI
Q.)(

tilor:
::lI
Q,
til

....
~..
C
'C
Q,

II
11"•Q,

....
II
0'.....
o
-+

20 I 0,0

-----1----
I
I
I
I 2
I
I 3
I
1 4
I
I 5

-----1----
i
I 6
1
1 7
I
1 8
1
I 9
I
1 10

-----1----,
I 11
I
1 12
1
1 13
1
I 14
I
1 15

-----1---
1
I 16
1
I 17
I
I 18
1
1 19
1

1 1 20

-----1----
I

2 I 21,
2 I 2Z

J
2 1 23

I
2 I 24

I
3 I 25

-----1----
20 I 0,0

2

2

2

3

4

2

19

19

2

4

4

2

Z

:5

18

18

4

4

3

4

2

2

2

2 2

17

17

15 I 16

-----1-----
1
1
I
I
I
1
I
I
I
I

-----,-----
I
1
I
I
I
I
I
I
I
I

-----1-----
I
I
I
I
I
I
I
I
1

1 1
-----1-----

I
Z I

I
2 I 2

I
2 J 2,
2 I 2

I
:5 I 2

-----1-----,
4 I 3,
4 I 4

I
4 I 4

I
4-5 I 4

I
5-6 I 4-5

-----1-----
15 I 16

1413

:5 2 2

4 :5 2

5 4 4

8 6-7 6

444

443

2

2 2

2 2 2

8
Z 2 2

12

12 13 14

654
N G
765

E
866

!l

IS

8

6

7

11

10 I 11

-----1-----
I
I
I
I
I
I
I
I
I
I .

-----1-----
I
I
I
I
I
I
I
I
I
I

---·-1-----
I
I
I
I 2
I
I 2
I
I 2
I
! 3

-----1-----
I 0
I 4
I
I 4

3 I
I 4
I
I 4
I

~ 1 5

9

2

2

4

6

6

4

2

3

4
N

5

8

2

4

7

2

:5

4

6

4

6

5

7

3

6

7

4

2

8 8

4

2

4

6

5

8

2 2

988
T3

10 8-9 8

5 I 6

-----,-----
I
I
I
I
1
I
I
I
I

1 I
-----1-----

I
2 I

I
2 I 2

8 1
2 I 2

I
:5 I 2

I
4 I 3

-----1-----
I

4 I 4
Ii 1

4 I 4
I

5 I 4
1

6 I 5
1

7 1 6

-----1-----
DIE

8 I 6
1

8 I 7
I

8 I 8
I

II I 8
F 1

9 I 8

-----1-----I E
10 1 8

1
10 I 9

I
11 I 10
DIE

12 I 10
I

12 I 11

-----1-----
5 I 6

2

Z

4

7

8

8

6

4

8
E

8

9

4

4

1Z
E

12

3
o

4

5
o

6

E
10

11

10

12

E
8

C
9

8

7

8

6
E

6

3

3

4

14

4
E

4

:5

Z

2

12

12
E

12
C

13

10
~

10
C

11

6
E

6

4
E

4
C

5

10

8
E

8
C

9

3

Z
E

Z

2

C
7

Z

16
E

16

14
E

14
C

15

tZ
E

12
C

15

E
10

C
11

24 I 24

n,k

15 I 15

16 I 16

18 I 18
I

19 1 19

21 I 21

25 I 25

17 I 17

2Z I 2Z
I

BIB

n,k I 1

----1-----,
I
I

2 1 2
1

3 1 3
I

4 I 4
I

5 1 5

----1-----
I

6 I 6,
7 I 7

I
8 I 8

I
9 I 9

I
10 1 Hi

----1-----
I

11 j 11
I

12 I 12
I

13 1 13,
14 I 14

20 I 20
----,-----



12 It-12 10-12

10 8-10 8-9

11-12 10-12 10-11

14-16 14-16 14-16

-l
II
0--II
o
+

...
-l
':7
II

c::
'tJ
Q.

II,...
II
Q.

J>:g
II
;:,
Q....
)(

1IIo
e:
:I
Co

•

20 1,0----- ----
4 26

4 21

4 28

4-5 29

5-6 30

7-8 I 35

6 , 31
I

6 I 32

6-8 I 34

6-7 I 33

,
8 1 36

1
8 I 37

B I
8-9' 38,
8-101 39

I
9-101 40

-----1----
I

10-111 41
I

10-121 42
I

11-121 43
I

12 I 44
I

12-131 45

-----1---
I

12-141 46
I

12-141 47,
12-141 48

1
12-151 49

1
12-161 50

-----1----
20 1 1,019

11-12

1811

6-1 6 6

11 18 19

5-6 4-5 4

6-8 6-1 6

6 5-6 4-5

1-8 6-8 6-7

6 6 5-6

8 7-8 6-8

4-5 4 4

8-9 8 7-8

8-10 8-9 8

1i! 11-12 10-12

8-10 8-10 8-9

12-14 12-13 12

12-14 12-14 12-14

12-15 12-14 12-14

12-16 12-15 12-14

13-16 12-16 12-15

14-16 13-16 12-16
B

15-16 14-16 13-16

9-11 8-10 8-10
I(

10-12 9-10 8-10

10-12 10-11 9-10

12-14 12-14 12-13

11-12 10-12 10-11

12-13 12

15 I 16

-----1-----
I

6 I 5-6
II I

6 1 6
I

6-7' 6
I

7-8 I 6-7
I

a 1 7-8

-----1-----I l
8 I 8

I
d-9' 8

I
8-101 8-9

Ha I
9-101 8-10

I
10-1118-10

-----1-----
I

10-121 9-11,
10-12110-12

1
11-12110-12

I
12 1"-12

1
12-131 12

-----1-----
I

12-14112-13
I

12-14112-14
N I
13-15112-14

I II
14-16112-14

I
14-16112-15

-----1-----I
14-16112-16
.. I
15-16113-16

I
16-17114-16

1
16-18115-17

1
16-18116-18

-----1-----
1 5 I 1614

10-12

11-12

1312

12 13 14

8 7-8 6-1
l

8 8 1-8

8 8 8

8-9 8 8
Ha

9-10 8-9 8

16-18 16-17 15-16

10-12 10-11 9-10

16-19 16-18 16-18

17-20 16-19 16-18
B

18-20 16-20 16-18

15-16 14-16 14-16

16-18 16-18 16-11

16-11 15-16 14-16

12-14 12-13 12
R

12-14 12-14 12-13

10-11 9-10 8-10

14-16 14-16 13-15

14-16 13-15 12-14

13-15 12-14 12-14

B B
1 2 12

12-13 12

10 I 11

-----1-----
I

8-9 I 8
Pi I B

9-101 8
1

10 I 8-9
I

10-111 9-10
I I:l

11-121 10
-----1-----

1I '
12 I 11

1
1 2 I 12

I
12 I 12

I
12-131 12

I
12-14112-13

-----1-----
I

13-14112-14
10

1 4 -1 5 11 3-1 4
I

14-16114-15
I

14-16114-16
1

15-16114-16

-----1-----
I"

16 115-16
I

16 I 16
BI

16-111'6
I

16-18116-17
Pu I
1 7-18116-18

-----,-----
1

18 -1 9116-1 8
I

18-20116-19
1

19-20117-20
A a I

20 I n-20
I

20-21119-20

-----1-----
10 I 118 9

12 11-12

12 12

10 9-10

16 16

8 9

22 20-22

23 20-22

21-22 20-21

12 12

20-21 19-20

11-12 10-11

19-20 18-20

10-11 10

14-15 ' 3-14

13-14 ~2-14

16-17 16

16-1B 16-18

18-2: 1 ~-19

16-13 16-17

14-16 '4-15

15-16 14-16
A

16 15-16

12-14 '2-13

12-13 12

11-19 16-18
B

18-r:: 17-18

7

16

21
T3

22
E

22

20
E

20

12

18
T1

19

24

11
A

12

20

12

18

23

12

16
E

16
T3

17

14
n

15
T1

16

13
13

n
14

5 I 6
-----1-----

I
12 I 12

I
13 I 12

D , a"
14 I 1"2

I
14 I 13

I
15 I 14

-----1-----
I

16 1 15
I D

16 I 16
I

16 I 16
I

16 I 16
E I

16 I 16

-----1-----,
17 I 16

If
18 1 17

E I
18 I 18

C I
19 I 18

1 B"
20 I 18

-----1-----
I

20 I 19
E I

20 1 20
I

21 I 20
1

22 '21
E 155

22 1 22

-----1-----
I

23 I 22
I

24 1 23
I D

24 '24
1

24 1 24
E I

24 1 24

-----1-----
5 I 6

4

13

14
E

14

24

18

4

Z4
E

24
C

25

20

20
E

20

24

16

16

15

22
E

22
c

23

26

C
21

16
E

16
C

17

E
18

C
19

28

3

16

26
E

26
C

21

20

16
E

16

E
14

C
15

C
23

28

24
E

24
C

25

24

22
E

22

3

C
11

18
E

1 8
C

19

20
E

20
C

21

20

26
E

26

2

30

32
E

32
c

B

18
E

18
C

19

E
30

C
31

C
17

2

c
27

28
E

28
C

29

E
20

C
21

22
E

22
C

23

24
E

24
C

25

..... ."

5: 50

46 I 46

.. 7 ' 47

4; ,,9

4[ I -0

34 34

30 i 36

.. ~ .. 3

33 33

45 ' 45

n, , .

4S 48

4 I 41

H!31

3Y 39

42 i 42

3 ~ 38

", ill

----1-----
I

26 I '-6
I

27127
I

28 I 28
I

29 I 29
I

30 I 30

----1-----
I

31 I 31
I

32 I 32

35 35

----1-----



24-26 24-26 24-25

24-26 24-25 H

23-24 22-24 21-2'

24 23-24 22-24

...
)(

til
o
C
:::l
~

III

-l
':3'
It

C
'D
~.,,..
It
~

-l.,
D'-III
o...

J>

"'DlD
:::l
~

20 1 2,0

-----1----
I

12-161 51
1

13-161 52
/

14-161 53
1

15-171 54
1

16-181 S5

-----1----
1

16-181 56
1

16-191 57
1

16-201 58
1

16-201 59
1

16-201 60

-----1----
I

17-21/ 61
1

18-221 62
1

1/l-221 63
I

18-231 64
I

19-241 65

-----1----
1

20-241 66
1

lO-Z41 67
I

20-241 68
1

20-241 69
1

20-25/ 10

-----1----
1

20-261 11
1

20-261 12
1

21-211 13
1

22-281 14
1

22-281 75

-----1----
20 1 2,019

19

20-24

18

18

17

11

26-29 24-28 22-28

26-30 24-29 22-28

16-18 16-18 15-17

o
24 25-24 20-24

H N
16-17 14-16 14-16

16-19 16-18 16-18

16-18 15-11 14-16

24-28 24-27 20-26
Ka
25-28 24-28 21-27

E
26-28 24-28 22-28

24-26 24-26 20-25

24-25 24

16-20 16-20 16-19
B

16-20 16-20 16-20

18-22 11-21 16-2C

24-27 24-26 20-26

19-22 18-22 11-21

21-24 20-23 18-22
I N

22-24 21-24 19-23

24-26 24-25 20-2.

16-20 16-19 16-18

17-21 16-20 16-,C

20-23 19-22 18-22

22-24 22-24 20-24

23-24 22-24 20-24

15 I 16

-----1-----I
16-18116-1!l,
16-19116-18

1
16-20116-19

I
16-20116-20

1
11-21116-20

-----1-----
I"

18-22117-21
1

18-22118-22
B I

19-22118-22
1

20-23119-22
I

21-24120-23

-----1-----,
22-24121-24

I
23-24122-24

II
24 123-24

B 1
H I 24

1
24-251 24

-----1-----
1

24-26124-25
81

24-26124-26
1

24-27124-26
1

25-28124-21
10

26-28125-28

-----1-----
I

26-29126-28
1

26-30126-29
1

21-30126-30
1M

28-31121-30
I B

28-32128-30
-----1-----

1S 1 1614

14

23-24

13

13

12

12

29-32 28-32 28-32

20-24 19-23 18-22

21-24 20-24 19-23

19-20 16-20 16-19
I
20-21 17-20 16-20

L
20-22 18-21 11-20

20-22 18-22 18-21

20-23 18-22 18-22

26-28 26-28 26-28

28-31 28-30 27-30
A

2~-32 28-31 28-30

28-32 28-32 28-31

28-32 28-32 28-32

22-24 21-2' 20-24

l
26-28 26-28 25-27

25-27 24-26 24-26

26-29 26-28 26-28

24-25 24

26-28 25-21 24-26

27-30 26-29 26-28

28-30 27-30 26-29

10 1 11

-----1-----
/

20-22IlJ-21
Pu BI
21-22IlJ-22

I
22-2312:-22

1
22-24llJ-23

I
22-24/21-24

-----1-----
I

23-24122-24,-
24 123-24

B I
24 '2_

I
24-251 24

1
24-2612 .. -25

-----1-----
81

25-26/210-26
I

26-27125-26
I I Ii
27-2812~-U,

28 12~-28

I
(1)-29'2~-28

-----1-----
, '3

28-3012~-23

o I
29-3012~-29

I
30-31127-30

I B
30-3212~-30

1
30-Hld-31

-----,-----,
30-3212 ~-3Z

I
30-3212i-H

1
30-321 n-32

I
30-3312;-32

I e
31-3413:-32
-----1-----

10 I l'

E
32 32

32-33 32

32-34 32-33

32-34 32-34

8 9

N
Z4 21-23

24 22-24

24 23-24

24 22-24

24 22-24

8 9

33-35 32-34

24-26 24-25

30-31 29-30

26-28 25-27

30-32 30-31

31-32 30-32

32 31-32
Ill!

