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Abstract

This paper starts by setting the ground for a lambda calcuius no-
tation that strongly mirrors the two fundamental operations of term
construction, namely abstraction and application. Such notation sin-
gles out those parts of a term, called items in the report, that are added
during abstraction and application. It turns out that this item-based
notation offers many advantages for various notions of the lambda cal-
culus. It allows a linear representation of terms and makes it, for
example, straightforward to locate free and bound variables and to
find the binding A-operators relevant to particular occurrences. Fur-
thermore, step-wise explicit substitution is easily embeddable in the
lambda calculus using the new notation. The item notation proves to
be a powerful device for the representation of basic substitution steps,
giving rise to different versions of 3-reduction. Last but not ieast, the
new notation allows for segment abbreviations, enabling one to pre-
vent a lot of duplications in A-terms, while remaining in the general
proposed frame.

In this paper we don’t stop at the advantages of the new notation,
but go further to accommodate important notions of the lambda calcu-
lus in the new framework. We discuss the role of types in the presented
setting and provide a type operator which gives a representative type
for a typeable term. Moreover, in accommodating types in our sys-
tem, it turns out that a general framework for many typed lambda
calculi can be obtained in the presented setting. Another atiraction
of our new approach is that by specifying a number of parameters,
one defines one system of typed lambda calculus or another. In fact, it
turns out that many known systems of typed lambda calculus fit in the
proposed setting, in particular the ones connected with “Barendregt’s
cube” [Barendregt 9x]. The general framework leads naturally to a
number of generalizations. It gives much freedom and is at the same
time simple and perspicuous. It allows theorists to compare the differ-
ent systems as to important properties and enables practical users to
make their choices at the relevant place.
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1 Introduction

As a discipline, lambda calculus started with Church in the forties, when
he tried to give a foundation for mathematics. In the following decades,
the development of lambda calculus was in the hands of a few specialists,
such as Curry, Hindley, Seldin and Béhm. Despite the important work that
was carried out, lambda calculus remained a rather isolated branch of logic.
Major results were only valued at their true worth within a small community.

In the beginning of the sixties, there arose a new interest in lambda
calenlus from the side of computer science, where functional programming
techniques like McCarthy’s LISP borrowed lambda calculus concepts. Since
that time lambda calculus inspired theoretical computer science and vice
versa. 'The breakthrough became permanent when, in 1981, Barendregt
published the standard work on the (untyped) lamda calculus: “The lambda
calculus — its syntax and semantics”([Barendregt 84]). This presentation of
an extensive and impressive amount of knowledge was very influential.

In the present time, there is a remarkable revival of lambda calculus,
especially in the versions which use types. Recently, both logicians and
computer scientists have developed several branches of typed and untyped
lambda calculus. Also mathematics has benefitted from lambda calculus,
especially since the time (around 1970) where de Bruijn used his lambda
calculus-based Automath for the analysis and checking of mathematical
texts (see [de Bruijn 70] or [de Bruijn 80]).

A system of lambda calculus consists of a set of terms (lambda terms) and
a set of relations between these terms (reductions). Terms are constructed
on the basis of two general principles: abstraction, by means of which free
variables are bound, thus generating some sort of functions; and epplication,
being in a sense the opposite operation, formalizing the application of a
function to an argument.

The typing may come in as an additional feature, restricting the set
of terms in a natural manner, in correspondence with the *function and
application”-intuition: types are the coding of a sort of “domains” for func-
tions, and function applications are restricted to cases were the argument
fits in the domain. Using figurative language, one might say that typing
is intended to domesticate the species of the lambda terms, which con-
tains very wild specimens by nature. (For this last observation, again see
[Barendregt 84), which treats in the first place the untyped lambda calculus. )

The relations (reductions) in lambda calculus are meant to formalize a



connection between certain lambda terms that are calculationally compara-
ble. “Calculus” is here meant to he an abstract form of function application,
just as the function “plus” applied to the numbers 12 and 17 gives 29 as a
calculational result.

In this report, we start in Chapter 2 with the investigation of the basic
construction principles of lambda terms, by comparing these principles with
general term construction methods in logic and mathematics. In a natural
manner, we find a close correspondence with well-known tree structures. A
slight change in notation enables us to construct lambda terms in a mod-
ular way, in accordance with the demands and needs of a mathematical
entourage. That is to say, in our approach it is easy to develop a lambda
term step by step, thereby accurately reflecting the construction of some
text in mathematics, logic or computer science.

This step-by-step approach, employed throughout this report, is funda-
mental for the fine-structure of lambda calculus which we pursue as the main
theme of the present work.

As an alternative to the use of variables, in this report we will be using
de Bruijn-indices. These are natural numbers that do not suffer from the
usual problems with variable names (the danger of “clash of variables”, the
need for a-equivalence classes, etc.).

The analysis of the structure of a term leads to a numhber of syntactical
concepts which identify the different components in an obvious manner. The
notions of item and segment, both acting as modules in term construction,
play an important role. We discuss the ordinary way of term construction
and we develop an alternative way of term construction, based on three
rules: one for adding variables, one for constructing an abstraction and one
for constructing an application. In the latter option, we take account of the
types, which limit the set of obtainable terms.

En passant, we introduce the process of stepwise shifting, which is meant
to refine reduction procedures. That is to say, in order to establish that
two terms are related by some reduction relation, we develop a method to
transform one term into the other by shifting a certain module through the
term. ‘T'his step by step process thus builds a chain of intermediate terms
(members of an extended collection of terms) between the original ones.
Since these steps are, in a sense, “minimal”, we thus obtain an ultimate
fine-structure of the reduction process.

This stepwise process is first used to “mark” all variables in a term



which are bound by a certain abstraction-A. In Chapter 3 we use a similar
process for substitution. Since substitution is the fundamental operation in
B-reduction, which is, in its turn, the most important relation in lambda
calculus, we are in the heart of the matter. The stepwise substitution is
embedded in the calculus, thus giving rise to what is nowadays called ezplicit
substitution. It is meant as the final refinement of F-reduction, which has —
to our knowledge — not been studied before in this detailed form.

This substitution relation, being the formalization of a process of step-
wise substitution, leads to a natural distinction between a global and a local
approach. With global substitution we mean the intended replacement of a
whole class of bound variables (all bound by the same abstraction-A) by a
given term; for local substitution we have only one of these occurrences in
view. Both kinds of substitution play a role in mathematical applications,
global substitution in the case of function application and local substitution
for the “unfolding” of a particular instance of a defined name.

We discuss several versions of stepwise substitution and the correspond-
ing reductions. Our intention is to treat stepwise substitution on a par with
the usual notions of lambda calculus. In making stepwise substitution ex-
plicit, we try to treat its syntactic components as “first class citizens” of
the lamhbda calculus world. In fact, we succeed to a great extent, as we will
show. The final “rehabilitation” of substitution still is a subject for further
study.

We also extend the usual notion of S-reduction, an extension which is an
evident consequence of local substitution. The framework for the description
of terms, as explained before, is very adequate for this matter.

Finally, we show in Section 3.6 how well-known strategies for compound
B-reduction can be expressed in our setting.

In Chapter 4 we concentrate on the typing relation in typed lamhbda cal-
culus. We introduce a canonical type operator, suited for the “calculation”
of one canonical type in the class of all types of a certain {(typeable) term.
The typing relation connected with this type operator is presented again by
means of a stepwise “process”, which can be described in different manners.
Again, we claim to give the fine-structure of a central subject in lambda
calculus, this time being the typing relation.

We compare the canonical type operator with the usual typing relation
t1 : t3. We discuss the relation between our approach and certain Pure
Type Systems (PTS’s), which make use of this typing relation “”. An
important subclass of this class of typed Jambda calculi, systematized and



studied by Barendregt and others, is relatively easy to embed in our setting.
Again, a number of obvious extensions can be made for different purposes.
We describe a number of Automath-systems in this setting. One of these
possibilities is de Bruijn’s system AA, which is a version of Automath in the
format of typed lambda calculus .

In Chapter 5 we propose a way of abbreviating segments. Since segments
are a generalization of contexts, playing an important role in type systems,
it turns out to be useful to consider these segment abbreviations. Several
arguments are given in favour of such a feature (cf.[Balsters 86}). We can
embody segment abbreviations easily, since our setting deals with segments
in the same way as with terms. This is due to the fact that for terms an
(uncontracted) S-redex may act as an abbreviation mechanism, which is not
too hard to extend to segments.

There are, however, a number of complications as to the referencing of
variables and to the stepwise substitution introduced before. These compli-
cations are discussed and mended, to such an extent that segment abbrevi-
ations become incorporable in the fine-structure of typed lambda calculus
which we developed before.

Chapter 6 gives an overview of the various parameters which may be used
to make a choice between systems, with references to the other chapters of
this report. Chapter 7 contains a number of conclusions and results.

The report ends with four appendices. In the first one we give a smali
example, which is treated in detail. The second and third appendix give
alternatives for subjects discussed in the report. In the fourth appendix we
compare our approach regarding the substitution operator with the explicit
substitution of Abadi, Cardelli, Curien and Lévy.



2 Term formation

2.1 The item notation

We construct terms in typed lambda calculus as a free structure. That
is to say, we consider the two main constructive principles for such terms,
viz, abstraction and application, as operations on terms. Moreover, we al-
low different kinds of abstractions and applications, denoted by operators
A1, Az, ... for abstraction and 41, é,,. .. for application.

Variable names can be avoided by means of de Bruijn-indices, as was al-
ready demonstrated in ([de Bruijn 72]). We describe these de Bruijn-indices
in the above-given setting.

We consider abstraction as a binary operation, linking types to terms
(in this order; see Example 2.2). Application is a binary operation as well,
linking “argument” to “function” again in this order, that is to say in the
style that writes af instead of fa (or f(a)) for function f applied to argu-
ment «. This is not only a matter of taste; it will turn out to have essential
advantages in developing a term, theoretically as well as in practical appli-
cations of typed lambda calculi. (This observation is due to de Bruijn, see
[de Bruijn 70} or [de Bruijn 30].)

Definition 2.1 (terms)

Q (or Q1g) is a finite set of binary operators which is the union of two
disjoint sets: §y (the set of A-operators) and Qs (the set of §-operators).

We write the operators in infix-notation.

= is the set of variables: = = {¢,1,2,...}.

Fa(Z) is the free Q-structure generated by =, i.e. the set of symbol strings
obtained in the usual manner on the basis of Z, the operators in Q@ and
parentheses. Elements of F(Z) are called terms or {1y s-terms.

Examples of terms are: ¢, 3, (28(cA1)) (where we assume that A € Q,
and § € Q).

Meta-variables for operators are w,wy, etc., for A-operators: A, Aq, etc.,
for §-operators: 6,61, etc., for variables: z,zq,y, etc. and for terms: 7,11, 4;,
etc.

As said before, we take numbers 1,2, ... (de Bruijn-indices) for express-
ing variables. The variable ¢ is a special one, to be described later. Because
of its role, we may think of ¢ as being a “constant”. In order to keep close
to tradition, we call all of 1,2,... and ¢ “variables”.



Note: There can be different (finitely many) A’s and/or é’s in terms.
For the time being we shall consider only one of each, denoted A and §,
respectively.

Since the operators are binary, we use infix notation. However, we place
parentheses in an unorthodox manner: we write ({;w)?z instead of (tiwia).
This will be called the itemized or item-notation. The reason for using this
format is, that both abstraction and application can be seen as the process
of fixing a certain part (an “item”) to a term:

e the abstraction A.p.t is obtained by prefixing the abstraction-item
Ag.¢ to the term t, and

o the application #t’ (in “classical” notation) is obtained by postfixing
the argument-item ¢’ to the term i.

In item-notation we write in these cases (t'A)f and (2'6)¢, respectively. Here
both items (#'A) and (¢'8) are prefized to the term t.

So the Qys-term (2w;(ywez)) becomes in item-notation: (aw;)(yws)z.
Analogously, the Qys-term ((wwey)w1z) becomes ((zws)yw;i)z. (More con-
cretely: (28(eAl)) becomes (26)(eA)1.)

More gernerally, the following holds. Instead of the “binary product”
(.. )w(...)in ordinary notation, we put the parentheses thus in item nota-
tion: (...w).... Otherwise said: let sy,...,s, be items, let ¢ be a term,
« a variable and w an operator. Then the term (#w)s;...s,z in item-
notation, should be read as the binary product (' }w(s1...s,z). And the
item (s1...8,2w) is a denotation for (s1...5,2)w, i.e. only the ”left hand
side” and the operator of such a product.

(In the Automath-tradition (cf. [de Bruijn 80]), an abstraction-item Ay
{or (#')) in our new notation) is called an abstractor and denoted as [z : ¢'].
An argument-item ¢’ (or (¢'8) in our notation) is called an applicator and
denoted either as {t'} or as <t'>.)

A convention for the use of parentheses, like the item-notation, is of
course only appropriate for linearly written terms. One can also cousider
terms as trees, in the usual manner {in this case we shall speak of term
trees). In term trees, parentheses are superfluous. See Figure 1.

In this figure, we deviate from the normal way to depict a tree; for
example: we position the root of the tree in the lower left hand corner. We
have chosen this manner of depicting a tree in order to maintain a close

10



T ) W
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W wa . 55 ;
(zwr(yw2z2)) ({(zway)ws 2)
(zwr)(ywa)z ((zwe )yon )z

Figure 1: Term trees, with normal linear notation and item-notation

resemblance with the linear term. This has also advantages in the chapters
to come,

Note that the item-notation suggests a partitioning of the term tree in
vertical layers. For the first of the two terms mentioned above, these layers
are: the parts of the tree corresponding with (2w ), (yw2) and z (connected
in the tree with two edges). For the latter example these layers are: the
part of the tree corresponding with ({2w,)yw;) and the one corresponding
with z.

Example 2.2 We give two examples of terms in typed lambda calculus and
how these terms are denoted in our item-notation. We also explain the use
of de Bruijn-indices.

Consider the typed lambda term (Agy.2)u (in “classical” notation). In
this term, the subscript of A contains the information that z has type y.
The 2 following the subscripted operator A,., is a variable bound by this
operator.

In item-notation with name-carrying variables (we use z, y, z... for
variable-names) this term becomes (ué)(yA;)z. Note that the argument u
has moved to the front of the term, in the argument-item (u§). Note also
that the type y of z precedes the A having this x as a subscript.

In the item-notation with de Bruijn-indices, the above term is denoted
as (16)(2A)1. Now the argument u has become the number 1. The “type”
y has become the number 2 in front of the A. The bond between the bound
variable x and the operator A is expressed by the final number 1. The
position of this number in the term is that of the bound variable z. The

11



value of the number (“one”) tells us how to find the binding place, in a
manner which we explain below.

However strange it may look, in the de Bruijn-notation it is the case that
free variables have a binding place, as well. For example, the free variables «
and y in the typed lambda term given above, are translated into the number
1 occurring before the § and the number 2: they refer to “invisible” lambda’s
that are not present in the term, but may be thought of to preceed the term,
binding the free variables in some arbitrary, but fixed order (these invisible
lambda’s form a free variable list).

The described way of omitting binding variables, and rendering bound
and free variables by means of so-called reference numbers, is character-
istic for de Bruijn-indices. How the reference can be detected, will be shown
presently.

As a second example we take the typed lambda term w(Ag.,.2), which is
denoted as ((yAz)2é)u in our name-carrying item-notation and as ((2X)16)1
in item-notation with de Bruijn-indices.

The term trees of the mentioned terms are given in Figure 2.

We will now explain how the link between variables (i.e. reference num-
bers) and A’s takes place. As noted before, these A's may be “visible”
{(binding bound variables in the original term) or “invisible” (binding free
variables).

In each of the two pictures in Figure 2, the references of the three vari-
ables in the term have been indicated: thin lines, ending in arrows, point at
the A’s binding the variables in question. Note that these lines follow the
path which leads from the variable to the root following the upper-left side
of the branches of the tree. Only the A’s met on this path do count, the
other A’s and all §’s do not. The reference for a variable z (i.e. the A which
binds z) is the 2’th A that one comes across following this path.

The free variable list, in the name-carrying version, is Ay, A,, in both
examples.

The variable e, member of =, acts as a “supertype”, comparable to O
in [Barendregt 9x] and other papers. With the help of ¢ we can construct
terms without free variables, e.g. (¢ A)(1A)(16)((2A)(1A1)1A)3. We note that
it may he profitable to use the empty term instead of ¢, which allows us to
write terms like (A)(1A}2 or even (A)(1A), representing the typed lambda
terms Aye.Azy.¥ and Ay Az.y-€, respectively. We shall use this convention
especially in the case of an item (£w), which we render as (w), for various
operators w.

12



(16)(27)1 ((2A)1 )1
(ué)(yAz)z ((yAa)z 6)u
(Ao - 2)u u(Agiy - )

Figure 2: Term trees with free variable lists and reference numbers

Notation 2.3 For ease of reading, we occasionally use customary variable
names like z, y, 2 and « instead of reference numbers, thus creating name-
caITying terms in item-notation, such as (ué)(yA;)z in Example 2.2, The
symbols used as subscripts for A in this notation are only necessary for
establishing the place of reference; they do not “occur” as variables in the
term.

Concatenation of strings is denoted by juxtaposition.

Remark 2.4 The presented way of describing typed lambda calculus is
relatively easy to read. Another approach is to define a term in tree format,
e.g. as a set 5 of pairs (4,€), where 3 is a finite sequence of zeros and ones
and £ € ZU). The string F codes a root path in the binary tree, starting at
the root. Each ‘zero’ in the string means: “go upwards and follow an edge
until the next node”, each ‘one’ in the string means: “go to the right and
do the same”. The £ is the label connected with the final node of this path.

(The set S should have some obvious additional properties, such as
prefix-closedness: if (5,€) € 5, then for all prefixes 8’ of 3 there must
exist a £’ such that (#’,£") € 5.) The notions to be defined in the following
chapters can also be expressed in this tree language.

There is one important advantage in using this kind of term ¢rees instead
of terms: one needs not bother about the intended occurrence of a variable
or a subterm. In fact, the § of the pair (3, £) gives the exact location of £ in
the tree. Hence, in the case that £ is a variable, the 3 fixes the occurrence

13



of £€; in the case that £ is an operator, the § fixes the location of a subterm
(subtree) with the mentioned £ as its main operator.

In the rest of this report, we use terms and not term trees. This causes
some inconveniences, especially as regards these “occurrences”. Neverthe-
less, we prefer ordinary terms because they are easier to read than sets of

pairs (§,§).

2.2 The inner structure of terms

In this section we give a number of definitions regarding certain substrings
of terms.
First, we give a formal definition of ¢lems and segments.

Definition 2.5 (items, segments)
If w is an operator and t a term, then (tw) is an item.
A concatenation of zero or more ilems is @ segment.

(In [de Bruijn 9x] an item is called a wagon and a segment is called a
train.)

We use s, 81, 8;,... as meta-variables for items and &,3,%;,... as meta-
variables for segments.

We define a number of concepts connected with terms, items and seg-
ments. (A number of these definitions are rephrased in Appendix B on the
basis of an abstract grammar.)

Definition 2.6 (main items, main segments, empty segments, w-items, w1 -
ooy -segments) Fach term t is the concatenation of zero or more items and
a variable: t = s1...8,z. These items $1...s, are called the main items
of t.

Analogously, « segment 3 is a concatenation of zero or more items: § =
81 ...8p, again, these items s1...8n (i any) are called the main items,
this time of s.

A concatenation of adjacent main items (int or3), sm ... Smyk, 15 called
o main segment (int or3).

An item (t w) is called an w-item. Hence, we may speak about A-items
and §-items.

If @ segment consists of a concalenation of an wy-item up to an w,-ilem,
w; € Q, this segment may be referred to as being an wy-.. -w,-segment,

14



(An important case is that of a 6-A-segment, being a é-item immediately
followed by a A-item.)

A segment 3 such that 3 = 0 is called an empty segment; other seg-
ments are non-empty. A context is a segment consisting of only A-items.

Example 2.7 Let the term ¢ be defined as (eA)((16)(eA)18)(2A)1 and let
the segment 3 be (eA)((18)(eA)16)(2)). Then the main items of both ¢ and
5 are (ed), ((16)(sA)16) and (2X), being a A-item, a é-item, and another A-
item. Moreover, ((16)(¢A)16)(2A) is an example of a main segment of both
t and 5. This main segment is not a context, but a §-A-segment. Also, 5 is
a A-8-A-segment, which is a main segment of .

Definition 2.8 (lody, end variable, end operator)
Let t =32 be a term. Then we call 3 the body of t, or body(t), and 2
the end variable of ¢, or endvar(t). It follows that { = body(t) endvar(?).
Let s = (fw) be an item. Then we call t the body of s, denoted
body(s), and w the end operator of s, or endop(s). Hence, it holds that
s = (body(s) endop(s)).

Note that we use the word ‘body’ in two cases: the body of a term is a
segment, and the body of an item is a term.

Example 2.9 In the previous example, 3 is the body of ¢t and 1 is the end
variable of ¢. Let s be the item ((16)(£A)18). Then (16)(eA)1 is the body of
s and & the end operator of s.

By means of the following definition one can sieve the main items with cer-
tain end operator(s) from a given segment or term, forming a new segment:

Definition 2.10 (sieveseg)

Let 3 be a segment, or let t be a term with body 3.

Then sieveseg, (5) = sieveseg,(t) = the segment consisting of all
main w-items of 3, concatenated in the same order in which they appear
in 3.

Analogously, sieveseg,, . (5)orsieveseg, (1) “sieves” all main
w-items from 3, where w is one of wy,...,wn, and combines them into a seg-
ment.

Example 2.11 In the term ¢ of Example 2.7, sieveseg,(t) = (¢A)(2)) and
sievesegy(t) = ((18)(eA)18).

If t = (eM)((18)(eA1)16)(2A2)1 (a term with two different X’s, viz. Ay
and Az), then sieveseg, , (1) = sieveseg,, , (1) = (¢A1)(2A;).

