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Abstract

The aim of this paper is twofold: first is to formulate a foundation for refinement of parallel
programs that may synchronmously communicate and/or share variables; programs rendered as 1st
order transition systems. The second aim is to bring closer and to show the relevance of the algebraic
theory of parallel processes to that of the refinement of such 1st order systems. We do this by first
developing a notion of refinement and a complete verification criterion for it for algebraic, uninterpreted
transition systems—basing ourselves on already existing theory. This refinement notion is sensitive to
both safety properties and absence of deadlock and divergence. Then we show how 1st order transition
systems can be translated—while preserving those aspects of their semantics that we are interested
in—into uninterpreted transition systems. Since this translation is canonical, it is used to lift the
algebraic refinement and verification criteria to the level of 1st order systems. Specifically, we show
that they yield assertional methods for refinement of such systems that resemble the methods used in
Z. Manna and A. Pnueli’s temporal logic proof system. The results in this paper also apply to the
problem of proving refinement of systems based on ¢race inclusion.

Keywords: refinement, implementation, concurrency, compositionality, algebraic process the-
ory, transition system, simulation, assertional methods, inductive assertions, communication,
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1 Introduction

There are a number of reasons to use transition systems as a specification tool. One is their ease of use
and their intuitiveness. Many of the existing refinement and verification theories are based on transition
systems. Also, it seems hard to argue against the principle that the prime characteristics of any discrete
system are the states it can be in and the way the state evolves through the actions (tramsitions) that
the system executes or participates in; at least this seems true when one is interested in implementing
such systems. Transition systems concentrate on just these aspects of systems. They are the standard
tools for specifying and analyzing communication protocols [LS84] and have been used to specify and
develop distributed algorithms [FLS87, SdeR87, Sto89] and real-time controllers [JM88, Lyn90]. The idea
generated Harel’s statecharts [Har87] and Berry’s Esterel [BC85]. Also, it is the motivation for algebraic
process calculi such as CCS [Milg0, Milg9], CSP [Hoa85] and ACP [BK84]

Dijkstra’s stepwise development paradigm [Dij76] resurfaces in this area as program-refinement. It has
been used, e.g., in {[WLL88] on some quite complicated algorithms and of course by Chandy and Misra
in UNITY [CM88, GP89]. The most forceful and convincing proponent for its use in system specification
undoubtedly has been L. Lamport, who in 2 series of papers [Lam83, Lam89, AL88, AL90] has turned the
use of transition systems and of refinement into a practical specification method.

One important aspect of system design s missing in transition systems and that is the idea of compo-
sition of systems. For this reason, we introduce combinators with which (transition) systems, x0 and !,
can be composed; the most important one being parallel composition: #° || xL.

Most of the existing research and methods — algebraic process calculi excepted — use a notion of
refinement that is based on trace semantics, and use a verification criterion that is based on Milner-
simulation [Mil71]; cf. refinement-mapping in [AL88], possibility-function in [LT87) and multi-valued pos-
sibility mapping in [Lyn90]. To us, the decision whether to use refinement based on trace semantics or
not cannot be made arbitrarily but, rather, should follow from an analysis of what properties refinement
should satisfy. Likewise, whether or not to use (a variant of) Milner simulation as a verification criterion
should depend on its suitability for the chosen notion of refinement.

At this point, the most vital question is
Exactly what should it mean that a system P refines another system @: P 1 Q7

To us, this question has two aspects. The first concerns the system properties that are of interest to us,
sometimes called the observable behavior, and that we want preserved. The second aspect concerns the
(meta) properties, such as transitivity, that we want refinement, 3, to satisfy. These questions we shall
discuss now.

System properties. There is consensus among researchers that P 3 @ at least should entail that the
computations of P are all allowed (i.e., also occur) in Q-

P3IQ = -Pe C Qo , (1)

where P9~ denotes the set of computations or the observable behavior of P. Of course, there is still
room for different decisions as to what such behaviors make visible about a system’s execution. Is it only
the start and terminal states of an execution that one can see or can one also observe intermediate states?
Even if so, maybe one should only be able to observe the values of the shared variables of the system.
Then again, shouldn’t one be able to observe the actions that a system participates in; or at least its
communication actions?

There are no clearcut answers to these questions and rather than making a decision in these maiters—a
decision that will have to be arbitrary—in this paper, on the one hand, we aliow the complete state to be
visible at any point during execution as well as every action that the system executes but, on the other
hand, we also introduce operators that allow parts of states and actions to be ‘hidden’; i.e., to be made
unobservable. Finally, we allow the fact that a system has terminated or is diverging to be observed.

Systems having infinitary behavior raise an additional issue. This is illustrated by the program P =
b:= true;z ;= 0;x[b — 2 ;=2 + 1 0 b — b := false], where O denotes non-deterministic choice between



the branches and #{- - -] iterates until the guard of either branche is false. Obviously, P admits an infinite
computation; namely, the one in which the second branch is never selected. Let P/" be the program with
the same text as P but with the additional assumption that the choice between the branches should be
“fair’ in the intuitive sense in which the infinite computation in P is not (i.e., the second branch can always
be chosen but never is). Should P be considered a refinement of P/%"? The answer seems obvious: no.
Yet, this paper takes the opposite view. The reason is the difference in techniques and methods between
those that deal with program properties that are determined by the finitary behavior of programs—the
so-called safety properties—and those, such as fairness, that do not-—the so-called livenes properties.

In Leslie Lamport’s intuitive characterization, safety properties state that along every computation
path a ‘bad” thing does not happen whereas liveness properties state that along every computation path
sorne ‘good’ thing does happen. This description suggests invariants to deseribe safety properties (‘a bad
thing has not happened yet’) and well-foundedness arguments to deal with liveness properties (‘it takes
less than that many more steps until the good thing happens’.

For this reason and for the fact that liveness arguments usually depend on safety arguments of the
system, this paper restricts itself to refinement w.r.t. safety properties and ignores liveness. We stress that
our refinement notion is sensitive to deadlock and divergence of systems.

Intuitively, the only difference between P and Pf%" is the liveness property that every computation of
Pfair terminates (i.e., along every computation the good thing ‘termination’ happens). The ‘bad’ thing of
non-termination does not happen along every computation path of P. Hence, we shall have P J Pfair,

Technically speaking, safety properties can be characterized as those properties for which, given that
they hold for every finite, initial part of a computation, they also hold for the whole, possibly infinite,
computation; see also [AS85). When we define the observable behavior of systems, we shall also include
such ‘limits’ of finite computations. The effect is that <P/ ¢ = 0 Pe¢~. Left to right inclusion is obvious.
Because, all initial parts of the infinite computation of P are in < Pf*" ¢, the infinite ‘limit’ computation
is included, too.

Meta properties. Next, what meta properties should 3 satisfy? It seems obvious that I should at
least be transitive: if Py refines P) and P, refines P> then clearly Py should refine Pp. As it seems quite
unreasonable not to allow a system to be a refinement of itself, this makes J a pre order:

PP ,AdP = PR3P

Pap (2)
One should not expect J to be a partial order: obviously, even if both Py refines P; and P refines Fy, it
does not follow that Py and P; are (syntactically) identical.

A second desirable meta property concerns the composition of systems. The advantage of system
composition is that one has the option to develop parts of a system independently and of integrating them
at a Jater stage. As refinement is the formalization of system development (at least in this paper) this
advantage implicitly constrains the notion of refinement that one uses: whenever parts of a system are
refined then if the refined parts are put together again, the resulting system should be a refinement of the
original one. If ones refinement notion does not satisfy this constraint, then one can only develop a system
as a monolithic whole. Let C[] stand for a system with a ‘hole’ in it (a context), into which another
system, P, can be plugged: C[P]. Then the above constraint is written as follows:

for every context C[[]: PJ1Q = C[P]2C[Q] (3)

This makes 3 a pre congruence w.r.t, the program combinators; i.e., it makes J N C a congruence. In
the absence of other equally obvious requirements on a refinement relation, we let J be determined by the
above properties 1, 2 and 3. )

Perhaps this whole discussion seems a bit trite. After all, these principles and constraints all are
rather obvious. Still, it is worth stressing these points, since they very much constrain adequate notions
of refinement which often forces one to consider aspects of system behavior that, a priori, one was not
interested in. For example, in this paper it will force us to consider the precise deadlock behavior of



systems [Hen88). Had we allowed communication action to time out—which we have not—even more
detailed behavior would have had to be known [GB87).

The point of view embodied in the above discussion is not common in the area of program refinement.
On the other hand, it is the point of departure in algebraic process theory [Mil80, Hen88, Hoa85, BK84].
There one starts with a (context free) programming language (or term algebra) and one looks for program-
ming equivalences or pre orders satisfying some properties that are congruences or pre congruences and
that are, if possible, fully abstract. A (pre) congruence is fully abstract w.r.t. some properties precisely if
it is the coarsest one satisfying these properties. Our stipulating that 3 be determined by equations (1),
(2) and (3), makes J fully abstract w.r.t. inclusion of observable behavior; in fact, it is equivalent with it.