32 32

24-25 24

28-29 28

28-30 28-29
E

29-30 28-30

27-28 26-28
E

28 27-28

25-26 24-26
U
26-27 24-26

34
Fa T2

35

32

lc
29

30

26
4 T3

27

24

24

7

34

34

28

1

24
T3

25

24

28

36

At
26

32

32

32
F

53

3t
o

32

32

516
-----1-----

1
25 1 24

IF
26 1 25

E 1
26 1 26

I
27 / 26

I
28 I 21

-----1-----
10

28 I 28
E 1

28 1 28
I

29 1 28
1

30 I 29
E 10

30 I 30
-----/-----

1
31 1 30

I
32 1 31

I
32 1 32

I
32 1 32

1
32 I 32

-----1-----
E 1

32 I 32
C I

53 1 32
1 E

34 1 32
E I

34 I 53
C

35 34
----- -----

E
36 34

36 35
E SS

36 36
C

37 36
E

38 1 36

-----,-----
516

E
26

C
27

40

32

C
37

38
E

38
C

39

4

34

36
E

36

32

28

28
E

28

36

C
29

4

E
34

C
35

30
E

30
C

31

32
E

32
C

53

42
E

42

3

3

32
E

32
C

33

34

32

36
E

36

E
28

C
29

36

40
E

40
C

41

30
E

30
C

31

38
E

38
C

39

40

C
37

E
34

C
35

36
E

36

34
E

34
C

35

40

2

46
E

46

C
47

2

44
E

44
C

45

50

48
E

48
C

49

38
E

38
C

39

C
37

42
E

42
C

43

E
40

C
41

59 1 59

56 1 56

51 I 57

58 1 58

60 1 60

n,kl 1
----1-----I

51 I 51
1

52 I 52
1

53153
I

54 I 54
1

55 I 55

1
61 1 61

I
62 1 62

1
63 I 63

I
64 I 64

I
65 1 65

----1-----
I

66 I 66
I

67 1 67
I

68 I 68
I

69 I 69
I

70 I 70

---1-----
I

11 1 71
1

12 I 72
I

73173
I

74 I 74
1

15 1 75

----1-----
n, k 1 1



34-38 32-38 32-37

40-46 39-45 38-44

40-44 37-44 36-44

32-36 32-35 32-34

...

i>
lJ
'tl..
:lI
~...
)(

-oj
~..
c:

'C
Q..,,....
Q.

-l
III
CT-..
o.....
1IIo
c:
;,
~..

20 I 3,0

-----1----
I

22-281 16
1

23-291 77
I

24-301 78
I

24-301 79
1

24-311 80
----- ----
24-H 81

25-32 82

26-32 83

27-32 8~
PT
28-32 85
----- ----
28-33 86

28-34 87

28-34 8e
I

28-351 89
I

29-361 9C

-----1----
I

30-361 91
I

31-361 92
PT I
32-371 93

I
32-381 94

I
32-381 95

-----1----
1

32-391 H
I

32-401 97
I

32-401 98
I

32-401 9,
1

32-401 10:

-----1----
20 I 3,0

19

19

18

1B

17

17

28-32 24-31 24-30

Ka
27-30 24-30 23-29

28-31 24-30 24-30

28-32 26-32 25-32

35-42 34-42 33-41

28-32 27-32 26-32

34-42 33-41 32-40

32-40 32-40 32-39

28-32 24-32 24-31

28-32 25-32 24-32

28-33 28-32 27-32

32-40 32-40 32-40

32-40 32-40 32-40

33-41 32-40 32-40

32-39 32-38 32-38

32-40 32-39 32-38

32-38 32-38 32-37

28-34 28-33 28-32
x
29-34 28-34 28-33

32-38 32-37 31-36

30-35 28-34 28-34

32-37 31-36 30-56

31-36 30-36 29-36

30-36 28-35 28-34

30-36 29-36 28-35

15 I 16

-----1-----1
28-32128-31

1
28-32128-32

I
28-32128-32

I
28-32128-32
KI I
29-33128-32

-----,-----
I B

30-34128-3Z
1

30-34129-33
81

31-34130-34
I

32-351.51-34
Ix

32-36132-35

-----1-----
I

32-36IH-36
81

32-36132-36
I

32-37132-36
I

32-38132-37
81

32-38132-38

-----1-----
I

32-39132-38
I

32-40132-39
I

32-40132-40
I

32-40 132-40
B I

32-40132-40

-----1-----
1

33-41132-40
1

34-42133-41
81

35-42154-42
I

36-43135-42
I

37-44136-43

-----1-----
15 I 16

14

1413

13

12

12

39-43 36-42 34-42

40-45 38-44 37-44

30-32 29-32 2B-32

31-33 30-32 29-32

32-34 31-33 30-32

32-34 32-34 31-33
Pu

32-35 32-34 32-34

32-36 32-36 32-35

40-44 36-44 35-43

32-36 32-36 32-36

37-42 36-41 32-40
C

38-42 36-42 33-41

w~

40-44 36-43 34-42

T
36-40 36-40 32-40

36-40 34-40 32-39

33-31 32-36 32-36
PT
34-38 32-37 32-36

36-40 35-40 32-40

36-41 36-40 32-40

35-39 32-38 32-38
w~

36-40 33-39 32-38

10 I 11

-----1-----
1

32-34131-33
81

32-34132-34
1

32-35132-34,
3Z-36I3Z-H

1
32-3613Z-36

-----1-----81 .
H-36I3Z-36

I
34-37133-36

I
3S-38134-37

B I
36-38135-38

I
37-39136-38

-----1-----
I

38-40137-39
1

39-40138-40
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ExternAt Impro,.~.~t. U••d for R.con.truct~d Tab •• E.<t.' ,,01 I.prov~;F'Jilit. U~.d for UpdAted Table

lo~trn I, 4, 3) I (lo"tr, 63, 19,19) N (upper, 90, 58,14 ) K (lo"er, loS, 6, 2Z) 55 (lo". 1', I 20, 16,48) We

Uj;pe 1', 12, 5, 4) H (lo"er, 6 3, 21,18) N (upper, \lO, 61,12) K (lo.er, 73, 6,36) 55 (l0 .. tr,128, 16,52) We

l 0" e 1', 15, 11, 3' [ ( lo .. er, 63, 28,15) N (lower, 90, 63, 9. Q (l c.tr, 77, 6,38' 55 (lo .. e r ,128, 32,36 • We

lower, 17, 9, 5. N ( lo ... r, 63, 30,13' 1 (upper, 90, 65,10' K (lo •• r,105, i'. '52) S5 (lo ... r, 73, 27,20 ) PI

lowe r, 20, 5, 9) F ( lo .. er, 63, 36,11) I (upper, 90, 78, I,) J <le.er,109, 7,54' 55 (lo .. er, 13, 36,16' PT

(lower, 22, 6, 9) G ( lo.tr, 63, 46, 7) N (lowtr, 91, 13,36) 1 (u.,er, 28, 6,12' 81l (lo .. tr, 85, 12,34' PI

(lo .. tr, 23, 12, 7) N ( l o .. e r, 63, 57, 3. I (uppe 1', 92, 75, 6. J (u~~er, 40, 6,18) BIl (lo .. er, 85, 20,28) PI

( low.r, 23, 14, 5) G (upper, 64, rol,10) K (lower, 95, 61,1" K (lo •• r, 26, 9, 9) Ha (lo... r, 87, 31,22) PI

( lowtr, 27, 14, 7l L (upper, 64, 53, 4) K (lo .. er, 96, 18,32) III (l.:;.er, 30, 12, 9. Ha (lo ... r, 89, 56,1" PT

(upper, 27, 15, 6) R ( lo".r, 65, 53, 5' N (lower, 96, 55,13) Q (lo.tr, 34, IS, 9) Ha (lo... r, 91, 51,14) PT

(lo .. tl', 31, 6,15' I ( l O .. t r, 66, 14,25' L (upper, 97, 64,14) K (lo.er, 47, 25, 9. Ha (lo .. tr, 93, 20,32) PT

(l o .. t 1', 31, 11,1" [ (lo ... r, 66, 18,23) 0 (upper, 97, 11,10) K (lo"er, 72, 53, 7. Ha (lo".r, 93, 23,29) PI

( low.r, 31 , 16, 8) l (lo"tr, 66, 20,19) III (l0.. er,101, 1,49) F (le.er, 86, 66, 7) Ha (lo ... r, 93, 31,24 ) PI

(lo ... r, 31, 21, 5 ) [ (lo .. er, b6, 24,l7l III (low.r,103, 21,31) J( (l:.er, 41, 30, 5) Ha (lo".r, 93, B,22) PT

( lowtr, 31, 26, 3' [ ( ",pp.r, 66, 29,18) K (loll.r,103, B,27l J( (lo.er, 92, 7,45) 81t (lo ... r, 74, 1,35) Fa

(lolttr, 33, 13,10) N (lo"er, 66, 30,15) .. (l0 .. er,103, 35,23) J( (vcc!r, 61, 1,29 • Lc (lo"tr, 18, 1,37) Fa

( lo .. er, 33, 22, 6) N ( lowtr, 67, 10,29) 0 (lower,103, 52,19) L (UP=~", 29, 6,13. Lc (lo .. er, 81, 1,39' Fa

(upper, 34, 8,14 ) R ( l o .. t 1', 61, 39,11) 0 (lower, HJ5, 43,211 J( (u,:er,103, 8,49) Lc (lo .. er, 86, 7,4" Fa

(upptr, 34, 11,121 R ( lo .. er, 61, 49, 7) III <lower,101, 54,19) L (uccer,106, 8,511 Lc (lo .. tr, 92, 7,45 ) Fa

( uppe r, 35, 22, 61 R ( lo ... r, 68, 21,19) /II (loller,111, 15,43' x ("'eeer,110, 8,53) Lc <lo ... r,108, 7,53) Fa

( lo ... r, 36, 20, 8. T (lo .. er, 70, 7,HI F (l aile 1', Ill, H,27l J( (ueeer,113, 8,55' Lc (lo"er, 35, 7 ,16) T1

(lo .. tr, 37, 6, I 7) F (l o .. t 1', 70, 16,25) 0 (loller,lll, 42,23) )( (ueoer,118, 8,57l lC (lo .. er, 42, 7,19' T1

(lo .. tr, 37, 11,13' 0 ( l 0 ... r , 70, 22,19) III (l0Iler,"3, 30,31' J( (.;cer,121, 8,59 ) Lc (lo .. er, ao, 8,371 T1

(upptr, 38, 18,10) I( ( lo .. er, 70, 36,13) 0 (l01l.r,115, 12,47) J( (uocer,125, 8,6" Lc (lo ... r, 96, 8,46' T1

(upptr, 39, 12,14' R (~Pp. 1', 10, 39,14' J (loll.r,116, 7,57) F lIeo.r, 80, 47,11> Su (lo .. t r ,I12, 8,54) T1

(lo .. er, 39, 28, 5) P (upper, 7C, 43,121 I( ( lOll. 1',1 17, 20,43) x ( lo.~r, 86, 46,IH Su (looer, 27, 10, 9) P; ]>

( lo .. er, 41, 11,151 '" ( (o .. t 1', 70, 51, 7) 0 (lo ... r,118, 8,55' X (l~.!r, 76, 50, 9) Ka (upper, 14, 7,35) 12 'tJ

( lo .. er, 41, 21, 9) N (lo .. er, 1" 28,17) /II (l01ler,119, 7,59) F ( l.:l.e,., 76, 44,11) Ka (upper, 78, 7,37) 12 'tJ-.
( lo ... r, 43, 15,13) N ( upp.r, 12, 34,18' K (upp.r,126,113, 4. K (t~.fr, 73, 38,13) Ka (upper, 81, 7,39) T2 :::J

(up,er, 43, 31, 4. R ( :..pp.r, 12, 52, 8) k (l01f~r,127, 8,63' I (l=..fr, 12, 17,25' ka (upp.r, li6, 7,411 12 Q.

(upp .. r, 44, 16,14) R ( l 0 •• 1', n, 11,25) " ( lo,,~r,121, 15,55) [ ( l:.~r, 73, 9,31l Ka (upper, 89, 7,43' T2 -
(upper, loS, 31 , 6) R (",pp.r, 73, 58,16) K <l01f.r,127, 22,47) [ «(;.er, 76, 17,271 Ka (lo"e r , 24, 7, 1O' 13

)(

( lo ... r, 47, 15,15' III (L 0 ... 1', 73, 49, 9. V <l01l.r,127, 19,43) I (l:.er, 80, 15,29) Ka Ho .. er, 32, 7,14 ) Tl M

(lo".r, 4 7, 24,11) N (lo ... r, 73, 60, 5) Q (lOll. 1',121, 43,31> W ( l~"er, 16, 9,H) lea (upp.r, 31, 7,13) 13 M

(upptr, 41, 26,10) R ( lo".r, 74, 16,27) '" Ho... r,I27, 50,27) I (l e.er, 45, 6,22' At (upp.r, 34, 7,15 • 13

( low ..,r, 48, 31, S I T ( l 0 ... 1', 14', 25,19) III <lolle",,121, 57,23) I «0".1',105, 7,52) At (lowtr, 39, 1,17) 13 r
(uppt 1', 49, 31, S) R ( l 0" e 1', 74, 42, III 1'1 (low.r,ll7, !>Io,21' 1 (l:oer,109, 1,54) At (lo .. er, 41, 1,22 ) n -
(loll.r, 51, 8,241 N (upper, 75, 59, 6' Ie ( lo.er,121, 11,19' [ (lo.er, 93, 7,46) At (uPP. r, 55, 7,25) 13 III

( lo".r, 5 1 , 11,16) N (~pper, 76, 34,201 K UOIl.r,12?, 18,15) [ (le •• r, 87, 1,42) At (upptr, 58, 1,271 13 ,.
(.l 0" e r, 51, 19,141 N ( lo ... r, 17, 24,21) '" «011.1',127, '35,13) I ( leoer, 90, 7,44) At (lo .. er, 51, 9,21> If; III

(lo... r, 52, 6,25) F ( lo .. er, 18, 13,291 '"
<lowt r ,121, 92,111 I (leoer, 81, 1,38) At (lo .. tr, 45, 10,17) Pu 0

(lo .. tr, 52, 12,20) l (l 0 ... 1', 79, 40,15) L ( l 0... r, 1 27, 99, 9. I ( leoer, 56, 7,26) Al (low.r, 51, 9,21> Pu ~

(Lo ... r, 52, 29, 9) Q (lo .. er, 19, 46,11> X (l0".r,127,106, 7) I Cl~.er, 93, 8,441 At (lo .. er, 52, 10,21> Pu

( lo ... r, 53, 14,17) L (loller, 30, 12,32' K UOII.r,12?,"3, 5 • [ (l~0.r,112, 8,52' Al (lo.tr, 80, 14,J2) Pu m

( lo".r, 55, 21,151 N (upp.r, 31, 45,16) K UOIl.r,127,120, 3l I «(:.er,120, 9,56) At <lo •• r, 19, 9,35' Pu
)(,.