15



For later use, we define different kinds of weight for segments and terms:

Definition 2.12 (weight, w-weight)

The weight of a segment 3, weight(3), is the number of main items that
compose the segment.

The weight of a term t is the weight of body(t).

The w-weight weight  (3) of a segment 5 is the weight of sieveseg,(3).

Again, the w-weight of a term t is the w-weight of body(t).

Analogously, the wq,...,wn-weight of a segment 5 and a term t are
defined as the weight of sieveseg, (3) or sieveseg, . (t), respec-
tively.

Next, we define the relations direct subterm and subterm, denoted by the
relation symbols C and C:

Definition 2.13 (subterms, direct subterms)

If body(t) # 0, then t = (t'w)t". In this case we call ¥ and t" the (left
and right) direct subterms of t. We denote this by t' C ¢t and ¢ C t.

The relation C is the reflexive and transitive closure of C.

We say that t; is @ subterm of t iff t; C t.

Wlen one says that ' is a subterm of {, one usually has a certain oc-
currence of t’ in ¢ in mind. (There can be more occurrences of ¢’ in ¢.) The
precise location of the occurrence meant has not been accounted for in the
definition given above. This shortcoming can be mended by giving a third
argument to C and @, being a code for the path leading from the root of ¢
to the root of the ¢ meant (cf. Remark 2.4). See the following example.

Example 2.14 Let ¢ be the term ((26)(yAz)zA.)(20)y.
Then @ oo t, 2 o1 t and (yA )z Toy t.

{Note that ty is a direct subterm of £ if and only if t; ©affora =0or
a=1.)

However, we shall not use this way of describing the intended occurrence.
If necessary, we shall “mark™ an occurrence, e.g. with a small circle, o, or
with under- or overlining. For example, the first occurrence of xz in t (see
Example 2.14) can be fixed by referring to it as 2° in ((2°8)(yAz )z AL )(26)y.
And the occurrence of the subterm (yA; )z in this ¢ can be marked as (yAz)z.

(In [de Bruijn 9x], the occurrence of a subterm is called a positioned
subterm,)
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We can also mark an occurrence of an operator: (yA3)z.

In Section 2.3 we need a notion that relates (left and right) subterms to
an operator:

Definition 2.15 (arguments)
Let (t'w°)t" @ t. Thent' is the left argument of w® in ¢, denoted by
leftarg(w®), and t" is the right argument of w° in t, or rightarg(w®).

It follows from this definition that 1eftarg(w®)is the left direct subterm
of (#w®)t" and rightarg(w®) is the right direct subterm of (¢'w®)¢".

Note that a mazimal subterm of a term ¢ (i.e. a subterm that cannot be
extended to the left in t) is either ¢ itself or a left direct subterm of ¢ and
hence the left argument of some operator occurring in 1.

Items and segments play an important role in many applications. As
explained before, a A-item is the part joined to a term in an abstraction, and
a d-item is the part joined in an application. In using typed lambda calculi
for mathematical reasoning, A-items may be used for assumptions or variable
introductions and a é-A-segment may express a definition or a theorem. We
come back to this in Sections 3.5 and 4.6. See also [Nederpelt 90].

2.3 The restriction of a term

In the present section we explain how to derive the restriction t [z of a term
t to a variable occurrence z° in t. This restriction is itself a term, consisting
of precisely those “parts” of ¢ that may be relevant for this z°, especially
as regards binding and typing. This section is rather technical and may be
skipped by a reader who is not interested in details.

When a variable 2 occurs in term ¢, then it is not the case that all the
“information” contained in ¢ is necessarily relevant for a specific occurrence
z° of x in t. For example, in the term (eXz)(z A, )(28)(eA){(2A2)y°8) (yAu)u,
only the items (e)z), (2A,), (z6), (¢A,) and (z);) are of importance for the
variable occurrence y°. These items are all the items which can be found to
the left of y°. In the traditional notation this is not the case; cf. the same
term as above in the usual notation: Age.Auz.(Aye (Auy w)Aziz. 3.

In order to formalize this intuition we give the following definition.

Definition 2.16 (envelope, dominator, one-step restriction, full restriction)
Let 2° be an occurrence of variable z in term ¢ such that z° # endvar(t).
Then there is an w® in t such that 2° = endvar(leftarg{w®)). For this «°,
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the term leftarg(w®) is called the envelope of 2° or env(2°). The term
(leftarg(w®) w°) rightarg(w®) is called the dominator of 2° or dom(z°).
(Note that the iree of dom(z°) is the subtree with w° as its root and
that env(2°®) is, in its turn, the “lefl direct subtree” of this subtree. See the
ezample below.)
The one-step restriction of t to 2°, denoted t[z°, is:
(1) in case z° # endvar(i): the term obtained from t by replacing dom(z°)
by env(z°);
(2) in case z° = endvar(t): t{z° =1t.
The (full) restriction of ¢ to 2°, denoted t[z°, is the limit of the se-
quence ty,1a2,..., where t; =t and t;31 = t; [2°.

Example 2.17 Let ¢ be the following term:

(eAz){{@Au)((ué)(zAe)2° Ay ) (uAs JyAs Ju. (1)

Then the envelope of 2° is t; = (ud)(2zA;)2°, since t; = leftarg(Ay) and
2® = endvar(t;). Moreover, rightarg(A,) = (uA;)y, so the dominator of
z° is tp = ((u)(xzA)2°Ay)(uA;)y. See the underlining and the overlining in
equation 2:

() (@A) (AT 3 ) By Ao 2)

anv

The replacement of ¢; (= dom(z°)) by ¢; (= env(z®)) gives the one-step
restriction t [2°:

(eda (AL (uwé)(wAs)2® Ay ). (3)

The full restriction ¢ of the same z°, obtained after another one-step
restriction, is:

(eAa)(@h)(u6) (22 )o. (1)

Now it will be clear that it is very easy to obtain the full restriction
tf2° using our item-notation: just take the substring of string ¢ from the
beginning of ¢ until z° and delete all unmatched opening parentheses. This
is an advantage of our new notation.
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(edz)((mAu)(ub){z A )2 Ay Ju

LJJL

2° = (A )(2 2 )(ub)(2 A )2°

* 2

t[2°

Figure 3: A term and its restriction to a variable

It is illustrative to draw the tree of { (see Figure 3) and to see what
happens when the restriction process is executed with this tree. In the first
one-step restriction in the example given above, the subtree corresponding
with the subterm (wé)(aX;)z° is “pushed down” to the node formerly la-
beled A,, annihilating the rest of the subtree rooting in this node. The full
restriction is the result of a continuation of this process. In Figure 3, the
intended occurrence of 2° in the trees is denoted with an open circle.

Intuitively, the body of ¢ f2° is the only thing that matters for 2° in ¢, the
rest of (the tree of ) the term # may be neglected, as far as the 2° is concerned.
As said before, this is essentially the importance of the restriction: ¢ [z is a
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term with z as its end variable, that contains all “information” relevant for
z. For example, when z is bound, then the A binding this z can be found
in ¢ fz; the same holds for the type of this z. (Note that the bond between
x and the A binding this & does not change in the process of restriction;
i.e. corresponding variables z in the described sequence t3,1s,... refer to
corresponding A’s: the number 2 does not change). Moreover, when z is
a candidate for a substitution caused by a reduction, then the é-A-segment
connected with this reduction can be found, again, in ¢ }z.

Full restriction is, of course, idempotent; more generally, the following
holds: when y occurs in ¢, and @ occurs in ¢ [y, then (tfy)fz = tfe.

The described notion ‘restriction of a term to a variable” has an obvicus
generalization: ‘restriction of a term to a subterm’

Definition 2.18 (restriction of a term to a subterm)

Let 1y be an occurrence of subierm 1y in term . Let 2° = endvar(ig).
Then t[tg, t [0, env(ty) and dom(ty) are defined as t[z°, t[z°, env(z®) and
dom(z°).

Finally, we note the following. We motivated the introduction of the
restriction of a term to a variable or a term, by observing that ¢2° or
t[tg contain all “information” necessary for &° or tg, respectively. This is
the case, but in a sense we are over-general. In particular, some of the
“bachelor é-items” (as defined in the forthcoming Section 3.5) which are
present in the restriction, can never play a role. This matter is explained
and formalized in [de Bruijn 9x].

2.4 Bound and free variables

An important notion in lambda calculus is that of bound and free variables;
for a bound variable the “binding place” is relevant. This can be defined as
follows.

Definition 2.19 (bound and free variables, type, open and closed terms)
Let 2° be a variable occurrence in t such that ¢ £ ¢ and assume that
sieveseg,(tfz°) = s, ... 51 (for convenience numbered downwards). Then
2° isbound int if + < m; the binding item of x° in ! is s, and the A that
binds z° in t is endop(ss ). The type of 2° int is body(s,). Furthermore,
z° is free int if 2 > m.
The variable £ is neither bound nor free in a term.
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Term t is closed when all occurrences of variables in t different from ¢
are bound in t. Otherwise t is open or has free variables.

Example 2.20 The term (edz)(2Ao)(z8)(eAy)((2A:)y°6)(yAw)u becomes,
in the notation with de Bruijn-indices: ¢ = (A)(1A)(28)(A)((3X)2°6)(1A)1.
Now £2° = (A)(1A)(26)(A)(3A)2°. So sievesegy(tf2°) = ss935281
{(A)(1A)(A)(3A). Hence, 2° is bound in ¢ since 2 < weight,(2}2°)
Moreover, the type of 2° in 1 is body(ss) = ¢.

There are no free variables in ¢, hence ¢ is closed.

4.

We see from this example that one can easily account for free and bound
variables, just by calculation. Note that a variable occurrence in a restriction
is free or bound if and only if the corresponding occurrence in the original
term is free or bound, respectively.

There is a simple procedure for finding the variable occurrences bound
by a certain A in a term ¢. In the following definition this procedure is given
as a step-by-step search, as will become the basic approach in this report.

For this purpose, we temporarily extend the language with a special
search item or (-item and with a new relation, —¢, between (extended)
terms. (We may speak of Qys¢-terms when referring to these extended
terms.)

We write the search item as an indezed item: (¢()), with index i. This
index serves for the identification of the proper variable occurrences, as turns
out below. Note that the body of a search item is the empty term.

The (-operation is binary, just as A and 4, but since a (-item always has
¢ as its body, one may also consider it to be a unary, prefix operator.

The search begins with the generation of a (-item, just behind the A-item
in question. Thereupon this (-item is pushed through all subterms of the
term “in the scope of” the A-item. The index (7), initialized on 1, increases
with 1 whenever the (-item “passes” a A, When ending at a variable z, the
index ¢ of the (-item decides whether z is bound by the A of the above-
mentioned A-item, or not. If this is the case, then the variable is capped
with the symbol ~.

The rules are given as a relation between terms, but in a compact format.
Rule § — & states that the relation ¢ —¢ ¢’ holds for terms ¢ and ' when
a segment S occurs in ¢ and ¢’ is obtained by replacing this 3 by s’ in ¢. (It
is assumed that rules of so-called “compatibility” or “monotonicity” have
been added.)

21



Definition 2.21 ({-reduction)
(¢ -generation rule:)
(t12) = ¢ (1A)(CD)
(C-transition rules:)
(NN = (DA
(CON(EE) —¢ (D8 (c)
(¢-destruction rules:)
(€O —¢
((Nz -,z if 2 £ 0.

(In order to prevent undesired effects, we only allow an application of
the (-generation rule in a term t when there is no other (-item present in

).

Example 2.22 If we want to find all variables bound by the third A in
t = (A)(IN(28)A)((3M)28)(1M)1, we can apply the following sequence of
(-reductions:

(A)(1A)(28)(AN(3A)20)(10)1 —¢
(ADAXNEN(CIN(BAY28) (1M1 =
(M)INEEA(CD)(31)26)(¢D) (1AL —¢
(AINE)A((CIH3N(C26)(CN(1N)1 =
(DINEOANBN(C)26)(C) AN —¢
(D(IA)2E)AY((BN)28)(CD)(10)1 —¢
(AANE)A(3N)26)(CONN(CD) —¢
(DENEO(BN26)(IN(CD)1
(DAAEAN(3N28)(IN)1

A similar procedure can be given for searching the A binding a certain
occurrence z° of a variable # (# €) in a term ¢. For this purpose we introduce
an inverse search item or {,-item. The inverse search itemn has to move
in the opposite direction, while the index (¢) decreases instead of increases.
A special provision has to be made for the case that the variable in question
happens to be free; in that case the reverse search item becomes the initial
item of the term, and must be destructed. This case is not provided for in
the following definition:

Definition 2.23 (¢, -reduction)
(Ce-generation rule:}

2® ¢, ()

22



(Cs-transition rules:)

ENCE) =, (NN ifi>1
((G3) =, (G

(8} =, (¢F)(6)

(GEN16) —¢, (E(2'6)
(C-destruction rule:)

N =, (#3)

Example 2.24 Again, let £ = (A){1A)(26)(A)((3M)2°6)(1A)1. The search
for the A binding 2° in # can be executed by the following sequence of (,-
reductions:

(M(IN)(26)(A((3A)2°6) (1)L —,
(ANEEABAE)2°6) (101 e,
(INEOMN(C)(3A)2°8)(1A)1 =,
(NANEEHEN((3A2°8)(10)1 =,
(N(AN)(26)(A)(3A)2°6)(1M)1

Note that the latter search (for a binding A} is easier, since it follows only
one path in the term tree, in the direction of the root; the former search
(for all variables bound by a certain A) disperses a (-item over all branches
of the subtree with this A as its root.

2.5 Limiting the set of terms with a view to the types

In the previous chapters, the types did not play any role of importance in
the term comstruction. However, types are meant to restrict the class of
terms in lambda calculus. When used properly, types can provide for some
properties that are desirable in applications, e.g, termination of reductions
(“calculations”).

Given the class of typed lambda terms of the previous chapters, one
can follow two natural ways of using the type information for establishing
the “well-typedness” or “correctness” of the term: firstly, to investigate for
every term that one encounters, before using it, whether the term as a whole
obeys certain type-conditions; secondly, to allow reduction of the term only
when the argument and the function match (this, again, is dependent of
some type-information, but this time only for a part of the term). In the
first case one establishes the “well-typedness” or “correctness” of a full term
before working with it; in the second case one aborts a calculation at the
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moment that the type-laws are infringed. In the latter case more terms -
are “nsable”, since improperly typed parts may disappear in the process of
calculation before they are recognized as such.

A different approach is to reconsider term construction, allowing only
those terms to be constructed which are “weli-typed”. This process is similar
to the first option above, albeit that term construction and type checking
are not performed subsequently, but intermingled. In this manner of term
constructing, it is desirable that type checks occur as few as possible, in
order to avoid unnecessary work. For this purpose we propose the following
system of rules.

variable condition

()

Fha
Skt €2 Nl abstraction condition (6)
T (A
Tt s(té) ot application condition
- ; (7)
s (to)t

These rules should be read as follows. The symbol ' separates an
antecedent, which is an arbitrary segment, and a succedent, being a
term that is all right as far as bound variables, abstraction and function
application are concerned. For the establishment of this “all right-ness” the
type-information will be used.

As can be seen from equations 6 and 7, the succedent grows at the front
side at the cost of the antecedent, by taking over an item from the back side
of the antecedent. The process is finished when the antecedent is empty; b ¢
means that term ¢ has been approved.

The segment forming the antecedent of a statement of the form 3+ ¢ is
also calied a contextual segment, because of its similarity with contexts
in Pure Type Systems (see also Section 4.4). However, (pure) contexts only
consist of A-items, whereas contextnal segments may also contain é-items.
We note that there is a second difference, viz. that the contexts in Pure
Type Systems are not arbitrary, but in agreement with certain rules.

The variable condition is optional. In case one wislhes to obtain only
closed terms, this condition should read: 2 < weight,(3) (count & as zero,
in case z = ¢). Later we shall discuss other possibilities. The abstraction
condition and the application condition vary from system to system, or may
even be absent. We shall discuss different options for these conditions in
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Section 4.6. One example: with abstraction condition t = ¢, t/ # ¢ and
no variable condition or application condition, we obtain the syntax of the
untyped lambda calculus.

The variable condition, the abstraction condition and the application
condition may each consist of different parts. The abstraction and appli-
cation condition may also depend on the A or § in question (recall that, in
principle, we allow more than one kind of A andfor § in a term).

With the use of these rules (provided with the appropriate conditions)
we obtain for each “well-typed” term a construction tree, which contains at
the same time a proof for its “well-typedness”. We shall call such a tree a
proof tree for the term.

Example 2.25 The lowest part of the proof tree of term 1 (see Exam-
ple 2.17), based on these rules, is the following:

T2 73

i (eAz) b (2Ay) ((u)(zAe)zdy) (wA)y  (eAg) () ((ud)(zA)zAy) (uA)y Ay) Fu

Fe (edz) F ((zAL) ((wd){z A (xAy) (wA)y Av)u

Feds) ({zAy) ((wé)(zA)zry) (uh)y Au)u

Here 71 and 73 are only checks of the appropriate variable conditions
(which we here assume to be empty) and 79 is a part of the tree that is not
displayed.

The completion of the proof tree of the term in the above example will
show a striking similarity with the usual term tree of this term (cf. Sec-
tion 2.1). Formula’s of the form 3 | ¢ in the above proof tree correspond
with the labels at the nodes of the term tree.

This observation also holds in general. In particular, the following rela-
tion holds: the leaf in the proof tree of term ¢t that corresponds with (the
occurrence of} the variable z in the term tree of ¢, is labeled 3 F z, with
sz =tfa.
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3 Reduction

3.1 Global vs. local #-reduction

The relation called 3-reduction is the formalization of the application of a
function to an argument. In common parlance, “reduction of a term” is
considered to be an operation, changing a “function-argument pair” into a
“function value”. We have used, and shall use, this colloquial way of speech
throughout this report, in order to explain informally the background and
the “effect” of certain reduction procedures.

On the other hand, at a puvely formal level, 8-reduction is nothing more
than a relation between terms, hence with no operational meaning whatso-
ever. Being fully aware of this fact, we allow ourselves to mix the operational
and the relational approach at pleasure.

Let us give an example in “classical” lambda calculus, in the “oper-
ational” mood. The term (Ag:z.(2y))u B-reduces to uy, i.e. the result of
substituting “argument” « for z in zy. In our sugared item-notation this
becomes: (ud){zA,)(yd)z reduces to (y6)u. Note that the presence of a §-A-
segment § = (ud)(2Az) is the signal for a possible 3-reduction. “Execution”
of this reduction amounts to the following syntactic procedure: replace all
variables = that are bound by the end operator of the X-item of 3, by the
body of the §-item of &.

The “unsugared” version reads — under the assumption that the free
variable list is Ay, A,, Ay: the term (18)(2A){46)1 reduces to (36)1. Here the
body of the é-item (46) changes: 4 becomes 3. This is due to the fact that
a A-item, viz. (2X), disappeared (together with the é-item (16)). The end
variable 1 did not change; note, however, that the A binding this end variable
has changed “after” the reduction; it is the last A in the free variable list
(“An”) and no longer the A inside the original term (“)A,”). The reference
changed, but the number stayed (by chance) the same.

In more complicated examples, there are more cases in which variables
must be “updated”. This updating of variables is an unpleasant consequence
of the use of de Bruijn-indices. We shall come to this matter again later on
in this chapter. It is the price we have to pay for the banishing of actual
variable names (taking reference numbers instead).

We can see from the above example that the convention of writing the
argument before the function has a practical advantage: the é-item and the
A-item involved in a f-reduction occur adjacently in the term; they are not
separated by the “bulk” of the term, that can be extremely long. It is
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well-known that such a §-A-segment can code a definition occurring in some
mathematical text; in such a case it is desirable for legibility that the coded
definiendum and definiens occur very close to each other in the term.

(Note: the distance between a A-item and a corresponding é-item can
even grow in the traditional notation, for example when the term is extended
with new information, which occurs frequently when the translation of a text
is carried out! See e.g. [Nederpelt 90].)

The traditional 8-reduction causes a substitution for al! variables bound
by a certain A. This is not always what is desired. In the case just described,
when a §-A-segment codes a definition, it is clear that this kind of S-reduction
is too radical: one sometimes desires to “unfold” a definition at a certain
place, but such an unfolding should not concern all places where the same
definition is used. For example, the notion “continuity of a function” needs
a rather complicated definition. Now sometimes, e.g. in a proof, one “goes
back to the definition” by substituting the text body of this definition, in
which the definiens is expressed. In such a case one certainly does not want
as a side effect that the word “continuity” will be replaced by its definiens
at all places in the text where it appears.

That is the reason for admitting another kind of f-reduction, called
local #-reduction, where only one bound variable can be replaced. (See
also [de Bruijn 87].) We will discuss this later. To emphasize the difference
between this local 3-reduction and the usual one, we shall call the latter
global B-reduction.

Another wish is to execute substitutions only when necessary. For this
purpose one may decide to postpone substitutions as long as possible (“lazy
evaluations”). This can yield profits, since substitution is an inefficient,
maybe even exploding, process by the many repetitions it causes.

Another approach is to code substitution in such a manner that the
actual “copying” of terms is never executed. There exist different set-
tings for this kind of substitution. Omne of these was used as early as
1972 in the Automath-project by I. Zandleven, for the construction of a
verifying program. A description of this implementation can be found
in [van Benthem Jutting 88]. Another well-known method is the so-called
graph reduction; see e.g. [Peyton Jones 87].

We shall describe substitution as a step-by-step procedure, giving the
user the possibilities to use it as he wishes (we do not introduce, however, an
analogue of graph reduction). Our step-wise treatment of substitution and
reduction is connected with the wish to unravel these processes in atomary
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steps. This is no restriction, since we can also combine these steps into the
ordinary f-relations.

3.2 Step-wise substitution

In order to be able to push substitutions ahead, step by step, we shall
introduce a new kind of items, called substitution items (or o-items).
These g-items can move through the branches of the term, step-wise, from
one node to an adjacent one, until they reach a leaf of the tree. At the leaf,
if appropriate, a o-item can cause the desired substitution effect.