Languages that allow synchronization have been investigated intensively in this area [Dar82, NH84,
BHR84, BKO86]; for an overview of various proposed congruences see [Nic87]. One conclusion of this
research is that if the observable behavior of a program allows the state of terminated (or maximal)
computations to be abserved as such, then any (pre) congruence for such a language should be sensitive to
the precise way in which systems may deadlock. The standard example illustrating this (using a CSP-like
language) compares P :: [true — R!l1 O true — S!1] and Q = [R!1 — skip O S!1 — skip]. Here, Rl
is a send command that waits until process K wants to receive a value and then sends the value 1. In
process @ send commands appear in the guards of the (I/O) guarded command. This means that process
@ will suspend until either R or S is ready to receive a value and then will execute the appropriate send
command. Although, intuitively, the computations of both programs are the same, there is a context,
namely C = (R :: z := 0; 7z) || [[], such that if we run P and @ within C, we do observe a difference (; 7z
is the program that waits until it receives a value and then assigns it to z): C[@] does not have a maximal
computation that ends in a state in which * = 0 holds, whereas C{P) does; namely the one in which P
chooses the second branch and subsequently deadlocks.

The same research indicates that a (pre-)congruence should not be ‘sensitive’ to more than the compu-
tations of a program and its deadlock possibilities during execution. This is the testing pre-order of [NH84],
the failure set semantics of [BHRS4] and the fully observable congruence of [Dar82). The refinement pre-
order that we develop in Section 3 will be based on this. In contrast with most researchers in this area, we
shall use (uninterpreted) transition systems (with parallel composition and renaming of actions) as pro-
gramming language instead if CCS or TCSP. In this sense, our set up is closer in spirit to that of [BKOS6):
their process graphs correspond to our uninterpreted transition systems.

Once the notion of refinement is elucidated (in Section 3), the next question is how to prove it.
Now, a transition system is specified in terms of vertices, edges and actions (associated with the edges).
Hence, a usable verification criterion should be cauched in terms of these primitives. In Section 4 we
develop such a criterion, called failure simulation and written as <, by generalizing the notion of Milner-
simulation [Mil71]. This criterion is then proven sound and complete; i.e. we prove that

371! <= " —=7xt,
or, equivalently, that J = <. There are some connections here with [Dar82].

Upto this point we have looked at algebraic, uninterpreted transition systems. The rest of the paper
concentrates on lIst order transition systems. If we want to use the results of the first part, we need
a correspondence between such lst order systems and the uninterpreted ones. Section 5 defines such
a correspondence and also shows how various operators, such as parallel composition and the hiding of
variables, can be defined in terins of uninterpreted systems. This correspondence is, in fact, quite simple

r>—=2z=z+1

and can be illustrated with the system « = . . , that corresponds to

z <0 — skip

.D



the program while z > 0 do z := z — 1 od, and respectively “»y” and “¢>” are the initial and terminal
vertex. Now, 7 implicitly depends on a notion of state and on the meaning of the ‘labels’ on the transitions.
The translation makes these dependencies explicit. If we assume that z is the only variable, then we may
represent a state as just a value; namely, the value of . Let us take the intuitive meaning of = and let us
assume that the system always starts in the state 3 (i.e., in the state in which z has the value 3). Then
#’s translation would be

tr = b (3,x:=a:-—1,2)ﬁ__;. (2,z:=z—-1,1) e (l,z:=2-1,0)

(0, skip, 0)

.b
where now the labels on the edges record a state, an action and another state; each pair of states is
in the input-output relation of the corresponding action; and = contains a vertex for every vertex-state
pair that can occur during an execution of . Note that the labels in *w are just that: labels; no further
Interpretation of them is necessary. The translation also unfolds the loop but this does not happen in
general: the translated system contains a cycle whenever it is possible to arrive more than once in the
same vertex with the same state.

Section 6 develops on the basis of this translation a verification criterion for 1st order systems. First
we define for 1st order systems, 7° and #!, 7% 2 #! to mean that 70 0 *x!; ie. a system refines another
one if its translation refines the other one’s. If one accepts the translation as reasonable in the sense that
it preserves the meaning of a system, then this is the correct notion of refinement.

Now, suppose that #° J 7! where 7% and n! are 1st order systems. Then we know that '#0 «— g1,
by completeness of the criterion of Section 4. So, “all” that has to be done is to find some conditions
on 7% and #! that imply that *2° < *x1, This we do, using techniques from Floyd’s inductive assertion
method [Flo67)].

The methods in Sections 3 and 6 also yield verification techniques for a notion of refinement based on
trace inclusion, as used, e.g., in [Lam89, Lyn90]. The necessary simpifications are indicated.

Finally, Section 7 contains some discussion.

We end the introduction with establishing some notation,

Notation.

Functions, f, unless stated otherwise, are partial and have domain, dem{f), and range, ran(f). Com-
position, o, is defined by (fo g)(z) = f(g(x)). Functions are sometimes defined as lists, like [1 — 2,2 +— 3]
which denotes the (partial) function, f, such that f(1) = 2 and f(2) = 3. Define f{a/z}, a variant of
f, by fo[e — a]. In general, any function f is pointwise extended to 29°™(f): if ¥V C 2dem(f) then
F(V) = {f(v) | v € V}. The restriction of f to V, f ]V is the function with dom(f{V) = dom(f)NV and
(FIVY(v) = f(v) for v € dom(f [ V). Finally, f~1(w) = {v | f(v) = w}.

Relations over some set A are usually denoted by letters R,M,... C A x A. Instead of (a,b) € R we
often write a R b. Also, the post image of « under R, a R, is {b | a R b} and the pre image of b under R,
R, is {a | a R b}. This extends to the post image and pre image of sets. Instead of a R we occasionally
write R(a). We usually identify functions with the relations that they denocte.

The class of ordinals is Ord. Letters o, B,...range over the ordinals; letters n, m,...range over the
finite ordinals (i.e., the natural numbers). As usual, w denotes the first transfinite ordinal.

If A is some set of symbols, then A% is the set of finite, non empty sequences over A; A* is the set of
finite sequences over A; and A% the set of infinite such sequences. Then AT = A* U A¥. Sequences in At
are denoted by s, t,...; the elements of such an s are s; for i < |s}, the length of s (if s € A% then |s| = w);
hence, sq is the first element of 5. As alternative sequence notation, there is s = (8;)i«s|; hence, the empty
string, €, is (3i)ico (for any s). Write s < t if |5} < |t} and s = (£;)i<|s- Any function h: A — A extends
to At by having it act pointwise on sequences: hA(s) = (h(si))ic[s)- Write A(s) for the set of symbols in s:
A(s) = {s; | i < {s]}. As a matter of notation, Azy... will stand for the set AU {z,y,2,...}.



There is a denumerable set of variables Var. If T is some signature or similarity type, then Tm(X)
and L(X) denote the set of terms and first order formulae over X (and Ver). Elements of L{X) are usually
denoted by letters p, ¢, r; terims by e, ¢ and variables by u, v, z, y, 2. As usual, ple/z] (f[e/z]) stands for
the formula (term) obtained by substituting the term or expression e for every free occurrence of 2 in p (2).
The set of free variables of a formula or term ¢ is denoted by FV(¢).

Y-structures or T-algebra’s, A, are defined as usual and give interpretations of the symbols in X. Given
a I-structure A, states o, 7, 1 are total functions from Var into |A], the universe of A. Let § be the set
of states.

The value of a term ¢ in a state o, o(t), and the truth-value or satisfaction of a formula p in a state o,
o =por A,¢ k= p, are defined as usual. Write A F=p if p € L(X) is valid in A, ie., if A, o = p holds for
every state o; write o = p if A, o |= p and A ig clear from the context; and = p if p is valid, ie.,if A Ep
holds for every L-structure A. As usual, any variable that appears free in some formula lives in the scope
of an implicit universal quantification (of that formula).

By convention, all super- and subscripts, bars, underscores etc. of composite objects are inherited by
the components: e.g., if K = (a,b) then K= (ra.,"hy).

2 Uninterpreted transition systems

In this section, the basic framework of uninterpreted transition systems is defined and the basic notation
established.

e There is some infinite, enumerable, alphabet, A of actions, which is partitioned into a set of local
actions, A', and a set of global actions, .49. The intention is that local actions never synchronize with
actions in other systems, whereas global action may do so. To formalize the synchronization of global
actions, we interprete A¢ as the generator of the free, commutative semigroup denoted by (.A49,]). The
commutativity condition ensures that the parallel composition itself is commutative (see below). Unless
stated otherwise, A7 stands for the semigroup it generates.

There are two special ‘actions’ § and T, which are not in .A. The first one, §, denotes the undoable
action; the second one, 1, signifies divergence. Intuitively, T means that the system is engaged in an infinite,
internal or hidden computation that does not yield any visible behavior.

The domain of | is extended to As; x A5y by mapping pairs of actions that are not in dom(]) to 6.
Instead of a|b we shall often write ab.

® A directed graph is an object (8,,8;: € — V), where
— V is a set of vertices,

— £ is a set of edges, and

-~ @y, respectively, 8, is the function that associates each edge with a source, respectively, target vertex.

In the sequel we shall often write *e instead of 8,(e) or 8,e, and e* instead of & (e) or H;e. Moreover
this notation dualizes and we write *v for the set {e € £ | *e = v} and v* for the set {e € £ | ¢* = v}.