(upp.r, 55, 26,14) I( (upp.r, 32, 43,18) It «e•• r,120, a, 5 7J At (loo.r, 94, 9,41 • Pu 1Il
(lo .... r, 56, 16,17)

'"
(lo".r, 83, 31,19' III (lewer, 70, 9,32' W. (lower,107, 11,45' Pu .,

(ypp .. r, 56, 34,10) K (upp.r, 83, 40,20) K (lo •• r, 88, ll,36) lie Uo"er,109, 9,491 Pu
;:,

(Lower, 57, 11,23) 1'1 (lo".r, b3, 63, 7) Q (l~".r, 96, 12,40) lie (lo .. tr,120, 9,56' Pu PI

(upper, S8, 43, 6) Ie (lo .. er, 85, 16,32' X «(00 .. 1', 96, 20,32) We ( lo"er, 99, 65,11) Ro

(lo .... r, 59, 8,26) U ( l 0 ... 1', 85, 17,29) )( (l~"tr,104, 1 2,44' lie (low.r,IOl, 60,13 ) Ro M

(upper, 60, 41, 8) K (upper, 85, 45,18) J Clo •• r,t04, 16,40' lie (looe r, 1OS, 57,15) Ro. a
(uooer, 62, 52,14) J (",pp.r, <l5, 64, 8) Ie Clo •• r,104, 20,36) We (lo .. er, 59, 7,28)

'tJ
He .,

(lo"er, 63, 7 , 31 • [ ( lower, ~8, 30,24' L <t~."f,104, 24; 32) We 0
{ upp~r" 63, 9,28' J (lower, 89, 11,40) S (lc.er,l12, 11,48' W. <
(lo ... r, 63, 10,27) [ (lower, 89, 23,28' J( Cleoer,112, 16,44) lie ..
( tower, 63, 11,261 N (lo"er, o~, 45,17) L (l0 •• r,112, 20,40) w. a-.
(lo",er, 63, 16,23) I (upp .. r, 89, 45,20' Ie (looer,112, 24,36' W. :::J
( l 0 ... 1', 63, 18,21l I (~pp .. r, 89, 64,11> J (lo •• r,120, 12,521 We

,.
III
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C
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(p~ 1.0n PI
(. 0.00)
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l1)

«" J.OOI Q.

(i J.OO)
(i" 0.001 -l

DI
0"-l1)

useful
USELESS
USELESS
USELESS
USELESS

USELESS
USElESS
USELESS
USELESS
USELESS
USELESS
USELESS

"1(."':
HAl":
"Al":
"Al":
"Al":
"Al"

"Lc W :

"Lt":
"Lt" :
"Le":
"l c ill:
"left:
"Lt":
NLe·

9,33)
6,22)
7,52)
7,54)
7,46)
7,42)

6,13)
8,49)
8,51 )
!I" 5 3)
8.55 )
8,571
8,59)
8,61 I

Bound (lower,70,51,7) "0 .: external reference reaov!'
d_aaX< 73, 5~)" S" "al
d_aax( 72, 52) = 8" ".1
(PT : 0.05)

Considering bound (lower, 86, 66, 7) "H."
Bound (lower,,3,6~,7) "Q ": external reference reaove,
d_aax< 87, 66) = 8" "al
d_aax( 86, 65)" 8" ".1
d_aax( 85, 64): 8" ".1
(PT .. O.O~)

Considering bound (lower, 41, ~O, 5) "Ha"
Bound (lower,~9,28,5) "P ": external reference reaov~(

d •• x( 42, 30) = 6" "al
d-.ax( 41, 29) = 6" ".1
(PT = 0.05)

Considering oound (lower, 92, 7,45) Mev"
d_Max( 92, 7): 45 "Bv" .1
d_.ax( 93, 71: 46 - ".1
(PT : O.O~)

Considering bound (upper, 61, 7,29) "Lc·
d_.U (b1, 7) '" 29 "Lc" .1
d_aax( 60, 7): 28" ".1
(PT : 0.05)

Considering oound (upper, 29,
Considering bound (upper,l03,
Considering cou~d (upper,106,
Co~sioering OJu~d (urper,"0 c

Considering cound (upper,113,
Considering bound (upper,118,
Consid~ring bound (upper,lZ1,
Consia~ring bound (upper,125,

d .a.(125, 3): 61 "Lc" .1
d-aal(124, 8) = 60" ".1
(PT '" 0.021

Considering bou~d (lower, 80, 47,11) "sun
Bound (lo~tr,79,46,ll) ". ": external reference
(PT .. 0.03)

Consioering oound (lower, ~6, 46,13) "SUN: USeful
Consid~ring bound (lower, 76, 50, 9) "Ka": useful
Considering bound (lower, 76, 44,11) "Ka"

Bouno (lo~er,74,42,11) "~ ": external referenc@
(PT '" 0.03)

Considering bound (lower, 7~, 38,1~) "Ka": useful
Considering bound (lower, 72, 17,25) ·Ka N

Bound (lo~tr,73,17,(51 "~ ": i.proved to 26
(PT .. o.on

Considering oound (low~r, 73, 9,~1) "K.": useful
Considering oaund (lower, 76, 17,27) "Ka": useful
Considering oound (lower, 80, 15,29) "Ka·

Bound Clo~er,78,13,29) .~ .: elternal reference
CPT .. 0.03)

Considering oound (lower, 76,
Considering bound (lower, 45,
Considering oound (lower,105,
Considering bound (lo~er,'09,

Considering bound (lower, 9~,

Considering bound (lower, 87,
d_aax( 87, 7) '" 42 "Al" .1
(PT = 0.03)

TJble of bounds read froa file: (WSADDIOE1)~:l6ERTSTI~Aff/BOUNDSON USERZ
5590 unsolved eases

sound Upd.ter [1.1l, ".xetlndel = lZ7

All blocks printed.
Considering bound (lower, 45, 6,22) ·SS"

d_a.x( 45, 6) = 22 "55" .1
d_aax( 44, 6)" 21" ".1
d_aax( 77, 6) = ~8 "C " .2
d_aax( 76, 6) = ~7" ".2
d_aax( 90, 7) = 44 "0 " .2
(PT .. 0.10)

Considering bound (lower, 73, 6,36) ·SS·
d_~al( 73, 6) = 36 "SSM .1
d_aax( 72, 6): 35" ".1
(PT : 0.02)

Considering bound (lower, 77, 6,~8) "SSW: .50LESS (PT = 0.00)
Considering bound (lower,105, 7,52) ·SS·

d_~ax(105, 7) = 52 "SSM .1
d_a.x(104, 7) - 51" ·.1
(PT = 0.04)

Considering bound (lower,109, 7,54) ·SS"
j ~ax(109, 7): 54 "SSW .1
0:aax(108, 7) = 5~" ".1
(PT : 0.02)

:onsia.rln~ oound lupper, 28, ,12) N9~"

d Max( 28, 6): 12 "B~· .1
o:~al( 29, 6) = 13· ".1
d_Max( 5~, 7) = 24 "E " .2
d .al(102, 8) - 48 "E " .~

d:aax( 57, 10) : 24 "B " .~
d ~ax( 58, II) : 24" ".~
d:aax( 63, 15) - 24 "B ••4
o_aax( 64, 16) = 24" "~4

d aax( ~2, 9) - 12 "B " .2
d-~al( 33, 10) - 12" ".2
b~und (upper,~4,11,12) "R ": external re~erence reMoved
(PT - 0.~2)

Considering oound (upper, 40, 6,18) "Ba"
o_aax( 40, 6) - 18 "S"" .1
d max( 41, 6): 19" ".1

• Oi~ENSIO~ 6 HAS SEEN CO~PlETELY DETER.l~E) FOR LENGTH <- 127
d_aax( 77, 7): 36 "E " .2
a ~ax( 80, 7) - ~8 "E " .2
B~und (upper,66,29,1S) "K ": external reference re.oved
(PT - 0.2u)

Consiaerlng bound (lower, 26, 9, 9) "Ha"
a_Max( 27, 9) - 10· ".1
d_Max( 26, 8) = 10" ".1
(PT - 0.06)

Considering oound (lower, ~O, 12, 9) "Ha"
d_~al( ~1, lZ) = 10" ".1
(PT = 0.04)

Considering bound (lower, ~4, 15, 9) "Ha"
Bound (lower,~~,13,10) "N ": external reference re.oved
(PT = 0.07)

Considering bound (lower, 47, 25, 9) "H.·: useful (PT = 0.04)
C~nsiderlng bound (lower, 72, 53, 7) "Ha"



8,S<! "Al": USELESS (PT" 0.00)
9,~~l -At"
elltr.al ref~ren,~ relloved

+
o.,

-l
III
CT-II)

............

l>
'tJ
'tJ
III
;,
CL_.
)(

;0
III
'tJ
o
""',...

,...
:r
III

c:
'tJ
CL
III
t+
III
CL

0.00)
0.00)

(PT
CPT

(PT .. 0.00)
(PT .. 0.001
CPT .. 0.00)

CPT" 0.06)
(PT .. O.OH
(PT .. O.OH

useful
useful
us~ful

USELESS
USELESS
USELESS

ftf a·:
"fa":

·PT":
"PT":
"PT":
"Fa"

"Fa":
"T'"

7,41>
7,451
7,53)
7,16 )

7,37) "TZ": USELESS
7,39) "TZ": USELESS
7,41) "T2"

23,Z9)
31,24>
H,22)
1,35)

(upp~r, 78,
(upper, 81,
Cupper, 86,

41 "TZ" ill
40· "ill
40 "8 " .Z

BounJ (lower,86,46,13) "Sun: ill~ro~~d to 14
(PT " 0.08)

tonsi:tring bound (lower, 93, <D,3Z) "PT"
Bounj Clower,96,ZO,32) "We": elternal refer~nce re.oved
CPT " 0.08)

tonsi:tring bound (lower, 93,
tonsi~erlng bound Clow~r, 93,
Consioering bound Clower, 93,
tons;~ering bound (lower, 74,

d_au( 75, 7)" 36" ".1
CPT'" a.03)

Consi~ening bound Clower, 78, 7,371 "Fa"
d•• ad 78, 71" 37 "Fa· il'
d_aal( 79, 7) .. 38" "ill
CPT" G.O?)

ConsiOtring bound Clower, 81, 7,39) "Fa"
d.a .. e 81, 71" 39 "Fa" .1
d_au e il2, n .. 40" " iii 1
(PT " 'J.03)

Consi~tring oound (lower, ~6,

Consicering bound Clo.er, 92,
Consiat,ing bound Clower,108,
Consi.tring bound Clower, 35,

d aad 35, n .. 16 "Tl" .1
(PT " 0.05)

Consi:t-ing bound (lower, 4Z, 7,19) "Tl"
d_ •• d 4Z, 7) .. 19 -Tl" .1
d •• ale 41, 7) .. 18" "ill
d ... e 43, 7) .. 20" "iil
d-.ad 44, 7) '" 20" "ill
(pr '" 0.08)

Consi:tring bound Clower, aO, 8,37) "Tl"
a •• d 81, 8)" 38" • ii'
CPT'" 0.04)

Consi:ering bound Clower, 96, 8,46) "Tl"
d_"ad 96, g) = 46 .T1" ill
CPT", 0.04)

Cons;~ering bound Clower,112, ',54) "Tl"
d._a,Cl12, 8)" 54 "Tl" ill
d_aal( 59, 7) = 28" ".2
CPT" 0.10)

Consi:er;ng bound (lower, 27, ~n, 9) "Pi"
8ou~= Clower,26,9,9) "Ha": •• ternal ref~rence re_oved
d._3'( 28, 10) z 10" ".1
(PT '" 0.04)

Consi:.ring bound Cupper, 74, 7,35) "T2"
d.ead 74, 71 .. 35 "TZ" .1
d lad 73, 7) z 34" ".1
(PT .. 0.06)

Consi:er;ng bound
Consi:ering bound
Consiaer;ng bound

d.a" (86, 7)
d lax( 85, 7)

d:ud 89, 10)
(PT '" o.on

Consi:tring bound Cupper, 89, 7,43) "T2"
dead 89, 7) .. 43 "TZ" .1
d:.3<C 88, 7) = 42" ".1

(PT = O.OOi
CPT· 0.00)

CPT'" O.OZ)

(PT .. 0.02>
CPT" 0.03)
(PT = 0.04)

relloved

re.ov~d

r~.oved

CPT" O.OZ)
(PT z 0.04)

relloved

CPT .. 0.~5)

CPT" 0.10)
CPT" 0.091

CPT" 0.05)

CPT" 0.06)
(PT .. 0.05)
CPT .. 0.03>
(PT = 0.05)
(PT '" 0.01)
CPT" 0.03>

useful
useful
useful
useful
useful
useful

useful
useful
useful

"H": USELESS
-~l": USELESS
-Al"

7,;. .. "
7 p.! ~)
1 # 2:. i

dEclng bound (low~r, 90,
~e~jn9 b~und (low~r# 81,

~~ ~~und (low~r" 56,
aa.( 5~, 7): 26 "Al" ~1

f ~ O.OB}
",,·jdrrlng bound (lo.. ~r, 93, 8",; -Al"

'~l( 93, 8)" 44 "At" .1
( .. 0.03)

Considering bound Clo.. er,112,
consic~ring bound (lo ..~r,120,

Sound (low~r,118,8,55) "K ":
(PT .. 0.031

r.on$id~rl~g bound (low~r,120, 8,5?' "Al-: us~ful

(onsid~ring bound (lower, 70, 9,32: -We"
d lUX! 70, 9)" 32 "W~" .1
o:"ax( 69, 8). 32" "011
d IOax< 71, 9)" 32· "iil
d:"a.C 70, 8) = 32" "iil
d lIa.C 72, 9) = 32" "iiI
ilound Clowtr,73,9,31) "Ka": i,.o'O •• o to 32
(PT .. 0.06)

C~nsidering bound Clo .. ~r, 88, 12,::J -We": us~ful

Considering bound Clow~r, 96, 12,.:: ·W~": us~ful

Considering bound Clower, 96, 20,?" ·We"
dound Clower,96,18,32) .~ ": el:"'al ref~ren,~

(PT .. 0.09)
Considering bound Clower,104, 12,.. "we":
Considering bound (low~r,104, 16,':' "We":
(onsid~ring bound (low~r.l04, 20,::' -'~~":

(on5id~ring bound (low~r,lD4, 24,:2 1 "W~"

Bound Clower,103,21,31) ". ": i_:-Jved to 32
(PT '" D.OS)

C~n,idering bound Clower,112, 12,.il -We": useful
(On"idering oound (lo .. er,112, 16, •• 1 -We" -

8au~d (lower,11',15,43) "X -: ;*:-Jved to 44
(PT " 0.08)

CanltdEring bound (lo.. er,112, 20,':; "We":
(e,., ial!dng bound Clo .. ~r.l'2, 24,::' -We":
(("deering bound Clow~r.1Z0, 12,5:) "We":
(a" tderlng bound Clower.l?O, 16,'!) ·W~":

