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AN ASSOCIATIVE BLOCK DESIGN ABD(10.5) DOES NOT EXIST

ABSTRACT: We prove the nonexistence of an ABD(10,5).

INTRODUCTION

So-called associative block designs were introduced by Rivest [4] in
connection with the study of generalized hash-coding algorithms for per-
forming partial-match searches of a random-access file of binary words.
They also allow an interpretation as a special kind of packing of the
k-dimensional affine space AG(k,2) with (k=-w)-flats. The definition is

as follows:

DEFINITION 1.
Let k and w be integers, 0 S w < k, k > 0. An ABD(k,w) is a rectangular

array, with b = 2¥ rows and k columns, with entries from {0,1,*%}, such

that:
(1) each row has w digits and (k-w) stars,
(ii) each column contains the same number Pikﬁ;zl of stars,

(iii)  the rows represent disjoint subsets of {0,1}k, where a row is
said to represent the subset of {0,1}k obtained by replacing the
stars in all possible ways by zeros and ones.

That is, given any two rows, there is a column in which they

contain different digits.




[So, every vector in {0,1}k is represented by a unique row of the ABD].

If we consider the rows of the ABD(k,w) as words in {0,1,*}k and if we
modify Hamming distance by specifying that a * does not contribute to

1

stance, then (iii) above states that any two rows have distance at

e

the 4
least 1. As usual, the number of ones in a row is called the weight of the
row,

A number of construction methods for ABD's and several nonexistence
theorems were found about ten years ago. These can be found in a paper
by Brouwer [1] and in a survey by Van Lint [3]. The theorems which we shall
need will be quoted below. As far as we know no new results were found
until 1985. In [2] La Poutré proved Theorem 3, given below. An attempt to
prove the nonexistence of an ABD(10,5) led to a partial result, which was
mentioned without proof in [1]. We shall give a proof of this in Section 2 and
then we shall complete the nonexistence proof of this design. In fact, we
found two different (but similar) proofs. In both a not very elegant though
elementary calculation is necessary. So we give only one of these proofs.

One of the tools which we need in our proofs is a simple consequence

of Definition 1 (iii).

o

LEMMA 1. Let S be a subset of the columns of an ABD(k,w).

A row of the design is called even (resp. odd) with respect to S if it has
digits in every column of S and among these an even (resp. odd) number of
ones. Then there are as many even rows as odd rows,

Proof: A row which has one or more stars in S represents as many elements

of {0,1}k with even weight in S as elements with odd weight in S. Definition 1

(iii) makes the assertion obvious. |




From [4], [1] and [2] we quote the following theorems.

THEOREM L. If an ABD(k,w) exists, then it has exactly bw/(2k) zeros and

bw/(2k) ones in each column.
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the same star-pattern.
THEOREM 2. If an ABD(k,w) exists and w > 0,. then

(1) a given star-pattern occurs in an even number of rows,
(ii) among the rows with a given star-pattern, as many have even

weight as odd weight.

If two rows have the same star-pattern, we shall call them a row pair.

.

THEOREM 3¢ If an ABD(k,w) exists and w > 3, then k < (2

Note that for k = 10, w = 5, we have equality in Theorem 3.

The aim of this note is to prove that an ABD(10,5) does not exist.
As far as we know this is the only nonexistence result presently known,
which is not an immediate consequence of the nonexistence theorems

mentioned above.

NOTATION: In the following R will denote {0,1}10, we assume that an

ABD(10,5) exists and call it B. The row 05*5 means the row starting with
five zeros followed by five stars. If we are interested in the positions
of a subset S of B, then a row will be said to have type aﬁbm*n , 1f it

has £ symbols a, m symbols b and n stars in these positions, where (a,b) is

(0,1) or (1,0).




In [1] Brouwer mentions that B cannot have a row pair with distance 5.
We give a proof in Section 2. In Section 3 we show that B cannot have
a row pair with distance 3. In Section 4 it is shown that in fact B

does not exist.

NO ROW PAIR HAS DISTANCE 5

Assume that 05*5 and 15*5 are the first two rows of B, Let S denote the

first five columns of B. By Definition 1-(iii) each of the remaining 30

rows has at least one O and one 1 in S. We can split these rows into o rows
3 . 2. 2 2.2

of type abx~ , B rows of type a bx", y rows of type a b %, § rows of type

ab3*, p rows of type ab4 and ¢ rows of type a2b3. Hence
(2.1) a+B+y+8+p+ o0 =30,

By Definition 1-(ii) there are 80 digits in S. Hence
(2.2) 200 + 3B + 4y + 48 + 5p + 50 = 70.

We now apply Theorem 2-(ii) to each pair of columns from S and then add
the even weight count and the odd weight count. Since the results must be

equal, we find
(2.3) a + B + 2y - 20 + 20 = 20.
Adding (2.2) and (2.3) and then subtracting three times (2.1) yields
B+ 3y +8 + 40 =0,
after which we can solve for o and p. This yields p = 10/3 which is absurd.

This establishes Lemma 2.

LEMIA 2.. No row pair in B has distance 5.




Similar counting arguments (slightly more complicated) will be used in

the next section,

NO ROW PAIR HAS DISTANCE 3

Assume that B has 05*5 as its first row and 1302*5 as second row. Let A
denote the first three columns and B the next two columns. We order the
rows of B as follows. The first two frbm the set I. The rows of the set II
do not have a 1 in B, the rows of the set III do. We use r(II) and r(III)
for the number of rows of II resp. III, From Theorem 1 we have

3.1 r(III) < 16,

In the following figure we indicate the different types of rows which are
possible in II and III and introduce symbols for the number of rows of

each type.

