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Abstract

In this paper we analyze an My /My /1 queueing system with N customer classes and
preemptive priorities between classes, by using matrix-analytic techniques. This leads to an
exact method for the computation of the steady state joint queue length distribution. We
also indicate how the method can be extended to models with multiple servers and other

priority rules.
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1 Introduction

Consider a single server queueing system shared by N customer classes, numbered 1,..., N.
The arrival process of class 7 is Poisson with rate A;. The service times of class ¢ customers are
exponentially distributed with rate u;. The class index ¢ indicates the priority rank; class 1 has
lowest priority and class N has highest priority. The priority rule is preemptive, i.e., service
may be interrupted by higher priority customers.

In this paper we present an exact method, based on matrix-analytic techniques, for finding
the steady state joint queue length distribution. This distribution is required in many applica-
tions in the area of spare parts logistics and production.

Priority queueing systems have a long history (cf. Cobham [3], Davis [4], Jaiswal [9]) and
single and multi server priority queues received much attention. Most of the earlier studies, how-
ever, concentrate on the transforms of marginal system characteristics (e.g., class i queue length
and waiting time). Our interest in the problem arose from a spare parts logistics problem, see
Subsection 4.2, where the joint queue length distribution is necessary for an exact performance
analysis.

The first results for the joint queue length distribution of priority queueing systems are
derived by Miller [10], who analyzes the Ms/Ms/1 priority queueing system by the matrix-
geometric method. Later Alfa [1, 2], Isotupa [8] and Wagner [18, 19] observe that the matrix-
geometric method is a natural choice for studying priority queueing systems with a Quasi-
Birth-and-Death (QBD) structure. In these papers Miller’'s method is generalized to systems
with a Markovian Arrival Process and phase type service time distributions, which require a
more detailed registration of the arrival and service process. Also in [2, 8] the authors apply the
matrix-geometric method to an N-class system. However they do not observe that lower priority
customers see the queueing system as an M/G/1-type system, i.e., an M/M/1 system with an
unreliable server (where the down times correspond to high priority service interruptions). This
suggests to use the matrix-analytic method for M /G /1-type systems, and indeed, in the present
paper it appears that this method leads to an elegant recursive analysis of priority queueing
systems with N > 2 classes of customers.

There is also a number of papers studying the joint queue length distribution using different
approaches. Gail et al. [5, 6] and Mitrani and King [11] use generating functions for the analysis
of My /M, /k priority queueing systems. Later Sleptchenko et al. [17] and Sleptchenko [16] use
a mixture of matrix-geometric and generating function approaches to analyze preemptive and

non-preemptive priority My /My /k queueing systems, where each class of customers has either



high or low priority.

In this paper we apply the matrix-analytic method (see Neuts [13], Ramaswami [14]), and
in doing so, we exploit the M/G/1 structure of the Markov process describing the preemp-
tive priority system with /N customer classes. This yields an efficient algorithm for the exact
computation of the steady state queue length distribution.

To this aim, in Section 2, we first present the formal description of the single server priority
system, and formulate the steady state equations. In Section 3, we apply the matrix-analytic
method. The proposed method is based on the matrix formulation of the steady state equa-
tions, using matrices with a complex nested structure. To ease the understanding of the nested
structure and of the method in general, we first show in Section 3.1 how the 2-class model can
be formulated and solved using the matrix-analytic method for M/G/1-type systems. Next,
in Section 3.2, we show how the analysis can be extended to a 3-class system and highlight
the recursive nature of the approach. Finally, in Section 3.3, we present the main steps of the
algorithm for the general N-class case. After that, in Section 4, we discuss some implemen-
tation issues and present computational results for a spare parts problem. In the final section
we describe how the proposed method can be applied to other queueing systems such as the

multi-server My /My /k preemptive and non-preemptive priority system.

2 Model and steady state equations

Throughout the paper we assume that the queueing system is stable, i.e. the traffic intensity p

is less than 1 (see for example [7]):

N
p= Z)\Z/MZ < 1.
i=1

The states of the My /My /1 preemptive priority system can be described by N-dimensional
vectors q = (qn, - ..,q1), where g; is the number of class i customers in the system.