C id~ring bo~nd (lower,128, 16,:2' "We·:
Con~id~fing coul'd Clow~r,128, 32,::) ·We":
C001idering bound Clo.. ~r, 73, 27,2:) ·PT"

~~~na CLower,66,20,19) "~ ": ie:-.ved to 20
8Q~nd (lo .. er,68,Zl,19) "~ ": i~:·:~~d to 20
8G~~d (lQMer,70,ZZ,19) "~ ": i.;-:ved to ZO
B:;",,:d !Lc~er.r4,25,19) "III ": i~:':·.ed to 20

PI " 0.1(,)
uMlldfring bound Clower. 73, 36,':) ·PT"

vund ILower,66,30,15) "III ": e,!,rn~l r~fer~nc~

Cc~ftd (lo~er,70,36,13) ·0 ": e,:.rnal reference
H " 0.10)

C loering bound Clower, 85, 12,:.) "PT": useful
( del'lng bound Clo .. er, 85, 20,::1 "PT": useful
( s(oering bound (lower. 87, 31,:2) "PT": useful
CC',ndd"ring bound Clow~r, 89, 56,") "PT"

80und (lo~er,80,47,11) "SUM: e.:trnal referen,~

ZPir = 0006)
(j".ld",rir'9 bound (low~r, 91, 51,'.J ·PT"



34 pages printed
Sound Updater TerMinated.

CUMulat;ve Session Statist;cs:
18.68 process tiMe

112 updates
89 useful updates

6~4 lower bounds improved
370 upper bounds i~proved

22 external references re~oveo

9 external references superseded
110 cases solved

5480 cases left open
Table of bounds saved on file: (WS~DotOE1)NE~/~OUNDS ON USER2

r<
J
tI.l

c:
~

0
Il/
r<
IO
0-

-l
11/
CT-10

....
o..,

)(

Ii)
~

0-

Ai
III
~

o..,
r<-

..........

(PT .. 0.04)
(PT .. 0.071

(PT • 0.00)

(PT = 0.031
CPT" 0.02)
(PT = 0.031
CPT" 0.02)

(PT .. 0.00)

reMoved

useful
useful
USELESS

useful
US eful
useful
useful
USELESS

9,21) "Wi"
10,17> "PUN

9,211 "PUN
10,211 "PUN
external reference

(PT • 0.17)
Consid~ring bound (lower, 51,
Considering bound (lower, 45,
Considering bound (lower, 51,
Considering bound (lower, 52,

Bound (lower,51,9,21) "wi":
(PT = 0.04)

Considering bound elow~r, 80, 14,32) "PUN
Bound (lower,80,12,32) "X ": external refere"ce reMoved
(PT = 0.10)

Considering bound (low~r, 79, 9,35) "PUN:
Considering bound (lower, 94, 9,41) "Pu·:
Considering bound (lower,'07, 11,45) ·Pu":
Considering bound (low~r,109, 9,49) "PUN:
Considering bound (lower,120, 9,56) "PUN:
Considering bound (low~r, 99, 65,1') "Ro"

Bound (lower,95,61,1') "X ": external refere~ce reMoved
(PT = 0.02)

Considering bound (lower,'01, 60,13) "Ro"
Bound (lower,96,55,'3) "Q ": external refere~ce reMoved
(PT = 0.02)

Considering bound (lower,105, 57,15l "Ro": useful (PT ~ 0.02)
Considering bound <lower, 59, 7,28) "He": USELESS (PT = 0.00)
All (13) blocks with unprinted Modifications ~j~e been printed.

(PT a 0.06)
Consid~ring bound (low~r, 24, 7,10) "T3"

d_Max( 24, 7). 10 "T3" al
d__ ax( 23, 7) = 9" "a1

• LENGTH 25 HAS BEEN CO~PLETELY OETER~[NEO

Bound (lower,22,6,9) "G ": ext~rnal r~fer~nc~ r~_oved

(PT = 0.03)
Considering bound (low~r, 32, 7,14) "T3"

d_Maxe 52, 7) = 14 "T3" a1
IPT = 0.03)

CQnsid~ring bound (upp~r, 51, 7,13) "T3"
d_Max( 31, 7) = 13 "T3" a1
d_Max( 30, 7) = 12" "a1
d_M.X( 31, 8) = 12· "a1
o_Max( 55, 8) = 24 "E " a2
d_Max( 56, 9) = 24" "a2
d_M.X(104, 9) = 48 "E " a3
d_Max< 61, 13) = 24 "8 " a3
d_Max< 62, 14) = 24" "a3
d__ ax( 36, 12) = 12 "8 " a2
d_Max( 37, 13) = 12" "a2
d_Max< 38, 14) = 12" "a2
a_Max( 39, 15) = 12" "a2
d_Max( 46, 21) = 12" "a3
d__ ax< 47, 22) = 12" "a3
IPT = 0.49)

C~nsiderin9 boun~ (upper, 5~, 7,15) "T3"
d_Max( 34, 7) = 15 "T3" a'
d_Max< 33, 7) = 14" "a'
Bound (upper,34,8,14) "R ": external refer~nce re_oved
d_Max( 62, 8) = 28 "E " a2
(PT = 0.18)

Considering bound (lower, 39, 7,17) "T3"
d Max< 39, 7) = 17 "T3" a1
J:Max< 40, 7) = 18" "a1
IPT = 0.05)

consid~ring bound (lower, 47, 7,22) "T3"
d_Max( 47, 7) = 22 "T3" al
d_Max( 46, 7) = 21" "al
IPT = 0.04)

Considering bound (upper, 55, 7,25) "T5"
d_Maxl 55, 7) = 25 "T3" a1
d_Max( 54, 7) = 24" "al
0_Max(103, 8) = 48 "E " a2
d_Max( 58, 10) = 24 "8 " a2
d_Max( 59, 11) = 24" "a2
d_Maxe 60, 12) = 24" "a2
d__ ax( 64, 15) = 24 "9 " a3
d_Maxe 65, 16) = 24" "a3
d_Maxe 66, '7) = 24" "a3
a_Max( 67, 18) = 24" "a3
IPT = 0.26)

Considering bound lupper, 58, 7,27) "T3"
d_Max( 58, 7) = 27 "T3" a1
d_Maxl 57, 7) = 26" "a1

• O[~ENSION 7 HAS 8EEN CO~PLETEL' OETER~[NED FOR LENGTH <= 127
d_MaxI110, 8) = 52 "E " a2
d_M.xll", 8) = 53" "a2
d_M.x(113, g) = 54 "E " .2



BOUNDUPOATER (11/06/84) 4:13 P" TUES@~r, NOVE"8ER 6, 1984

**** •••••• **** •• ********** •• ***.*** ••••• **.** •••• **** •••••• ***** •• )

00010000
00010010
00010020
00010030
00010040
00010050
00010060
00011000
00011010
00011020
00011030
00011040
00011050
00011060
00011070
00011080
00011090
000'" 00
00011110
000"'20
000",30
000"140
000'1150
00011'60
OC011'70
00011180
00011190
00011200
0001'210
0001'llO
00012000
000120'0
00012020 l>

'C
00012030 'C
00012040 11l
00012050 ;:,

00012060
Q....

00012070 )(

00012080
00012090 ...
00012100 <:
00012110
000'2120 "00012130

..,
00012140 0

\tl
00012150 ..,
00012160 III
00012170 :l

00012'80 r
00012190 ...
000'2200 In

C001Ul0
,..

00012220
..
;:,

000'2230 \tl
000'2240 Ul
000'2250

*
*
*
*
*
*
*
*
*

{ i.plicit refe~ence }

{ .axi.u. , pages printed to 1 file }

{ .axi.u. bound table ;nde. }
{ size in wO~dS = SQ~(~axBtln:e.+l1 }.;

• A •

'!l •

• C •
I D •

• E •

= PACKED RECORD CASE BtEle.~ntKind OF
(

int~ge~ ) ;
(

Bt Index;
char; { not ref: Refer~nce because ~f packing}

= '1."
127

=16 384

.. ( lower, upper ) ;

.. 0 •• "axBtIndex ;

.. PACKED ARRAY ( 1•• 2 ] Of ch.r ;
( Statistics, Boundlnfo ) ;

.. , 000

January 1984 (~~vis~d Septe.be~ 1984)

Depart.~nt of "athe.atics and Co.puting Science,
Eindhoven Unive~sity of Technology.

FILE <kind=p~inte~,t~ainid=EBCDIC96,pagesiz,=63>,

fILE <kind=printe~,trainidzEBCDIC96>,

FILE <kind=printer,trainid=EBCDIC96>

LIST
LISTlIlCL
illAANSVPR
NOBOUNDS
TESTOUTPUT
LSIPRlNTER

*
* Author: To. Verhoeff (student)

*

*
*
* Date:

*

BtElulent
Statistics

unsol~ed

Boundlnfa
dis t
~efch', refch2

Ma.Page

NoR~f

A_Ref
B hf
C-Ref
D-Ref
E-Ref

TYPE
BoundKind
Bt1nd~x

Reference
BtEle.entKind

CONST
Vers ion
~axBtlnaex

BtSize

U RESET
SS SET
SS SET
$I SET
U RESE T
$I RESET

PROGRA" BoundUpdat~~

input,
output,
P~

R~po~t

Li s t
) ;
(************************.************ •••• *.********** ••••••• *** •••
* *
* This prog~a••aintains a tabl~ of known upp~~ and lowe' *
* bounds on th~ .a.i_u_ .inu.u.-distanc~ of bina~y line'" *

codes with wo~d length l~ss than 128. *

10000
lG010
10020
10030
10040
100S0
10060
11000
11010
11020
" 030
11040
11 OSO
11060
11070
11080
11090
11100
11110
11120
11130
11140
11150
11160
11170
11180
11190
11200
11210
11220
1Z000
12010
12020
12(,30
12040
12050
12060
12070
12080
12090
12100
12110
12120
12130
12140
121S0
12160
12170
1211:10
12190
12200
12 21 0
12220
12230
12240
12250



.ark : 0 •• 8tS'z@
unchang@d : bool@an ) ;

END { 8tEl@.@nt } ;

FUNCTION IsOpenCaseln,k: Btlndex): boolean;
BEGIN { 1 <= k <= n assu.ed}
IsOpenCaSe := (Bt[n,k].dist < Bt[k,n].dist)
END { IsOpenCaSe } ;

fUNCTION HasElternalRefCb: BoundKind; n,k: Btlndel): boolean
BEGIN < 1 <= k <a n assuMed}

C_SE b Of
lOwer: WITH Bt[n,k] 00

HasExternalRef :a
NOT lr~fchl in [. ·,·A· •• ·E·]) OR Cr@fch2 <> •• )

FUNCTION HasE.plicitRefCb: BoundKind; n,k: Btlndex): boolean
BEGIN { 1 <a k <=" assu_@d}
CASE b Of

lower: WITH Bt[n,k] DO
HasExplicitRef := lr@fchl <> • .) OR (r~fch2 <> • .)

upp@r: WITH Bt[k,n] DO
HasElplicitRef := Crefchl <> • .) OR Crefch2 <> •• )

END { case } ;
END { HaSElplicitRef } ;

00012260
00012270
00012280
00012290
00012300
00012310
00012320
00012330
00013000
00013010
00013020
00013030
00013040
00013050
00013060
00013070
00013080
00013090
00013100
00013110
00013120
OC013130
00013140
00013150
00013160
00013170
00013180
00013190
00013200
00013210
00013220
00013230
00013240
00013250
00013260 ]lo
00013270 1J
00013280 1J

lD00013290 ;:,
00015000 C.
00015010 -00015020 )(

00015030 ...
00015040 <:
00015050
00015060

1J00015070 ~

00015080 0
00015090 ...0
00015100

..,
III

00015110 S
00015120
00015130 r

w·00015140 1/1
00015150 ....
00015160 w

00015170 ;:,

00015180 ...0
1/100015190

00015200

{ Bt modified aft~r last save}boolean

integer,
ARRAY [ BoundKind ] Of integer
real ;
integer;
ARRAY [0 •• 4,0 •• 6] OF bool@an ;
{ identifies .odified unprinted blocks}

}
.RRAY [ BoundKind ] Of

PACKED ARRAY [ 1 •• 5 ] Of char;
TEXT;

BtArra)' ;
( if 0 < k <a n <& lIla.BtIndex then

Bt[n,kl.dist = current lower bound,
Bt[n,k].refch1 •• 2 corr@sponding r@ferenc@,
Bt[k,n].dist • current uppe~ bound,
Bt[k,n].r@feh1 •• 2 corresponding reference,
N.B. Bt[n,n].dist = 1 = lower = upper

Bt[n,n].refchl •• 2 a NoRef (Pl)
8t[n,0].unsolved = , k: case (n,k) is open,
8t[0,k].unsolv@d = , n: case In,k) is open,
Bt[O,O].unsolved = , n,k: case In,k) is op~~

a ARRAY [ BtInd@x, BtInd~x 1 OF BtEle.~nt

a FILE OF BtArra)' ;

BtArra)'

BtFil@

Id

{ sessiOn statistics}
Btlllodif ied
TotUpdates,
TotUseful,
TotEltwip@d,
TotExtt.proved,
BtOO
Tot I.proved
PrevPt
Pages Printed
TOBePrinted

Pr, R@port, Lis t

VAR
at

12260
12270
12280
12290
12300
12310
12320
12330
13000
13010
13020
13030
13040
13050
13060
13070
13080
13090
13100
13110
13120
13130
13140
13150
13160
13170
13180
13190
13200
13210
13220
132 30
13240
13250
13260
13270
13280
13290
15000
15010
15020
15030
15040
15050
15iJ60
15070
15C80
15090
15100
15110
15120
15130
15140
15150
15160
15170
15180
151'10
15200



15210
15220
15 2.50
15240
15250
'5260
15270
15280
15290
15300
15310
15320
15330
'5340
15350
15360
, 5370
15380
1:>390
15400
15410
1)420
15450
'5440
15450
15460
15470
'5480
15490
15500
'5510
15520
1553Q
15540
'5550
15 560
15570
19000
19010
19020
'9030
'9040
19C50
19060
19070
19080
19090
19100
19110
19120
19130
19140
19150
19160
19170
19180
19'90
19200
19210

UPPt' wiTH Bt[k,n] 00
Mas IternalRef :a

~ T Crefchl in [. ·,·A· •• ·E·]) OR Crefch2 <> •• )
EN~ { else } ;

END { "asElternalRef } ;

PROCEOU'E ~ssigMRefCb: BoundK;nd; n,k: Btlnder; r: Reference);
BEGIN
CASE 0 :f

lo~tr: wiTH ~t[n,k] DO BEGIN
refch1 :s r[11 ; refch2 :a r[2] ENO

upptr: wiTH 8tCk,nJ 00 BEGIN
refchl := r[lJ ; refch2 :a rCZ] END

END { else } ;
END { lssignRef } ;

fUNCTlC~ Is3lock( i,j: inte~er): booleln ;
8EGI~

I s~l co : a CO <= 1) AND C; <= 4) AND (0 <= j) AIlO Ii <= 6) AND
(j*ZO+l <= (;+1)*25)

END { Is3lock } ;

fUIlCTIC~ 'cUpperCc: char): char;
BEGI~ { ~.B. EBCDIC character set}
IF c. 1" (la· .• ·;I, ·j· •• ·r·, ·s· •• ·z·] THEN

T:.coer := chrCord(c) - ordC'I') + ordC'A'))
ELSe

T:..;;oer := c ;
END { TcUpper } ;

PROCE)~;~ SayProcTiMe
V~R ;t, Jelta: real
BEGl~

pt := ;.HTI~E ; delta :s pt - PreyPt ; PreyPt :a pt
.riltl~I'PT = ',pt:':i,', delta PT = ',delta:l:Z) ;
END C ;3yProcTi.e }

PROCECU;: SaveBt ;
YAR nof: BtFile ; t: STRING(80)
8EGI~

wr;t~lnIReport) ;
writtl~(~eport,'CuMulat;ve Session Statistics:')
writ~l~(Report,RUNTI"E:8:Z,'process ti.e·) ;
~ritel~IReport,TotUpdates:8,' updates') ;
IF ot";oified THEN BEGIN