In this manner these substitution items can bring about different kinds
of B-reductions. Note that we have chosen to make substitution a part of
the formal language for the terms; we do not treat it as a meta-operation,
as is usually done.

Definition 3.1 (o-operators, ys.-terms) We eztend the set §ys with the
finite set Q, (the set of o-operators). The arity of these operators is two.
The new Q s called Qy5,.

For the time being, we take Q, to have only one element: 0. We use ¢
us an indexed operator, numbered with upper indices: o) 52

The notions: term, item, segment etc. take this extended Q into account.
Hence, @ a-item has the form: (t’o(’:)). Our terms now are s, -terms.

The intended meaning of a o-item (#'¢®) is: term ¢ is a candidate to
be substituted for one or more occurrence of a certain variable; the index ¢
selects the appropriate occurrences.

Now we can give the rules for one-step o-reduction. This relation is
denoted by the symbol -=,. The relation o-reduction is the reflexive and
transitive closure of one-step substitution. It is denoted by —»,.

One-step o-reduction is given below as a relation between segments (cf.
the (-reduction relation of Section 2.4), although it is meant to be a relation
between terms. The rules must be read as follows: rule 3 —, & states that
t —, t' when a segment of the form § occurs in ¢, where ¢’ is the result of
the replacement of this 5 by .

Definition 3.2 (o-reduction)
(o-generation rule:)
(t16)(t2A) =4 (t18) (22 A)(t10(D)
(o-transition rules:)
(t109D) (12 \) —5 ((t100))t2A) (vor-transition)
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(1208 (£22) =4 (122)(2100H)) (015 -transition)

(110 (t2A) =4 (210t X)) (810G (g, 5 -transition)
(1100)(126) 4 ((110)128) (oos-transition)
(t10)(126) =, (£28)(t100)) (015-transition)
(t100))(226) —o ((t10'N)126) (810} (0014-transition)
(o-destruction rules:)

(t100)i =, ud(t))

(tla(i))a: e & 2 FE 1L

The following details about these rules are to be noted. Firstly, in
the o-generation rule the so-called §-A-segment or reduceable segment
(210)(t2A) stays where it is; this is different from ordinary 8-reduction, where
both argument and corresponding A disappear. The reason for not removing
this reduceable segment is, of course, that we want to keep a binding A and
the corresponding argument (i.e. d-item) in a term, as long as there still
are variables in the term that are bound by that A. When the substitution
process is on its way, existing bonds are maintained. Moreover, when we
choose to perform local S-reduction, then one bound variable disappears in
the substitution process, but other bound occurrences of the same variable,
which are also possible clients for the same substitution, may stay. We shall
see later how we can dispose of a reduceable segment when there are no
more customers for the A involved, i.e. when there is no variable bound by
this A in the term.

Secondly, the o-transition rules occur in two triples, one triple for the
case where a og-item meets a A-item, and one for the case where a o-item
meets a §-item. In cach triple the following three possibilities are covered:
the o-item can move inside the item met (upwards in the tree; the cases
g9), it can jump over the item (to the right in the tree; o7}, or do both
things at the same time (¢¢;). For the time being, all possibilities may be
effectuated. Only in the case that the o-item jumps over a A-item (i.e. in
the cases o1 and ogya ), the index of the o increases by one. This is because
that index counts the number of A’s actually passed, in order to find the
right (occurrence of the) variable involved. The index is also of use in the
process of updating the substituted term #; (see below).

Thirdly, the o-destruction rules apply when the o-item has reached a
leaf of the tree. When the index ¢ of the o is in accordance with the value of
the variable, then we have met an intended occurrence of the variable; the
substitution of ¢; for ¢ takes place, accompanied with an updating (ud) of
the variables in ¢;. This updating is necessary, in order to restore the right
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correspondences between variables in 2; and A’s. When the index of ¢ and
the variable in question do not match, then nothing happens to the variable,
and the o-item vanishes without effect.

It is not hard to see that the update function ud® should have the
following effect on term t;: all free variables in #; must increase by an amount
of 1. (The o-generation rule initialized ¢ with value 1, for obvious reasons.})
This updating is a simple process.

We note that our updating is less complicated, but also less general than
in the original treatment of de Bruijn-indices (see [de Bruijn 72}), where
substitution is not presented as a step-wise process. Moreover, in expliciy
substitution procedures as in [Abadi et al. 90], the more general, but com-
plicated update functions are used.

Our loss of generality has the following cause. A o-item (ta(i)) is sup-
posed to be “cut off” from the rest of the term. Variables in ¢ may have lost
their reference value; in case a variable z in ¢ is bound by a A outside ¢, then
this binding A can only be found by taking also the index ¢ into considera-
tion. Orly after application of the o-destruction rule, the updating restores
the proper value of such variables.

In Appendix C we give another approach, that only works with global
J-reduction in mind. There a 7-item travels step-wise through the term tree
in order to accomplish the desired substitutions. However, here again one
has to take care of the correct variable bindings.

In Section 3.3 we discuss yet another approach, where the updating can
take place at any stage of a step-wise substitution process,

Again, we shall describe the effect of the update function by means of a
a step-by-step approach. For this purpose we use a (unary, prefix) function
symbol o(*®%) with two parameters k and i. The intention of the indices is
the following. Index ¢ preserves the variable that has to be replaced by iy;
one can also say: i is the number of A’s that term #; has passed by on his
way from the reduceable segment to the leaf in question (z = ‘increment’).
Index k counts the A’s that are internally passed by in t; (k = ‘threshold’).
The effect of the updating must be that all free variables in {; increase
with an amount of ¢; the & is meant to identify the free variables in ;.
Now, instead of ud(":)(tl), we write (go(o"'))tl. We extend our set 24,
with a set of p-operators 1,. As explained above, we use the ¢’s with a
double index: ¢*9:k i e A. We call all (¢*#))’s p-items. Note that the
body of a p-item is always the empty term. Our terms are now Q34,,-terms.
The use of the ¢-items is established in the following rules.
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Definition 3.3 (p-reduction)
(o-destruction /ip-generation rule:)
(t100))i = (OD)ty
(p-transition rules:)

((ENEA) = (5N 041
(PDY(#15) — ((R9)8)(4)
(p-destruction rules:)

(o®Ne S, e +iifa>k

((P(k,f))g: —,aife<korz=ec.

There are two p-destruction rules, the first for the case that z is free in
¢1 (then a real update occurs), the second for the case that  is bound in ¢
or ¢ = ¢ (then nothing happens with z).

Finally, we note that our transition rules as given here do not allow
for o-items to “pass™ other o-items. We come back to this matter in the
following section.

3.3 A general step-wise substitution

In Section 3.2 we mentioned a drawback in our step-wise substitution: vari-
ables inside a o-segment are shut off from the “outer world”, meaning that
their value need not reflect the exact binding place. Only by the updas-
ing after application of the o-destruction rule, these variables regain their
correct value.

In order to repair the drawback mentioned, there is an easy solution. We
just have to add a @-item ((*%)) inside the o-item, as follows: ((¢(k))ta(d).
The ¢-item registrates the necessary updating during the process of o-
transition.

For convenience’ sake, we may drop the first index or both indices of the
@, according to the following definition:

Definition 3.4 (p-abbreviation)

For all k € N, o denotes o(®%), Moreover, ¢ denotes (1) (hence
_ (01
= ¢ )

Now the rules for g-items can be adapted as follows (cf. Definition 3.2):

Definition 3.5 (general o-reduction)
(yeneral o-generation rule:)
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(116)(122) =& (116)(22A)((0)t2101))

(general o-transition rules:)

(110N (220) =5 (110Nt A) (o0 -transition)

(110N (t2A) =4 (L2 X)((@)t100+1)) (015-transition)
(120 (120) =4 (1202 M) ((9) 1100V (Gg1a-transition)
(t108)(226) — 4, ((t100Nt28) (ogs-transition)
(t100N)(228) =5 (226)(t100)) (015-transition)
(tla(i))(t;;&) —a ((tla("))tgﬁ)(tlo(‘)) (0015-tmn.sition)
(general a-destruction rules:)

(tla(i))z' =g 1y

(t10)z —, & if 2 # i,

Note that a term ¢; = t' changes into (@)t" when passing a A; see e.g.
the o1y-rule. The reason is that the free variables in ¢ must be increased by
an amount of I (remember that ¢ = 1,0(0'1), hence the increment is 1).

The obtained (¢)t' is again a term, so one may take t; = ()¢’ in the
next step.

Example 3.6 (In this example we only use og1x- and gqy14- transitions):
(16)(2A)(4M)2 —,
(16)(20)((©)1 e (42)2 =5
(18)(2)(((0)1 eM)aN)((2)()1 o1P)2 =,
(18)(2A)(4N)((#) ()1 o2 =,
(18)(20)(4M)(e)(©)t =4
(18)(2A)(4A) ()2 =
(1&)(2M)(4A)3.

It is not hard to see that this definition gives the same results as Defi-
nition 3.2 in the case that we apply the @-transition rules after all possible
o-transition rules have been applied. However, we have now the possibil-
ity to “update” the o-item at any instance, thus re-establishing the correct
bond between bound varlable and binding A. It is also more easy now to find
the binding A of a certain variable in ¢y before updating: following the path
from the variable to the root, we just add j for every ((p(j)) encountered.

(‘The mentioned (¢()) may originate as combinations of “simple” (-
items. Let us assume for a moment that only one-step o-reductions are
applied to a given term, and no g-reductions. Then a g-item, “travelling”
through this term, “collects” as many ¢-items (¢) as it has passed A-items.
These @-items may be combined, since (¢)... (@) (i times) = (¢)f = (¢).)
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We can make a few more remarks in this respect.

First, it is not necessary to update {; completely. One can easily convince
oneself that -items with equal first index are addifive, in the sense that
(@ Fm)(kin)) has the same effect as (¢*™+), for all k,m,n € A. In
particular, (go(’"))(ga(")) “ig” (go(m+")). Hence, one may split up (cp(j)) into
(¢ and (")) in case 7 > 1 and 5/ + j = 7, and update with ("),
This process can be repeated at many places. Moreover, a (-transition can
be executed for one or more steps, or left alone, whichever one likes.

Things become more complicated if we desire to combine two adjacent
@-items like (¢(®9) and ((,o(l'"‘)), with & # [, in one new update function.
We do not consider these matters, in order to maintain a simple system.

We also note, that it 1s quite natural to add a third ¢-transition rule for
the case that we desire to update a term starting with a o-item:

Definition 3.7 (p-transition rule for o-items:)
(¢4 (£0D) =, (p*NEoW)(4) if 1 < k and
(BN a) —p (4D () i 1 > k.

So far, we showed that o-items and ¢-items have obtained the same
status as the original A- and é-items. The o- and ¢-items have become,
so to say, “first class citizens”. There is, however, still a slight scent of
discrimination, in the sense that some items can blockade the transition of
other items. For example, o-items cannot pass @-items. (Later it will turn
out that o-items may not pass 7-items, as well.) These matters have to be
investigated, especially as regards the consequences for normaljzation. At
this moment, these questions are not yet solved.

A final remark in the same field is that we have now a feasible possibility
at our disposal for the addition of a ggio-transition. We can allow that o-
items intrude and step over other g-items:

Deﬁniti_on 3.8 (o010 -transition)
(10N (20N =5 (8101190 *N(t30@)) if i £ k
3.4 Substitution and g-reduction

In the rest of this report, we shall consider y455,-terms and the general
step-wise substitution as introduced in the previous section, unless otherwise
stated.
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We can execute local and global 8-reduction with the help of this step-
wise substitution, but with certain limitations. Firstly, as mentioned before,
the reduceable segment is not removed. We have to supply the tools for
eliminating useless reduceable segments.

Secondly, the choice we have in the o-transition rules has to be restricted.
For local B-reduction we have to make (repeatedly) a choice between either
oo or g1, both when meeting a A- or a é-item, in order to follow the right
path to the intended {occurrence of) the variable.

For global B-reduction we also have a choice. Syntactically the sim-
plest thing is to choose always the ogi-rules, dispersing the o-item over all
branches to come. However, in the case that we know beforehand which
branches lead to an occurrence of the substitutable variable in question,
and which do not, we can, at each A- or é-item met, make the appropri-
ate choice between op, 0y or og1. The last possibility is efficient as regards
the o-transitions; it depends, however, on the implementation whether the
mentioned information about branches and variables is present. It will be
clear that the generation and maintenance of this information has its price
as well.

Hence, we may distinguish four kinds of step-wise 3-reduction:

local, minimal: Choose at each step the appropriate op- or op-rule.

local, mazimal: Always take oo1; restrict the o-destruction rules.

global, nunimal: Choose at each step the appropriate og-, o1- or ggy-rule.
global, mazimal: Always take og;.

Of course, there are many intermediate possibilities between minimal
and maximal reduction, both for local and for global S-reduction. There
also exists a scale of possibilities between local and global: e.g., one may
formalize substitution for a number of designated occurrences of a certain
variable.

A one-step local B-reduction of an 2s-term consists of one o-generation
and a local reduction as described above, with either minimal or maximal
strategy, executed until the ¢ in question (and the corresponding ¢’s) have
disappeared. A one-step global S-reduction is defined analogously. Note
that, in both cases, the reduceable segment is not yet removed.

A one-step local 8-reduction of an (ys,-term is defined analogously; here
it is understood that the originally present o-items remain undisturbed. For
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Ns0,-terms we have to decide upon the removal of @-items, because thes
items blockade o-items in their transition (cf. Section 3.3).

An option is to distinguish from the beginning between (possible) local
and global §-reductions, by using different A’s and/or §’s. (This possibility
of different A’s and/or s was incorporated in our definition of terms in
Section 2.1; it was, however, not yet used.)

For example, we could use Aiqe for a future destination in local reduc-
tions and Agie for global reductions. A “definition” then could be rendered
as a 6-A-segment (#1610¢){t2A10c), Teady for local reduction. A “function”
could start with a A-item (f3Ag1o), whereas an “argument” for this function
could have the form of a 6-item (¢16g10). (See [Nederpelt 90] for an explana-
tion of these notions “definition”, “function” and “ argument” with respect
to typed lambda calculus.)

Now, for example, the general o-generation rule of Definition 3.5 obtains
two versions:

Definition 3.9 (local vs. global o-generation)
(116:)(t20) —o (118:)(t220)(tr0f)), for i = Loc.
(tlﬁi)(tgAi) —s (115,')(@)\;)(‘510'1-(1)), fori= glo.

As regards the o-transition rules, either the op-transition or the o-
transition is chosen for ¢y4c’s, according to the path in the tree that has
been prescribed. And oq;-transition is reserved for og1,’s. The o-destruction
rules are adapted with an index to the ¢, in an obvious manner.

It will be clear that, in applying local 3-reduction, we have a certain re-
duceable segment and an occurrence of one goal-variable in view, connected
by means of a path in the tree. Hence we know that the reduceable segment
has actual reductional potencies, i.e. the end A of the segment binds at least
one occurrence of a variable.

As regards global 3-reduction, the sitvation is different. Here the re-
duceable segment may be “without customers”. Then o-generation is un-
desirable (especially in the “maximal”-versions) since this leads to useless
efforts. Hence it seems a wise policy to restrict the use of the o-generation
rule to those cases where the main A of the reduceable segment does actually
bind at least one variable. When this is not the case, we shall speak of a
void é-A-segment.

Such a segment may be removed. One may compare this case to the
application of a constant function to some argument; the result is always
the (unchanged) body of the function in question.
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For this purpose we define the void 3-reduction:

Definition 3.10 (void 3-reduction)

Assume that a §-A-segment § occurs in a term t, where the final oper-
ator A\° of § does not bind any variable in t. Let t; be the scope of 5, i.e.
rightarg(A®). Then t reduces to the term ¥/, obtained from t by removing
5 and replacing t; by (" Nty.

Notation: t —¢ t'.

(This reduction was introduced in [Nederpelt 73], where it was called
fBa-reduction. De Bruijn defines a mini-reduction as being either a one-step
local B-reduction or a void reduction; see [de Bruijn 87].)

We can also describe void S-reduction in the previously given format:

Definition 3.11 (§-A-destruction rule)
(#6) (" A) =g (=) if (#8)(t")) 4s void

Note the fact that updating here occurs with a negative amount of —1.
This does not corrupt the term, precisely because there are no customers
for the A in the void segment. The reason is that the disappearance of the
A has to be compensated.

We note that this negative updating is not without complications. For
example:

¢ The second ¢p-transition rule of Definition 3.7 is no longer valid, unless
o-items with index 0 are permitted.

e Additivity of ¢-items (see Section 3.3) does not hold for negative in-
dices. E.g. () (1) is not equal to (1) (the identity), for
example:

(P )(28)1 -5, (1601

¢ The same example shows that negative indices can have the effect that
different variables become identified:

(1) (26)1 —, (16)1

Hence, updating is no longer an injection, which can be highly unde-
sirable.
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We note, however, that the mentioned unpleasant effects do not occur
in the setting presented above: a @-item with a negative exponent only
occurs after the clean-up of a void é-A-segment, hence with a A that does
not bind any variable. Therefore, the injective property of updating is not
threatened.

We can describe the usual one-step F-reduction as a combination of o-
steps and ¢-steps:

Definition 3.12 (one-step 3-reduction)

One-step 3-reduction of an Qxs-term is the combination of the following
steps: one o-generation from a 8-A-segment 3, the transition of the generated
o-item through the appropriate subterm in a global manner (either minimal
or mazimal), followed by one void B-reduction for the disposal of 5. Finally,
there follow a number of destructions, until again an Qys-term is oblained
(hence without o- or p-items).

(A one-step B3-reduction of an Qys,-term is defined analogously; cf. one-
step local 3-reduction.)

Notation 3.13 As usual, we denote one-step S-reduction by ¢t —5 t', and
(ordinary) f-reduction — its reflexive and transitive closure — by t —»5 t'.
The relation 8-equality or conversion is the equivalence relation generated
by —g; it is denoted by ¢ =g t'.

Remark 3.14 About the normalisation properties of our system (concern-
ing the termination of F-reduction sequences) we note the following.

We first recall some well-known concepts:
A redez in a term is a subterm which starts with a §-A-segment.
A normal form is a term without a redex (hence without a é-A-segment).
A term t is strongly normalizing if all S-reduction sequences, starting from
t, terminate (in a normal form).
A term ¢ is weakly normalizing if some (B-reduction sequence, starting from
t, does terminate (in a normal form).
In general: the property strong normalization refers to the necessary termi-
nation, for each term, of all S-reduction sequences starting from that term,
and the property weak normalization refers to the possible termination, for
each term, of a 3-reduction sequence starting from that term.

Now we discuss normalization with respect to our system of rules.
The o-generation rule, as given in Definition 3.2, can be applied indefi-
nitely many times. A similar remark holds for the gg;,-transition rule, which
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permits an eternal reshuffling between adjacent ¢-items. Hence, strong nor-
malization is not guaranteed without extra provisions.

This may be an awkward matter, especially in (typed) systems that
“normally” do strongly normalize. Hence, it may be advisable to restrict
the use.of these rules in order to prevent the mentioned effects. For the
latter rule (the ggy,-transition rule) this is easy: just forbid its use, maybe
with the exception that it can be used in one-step local f-reductions. For
the former rule one might formulate the condition that a o-item may only
be generated by a §-A-segment if this segment is not void, and if it cannot
become void by substitutions which are “on the way”, i.e. by the application
of - and ¢- reductions which are due to ¢- and o-items which are already
present in the term under consideration.

It will be clear that our rules do not hamper weak normalization . Indeed,
if a terminating sequence exists, starting from a term £, we can always choose
an appropriate strategy for step-wise substitution in order to *follow the
path” of this normalizing B-reduction sequence.

3.5 Matching é-A-couples

The step-wise substitution procedures as described, can have an undesired
effect on B-reduction, especially when using lazy evaluation. In that case
one likes to start another reduction before the old ones are fully done with,
that is to say: while some o-items are still present in the term as “relicts”
of a previous reduction.

In such a case one may be caught. When, for example, a o-item (¢'o) has
come to a standstill between a é- and a A-item, then the original §-A-segment
has been split up and cannot be activated by the o-generation rule.

A similar situation arises when a void S-reduction has not been executed.
For example, let (#18)(¢26)(t3A)(24A) be a segment of term ¢, and suppose
that (¢26)(t3A) is void. Then we desire to start a J-reduction with (£18){t4A),
but this is up to now only allowed after the removal of the void segment.

This observation can also be made in a more general setting: we need
not require that an intermediate segment like (¢26)(73A) is void. It is enough
that such a segment is “well-balanced”; a notion to be explained below,

In this respect we note the following. When one desires to start a -
reduction on the basis of a certain §-itemn and a A-item occurring in one
segment, the matching of a the ¢ and the A in question is the important thing,
even when they are separated by other items. lLe., the relevant question is
whether they may together become a §-A-segment after a number of (8-,
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o- or -) steps. This depends solely on the structure of the intermediate
segment:

Definition 3.15 (well-balanced segments)

An empty segment is a well-balanced segment;

A a-item (t'o) and a p-item (@*)) is a well- balanced segment;

If 5 is a well-balanced segment, then (t'6)3(t"X) is @ well-balanced sey-
ment.

The concatenation of well-balanced segments is a well-balanced segment;

A well-balanced segment has the same structure as a matching compos-
ite of opening and closing parentheses, each §- (or A-)item corresponding
with an opening (resp. closing) parenthesis. For example, the well-balanced
segment (110)(t26)(23A)(248)(15A)(teA) has the same “bracketing structure”
as the string *((){))’. (Well-balanced segments in a typed lambda calculus
without explicit substitution were introduced in [Nederpelt 73}.)

Now we can easily define what matching é-A-couples are:

Definition 3.16 (match, -A- or reduceable couple, partner, parinered item,
buchelor item, non-bachelor segment, bachelor segment)
Let t be an Qagop-term (hence possibly containing o- and/or p-items).