® An uninterpreted transition system (uts) over alphabet A, 7, is an object
(05,00:E =V, I, T, L:E— Agp)
where
— {0y,0:: € — V) is a directed graph,

— I € Vis a set of initial vertices with I # @,



— T C V is a set of terminal vertices, and
~ L is a labelling function that associates actions with the edges.

The class of uts over an alphabet .4 is UTS4 or just UTS!.

Notice that that there are no cardinality constraints on the vertex and edge sets of uts’s and that any
uts has at least one initial vertex. Also note that an uts can express the occurrence of divergence and that
it may have disabled actions that will never occur.

Some notation: the canonical uts is denoted by 7 and has components (3;,8;: € — V, I, T, L: £ — As1).
The alphabet, A(x), of 7 is the set of labels appearing on its edges: A(7) = ran(L). TV C V then V;ris
the uts (8, 8;: & — V,V, T, L: £ — Asp), with initial vertices in V. Finally, £,(-) is the function £(-)N.A49.

e The set of sequences of 7 is
Seg(m) = { (v, (e,'),-<a)|a$w, vElL, a>0=>v="e, V0<i<ael ,="'e}

Hence, a sequence is a possibly infinite path in the underlying directed graph of o that starts in an initial
vertex.

e The behavior or computations of an uts, 7, $w¢-°, consists of the maximal sequences of actions that
w can perform together with an indication, T, | or §, whether the system may diverge at that point, has
terminated or is stable. The letter p ranges over {1, {,6}.

First define for any v € V the predicates:

) <= T1€L(*v), [(v) <= veET and 6rv) < L(CvVNA=0&vgT.

So, 1(v) holds if v has an outgoing edge labelled with —i.e., if v may diverge—; |[(v) holds if v is a
terminal vertex; and é(v) holds if v can neither diverge nor perform an action (in .4) and is not terminal.
Write T(m,v), (7, v) and §(x,v) if 7 is not determined by the context. Now

3(”! (&')i{a) S SC‘I(?"); & S W, §= (E(el'))l'(a (S AT; P € {T!l!a}!l} .

R ={Sp ao=w=p=|, 0’=0=>P(”): [}<a<w=>ﬂ(e'a_1)

So, a finite sequence of actions is maximal if the corresponding path ends in a vertex from which it is
possible to diverge or which is terminal or which is stable.
If sp € 47wa-2 then any 5 € A* with 3 < s is called a partial computation.

There is an alternative way to define the computations of an uts. Namely, by defining for every a € A;

a transition relation, 4, € UTS x UTS:
7T e Jee’] Lle)=a&kT=€"7.
So, each uts defines, through its initial vertices, a set of actions that it can perform; namely those actions
that appear as label on an edge starting in an initial state: £(*I). Performingsuch an action transforms the
uts 7 by changing its set of initial vertices to the target vertex of the corresponding edge. This generalizes
and for s € A* we write:
. , . s
T E e Vi< |s] 30 e UTS 2% =, 7!l =7, VO < i< |s] 7'~ — 7' .
. & . 8 . . . .

Also, write 1 —— if there is a 7 such that 1 — T, if s € A¥, 7 —2, has the obvious meaning. Finally,

T -%L» 7and 7 ﬁs/-» stand for the negations of the above relations; # —4 means 7 —a}b, VYa € A.

1To be pedantic, it is the isomorphism class generated by uts that is of interest rather than the uts itself. Isomorphism,
here, means graph isomorphism that maintains the edge labelling and initial vertices.



In this setup, the behavior of a # € UTS can be described by
~re-° = { sp'seA*, 3?7(—2?, FveTp) }U{sl | s e A, T — }

The observable behavior of # can now be defined by

-<>7rc3>=-¢7r¢»"U{sJ,|s€A“',V§-<s7r—§—»},

in accordance with the discussion of liveness in the introduction.
As a final piece of notation, define = after s (s € A4*) by

w after s = V; 7, where V = {v | 7r—s-—>v;7r} .
We shall often write expressions such as v € = after s instead of the formally correct statement that
mafters=V;randv e V. ‘
2.1 An algebra of unlabeled transition systems
Here the operators to compose uts’s are defined: the parallel composition, - || - ; the renaming, h{(-) ; the
choice, - + - ; and the sequential ecomposition operator, - ;- .
2.1.1 Parallel compaosition
For any #%,x! € UTS, the parallel] composition

70 ||l =7 € UTS

is the product of 79 and ! with the ‘diagonals’ filled in according to |. Formally, it is defined by?

- V=V'x V!,

—E=E%x VP + E'x VO + 2 x £1 (4 denotes disjoint union),
- I=F%xn,

-T=T"xTt,

for (e,v) € & x V171 G,(e,v) = (8i(e),v), (e, v) = (die), v),
L{e,v) = L) (i<2) and

for (e0,e') € £% x E1 8,(e%, e!) = (B(e), B3 (e)), Bule®, e!) = (80(eD), O} (ehy),
L(e% el) = L% YLl ely .

2-1 EXxaMpLE. If»° :".——a-;-. and 7l = >.._a__a...o

b

2Remember, it is the isomorphism class that is of interest.



In terms of transition relations, one has

0 0

, a
1r°||7r1—a—>?0||1r1 if 7% —%,

70| 7! L0 f{=t if =t 2.7 and

i
A1 — YT i o w (i< 2).

The three clauses correspond to the edges in £2 x V!, €1 x V0 and £9 x &1,

2.1.2 Renaming

Let 7 be some symbol not in .457. Its meaning is explained below. The set of (renaming) homomorphisms,
H, is
{h:A s Agr [ R(ADN T AL .

Any h € H is extended to a total function on As; by having A(a) = a for any ¢ ¢ dom{h). Let & also
stand for the function [a — &, a € A]. Homomorphisms rename actions; except that local actions never
rename to global actions and that § and  rename to themselves. If h(a) = é (i.e., the symbol) this means
that the actions a can no longer occur in A(x). If h(a) = 7 this means that although a can still occur it
is no longer possible to observe this-—the action is hidden. As expected, h acts pointwise on sequences of
actions, when 7 is interpreted as the empty sequence, €.

For 7 € UTS and k € H, the renamed system
h(7) =7 e UTS

is obtained by redefining the set of edges and of initial vertices: an edge in A{7) is any finite path in 7 on
which precisely one non-erased action occurs or those infinite paths on which every action is erased. The
initial vertices are the original ones, together with those vertices that can be reached from an initial vertex
by a finite number of erased actions. Formally, it is defined by

-v=Vy,
0<a<w, V0 <i<adi(Ei-1)= 8,(%),

- €= (Giica | @ <w = h((LE))ica) € Ast, )
o =w=>h((LE))ica) =€

- aﬂ(@i)iSn) = ?8(_‘3-0)! 6;((5,-);5“) = ?‘(Eﬂ):
85 (@icw) = 05(20), Ou((Ei)icu) = Bi(en)  (sic),

-1 :TU{ at((Ei)iSn) l Jv ET ('vl (ei)iSn) € Sea(ﬁ)l h((z(el))tgn) =£ }1
-T=T,

-ife= (E;')isn then [:(e) = h((z(e‘))lsn) and
if e = (€)icw then L(e) =T .



2-2 EXaAMPLE. Ift = ‘e - @ and h=[bw~ 7]

Although the construction of A(r) may seem overly complicated, it induces the following simple and
intuitive correspondence between the transitions in 7 and those in h(7):

h(r) = h(7) if Isedf r——Fhh(s)=a€As; and

M) D h(m) i Bse A m e L h(s)me kT

Observe that the renaming in the above example yields two additional initial vertices. This is the
technical motivation for allowing sets of initial vertices.
2.1.3 Choice
For any two x°, 7! € UTS, with J°* U I'* = ), their choice composition,

P +al=nrec UTS,

is obtained by connecting all pairs of initial vertices. Formally it is given by

- V=V\I"+ I\ 1+ 10 x [T,

- I=1"x1I

S T=(T°4+T 4+ T x I' + T x )NV,

—E=EON O+ N+ E 4+ withT =*F x ' (i<2),
fore € EI\*T' 9,(e) = di(e), Bi(e) = i(e),

L(e)=Le) (i<2) and

~ for (e,v) €E B,(e,v) = &i(e), Bile,v) = 8i(e),
Le,v)=LiHe) (i< 2)

10



] b,

by . » Pe Fe
2-3 EXAMPLE. If#° = a/ \ and 7l = cl ld then x° 4 ! = f/r,l\ /{& '
. . L) . » . . . . L)

If an UTS admits edges that are incident on its initial vertices, there is a complication: if we were to

e

. ‘ b .
apply the above construction to 7% = Q and 7! =%+ — e then we would obtain the wrong

a

b
S 3 a
result Q * instead of the correct .\5\5 Qa .

a

[ ]
This is in fact a well-known problem with a well-known solution; see e.g., [BK84]. For the general
construction, first add fresh copies of *I* to n* (hence, also fresh initial nodes) so as to defer cycles until
the initial choice has been made. Define for # € UTS, u(x} =7 € UTS by

-V=V+73,
-T=£+91,
-1=1,

-T=T, and

- for £€°T 8,(6) = 8,(e), Be(?) = dule),
L(€) = L{e)

E.g., we haveu( ,Da ) = i..L,.Oa .
v v v

For arbitrary #%, #t € UTS, define

70 + 7! = u(7%) + u(x!) .