~riteln(Report,TotUseful:8,' useful updates')
~ritelnCReport,TotIMproved[lower]:8,'lower bounds i_proyed') ;
~rit~lnCReport,Totl.proved[upper]:~,· upper bounds ;.proyed') ;
~ritelnCReport,TotEltWiDed:8,' external references reMoved') ;
~ritelnCReport,TotExtlmDrOYed:8,' elternal references superseded')
~rittln(Report,BtOO-Bt[0,O].unsolved:8,·cases solved')
~r;telnCReport,Bt[0,O].unsolved:8,·cases left open')
SET'TT~IBUTECnDf, AREASIlE, 1) ;
SETlTTRIBUTECnbf, AREAS, 1);
re.rtte(nbf) ; GETATTRI3UTE{nbf,TITLE,t) ;
Me!i := Bt ; put(nbf) ; CLOSE(nbf.SAVEl ;
.ritelnIReport,·Table of bounds sayed on file: ',t) ;
Bt.c.ifieo := false;
E~c ELSe ~ritelnCReport,'TaDle not Modified since last saye.·)

00015210
00015220
000' 5230
00015240
00015250
00015260
00015270
00015280
00015290
000'5300
00015310
00015320
GOO15330
00015340
00015350
OGOl5360
OeOl 5370
OLOl5380
00015390
00015400
00015410
00015420
OC015430
OG015440
OC015450
00015460
00015470
00015480
00015490
OCOl5500
0(,015510
00015520
000'5530
000'5540
"CO'5550
CGO'5560 ]>

'C00015570 'C
CGO'9000 lD
OGO'9010 ~

00019020 Q.....
00019030 )(

00019040
00019050 ...
000'9060 <:
000'9070
000'9080 "00019090 ~

000'9100 0
u1

00019110 ~

00019120 III
00019130 :I
00019140 r
00019150 ....
00019160 Ul
00019170 ,...
00019180

...
~

00019190 u1
00019200 Ul
00019210



19220
19230
20000
30000
70000
70010
70020
70030
70040
70050
70060
70070
70080
70090
70100
70110
70120
70130
70140
10150
70160
10170
10180
10190
70200
1021U
70220
70230
70240
70250
10260
10270
102bO
10290
10300
10310
70320
70330
10340
70350
10360
70370
70380
10390
10400
70410
70420
70430
70440
70450
70460
10470
10480
70490
80COO
80010
80020
e0030
llJ040

END < SaveBt } ;

S5 INCLUDE ·UPD.TEBT·
55 INCLUDE -PRINTBT
PROCEDURE ProcessInput

VAR ch,du ••y: char ;
b: BoundK;nd ;
n,k,d,ior: integer";
r: Refer@nce ;

BEGIN
REPEAT < until lch = Igl) }

SayProcThe ;
REPEAT < unt; l liar = IORESIOO I }

wr;teln('Give co~.and: L, U, 5, P, ~, A, W, Q:') ;
IF eoln THEN readln ;
REPEAT readlch) UNTIL (ch <> I I) ; ch := ToUpper(ch)
CASE ch OF

'L','U': BEGIN
CASE ch OF 'l': b := lower; 'U': b := upper END
lor := readln,k,d) ;
IF (;or = IORES(OKI) tHEN BEGIN

REPEAT read(du".y) UNTIL (du•• y (> , I) ; r(1] := dU1UY ;
IF eoln THEN du~.y := , • ELSE read(du••y) ; r(21 := du •• y

wr;telnl'Bound = 1',ldCbl,',',n:l,',',k:l,',',d:l,') ·',r,'·') ;
END < then}

ELSE wrlteln('Invalid bound for~at') ;
ENO { L, U } ;

'P': BEGIN
;or := read(n,k) ;
IF lior = IORES(OK» THEN BEGIN

IF NOT Isalock(n,k) tHEN BEGIN ;or := IORESIOATAERR)
wr;teln('(',n:l,',',k:l,') is not a block') END

END < then}
ELSE wr;teln('Invalid block coordinate fortlat') ;

END { P } ;
'S','~','A','W','g': ior := IORESIOK) ;
OTHERWISE

wr;teln('Unrecogn;zed co•• and: ',ch) ; ior := IORESIDATAERRI
END { case ch } ;

WHILE NOT eoln DO read(du~.y)

UNTIL lior = 10RESIOK» ;
CASE ch OF

'L','U': updateBt(b,n,k,d,r)
'S': SaveBt ;
'pi: BEGIN Pr;ntBlock(n,k) ;

wr;teln(Report, 'Block (',n:l,',',k:l,') printed.') END
'A': PrintAll ;
'~I: Pr;nt~od;fied

'W': WallPaper;
'g': wrlteln('QUIT co ••and')
END { case } ;

UNTIL (ch = 'g') ,
END < Process Input }

PROCEDURE In;tial;z@
VAR i,i: ;nteger ;

cbf: BtFile ; t: STRINGleO) ;
BEGIN
reset(;nput) ; re~rite(output) ;

OC019220
00019230
OC020000
00030000
00070000
1:0070010
OC070020
C~010030

00070040
OC070050
00070060
OC070070
C0070080
1:0070090
00070100
OC070110
00070120
00070130
CQ070140
OC070150
00070160
00070170
00070180
00070190
oe070200
00070210
eca70220
00070230
uC070240
JL070250
0'0070260
08070270
'00070280
CC070290
00070300 1>
OC070310 "00070320 'C
00070330 :1I

GC070340 ;:l

OC070350
;:l,.

-
00010360 "00010310
00070380 <:
00070390
00070400
(.C070410 "CI

00070420
..
:1

00010430 ...:I
G0010440

.,
00010450 III

00070460 3

OC070470
00070480
OC070490 l/1

00080000
00080010 ;,
00030020 \0
OCO-30030 l/1

OC080040



80050
80060
80010
8UG80
80090
80100
801'0
80'~0

ISO 1 3G
80140
80150
80160
80170
80180
80190
80200
80210
80220
80BO
80240
80250
80260
8021C
!S02Be
8029C
8D30C
8031C
803,0
8033C
80 34C
900\,C
9001C
9002C
90030
901.4C
900 SC

rewr;te(Pr) ; rewrlte(Report) ; rewrite(L;st) ;
writeln('Bound Updater [',Version,'], ~,'9tInde. z ·,~alatInd.l:l)

writeln(Report,
'Bound Updater [',Version,'], "alatlrj •• 2 ',"alBtIndel:l) ;

wr;teln(Report) ;
IdClower] :a 'lower' ; Id{upper] :- 'upper' ; { constant array}
PrevPt :a 0.0 ; PagesPrinted :a 0 ;
Bt~odified := false; { no _odifications ret}
TotUpdates := 0 ; TotUseful :- 0 ;
TotI.proved[lower] :- 0 ; TotI.proved(uPofr] :a 0
TotEltWiped := 0 ; TotEltI.proved := 0 ;
fOR i := 0 TO 4 00

fOR j :- 0 TO 6 DO ToBePrinted[i,j] := tolse
reset(cbf) ; at :z cbf. ;
uEIATTRIBUTE(cof,TITLE,t) ;
writeln(Report,'Table of bounds read fr~_ file: ',t)
fOR i := 1 TO "aletIndel DO

FOR j :2 1 TO "alBtIndel 00 9t[i,j].u'c,.nged := true;
BtDO := Bt[O,O].unsolved ; { initial nuOOfr of open cases}
writeln(Report,BtOO:8,' unsolved cases') ; .riteln(Reportl ;
END { Initialize}

PROCEDURE Finalize
BEGIN
SaveBt ;
writeln(Report) ;
wrileln(Report,PagesPrinted:8,' pages prj~ted')

writeln(Report,'Bound U~dater Ter.inale:.') ;
END ( Finalize} ;

BEGIN ( 30undUpdater }
Initialize ;
Process Input ;
Finalize ;
END { BoundUpdater }.
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UPDATEST (11/06/84) 4:13 P" TUESDAY, NOVE~BER 6, 1984

PROCEDURE EnsureNe.L;ne

FUNCTION IslnTabl~(n,k: integ~r): bool~an ;
BEGIN
IslnTable := (0 ( kl AND (k (= n) AND (n <= ~a.Btlnd~.) ;
END { IslnTable } ;

PROCEDURE Updat~Bt(b: 90undKind;
l~n, dim, nevdist: int~ger;

r: Refer~nc~) ;
LABEL 0 ; < in cas~ of bound violation}

S SET O~IT • NOT TESTu"TPUT
PROCEDURE indent ; VA~ i: int~g~r ;

BEGIN
FOR i := 1 TO ~1~(25,o~pth) DO vrit~(R~port,·.·)

IF (d~pth > 25) T~;:~ write(R~port,'>') ;
END < ind~nt } ;

S POP OMIT

00020000
00020010
00020020
00020030
00020040
00020050
00020060
00020070
00020080
00020090
00020100
00020110
00020120
00020130
00020140
00020150
00020160
00020170
00020180
00020190
00020200
00020210
00020220
C0020230
C0020240
00020250
00020260
00020270
00020280
00020290
00020300
00020310 J>
00020320 '0
00020330 '0

1900020340 :3
00020350 Q.
00020360 ...
00020370 x

00020380 ...
00020390 c::
00020400
00020410

iJ00020420 ..,
OC020430 0
00020440 <D
00020450

.,
1II00020460 EI

00020470
00020480 r...
00020490 III00020500 ,.
00020510 ...
0002(j520 ::J

00020530 <D
III(10020540

00020550

< tabl~ _odified sinc~ last ~ntry of UpdateBt )

VAR
NoRe.arksY~t,

L.odifi~d: bool~an

pt: real;
depth: int~ger ;

FUNCTION Is$a4e(b: 30undKind; n,k,d: int~g~r): boolean
BEGIN
If IslnTable(n,.) TMEN

CASE b OF
lov~r: IsSaee := (Bt(n,kl.dist = d)
upp~r: IsSaee := (dt(k,n).dist : dl
END < cas~ )

ELSE IsSa~~ :: flls~ ;
END ( IsSall~ ) ;

FUNCTION Is~ark~d(b: 8oundKind; n,k: int~g~r): boolean
BEGIN
IF [slnTabl~(n,k) THEN

CASE b OF
lower: Is~ •• ked := (Bt(n,kl.eark & depth)
upp~r: IsMa,ked := (Bt(k,n).eark : d~pth)

END < case }
ELSE Is~arked :z false

END ( Is~ark~d } ;

FUNCTION Isl.prove.~nt(b: BoundKind; n,k,nevd: int~ger): bool~an

BEGIN
IF IslnTable(n,k) T~EN

CASE b OF
low~r: Isl.orove~ent := (Bt(n,k).dist < nevd)
upp~r: lsl.crovem~nt := (Bt(k,nl.dist > n~wd)

END < cas~ : }
ELSE

Isleprove.ent := fals~

END < Isl.prove.ent } ;

20000
20010
20020
20030
20040
20050
20060
20070
20080
20090
20100
2011 0
20120
20130
20140
2015G
20160
20170
20180
20190
20200
20210
20220
20230
20240
2U250
20260
20270
20280
20290
20300
20310
20320
20330
20340
20350
20360
20370
20360
20390
20400
20410
20420
20430
20440
20450
20460
20470
20480
20491)
20500
20510
205(0
20BO
20540
20550



20560
20570
20580
20590
20600
20610
20620
20630
20640
20650
20660
20670
20680
20690
20700
2071 lJ
20720
20730
20740
20750
20760
20770
2(; 780
20790
20800
201110
20820
20830
20840
20850
20860
20810
20880
Z0890
Z0900
Z0910
209Z0
Z0930
20940
20950
Z0960
20970
20980
20990
21000
Z1010
21020
21030
21040
21050
21060
21070
Z1080
21090
21 10C
21 I 10
Z',Z0
21130
21140

BEGIN
IF NoReMa,ksYet THEN BEGIN

writeLn(Report) ; NoReMarksYet :a false END
END { EnsureNewLine } ;

PROCEDURE ToRepo~t(b: BoundKind; n.k: BtInde.)
BEGIN
EnsureNewLine ;
w,ite(Report.· Bound (·.IdCb].·.·.n:l.·.·.k:l.·.·)
CASE b OF

lower: WITH BtCn.k] DO
w,lte(Report.dist:l.·) ··.refchl.refch2.··: .)

upper: WITH BtCk.n] DO
wrlte(Report.d;st:l.·) w·.refchl.refch2.'w: .)

END ( case} ;
END ( ToReport } ;

PROCEDURE CondWipeRef(b: BoundKlnd; n.k.d: integer)
BEGIN
IF IsSaMe(b.n.k.d) THEN BEGIN

lMod;fied := true;
S SET O~IT = TESTOUTPUT

IF HasExte,naLReflb,n.k) THEN
S POP OMIT

BEGIN
TotEltWiped :a TotEltWiped + 1 ;
ToReport(b.n.k) ;
writeln(Report.·elternal reference reMoved') END

AssignRef(b.n.k,NoRef)
END ( IsSaMe ) ;

END ( CondwlpeRef }

PROCEDURE W;pe"ark(b: BoundKind; n.k: integer)
BEGIN
IF IsInTabLeln.k) ThEN

CASE b OF
Lower: WITH BtCn,k] 00 IF (.a,k = depth) THEN aark := 0
upper: WITH atCk.n] 00 IF (Mark· depth) THEN .ark := 0
END ( case ) ;

END ( WlpeMark ) ;

PROCEDURE V;oLationEI;t
(b: BoundKind ; n,k,d: integer; r: Reference) ;

BEGIN EnsureNewLine ;
wr;teIReport,'»> ·.ldCb].· bound I.d:l.· ··.r,·· wiolates')
CASE b OF

lower: ToReportlupper,n.k) ;
upper: ToReport(Lower,n,k) ;
END ( case) ;

wr;teln(Report.·(depth = ·,depth:l.·)·)
wrlteln('»> VIOLATION DETECTED «<')
If LModified THEN BEGIN

writeLn(Report,'lnternal tabLe aSSUMed corrupted.') ;
writeln(Report.·Bound Updat~r terMinated, tabLe not saved.')
writeln('Aborted w/o saw;ng.·) ;
CLOSE(Pr) ; CLOSEIReport) ; CLOSE(output)
ABORT END

ELSE goto 0 ;
END ( ViolationExit }

000Z0560
00020510
00020580
00020590
00020600
00020610
00020620
00020630
00020640
00020650
00020660
00020670
00020680
00020690
0(,OZ0700
00020710
00020720
00020730
00020740
00020150
C:0020760
00020710
C0020180
CC020790
00020800
C:00ZO!10
OUOZ0820
000Z0830
0(;020840
Oe020850
e0020860
00020870
00020880
00020890
00020900
00020910
00020920
00020930
00020940
00020950
00020960
00020970
00020980
00020990
00021000
00021010
00021020
00021030
00021040
000Z1050
00021060
000Z1070
000Z1080
0(;OZ1090
00021100
OC021110
OC0211 ZO
00021130
OCOZ1140
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21150
21160
21170
21180
21'90
212110
21210
21220
21BO S
21240
21250 S
21260
21270 S
21280
21290
21300
213'0
21320
21330
2'340
21350
21360
21310
21380
21390
21400
2141 (J

21420
21430
21440
21450
21460
21410
21480
21490
21500
215'0
2'520
21530
21540
21550
21560
21510
21580
2'590
21600
21610
21620
21630
21640
21650
21660
21670
21680
21690
21700
21710
21720
21730

PROCEDURE MakrI.provr.rnt(b: BoundKlnd ;
n,k,nevd: intrgrr
r: Refrrence ) ;

BEGIN < IsI.prove.entCb,n,k,newd) assuMed}