Let 3 = 51,..., 8, be a segment occurring in i,
Now s; and s; match, when i < j, s; is a é-ifem, s; a A-item, and the
SEQUENCE Siy1s. .., S;-1 forms a well-balanced segment.

Such matching s; and s; are called a 6-A-couple or reduceable couple.
Both s; and s; are called the partners in the §-A-couple. We also say that
s; and s; are partnered :tems.

All A- (or 6-) items s in t that are not partnered, are called bachelor
A- (resp. §-)items.

A segment consisting of partnered items only, is called a non-bachelor
segment; a non-empty, well-balanced segment is a special case of a non-
bachelor segment, in which the partnered items occur pair-wise.

A segment consisting of bachelor items only, is called a bachelor seg-
ment. We define A-bachelor segments and 8-bachelor segments similarly.

(De Bruijn uses another terminology; see e.g. [de Bruijn 9x]. In his
phrasing, é-items are applicators or A’s, and A-items are abstractors or 1's.
For é-A-segments he uses the word AT-pair and for é-A-couples he uses AT-
couples. Void B-reduction he calls AT-removal.}
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It follows that each 8-A-segmentis a particular case of a §-A-couple (with
an empty, hence well-balanced segment between the §- and the A-item). On
the other hand, the §-item and the A-item in a é-A-couple may also be
separated by o- items, w-items and other §-A-couples.

Definition 3.17 (sieveseq for bachelor items)

Let t € Q)4.

The segment 3 consisting of all bachelor A- (or §- }items of body(t),
concatenated in the order in which they appear in t, is called the bachelor
A- (or é- )segment belonging to t, and will be abbreviated as sievesegy, ,(t)
(or sievesegy,.s(1)).

Similarly, we define sievesegy,.\(3) and sievesegy,s(3) for a segment
3.

Example 3.18 Consider the segment
3= (tlA)(tg)\)(t35)(t4)\)(t5.)\)(t66)(t75)(t86)(t9/\)(hoA)(fué).

Then (236) matches with (24A); moreover, (tgé) matches with (¢eA) and
(t76) with (t10A). The segments (136)(t4A) and (136)(tg)) are §-A-segments.
The items in.these segments also form é-A-couples, and there is another
6-A-couple in 3, viz. the couple of (¢76) and ({10}).

The items mentioned just now ((tad), (t4A), (t70), (tad), (taA) and (t10A))
are the partnered main items of 5. The remaining main items of §, viz. (1),
(t2A), (t57), (ted) and (¢116), are bachelor items.

The segments (t1A){(t2A) and (f5A)(teé) are examples of bachelor seg-
ments, the former being also a A-bachelor segment. Examples of non-
bachelor segments are (176)(tsé){teA) and (¢76)(t86)(teA)(t10A), the latter
also being a well-balanced segment.

Moreover, sievesegy,.,(3) = (11A)(t2A)(tsA) and sieveseg,, ((3) =
(t66)(2116).

Now we can make the important observation that the main items of a
term ¢ may be divided into different classes: the “partnered” items (i.e. the
6- and A-items which are partners, hence “coupled” to a matching one),
the “bachelors” (i.e. the bachelor A-items and bachelor é-items) and the
“offspring” (i.e. the o- and the ¢-items).

Now let 5 be the body of a (“childless”) term ¢ € §255. Then the following
holds:

e [ach bachelor main A-item in § precedes each bachelor main §-item in

ER
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o The removal from 3 of all bachelor main items, leaves behind a well-
balanced segment s’ (which we denote by sievesegy,iys)-

e The removal from ¥ of all main é-A-couples, leaves behind a A™-§™-
segment, consisting of all bachelor main A- and é-items (which we
denote by sievesegy,cys)-

From the above, we may conclude the following. For each non-empty
segment 3 € {14 there is a unique partitioning in segments 37,...,%,, such
that
{(Vs=31...5,

(2) each & is either a bachelor A- or é-segment or a (non-bachelor) well-
balanced segment,

(3)if 5 (i < n) is a bachelor segment, then 537 is a well-balanced segment,
and vice versa (hence, bachelor and well-balanced segments alternate in
GYRRRRESE

(4) each bachelor A-segment 3; precedes each bachelor §-segment 3% in 3.

(The mentioned partitioning of the sequence of main items of a term 1 is
called the canonical dissectionin [de Bruijn 9x]. In that paper, the sequence
sievesegy,.s(t) is called the waiting list of t; the segment § obtained from
t by removing all §-items in sievesegy, ;(2) from t and omitting endvar(t)
is called the knowledge frame of t.)

Example 3.19 The segiment 3 of Example 3.18 has the following partition-
ing:
bachelor A-segment (11 A)(221),
well-balanced segment (t38)(t4),
bachelor A-segment (t54),
bachelor é-segment (tgé),
well-balanced seginent (¢76)(tsd)(taA)(t10A),
bachelor é-segment (#114).
Moreover,
sievesegpacy = (11A)(f2A)(2sA),
sievesegy.cs = (t6d)(1116),
sievesegy,cis = (AN (12A)(Es AN (ted)(t116),
sievesegyaqys = (136)(1gA)(176)(286) (taA ) (t10 ).

We can extend our notions of 3-reduction in this vein. That is to say, we
may allow §-A-couples to have the same “reduction rights” as §-A-segments.
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All we need for that, is to give a new generation rule for the step-wise
substitution described in the Section 3.3; the transition and destruction
rules can stay unchanged.

Definition 3.20 (generalized (3-reduction)
For all well-balanced segments 5:
(general o-generation rule:)

(t16)3(t2A) —» (tlé)g(tzA)(((p(k"'l))tlcr(l)), where k = weight,(3).

The new notion of 3-reduction on the basis of these new generation rules,
is called generalized j-reduction. (The notion of a well-balanced segment
and a notion of generalized f3-reduction as defined above were introduced in
[Nederpelt 73]. The generalized §-reduction, called 3y-reduction, was used
as an expedient for the proof of strong normalization in a uniformly typed
lambda calculus.)

With this generalized reduction we can choose for delayed substitution
and yet perform reductions in the same order as with ordinary S-reduction.
Note, however, that our generation rules give more possibilities than be-
fore. Firstly, as said before, the intermediate segment only needs to be
well-balanced; é-A-segments need not to be void. Secondly, with generalized
F-reduction we may have more possible reduction paths.

For example, in the term ¢ = (£16)(226)(3A)(t46)(tsA)(teA)u there are
three reduceable couples ready for a generalized §-reduction, but only fwo re-
duceable segments. (The three redexes in ¢ corresponding to the reduceable
couples are: ¢ as a whole, (£26)(t3A)(248)(15A)(teA )u and (£48)(tsA)(teA)u;
only the last two redexes are “traditional” redexes, corresponding with re-
duceable segments.)

As said before, the pairwise matching é- and A-items occur in a nested
pattern. If, however, one chooses for the traditional notation, where argu-
ments follow the corresponding functions, this nesting property is lost.

We shall explain this by means of an example. The term t mentioned
above looks like ((Az.t;.(Ayitg . Azits -1 )24 )E2 )21 in the traditional notation. Now
the reducable segments (1;8){tsA) and (246)(tsA) correspond to the redexes
(Azets (Agity - Azitg - 4)ta)t2 and (Ayuy Az -#)la. These redexes occur “nested”.
The reduceable couple (16)(t6A) also has a corresponding (“generalized”)
redex in the traditional notation, which is, however, not so easy to find.
The corresponding “traditional” redex will appear after two one-step j3-
reductions, leading to (A,4,.u)t1. (We assume z, ¥, z and u to be different
variables.)
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Let us look deeper into this correspondence. Each é-item (#;6) corre-
sponds with a subterm ¢; (in the traditional notation), each A-item (¢;A)
with a “term head” Aw:t;. Now we see that the matching in the traditional
notation is no longer nested. The “bracketing structure” of the maximal
main segment of ¢ is not compatible with ‘( () () )’ (see above}, but with
‘(1 (2 (3 )2 )1 )3’, where ‘(,;’ and ‘)," match.

Since the notion of §-A-couple is a natural extension in the light of de-
layed substitution or local f-reduction, the above gives an extra argument
in favour of the convention “argument precedes function”.

We may observe that §-items of §-A-couples can occupy different posi-
tions in a term, without disturbing the meaning of the term, both semanti-
cally and procedurally. For example, the last-mentioned term £ is equivalent,
in both aspects, to the term ¢’ defined as ' = (226)(23A)(246) ({5 A} (216)(te N )u
(when we disregard updating). So, in principle there is no objection against
a “re-shuffling” of a well-balanced segment 3, in the sense that all é-items in
§ are shifted to the right until they meet their A-partners. If one chooses for
this option, formalizing it into a “&-shift-transition” or “-reduction” in the
obvious manner, then all §-A-couples become §-A-segments, and the general
generation rules are no longer required. (A well-balanced segment then is
the concatenation of §-A-segments.)

This “re-shuffling” leads in the traditional notation from, e.g. the term
((Azity -(Aget - Azitg - w}a Yo )iy to the term (Agay.(Ayis (Azs-% )81 )24 )t2. Here
the action clearly is more difficult to describe.

Note that the proposed §-shift does not disturb the bonds between A’s
and variables (when defined properly, i.e. with appropriate updating ¢-items
in the shifted §-items). However, undesired effects as to binding may arise
in case one would define a. comparable §-shift in the opposite direction, e.g.
when starting with term ¢ and transforming it into term ¢ as above. For
example, in t' the subterm ¢; may contain variables bound by the X in (25A);
this binding would be lost in t.

Also, a “swap” between adjacent é-A-segments can, in general, lead to
undesired situations.

Finally, we can specify two different kinds of bound variables:
Definition 3.21 (weakly bound, strongly bound)
Let variable x oceur bound in term t.

Then we say that (this occurrence of) z is weakly bound if the binding
A-item of this @ is a bachelor item (hence has no matching é-item int), and
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we call ¢ strongly bound if this A-item is partnered (hence does have a
matching §-item).

In the latter case, when t' is the body of the matching §-item, we say that
(the occurrence of ) © is bound to this t'.

Another description of local #-reduction now is the following: select a
strongly bound variable z in ¢ and replace z by the term to which z is bound.
And global 3-reduction amounts to: select all z's bound to a certain term
t' and replace all these z's by ¢'.

Semantically, we know “nothing” about a free variable, “a little bit"
about a weakly bound variable (namely its type), and “everything” about a
strongly bound variable (namely its type and its “meaning”, being the term
to which it is bound). The words “a little bit” and “everything” should not
be taken too seriously; e.g.: in the term t = (ud)(vA;)z the z is strongly
bound but neither its type (v) nor the term to which it is bound (u) are
very informative, since both are free in ¢.

By selecting a number of strongly bound variables in a term ¢, we can
execute all sorts of compound reductions in ¢t by simultaneously replacing
the selected variables by the terms to which they are bound. For example,
when all the selected z’s are bound to the same subterm t’, we have an
intermediate form between local and global B-reduction. When «all strongly
bound variables are selected, we have a generalization of the so-called Gross-
Knuth-reduction (see the following section).

3.6 Strategies for J-reduction

Different strategies are known for applying consecutive F-reductions. A
strategy, in this respect, is a procedure which prescribes the order of the
reductions which have to be “executed” consecutively., IHence, such a strat-
egy tells us, at any moment in a more-step reduction, which reduceable
segment(s) is/are selected for “firing”, i.e. for performing one or more -
reductions.

We shall describe three of these strategies in our uniform notation. For
further details we refer to [Barendregt 84].

(For the definition of concepts like normal form, redex and normalization,
see Remark 3.14.)

The following strategies will be described: head reduction, Gross-Knuth-
reduction and normal order reduction. Each of these strategies has certain
advantages. For this we refer again to Barendregt’s book.
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1. Head reduction

Definition 3.22 (head normal form, head segment, head redez, head reduc-
tion)

An Qys-term t is in head normal form if none of the main segments
of t is a b-A-segment (hence, all main items are bachelors). Otherwise, the
leftrost main §-A-segment is called a head (8-)-)segment. This segment
concatenated with the right argument of its A is the head redex.

A one-step head reduaction is a J-reduction generated by the head
segment.

A (more-step) head reduction is a sequence of one-step head reduc-
tions.

Note that a head reduction path is uniquely determined, since each term
has at most one head segment. A terminating head reduction ends in a head
normal form. Such a head normal form is a concatenation of A-items, fol-
lowed by é-items, followed by a variable, Not all head reductions terminate.

2. Gross-Knuth reduction

Definition 3.23 (indexed segments, indezed terms, Gross-Knuth reduction)

An indexed §-A-segment is e §-A-segment in which the final operator
(A) has been indezed. A (one-step) f'-reduction is a §-reduction generated
by an indexed 6-A-segment. An indexed term is a term in which one or
mare 6-A-segments are indered. A fully indexed term is a term in which
all §-A-segments are indezed.

A Gross-Knuth reduction of an ys-term t is a sequence of -
reductions according to the following procedure. First index all §-A-segments
in t with different indices; then apply B'-reductions until all indices have
disappeared.

Every one-step Gross-Knuth reduction actually terminates, since the de-
scribed process of completely developing a term 1 is always finite, and is
independent of the order of application of the 8'-reductions (also in typed
lambda calculus). Sce [Barendregt 84, pp. 330 ff].

3. Normal order reduction

Definition 3.24 (precede, normal order reduction, quasi normal order re-
duction)
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Let 51° and 33° be occurrences of nonempty segments in term {. We say
that 57° precedes 33° (or 51° < 5°), if env3y® is a subterm of envsz®.

A §-A-segment int is called a normal order é-A-segment if it is maz-
imal in t with respect to <.

A one-step normal order reduction is a one-step 3-reduction which
15 generated by a normal order d-A-segment. A normal-order reduction
is a sequence of one-step normal order reductions. A quasi normal order
reduction is a sequence of one-step fA-reductions such that each reduction
in the sequence is followed (somewhere in the sequence) by o one-step normal
order reduction.

Now it can be shown, as in [Barendregt 84, pp. 326 ff], that if a term
has a normal form, then every (quasi) normal order reduction is finite.



4 The typing relation

4.1 Degrees

Until now, typing did not play a role in the construction of lambda-terms. In
each A-item there is “room” for information about the type of all variables
bound by the A under consideration. But this information has not yet
been explicitly used. We have only provided a possibility for using this
type information. For example, the types can be taken into account in the
abstraction condition and the application condition, which are part of the
term construction process {see Section 2.5).

In this chapter we give examples of how these conditions may actually
restrict the collection of terms obtained. Hence, the type information will
play an essential role. Moreover, in this chapter it turns out to be advan-
tageous to use different A’s and &’s, a possibility that was present from the
beginning, but until now not really employed.

Before going deeper into the matter, we emphasize that there is no fun-
damental difference between types and terms. A term may act as a fype of
another term, a term may even have different types or it may happen that
a term has no type at all. But each type is itself a term. Hence, typing is
a relation between terms, and a statement t; : t» expresses that term t{ has
term tz as (one of its) tvpes.

By the typing relation, there is a kind of hierarchy between terms. A
notion expressing this hierarchy, is the notion of degree. It will turn out, in
the system that we present, that the degree of a “type” is one less than the
degree of a term of this type.

We start with the definition of the degree of a variable and thereupon
we define the degree of a term.

Definition 4.1 (degree of a variable)

The degree of a variable z thal is free in term t, is undefined.

The degree deg(c) of every e occurring in t, is zero.

Assume that (the occurrence of) @ is bound int and let t' be the type of
z. Further, let y be the end variable of this type t' and assume that deg(y)
is defined. Then deg(z) = deg(y) + 1.

Note that each variable in a closed term has a degree. The set of the
degrees of variables occurring in a term, is always a set {0,...,n} for some
n > 0.



Definition 4.2 (degree of a term)

The degree of a term is the degree of its end variable, if this degree
is defined; otherwise it is undefined. The maximal degree of a term is
the mazimal number that occurs as a degree of a variable occurring in the
term; if there is no such number, then the maximal degree of such a term is

undefined.

Remark 4.3 Many existing definitions of the notion ‘degree’ count “the
other way round”, with the result that the degree of a “type” is one more
than the degree of a term of this type. Our degrees 0, 1, 2, 3 then change
into (e.g.) 3,2, 1, 0. In our approach we start with a “top level” having
degree zero, and lower levels are numbered upwards, without restriction.
This makes it easier to discuss the subject of “more degrees”, Cf. Section 4.7.

Example 4.4 In Example 2.17 we considered the following Qjs-term ¢
(X )((22a)((6)(@ A A YA YA

The degrees for the variables occurring in this term are: deg(e) = 0;
deg{z) = 1; deg(u) = 2, except for the free u which is the end variable of
the term: this u has no degree; deg(y) = 2; deg(z} = 3. If w would have
occurred as a variable, then its degree would have been 2. The term itself
has no degree (since its end variable is free). The maximal degree of the
term is 3.

The restriction of a term to a variable (see Section 2.3) does not change
any degree.

Finally, we define two desirable “consistency” properties of typing rela-
tions:

Definition 4.5 (degree-consistency)

We call a typing relation on @ set of terms degree-consistent if for all
terms t1 and ty we have:

if 1 1 and if both deg(t1) and deg(ty) are defined, then deg(t1) =
deg(tz) + 1.

A reduction relation —, on @ set of terms is degree-consistent if the
following holds:
for all t and ty such that t1 —, ta, if deg(ly) is defined, then also deg(ts)
is defined and deg(t;) = deg(t2).

Note: In [Barendregt 9x], a typing relation which is degree-consistent is
called ok.



4.2 Canonical types

Variables occurring bound in a term in typed lambda calculus have a “nat-
ural” type, as expressed in Definition 2.19. This type is the body of the
A-item ending in the A which binds the variable. We extend this process
of typing to (general) ferms by means of a canonical typing function typ,
acting on arbitrary subterms ¢’ of a term ¢.

Definition 4.6 (canonical type)

The canonical type typ(t') of a subterm t' of a term t, with ¢ =
endvar(t') and z bound in t, is defined as follows:

typ(t') = body(#') (=)t
where t" is the type of x int as defined in Definition 2.19.

Clearly, this definition is not very complicated. The canonical type
typ(¢’) of a (sub-)term ¢’ is obtained by replacing the end variable of ¢/
by its type t” (together with some updating of free variables in ¢").

Following the general style of this report, we can also use a type ifem
(1) and a type reduction operator —, instead of the typing function typ.
Hence, we extend our set of terms in order to incorporate these r-items {we
now have Qs pr-terms).

The search for the canonical type of a subterm ¢’ of ¢ starts with (7)¢'; this
term may be transformed to typ(t') by using the following r-reduction rules
for 5s,-terms (so we assume that the term under consideration contains no
g- or -items):

Definition 4.7 (7-reduction)
(T-transition rules:)
(7)(t1w) ~» (f1w){T)
(T-destruction rule:)
(T —- (@), if t is the type in t of the x under consideration.

Note that the search for the type ¢’ of z is not yet formalized. The
replacement of this #° by ¢" can also be described by means of step-wise
operations, for example as follows. First send an inverse search item from
z° “backwards” into ¢ until the A binding 2° has been found; then collect
t" = body(s) from the corresponding A-item s and transport it stepwise
“forwards” to z°. Finally, replace 2° by t”. This procedure can easily be
formalized. (In a given implementation, there will possibly be a more direct
way to collect the type of 2°.)
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In Section 4.3 we give another, more direct solution for this matter.
1. The type of an abstraction

Things become more interesting when we go further into the matter.
Firstly, we regard the type of an abstraction. We recall that we have the
possibility to use different A's. For example, A; could be used for dependent
product formation (usually denoted as II), and Ay for the — ordinary —
function operator A. This enables us to make a difference between the type
of a Tl-abstraction on the one hand, and the type of a A-abstraction on the
other hand, as we shall now explain.

Usually, given that the term t' has type t”, one defines the type of a
[M-abstraction Ilz : #; .t to be t”, as well. One could say that “the II-
item is not accounted for in the type”. On the other hand, the type of
a A-abstraction Az : ?, . % is the corresponding II-abstraction Iz : #; . ¢".
Hence, in calculating the type of a A-abstraction, the A-item changes into
the corresponding II-item, and the rest of the term is replaced by its type.

As a consequence, one may refine the transition rules for A-items as
follows, replacing those of Definition 4.7 for the case that w = A:

Definition 4.8 (T-fransition rules for indeved A-items:)
(P)(t12a) == (7)
(T)(t1A2) =5 (t121)(7)

Note that A; and Ay behave differently with respect to a r-item.

Here we used Ay for II and A, for the — ordinary — A. This is not a
mere symbol renaming; it also points at a possible generalization. In fact,
we can extend this kind of systems by incorporating more different A’s. For
example, with an infinity of A’s, viz. Ag, A1, Az, Az ..., we can give the
following type rules:

Definition 4.9 (7-transition rule for arbitrarily many indezed A-items)
(T)(t1Aig1) —7 (B2 A;)(7), fori=0,1,2,...

This is a generalization of Definition 4.8, if we add a reduction rule
stating that (t1A0) reduces to the empty segment.

We may use as many of these \;’s as we like. For example, in Defini-
tion 4.8 we only use Ay, replacing II, and Aj, replacing A. However, there
may be circumstances in which one desires to have more “layers” of A’s. Cf.
Section 4.7.
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2. The type of an application

As regards the type of an application, one usually employs a rule of the
following form: given a “function” F of type Ilz : ¢”.¢; and an “argument”
t of the appropriate type ¢ (this is the type or domain which is associated
with this function), then the application term F'¢ (in our notation: (t§)F)
has type t1[z := ¢]. Here [z := t] is a postfix meta-operator standing for the
substitution of ¢ for all free occurrences of z.

In our approach, where substitution is treated as a “first class citizen”
(an operation inside the system), the above is not satisfactory. Instead, we
may express the substitution by means of a o-item. Consequently, the type
ti1{z := t] is not given immediately, but is the result of a sequence of o-
and g-reductions. (In fact, this only holds when #; is an Qyg,-term, hence
originally without -items. The reason is, that o-items are not allowed to
“pass” -items, as we already noted in Section 3.3.)