The state transitions are caused by an arrival or a service completion. From the preemptive
priority rule it follows that, when a class ¢ customer is in service, there are no higher priority
customers in the system, ie., gy = -+ = ¢;+1 = 0 whenever ¢; > 0. Formally, the state
transitions can be written as follows:

i .
(qu"'vql) B— (QN7-~~7QZ‘+17---;C]1)7 q]207]:177N

(07"'>O>Qia"'7ql) L (O""7OaQi_17"'7ql)7 qN::ql+1:07QZ>O

Given these transitions, the balance equations for the steady state probabilities pq can be easily



obtained:

N N
Pa | D N+uv| = (D paei| +Parexin, ast. gy >0 (1)
J=1 j=1
N
Dq Z Aj + i = qu—ej)\j
J=1 j=i
N
+ ZPOH-eij , gst.gn=-=¢+1=0,¢;, >0 (2)
j=i

N
pa (D N = D pareni|, a=0 (3)
j=1

=1
where e; is the vector with all components equal to 0 except for the i-th component being 1,

and by convention, pq = 0 if ¢; < 0 for some j.

3 Matrix-analytic approach

Miller [10] has shown that a two-class My/Mjy/1 queue with preemptive priority behaves as a
QBD process, where level i > 0 is the set of all states with ¢ high priority customers in the
system. Although the levels have infinitely many states, the standard matrix-geometric method
(see e.g. [12]) can be used to analyze the two-class priority system.

However, the N-class priority system has a much more complicated structure, for which the
matrix-analytic method for M/G/1-type queueing systems appears to be more appropriate, as
will be shown later. We will show first how the 2-class and 3-class system can be solved by the

matrix-analytic method.

3.1 DMatrix-analytic approach for 2-class systems

The transition rate diagram of the Ms/Ms/1 preemptive priority queue is shown in Figure 1.
This queueing system behaves as a QBD process, where level g > 0 is the set of all states
with ¢o high priority customers in the system. In this process the arrival and departure of a

high priority customer corresponds to a birth and death event, respectively. The generator Q
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Figure 1: Transition rate diagram of the 2-class My /M5 /1 preemptive priority queue.

has the following form:

Ay oI
pol Ay Aol
Q= el Ay Aol
2l Ag

The (infinite) block Ag corresponding to transitions within a level has an upper triangular,

two-diagonal structure:

— (A1 + A2+ p2) A1
— (A + Ao+ p2) A1

Ay
— (A1 + A2+ p2)

Transition rates corresponding to service completions of low priority customers only appear in

the boundary block Ao, which has a three-diagonal structure:

— ()\1 + )\2) A1
N p1 — (A1 + A2+ p1) A1
Ay =
M1 — (M + A+ 1)

As mentioned before, we will apply the standard method for M/G/1-type queues. That is, we
first derive the fundamental matrix G for the QBD with generator Q. The matrix G contains

the first passage probabilities from level go to level go — 1; i.e., [G]; ; is the probability to arrive



at state (g2 —1,q1 +7), when level g2 — 1 is reached for the first time, starting in state (g2, g1 +1).
These probabilities do not depend on g9 since the transitions are the same at each level g > 0.
Note that
(o]
> (Gl =1,
=0

J

since in a stable system we will move sooner or later from a state at level ¢o to level go — 1.
Since low priority customers are not served while there are high priority customers, we cannot
move from a state (qa2,q1 + 1), g2 > 0, to a state (g2 — 1,¢q1 + j) with j < i. Also, the number of
low priority customers arriving during an excursion from state (g2, ¢1) to level g2 — 1 does not
depend on the value of g;. Hence, the fundamental matrix G has an upper triangular structure

with the same elements along diagonals:

go g1 92
go 91

G =
9o

Element g; represents the probability that the number of customers in the low priority queue
has increased by i at the first passage to level go — 1 when starting in state (g2,q1). These
probabilities can be found recursively. First, gg is the probability that no low priority customer
arrived when we return to level go — 1 after starting at level ¢o. Conditioning on the first event
in state (g2, 1) we obtain:

A A
H2 A o2 ()

H0=1 (M + Ao+ 12)

SR < A
A1+ A2 + p2) (A1 + A2 + p2)

In the same way we find the other probabilities g;:

U2 )\1 )\2 ! .
=t oy 22 N g, i>0,
=+ + 112) O+ he+p2) P70 e+ p2) jz:%g]g ’