IF Cnewd < Bt[n,k).dist) OR Cnewd > Bt[k,nJ.d;,~1 THEN

VlolationE.itCb.n,k,newd,r)
lModified :- true;

SET OMIT - NOT TESTOUTPUT
indent ;

SET OMIT = TESTOUTPUT
IF HasE.ternalRef(b,n,k) THEN

POP OMIT POP OMIT
BEGIN ToReoortCb,n,k) ; writelnCReport,'i~p.:.~d to ',newd:"

TotE.tI_proved := TotE.tl~proved + , END;
CASE b Of

lower: WITH Bt[n,kJ DO BEGIN
oist := newd ;
Totl.proved[b] := Totl.proved[bJ • :'J(unchangrd)
unchanged := false ;
END { with} ;

upper: wITH St[k,nJ DO BEGIN
dist := newd ;
TotI.proved[bJ := TotIMprovedCbJ • ;'J(unchanged)
unchangrd := false ;
E~D { with}

END { case } ;
ToBePrintedC~INC4,Cn-l) DIV (5),Ck-l) DIY lS: := t.ue
AssignReflb,n,k,r) ;
IF NOT ISOpeneaseln,k) THEN BEGIN { case sol it: }
Ensure~e_Line ;
writelnCReport,' d_~a.(·,n:3,',·,k:3,·) = ','e_d:2,

, M',r,'M .',drpth:1)
WITH BtCO,O) DO unsolved := unsolved 
WITH St[O,k) 00 unsolved := unsolved 
.ITH BtCn,O) 00 unsolved := unsolved 
IF (Bt[n,O).unsolved = 0) THEN BEGIN

writelnlReport,
'+ LENGTH ',n:1,' HAS BEEN eOMPL,':l1 DETERMINED')

END { if } ;
IF lBt[O,k).unsolved = 0) THEN BEGIN

writrln(Report,'. DI.ENSION ',k:l,
, HAS BEEN COMPLETELY DETERMINED ,;, LENGTH <= "
-a.Btlnde.:l) ;

END { if } ;
END < if case solved} ;

END { Makel.provr.ent } ;

PRoeEDU~E Updat~(b: 8oundKind; n,k,newd: inte;~'; r: Reference)
fORWARD

PROCEDURE '.3_E(n,k,n~wd: int~9~r) ,
{ zero or .ore P3, follow~d 0, E }
YAR nn,dd,k~: int~9~r ;
BEGIN
IF oddl"e~d) T~EN BEGIN n := n - , ; newd ;= -.~d - 1 END;
dd :a 2+newd ; "n :a n + dd + 1 ; kk ;= k • ' ;
WHILE Cnn <= ~a.Btlnde.+51 AND IsMark~dlupp.·,'.k) DO BEGIN

Updat~(upper,nn,kk,dd,E_Ref) ; { E }

00021150
00021160
00021110
00021180
00021190
00021200
00021210
00021220
00021230
00021240
00021250
00021260
00021210
00021280
00021290
00021300
00021310
00021320
00021330
00021340
00021350
00021360
00021370
00021380
01;021390
00021400
000214'0
00021420
00021430
00021440
00021450
00021460
00021470
00021480
00011490 J>
OU02'500 'tl
00021510 'tl

II)00021520 ;:,
00021530 Q.

00021540 ...
00021550 )(

00021560 ...
00021570 <:
00021580
00021590 1100021600 ..,
C0021610 0
0[,021620 !J)

00021630
.,
PI00021640 3

00021650
00021660 r...
00021670 UI(,0021680 ,...
00021690 ...
00021700 ;:,

!J)00021710 UI00021120
00021730



PROCEOURE z.4 Cln,k,newd: integer) ;
{ zero or ~ore P4, followed by C }
liAR .: integer ;
HEGIN
~HILE I5~arkedllower,n,k) DC BEGIN

• : .. k + 1
REPEAT

WHILE (. < Ma.atindex) .~o NOT oddIBtCa-l,kJ.dist) DO

PROCEOURE B1(n,k,newd: integer)
VAR s: integer;
BEGIN
IF odd(newd) THEN BEGIN n := n + 1 ; newd := newd + 1 END
( deter.ine upper bound on oei. ot dual code of (n,k) }
IF ISlnTable(n,k) THEN 5 := et(n-k,n].dist

ELSE IF (k >= MaxBtInde.) THEN 5 :a k + 1
ELSE 5 := Bt["axBtlndex-k,~a.Btlndex].di5t

update(lower,n-s,k-5+1,newd,a_~ef); { B1 }
END { 81 } ;

PROCEDURE z.2 z.4 92d4(n,k,newc: integer) ;
{ zero or .ore P2 and P4, followed by either 92, or R4 }
liAR ., j: integer;
BEGIN
IF odo(newd) THEN BEGIN n := ~ - 1 ; newd :z newd - 1 END
WHILE I5~arked(upper,n,k) DO 3EGIN

• :- n ; j :- k ;
REPEAT

Updatellower,.-nevd,.-j-newd+l,BtC.,.-jl.dist,B_Ref) ; { 82 }
Updatelupper,.,.-j,BtC~-j-ne~d+l,.-nevdJ.dist,8_Ref) ; { 84 }
• :a • + 1 ; j :a j + 1 ;
UNTIL NOT I5Markedlupper,e,j)

n := n - 1 ; .
END { ~hile } ;

END { z.2_z.4 a284 }

PROCEDURE z~3_B3(n,k,newd; inte,er) ;
{ zero or ~ore P3, followed oy B3 }
liAR 5: integer ;
FUNCTION looking: boolean;

BEGIN { i.ple.ents tonditio~al AND}
IF (n+s <a ~ax8tIndex) THEN

looking := (8t[n+1-k,n+sJ.dist > 5)
ELSE looking :a false

END ( looking) ;
BEGIN
IF odd(newd) THEN BEGIN n := ~ - 1 ; newd := newd - 1 END
WHILE Is~arked(upper,n,k) DO SEGIN

5 : z 1 ;
WHILE looking DO 5 ;= 5 + , ;
IF (n+5 <z ~a.Btlndex) THEN

UPdate(upper,n+5,k+5-1,ne.J,B_Ret) : { B3 }
n := n + 1 ; newd ;= newd + 1 ;
END { while} ;

END { u3_83 } ;

00021740
00021750
00021760
00021770
00021780
00021790
00021800
00021810
00021820
00021830
00021840
00021850
00021860
00021870
00021880
00021890
00021900
00021910
00021920
00021930
00021940
00021950
00021960
OC021970
00021980
00021990
G0022000
00022010
00022020
CC022030
00022040
CC022050
00022060
00022070
00022080 1>
00022090 "C
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00022170
00022180
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00022210 OJ)

00022220 ..,
00022230 III

00022240 :l

00022250 r
00022260 ...
00022270 l/1
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00022280 -00022290 :::I
GC022300 OJ)

00022310 l/1

00022320

dd : a dd + 2nn ; a nn + 3n ;: n + 1 ; newd ;: newd + 1
END { while} ;

END { u3_E } ;
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PROCEDURE 0.2 zlI4 DCn,k,newd: integer) ;
( once or lIore P2, zero or .ore P4, 1011:.ed by 0 )
BEGIN
n :a n + 1 ; IF odd(newd) THEN newo := "e.; + 1 ;
WHILE IsMarked(lower,n,k) AND (2*n <= "a.:tlndex+S) DO BEGIN

zIl4_D(n,k,newd)
n :a n + 1 ;
END ( while) ;

END ( z.3_z.4 0 )

PROCEDURE z.4_1ower(n,k,newd: integer; r: °eference)
{ zero or lIore P4 (lower bound) }
BEGIN
IF NOT IslnTableCn,k) THEN BEGIN

k := k-n+Maxatlndex ; n := MaxatIndex :" ;
WHILE Isillprovellent(lower,n,k,newd) 00 BESlN

MakeIlIprovellent(lower,n,k,newd,r)
8t(n,k] •• ark := depth
r := NoRef ;
n := n - 1 ; k := k 
END ( while} ;

IF (n < MaxBtlndex) THEN dEGIN

PROCEDURE ZIl3_zIl4_DCn,k,newd: integer) ;
< zero or lIore P3 ana P4, followed by 0
BEGIN
IF (2*n <= "axDtIndex+5) THEN

W~ILE Is~arked(lower,n,k) 00 BEGIN
zIl4_D(n,k,newd) ;
n := n - 1 ; newd := newd - 1 ;
END < while} ;

END { z.3_zII4_0 } ;

PROCEDURE zIl4_D(n,k,newd: integer) ,
< zero or .ore P4, followed by 0 }
VAR j: integer;
BEGIN
WHILE IsMarked(lower,~,k) DO BEGIN

j : = 1 ;
REPEAT

Update(lower,2*n,k+j,"IN(2*newd,Bt[n,jJ.jist),D_Ref)
j := j + 1 ;
UNTIL (Bt(n,j].dist <= newd) ;

REPEAT
UpdateClower,2*n,k+j,"IN(newd,2*Bt[n,jJ.jist),D_Ref)
j :a j + 1 ;
UNTIL (j = n) ;

n := n - 1 ; k := k - 1
END < while}

END ( u4_0 ) ;

00022330
00022340
OOOZZ350
00022360
00022370
00022380
00022390
00022400
00022410
00022420
00022430
00022440
00022450
00022460
00022470
00022480
00022490
00022500
00022510
00022520
00022530
00022540
00022550
00022560
00022510
00022580
00022590
00022600
00022610
00022620
00022630
OC022640
00022650
00022660
00022670 l>
OOOZZ680 '0
00022690 '0
00022700 l\)

00022710 ~

00022720
0....

00022BO )(

00022740
00022750

...
00022760

<:
00022770
00022780 1l
00022790

..,
0

00022800 I.Q
00022810 ..,
00022820 III
00022830 OJ

00022840 r
00022850 ...
00022860 Ul

00022810
,.....

00022880 ~

OU022890 I.Q

00022900 Ul

00022910

{ Dj }

{ O' j }

( C. )

• := II + 1 ;
IF (n+. <= MaxBtIndex+5) THEN

Update(lower,n+.,k,newd+Bt[lI,k].dist,c_Ref)
• :c • + 1 ;
UNTIL (n+. > MaxBtlndex + 5) ;

n :an - 1 ; k :a k - 1 ;
END < while} ;

END < u4_C } ;

22330
22340
22350
22360
22370
22380
22390
22400
22410
22420
22430
22440
22450
22460
22470
22480
22490
22500
2251G
22520
lZBO
22540
ZZ550
22560
22570
22 S80
<:2 S90
22600
22610
22620
22630
2264G
22650
22660
22670
22680
22690
22700
22710
22720
22730
22740
22750
22760
U770
22780
22790
22800
22810
22820
22830
22840
22850
22860
22870
22880
22890
22900
22910



P'CCEDURE 0.2_zM4_lowerln,k,newd: integer) ;
( once or More P2, zero or More P4 llow~r bound) }
BEGIN
~ := n + 1 ; If oddlnewd) THEN nevd := newd + 1 ;
.~ILE lIn ) ~a.Bt(nde.) OR IsI.prove.ent(lower,n,k,newd» _~D

In-k+' <= "axBtInde.) DO BEGl'l
z.4_lowerln,k,newd,NoRefl
n := n + 1 ;
END < while} ;

ConawipeR~fllower,n,k,newd) ; wipe"arkllower,n,k) ;
E~O < 0.2_z~4_lower } ;

PRCCEDURE zM4_upperln,k,newd: integer; r: Referencel ;
{ zero or .ore P4 (upper bounJ) }
9EGIN ( on entry IsI.proveMentlupper,n,k,newd) holds}
REPEAT

-akeIMproveMentlupper,n,k,nevd,r)
at(k,n].Mark := depth;
r := NoRef ;
n := n + 1 ; k := k + 1 ;
UNTIL NOT IsIMproveMentlupper,n,k,newd) ;

CondWipeRef(upper,n,k,newd) ; wipe~arklupper,n,k) ;
END { zM4_upper } ;

PROCEDURE oM2_zM4_upperln,k,nevd: integer; r: Reference)
( once or more P2, zero or .ore P4 (upper bound) }
BEGIN
IF (n <= "axBtIndex) THEN r := NoRef ;
n :s n - 1 ; If oddlnewd) THEN neva := newd 
If In > "a.StIndex) TNEN n := "axBtIndex ;
WHILE IsImprove.entlupper,n,k,newd) 00 BEGIN

z.4 upperln,k,newd,r)
r :; NoRef ;
n := n - 1 ;
END < while} ;

CondWipeReflupper,n,k,ne~d) ; Wipe"ark(upper,n,k)
END < 0.2_z.4_upper } ;

PP0CEDURE zM3_z.4_loverln,k,n~vd: int~ger; r: Ref~rence)

{ zero or More P3 and P4 llower bound) }
SEGI'I
IF In-k+' ) ~a.etInde.) THEN BEGIN

nevd :s n~vd-ln-k+1-~a.BtIna~.) ; n :s k-1+~a.BtIndex END;
.HILE lIn > ~axetInd~x) OR IsIMproveM~ntllov~r,n,k,n~vd» _~D

(k < n) DO BEGIN
zM4_lowerln,k,n~wd,r) ;
If IsInTable(n,k) THEN r :: 'IoR~f

n := n - 1 ; n~wd := n~wd - 1
END { while} ;

IF In < ~ax9tIndex) THEN BEGIN
CondWip~Refllo.~r,n,k,n~wd) ; condWipeRefllover,n-1,k,newd-l)
wipe"arkllower,n,k)
E'ID { if } ;

E~D { zM3 ZM4 lower}

00022920
00022930
00022940
00022950
00022960
00022970
00022980
00022990
00023000
000230'0
00023020
00023030
00023040
00023050
00023060
00023070
00023080
00023090
00023100
00023"0
00023120
00023130
00023140
00023150
00023160
00023170
00023'80
00023190
00023200
00023210
CC023220
00023230
00023240
00023250
00023260 ]>
00023270 't)
00023280 't)

00023290 CD
00023300 ::J

a.
00023310 ...
00023320 )(

00023330 ...
00023340 <:
00023350
00023360
00023370 ".,00023380 0
00023590 1.0
00023400 .,
000234'0 III

00023420 :l

00023430 r
00023440 ...
00023450 UI...
00023460 ..'
00023470 ::J
00023480 1.0
00023490 UI

00023500

Wipe~arkllover,n,k)ConaWip~R~fllov~r,n,k,nevd)

E'ID{if};
o'lD { zM4_tov~r } ;

22920
22930
22940
22950
22960
22970
22980
22990
230CiO
23010
23020
23030
23040
23050
23060
23070
23080
23090
23100
23110
23120
23130
23140
23150
23100
23170
231BC
23190
23200
23210
23220
23230
2324G
23250
23260
23270
23280
23290
23300
23310
23320
23330
23340
23350
23360
23370
23380
23390
23400
23410
23420
23430
23440
23450
23460
23470
23480
23490
23500



23510
23520
2.3530
23540
23550
23560
23570
2.5580
23590
23600
23610
2.5620
23630
23640
23650
23660
23670
23680
23690
23700
23710
23720
237.50
23740
23HO
23760
23770
23780
23790
25800
23810
23820
23830
23840
23850
23860
23870
2.58&0
2.58 90
23900
23910
23920
23930
23940
23950
23960
23970
23980
23990
24000
24010
24020
24030
24040
24050
24060
24070
24080
24090

PROCEDURE ,.3_z.4_upp~r(n,k,n~wd: integer; r: Ref~r~ncel

{ zero or .or~ P3 and P4 (upp~r bound) )
BEG[N
WH[LE Is[.prov~.~nt(upp~r,n,k,newd) DO BEGIN

z.4_upp~r(n,k,n~wd,r) ;
r := HoRef ;
n := n + 1 ; newd := newd + 1 ;
END { whil~ } ;

CondWipeRef(upper,n,k,n~wdl ; CondwipeRef(upp~r,n+1,k,newd+11 ;
Wip~~ark(upper,n,kl ;
END ( ,.3_,.4_upper ) ;