For this purpose we maintain Definition 4.8 as regards the A-items, and
we employ the following 7-transition rule for é-items (as in Definition 4.7):

Definition 4.10 (r-transition rule for é-items)
(T)(tlé)tg —r (116)(7').
However, we make demands to rule 7 (see Section 2.5), which we repeat

for convenience’ sake:

Skt s(thHEt application condition
Sk (8t

The requirement now is that the following application condition does
hold in this rule:
(T)t' =3 (t”/\l)tl and (T)t =r.p .

Now it follows that

(T)(A8)" —7 (1) () =78 (TO)(" M)ty 5 0 bl :=1] (8)

where the z’s are the variables in t; bound by the mentioned A;. Hence, we
obtain the desired result that (¢8)¢ “has type” #[x :=1].

Note that we see the Ay (i.e., the IT) indeed as a kind of A, hence eligible
for an application. This is a quite natural approach. In the usual notation,
this would amount to the introduction of a F-reduction caused by a II-
application:
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(Ilz : A . B)a —g Bz := a.
Here one may interpret (Ilz : A . B)a as the wish to select the “axis” B(a)
in the Cartesian product [z : 4. B.

In our notation, a IT-application is characterized by a é-1I-segment of the
form (t18)(t211) (i.e., (116)(t2A1)). We speak about a fsn-reduction when
referring to a S-reduction generated by such a é-Il-segment. Similarly, a
Bsx-reduction is an “ordinary” f-reduction, generated by a §-A-segment (or
8-Ap-segment).

Summarizing, we note that there are two possible approaches regarding
Tl-application:

o Implicit or compulsory Bsm-reduction, i.e. for ¥ of type (llz : A . B)
and a of type A we immediately have that Fa is of type B[z := «l,
without intermediate steps. Here ll-application is not allowed.

This is the case in PTS’s {see Section 4.4).

o Faplicit Ssg-reduction, where Tl-application is allowed. Now we have,
for F and a as above, that Fa has type (Ilz : A.B)a, which Ssy-reduces
to Blz := a].

The latter option is an extension of the former one. With explicit Ssp-
reduction one may simulate the effects of implicit Gspp-reduction, as we ex-
plained above. One might argue that implicit Bgp-reduction is closer to
the intuition in the most usual applications. However, experiences with the
Automath-languages, containing explicit Bsp-reduction, demonstrated that
there exists no formal or informal objection against the use of this explicit
Gsm-reduction in natural applications of type systems.

The two options can also be described in our step-wise structure. Qur
description of explicit fsn-reduction has been given above. If one desires to
have implicit fgn-reduction as a formalized notion, then we can make use of
the possibility to have different é’s at our disposal. In that case, a 6;-item
(t81) can be used as a signal for ferced priority for certain operations which
execute the desired implicit Gsm-reduction.

For example, the é;’s in the chain

(T)(260)t" —7 (161)(T)t =78 (161)(1" M1 )11 >0 hale == 1]

(ef. equation 8) can be used to enforce with highest priority, i.e. before the
execution of any other “operation” on the term:
(1) the “calculation” of the type typ(t') obtained by 7-reduction of (7)¢/,
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(2) the search for a term of the form (#"Ay)#; which is S-convertible to {or
a f-reduct of) typ(t'}),

(3) and the reduction (¢61)(t"M)ti =400 t1[z := t], which actually is a
B-reduction.

By this process we obtain the term ti[z := t] as a necessary and im-
mediate result of a r-reduction on (7)(t6;)t'. For ordinary, non-compulsory
Bsxa-reductions, we may employ another 8, e.g. .

For stmplicity, however, we shall not use these different é’s in the follow-
ing sections and chapters of this report.

Remark 4.11 In a now commonly accepted setting (see [Barendregt 9x] or
[Barendregt and Hemerik 90]), the typing relation is expressed in the format
'k ty 1y, Here T is a context, and the statement t; : t2 expresses that
t1 has type 2 relative o this context I'. Such a context can be considered
as a segment consisting of main A-items, meant to bind all free variables
occurring in ¢y and fs.

For example, in (eA;)(xAy) F ¥ : z it is stated that y has type z in the
context (eAg)(zAy), which is indeed the case, as is visible in the context-item
(zAy). Also, (eAz)(zAy) F @ : ¢ holds.

In order to define the typing relation, one usually starts with the types
of variables, as in the above example. Subsequently one deduces other state-
ments of the form I' I ¢, : #, by regarding more complex terms ¢; and their
types to. Finally, a conversion rule expresses that the types of terms are
given modulo conversion; i.e., if 1 : t3 and 3 =p {a, then ¢; : t3. The typing
relation is the smallest relation satisfying these rules.

In our opinion, the sketched approach is, in a sense, not consistent. Note
that with each variable there is associated a preference type, as given either
in the context or in the A- or Il-item in which this variable is bound. For
terms in general no preference type has been given, but a whole collection of
types, which are typeable by themselves and linked by means of S-reduction.
We think, however, that the canonical type as we introduced above can easily
play the role of a preference type. The typing relation ¢ : ¢, is then no longer
necessary. The (-conversion finds its place in the application condition,
where it naturally belongs. Hence, we need not mix typing with reduction
as in the conversion rule of PTS’s, which is a simplification (“separation of
concerns”) that may be advantageous.

We note, however, that this matter has not yet been completely worked
out. In particular, the claims above and the precise relation with Pure Type
Systems (see also Section 4.4) are subject for further investigation.
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4.3 A context-free type reduction

We already noted in the previous section that the r-destruction rule as given
in Definition 4.7 is context sensitive, in the sense that the type of z has to be
found “somewhere else” in the full term ¢. This we consider an imperfection.
We show below that one can solve this matter by incorporating in a 7-item
a segment 3, which contains all the types of the free variables in the rest of
the term. The idea is, that this generalized r-item travels through the term
(from left to right) in the direction of z = endvar(t), collecting all possible
binders for this 2. Finally, the correct type is selected in the segment .

In this approach, r-items have the form (§7). When using the term
construction as described in Section 2.5, there is a natural 3 at hand, as we
shall show.

The general 7-transition rules, as given below, will be obvious. In order
to be able to select the correct type out of 5, we introduce ¥-items (39¢}),
{Formally, we now have Q5,,,9-terms.)

The application condition as given in the previous section, now looks as
follows:

(570t =98 (1At and (37) =, 95 ¢".

It will be clear that each check of this application condition generates two
7-items. Therefore, the application condition can be considered to represent
the general T-generation rule. The other general (“context-free”) rules for
T-items and ¢-items are the following (cf. Definition 4.9; also compare the
d-rules with the (,-rules of Definition 2.23):

Definition 4.12 (general T-reduction)
(general T-transition rules:)
(37)(t1 A1) =7 (21 A) (31 i1 )T)
(57)(126) —» (116)(57)
(general T-destruction/d-generation rule:)
(TS"T):L‘ —8 (gﬁ(“’))a,
(general D-transition rules:)
(3t A )Nz —p (0% if k> 1
(5(£28)9®) )z — g (59(4))2
(general ¥-destruction rule:)
(?(tl)\i)ﬁ(l))x —g9 ((,o(z))tl

Note that the proper type for z is selected by erasing main items, one
by one, at the end of the segment 3. The upper index &k of the ¥ is counting
the number of A-items that have been erased (plus one).
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Remark 4.13 (1) The rules above can be extended with rules for the tran-
sition of 7- and ¥-items over o- and ¢-items, if one desires so.

(2) Note that the context-free rules as given above miss the property
that all values of variables reflect the proper binding place: the free variables
in the body 3 of the traveling 7-item are not updated during the step-wise
transition process, but only after the application of the general ¥-destruction
rule.

In this sense, the transition rules are not general enough. (Cf. the “gen-
eral” step-wise substitution of Section 3.3, which de have this desirable prop-
erty as regards the binding structure.)

This imperfection can be mended in a similar manner as in Definition 3.5,
by changing the first general 7-transition rule and the general ¢-destruction
rule into the following rules:

(general r-transition rule for A, context-free version:)

(37)(t1dig1) —r (11 A)((9)3(t1 Aiy1)7)

(general ¥-destruction rule, context-free version:)

(3(t AW )z = sieveseg, (%)t

(For sieveseg: see Definition 2.10.)

In the rest of this report, we shall use the contert-sensitive T-reduction
as introduced before; that is, we only use 7-items of the form (7), and not
T-items of the form (37). However, all that follows can also be expressed by
means of contezt-free T-reduction as defined in the present section.

4.4 The typing relation in PTS’s

In this section and the following ones we discuss how the canonical type
operator of Section 4.2 is related to the usual typing relation in different
systems. We also show how this typing relation can be expressed with
the help of the 7-“operator”. The systems that we investigate in these
respects are Pure T'ype Systems and a few systems which are members of
the Automath-family.

We start with a short summary of so-called Pure Type Systems ( PTS’s),
as described in [Barendregt and Hemerik 90}; see also [Barendregt 9x]. We
are only interested in the singly sorted PTS’s, where different types of a given
term are always S-convertible; hence, typable terms are uniquely typed (but
for F-conversion). Moreover, we require that the typing relation is degree-
consistent, thus preventing “impredicative typing” like * : .
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PTS’s do not have the ultimate fine-structure which we described in the
previous chapters. The smallest reduction-“steps” are J-reduction steps.
There is no explicit substitution in PTS’s, hence there is no counterpart of o-
items. Moreover, PTS5’s employ ordinary variables, and not de Bruijn-indices
or another referential variable denotation. So also -items and updating are
not incorporated. Finally we note that PTS’s have a typing relation ¢; : {2
(i.e. term t1 has type tz), and no canonical type operator as the one explained
in Section 4.2.

First we give the II-formation and Il-introduction rules of Pure Type
Systems. These Il-rules give the conditions which must be obeyed for the
construction of (A- or II-} abstraction terms. The type information plays
an important role. One can consider the Il-rules to embody the abstraction
conditions for PTS’s.

Definition 4.14 (1I-rules)
(Il-formation rule:)

Fkti:8 I, z:t1F13: 82
Pl‘(HIBth[.tz)lS;;

(Il-introduction rule:)

Phty:8 T, 2ty da:8 T, z:itqybt:t,
ket ) (e sy - £2)

In these rules, I' denotes a context, t1, t; and ' are terms and 1, $2
and sz are so-called sorts. For convenience’ sake, we only regard the case
that s; = sa; these PTS’s contain the ones of Barendregt’s A-cube (to be
explained below).

The above rules may only be applied for a given set of triples (s1, 32, 33).
See below for a further explanation of these matters.

Note: Do not confuse these sorts s; and s, with meta-variables 5; and
so for items.

The IlI-formation and II-introduction rules as given above can be con-
densed into one II-rule:

Definition 4.15 (combined Il-rule)

I,z ]ty csg & (t :Jte : 35
FE{(Az ity )] (TMa 2ty . 42) @ sa
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As already noted in Section 4.2 under the heading “The type of an
abstraction”, II-items are “not counted” when the type of a Il-term is es-
tablished. We see this in the II-formation rule: the type of llz : ¢; .45 is the
same as the type of t5 by itself (viz. s2).

When, however, the type of a A-term is desired, then the Il-introduction
rule makes us change the A-item into the corresponding Il-item: the type of
Az ity .t is Iz : £y . 2, given that the type of ¢/ is .

This is also expressed in Definition 4.8, where (7)(#; A1) 7-reduces to (1)
by itself (the A;-item — i.e. the Il-item — is erased). On the other hand,
(7)(t1 A2} T-reduces to (2321 )(7), 50 the Ag-item (an ordinary A-item) changes
into the corresponding Ar-item (a Il-item).

Hence, Definition 4.8 encorporates the essential part of both Il-rules,
translated in our setting.

In the case of “Barendregt’s cube” both s; and sz can be either * or O
(again, see [Barendregt 9x] or [Barendregt and Hemerik 90]). These two are
related by the aziom statement: * : 0.

In Automath-like interpretations (cf. [de Bruijn 80], [Nederpelt 80] or
[Nederpelt 90]), * can be interpreted as the class of sets and/or the class of
propositions, and O as the “superclass” of these two classes.

In Barendregt’s cube, there are eight systems of typed lambda calculus.
They differ in whether * and/or O may be taken for s; and s3, respec-
tively. (We recall that we take s; = s3.) The basic system is the one where
(s1,52) = (*,#) is the only possible choice. All other systems have this ver-
ston of the two II-rules, plus one or more other combinations of (%, (1), (O, %)
and (03,0) for (s1, s2). The four possible versions of the Il-rule can be listed
as follows:
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degree | 3 2 1 0

(#,%) |z : &, : x : O
ooty 1 % 1 0O
(,0) |z : t : x : O

(O, %) z : tp : O
t 1o * =
(0,0) z : tp O

t oty O

The system with only (*,#)} for (s1,s2) is known as A-Church or A—
(this is essentially the Automath-system AUT-68). The addition of (*, 1)
gives AP, which is a system that is rather close to another variant of the
Automath-family, AUT-QE (see [de Bruijn 80]). The addition of (O,*) to
(*, %) gives the second order typed lambda calculus, also called A2. Adding
(0,0) to (*,*), we obtain Aw. There are three systems that are defined
by adding a combination of two of the three last-mentioned possibilities to
(#,+). When all mentioned (s, sp)}-combinations are permitted, we have a
version of the Calculus of Constructions (AC) (see [Coquand and Huet 88]).

In our system, we may identify O with ¢ (see Section 2.1). Subsequently,
the axiom * : O may be rendered as the A-item (eA.). Thus we can express
all eight systems of Barendregt’s cube (and, in fact, many other PTS’s) by
adding the appropriate abstraction conditions. (See Section 4.6 below.)

Just as the Il-formation and -introduction rules incorporate the PTS-
version of the abstraction conditions, the following II-elimination rule con-
tains the application condition for PTS’s:

Definition 4.16 (Il-elimination rule)

I'EF:(Ilz:A.B) I'ta: 4
'k Fa: Bz :=q]

Here [z := «a] stands for the substitution of e for (free occurrences of) z.
We already discussed the contents and the implications of this rule under
the heading “The type of an application” in Section 4.2.
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Summarizing, it is our opinion that the main rules for term construction
in many PTS’s have a natural rendering in our setting. The construction of
abstraction terms can be simulated with the use of A;- and As-items. Appli-
cation terms can be constructed with an appropriate application condition,
which mirrors the IT-elimination rule but for the difference between implicit
(compulsory) and explicit Gsp-reduction. However, the latter kind of Gsp-
reduction, being more general, and fitting naturally in our setting, can be
used to establish the same effects as the former one.

Remark 4.17 The fact that systems with explicit sy-reduction are con-
servative over systems with implicit Sspi-reduction, has been proven by van
Benthem Jutting (private communication). Hence, there is no technical ob-
jection against the definition of PTS’s by means of a canonical type operator.
Note, however, that Jutting did not define types for Il-application terms like
(Ifz - A . B)a.

4.5 The typing relation in Automath-systems

In this section we describe the definitions of three Automath-systems in
our setting. These systems do not have the fine-structure which we gave in
previous chapters. Reduction is the ordinary §-reduction, substitution is a
meta-operation; hence, we do not take o-items and ¢-items into account.

The systems do have a canonical type operator, albeit not as part of
its language. Consequently, we have £1ys-terms in the language. Moreover,
there is just one § and one A, this A taking the role both of the ordinary
functional operator A and the product constructor II.

In the present section we discuss the systems AUT-68, AUT-QE and A,
All these systems have been developed around 1970. The oldest of the three
is AUT-68, the more powerful variant AUT-QE followed soon. These two
systems are invented by de Bruijn.

The system A was meant to be a simplified and more uniform version
of the two other systems, It was developed slightly later. Nederpelt started
studying these systems in [Nederpelt 71] by putting contexts as A-segments
in front of the AUT-terms and, moreover, identifying the concept “instan-
tiation” (of a defined notion with respect to a chain of arguments) with
repeated “A-application” (of a function to a number of arguments). De
Bruijn simplified the system still further by omitting definitions, obtaining
a typed lambda calculus (AUT-SL, called A in [Nederpelt 73]) with lambda-
term-like types. Recently, de Groote studied a variant of A in his thesis (see
[de Groote 91]).
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A much more recent Automath-system, meant to give A the same power
— especially as regards definitions — as e.g. AUT-QE, is the system AA,
which will be discussed in Section 4.6.

All Automath-systems have the property of degree-consistency (see Sec-
tion 4.1), both for the typing relation and for S-reduction. (The same ob-

servation holds for the systems in Barendregt’s cube, but not for general
PTS’s.)

1. The system AUT-68

The system AUT-68 was meant as a formal system suitable for expressing
large parts of mathematics, including all the usual features like:

o the possibility to use it for reasoning, in a logic chosen by the user (e.g.
classical predicate logic, intuitionistic logic); but note that no logical
constants have been built in, the lambda calculus frame itself can be
used for expressing most of the logical notions,

e the possibility (again without built-in constants) of a step-wise devel-
opment of a mathematical theory by means of axioms and primitive
notions; lemma’s, theorems, corrolaries and their proofs; definitions
and abbreviations,

e an explicit treatment of contexts (assumptions, variable introductions)
for theorem-like and definition-like notions.

(For more details about these matters, see [Nederpelt 90].)

If we disregard the definition mechanism of AUT-68 (otherwise said: if all
definitions are “unfolded”), then we can give a simple, straightforward de-
scription of AUT-68 in our setting by choosing the appropriate parameters?
(in this simple version it is also not possible to use primitive notions in a
certain context).

Beforehand, we note that only degrees 1, 2 and 3 are permitted. Hence,
¢ (of degree 0) is not an Automath-term. As a consequence, the A-item
(eAx), expressing that # is of type e, is a “meta-axiom”, which cannot be
rendered inside one of the described Automath-systems.

The remaining parameters for AUT-68 can be listed as follows:

¢ The canonical type typ{t’) of a term ¢’ can be calculated by means
of the following r-transition rules:

!This version of AUT-68, together with the following description of AUT-QE, have
been elaborated by Bert van Benthem Jutting
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, if deg(t') = 2
O = e e s

()(6) —- ()(7)¥
e As regards the variable construction rule of Section 2.5, namely:

varieble condition

ol
we have as variable condition that the only variable of degree 1 is *.

o In the abstraction construction rule of Section 2.5, namely:

Skt (tAy 1 abstraction condition
IE (MY

we have as abstraction conditions:
(1) Either deg(t) = 2, or deg(?) = 1 and 3 is a context (i.e. a segment
consisting only of A-items}, and (2) 2 < deg(t’) < 3.

¢ In the application construction of Section 2.5, namely

skt 3(t6) ¢ application condition
TH (L6

we take the following application condition:
deg(t') = 3 and typ(t') = (typ(t}A)t" for some t"

(Remark. The given 7-transition rules for AUT-68 can be justified by
the following observation. In AUT-68 the main A-items in any (sub-)term
of degree 3 play the role of the ordinary functional operator A and in terms
of degree 2 they can be interpreted as the product constructor II.)

2. The system AUT-QE

The system AUT-QFE has so-called Quasi Expressions: abstractions over
*, functioning as types of dependent products. This extra feature facilitates
the applicability of the system in a mathematical environment.

AUT-QE has, like AUT-68, only terms of degree 1, 2 and 3.

The other parameters for (again) a definition-free version of AUT-QE
are:
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(Canonical type) As for AUT-68.

(Variable condition) As for AUT-68.

(Abstraction condition 1) As for AUT-68.

(Abstraction condition 2) Absent.

(Application condition)
Either deg(#') = 3 and 3 F (¢8)typ(t'),
or deg(t’) = 2 and typ(¥')} =g (typ(t)A)?" for some term ¢".

Remark 4.18 The uniform behaviour of the type operator in the various
Aut-systems, together with the non-distinction of A and II, causes difficulties
in practical applications: a consequence is, that the type of a II-abstraction
is again an abstraction, which is not what one usually desires (the type of
a universally quantified predicate is a proposition, and not a function over
the type of all propositions).

In the original system AUT-QE (with definitions and primitive notions in
a context), there are so-called type-inclusion rules which are meant to undo
these undesired effects cansed by the “overloading” of the single A. The rule
enables one to “strike out” certain strings of A-items and /or segments which
immediately precede an x with typ(z) = *.

This is in accordance with the natural definition of types for II- and
A-abstractions, which we discussed before (see e.g. the paragraph “The type
of an abstraction” in Section 4.2). We recall that, for a term ¢’ of type
t" = *, we have that the type of Az : t; . # is Ilz : #; . %, but the type of
Iz : t3 . t' is only *. When identifying A and II, as is the case in many
Automath-languages, we have that the type of Az : 21 .t is either Az 1ty .
or *. Hence, technically spoken, one desires the possibility to strike out the
A-item Az : ¢y in the type.

Note that the unicity of types is no longer valid in such a system. More-
over, there is a kind of non-determinism since there may be different types
for a certain type.

However, in the simpiified AUT-QE version as given above, these prob-
lems do not play a role.

3. The system A.

In view of the sketched development of A as a uniform system (how-
ever maintaining most of the possibilities for practical applications in logic
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and mathematics), it will be no surprise that A is the system closest to the
approach that we follow in this report. Moreover, A does not have the simpli-
fications that we applied above: abbreviations (i.e. definitions) are possible,
and so are primitive notions in a context. Abbreviations, however, cannot
be used at full capacity. This is partly due to the absence of type- inclusion
(see Remark 4.18), partly to a syntactic feature. The latter restriction can
easily be removed (as has been done in the system AA, see Section 4.6).

As a matter of fact, A is contained in our description as given before,
with the following parameters:

o There is no restriction on degrees, all degrees > 0 are possible.

e There is only one abstraction operator A (hence, there is no II, or
Ao, A1, Az, . ..). This restriction complicates the practical use of A, since
II-abstractions cannot be easily distinguished from A-abstractions (cf.
Remark 4.18).