The induced transition relation is

a ) a
gl —F i A — 7O

a . a _
P 4+a —F if gl —F

Because there are no cardinality constraints on vertex and edge sets and because + is commutative, we
can easily define an infinitary version of choice composition on arbitrary sets of uts’s.

2.1.4 Sequential composition

For 7%, 7! € UTS the sequential composition
77l =7 e UTS,
is obtained, basically, by identifying the pairs in T® x I'. Formally, it is defined as
S V= WA\TO 4 VNI + T x I,

e, T={v|vel}

11



— E=EO\(*TOUTO) + £\ (*I* U I *) + £, where
E=(TOUT ) x '+ (*I*UI'*) x T?,

- I=(I"uI'xTHnNV,

-T=(T"UT’x I')nV,

- fore € ENES B,(e) = Hi(e), B(e) = Bi(e),
L(e)=L'e) (i<2) and

— for (e,v) € Eec&i By(e,v) = 8i(e), Bi(e,v) = Bi(e),
Lle,v) =Lie) (i< 2)

® *° by G

® ——5n —-
24 ExampLE. If7® = b O and ! = * * then
aj a
"0-—-6—3-0

/'.._a_—}.
0.1 _
LARE

O

a
The transition relation of 7% ; 71 satisfies
a ] a
r — 7l i A R

2w i LR e T NI £

For future use, the set of environments ot contexts, C, with typical element CJ[-], is defined as the
smallest set such that ’

- [Jec,
~heM, c€{ll,+:}, 7€UTS, C[]eC = hK(C[]), 7oC[], CllomeC.

Hence, a context C[-] is a system with a ‘hole’ in it. Then, C[r] is the system with 7 plugged into the hole
so that C[x] € UTS. Obviously,

Cl], Clle¢ = C[C[1lecC.

I.e., contexts compose.

12



3 A refinement notion: failure refinement

As argued in the introduction, the pre order, 71, should be determined by

<1%¢ C <nle- and @
YC[]eC Cx) 2 ClxY].

The second part of this condition implies that J is a pre congruence w.r.t. the combinators with which
contexts can be constructed. The rest of the section develops an explicit characterization of J.

Based on (4), 3 can be defined as a greatest fixed point: first let R = P(UTS x UTS)—the set of
relations over UTS. Define a functional F: R — R by

FR)={ (% 7') e R| <% C <nle-, VC[]eC (C[s°],Clr'DER}.
Then, we have
7!l <= ReR (=", 7)) e R& RC F(R),

whence
3=J{ReR RS FR)} .

This characterizes J as the greatest fixed point, vF, in the standard lattice of relations (over UTS).
Obviously, F is monotonic in this lattice so that the fixed point exists, indeed. Standard theory also
implies that

2= [) 7R,
anrd
where the approximants, F©, to the function F are defined by
F° = Azaz (ie., the identity function) and
F* = )u:.}'( m fﬁ(x)) fora>0.
B<e

We compute the first few approximants to 3, F*(R):
FUR)=R; FUR)=F(F(R) ={(",7") | %1’ C on'a-};

and

FAR) = F(F\(R)) = {(w",wl)efl(ve)

~omla- C orlo-,
vC[] € C (C[x°],C[]) € F! (R)}

{(z% 1) | v7%¢ C wnte~, VO[] € C «4C[r%¢ C C[r']e-}
{(=°,7) | ¥C[] € € +C[n"]e- C <Cm']e-} ,

since [-] € € and [x] = 7. Finally, #3(R) = F2(R) because contexts can be composed.
From this we obtain a new characterization of 1:

H

7 D! <= VYC[] € € ©C[r% e~ C <Clr']a~ . (5)

This shows that whether or not #° J 7 holds, depends not only on the observable behavior of the
components, 7% and 7!, themselves but also on what a system in which they are embedded can ‘sense’
about them.

The following is the standard example showing some of the nature of J as defined by (5):

-3
.
*s "o

Let 7% = “l lb and 7l = al\ (a,b € A?). Clearly, n%¢ C <pr'e~. We claim that 7° 2

L J L J * *

71, For this we must construct a context, C[-] such that «C[x%¢- € ©C[n']e-: take C[] = hohs(x || [])

13



withr="e— % oe ,ho=[a— &, b 6] and hy = §{c/aa}.

Then hy(7[j#%) = P02 o o ae and

, so that £¢6 € ©C[7%)e~ but £6 &€ < C[x!]e~.

Thus we see that J depends on the actions that a system may refuse to do at some point in a
computation. A context tests this by offering synchronization and disabling the (non-synchronized) actions.
This construction is canonical and, granting this, it implies iImpossibility of such a test in case the tested
system can still do a local action—as these do not synchronize—or the system can diverge—as this cannot
be prevented.

. . . o2l 0
Sequential composition allows additional differentiations. Consider 70 = and 7! =

by b

*— e

L

* * and take a context Cl]=C[[];#—2—=9 | (C[] is the context of the previous example).
D.D b ®

Then ¢é € <C[n%]¢- and e6 ¢ ©C[r!]o- so that 7 Z «! although 7" = wrle-.
Before offering an explicit characterization of J we need some definitions.

3—1 DEFINITION. Let r ¢ UTS,v €V and F C A U{|}. Then
o stable(v) <= L(*v) C A] ; write stable(w,v) if 7 is not determined by the context,
o wfails F «= Jv €1 stable(v), FNL(*v)=0& | € F=-|{v).

So, a node, v, in « is stable if it cannot diverge and there are no transitions with a local action out of it. It
means that a suitable context can control the behavior of 7 if it is “at” v. In particular, # can be caused

to deadlock and, more precisely, can be caused to fail certain global actions; namely, any set of actions
F € A9 that satisfies 7 fails F'.

Now we can state
3-2 THEOREM. Define the relation [[ C UTS x UTS by
PLrl = orfeCorle-&
Vs € A*, F C A? 70 after s fails F' = ! after 5 fails F .
Then J=10,.

The proof, which is given in the appendix, is by showing two-sided inclusion. The case J C [ is
proved by assuming that #° [ 7! and then constructing a context, C[] € C, that makes this explicit:
<C[r% e~ ¢ <C[rl]e- {whence 7° Z #!). The case <n'¢ € nle- is trivial. Otherwise, for some
s € A* and F C A{, we have 7° after s fails F' but not a* after s fails F'. Let a € F\ {|} if | € F and let

14



o = § otherwise. Take a set A = {z,y, 2} UZA with A = {@ | a € A(s)} such that AN (A(z°)U A(x!)) = .
D. .

Construct a context C[-] = hohaha Y|z I [1; lf' ,with hg = [a— 6, a &€ AU {z}],

by ———

w Y
hi=[a—ad, ac A(s) N Al and ha = 6o [(a,2) = G, a € A(s) N A%; (a,y) — 2, a € F\ {{}]. We have
36 € ©C[7% ¢ but 36 ¢ <©Clr']e~.
The proof of the other direction, [T C J, uses induction on the structure of contexts and is an easy
corollary of four lemma’s which express the behaviors and failure possibilities of «° || #t, ("), 70 4 !
and 70 ; 7! in terms of the behaviors of, respectively, #° and #!.

First define for notational ease
[r] = <me- U {(s, F) | = after s fails F'} .

Obviously, (s, F) € [#] and F C F imply that (s, F) € ff].
We may interprete [ - || as the semantics corresponding to [; we have #° [ 7! <= [°] C [#!]. In
fact, the lemma’s below show that [ - ] is compositional.

3-3 LEMMA.

. l]:')rU“?rl]]: {Splasip’ellri]] (i<2)s€so ”s p= P “PI}U
3 A O T 1 s 8
(s, F) ‘ F(C Fo)nep ]]F( ﬂ<(-*42' \IEpO)IgL“ { Py = _where

L ifp=pt=| _ ,

- plprt=41, ifpl=torpl=1 (hence, p° || p? is partial),
6, ifpl =pt=4§

— 80 || st is defined as follows:

Let h = 60 a|X — a, a € A with X & A(s°) UA(s!); let ¢ € H be given by e(X) = 7.
Then

sesls! o= TO,F el o = (&) (G S 1) & 5= (h(D,5), oy € (AN (XD .

In the definition of s° || s' we should be able to modify s° and s! into ° and 5! (of equal length) by
inserting X-actions (s = e(3)). An X-action in s° should signify a non-synchronized action in s! and vice
versa, which is ensured by having s € (A \ {X})! so that s does not contain any X-action. The parallel
composition fails any action, a, that both components fail (a € F° N F'!) except if @ obtains from the
synchronization of actions in the component (a ¢ (A7 \ FO)|(A?\ F1)).