Thus, the elements g; can be obtained from the following recursive equations:

p2 = (A1 4 Xo 4 p2) go + A2(90)* =0, i =0, (4)
— (Mt Aot ) g+ Mgici+ A Y gigij =0, >0, (5)
=0

where gg is the minimal non-negative solution of (4). These expressions also immediately follow

from the standard matrix equation for the fundamental matrix (cf. [13]):

pol + AgG + \G2 =0



The matrix G can be used to solve the balance equations (1)-(3), in matrix form written as:

A2Pgy—1 + PgoAo + t2Pg+1 = 0, g2 >0, (6)

pPoAo +pep1 = 0, g2 =0, (7)

where pg, = (Pg0,0, Pgo, 15 Pgs,2, - - -) is the vector of steady state probabilities at level ¢ga. Further,
the balance equations at level g2 of the Markov process embedded on the levels 0,1,...,q2 are

given by (see [14]):

AaPg—1 + Py, (Ao + X2G) =0, g2 >0, (8)

Po <A0 + >\2G> =0, ¢=0. (9)
Combining the equations (6)-(9) immediately yields a simple relation between pg,+1 and pg,:
A2
Pgo+1 = quva q2 > 07 (10)

which can be written in scalar form as:

)\2 q1
Pgot+1,1 = —— Z Pg2,q1—i1 Giv» g2 =>0,q1 = 0. (11)
M2 {0
Hence the vectors p1, po,... can be recursively computed, once pg is known. The vector pg

satisfies (9), i.e., the balance equations of the Markov process embedded on the ¢;-axis with

generator @ = Ag + MG

— (M 4+ A2) + Xago A1+ A2g1 X292
- [ — (A4 A2+ 1) + Xago A1+ gt
I — (M + A2+ 1) + Aago

Note that Q is an M/G/1-type generator. The balance equation in (0,q;) can be rewritten as:
q1

1
Pogi+1 = = 1~ (A1 4+ A2 + p1) Po,gi + AMPo,gi—1 + A2 Z 9iPo,gi—ir | » @1 > 0. (12)

1 i1=0

From (12) the probabilities pg 1,po.2, ... can be recursively computed starting with pgo =1 — p.
However, equation (12) includes negative terms and therefore might be numerically unstable.
This can be avoided by further embedding the Markov process on the states (0,0),...,(0,q1+1);

then the balance equation in (0,¢; + 1) is given by:

q1 o]

1
Po,gi+1 = — | A1Po,g + A2 E P0,q1—i1 E al, a1=0.
i — £
11=0 l=i1+1



Using that ;2 g = 1, the above equation can be simplified to:

1 q1 i1
Poqi1 = - APog + A2 D> Pogi—in (1 > al|, a=o0. (13)
1=0

11=0

Equation (13) provides a numerically stable recursion to compute py.

3.2 DMatrix-analytic approach for 3-class systems

The transition rate diagram of the M3/M3/1 preemptive priority queue is shown in Figure 2.

q, q,
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Figure 2: Transition rate diagram of the 3-class M3 /M3 /1 preemptive priority queue.

This queueing system behaves again as a QBD process, where level g3 > 0 is the set of all
states with g3 high priority class-3 customers in the system. According to this partitioning the

generator Q) (the index indicates the number of customers classes) has the following form:

Ay M5l
pusl Ao A3l
Q® = sl A Al

sl Ag

However, block Ay now has a more complicated structure than in the 2-class case; we further
partition level g3 into sublevels, where sublevel g5 is the set of all states with ¢o class-2 customers

(and g3 class-3 customers) in the system. Then Ay has an upper triangular block structure with



blocks of infinite size:

A070 )\21
Aogo Mol

where block Ag o contains the transition rates within sublevel g9, i.e.,

— (M + A2+ A3+ u3) A
— (M + A2+ Az + p3) A
Agp =
— (M 4+ A2+ A3+ p3)

As before, the boundary block Ag contains the transition rates within level 0, i.e., the set of

states with no high priority class-3 customers in the system:

Ago Mol
pel Ay Aol
Ay = gl Agy Aol ;
el Agp
where
—(/\1+)\2+>\3+M2) M
- — (M 4+ A2+ A3+ p2) A1
Agpo = ;
— (A1 + A2+ Az + p2)
and
— (M + X2+ XN3) A1
= 1 — (A1 + A2+ A3+ ) A1
Ago =

M1 — (M + A2+ A3+ 1)

The fundamental matrix G®) for the QBD with generator Q®) has the following upper



triangular block structure:

G((]S) G§3) GgB)
G(()3) Gg?’)
G

where the blocks Gg’) also have an upper triangular structure:

3 3 3
91(27)0 91(27)1 91(27)2
(3) (3)
a® — 9i2,0  YJiz,1 ’
"2 3 -
gi270 ’

in=0,1,2, ...