» Application is only restricted in the sense that the general applica-
tion condition of Section 4.2 must hold, albeit in a generalized version
(due to the unlimited degrees) which we will discuss in Section 4.6.
Application is allowed for terms of all degrees, so that Il-application
(see again Section 4.2) is one of the features: F-reduction is treated
similarly for all degrees, in the form (16)(t2Az)ts —g €3z := #1].

e The type operator behaves uniformly, as in Definition 4.7: we have
that (7)(tyw) =5 (w){7), for 7 = A or 7 = §. Hence, A has explicit,
and not implicit (compulsory) Bsp-reduction.

For more details about the behaviour of A (Church-Rosser, normaliza-
tion, etc.), see [Nederpelt 73].

4.6 Remarks on the conditions in term construction

In this section we give more details about a number of possibilities for the
conditions used in the construction of terms, as introduced in Section 2.5.
We shall go into variable conditions, abstraction conditions and application
conditions. The most commonly used versions of the lastmentioned two con-
ditions have been discussed in Section 4.2. Examples of all three conditions
have been given in Section 4.5. One extended application condition that we
describe will lead to an adaptation of the system A, called AA.
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In this section we will not take o- and @-items into account. Hence, we
only regard $2,5.-terms.

1. Variable conditions

A variable condition that is often used, is the one that has been explained
in Section 2.5, serving to restrict the collection of terms to closed ones. An-
other restriction is often imposed on the degree of a term. For example,
one may require that the degree is always > 1 and < 3 (as it is the case
in AUT-QE and AUT-68; see the preceding section). The reasonableness of
such a requirement is shown in practical applications. For example, large
pieces of mathematical texts have been coded in AUT-QE, thereby demon-
strating its utility. (An exception is AUT-4, where degrees range over 1 to
4; cf. Section 4.7.)

2. Abstraction conditions

As already mentioned in Section 4.4, both the II-formation and II-
introduction rules for PTS’s (see Definition 4.14) can be expressed by means
of appropriate abstraction conditions. For ease of reference, we repeat the
construction rule under consideration, as stated in Section 2.5:

Tkt (A abstraction condition
SF ()7

Now the II-formation rule can be obtained by reading Ay for A and taking

the following abstraction coudition (see also Section 4.4):

(T)t =75 81 and (1)t —, g s2, for 51,8, € {*,0}.

For the Il-introduction rule we take A; for A and the abstraction condition
(T‘)l — a3 S1 and (T)zi" .y 8 S2-

Here (7)2 is an abbreviation for (7)(7).

The II-formation and II-introduction rule also give information about
the type (via the statements (Ila : £1 . %3) : 59 and (Az : ¢y . u) : (Iz : ¢y . ta),
respectively). This is no longer necessary, since we have the canonical type
operator T at our disposal (cf. Definition 4.8 and Remark 4.11).

3. Application conditions
As regards the II-elimination rule for PTS’s, we can use the appropriate
construction rule from Section 2.5:
Tkt 5(t6) - ¢/ application condition
TH {8
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The application condition for the PTS-case should read:

there are t* and ¢; such that {T)t' =, g (#"A1)t; and (r)t =, g t".
In words: the type of ¢ must be 3-convertible to some A;-abstraction (i.e.,
a II-abstraction); the domain #” of this Aj-abstraction must be such that ¢
fits into it, i.e., this domain " should be S-equivalent to the type of t. (We
explained this before in Section 4.2.)

Again, the type information Fa : B[z := ¢] can be extracted from the
definitions concerning the canonical type operator 7. As we noted before,
the substitution result B[z := a] is rendered as a Il-application (#6)(¢" A1)t
which is able to yield a similar substitution result, but only after a Fsn-
reduction generated by the é-A-segment (18)(1"”A1).

This version of the application condition only concerns “ordinary func-
tions”, i.e. F such that F : (Ilz : A.B). A more general application
condition, comparable with the general typing rule for A-items of Defini-
tion 4.9, is based on an iterated version of 7. For example, when ¢ : ¢, ¢/ : ¢
and t" : (t1A1)12, then ¢ is some kind of a function, but also ¢’ and ¢ can
be regarded to be “functions”, all having “domain” ;. Hence, one might
agree to permit that each of the terms t”, ¢ and ¢ may be applied to a term
having type t;.

In systems without a distinction between A and II (e.g. A), this can be
solved as follows. Extend the application condition to higher degrees:

There are ty and j such that (T)jt' =rg ((T)tA1)ts

The iterated T-item here has the usual meaning: (7)° = identity, (7)! = (1),
()2 = (7)(r), and so forth. Instead of (7)? we may also take {(7)®, being
the “highest (7)7 possible in the given circumstances”.

Note: This maximal 7 is indeed well-defined, as can easily be seen.
The general application condition in this form can already be found in
[Nederpelt 73]. The 7-free term to which (7)®t' r-reduces is called the
final type of ¥’ in [de Bruijn 9x].

An application condition similar to those described above, is present in
the system A. This kind of application condition may look very general, but
it misses a feature that is really desirable.

The shortcomings of this kind of application condition are a result of the
B-reduction, as present in the application condition (7)t' =, 5 ((7)tA1)ts.
Here one does not take into account that the construction rule under con-
sideration contains a context ¥, which may play an essential role in two
respects:
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e for typing, because 3 may contain A-items (#;A) which contain a type
for all free variables bound by that A, also in the part of the term after
the F;

o and for reduction, since a segment ¥ may contain definitional 8-A-
segments which may affect the rest of the term.

Hence, segments may cause both weak and strong bindings in the rest of the
term (cf. Section 3.5).

To make things clearer, we discuss the latter case. In 5 there may occur
8- A-segments, or even - A-couples, as main subsegments. Such a é-A-segment
or -couple may contain a definition: (#16)...(¢2A;), with matching (¢,6) and
(t2Az), which can encode the definition of « as being (an abbreviation for) ¢;.
Now in the terms behind the symbol -, both z and #; can occur, being not
[B-convertible as long as § is not taken into account. In meaning, however,
2 and ¢, are “the same”, which cannot be established syntactically.

For this reason, de Bruijn always regarded A as being a typed lambda
calculus without definitions, or: a typed lambda calculus for mathematical
theories in which all definitions have been elaborated. This is a correct
observation. In theory this is harmless. In practice, however, it is highly
undesirable to have no definitions at one’s disposal, since texts then grow
exponentially in size.

To cope with this inconvenience, de Bruijn proposed AA. The differ-
ence is, that the above-mentioned S-reduction in the application condition
((rYt" =5 ((T)tA1)t2) must be adapted to (7)75t" =; g 5((7)tA;)tz. This
simple intervention permits us to use definitional 8-A-segments or -couples
in 5 in the quest for 7-3-convertibility. See also [de Bruijn 9x].

(Note that the use of the context-free 7-reduction of Section 4.3 does
not help here. To be precize: a condition like (Er)j t' =+ ((37)tA1 )ty would
only cause the desired effect if o-items generated as a main item in 3 could
“pass” the mentioned 7-items.)

4.7 Higher degrees

As already mentioned in Section 4.6, under circumstances there may be a
desire for higher degrees of terms. As an example we discuss the essential
features of AUT-4, a member of the Automath-family.

The idea is the following. In the propositions-as-types conception (see
e.g. [Howard 80]), propositions are coded as lambda terms. When ¢ is a term
which is regarded as a proposition, then any “inhabitant” of t —i.e., a term
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¥ such that # : ¢ — serves as an assertion {a “proof”) of that proposition.
There clearly is a strong parallel with sets and elements: when ¢ codes a set,
and when ' is again an inhabitant of ¢, then ¢’ represents an element of the
set 1.

When a term ¢ is considered to represent a set and when it turns out
that ¢ is not inhabited, then ¢ may be considered to represent an empty set.
Analogously, when t codes a proposition and i is not inhabited, then the
proposition ¢ may he considered to be not provable.

(Note: the logical counterpart of this propositions-as-types notion is the
Brouwer-Heyting-Kolmogorov interpretation; for further explanation: see
[Troelstra and van Dalen 88].)

When 1 ¢s inhabited, then the comparison does not hold completely. A
set can have many elements, and a proposition can have many proofs. The
elements of a set are considered to be different, but it may be useful to
identify all proofs of a certain proposition. This is because — from the
point of view of classical logic — the important thing is often whether there
s a proof of a proposition, and not so much what the exact content of the
proof is.

In most of the systems which have been studied up to now, sets and
props occupy the same level in the degree-hierarchy. One presupposes, for
example, a class of sets () and a class of propositions (), both inhabitants
of the “super-class” O. The situation then is as follows:

degree ” 3 ] 2 | 1 | 0
term a A *y 0t O
interpr. || element | set class
of sets
term P: Q: | *: o
interpr. || proof prop | class
of Q of props

In this schema it is possible to treat proofs and elements in a different
manner. For example, one could define an equivalence =; for proofs, viz.
for those terms ¢ of degree 3 for which (7)% =g #p.

Another way to identify proofs is the following. In the previous diagram
one shifts the prool-prop row one column to the left, adding a class A
between #, and 0. Now proofs become the only terms of degree 4:
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degree n4 ]3 )2 ]1 ]0

term a: A: ¥, 0 m|
interpr. element | set class
of sets
term || P: Q: *pi A ]
interpr. {| proof | prop class
of @ of props

This is the AUT-4 interpretation (see [de Bruijn 74]). “Irrelevance of
proofs” can now be implemented by a rule of the following form, where =;
is some equivalence:

P'FP:Q: % A CHEP:Q i %p: A Q =p Q'
P o P

The use of the equivalence =; can best be demonstrated by means of an
example. The natural logarithm [n, considered on the domain of the real
numbers, depends essentially on two arguments: a real number and a proof
that this real number is positive. So one has to consider In{z,p) instead of
In(z), identifier p being a (reference to) a proof that z > 0.

Now assume one has two proofs of the positiveness of the number 3,
coded as ?; and 24, respectively. Then it is desirable to have that {n(3,%)
and /n(3,t2) are “equal”. This can be achieved by declaring #; and {2 to be
equivalent and adapting the overall equivalence of terms accordingly.
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5 Abbreviations for segments

5.1 The use of segment variables

In the previous chapter, contexts I' (see Section 4.4) and segments 5 (see Sec-
tions 2.5 and 4.6) played a role in the construction of terms. These notions
are also of value in their own right. For example, mathematical phrases like
“Let z be a natural number” or “Assume that P is true” can be expressed
as A-items: (NMA;) and (PA¢) (cf. Section 4.7). A more complicated phrase
like “Let (G,-,e,7!) be a group” is basically a segment-like concept: it is
the composition {product) of “Let & be a set, let - be a function G X G — G,
assume - to be associative, let e be an element of G, assume that e obeys
the properties for a unit element, let ~! be a function G — G, ...”.

Essentially, syntactic meta-constructs like ' - ¢ : ¢t/ or § F ¢ : ¢/ express
that the statement ¢ : ¢ “holds” in contezt I' or with context segment 3.
Here T' (or 3) is related to both ¢ and #'. In fact, I' - ¢ : ¢/ expresses that ¢
relative to I' has type t' relalive to I'. So there is a twofold reference to T,
Without the contextual part “I' F” one would need two copies of I'. Hence,
the syntactic constructs ' + ¢ : ¢/ and § F ¢ : ¢’ contain a device which
prevents us from unnecessary copying a string.

But even with this more concise notation, repeated duplications of seg-
ments are unavoidable. For example, when T' expresses “Let (G,-,e,”1) be
a group”, then in ordinary circumstances many statements follow in this
context I'. For every such statement ¢; : ¢; we have to mention the context:
Pt ¢ fori=1,2,....

In practice, this is a nuisance. Hence, some abbreviation mechanism for
contexts is very welcome. De Bruijn devised a nice context administration
for the main languages of the Automath-family (see [de Bruijn 70]).

When taking the line that typed lambda calculus is an appropriate lan-
guage for many purposes concerning the formalization of logical and math-
ematical notions and also for concepts from programming languages — as
we do in this report, cf. [Nederpelt 90] — it would be nice to adopt some
kind of context abbreviation in this typed lambda calculus. (Of course, this
is a matter of taste. One is not obliged to do so. Context administration
cant be dealt with at a meta-level, or with a language extension.)

In our conception of what the structure of a typed lambda calculus really
is, there is, at least in principle, no problem in this respect. In fact, contexts
and segments can be regarded as special terms in the calculus, viz. those
terms ending in ¢. Now terms can be abbreviated in a definition, as we saw
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before. Hence, in particular, contexts and segments can be abbreviated.
All this holds under the condition that we consider 3¢ to be the same as
3 itself. (Remember that we already used the empty term instead of € in
Section 2.1.)

In this conception, segment 3 can be called a by adding the “definitional
segment” (36)(\,).

There are two remarks in this respect. Firstly, in order to reap full
benefit from the abbreviations, we should allow that segment-abbreviating
variables may occur in the place of actual segments everywhere in a term.
For example, with the above definition, the term (tA.)a(t’A,)z is an abbre-
viation for (tA;)3(#'A,)z, with 5 completely copied out (but for the final ¢,
which is omitted!). Of course, adjustments are necessary in order to keep the
referencing by means of de Bruijn-indices in order (see Section 5.2 below).

Secondly, the corresponding application condition in the term construc-
tion should say something about the type that is expected for 3 when (36)
is added. Above, we chose the empty term ¢, rendered invisibly (cf. Sec-
tion 2.1).

The approach described above will be elaborated in the following sec-
tions.

Remark 5.1 In asense, the introduction of segment-abbreviating variabies,
as the g in the term (tA;)a(t'A,)z discussed above, disturbs our uniform
item-notation, since variables now not only occur at the end of a term, but
also on other places. Otherwise said, it does no longer hold that each term
is the concatenation of a segment and a variable.

A technical solution to this (technical) inconvenience is to introduce a
new kind of items, namely variable items, denoted e.g. as (a3}, The term
above is then written as ({Az)(ay)(¢'A,)z2, or, if we also “itemize” ordinary
variables: (tAz)(ath)(¢'A,)(z9). With this convention, a term is again a
segment followed by a variable, or, in the second case, nothing more than a
segment ending in a variable item (24} (which can be omitted if 2 = ¢).

Hence, there are three possiblities:

¢ to use (ordinary) variables and segment-abbreviating variables;
¢ to use ordinary variables and segment-variable-items;

e to use variable-items for both categories of variables.

70



Since we regard it to be a matter of minor importance which of these
options is chosen, we will, with a view to the foregoing part of this report,
continue employing the first option, hence without variable-items.

5.2 Referencing in relation with segment variables

Things are, however, not so simple as suggested in the previous section. The
main problem is the question of the right referencing. For example, in the
term (tAz)e(t'A,)z, where a abbreviates a segment 3, the binding A of the
variable z may be found “inside” a, e.g. when 3 = (t1A,)(#2A:)}{(136). But
neither A, nor A, is “visible” in a. Hence, using de Bruijn-index 2 for z
would connect this variable with the wrong A (viz. Az ).

It will be clear from this example that the A-weight of the abbreviated
segment, i.e. the number of main A-items in the segment, plays an important
role. This number can always be recovered by inspecting the abbreviated
segment. One can imagine, however, that it is more practical to register this
number together with the segment variable. (A circumstance that facilitates
this choice is, that the A-weight of @ segment does not change by the local
and global reductions which we described before, provided that one avoids
void reductions; see Section 3.4. This observation can easily he verified.)

Therefore, we add a collection of segment variables to our set of variables,
which are pairs of numbers:

Definition 5.2 (segment variables)

We add to = a new set £ of segment variables:

Y={(m;m)n=1,2,...;m=0,1,...}.

Moreover, we distinguish the A-operator Asg as being a binding A for
segment abbreviations. We do not allow that Asg-items occur “on their oun”.
They should always be a part of a §-A-segment of the form (56)(Asg), coding
the abbreviation of a segment .

In (n;m), a segment variable item, the index n gives a reference to
the binding Asg and m is the A-weight of the abbreviated segment.

Just as local S-reduction could be used to undo a definition, we can use
local 3-reduction for undoing segment abbreviations. For this purpose we
have to extend our rules for F-reduction. We use the same &’s as before for
substitution items originating from a segment abbreviation. This can give
no confusion, as long as “ordinary” A’s bind “ordinary” variables and Agg’s
bind segment variables.



In our step-wise style, this leads to the following extension of the o-rules
in Definition 3.5 (note that the term ¢; in the rules below is a segment, so
a term with endvar(t;) = ¢):

Definition 5.3 (general o-reduction for segments)
(general o-generation rule for segments:)
(1:8)(Asg) —o (L6)(Asg)((#)a0 )
(general o-transition rule for segment variables:)
(t100) (@5 n) ~ o (2;0)((pM)t1olt™) (01sg-transition)
(general o-destruction rule for segrment variables:)
(t108)(i;n) =, 11, provided that ¢ contains no main p-items.

(In the last-mentioned rule, the end variable ¢ in the right-hand side
term ¢; should be suppressed, as explained before.)

The proviso in the destruction rule is necessary in order to prevent that
the updating of the free variables in #; has undesired side-effects. To be
precise: a main @-item in #; does affect all free variables which occur in its
scope. Since (¢;n) is embedded in a term like (Z; »)t/, such an undesired sit-
uation may actually happen as soon as {; replaces (i;n): some free variables
of t' may then (erroneously) be updated, as well.

The rules above should be added to Definition 3.5 for local substitutions
of segments for segment variables. For global substitutions we also need the
following rule, since there may exist more segment variables (j;n) which are
bound by the Agg in the original §-Asg-segment:

Definition 5.4 (second general o-transition rule for segment variables:)
(t10)(i5n) =4 11 ()t a0F) (0014g-transition)

(Here the same proviso as above must be taken into account.)

Note: we can replace the first destruction rule of Definition 3.5 by the
one in Definition 5.3, by conceiving an ordinary variable z as a special case
of a segment variable, with irrelevant weight: z = {z9).

5.3 Segments and stepwise substitution

In the previous section we saw how segment abbreviations in a §-Asg-segment
may give rise to a o-item (o-generation rule for segments). This o-item
acts as a stepwise substitution operator, just as with ordinary 6-A-segments,
with only one difference: the o-items originating from segment abbreviations
“aim” at segment variables of the form (2;n) and not at ordinary variables.
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It may happen that o-items occur in an abbreviated segment, either by
being “shifted inside” due to the use of the transition rules, or due to being
generated in that segment. In the case that such a o-item is a main item of
t1, the stepwise shift of this o-item through ¢; may come to a standstill at
the end of the segment.

With the ordinary general o-destruction rules, as introduced in Defini-
tion 3.5, the o-item disappears when meeting an ¢, as implicitly is the case
at the end of a segment. However, this is not what we expect. The substi-
tution should also influence all subterms occurring after a segment variable
{n;m) which refers to the segment under consideration, as can easily be
seen.

In order to treat such a substitution instance properly, we differenti-
ate between terms ending in e, and abbreviated segments. For the latter
constructs we add a special transition rule. Furthermore, we restrict the
o-destruction rules of Definition 3.5 to “proper” variables; these being ei-
ther a natural number > 1 or an £ which is intended to be the end variable
of a term (and not of a segment). Or, using #-items: restrict the rules to
variable-items (z;e), with @ € A or z = ¢. An ¢ marking the end of a
segment then should be denoted differently, e.g., (&;0)

This leads to the following extra rule:

Definition 5.5 (segment-o-generation rule)

(U(t10™)8)(Asg) —a (£'8)(Asg) (1)

As can be seen in this definition, the ¢-item now obtains two arguments.
The second, k, is meant to find the right substitution place for ¢;. This index
is, however, “frozen” until an appropriate segment variable has been found.
This is because the segment abbreviation must be thought of as being apt
for being inserted at the place of a corresponding segment variable. Hence,
the search outside t’ for the proper place where ¢; should be substituted,
starts at the place of the occurrence of such a segment variable.

The first argument of this ¢'**)-item, the /, initialized on 1, is a counter
which locates such an appropriate segment variable. The corresponding
fransition rules are quite similar to the o-transition rules of Definition 3.5:

Definition 5.6 (segment-o-transition rules)
(t; 0N (10 0) =, (210G, N)
(11008 (12 0) =4 (12 A) (8 0F1R))
(t1aF)(122) =4 (11008 )t M) (2100H1R))
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(t10R)(196) =, ((t100*))t56)
(t10ER)(tg6) — o (t26)(t100%))
(t100R)) (198} —4 ((110H*N)t38)(t10(F))

Note that the o(*).item (£;0(*)) is isolated from the rest of the term as
regards the correct referencing of free variables inside ¢;. This is necessary,
since some A’s binding these variables in the full term may not be present
along the path leading to the root, viz. the A’s in the abbreviated segment.

We also need the following transition rule (cf. Definition 5.4):

Definition 5.7 (special segment-o-transition rule for segment variables)
(t10*N) (myn) —4 (my n)(taltmR))

This rule expresses that a o(*)-item may pass a segment variable, pro-
vided that the weight of that variable is taken into account. Note that this
also holds when (m;n) is a segment variable bound by the segment abbrevi-
ation where the ¢{*#)-item came into being! There may be another segment
variable, also bound by this segment abbreviation, that is really intended as
the place where the segment abbreviation should be undone, and it may be
the case that this other segment variable is still to come.

The destruction of a ¢(*)-item, and its replacement by a o(*)- jtem, can
be performed by the following rule.

Definition 5.8 (segment-o-destruction rule)
(t10@RN (1 n) =5 (L) (™ Nt0®) if k < n,
(t108F)) (L n) —, (L) (@)oY if k> n

The first of these rules covers the cases that the o(¥)-item was generated
inside the §-item of the §-Agg-item where the o®d_item was generated. The
second rule applies when the g-item has been generated earlier. In case of a
global reduction, we can simplify the latter rule. This is the case since the
ol*).item will meet the (/;n) anyhow after following another, more direct
path. The segment-o-destruction rules then becomes:

Definition 5.9 (segment-o-destruction rule for global reduction:)
(12008} (I n) —4 (I;n) if k> .
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6 Parameters for different systems

In the preceding chapters we sketched the general structure of a system of
typed lambda calculus. We showed that this system has enough expressive
power for the description of various existing system, ranging from Automath-
like systems to singly-typed Pure Type Systems.