PROCEDURE Update{b: ~oundKind; n,k,newd: integer; r: Referenc~}

{ The recursive updating procedure}
BEGIN

S SET OM[T = NOT TESTOUTPUT
ind~nt ;

writelReport,'Checking bound (',[a(b],',',n:1,',',k:l,',',n~wd:1,')',rl;

S POP O"IT
If «0 < kl AND (k < nl AND In > ~axBtlndexl AND Inewd > II)

OR Is[.prove.ent(b,n,k,newdl THEN BEGIN
S SET OM[T = ~OT TESTOUTPUT

writelnCReoort,': inter~sting'l

S POP O"IT
depth := depth + 1 ;
CASE b Of

lower: BEGIN
'.3_,.4.low~r(n,k,n~wd,rl ; { also do~s .arking }
O.2_'~4.low~rln,k,newdl; {also do~s .arking }
UPdat~llower,n-newd,k-l,(newd+11 O[V 2,A Refl ; { A }
81ln,k,newdl ; -
[f [s[nTableln,kl THEN 8EGIN

z.4_Cln,k,newdl ;
za3_z.4.D(n,k,newd)
oa2.,.4_D(n,k,newdl
END { if } ;

END ( lower bound ) ;
upper: BEGIN

z.3 ,.4 upp~rln,k,newd,rl ; { also does .arking }
O.2:,.4:upperCn,k,newd,rl ; { also does .arking }
If [slnTable(n,kl THEN BEGIN

z.3_Eln,k,newdl ;
,.3_B3In,k,newdl i
za2_z.4_82B4(n,k,newdl
END { if } ;

END { upper bound } ;
END { cas~ b } ;

depth := depth - 1 ;
S SET O"IT • NOT TESTOUTPUT

ind~nt ;
writeln(Report,'Exit bound (',[d(b],',',n:1,',',k:1,',',n~wd:l,'I',rl

S POP O"[T
END ( then )

S SET OM[T = NOT TESTOUTPUT
ELSE writeln(Report,': usel~ss'l

$ POP O~IT

END ( Updat~ )

8EGIN ( UpdateBt )

00023510
00023520
00023530
00023540
00023550
00023560
00023570
00023580
000Z3590
00023600
00023610
00023620
00023630
00023640
00023650
00023660
00023670
00023680
00023690
00023700
00023710
00023720
00023 730
OG023740
00023750
00023760
OU023770
«0023780
00023 790
00023800
C0023810
C0023820
00023830
00023840
C002 H50 1>
00023860 'tl
00023870 'tl
00023880 III

;:,
00023890 a-
00023900 ...
00023910 )(

COO23920 ....
00023930 <:
00023940
00023950

1300023960 ..,
00023970 0
00023980 \D
00023990

..,
1IJ00024000 3

00024010
00024020 r
00024030 ...

l/l00024040 ~

00024050 ..
00024060 ;:,

00024070 \D

00024080 l/l

00024090



2~' :
2~' .
2.' :
2. ' :
2'-'·
2... ,
2•• :
24 ' •
24' !
24' ;
24 - ,
2C'
24::
24::
2C.
2·' ,
2'" : :
(- :
2.. i

".. : ;

writeCReport,
'Considering bound C·,Id[bl,·,·,len:3,·,·,di.:3,·,·,newdist:2,') .',
r,··') ;

writelnCList,·(',Id[bl,',',len:3,',',di.:3,',',newdist:2,') ',r)
l~odified :: false;
NoRe~artsYet :a true; { first re.ark still has to be ••de }
pt :a RUNTIME;
depth :- a ;
Update(b,len,di.,newdist,r)

0: { in c.se of violation exit}
pt :a RUNTIME - pt ; TotUpd.tes :- TotUpdates + 1
IF L.odified THEN BEGIN

Tot Useful :- TotUseful + 1 ;
Bt~odified :- true;
IF HoRe.arksYet THEN write(Report,': useful') ;
END

ELSE IF HoRe.arksYet THEN wrlte(Report,': USELESS')
writeln(Report,' CPT = ',Pt:1:2,')') ;
END ( Upd.teBt } ;

000241C
00024 "
OG02412
00024 1!
0002414
0002415
OC024 16
C002417
00024H
000241.
000242C
00024 2'
0002422
0002423
C002424
0002425
000242t
000<'427
00024 "
CG024n

~
'C
'C
III
:3
a.
)(

....
<:

il..,
o

...0..,
1Il
:I

r...
UI,.
:3

...0
UI



PRINTBT (11/06/84)

30000
30010
30020
30030
30040
30050
30060
30070
30080
30090
30100
30110
30120
30130
30140
30150
30160
30170
30180
30190
30200
30210
30220
50230
30240
30250
30260
30270
30280
30290
30300
50310
30320
30330
30340
30350
30360
30370
30380
30390
30400
30410
30420
30430
30440
30450
30460
30470
30480
30490
30S00
30510
30520
30530
30540
30S50

P~OCEDURE Start Page ;
BEGIN
PagesPrinted :- PagesPrinted + 1 ;
IF CPagesPrinted ~OO ~axPage - 0) THEN BEGIN

CLOSE(Pr) ; rewrite(Pr) END;
EHD < Start Page } ;

PROCEDURE PrintBlock(i,j: integer) ; { i,j assu_ed in range}
CO~ST SqSize = 5 ;
VAR line,col,height,width: integer;

startline,endline,startcol,endcol: integer

PROCEDURE VertSep ;
BEGIN
IF Ccol ~OD SqSize = 0) THEN write(Pr,"')

ELSE writeCPr,' ')
E~O < VertSeo } ;

PROCEDURE HorSep ;
BE E IN
IF (Cline ~OD SqSize = 0) AHD Cline <> 125» OR

Cline = -ax8tIndex) THEN BEGIN
writrtPr,'--'--') ;
col := startcol ;
.HILE lcol <> endcol) 00 BEGIN

VertSep ;
.riteIPr,'-----,) ;
col := col + 1 ;
END ( while) ;

VertSep; writelnCPr,·----·)
[NO<if);

E~D < HorSep ) ;

P'OCEDURE xValues ;
3 E" I N
writeIPr,' n,k') ;
c~l := startcol ;
"-ILE (col <> endcol) 00 BEGIN

VertSep ;
col :- col + 1 ;
IF (col < 100) THEN writeCpr,' ',col:2,' .)

ELSE write(Pr,' ',col:3,' ') ;
END ( while) ;

wertSep ; write(Pr,' ',i:l,',',j:l) ; { block's coordinates
E~D { kValues } ;

PROCEDURE PrintRef(rl, r2: char; right justified: boolean)
3EGIN
If ri~htjustified THEN

If (r2 = • 0) [HEN write(Pr,r2,rl)
ELSE writeIPr,rl,r2)

ELSE
If Crl = •• ) THEN writeCPr,r2,rl)

ELSE writeIPr,rl,r2)
E~D { Print Ref } ;

4:13 P" TUESDAY, NOVE.8ER 6, 1984

00030000
00030010
0003C020
00030030
00030040
00030050
00030060
00030070
00030080
00030090
00030100
00030110
00030120
00030130
00030140
00030150
00030160
00030170
00030130
00030190
00030200
00030210
00030220
00030230
00030240
00030250
00030260
00030270
00030280
00030290
00030300
00030310 l>
00030320 "00030330 "00030340 lD

~00030350 Q.
00030360 ...
00030370 x
000S0380 ...
00030390 <:
00030400
00030410

"'000030420 ..,
} 00030430 0

00030440 '"00030450 .,
00030460 !II

:l
00030470
0[;030480 r
00030490 ...
00030500 Ul,..
00030510 ..
00030520 :J
OU030BO '"00030540 Ul

00030550



30560
30570
30580
30590
30600
30610
30620
30630
30640
30650
30660
30670
30680
30690
30700
30710
30720
30730
30740
30750
30760
30770
30780
30790
30800
30810
30820
30830
30840
308 SO
3G860
30870
30880
30890
30900
30910
30920
30930
30940
30950
30960
30970
30980
30990
31000
31010
31020
31030
31 040
310S0
31060
31070
310SG
31090
3110C
31110
31120
31130
31140

PROCEDURE RtValues ;
liAR .: intege~

BEGIN
~rite(Pr,' ':4) ;
col :a startcol ;
WHILE (col <> endcoll 00 BEGIN

VertSep ; col :2 col + 1 ;
IF (col) linel OR ·(line ) ~a.BtIndell THEN write(P~,' ';SI

ELSE BE61N
WITH Bt(line,col] DO BEGIN

Print Ref(refchl,refch2,
NOT ISOpenCase(line,col) AND (dist < lOll

1 :2 ord(unehangedl END;
WITH Bt(eol,line] DO BEGIN

• := 2*1 + ord(unehangedl
CASE I OF

0: ~rite(Pr,I*')

1: write(Pr,I<'1
2: write(Pr,')I)
3: writeIPr,' I I
EIoO { case} ;

PrintRef(refehl,refch2,lsOpenCase(line,eolll
END { with} ;

END { else} ;
END { ~hile } ;

VertSep ; writelnlPrl ;
writeIPr,line:3,' I) ; col := starteol
.HILE (col <> endeoll DO BEGIN

Ve~tSep ; col := col + 1 ;
IF (col) line) OR <line> "IaIBtlnde.1 THEil write(Pr,' ':5)

ELSE IF IsOpenCase(line,eoll THEN BEGIN
w~lte(Pr,Bt[line,eolJ.dist:2,'-11 ;
WITH St[eol,lineJ DO

IF (dist < 101 THEN write(Pr,dist:1,' I)
ELSE .rite(Pr,dist:21 ;

END { open case }
ELSE

~rite(Pr,Bt[line,eolJ.dist:3,' 'I
END { while} ;

VertSep ; w~itelnIPr,' ',line:]) ;
E"iD { BtValues }

BEGIN { Print8loek }
StartPage ;
ToBePrinted[i,jJ := false
IF (i = 01 THEN 8EGIN

IF lj = 0) THE~ { print table heade~ }
writelnIPr,' ':35,
'Upper and lower Bounds on d_.a.Cn.kl for Binary lintar Codes ' )

ELSE w~iteln(P~1

wrltelnlPrl i
E~D ;

IF (i < 41 THEN height := 25 ELSE height := 27 ;
startline := 25*i ; endline := startline + height;
width := 20 i starteol :2 20*j ; endcol := startcol + width
line := startline ;
kValues ; writelnlPrl ;
WHILE (line ~) endline) 00 BEGIN

HorS~~ ; line := line + 1 ;

00030560
00030570
00030580
00030590
OG030600
00030610
00030620
00030630
00030640
00030650
00030660
00030670
00030680
00030690
00030100
00030710
00030720
00030730
00030740
00030750
00030760
00030770
00030780
00030790
00030800
00030810
00030820
00030830
00030840
OG030850
00030860
00030870
00030880
00030890
00030900
00030910 »
00030920 'tJ

'tJ
00030930 III
00030940 ;,

00030950 Q....
00030960 x
00030970
00030980 ...
00030990 <:
00031000
00031010 11
00031020

.,
00031030 0

oJ)
00031040 .,
00031050 III
00031060 3
00031070 j"
00031080 ...
00031090 UI
00031100 ....
00031110

..
;;,

00031120 oJ)

00031130 UI
00031140



31150
31160
31110
31180
31190
31200
51210
31220
31250
31240
51250
31260
31210
31280
31290
313eo
51510
31321:
31330
31340
313~0

31360
31370
31380
31390
31400
31410
31420
31430
31 HlJ
31450
31 HO
31470
31480
31490
31500
31510
31520
31530
31540
.31550
31560
31570
31580
31~90

31600

BtValues ;
END { while} ;

HorSep ; kValues ;
SS SET O~IT a NOT LSIPRINTER

If (height <> 27) THEN
{ an LSI printer auto.atically pages for height = 21 }

IS POP O~lT

page (Pr) ;
END { PrintBlock }

PROCEDURE PrintAll
VAR I,j: Integer
BEGIN
FOR j := 0 TO 6 DO

FOR I := 0 TO 4 DO
If ISBlock(i,j) THEN Pri~t3lock(i,j)

writeln(Report, 'All blOCKS p,;nted.') ;
END { PrintAll } ;

PROCEDURE Print~odified ;
VAR i,j,count: integer;
BEGIN
count := 0 ; { M blocks printt~ }
FOR j := 0 TO 6 DO

FOR i := 0 TO 4 DO
If ToBePrintedCi,jJ THEN =:GI~

PrintBlockCi,j) ; cou~: :: count + I ;
END { it } ;

writeln(Report, 'All (',cou~t:1,') blocks with "
'unprinted ~odifications ha't :ttn printed.')

END < Print~odified } ;

PROCEOURE wallPaper;
VAR i,j: inttger ;
BEGIN
FOR j := 0 TO 4 DO

FOR i := 0 TO 4 DO
IF IsBlockCi,j) THEN pr i -:3loCkCi,j)

ELSE IF Ci = 01 AND (J ): 3) THEN Print'llockC4,j+2)
ELSE BEGIN

StartPage ;
writelnCPr,'FILLER Pi.E fOR WALLPAPER') ; page(Prl
END ;

writeln(Report, 'wallpaper printed.') ;
END { wallPaper } ;

C~C31150

(0)31160
CCD31170
"031180

:31190
C:J31200
0:031210
0~031 220
00031230
C:031240
C0031250
C:031260
::031210
--031280

031290
031300

'--031310
:31320
':31330

: :31340
- 031350
- 031360
~ 031370
: )31380
- 031390
- J31400

:31410
:31420

.C31430
)31440
J.514~O

051460
0314 70
0314~0

j314~0 ,
-: 31500

031510
~- 031S20

- 031530 -
051540

- 0.51550
: ,)31560
: 031570 <:
: J31580
_ 031590
- 031600 ."--

':
;;

-
-I'-



INIIIALBT (11/06/841

( G~n~rat~ initial table of bounds, stored on fil~ 1~:1:AL/60U"DS.

This title is PZ, P3, P4, C, and 0 invariant, any "'ianc~s w.r.t.
oth~r pr;~agation rules are written to the file INI':Al/uPOATES. )

) ;

{ Include ::~ST and TYPE section fro. BoundUpdater
is INCLUC: ·~OUNDUPDATER· 12000 TO 12999

4:1Z P" TUESDAY, NOVE"BER 6, 1984

OC010000
00010010
000100Z0
00010030
0001 D040
0001C050
00010060
00010070
oeOl0080
00010090
D0010100
00010110
00010120
00010130
00010140
00010150
00010160
00010170
DC010180
1)0010190
OC010Z00
00010210
00010220
00010230
00010240
00010250
00010260
00010270
00010280
00010290
00010300
00010310 1)
00010HO 't)
00010330 't)

00010340 III
::J00010350 Q.

00010360 ...
00010370 )(

00010380 ....
00010390 <:
00010400
00010410

1J00010420 .,
00010430 0
00010440 I.Q
00010450 .,
00010460 III

00010470 :l
P4 } 00010480 r
P3 } 00010490 ...

00010500 III,.
00010510 ..'

000105Z0 ::J
00010530 I.Q
OC010540 III
oeOl05S0

Reference)

BtArray ;
BtFile ; { initial bound file}
TEXT; {initial update fil~ }

FILE <ar~asir~=I,areas=l,titl~='INITIAL/e:,~)S'>,

FILE <blockstructure=fixed,areasire=20,
title='lo;ITIAL/UPDATES')

L! ST
LlSTlo;Cl
."~SUPR