®3)

Element g; " is the probability that the number of class-2 and class-1 customers in the queue

has increased by i2 and i1, respectively, at the first passage to level g3 — 1 when starting in state
(3)

(g3,92,q1). From this interpretation we can derive recursive equations for the elements Giriy:

3
p3 — (Z A+ /~03> g6+ As(g60)? = 0, i1 =0, (14)
=1
> 3 3 3
- (Z A+ /‘3> 91(2,)1'1 + A29§2)—1,il + )‘19@(2,)1'171 (15)
=1

12 i1
(3) (3 - . )
+A3 Z Z 9jo,j1Yia—josii—jn = 0, 22+1 >0,
Jj2=031=0

B _

where, by convention, g, = 0 if io < 0 or i3 < 0. Just as for the 2-class system, we can use

the fundamental matrix G®) to derive a relation between py,+1 and pg,:

A3

gpng(:S)a qs > 07 (16)

Pgs+1 =

where pg, is the vector of steady-state probabilities at level g3. The above equation can be

written in scalar form as:

Ag 2 & 5
Pegs+1,92,01 = 7 Z Z Pq3,q2—i2,q1—i1 g’L(Q,)’L'l’ 3,92, q1 = 0. (17)
M3, =0i=0
Hence the vectors p1, p2, ... can be recursively computed, once pg is known. The vector pg sat-

isfies the balance equations of the Markov process embedded on the (g2, ¢1)-plain with generator

10



Q@ = Ay + N\3G®);

.&070 + )\3G63) Aol + )\3G§3) )\3G§3)
Q® — p2l Ao+ >\3G(()3) Aol + >\3G§3)
ol AO,O + )\3G(()3)

Clearly the embedded Markov process is an M/G/1-type process with two priority classes: in
states (0, g2, q1) with g2 > 0 only class-2 customers receive service. Hence, to determine pg, we
can follow the same approach as for the 2-class system. First we have to find the fundamental

matrix G(), which satisfies the following matrix equation (cf. [13]):
~ 2 > m
IU,QI + AO’OG(Q) -+ )\2 (G(2)> + A3 Z Gg)—l <G(2)) = 0,

which can be written in scalar form as:

<ZAZ+M2>QS>+/\2(% ) TIW ng Lo (96 )m = 0, =0, (18)
- (Z)\l—i-,uz) g+ At 1+A22g“ ) 9D (19)

=1 71=0

oo
LD DRED DI R A

m=1 joyrjm>0
]O++]mzll

The matrix G can now be used to express the probability vector p((f;ZH = (P0,ga+1,0, PO,ga+1,15 - - -)
(2) (2)

in terms of py ..., Pg as follows (see [14]):
@ ApBE? 133 pl? z G, (G (20)
pO,QQJrl M p0 3 Pg ,q2—12 zg+m+1 )
i12=0

which reads in scalar form as (cf. (17)):

1 q1 )
Do,ge+1qn = <>‘2 Z D0,g2,q1—i1 gi(l) (21)
2 =0
SRS 3 @
Y Y rmnn Y Y wnd? i | mazo
12=011=0 m=0 lg,...,[;n >0
lo+++lm=1i1
Thus we can recursively compute p((f%, p((f%, .. starting from p( ) Finally the vector p((fg follows

from the balance equations of the Markov process embedded on ¢j-axis with generator Q(1):

QW = Agp + 2G® 4+ 2y f: G® (G@))m

11



Note that Q) is an M/G/1-type generator, with the following components:

(

Hi, 1—1=375>0
[o.¢]
—(A1+ A2+ As) gl + A3 D g (98, i=j=0
1=0
o
—(A1+ A2+ A3+ ) + )\29(()2) +A3 > 97(3,)0(982))"17 i=3j>0
m=0
o
{@(1)].. BRI R R P I DINED DI N i R i+1=52>0
0,320 Mm=0 lo,dm>0 0 "
loF-+lm=1
2 Ead 3) (2 2 . .
SR DD gfn,)logfl)--'gl(m), i+h=352>0,h>1
m=0 1o,...lm >0
Starting with pg oo = 1 — p the probabilities pg o 1,p0,0,2,- .. can be determined recursively from

the balance equations (cf. (13)):