In order to be able to use our system in different applications, it is
required that a number of parameters is adjusted. In the present chapter we
give an overview of the different parameters, with references to the section
where they are introduced or where a certain choice is made.

1. Operators

The “parameters” regarding operators establish the admitted collection
and the appearance of these operators.

In Section 2.1 we already opened the possibility to use different opera-
tors. Both the abstraction operator A and its mirror image, the application
operator &, can be indexed, if one desires so. In Section 3.4 we used this
possibility for the first time, in distinguishing local and global reduction.
For this purpose we suggested a difference between Ajoc and Agio-

In Sections 4.2, 4.4 and 4.6 we actually employed this possible variation;
firstly, by rendering the II and the A of Pure Type Systems by Ay and A,
respectively, and secondly by regarding an infinity of X's: Ay, Aa,.... In
the same section, we mentioned a possible difference between application
operators & and é,.

But apart from the A(’s) and the é(’s), we introduced other operators. A
minor extension was caused by the introduction of search items ¢ and (., as
was done in Section 2.4. A rather central notion, however, is the o-operator,
introduced in Section 3.2. We used this operator with upper indices: (¥,
Another operator, related to the g-operator, is the update operator ¢, used
with a double upper index: (p(k‘l).

Moreover, in Section 4.2 we employed the type operator 1, as an ex-
pedient for the construction of the canonical type of a given term. In the
“context free” version of T-reduction (Section 4.3) we also introduced the
operator 9.

Finally,in Chapter 5 we used the operator Asg as a binding A-operator for
segment abbreviations. In Segment 5.3 a variant of the o-operator appeared,
this time with {wo arguments.

By each choice concerning these operators, the system changes. In the
report we mentioned Qys-terms, Q35,,-terms and Qx5,4r9-terms. But other
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combination are possible, as well.

As soon as an operator like o is incorporated in the system, it becomes
to some extent a first class citizen. The operators A and 4, possibly indexed,
are first-class citizens in every system. But for the other operators one has to
decide to consider them as such. Such a choice will also affect the formation
conditions. For example, for a “first class” o one should add a rule like the
following:

5kt st ¢ substitution condition
3 (tot))t!

2. Variables

As to the set of variables, there are also some parameters which have to
be chosen. F'irst, one has to decide whether one desires to adhere to name-
carrying variables like 2 and y, or to use de Bruijn-indices, being natural
numbers (see Section 2.1). Another choice concerns the variable (or is it a
constant?) &: is e a special symbol or is it rendered invisibly? In the latter
case one has to be careful in distinguishing terms ending in ¢ and segments,
as noted in Section 5.1.

Finally, in the same section we suggested the use of variable items instead
of ordinary variables and/or segment variables.

3. Degrees

Different choices are possible as to the degrees permitted. As we demon-
strated in Sections 4.4, 4.5, 4.6 and 4.7, one often restricts the degrees. This
subject can be considered a sub-topic of term construction (viz. in the vari-
able condition), hence we may skip this paragraph and continue with the
next one.

4. Term construction

Important parameters are the ones required for the selection of the “cor-
rect” (or admissible) terms out of the set of all terms. The “correctness
rules” concerning these choices have been introduced in Section 2.5. Here
the variable condition, the abstraction condition and the application condi-
tion were meant to select the terms that “behave well” in certain respects,
e.g. as regards the types: is every “argument” (4-item) related to a “func-
tion” (A-item) and does the argument matech the domain of that function?

Many examples of different versions of these three kinds of conditions
have heen discussed in the report. See Sections 2.5, 4.2, 4.4 and 4.5.
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As noted just now in Subsection 1, there is a possibility to add term
construction rules for e.g. o- and ¢-items.

5. Reductions
B-reduction

An important choice regarding the relation of S-reduction is, whether
one chooses the standard §-steps (316)(t2Az)ts — t3[z := t1], or the fine-
structure induced by simple o-steps. In the latter case, one-step 3-reduction
is a composed reduction (see Section 3.4).

Another choice is the one between global and local S-reduction, as ex-
plained in Section 3.1. A combination is possible, as well, as is shown is
Section 3.4. In the same section we introduced void S-reduction.

Finally, an important decision is whether one desires to use the ordinary
- reduction, starting from &-A-pairs, or the generalized - reduction, which
also allows reductions on the basis of a §-A-couple. For this subject, see
Section 3.5.

n-reduction

In this report, we did not consider extensional or n-reduction. The main
rule for one-step n-reduction is:

(t1Az){28)tg —, t2 if @ does not occur free in 5.

Hence, n-reduction amounts syntactically to a kind of void A-é-removal,
where the d-item concerned has a special form: its body only consists of a
variable, which is bound by the A-item under consideration.

(The name-free version of this reduction rule is:

(11 A)(18)t —4 (go(“l))t.g if t; contains no reference to the mentioned X.)

It may be considered to be a parameter of the system whether one in-
corporates n-reduction or not.

o-reduction

As to o-reduction, one has to decide whether the “update-neglecting”
form of Section 3.2 is chosen, or the general, “update-providing” one of
Section 3.3. Yet another version is the g-reduction described in Appendix C.

In making this choice, one also has to consider whether o-items are first-
class or second-class citizens, as remarked in Subsection 1 above.

T-reduction

For 7-reductions there are many possiblities:

- whether to use canonical types or not, with important consequences
for the conditions in term construction (see Sections 4.2, 4.4, 4.5 and 4.6);
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- whether to allow II-application (and the corresponding Fsn-reduction),
or not, a decision which again has major consequences (see Section 4.2 ff);

- and, less important, whether to employ ordinary (“context-sensitive”)
or general (“context-free”) type reduction (see Sections 4.2, 4.3 ff),

-finally, type-inclusion may or may not play a role (see Remark 4.18).

Again, one has to decide whether -items are first-class or second-class.
In the former case, they are part of the language and should be treated
consistently as such. In the latter case, r-items are in a sense “meta”, which
has consequences for the formulation of the theory.

6. Segment abbreviations

In Chapter 5 we explained why segment abbreviations may be profitable.
Hence, we have here another “parameter” for the system: incorporate seg-
ment abbreviations, yes or no. If we do, a differentiation between global and
local substitutions for segments is possible (see Section 5.2).

7. Reduction strategies

A parameter which is not of importance for the system as such, but
which does have consequences for an implementation, is the choice for the
various reduction strategies.

In Section 3.6 we discussed a number of well-known strategies for -
reduction. However, there are many other strategies, for #-reduction, but
also for each of the other reduction introduced in the report, and in particu-
lar as regards the order in which the different strategies (e.g. for o-, ¢- and
r-reduction) are intermingled.

We shall not discuss these matters here.

Remark 6.1 It will be clear that not all the parameters sketched above
are independent. The consequences of the different choices and their inter-
dependency is a subject for further research.
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7 Conclusions

In this report it was our intention to investigate some structural aspects
of term construction in typed lambda calculus and to identify a number of
concepts that are of importance for the use of typed lambda calculus.

We started in Chapter 2 with a novel description of term formation, re-
garding abstraction and application as binary operations. Two notational
features are of great advantage in this respect: the first is to give the argu-
ment prior to (i.e. in front of) the function; the second, of minor importance,
is that a type precedes the typed variable. We also proposed a change in
bracketing with respect to “operators” like A and &, writing e.g. (#; )ty in-
stead of (¢1Aty). This gave rise to items like (¢, A), prefixed to a term ¢,. In
this manner we fostered the modularity of the notation.

The item-notation of terms enabled us to create a term progressively, or
module-like, so to say, in analogy with the manner in which mathematical
and logical ideas are developed. Variables and variable bindings obtained a
natural place in this setting, both in the name-carrying and in the name-free
version, the latter by means of de Bruijn-indices. The notions of segment
and subterm fit nicely in this pattern.

The section on the restriction of a term to a variable shows that these
notational changes have advantages, in particular in establishing which part
of a linearly written term may be of influence for a given variable occurrence:
this part is (but for some brackets) precisely the string of symbols that
precedes this occurrence in the term.

We also gave an alternative way of term construction, limiting the set of
terms with a view to the types. This way of term construction was based
on three rules, for variables, abstractions and applications, respectively. In
each of these rules certain conditions can be specified in order to restrict the
generation of terms, e.g. with a view to the “well-typedness” of a term.

In Chapter 3 we focussed on the relation of reduction. We differenti-
ated between several versions of F-reduction, for example between global
B-reduction (the ordinary one) and local -reduction, necessary for unfold-
ing a defined name in only one place.

In describing these versions of -reduction, we defined the notion of step-
wise substitution, being the utmost refinement of the reduction-concept. For
this step-wise reduction we introduced o-items as a part of the term syntax,
thus making substitution an explicit procedure. The step-wise character of
the corresponding reduction relation and of many other described procedures
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enables a flexible approach, in the sense that the user may choose how to
combine basic steps into combined ones, depending on the circumstances.
For instance, global S-reduction amounts to the generation of one o-item,
and subsequently chasing this item along all possible paths in the direction
of the leaves of the term tree, until no descendants of the original o-item are
left. For local B-reduction the o-item has to follow precisely one path, in
the direction of the variable that is chosen as a candidate for substitution.
It is our conviction that the step-wise substitution as introduced in this
report is easier and more manegeable than proposals for explicit substitution
that have recently been given in the literature (see e.g. [Abadi et al. 90}).
Our approach is very close to intuition, yet the formulation remains simple.

When using de Bruijn-indices, we have to make sure that the references
in a term are updated during or after a substitution. For this purpose we
introduced ¢-items, which again do their job in a step-wise fashion.

We also gave a general step-wise substitution, with the purpose of keep-
ing the references (by de Bruijn-indices) unimpaired, also inside the o-items.
The resulting reduction relations are clear and relatively simple. The rela-
tions “behave” nicely, hoth separately and in combination. (Note, however,
that these matters are more complicated in the usual g-reduction setting,
where 6-A-pairs “disappear” immediately; in Appendix C we will mention a
few difficulties occurring in this case.}

It can be a well-motivated wish to keep o-items at a certain place in a
term, without proceeding with the o-reductions for which they are tailored.
This can be the case with lazy evaluation. Moreover, there can occur a void
8- A-segment which is not (yet) removed. In both cases new B-reduction may
be hampered.

Both subjects can be treated by extending the notion of B-reduction
in such a manner that not only §-A-segments can generate a o-item (or a
A-reduction), but such that also é-A-couples, consisting of two matching é-
and A-items, can do so. The description of this generalized reduction can be
given rather smoothly in item-notation, which is in contrast with the normal
notation, where matching does not occur in a nested way. We demonstrated
this with an example. It is in particular the “argument-before-function”
notation that turns out to be advantageous in this respect.

The generalized form of f-reduction is worth to be studied separately.
Part of this work has already been carried out before by the author in his
Ph.D. thesis.

We also showed that the usual strategies for 3-reduction can be expressed
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concisely in our setting.

In Chapter 4 we looked at the role of the types. For typable terms we
defined a canonical type, which can be effectively computed in a straightfor-
ward manner. The usual relation {3 : {5, i.e. term ¢; has as one of its types
the term ¢z, can also be expressed by means of this canonical type typ and
B-reduction, viz. as typ(t1) =g ta.

We showed how type systems such as Barendregt’s cube of Pure Type
Systems can also be defined with this typ-operator in a rather nniform
way. We also presented a number of Automath-systems in the proposed
setting, which resulted in concise definitions for complicated systems. Next,
we explained how the abstraction condition and the application condition,
present in our alternative term construction rules, can be phrased in cor-
respondence with the PTS-rules. (It seems, however, that only so-called
singly-sorted PTS’s fit in this frame. See [Barendregt 9x].)

It turned out that our approach is flexible enough for the expression of
many type systems. Also, generalizations, for example leading to higher
degrees, are straightforwardly attainable. A difference between functions
(A-terms) and dependent products {II-terms) can be made by adapting the
appropriate rules, whereas both kinds of abstractions still fit in the same
framework, since they may be treated as two similar kinds of A-abstraction.
This turned out to hold to such an extent that application and S-reduction
become also possible for II-abstractions, thus simplifying and unifying the
patterns. Moreover, generalizations are here possible as well, which may be
advantageous.

We concluded Chapter 4 with a discussion in which we gave arguments
why higher degrees may be useful in applications of typed lambda calculus.

In Chapter 5 we introduced segment variables and segment abbrevia-
tions, which are very useful in the development of coded mathematical texts.
We explained use and meaning and gave examples about their usefulness.

The abbreviation facilities that we gave fit neatly in our setting. The
result is a simple and direct mechanism, which, in our opinion, is more
manageable than earlier proposals in this direction (see e.g. [de Bruijn 72]
or [Balsters 86]). There are some complications as to referencing and step-
wise substitution, but these can all be solved, again in a straightforward
fashion. It appears that we do not need intricate reference transforming
mappings, since a slight extension of the earlier given rules for ¢-items can
do the job as desired. A similar remark holds for the o-items, which only
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have to be temporarily “frozen” in order to attain the right place in the
term (a segment variable).

Nevertheless, we think that this is one of the parts of the report that is
not yet completely elaborated. We plan to give this subject more attention
in the future.

Finally we demonstrated the power of the proposed setting by listing the
possible “parameters” which enable the customer to adjust the system to
his or her personal taste: everyone can compose one’s favourite system.

Concluding, we note two things. The first is that, in our opinion,
we showed that the drawbacks of de Bruijn-indices need not be greater
than those of the usual name-carrying variables (think of name-clashes,
a-reduction, the problems with non-unique binding variables, etc.). This
becomes especially evident in our approach. The advantages of de Bruijn-
indices, on the other hand, are obvious, and can be exploited.

As a second remark we emphasize that our report mainly deals with
the exposition of a number of ideas about term construction, reduction,
substitution, typing and segment abbreviation in typed lambda calculus.
The report does not contain any formal justification of the soundness of its
proposals. For example, it has not been investigated whether well-known
theorers like the Church-Rosser theorem, the subject reduction theorem
or the strong normalization theorem do hold for any of the systems under
discussion. Especially for extensions like the system with explicit step-wise
substitution and ¢-items, or with segment variables and segment abbrevia-
tions, this justification work is necessary in order to obtain the conviction
that all these new features are doing what they are supposed to do. A lot
of work in this area still has to be done.

Finally, we refer the reader to the example in Appendix A for getting an
impression of where all the above-described notions may lead to.
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A An example

In order to demonstrate some of the features discussed above, especially
those regarding segment abbreviations, we give a short example. We propose
a system that has in principle similar power as Coquand and Huet’s Culculus
of Constructions (or AC, see [Coquand and Huet 88}).

The system in this example has the following general features:

e In order to keep close to this system AC, we do not employ explicit
(step-wise) substitution as explained in this report.

o Hence, we have ordinary S-reduction and 3-conversion (we do not use
the generalized version of 3-reduction as defined in Section 3.5).

e Moreover, we use variable names like z, y, ..., and no de Bruijn-
indices.

o However, we do incorporate segment abbreviations, as discussed in
Chapter 5.

¢ There is a distinction between II’s and A’s, (i.e., Ay’s and Ap’s), re-
spectively.

¢ The maximal degree is three.

¢ Deviating from AC, we use a canonical type operator typ, with the
usual notational convention that typ2(t) = typ(typ(?)), etc.

e Again deviating from AC, we have H-application and the corresponding
Bsm-reduction.

Hence, we deviate in several respects from the official AC,

Note that we use three A’s, viz. A1, As and Agg. (In the second part of
this example, we write II for A; and A for A;.) Moreover, we have one §,
and as a consequence of what we said in the previous paragraph, there will
be no o’s, no ¢’s and no 7’s. The last three operators may only be used in
the meta-language.

The rules of this system have all been given and explained before. We
repeat the rules below, referring to the section of this report in which they
have been described.
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The construction rules for terms are the following. (When we use deg
or typ in a condition, we implicitly require that these operations are indeed
defined for the terms under consideration.)

variable construction:

1 <deg(3z) <3
Sz

(1)
(Ct. Sections 2.5 and 4.6.)

abstraction construction:

Fkt S(tA) abscon
SE (A

(2)
where, for A = Ap and & = 1 or 2, respectively,

. typi(t) =ge fori=1vi=2;
abscon 15 { tzrij((tz) _—i, e forj=kVvj=k+1

This is the same abstraction condition as phrased in Section 4.6, for AC.
However, we do not use s; and sp. To be precise: in AC both s; and s5 can
be either * or O. We identify O with £. Moreover, we assume that * : O, as
in Section 4.4, and we assume that # is the enly inhabitant of O.

Hence, the condition “t: s1” can be replaced by typ(t) =g ¢ (in the case
that 81 = 0) or typ(t) =g *, which is equivalent to typ*(t) =5 ¢ (in the
case that s; = #).

Analogously, in the case that A = Ay (i.e., I), the condition “t' : s3”
becomes typ(t') =g ¢ or typ®(¢') =g . In the case that A = Ay (i.e., the
ordinary “functional” A}, the condition “¢' : " : s, for some t"” becomes
typ?(t') =5 € or typ3(¢’') =4 <.

The calculation of typ(?) should be excuted via the rrules as given in
Def. 4.7 and Def. 4.8 of Section 4.2.

application construction:

Skt S(té) F v appcon
- (3)
Sk (té)

where
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appeon is : typ’ (') =g (typ(t) A1 )t1 for some t; and je{0,1}.

(Again, the calculation of typ(...) is based on the r-rules. Cf. Section 4.6
for this version of the application condition.)

It is not hard to see that both the typing relation and the reduction
relations in the presented system are degree-consistent.

The example that we give is very short and is taken from logic. The logic
is based on the Curry-Howard-De Bruijn isomorphism, that is the notion of
“propositions-as-types”. (Cf. Section 4.7.)

The example only concerns the following subjects:

- a class # of propositions is taken as primitive,

- in this class the notion falsum (= absurdity), denoted as L, is intro-
duced as a primitive notion,

— the axiom scheme % (for all propositions a) is stated (i.e. “ex falso
sequitur quodlibet”; when absurdity holds, then every proposition holds),

— next, the notion of implication & = b is defined as the class of all
mappings from « to b, hence sending proofs of a to proofs of b,

— and the notion of negation -a is defined as ¢ = L,

—~ finally, the following logical theorem is expressed and proved:

a a4

b

Remark A.1 In this example, L is introduced as a primitive notion by
means of an axiom. This is, of course, unnecessary in AC, since the contra-
diction L can easily be defined in AC, viz. as (xIl; )a.

However, for the case of the example we introduce 1 as above.

In a kind of “Mathematical Vernacular”, adopted from the style of the
Automath-family, this piece of logico-mathematical text can be expressed as
follows. For the sake of clearness, we divide the text in three parts (although
this is by no means necessary):

I. the axiomatic part,
II. the definitional part,
III. the theorem-and-proof part.

I

let x be by axiom the class of all propositions.
let | be by axiom a proposition.
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let a be a proposition
and let t be a proof of L;
then {-elof a and t is by axiom a proof of a.

I1.

let a be a proposition

and let b be a proposition;

then ‘=" of a and b is by definition the class of all mappings from a to

&

let @ be a proposition;
then ‘=’ of @ is by definition ‘=’ of ¢ and L.

I1L

let o be a proposition

and let b be a proposition,

let @ be a proof of «

and let ¥ be a proof of ‘=’ of a;

then prof e, b, z and y is by definition L-elof b and y of z,
being a proof of b.

This text will be given, in its entirety, as one term in the system de-
scribed above. For convenience’ sake, we write this term as a concatenation
of separate items, corresponding with the different axioms, definitions and
theorems in the text. Moreover, we assume that the reader who is familiar
with PTS’s will be pleased when we write II instead of A; and the ordinary
A instead of Ag.

Part I gives the following three A-items:
(As)
(*.)\_1_)
(]I )( LT )a Ay _ep)

Its intuitive contents will be clear: # is introduced as a term of type ¢
and L as a term of type *; finally, L-elis presented as being a primitively
given, fixed function, sending a of type * to an element of the set of all
functions from 1 to a (this set is coded as ( L1[;)a). Otherwise said, L-el is
a function sending a of type * and ¢ of type L to a. This function causes
any proposition a to be inhabited as soon as L, the absurdity, is inhabited.

Part II, coding the definitions of implication and negation, can be ex-
pressed by the following four items, being two pairs of (‘definitional’) §-A-
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segments:
((# A )(xAp)(allz)b 8) ((+IT}(#I13) * A=)
((#Aa)( L) ab) = &) ((xITg) x AL)

Here = is defined as the product (*A5)(*As)(alls)b; this product is ‘poly-
morphic’, in the sense that it only becomes a real product after application,
in this case to two arguments. To be precise, for given ¢ and d of type *, the
term (dé)(c§) = [-reduces to the dependent product (in this case, the set
of all functions) (cll;)d, functions which send inhabitants of ¢ to inhabitants
of d. The type of = is (II;){*II;)*, the class of all functions sending pairs
(a,b) of ‘propositions’ to a “new” ‘proposition’ (in this case: a = b).

Similarly, - is defined as the ‘polymorphic’ negation (¥Az}(Lé)(ad) =;
thus, (¢d)- B-reduces to (L§)(céd)=-. The type of - is {*1I;)*, the class of
all functions sending a ‘proposition’ ¢ to a “new” ‘proposition’ (in this case:
-a).

The reader may check that the following chain of 8-reductions is correct
with respect to the contextual segment given so far:
| _>‘G
(xAa)(L8)(ab)= g
(¥ A (L) (ab)(xAa)(x M) (allz )b —g
(*Ag)(allz)L.

Hence,

(ad)~ =p
(all,) L.

So (ad)— (or —a in prefix-notation) is B-convertible to (all;)L (or, in
infix-notation, @ = L; it is easy to check that {ell,).L, in its turn, is §3-
convertible to (Ld)(ad) =).