~~~OUNDS

PROCEDURE l.prove(b: BoundKind; n,k,newd: Btindex; r: Reference)
BEGIN
CASE' OF

loo~r: BEGI"
.:TH BtCn,k} 00 BEGIN dist := newd ; refch' := r[l] END;
( conditionally wipe so.e earlier establish.~ references)
.:rH Bt(n-1,k-11 00 If (dist = n~wd) THEN ref", := , , ; {
.ITH Bt(n-l,k] DO IF (dist = newd-l) THEN r~+c,' := , , ; {
:F (k <~ n-2) THEN { twice P3, special bec3cs~ ~t D below}

.ITH Bt(n-2,kl DO If (dist = newd-2) THEN r~fch1 := ' ,
:'0 { lower bound} ;

YC~.r: BEr,IN
.;TH Bt[k,n] DO BEGIN dist := newd ; retch' :. r('l END;
( c~nditionally wipe so.e earlier establish.: references)

n RESET
IS RESET
SS SE T
U SET

VAR
tit
ibf
luf

FU"CTIO~ :s:oenCase(n,k: BtIndex): Doolean ;
BEGIN { : < k <~ n assu.ed}
IsOpe~:,s~ := (Bt(n,k).dist < Bt(k,n).distl
END { 's:~enCase } ;

PROCE)URE jenlnitialBt ;
( Gener,~. initial table of bounds Bt )
VAR n,"."2, k,kl,kl, c,duald: integer;

PROGRA" Ir;t ialBt
output,
ibf
; u f

PROCEDURE j~nUpdate(b: BoundKind; n,k,newd: integer;
BEGIN
tHE; Of

leo.r: write(iuf,·l')
u~':.'e~: write(;uf,'U') ;
E~i) ... case};

write,.(iuf,n:4,k:4,newd:4,r:41
END ( •• nUpdate ) ;
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1024C
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10 31 0
103Z0
10330
10340
10350
10360
10370
10380
10390
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10510
10520
10530
10540
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10610
10620
10630
10640
10650
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10700
10710
lu720
10730
10740
10750
10760
lu770
10780
10790
10800
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10820
10830
10840
10850
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1'l870
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10890
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10910
10920
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11070
11080
11090
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11110
11120
11130
11140

WITH Bt(k,n-l1 00 BEGIN { p2 }
IF odd(n~wd) THEN n~wd := n~wd - 1 ;
IF (dist • n~wd) THEN r~fc~l := I I ;

END { with} ;
END { upp~r bound } ;

END { cas~ } ;
END { I.proY~ } ;

BEGIN { G~nlnitialBt }
{ Low~r bounds }
FOR n := 1 TO ~a.BtInd~. 00

FOR k := 1 TO n 00 WITH Bt(n,kl 00 BEGI~

r~fchl := • • ; r~fc~2 := ••
IF (k = 1) THEN dist := n

ELSE IF (k = n) THEN dist :=
ELSE BEGIN < 1 < k < n }
{ P2 (parity c~~ckl )
dist := Bt(n-l,kl.dist
If odd(distl THEN dist := dist • 1 ;
{ conditionally wip~ R~f~r~nce on account of P4, but not P3 }
IF (Bt(n-l,k-1J.d;st = distl THE~ et(n-l,k-1J.r~fc~1 := • •

{ C (concat~nat;onl )
nl := k ; n2 := n - k ; { nl.n2 = n }
WHILE Cnl <= n21 00 BEGIN

c := Bt[nl,k].dist • Bt[n2,kJ.dist
IF (c > distl THEN 8EGIN

l.pro~~Clower,n,k,c,C Refl ;
END { if } ; -

nl := nl • 1 ; n2 ;= n2 - 1 ;
E~D { whil~ } ;

{ 0: construction u,u'~ >
If NOT o1dCnl THEN BEGIN

n2 := n DIY 2 ; kl := 1 ; k2 := • - , ; { kl.k2 = k }
WHILE (kl <= k21 00 BEGIN

c := ~IN(Bt(n2,kl].dist, 2'Bt[n2,k2J.distl
IF (c > distl THEN BEGIN

l.pro~eClow~r,n,k,c,D_Refl ;
{ c~~ck [n-l,k-l] CP41 ~ [n-l,.J (P31 }
IF (dist > Bt[n-l,k-1J.distl THEN

l.prov~(low~r,n-l,k-l,dist,~oRefl

If Cdist-l > Bt[n-l,k].d;stl THEN
l.pro~~(low~r,n-l,k~dist-l,~oRefl

END { it } ;
kl := kl • 1 ; k2 := k2 - , ;
END ( whil. } ;

END { ;f } ;

{ A: r~sidual cod~ }
c := (dist.,1 Ol~ 2 ; { = c~il;ng(j;5t/21 }
IF (c > Bt[n-d;st,k-l].d;stl THEN
G~nUpdate(low~r,n-d;st,k-l,c,A_q.f)

END { 1 < k < n } ;
END { for n, for k, wit~ Bt[n,kJ } ;

< ~.c.ptional case, ~a.Btlnd~. is odd: 0 follow~d by P3, P4 or A }
IF odd(~a.Btlnd~.1 THEN BEGIN

n := ~a.Btlnd~•• 1 ; n2 :s n DIV 2 ;
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00010aSO
00010d90
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00010910 '0
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III00010930 :;,
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00010990
00011000
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00011020 0
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111
I I 1
11 1
lilt :
" 1 ,<
11 ~ C.
11 {1 •

11 2<:
11 2!:
11<- :
I I 2S:
112 t :
11;: 7 :

1 I 2· :
11 {;;:
11 ~: :
113' :
11 3, :
11 !: :
11 3. :
11 3 ~ .
11 ~t :
11 3; •
11 3e:
11 ~;. .
11 :
11 :
11 -: :
11 _: :
11 I.. :

11 " : :
111.<
11 - - :
11- e:
11 I.; :

1 1 <,: :
":' :
11 ' : :
11 : : :
11 ~' .
11 ' ':" :, :
11 ' - :
11 ' , :
11 S ':
11 t : :
11 t . :

11 t: :
11 t: :"t. :
11: -:
1 ' ••.
1 1 , - :

11,::
1 ~ ~ - :,,- : :
1 1 - :
1 , . : .

" .: :

fOR k := 2 TO n-2 DO BEGIN
k2 := ~IN(k-l,n2-11 ; kl := k-k2 ; { kl+k2 = k }
~~ILE (kl <= k21 DO BEGIN

c := ~(N(Bt(n2.klJ.dist, 2*Bt(n2,k2J.distl ; { (lower,n,k,cl }
If (c > Bt(n-l,k-1J.distl THEN { P4 }

IF odd(c) THEN Improve(lower,n-1,k-l,c,D_Refl
ELSE Isprove(lower,n-l,k-l,c,NoRef) ;

IF (c-l > BtCn-1;kJ.distl THEN { P3 }
l.prove(lower,n-1,k,c-l,D Refl ;

If «c+l) DIV 2 > Bt[n-c,k-;J.dist) THEN { A
GenUpdate(lower,n-c,k-l,(c+ll OIV 2,A_Refl

k1 := kl + 1 ; k2 := k2 - 1 ;
END { while}

END ( for k } ;
END ( if } ;

{ Upper bounds, N.B. subscripts of Bt interchanged for upper bound! }
FOR n := 1 TO ~a.Btlnde. 00

fOR k := 1 TO n 00 WIfH BtCk,nJ DO BEGIN
refchl := • • ; refch2 := I •

If (k = 11 THEN aist := n
ELSE If (k = n) THEN dist := 1
ELSE BEGIN ( 1 < k < n }
{ P3 and P4 }
dist := ~IN(BtCk-1,n-1J.dist, etCk,n-1J.dist+l)

{ E: one step Gries~er bound}
WHILE «dist+ll DIV 2 > BtCk-1,n-distJ.dist) 00 BEGIN

I.prove(upper,n,k,dist-1,E.Refl ;
END { wnile } ;

{ B: upper bouna via "dual code" co~struction fl,P4* }
If (n-k <= kl ~ND (k < n-l) T"EN BEGIN

( N.a. possibly n-k = k }
duald := BtCn-k,n].dist ; ( upp~r bound for dual of (n,kl }
{ duald <= k+1 < n, in fact duald < k+l }
WHilE (dist > BtCk-du.ld+l, n-dualdJ.distl 00 BEGIN

Isprove(upp~r,n,k,Bt[k-duald+1.n-duald].dist,B_Refl ;
duald := BtCn-k,nJ.dist ; { when n-k = k: duald = dist }
END ( while} ;

c := 8t[n-k-dist+l, n-dist].dist
If (duald > c) THEN

Genupdate(upper,n,n-k,c,a Refl
END { if } ; -

{ B: lower bound via Mdual code" construction ",P4* }
If (k < n-11 THEN BEGIN

( dist <= n-k+1 < n, in fact dist < n-k+l }
c := Bt(n,n-kJ.dist ;
If (c > BtCn-dist, n-k-dist+1J.distl THEN

GenUpdate(lower,n-dist,n-k-dfst+l,c,8.Refl
END { if } ;

END ( 1 < k < n } ;
END ( for n, for k, with BtCk,n] }

( initialize statistics}
BtCO,OJ.unsolved := 0 ;
FOR k := 1 TO Ma.etinde. 00 et[O,kJ.unsolved := 0
fOR n := 1 TO ~a.Btinde. 00 Bt[n,OJ.unsolved := Q

00011150
COOl1160
00011170
00011180
00011190
00011200
00011210
00011220
00011 HO
00011240
00011250
00011260
00011270
00011280
00011290
00011300
OCOl1310
00011320
(;0011330
00011340
OG011350
00011360
00011370
00011380
00011390
(;0011400
OC011410
0(,011420
00011430
001)11440
00011450
00011460
(;(;011470
00011480
00011490

~
00011500 "C
00011510 "C
00011520 ID

:30(;011530 Q.
00011540 ...
0(;011550 )(

00011560 .....
00011570 <:
00011580
00011590

"'000011600 .,
OCOl1610 0
0('011620 oJ)

OG011630 .,
00011640 !II

00011650
S

00011660 r
00011670 ...
00011680 III,...
00011690 ..
00011700 :3
00011710 oJ)

00011720 III

00011730



11740
11750
11760
11770
11780
11790
11800
11810
11820
11830
11840
11850
11860
11870
11880
11890
11900
I I 91 0
1192G
11930
1194(,
11950

fOR n ;= 1 TO ~a~BtInde~ 00
fOR k ;= 1 TO n 00

If Is0penCase(n,k) THEN BEGIN
WITH Bt[O,O] DO unsolved ;= unsolved.
WITH Bt[O,k] 00 unsolved := unsolved.
WITH Bt[n,O] 00 unsolved := unsolved.
END { if > ;

END { GenInitialBt } ; .

9EGIN { In;tialBt }
rewrite(output) ; rewrite(iuf) ;
.riteln(·lnitial Bound Table Generator, ~a~BtInde. = ',~a~BtInde~;1)

GenInitialBt ;
write(;uf,'Q') ;
CLOSE(;uf,CRUNCH) ;
( write Bt to file>
re"rite(ibf)
ibfil := Bt ;
out(;bO ;
CLOSE<ibf) ;
E~O { Init;alat }.
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