3-4 LEMMA.

o [a(m)] = {h(s)p|sp€ dre-}U
{h(s)T | 5] € wme~, s € A, h(s) € A*} U
{h(s)6 |3F C A9 (s, FU{I}) € [n], AT\ F Ch™Y(8)} U

3 Ad (s, F T
{("(SJ’F) thl(eA’)rgAﬂ)CE%‘I L ¢ (@ U B9 U1\ e (As))nm}}

So, h(r) acquires additional divergence possibilities whenever an infinite sequence is renamed to a
finite one; it acquires additional (maximal) computations in case all successor actions of a stable vertex
are disabled; and it fails a global action, a, only if A(7) remains stable (h=1(A}) N .49 C F) and either
a is the renaming of an action that = fails (a € A(F)) or a is disabled (A(a) = 6) or a is erased and not
introduced again by a renaming (a € A~1(7) \ A™1(A9)).

15



3-5 LEMMA.

o [ +xf= ([°JUr']) N (At x {1,1,8}UAt x 241) U
{(e, FOnFY) | (e, F) € [7] (i < 2)}

After the initial choice has been made 7° + ! behaves as one of the components; before this has
happened, only actions that both components may fail can fail in the choice.

3—-6 LEMMA.

o [°; 7] = [F°)n (A* x {1,6)UA% x {I}uA*x 24T)u
{s%'p! 1 6% € [x%], |s°| < w, s'p! € [x'J} U
{(s°*, F1) | 5°} € [*°], 1s°| <w, (s}, F}) € [n'], s' # &} U
{(s°, FOn F1) | s°] € [=°], (e, F!) € [=']}

As for the last clause: if (s°, F'9) corresponds to a computation in #° ending at a terminal node v
(which is stable in #°), then 7 ; 7' can fail the actions that both x° can fail at v (F°) and x! can fail at
some initial node (#!). In case there is no such correspondence, (s°, F°) € [x? ; n1] by the first clause,
whence we already have (s°, FON F!) € [a°;#'J as FONF! C F°

The proofs of these lemma’s are tedious but not really difficult. They follow from the corresponding
uts constructions.

4 A verification criterion: failure simulation

For refinement of 1st order transition systems—usually taken to be inclusion of behaviors—the paradigm
of a verification criterion is that of Milner simulation [Mil71].

The idea behind this is that in order to prove that <on%e- C <m!¢- one sets up a relation between the
nodes of 7% and 7', such that every initial node of #° is related to an initial node of #!. Such a relation
should be inductive in the sense that if any two nodes vo and v; are related (v* € V*) then for every
possible transition out of vy there must be a corresponding one out of vy (i.e., having the same effect) such
that both reach nodes that again are related:

A Milner simulation from 7° to 7! (both in UTS) is a relation M C V0 x V! satisfying for every
VoV, v eVl el ac A:

1. ‘UoEIO == 301611 o M‘Ul,
2. %cgMuy, L%eg)=a = Fe; €°'vieyMe} & L1(e;) = a, and
3. vgMvy = T(’Uo) = T(Ul) & l(’(}u) = 1(01) & (5(’00) = 5(1)1) .

Clause (3) is not part of the usual definition of Milner sirulation but is needed by our particular choice
of behavior. The second clause is illustrated in the following picture:

a
v @ e e e e e e e e e R e — e - - - — > @
e \‘
1
M ' M
1
/
7
a 4
[ J X J
€o
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where the dotted parts are the things that have to be found.
Alternatively, if we assume that the transition relation of an uts # can be interpreted as a set of
relations, (T;)ze4 on V x V, by

v, w<=Je€®vnuw® Lle)=at,
then a Milner simulation, M, from #° to 7! can be defined “relationally” by
1 1°c T,
2 MT 702 C T MT, and
3’ as (3).
Viewed in this way, it is more natural to consider relations on V! x V0.

If such a simulation can be set up, then this allows one to construct with every behavior of #° a
corresponding one in w!—this is the essence of the inductiveness condition. In other words, the criterion
is sound.

Even if 9r%¢- C vxle-, such a simulation need not always exist. The standard example is #° =

*

. V and 7! ="e—% e | for which there is no Milner simulation from #° to #!: whatever
[ ]

N D.-——béi

-
initial vertices are related, either the a or the b-transition of #° cannot be mirrored. In other words, the
criterion is incomplete.

This is well-known; as is well-known that if #! is deterministic, there is always a Milner simulation
between #° and m'. The so-called subset construction is the classical way to turn an uts 7 into a deter-
ministic one, 97, such that $7e~ = w¥re—: vertices of 97 are the subsets of #’s vertices; 97’s initial state
is I; and two sets are related by an edge in 9r, labelled a, if the second set comprises all the states that
can be reached via an a-labelled transition in 7 from some state in the first set [Eil74].

The idea behind failure simulation, which will turn out to be a sound and complete criterion for failure
refinement, is to combine the idea of Milner simulation with the above subset construction to render the uts
(sufficiently) deterministic. First we define a special case of failure simulation (which, incidently, already
is complete):

4-1 DEFINITION. Let 7% 71 € UTS. A simple failure simulation from 70 to #! is a relation R € V0 x 2¥"
such that for every ep € £%, v € VO, V} CV}, a € A:

1. ‘UoEID = ElVlgIluuRVl,
2. %RV, L%eo)=a = 3TE; C*V; e RE} & LY(E,) = {a}, and

3 wRWV = Ju €W T(vo) = (1) & l(vo) = [{v1) & 6(vo) = 6(v1) &
Juy € Vi stable(vo) = (stable(v1) & L1(*v1) C L3(*vo) & L(v1) = [(v0))® .

The second clause can be illustrated thus:

4Hence, if we assume that [*vNw®* N £~1{a)] < 1 for any v,w € Vand a € A.
5By (2) and (3): V1 #49.
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Note that & may be chosen a proper subset of ¥} N*L£~1(a). Le., not every a-labelled edge out of ¥; need

be included in E;. This contrasts with the subset construction which would demand E; = V; n* L~ 1(a).
The third clause checks, in addition, that the deadlock and non termination possibilities “at” vy are

allowed at some node v; € V!: L£3(*11) € L3(*vo) & |(v1) = I(w0); in accordance with Theorem 3-2.

A more relational definition would render clause (2) as
2 RT TP C AT! RT, where ! is the embedding relation on V! x V1: VW if VC W .
The other clauses would stay the same.

This notion of simulation can be weakened without losing completeness which has the advantage of
offering more layway in proving refinement. It can also be made more symmetrical, relating subsets to
subsets of nodes. This we will define now and it is what we will use in the rest of the paper.

4-2 DEFINITION. Let 7% x! € UTS.

e A failure simulation from 7° to #! is a relation R € 2¥° x 2V" such that for every E, C £°, Vo C V°,
ViCVae A:

1. 3(V®)ica C dom(R) 19 = ;. VO & Vi< adVI CI' VORVY,
2. *EoRVA, D£ B0 CENLY - Ya), Eg€dom(R) = ITEC*V E,RE ) &
L(Eo) = LY(EY)
3 VoRVi = VugeVp3v € Vi T(vo) = T(v1) & [(vo) = [(v1) & 8(vo) = 6(v1) &
Ju; € Vi stable(vo) = (stable(v1) & LL(*v1) € LI(*vo) & |(v1) = [(v0))
4. *Eyedom(R) = 3IVp...Vy,edom(R) (EoNL~1(a)) =VoU---UV,,

o write 70 < 7! if R is a failure simulation from x° to x?,
o write 7% < 7! if IR C 2Y" x 2¥' 70 —pT .

Clause (1) says that every initial vertex of #° should occur in some set of initial vertices and that every
such set is related to a set of initial vertices of #!. Clause (2) is a direct generalization of the corresponding
one in Definition 4-1: instead of a simple vertex, *eo € dom(R), there is a set of vertices, * Fq € dom(R),
and a set of edges, Eg C Fo, out of it, every edge in Eg labelled with a, Eo C £9~!(a), and Ey € dom(R).
This is pictured as follows:

18



------------------------------ o \
!/ 1
y 0
___________________________ g ———
1 —e
Vl a 1‘ ; El
v ,’
————————————————————————————— L\a-o ,f
~ -d
a \\
\
\
+ R
R /
y:4
’—'-\\
a /’ 1
. — .
/
! I
L] L J ] { E.
Eo 1 ! 0
/
a A
. S ) L
-~ -

The additional clause (4) ensures that for every @ € A the vertices reachable by an a-labelled edge from

* By are covered by sets in dom(R). This is vital since we must construct for every computation in z¥ an

equivalent one in #!.

Relationally, clause (2) would be expressed as
2 RT 070 C JT1RT .
As the other clauses would stay the same, the relational view is not really worthwhile in this context,

The freedom to use simulation relations that are not functional is quite essential. In the example below,

the only simulation relation, R, that can be set up between the two (trace) equivalent systems, is the one
shown.

4 3
7l = "oy\ ‘\\\K./b/ T\.—az-
! T /‘ra/’ N /‘/ !

f~1
;/
[ B

. -
;\//

The two indicated positions show that neither R nor R¥ is functional.

Note that R is a Milner simulation as well. This shows that the counter example is not a quirck of the
particular simulation notion that we have shown.

The rest of the section gives the soundness and completeness proofs to show that J = —. Fix some
70, 71 € UTS and let R C 2¥° x 2V,
4.1 Soundness

The proof is based on the following auxiliary



4-3 LEMMA. Suppose 70 <p 7', Then, for any s € A* and vo € =° after 5 there are Vo C 70 after 5,
Vi C w! after s such that vy € Vg and Vo R V4.