The final part III of the text can be translated into one é-A-segment:
((+Xa)(+A)(aA)((8)~ Ay)((8)y 8)(56)L—cl 8)
((+ILa ) (+I1y )(alle )((ad) = Iy)b Apr)

The main A-item of this segment contains the theorem:
(+TL)(+T)(alL, )((ad) T, )b

The contents of this theorem are that any inhabitant of this term, being
a proof for the theorem, must be a function which, for ¢ and b of type ,
for © of type a and y of type (a)-, gives an inhabitant of (= a proof of)
the type b. Translated in more customary phrasing: the desired function
must be such that for any pair of ‘propositions’ ¢ and b and for any pair of
‘proofs’ of a and —(a), we have a ‘proof’ of b.

This theorem indeed has an inhabitant (and hence has a proof). This
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inhabitant can be found in the main é-item of the é-A-segment:
(+2a)(+A0)(aAa)((a8)~ Ay )((w6)y 6)(b6) L—el.

In order to show that this term is indeed a proof of the theorem, we
have to show that its type is B-equivalent to the term coding the theorem.
Otherwise said: we have to demonstrate that this é-A-segment, in particular,
obeys the application condition. See below.

The obtained coding of the text is, indeed, one long term. For the sake
of completeness, we give the full term:

(As)

(*A))

(I Y (LT Ay 1)

((#Ag) (%A )(ally )b &) (#1014 )(I,) x As)

((#Xa)(LE)ad) = &) ((#I1z)* AL}

((¥Aa)(*xAp)(ada)((ab)= Ay)((26)y 6)(bS) L—el 6)

((+TTa )(+ITp){alle )((ad)= TMy)b Agr) (4)

It is not hard to check that this terms obeys the conditions for term
construction as given above:

variable condition:
The term is closed and all degrees are < 3.

abstraction condition:
Left to the reader.

application condition:
Examples are:
typ(*Ag )(*Ap J(ally )b = (%114 )(#1Ly )+,
since:
(7)(*Aa)(*Ap){ a1l )b
— (by Def. 4.9)
(+IL)(7)( o) (aTLe )b
—, (by Def. 4.9)
(+TLa) (<L )(r) (e b
—- (by Def. 4.9; (all;) reduces to the empty segment)
(<IL)(+11)(7)b
— . (by Def. 4.7)
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(*Ha)(*IIb)*

and

typ(jk)\a)(_Lé)(aﬁ) == (*11,)*,
(F)(xAa)(L6)(ab) =
— (by Def. 4.9)
(*IL ) (T)(LE)(ad) =
— (by Def. 4.7;
(T‘):> =s (*Har)(*ﬂbl)* =18 ((T)a Har)(*ﬂbr)*, e}
( H(T))(aﬁ):' =r (#lly)x =rp ((7)L Hy)* )

Other checks of the application condition, like the one mentioned above:
578 (A0 (¥ )(@ha)((a8) A )((26)y 6)(b8) L—el =5
(+IL)(+ ) (eIl )((a) TL, b,
ate left as an exercise for the reader.

The complete term 4, as given above, is not very complicated. Yet, there
are already several segment duplications. For example, the segments (*A,)
and (#Ag){*Ap) occur repeatedly; the same is the case for their respective
types: (xIla) and (11, )(*I;).

We already mentioned in the beginning of Section 5.1, that there is no
duplication of the last kind in the usual PTS-style, since types of segments
are not often represented there. This is a consequence of the use of contexts
T in the format ' F #; : {3. Such a context contains segments like (A }(*A).
Ome could say that such a I" has a double function: it incorporates at the
same time a segment like (#A,){(*As) and its type (xIL;)(*Ils).

On the other hand, different contexts I'y, Ty, ..., used in a derivation,
present similar duplications as in our system. Hence, for all such systems,
in PTS-style or in our style, context abbreviations are remunerative.

The last-mentioned remark does apply a fortiori when we have terms
translating longer texts than the very short one in the example above. Seg-
ments then can easily consist of many items. Moreover, in an average term
translating a piece of mathematical text, the amount of duplications is very
bothersome. In Section 5.1 we explained why duplications may occur so
often.
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Segments tend to be repeated almost literally. As a matter of fact, it
turns out to be quite natural (as a consequence of the usual structure of
a mathematical reasoning) that different segments occur stackwise in the
complete term; that is to say, an occurrence of a segment (f1A,,)...(thAa,)
may be followed rather closely by the same segment, or by a segment which
is one item longer: (t1A,,) ... (fnt12a,y1); OF by a segment which is one item
shorter: (t1Aa,)...(tn~1Aa,_, ), and this may happen again and again. (The
same holds if some of the A’s are replaced by II's.)

De Bruijn noted this very early and he took the above into consid-
eration when he designed the mathematical language Automath. He in-
vented a clever abbreviation mechanism that works nicely, as is e.g. shown
in [van Benthem Jutting 77].

The segment abbreviations which we proposed in Chapter 5 can solve
the same problem, to a great extend. We shall apply it to the example given
above. Since that example is very simple, the gains, if any, are in this case
only minimal. However, in other circumstances the profits may be great.

The term given below is the same as term 4, but with segment abbrevi-
ations.

We add one more abbreviation in this translation process: when, e.g.
the A-segment (*A,)(x\y) is abbreviated by (b;2), then we abbreviate the
corresponding II-segment (*IL;)(*Ils) by ((7)b;2). This is quite natural,
since the r-transition rules are such that (7)(#A,)(¥Ap)t) —», (#I1,)(*IIy)2"
(see Definition 4.8).

We assume that more comments are unnecessary.

(A)

(*A1)

((*Aa)ﬁ) ()‘sg a)

(((Ma; 1)( LT )a A _o)

((a;1)(*A)6) (’\sg b)

((b;2)(all,)b &) (((T);2) % As)

((a;1)(L8)(ad)= 6) (({T)a;1)x A-)

((b52)(ade)((ad)~ Ay) 8) (Asg <)

((c;4)((28)y 6)(b6)L—el 6)

(((T)e;4)b Apr) (5)
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In a final step, we change the lay-out of this term in such a manner
that it resembles an Automath-text. At the same time, for the sake of
brevity we remove those variable items of the form ((r)x;n) for which the
corresponding variable item (x;n) figures in the same line. Instead, we
shall use a horizontal stroke: —, which should be considered to refer to the
segment variable {x;n), with (7) added in the left-hand side. This is again
a way to avoid unnecessary duplications; the three horizontal strokes in the
version below should read: ((7)b;2), ((7)a;1) and ({7)c;4), respectively.

Thus doing, we come closer to both Automath and to the general PTS-
framework, which uses contexts I'.

The following version will now speak for itself.

( As)
( * Ay)
( (*Aa) 6) | ( ’\sgLa)
( ((ra; 1)(LM)a Ay_a)
( (&) | (M) 8) | ( Asg b)
( (b2} | (allg)b §) | (—+ As)
{ (a;1) | (L&) (ab)=> 6) | (—+ A)
( (5;2) [ (ade)((ad)m Ay)  6) | ( Asg <)
( (c54) [ ((xd)y 6)(b6)L—el &) | (b Apr)
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B An abstract grammar for terms

We give an alternative definition of terms in the abstract grammar format as
used e.g. by Barendregt (cf. [Barendregt and Hemerik 90]). Here V stands
for the set of variables, © for the set of operators, 7 for the set of terms
and 7 for the set of items. We use & for the set of segments.

Definition B.1 (variables, operators, terms, items, segments)
V=ejl{2]...

O=6|A]...
T=V|IT
IT=(7T0)
S=0|IS8

Next, we give an alternative definition of the body (body) and the end
variable (endvar) of a term and the body (body) and the end operator
(endop) of an item:

Definition B.2 (body, end variable, end operator)

body(t) = { !  ifteV
Y=Y i body(t') ift =it for somei€ T, ' €T

endvar(t) = ¢ yteV
~ | endvar{t') ift =i’ forsomei €I, ' €T

body(i) =1 if i = (tw) for somet €T, we O

endop(z) =w if i = (tw) for somet € T, w e O
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C An alternative step-wise substitution

We mentjon another possibility for combining the general step-wise substi-
tution described in Section 3.3, and F-reduction. In this case, we use F-items
instead of o-items. Instead of generating a o-item from a §-A-segment, we
replace such a §-A-segment by a F-item, which has a global substitutional
character.

To be precise, we replace the segment (#16)(f2A) in term t by the 7-
segment (£,51)), Here the symbol & marks a term (viz. t;) that has to be
substituted for the appropriate variables.

(Note that the type of these variables, {3, is no longer present in the term
t, since the original 6-A-segment has been destructed. This type information
may, however, be useful. In case one desires to keep track of these types, one
should choose another solution, for example the generation of a §-A-segment
instead of a @-item; the rules below then must be adapted in an obvious
manner. )

The substitution in this form is immediately suited for the well-known
version of F-reduction, in which also an abstraction-application pair in the
redex (we would say: a §-A-segment) is destructed.

When choosing this type of step-wise substitution, one should take care
of a number of things. Firstly, the bond that the end A of the §-A-segment
has with some bound variables, should be adepted by the @-item. Secondly,
the other existing bonds between binding A’s and variables should not be
disturbed in the transition of the new T-item through the branches of the
tree. All this can be assured by the procedure described in the following
two definitions.

Definition C.1 (F-reduction)
{general T-generation rule:)
(16)(12) —s (2 D) (p)t7D)
(general G-transition rules:)
(179)(122) —7 (7)1 ) ()37
(117 (226) =5 ((1:7)128)(t, 7))
(G-destruction rules:)
(tlﬁ(i))i —F 1
(17N =5z ifz # 4.

Note that these rules are adequate for global, maximal B-reduction of
terms which originally are in 25s. Moreover, &’s do not count as A's in
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the search for a binding A of a variable occurrence, but note that o’s have
binding “power” themselves.

The final problem that we have to consider is, how the bindings between
A’s and variables change.

Definition C.2 (the binding A for a bound variable)

In a term t with T-items and p-ilems, the binding A for a bound variable
(occurrence} z can be found as follows.

First find ' = t}z.

Now z is bound by the end operator %) of a main F-item & of ¥, if
there are precisely x — i A-items between s’ and z (intermediate T-items are
not counted; main &) jtems count for —i A-items, but only in case the
“counter” has a value greater than k al the moment that it “passes” this
o&8) Litem during its travel from right to left).

When there is no o) binding z, then x can also be bound by the end X of
a main A-item s of t', namely if there are precisely z — 1 A-items between s
and 2 (again, T-items are not counted and o) -items count for —i A-ttems).

If neither is the case, then z is free.

In the original term t, the variable x is bound by the A or @ corresponding
with the one intlz, or z is free int if it is s0 in tfz.

The described search for a A binding an occurrence z° in a term % can
also be described by means of an inverse search item, as in Section 2.4:

Definition C.3 (alternative (.-reduction)
(Cs-generation rule:)

z° —¢, ((F)z°

(Cx-transition rule-:)

(N =, (c*’ Ny if 5> 1
((d’))mw ((Dya)

e =, (D) ea®) ifj #
(B3 =, ((Prat)

(¢ 6)(6’ ) = (c(’))(t 8)

(¢D)16) e, () (2'6)

(D) =, (PN () i 5 > &,
(* D) =, (D) (e®D) if § <k,

(Co-destruction rules:)

95



(t'/\)(dl)).—qt OV
TN D) =, #FN i = i

In a term ¢t with @-items originating from 7-generations, every bound
variable has precisely one binding place, which can be either a A or a .

Remark C.4 With this alternative step-wise substitution, things run not
so smoothly as with the step-wise substitution as described in the body of
this report. The reason is, that the -items with negative index play an
unpleasant role.

As was shown in [van Horssen 92], there are two kinds of undesired ef-
fects. We give an example of both.

(1) Firstly, the transition of a @(~1-item over a o-item can give Tise to
ambiguity in binding. Consider the following -reduction:

(D) ((2)10M)(11)((16)2)3 -,

(PN ()10 () (12)((16)2)3 4

(Lo (INAN)(16)2)3 —,

(1o (LN IN) (D) ((16)2)3 —4

(16O (0A) (e 1))((16)2)3 —,

(1) (0X) (e =11)((16)2)3 —,

(1NN (LB (16)2)(1 )3 —,,

(1NN (((et18) (T )2)2 —,

(1oON(0A)((18)1)2

The variable 2 in the last line but one has become {the second) 1 in the
last line. The binder of this 1 should be the o{®) in the o-item. However, the
binding has apparently been transferred to the A, which is clearly undesired.
The reason for this mismatch is the index 0 of the o, caused by the transition
of the g-item. Tt will be clear that a variable 1 directly after a o{®)-\-
combination is always related to the X, even if the 0(%) is meant.

Hence, it is undesirable to allow the transition of (¢{=1)) over a o{1)-item.
And this is not the only case where the transition of a ¢-item over a o-item
causes trouble.

(2) There is a second disadvantage in this alternative step-wise substitu-
tion, namely that a-conversion returns “in disguise”. This is caused by the
fact that a generated o(9)-item takes over the bindings originally provided
for by the A of a A-é-segment. Consider the following two terms:

t = (t'e®))5,
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1y = (t'e(®)8.

It will be clear that ¢; and t; are in a sense equivalent, both reducing in one
step to . This equivalence is so strong that one is tempted to identify these
terms. This resembles the strong desire to identify e.g. Az.z and A,.y, which
is actunally the reason for the definition of alpha-conversion. It will be clear
that this “return of alpha-conversion” is against the basic principles of this
report, especially in combination with de Bruijn-indices.

These annoying matters concerning the alternative step-wise substitution
still have to be investigated in greater detail. This is subject for further
research.

A possible solution is to omit the @{~)-items, and to give the o-items the
“update power” of the p{~-item. That is to say, the general o-generation
rule then becomes:

(118)(t2A) —7 (127

and the (,-transition rule for 7-items changes into the following pair of rules:
TN = (7D i 5> 4,
(7N = (e i <

The other (.-transition rules and the ¢ -destruction rule remain unchanged.

Note, however, that the sketched difficulties do only apply to the alter-
native substitution presented in this Appendix. Items of the form (¢{=1))
were also present in the ordinary step-wise substitution, namely in the void
B-reduction (see Section 3.4). However, there they were harmless, and ex-
actly because of this “voidness”: such a -item with negative exponent was
only generated in case a &-A-segment was destructed were the A did not bind
any vaeriable. That turns out to be crucial for the “decent behaviour” of
these ¢-items with exponent —1.
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D A comparison with the explicit substitution of
Abadi, Cardelli, Curien and Lévy

In [Abadi et al. 90], the Ao-calculus is introduced, where explicit substitu-
tions are dealt with in an algebraic manner. We give a short survey of the
operators that the authors inttoduce and we discuss some features of the
equational theory that is proposed in the paper.

The authors use de Bruijn-indices and define substitutions as index
manipulations. A substitution is an infinite list of substitution instruc-
tions, one for each natural number greater than 0. For example, s =
{a1/1,a2/2,0a3/3,...} is a notation for the substitution of the terms a; for
the indices 7. When s is considered as a function, then s(¢), the “substi-
tuand” for ¢, is ;. Another notation for s(%) is #[s}.

Such an infinite substitution must be thought of as being a simultaneous
substitution of all a; for <.

It will be clear that infinite substitutions are meant as mefe¢-notations for
actual simultaneous substitutions, the latter ones being finite and therefore
executable. In fact, for any term with de Bruijn-indices there is a maximal
number N that can occur as an index; as one can easily see, this number
N is equal to the number of A’s occurring in the term plus the number of
different free variables that occur in the term. Hence, an infinite substitution
for a given term can always be pruned to a finite explicit substitution.

Apart from id ~ the identity substitution {¢/¢} or {1/1,2/2,...} — the
paper [Abadi et al. 90] introduces three other index manipulations:

o 1 (shift), the substitution {(¢ + 1)/¢}.

e - asin a-s, the cons of @ onto s; here a is a term and s a substitution.
The substitution a - s is the substitution {a/1,s(¢)/(i+ 1)}, that is to
say: ¢ is alloted to index 1, and all substituands s(¢) are alloted to an
index which is one more than the original one (3). For example:

L= {1/1,1 (1)/2,1 (2)/3,...} = id,

e o, as in sot, the composition of s and ¢; here both s and ¢ are substi-
tutions, and s ot = {#(s(2))/1}. For example:

Tofa-s)={(a-s)(T (I)/} = {(a-s)(i 4+ 1)/i} = {s()/i} = s.

(The examples are taken from [Abadi et al. 90]. Note how the operations
can be used for algebraic manipulations.)
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With the help of our system, we can give a soundness proof for the equal-
ity axioms in [Abadi et al. 90]. Therefore we “translate” the above opera-
tions into the notation introduced in the present report. We have no direct
means to render infinite substitutions, but we introduce paraliel o-items for
this purpose. (As a matter of fact, we use the 7-items of Appendix C; but
for convenience’ sake, we drop the “overline”.)

Such a parallel o-item is an infinity of o().items, one for each number
i > 0. The notation that we use is (t;0()). The “vector” upper index (7)
abbreviates a universal quantification. By (t;0(")) we mean the same as
Abadi et al. mean with the substitution {{1/1,t2/2,...}, l.e. the simultane-
ous substitution of ¢; for i for all ¢. Sumilarly, (t,—orfbl)) denotes the same as
{t2/2,t3/3,...}, and so on.

Hence, the definition of the parallel o-item (¢;0(}) is that for any variable
k, (tia(i))k = 1g-

We may split such a parallel g-item in a finite head and an infinite tail,
connected with the symbol $. For example:

(t,—o(;)) = (tla(l)) D (t,-cr(bl)).
Let @ be a term, |s] = (1;0) and [¢'] = (¢.e(™). Then:

o lid) = (io®),
o [1}=((i+1)o®),
e la-s = (ae) @ (t;_,6>V) and

o [so0s]= (t;aﬁ))(tm(i)).

It is not hard to see that (t;am)(tia(i)) = ((t;am)t,—a(;)), so that we have
an alternative translation for s o &

Moreover, it will be clear that () and T {or ( i + 1 #¢))) have the same
effect. The same holds, in general, for (¢4 and ( i + 1 o>5)),

We show that we can justify the algebraic manipulations of Abadi et
al. in this setting. When we do not see our system as a semantics for the
system of [Abadi et al. 90], but as a syntactic system in its own right, we
may note the following: the equations that the anthors of [Abadi et al. 90]
give as an axiomatic basis for their equational theory, can all be derived in
our approach.

We claim that the introduction of parallel o-items is only apparently an
extension of the system that we discussed in the present report:
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— the infinity of g-items can be reduced to a finite number for every given
term (we explained this above);
— the “parallel” (simultaneous) character of the substitutions is embodied
in our g-items; this is the only “global” substitution operator for de Bruijn-
indices that we need, the o-items being the vehicles for the substitution.
The latter property follows from the fact that we discriminate between
updating of de Bruijn-indices and actual substitutions. This distinction, ab-
sent in [Abadi et al. 90], simplifies matters considerably.

A comparison between the two systems gives the following results:

e The system of Abadi et al. is based on a set of algebraic equality rules,
which are treated with the usual term rewriting techniques. It only
works for the usual (global) g-reduction.

o Our system has a wider range of application, since it is also suited
for local reduction. Moreover, it seems that the separation of real
substitution ans simple updates makes things less complex; we also
have the feeling that our system is, in a sense, more “natural”.

We give examples of the rules in [Abadi et al. 90] and their justification
in our setting.

e VarCons: 1[a- s] = a.
[1fa- sl = [(a- )1l = ((e0®) & (t_10®))1 =, a.

o Abs: (Aa)[s] = AMa[l- (so T)]). i
[(Qa)lsll = (o) (Na o (AN(p)ti-1%7)a,
since (o) (A)a =4 (A)((@)t:icl+)a for each i;
[Ma[1- (so DIl = (M((1eD) @ (¢)tia10>D))a =
= O)(@ti10PD0, _
since fso 1] = (( § + 1 6@)t;00)) = ((p)t;0C).

o SCons: 1[s]- (] os) = s.

[1[s]- (1 08)} = ((t:0™)16M) @ ((£;0D)ig(>1)) =
= (tlo'(l}) P (tio-(i>1)) = (t;0®) = |4].

The traditional rule of F-reduction has the following form in our system
(see the 7-generation rule in Appendix C):

(116)(12)) = (D) ((@)100).

It is not very hard to check that
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(#D)(@)0®) = (10D & (D)
(N ((p)tro™) =
(i=1®) (41 @Dy 0)) =

(compare the effect of this substitution on index 1 with the efffect on
indices > 1)

(i=10®)((j+1 MMy g(i-100>1)=

(since, as noted above: (t,-a(;))(t-"-o(j)) = ((t,-a(i))t;-crﬁ)))
(i =165+ 1 oot o (D) =

(by additivity, which holds in this case)

((j09)t10M) & (1:-D) =
(tr00) @ (D).

This enables us directly to derive the translation of the Beta-rule as given
in [Abadi et al. 90]:

(Ae)b = alb - id]:

[(Aa)p] = (86)(Ma 4 (=D)((¢)bo)a;
lafb- id]) = (bo™) @ (i - 1 0E>D))a =
((beM) & (¢ ))a.

Above, we “translated” the operations of Abadi et al. in our setting. It
is also possible to give a translation the other way round. To achieve that
purpose, we have to express o-items (ta()) and @-items ((*#) by means of
the operators id, |, - and o. Here below we give these translations, where
we adopt the convention that the -- operation is associating to the right, so
a-b-s means a-(b-s).

Then the following correspondences hold:

o (to®y=1.2-...-(i-1)-¢-(]) and
o () =1.2. k. ()
In particular, (to{V) = 1 1.

Also, (™)) = (@) = (1), () = (¢V) =T and (D) = (1) =
1-id.

When we define k! to be 1-2-.. .-k, then the above rules can be simplified
to

o (tol) = (i — 1)1 ¢- (1) and

o (kD) = k1 (PRH,
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provided that we add the rule 0!.s5 = s.

Finally, we give the correspondence between our system and the {-
operator of [Hardin and Lévy 90]:

o Ifs = (t,—a(:_')), then {} (s) = ((‘P)ti—la(:>l))-

It is worth while to compare the latter term with the general &-rules of
Definition C.1.
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