1 q1 [e¢) )
Pooatt = — | MPooa + A2 D Pooa-in | D g (22)
m i1=0 I=i1+1

q1 [e%¢]
+A3 Z D0,0,q1—i1 Z Z gﬁ?logl(f) " 'gl(i) , q =>0.

i1=0 m=0 lo,--slm
lo-td iy +1

Summarizing, to find the joint queue length distribution of the 3-class Ms/Ms3/1 priority
system we first have to determine the fundamental matrices G® and G®) from (14,15) and
(18,19) and then we can compute the state probabilities using (22), (21) and (17). Let us now

show how this approach can be generalized to N-classes of customers.

3.3 Matrix-analytic approach for N-class systems

As demonstrated in the previous sections, the method to compute the steady state probabilities
of the N-class preemptive priority system includes the following steps. First, forn = N, ..., 2,
we determine iteratively (from a matrix equation) the fundamental matrix G of the Markov
process embedded on the (gy, . .., ¢1)-plane with generator Q). Note that QW) is the generator
of the original Markov process. After the fundamental matrices G (n = N,...,2) have been
determined, we can compute the steady state probabilities using a forward recursion on the
number of dimensions. That is, starting from pg o = 1 — p, we compute the probabilities
Po,..0q+1, @1 > 0, then po__ 0.g+1,q15 G2,q1 > 0, and so forth until all the probabilities have

been computed. Clearly the main operations are:

e Computation of the generator Q) and the fundamental matrix G of the Markov process

process embedded on the (¢, ...,q1)-plane, for n = N,... 1;

12



e Computation of the probabilities po....0.g0+1,9n—1,...q1, for n =1,..., N.

In the remainder of this section we will describe these operations in more detail. Let us first

explain the structure of the generator Q).

Structure of the generator Q™

The Markov process embedded on the (gp, . .., ¢1)-plane is of the M /G /1-type, where level g, > 0
is defined as the set of states with ¢, class-n customers (and no higher priority customers) in
the system. According to this partitioning the generator Q™ has an upper-triangular block

structure with one subdiagonal under the main diagonal:
B By B B
QM = B(nl) B(()n) Bgn)

Here the infinite blocks Bg:) contain the transition rates from level ¢, to level ¢, + i,, where
in Tuns from —1 (service completion) to oo (arrivals). So B(_nl) = upl. As long as ¢, > 0 the

number of low priority customers in the system can only increase. This implies that, if we

further partition level g, into sublevels, where sublevel ¢,_1 is the set of all states with ¢,_1
(n)

class-(n — 1) customers in the system, then block B; ” has an upper-triangular structure:

B, B\ B

(n) (n)

B™ — Bi.o Bi
i (n) ’

in,0

where block Bz(':,)in_1 contains the transition rates from sublevel g,_1 at level ¢, to sublevel
Gn—1 + in—1 at level g, + i,,. In the same way we can further partition the sublevels, so that

block BE:’)Z-W is of the form:

1

(n) (n) (n)
'Z:Tlﬂ:’ﬂ*l)o Binyinflyl Bin,infly2
(n) (n)
(n) _ Bin,in_l,O Bin,in_l,l
inainfl - (n)
invin—lzo

13



When we continue to partition the sublevels, we finally arrive at the blocks B

inv'”viQ :

(n) (n) (n)

Oiprorriing Vipinl Vioiin2
(n) (n)

(n) Dipr.rriino Diprini1
Iyt (n)

Inyens12,0

where the scalar bg:)_._ i, denotes the transition rate from state (gn, .. .,q1) to (gn+in, ..., q1+1i1).

All indices i should be nonnegative, except for i,, which can be —1 (service completion). Also

note that for the initial generator Q¥) we have:

N, in=-1iy-1=-=i1=0
o ~ (SN av) iv==in=0 o
et A ij=1,ig=0,forallk#j,j=1,....N

0, otherwise

The structure of ]?:(()n) is slightly different from the structure of B(()n), since it includes transition

rates corresponding to service completions of lower priority customers.