Proo¥. Induction on the length of s.

s=¢) 70 after ¢ = I°, hence clause (1) in the definition of failure simulation supplies a V5 C I° with
vg € Vp and V; € I! such that V3 R 1.

. o _ _ _ a
§ = Fa) vg € 77 after s implies there is a T € V° such that Ty € 70 after 5 and To; 77 —— wvg; 70.

Induction gives a Vo C V° and V; C V! withTo € Vo and Vo R V1. Let By € *Vg and Ep = EonL® " 1{a).
By assumption, Ep # @ and so Eo # 0. Since *Ey € dom(R), clause (4) gives a Vp € dom(R) and
vg € Vp C EU Let Fg = E‘o NVy. Clause (2) 1mp11es existence of a set £y C *V such that E0 R El and
LYE)) = {a}. So, define Vy = Ep and V; = El Then vg € Vo € 7% after s, V; C n! after s and ¥y R V4.

4-4 THEOREM (Soundness). — C J.

PRoOOF. Choose 7 g 7. First take some sp € «1%¢~. If s € A*, then there is some vy € V® and

AN vo; ™ with p(vg) true. By Lemma 4-3, there are Vi C # after s (i < 1) with vy € V5 and ¥y R V4.

By clause (3) of the definition of failure simulation, p(v1} holds for some v; € V1; whence sp € <rle-°.
If s € A% then for every 5 < s (by definition § € A*) there is a Ty € #° after 7 and again by the previous
Lemma, 7! after 5 # 0. Hence, s| € orle-.

Next, let 5 € 4% and F C .Aﬁ. Assume that #° after s fails F holds. This implies a vg € x® after s such

that stable(vo) holds and F N L£)(*ve) = @. The same argument as above gives a v; € x! after s, also with
stable(vy) being true, F N L3 ('vl) 0 and =|(v1) if | € F. Le., x! after s fails F holds, too. o

4-5 CoROLLARY. If there is a simple failure relation from 7° to x!, then 7% J «!.

PROOF. If R is such a simple failure relation, then =0 =g 7! holds with

R= {({”U}’Vl) I (vo, V1) € R} -

4.2 Completeness

Completeness can be proved directly and we state:

4-6 THEOREM (Completeness). I C —.

PrOOF. Let 70 2 7! and define R C 2V° x 2V by
= {({vo},Vl) I s € A* #° —s—rvo;wo & 7l afters = Vl;’frl} .
We show that =° “—R 71 holds:
1. By taking s = ¢ we immediately obtain that {ve} € dom(R) and {vp} R 1! for all vy € I°.

2, Let *Eo R Vi, Eo C Eo N £°~1(a) and E, € dom(R). By definition of R, we must have Eq = Ep =
{eo} and £%(ep) = a. Also, x° N *eg; 2, e}; 7°; whence, if E1 = *V; N £ ~Y(a), E; R E] and

LYEo) = L1(E)-
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s
3. Vo R Vi implies Vy = {vg}. Choose an s € A* such that 7% —— wvg; 7% and #! after s = Vi; =1,
If p(wvg) is true then sp € <ws~; whence, by assumption sp € ~bml ¢, which in its turn implies that
5
p(v1) holds for some v; € V; (because 7t — vg; 7! = v € W),

Next, if stable(vo) holds, F N.LY(*ve) = @ for some F C A{ and | (vg) if | € F, then 70 after s fails F is
true and, again by assumption, so is 7! aftersfails F. From this conclude that stable(v;) holds, FNL (*vy) =
@ and —{(v1) if | € F for some v, € V.

4. Let *Ey € dom(R) and ® # Ey = E¢n L% ~1(a). Hence, Eg = {eo}, £%(en) = @ and for some s € A*:
o = Yeg; w0 2, e3; 7°. This implies that {8} € dom(R). o

4-7 CorROLLARY. If 0 2 =1 then there is a simple failure simulation from #° to =1,
Proor. If R is the relation as defined in the proof of the completeness theorem, then
R = {(w0,14) | ({0}, V2) € R}
is a simple failure relation from = to «l. o

So, both failure simulation and simple failure simulation are sound and complete verification criteria
for proving failure refinement. Note that if in clause (3) of either definition we ignore the part concerning
stability and the next possible moves, the resulting simulations are sound and complete criteria for trace
refinement: -on%¢~ C owle-. This is an easy consequence of the above soundness and completeness
proofs.

5 First order transition systems

In a first order transition system, there is an implicit notion of state and edge labels now denote tests and
actions that depend on, respectively, update the state.

¢ Given a signature I, let Act(T) = Gact(X) U Lact(X) be some set of action over T partitioned into
Gact{X)—the global actions—and Lact{E)—the local actions. The ‘actions’ § and 1 do not appear in
Aet(E). The precise form of these actions does not matter at this moment. We do need that given a

T-structure, A, there is a function, ﬂ-]]A:.Act(E)T -+ 25%5 that gives the input-output behavior of the

actions. We (arbitrarily} assume that [[TBA = Idg. For the rest of the section, fix some Z-structure, A.

e The class of 1st order transition systems over Aci(L) is TSA“(E) (TSg or just TS) and is defined as
{ (8:,8::E— VI, T, L: £ — L(T) x Act(Z)s7) | |E} and |V] are finite } .

So, a 1st order transition system (ts), also denoted by 7, is a transition system whose underlying graph is

finite and each of whose edges is labelled with a test from L(X) and an action from Act(E). Write Li(e),
respectively, £%(e) for the test, respectively, action associated with e.

® As for the meaning of a m € TS, we can define, like for uts’s, transition relations, —-a—)», for a € Act(T);
this time as relations over TS x &:

T, W T > 3ee*I A0 = LYe), (0,7 € L, F=eti7. (6)
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These relations fix the behavior of a Ist order system, as they do for uts’s.

o The next step is to associate with every 7 € TS an uts *x which has the same behavior as =.

The transition relation defined above gives the general idea: the vertex set of *x will also record the
state; an edge label in *x will also include the state-transformation.

Given 7 € TSACt()]), define tx € UTSSx.Act(E)xS by

-Y=VxS8,
—tS:SXEXS,

t8,(c,e,7) = (*e,0) and 8,(c,e,7) = (e*,7) iff A, 0 |= L(e) and (0,7) € ﬂ:ﬁ“(e)]]A,
tf=IxS8,

- =TxS§S, and
- L(0,6,) = (0, £¢), 7).
Hence, we shall have A' = 8§ x Laci(T) x § and A7 = 8§ x Lact(T) x S.

¢ The following easy to prove correspondence holds between = and =

a 1] (UJa’?) —
o —T,0 & T —— .

As to the adequacy of the iranslation, we can state the following.
First note that — as defined by (6) is a relation on TS x 8. We define bisimulation, &, on TS x §

as follows:
70 = ! iff there is an R C (TS x §)® such that for every o% ¢! € S: (7°,6°) R (7!, 0!) and
1. =%, 9 —a~—>ﬁa,?° = IFh, 7! 7l 0! L?‘,El & (7%, 9% R(7,7"),
a
2. 7l6l —F,F = IF70,¢° #0,0° i»ﬁ",?” & (7°,7°) R (%!,7!), and
3. (@06 R(xl,0l) = o%=c! & Yvg € I° p(vg, %) = Fvy € I p(vy, 0t)
Since this definition does not depend on the cardinality of ts’s, it also defines bisimulation on UTS (=
UTS x {*}).
Now we have
Forany 7,71 € TS: 7%= 7l iff *n0a~ ixl.
So, ' indeed is the ‘correct’ translation of 7. With this correspondence, we can have <b1a- = 7o
for m € TS. Also, we can define refinement for first order systems simply by
37l = 2 0tal (2% 7' eTS). (1)

It would be better to write A = 7% 2 #1 instead of 77 J =! 5o as to stress the dependence of the definition
on the structure A.

This canonical translation, ®.: TS — UTS, can be used to formulate a notion of simulation that is
defined in terms of the vertices and edges of first order systems. This is the subject of the next section.

The above gives a general, abstract set-up to deal with (refinement of) first order systems. The key
step is the translation .. This allows the principles developed for uts’s to be ‘lifted’ to first order systerns.

22



The definition embodied in (7), which is based on it, implies that 2 will be a pre-congruence for any
program combinator on ts’s, C(-, ..., ), such that

C®,..., 2", 0 2 C@,...,7),7 <= C(°,. .., ") (@,2,9) 1ok U O
where 'C' is defined using the combinators of the uts algebra.

The remainder of the section gives some examples. We instantiate Acf(X) so as to have assignments
to local and shared variables and to have synchronous communication actions. We then define a parallel
composition, -|| -, an encapsulation, Enc(-, enc), and a hiding operator, Hide(-, V), for such ts’s. Encapsu-
lation turns shared variables into local ones as specified by the function enc: Sver — Pvar; hiding makes
the values of the private variables in ¥V C Puvar unobservable.