A B number
I 000 00 1
111 00 1
abbd t1
I1
ab % t2
aaa m
a a % n
IT1 abbd o
ab x B
a % % Y
* % % S




By definition we have

r(1i1) =t *tt, s

m+n+a+B+vy+36,

(3.2) r(III)

r (I1) + r(I1D)

30 .

In the following, m, denotes the number of rows in III of type 000, and

0

similarly for m, 0y, etc.

Counting digits in A we find (using Def.1-(ii))
(3.3) 48 = 6 + (3t1 + 2t2) + (3m + 2n) + (30 + 2B + v).

Now, (using Def, 1-(iii)) we count the represented vectors in R with

000 resp. 111 in A. We find

27 = 2% 4 Pm, 4 2%, + 23y, 4 2% (i=0,1 ,
i i i
i.e.
(3.4) 24 = 8mi + 4ni + 2yi + 38 , (i =0,1).
This implies
(3.5) 24 = 4m + 2n + vy + §

From (3.2) and (3.5) we find the relation
(3.6) 3m +n+ 6 =1r(II) +a + B .

LEMMA 3.  r(II) < 15,

Proof: Suppose r(II) > 16. Then from (3.6) we find 3m + n 2> 10. However,
(3.3) implies 3m + 2n < 42 - 2r(II) < 10. Therefore 3m = 10, which is

absurd.,



LEMMA 4. x(II) = 14. [So, every row in III has exactly ome 1 in B].

Proof: By (3.1), (3.2) and Lemma 3 it suffices to prove r(II) # 15.

So, suppose r(II) 15. As before we find from (3.3) and (3.6)

3m+n=9+a+B,

3m + 2n € 12 - (30 + 2B + v) .

It follows that o = 0, 8 < 1, If B = 1, we again find 3m = 10. So,

B = 0. We are left with two solutions for m and n, namely m = 3, n =0
(which implies y = 3) and m = 2, n = 3 (and vy = 0, § = 10). The first of
these is impossible since y is even, by Theorem 2-(i). To exclude the

second solution we substitute y = 0, § = 10 in (3.4). K

LEMMA 5. We must have m = n = 2,
Proof: We have shown that r(II) = 14, r(III) = 16. We argue as in the pre-

vious lemmas. From (3.3), (3.5), (3.6) we find

14 = £, * (3m+2n) + (Ba+2B+7y) ,
(3.7) 24 = (4m+2n) + (y+6) ,
8+ a+B = (3m+ n) .

The first and third of these yield

(3.8) 6 = ty* o+ (4o + 3B + v).

We observe that y and § are even by Theorem 2-(i). Furthermore, it follows
from (3.4) that if 6§ = 10 then m, <1, som < 2, However, (3.8) and the
third equation in (3.7) show that m > 2 impliesm =3, a + B =1, n =0

and vy € 2. Then the second equation in (3.7) yields § 2 10, a contradiction.
Soa=8=0,m=n=2o0orm=1,n=>50r a=0, B =1, m=2,n= 3, The

latter possibilities lead toy =0, § =10, which again contradicts (3.4). 2



LEMMA k. At least one of the rows of type aaa in III has {0,1} in B.

Proof: From Lemma 4 we know that each of the two rows of type aaa in III

has one 1 inB. So it suffices to show that the other element in B is not
a star. St e aaa rows of IITI have a star in B. We apply
Lemma 1 to each of the three sets of four columns obtained by taking two
columns from A and the two columns of B, We add the results. First,
observe that the even count has a contribution of 6 from I. So, the re-
maining rows must contribute 6 more to the odd count than to the even
count. This surplus can only be achieved by rows from II with 00 in B and
possibly the téo rows of type aax in I1I. It follows that at least four rows
of IT have 00 in B. Since we now have at least six rows with 00 in B,
Lemma 1 implies that six rows of III have a ¢ in B. This yields 18 zeros

in B, contradicting Theorem 1.

N

From Lemma 6 we know that there is a row in III starting with 000 Of
(w.l.0.g.). The remaining seven rows of III which have a 1 in the fifth
column, must each have a 1 in A. From the proof of Lemma 5 we know that
m=2,n=2, vy <4, Therefore y = 4 and these seven rows have a total

of 11 ones. Together with the rows of I and II this gives us at least

of this section.
LEMMA 7. A row pair with distance 3 does not exist.

NONEXISTENCE OF AN ABD(10.5)

From Lemma 2, Lemma 7, and Theorem 2 we can now conclude that B consists

of 16 row pairs, each with distance 1. Let B have Ty = 05*5 and r1==041 *5

. . . 4 5 .
as the first two rows, We represent this row pair as 0 - %~ using the



notation of [1].
Let A denote the first four columns of B. Since both r, and r1 are even

in A, it follows from Lemma 1 that these must be compensated by odd rows.

£
o
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A Tow only contributes to this compensation if both rows
are odd in A. It follows that the digit in which they differ is not in A.
Let (r2,r3) be such a row pair. The remaining 28 rows have at least 28
ones in A by Definition 1-(iii). Since there are 32 omes in A, it follows
that r, and T, each have one 1 in A. So, w.l.o.g. the pair (r2,r3) is
3 4 3 4 . .

represented by 071 —%% or by 071=x-%, Now consider the first three
columns. As before, we see that there must be at least 28 ones in these

columns and the remaining rows, which contradicts Theorem 1. This esta-

blishes our main result.

THEOREM 4. An ABD(10,5) does not exist.
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