Computation of the fundamental matrix G

The matrix G is the minimal non-negative solution of the matrix equation (cf. [13, 14]):
B™ + BWG™ + BM(GM)2 4+ ... = 0. (24)

Hence G(™ inherits the nested structure of the matrices BZ(:):

G G oGl G, GG,
(n) (n) -, (n) (n) .
G = Go™ G ' where G — Gi"_l’o Gi”_l’l .
n Y In—1 n . ’
Gy G
91(:31,...,1'2,0 gz(:zl,...,ig,l 91(:31,...,1'2,2
(n) (n)
(n) B Din1yin0 Jin_1,.in,1
ct Gin_l,..,,’iQ - ' ’ (TL) ' ’
D1, sin,0
Let us introduce the vector-index i = (i, ..., 1) to simplify notations; so gi(gll) = gl(:zlzl

Element g(n) is the probability that the lengths of the lower priority queues have increased

i(n—l)

by ip—1,...,41 at the first passage to level ¢, when starting in state (gy,...,q1). From (24) it

14



follows that the scalars gi((z)_l) are the minimal non-negative solution to the following recursive

equations (cf.(4,5)):

b(fl),0<n—1) + béng(n 1) g(()?gl 1) + bg O)(n 1) (Q((J(,z 1)) + b(n)(n 1) (g((w)l 1))3 +... =0 (25)
b(jll) o) + (b(”g(n 1) g(T(Lr)L Y + b( )(n 1) g(()T(LZL 1)> + (26)
)
+ (bl (n 1) (go(n 1)) + 2b1 0(" 1) gO(" 1 g n 1>) E— 0
b,1,i(n71) + Z Z bl L (n n 9, (n e gjl(n,l) = 0. (27)

=1 5= Y >0, st
jé"*1)+...+jl("71):i("*1)

Note that the elements of GN) can be written in a slightly simpler form due to (23):

N
N N
UN — Z)\j‘i‘ﬂN 98(1\271)+/\N<g(()(1\271))2 = 0,
j=1
N
—{ 2o | 95+ Avagh 22N Gy 9wy = O
jTUN | g (N 1) + AN-— 19¢(n-1) + NYg(N- l)g (N no ’
7j=1
{(N-1)
(N (N) (N) —
Z)‘ +uN 9<N y + Z Jg(N 1 _e(N-D +An Z i Giv-n_yov-n = O
= = (N-1) —(N-1)

Computation of the generator Q!
Once the fundamental matrix G is known, the generator Q1 of the Markov process em-

bedded on the (g,—1,...,q1)-plane can be computed as:

~ (n n n n n 2 n 3
Q) B+ BG4 BY () 4 B () 4o

(n—1)

Hence Q"1 has the same structure as Q™ and its components bi(nﬂ) follow from:

(n=1) _ 3(n) (n) (n) (n)
blm 1 — b qn—1) + E E blj(n—l)gj(n—l) “'gj(n_1) (28)
WO 1 l
=1 5= >0, 8.t
jén71)+.4.+jl(n71):i(n*1)

Computation of the steady state probabilities
Given Q™ and G forn = N, ..., 1, we can determine the steady state probabilities recursively.

Let pg:) denote the vector of steady state probabilities pq with q = (0,...,0,¢p,...,¢1) and
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fixed ¢,. Then for n = 0,..., N we can compute the vectors pg:) from the balance equations

(cf. (16, 20, 22)):
( ) 1 dn ( ) 0 ( ) m
an+1 = ; Z (an_in Z Bin-l-m (G(n)) ) ) qn > 07 (29)
in=0 m=1

with initially p{”) = 1 — p.

4 Computational issues and numerical results

In Section 4.1 we present the algorithm and discuss some computational issues. After that, in

Section 4.2 we present results of an application in spare parts logistics.

4.1 Algorithm and computational issues

The method works with the infinite matrices Q™ and G, Hence, for numerical computations,

(n) (n) are set to zero if one of

we need to truncate both matrices, i.e., the elements b; ” i
R AR

and g

the indices i; is greater than some threshold. Note that, if we set bl(-:) ;, = 0 for i, > K, then

seeeyl

equation (24) for G (™ immediately reduces to a polynomial matrix equation of finite degree K.