So, first partition Var into Pvar and Svar. Puwar is the set of private variables that can be accessed
by at most one process; Svar is the set of shared variables. Also introduce a set, Chan, of channel names:
communication will occur along channels between exactly two transition systems. Then, we define Lact(X)

and Gect(X) by

Lact(¥X) = {z:=e]|z€ Puar, e€ Tm(X)}|J
{C:z:=e|z€ Pur, e€ Tm(T), C € Chan} ,
Gacl(Y) = {Cle{C € Chan, ec Tm(Z}}J

{C%z | C € Chan, ¢ € Pvar}J
{(W:z:=e|We{E,S}, z€ Svar, e € Tm(L)} .

We shall also use Pvar, Svaer and Chan as functions: Pwer(w) C Pvar is the set of private variables
that appear in 7, etc. .

The intention is that z := e is an ordinary assignment to a private variable; C : z := e denotes a com-
munication along channel C, causing z to obtain the value of e; Cle, respectively, C?z denotes the action
of sending the value of e along channel C| respectively, receiving a value along channel C and assigning
it to the variable z; and W : « := e is an assignment to a shared variable where W indicates whether the
assignment originated in the system, W = S, or whether the system’s environment is responsible for it,
W = E. The latter type of action needs some elaboration.

As a comparison, first lock at communication between processes. I C is a channel between two
processes x? and 7! then 70 should only be able to perform a C?z-transition if 7! simultanecusly executes
a Cle-transition and vice versa. Hence, 70 || 7! will be defined as hoh,(*x° || *#'), where h;, among other
things, maps C7¢}C'e onto C : z := e, denoting a successful communication, while the renaming function
hp, among other things, renames C7z and Cle to § to enforce synchronous communication.

Now, if we look at assignments to a shared variable, x € Svar, occurring in % then, in principle,
7% does not control when its environment assigns to z. Yet, in a program Erc(x® || #l,[z ~— 3]), in
which z has been made a private variable (y) of 7° || 7!, we must make sure that every assignment to
z originates in either #° or w!. The way this is solved here is by explicitly indicating from where an
assignment to a shared variable originates: in the system, S, or in its environment, £. In the definition of
70 || 7, hohy (*x° [| *71), Ay in combination with ko will also map S:z :=e¢|F 2 :=einto S:z:= e and
E:z:=¢|E :z:=¢cinto E: x := e. The former pair indicates that an update by 7's (i < 1) environment
is in fact performed by w1—%; the latter pair indicates that the update originates in the environment of
both 7% and #1. Also, Ay maps any “unmatched” S:z:=¢ and E: & := ¢ into § to enforce consistency.
With this set-up, encapsulating x in 79[| 7! then means, among other things, that actions E : » := ¢ are
renamed to §, since 7° and o' now are the only processes that can assign to . This way of modelling
shared variables was already used in [BKP84].
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o Next, we must define the semantics of the actions. This is straightforward:

fx := ns]]A =[W:z:= ue]]A = {(0,7) |7 = o{o(e)/z}}, W€ {C, S E},
[Cle]® = Ids,
[c2a}® = {(e,o{v/z}) | ve |A]} .
Now we are ready to define the program combinators. The strategy will be to first define the required

behavior by transition relations and then constructing a translation that will generate this behavior. We
shall not give proofs of our claims below.

o Parallel composition. Given 7%, 7! € TS, #° || ! is defined if Pvar(z®) N Var(z1=*) = @ for i < 1.
Define Chan(x® || 7!) = (Chan(z")u Chan(vr ) \ (Chan(x®) N Chan(x!)). We want #° || 7! to behave as
follows:

—w“,ai?",if = #0|a! o--a—mr“||7r 7 ifae Lact(X),
70 Cle
O —— T, 0 C:z=¢e .
- e = | re —————7|| 7,7 ifF(z) = ole) and C € Chan(m;)
7I'1,O' : leﬁ
i<,
o E:z=e _,_
g ——7%,0 0l o1 Wi zi=e _;,_1
- Wepo—e = 7| r,e ——— 77,7 for We {5 F}
wle—"""".FF

~ || - is commutative.

So, in particular one sees that an update of a shared variable must be ‘allowed’ by all components. One
should not interpret this as a system specifying its environment, but rather as a system that makes certain
assumptions about how its environment behaves. Apart from obtaining a simple transition relation, this
has the additional advantage of giving a program some control over access to a shared variable. E.g., a

program "o-—S—x—_—-I—)o (z € Svar) effectively says that it has exclusive access to z because it does

not include any environment steps.

In order to construct !(a® [| 71) so that

a,a)_h

Pt o LT e ) T ),

we first define for 0%, 0! € § such that ¢ [V = ¢! [V where V = (Var(x?) N Var(x!)) UV\ Var(=?[| x1)¢:
(6® +ot)(2) = {" (2?), if 2 € Var(x®)

1(z), otherwise

) _JWiz:=e, if{a,b}={F:a:=¢W: :c—e}andWE{ES}
Also,fora,begact():]).a+b—.{c:x:=e, if {a, b} = {Cle, 7z}

Now we set *(n% || #1) = hohy(*n° || t7!) where
- k1 =60[(0°a,7)(c*,,7) — (0% + 01,0+ b,5° +7F!)] and
- ho((6,W:2:=¢,7)) =(0,W :2:=¢,5) for We {5, E},

ho((o, W 12 :=¢,7)) =8 for W€ {S, E},
ho((e, C?2,7)) = h((¢,Cle,7)) = 6 if C € Chan(x®) N Chan(r?).

6 Formally, we should define what Var(r? || 1) means: it means Var(n®) U Var(n'). Such trivial extensions of Var(.) and
the other syntactic functions, however, should be clear.
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It is not difficult to see that (7 || #1) behaves as suggested.

e Encapsulation. Given 7 € TS and enc: Svar — Puar, in the system Enc(m, enc) the variables in
dom(enc) are no longer shared with 7’s environment and are renamed to private variables. Obviously,
Enc(m, enc) is only defined if enc is injective and ran{enc) N Pvar(r) =

For an action a let enc(a) be the action obtained by renaming the variables (if any) according to enc.

inp—l
Also, for a state o let enc(o) be the state & such that: F(z) = { ;E:;c (), ftﬁefv:;::(em:)

Then, Enc(x, enc) should behave as follows:

enc(a
-0 iﬁ"ﬁ'—,?f =  FEnc(r, enc), enc(o) ——()—> Enc(T, enc),¢ provided

a=FE:z:=e¢=z ¢ dom(enc) and 6(2z) = { :E;S?)(m)’ gt:efwci:?(enc)

The translation, ! Enc(m, enc), is given by h(*x) where

- _ )6 fesFE:=z —eandxedom(enc)
- h{(0,0,7)) {(enc(a) h(a),o), otherwise
and @ is defined as above.

Again we have

(o,0,7)

Enc(m, enc), o 2, Enc(T, enc),& < 'Enc(w, enc) ————— * Enc(7, enc) .

e Hiding. Given 7 € TS and V C Puvar, Hide(w, V), makes the private variables in V unobservable.
We want Hide(m, V') to behave as follows:

CmetFF = Hide(r,V),0 — Hide(r,V),5, where 5(z)= {;g; geev

Then ! Hide(x, V) = h(*x), with
- h((0,a,%)) = (0,a,7), where 7 is defined as above.

It is straightforward to prove that

(0,a,7)
—r——

Hide(n,V), 0 —— Hide(7,V),5 <= ‘Hide(n,V) tHide(m, V) .

As we already stated, these are only examples of composition operators for 1st order systems. One can
also define a hiding operator to hide actions or channels. As with encapsulation and hiding of variables,
here too, this is a question of defining the appropriate renaming operator. We stress again that our notion
of (1st order) refinement by definition is a pre-congruence for all such operators.

6 Verifying first order refinement

The intent, here, is not to find any old translation of failure simulation to first order systems, but rather to
formulate it in terms of more or less standard assertional methods for transition systems: Floyd’s inductive
assertion method [Flo67]. For the remainder of the section, fix some #°%, x! € TS Act(z) such that Il
and a E-structure A.

We need to define =g C TS 4 (m) X TS4ce(x) and conditions on g so that #° g «! iff '7° <, p tx!
for an appropriate ‘transiation’ of R. The first thing is to decide how to represent a failure simulation, R, in
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terms of assertions. Obvicusly, R, too, will relate sets of vertices with each other and *R will be a relation
over 2V %S x 2" %5 gince Vi x § is the vertex set of *a'. Now, in an inductive assertion proof, the assertion
assoclated with a vertex intends to describe the states with which the system can reach that vertex. This
suggests to asgociate assertions with sets of vertices and to relate such sets if the corresponding assertions
allow both sets to be reached with the same state. We also know from the completeness proof that which
sets are related is also based on the (partial) computations. Hence, we use an assertion language, As,
in which history variables may occur that have (partial) computations as value; i.e., that are of type
His = (8 x Act(X] x §)*. Note that these history variables are additions to the assertion language and,
hence, differ from what some researchers [AL88] call history variables. These are auxiliary variables that
are added to a program and to which one assigns values so as to encode information about the computation
history. There are some further conditions on As that we shall need later on: As will be a (weak monadic)
second order language in which we allow quantification over sets of vertices and allow membership tests
for vertices, edges and actions (which means that there are variables of the respective types: V, v, e and
a). Also, the signature of As includes functions *., .*, £!(-) and £%(-) with the obvious interpretation.
Since we need to relate two ts’s with each other, sub and superscripts are used in As to keep them apart:
ie., IVoVep € *Vy L9 %(eg) € Lact(T) expresses the existence of a set vertices in 7° such that the outgoing
edges of any vertex in this set is labelled with a local action. Any quantification over vertices, edges, and
vertex sets is implicitly restricted by the ts to which these items belong. Since, these ts’s are finite, such
quantifications can always be replaced by finite con- and disjunctions.