The algorithm to compute the joint queue length distribution is now as follows:

Algorithm
1. Construct the matrix QY) using (23);
2. For n =N — 1 downto 1 do

(a) Compute the probabilities g(ntizl from (25-27) for all 0 < iy, ...,i; < K, where the

in

threshold K, is determined (during runtime) such that:

(n+1)
Z ginv"'ail 2 1 -5

0<in,....i1<Kp

where € is a small positive number;

(b) Compute the transition rates bl(:)“ from (28) for all 0 < ip,... i1 < Kp;
3‘ Set pO,...,O =1- P and g(l)zl,
4. Forn =1 to N do

(a) Compute the probabilities po . 0.g,+1,gn_1,....q» from (29) by using (the previously com-

puted) p™ g(n)_l. . and the probabilities po_. 0.4, 1,..q1-

tn,et1? Jin yeensll
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4.2 Application in spare parts logistics

Our interest in the joint queue length distribution arose from a spare parts supply problem for
repairable parts sharing the same repair shop. Below we apply the matrix-analytic approach to
a simple spare parts supply problem (see Figure 3) to demonstrate the influence of assigning

repair priorities on the performance of the system.

° Stock
° .
PY Repair
: A O
Machine M

Figure 3: Example of a simple spare parts supply system

There are M machines and each machine contains three types of parts, subject to failure
and replacement. A machine is working only when all three parts are working. To improve the
reliability each machine is equipped with Z; type ¢ parts, so that, when one part fails, another
one can immediately take over the necessary functions. Thus we have a system with redundancy.
There are many examples of systems with this structure; typical ones can be found in [15].

When one of the parts fails, a service engineer takes a new part from a stock of parts and
replaces the failed one. The failed part is then sent to a single-server repair facility. The repair
time of a type i part is exponentially distributed with mean R;; the delivery and replacement
times are neglected. After repair the broken parts are assumed to be as good as new and they
are put back to stock. The stock level of type ¢ parts is denoted by S;.

The system availability is defined as the average number of working machines:
M
Avail(Sy, S2,53) = L Z P(Machine m is working)
1,002,003 M . g)-
m=

The number of backorders of type i parts is given by max(0,¢; — S;), where g; is the number of
type 4 parts in repair. Hence the probability that, for an arbitrary machine, all type ¢ parts are

broken is equal to
max(0,q; — 5;) max(0,¢; —1—S;) max(0,q; — Z; +1—.5;)
Z;iM ZiM — 1 ZiM —Z; + 1 ’
the first term in the above product is the probability that the first part is broken, the second

one that the second part is broken given that the first one is broken, and so on. In terms of the

joint queue length probabilities the system availability can now be written as:

2 Zit max(0,q; —n — S;)
Avail(S1, 85, 85) = > [H <1 - 11 AV )] Pgs,2,a1 - (30)

q3,92,91 Li=1 n=0
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To compute the queue length probabilities pg, 4,4, We assume that failures of type i parts occur
according to a Poisson process with rate \;. This approximation, which is the only one needed, is
valid when M, the total number of machines in the system, is large. Expression (30) much better
estimates the system availability than other approximations proposed in the literature; e.g., the
system availability defined in [15] only uses information on the mean number of backorders. But
the matrix-analytic approach makes it possible to use the detailed distribution of the number
of parts in repair. To demonstrate the approach we executed a set of experiments with the

following parameters:

M = 50,

Z; = 2,i=1,2,3,

Ai = /100,

3
R; = ¢/(3—i+ 1), where c is chosen such that Z ANiR; = p=0.9 or 0.95.
i=1

In Table 1 we list the system availability according to (30) for different utilization rates of the
repair shop and different priority assignments. The stock levels in these experiments depend on
the mean queue lengths, i.e., we set S; = | Eq;]/3] for i = 1,2,3. The algorithm for the 3-class
system was executed on a PC with a Pentium IV-2000 processor and 512MB operative memory.
The computation times mentioned in Table 1 depend on the number of states with significant

probability mass, i.e., on the load of the system and on the priority assignment.

Util. | Priorities Queue length Avail. Comp.
plri|re|rs Elq1) | FElg] | Flgs] time

09 M| M| M 1.627 | 3.323 | 5.296 | 1.000 2.5 sec.
09| H| M| L | 7.325| 0.301| 0.074 | 1.000 0.14 sec.
09| L| H|M| 4.164| 0.262| 9.614 | 0.998 6.4 sec.
09 M| L | H 1.653 | 10.800 | 1.341 | 0.999 89.3 sec.
095 | M| M| M| 3542 | 7.157 | 11.064 | 0.999 2.12 sec.
095 | H| M| L | 15.644 | 0.326 | 0.079 | 0.998 0.22 sec.
095 L| H| M| 6.094 | 0.281 | 28.797 | 0.956 | 12.73 sec.
095 M| L|H 1.921 | 26.600 | 1.836 | 0.971 | 103.46 sec.

Table 1: System availability for different combinations of repair shop utilizations and priority

assignments; the assignment M M M refers to the FCFS discipline.

From Table 1 it is clear repair priorities have a strong effect on the performance of the
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system. The system availability is similar for all priority assignments, but the stock levels .S;
are different. This implies that, in the presence of cheap and expensive parts, repair priorities

may lead to substantial cost savings.

5 Extensions

The matrix-analytic approach can be easily extended to systems with other priority rules and
service disciplines. Below we discuss the extension for multi-class, multi-server systems with

preemptive and non-preemptive priorities.

My /My /k system with preemptive priorities

Consider a priority system with k parallel and identical servers. As before, the states of this
preemptive priority system can be described by N-dimensional vectors q = (gn,...,q1). The
balance equations for the steady state probabilities can be written as:

N

N n n
Pa | D N+ simi | = D Apa-e; + > (i + DitiPate;s aNs---rns1 =0,
j=1 j=1 j=1 j=1

N ‘ N
po [ D N | = D pem,
. =~

J=1
where s; is defined as the number of class-j customers in service in state q, so

n

sj = min [ max | k — E g | »q;
i=j+1

Clearly, when gy > k, all server are busy with class-IV customers and the Markov process

behaves the same as in the single server case (except that the service process is k times faster).
()

In the single-server case we determined p; ’ by considering the Markov process embedded on
level 0; now we have to determine p(()N), e ,pg)l by embedding the Markov process on the levels

0,...,k — 1. Thus the embedded Markov process gets an extra (but finite) dimension, and this

repeats in the following steps of the algorithm. Essentially, the result is that, in the algorithm,

(n)

" and i(n—1) are replaced by finite dimensional matrices; i.e., the dimension is

the scalars bi(<

n)

equal to (N 7,?”“) (so in each step of the algorithm the dimension grows).

My /My /k system with non-preemptive priorities
Now consider a single-server priority system with non-preemptive priorities, i.e., service of a

low priority customer may not be interrupted by a higher priority customer. Then the system
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can be described by the N-dimensional vector q = (qn,...,q1) plus another N-dimensional
vector s = (sn,...,s1) that contains information about the customers in service, i.e., we have
to work directly with matrices of finite dimension instead of the scalars bi(% and gi(z;)fl). The

dimension of these matrices is the same on all steps of the algorithm, namely (N }Hk). The

balance equations for the steady state probabilities can now be written as:

N N n N N
Pq,s Z )‘] + Z Sjlj = Z AJPQ*ej,S + Z Z(Sl + 1)/’Lqu+ej,sfej+ei7 gN,---,4n+1 = 07
Jj=1 Jj=1 j=1 j=n i=1
N N
Do,0 Z Aj = ZPO,ejﬂf
j=1 j=1

If we join the steady state probabilities with the same queue composition into vectors pq =

(Pg,N» - - - sDq,1), then the above equations can be rewritten as:

N N N
Pq Z)‘]+D :Z)\qu—ej +qu+eij7 gNs -, A4n+1 :O7
7=1 7j=1 j=n

where D and B; are appropriately defined matrices. So, the algorithm in Section 3 can again
(n) (n)

be applied if we replace the scalars b, and g,_,) by finite matrices bi((nn)) and gi((??_l), where

b@)

.v) are computed as:

the initial elements

7

By, in=—-1,iy1=-=1i2=0
N . _
b(N)— —(ijl)\j-i-D) in=--=1=0
) =
' AT ij=1,ix=0,Vk#4 j=1,...,N
L 0, otherwise

Similarly, other priority systems can be analyzed, e.g., multi-server systems with multiple cus-

tomer classes within each priority group (cf. [16, 17] for such systems with two priority groups).
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