Assume that assertions all use the history variable, . Its value is neither changed by an action in
Act(X) nor does an action depend on the value; also, h does not appear in any test in the label of any

transition in any ta m: Va € Acl(X), s € His (0,7) € ﬂa]]A = o(h) =o(h) & (¢{s/h},F{s/h}) € |Ia]]A
and ¥Y¢ € LYE) h & FV(9).

6-1 DEFINITION. Let 7, %9, 7! € TS.

o A set labelling of x is a (partial) function A:2Y — As; by convention, let o [ MV) for every s € 8
ifV ¢ dom()),

o Given set labellings X° and A! of 7° and 71, the relation [A%, A\1] C 2¥° x 2V is defined by

[0, a = | J[A° A" and
eES
A%,AY, = {(Vo, V1) | 3s € His o{s/h} EX° (Vo) AN (WD)},

o Given a relation [A% \!), define its translation by

A = | J{(Ve x {o}, Vi x {o}) | (Vo, Vi) € A%, A1, } .
gES

The intention is that A® and A* describe the states and histories with which the vertex sets in their domains
can be reached.

Now we ask: what conditions should be imposed on [A%, A1) so that *[A° Al] is a failure simulation
from *2® to *x1? Note that the particular representation influences such conditions and other choices are
possible. This is discussed at the end of the section.

In tackling this, we first concentrate on clause (2) of Definition 4-2, formulated below for *a? and !
where R stands for [A?, Al]:

“Bo'R*Vi, 0#Eo CTEoN L~ (a), "Eg e dom('R) =  FEC*W; 'EjR'E, & (8)
‘Eo(‘Eo) — tﬁl(t}g"l) ,
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Let **Ey = *V57. Now, 'V, 'R 'V; implies there are V5 C V°, Vi C V! and a o € § such that
'V; = V; x {¢} and V4 R, V1. The action, a, is of the form (¢,@,7) for some @ € Ac{(X) and 7 € S.
By assumption, there is a set of edges 'Eg C Ky, all labelled with a. So, ‘Ey = Vo X {} for some
Vo = dOm(Rﬁ').

We need to find a set of edges *E}, also labelled with a and such that *E; C *'V; and 'Ey 'R 'E;. If

we have such a set, there is a V| € ran(Rz) such that ‘E; = V1 x {7}. The following figure sketches the
situation:

(0,7) € [d]

W x {o} :' V1 x {7}

VQ x {?}

Again, the dotted parts have to be constructed.

Now, Vo € dom(R,) means that o{s/h} |= A°(Vy) for some s € His. Likewise, Vy € dom(Ry7) is
equivalent with 7{3/h} |= A%(V,) for an 5 € His. One would expect 3 = sa but this does not follow from
the definition of R. This expectation is based on the implicit assumption that if some set of vertices V; is

reachable by some history s and state o, then actually ¢{s/h} = A%(V;) should hold. Not unreasonable
and we define

6—2 DEFINITION (safe labelling). Given m € TS and a set labelling A if 7.
¢ The labelling A is safe for « if for any V € dom()), s € His, 0 € S

Vx{o} Cirafters = a{s/hR} EAV).
So, let us assume now that

A% is a safe set labelling for x° . (9)

Also, assume w.lo.g. that V5 x {o} C 'n° after s. Now we have Vi x {7} C ‘7 after sa and, hence,
#{sa/h} = A%(V,). Next, consider the *V; that we need to construct. We must have Vy Ry V; and,
therefore, T{sa/h} |= A}(V1). Well, not exactly: we know that there has to be a common computation
with which both 'V and 'V, are reachable but we do not know that sa is the one. Still, this too is a
reasonable assumption and we demand that

A= X(Vo) = 3V M (W) . (10)

"Note that **Eg = '*Ey
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Now, we can take a V; such that #{sa/h} = A1(V}). If we can show that VT C VN L (a) we
are done. Why should this be? Well, basically from the idea that since V; x {7} is reachable in *#! via
a computation sa, it has to pass through V] x {¢} since that set is reachable via 5. Again, two implicit
assumptions have been made here: the first is that because 7{sa/h} |5 A}(V}), these vertexes are in fact
reachable via sa; the second assumption is that therefore the computations have to pass through ¥ x {o}.

Let us define

6—3 DEFINITION (sure and history determined (hd) labelling). Given m € TS and a set labelling A if 7.
o The labelling X is sure for = if for any V € dom(}A), s € His, ¢ € S:

o{s/h} EAV) = V x{o}C'rafters,

o The Iabelling X is history determined (hd) if for any V € dom(}) and sa € His with a = (0,3,7):
o{sa/h} EAMV) =  thereisaV &€ dom(A) such that o{s/h} = A(V) and
for allsuch V: V x {8} C (*(V x {¢})nL£* "Y(a))"

We demand that

Al is a sure set labelling for 7' and is hd . (11)

Then, because Al is sure, 7{sa/h} = A(V1) implies that V; x {7} C *n! after sa. We also have, by
assumption, that o{s/h} = A}(V;). Hence, history determinedness of A! gives that V] C **1;.

We have shown that if A® and X! satisfy conditions (9), (10) and (11), then *[A°, A!] satisfies (8).
This derivation clearly show the different roles played by the set labellings of #° and of 7!, As 7% is
the implementation, we must make sure that every computation of it is also a computation of x1. If
computations are characterized using assertions, then it is essential that such assertions hold along every
computation of 7°. Otherwise, not every computation of #° is mapped onto one of #!. So, such assertions
may ‘err’ on the safe side by being satisfied along computations that are not generated by #°. Of course
we may not be able to prove refinement because of this, but that is a different issue. By the same token,
assertions characterizing computations in #!, the system that is to be implemented, must be sure in the
sense that they should never hold on computations that do not occur in w!. Otherwise, some computation
of 7% might be mapped onto a computation that does not occur in 7!. Hence, these assertions may ‘err’
on the sure side by being invalid along certain computations of #1,

The other conditions of failure simulation are easier to satisfy. Clause (1) reads

3(Vi%ica C dom(*R) 110 = U Wol0kvVicaIViC!'I' ftWUIRWL. (12)
i<a
We have 'J® = % x S and it seems natural to find a covering V0, ..., V;? of I° and to have V? x {0} €

dom(*R) for any o € S and i < n (; remember that 77 € TS so that I? is finite). Similarly for the V1. So,
let us demand that

IV VP € dom(A) I = VU --- UV & V! € dom(AN) VI C ' &
YW dom(M) VICI = A k= <> — AYVY)
where <> stands for the empty sequence; ie., o{c/h} E h = <>.
Choose a ¢ € § and consider ¥V x {¢} for any i < n. As V}? C I?, we have that V% x {¢} C *x0 aftere

and so by safeness of A° that o{c/h} = A°(V;?). Thereis a V' € dom(A!) such that V! C 7! and (hence)
o{e/h} = A} (V1). This means that V° € dom(R,) and that V? R, Vi. Hence,

: (13)

10 = [ {V? x {o}|i<n, c €S} and
Vi<n,eeS,IViedom(Al) Vix{o}C'I' & VO x {c} 'RV x {c},
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so that (12) holds.
Next, clause (3):

thtR:Vl = Yivg € *Vy 3"01 €'V Vpe{T,1,6} p('vg) ép(‘vl) &
vy € V) stable(‘vo) = (stable(*vy) & *LL(*Pv1) €LY (*Pwo) & [ (*v1) = L(*wo)) .

We want to check 1(-), etc. on the level of the first order systems. So we define them as auxiliary
predicates in As:

6—4 DerFINITION. Let m € TS, v €V and ¢ € S.

s ok=(v)iffel=ec v Lie)ALYe) =T,

e gl=i(v)ifveT,

o s |E6(v) iff o l=Ve € v Lie) = Loe) = AV ET,

o o |= stable(v) iff o |=Ve € *v L(e) — L%(e) € Gact(X);,

e g l=enabled(v) = EifoEVe€f e€ £ o (*e=vALYe)).

There is a straightforward correspondence between these predicates in As and their informal coun-
terparts for tx. For 7 € TS and v € V we have ‘o | p(v) iff p{(v,)) (in *7) for p € {[,1,6} and
‘o |= stable(v) iff stable((v,0)) (in *r)’. For the function enabled(-) we have that ‘c |= enabled(v) = E iff

*(v,0) C {o} x E x §. This, too, follows directly from the construction of *.
Hence, we demand that the following holds:

A%(V) A XY(V1) — Vg € Vg (Fuy € Vi Vp € {1, 1,8} p(vo) = p(v1) A

A
a Juy € V1 stable(vo) — (stable(vy) A L1{enabled(v))) C LI(enabled(voy) A [(v1) — L(v0)))

The only moot point concerns the test L}(enabled(v1)) C L3(enabled(vo)). Choose some o with o =
A (Vo) AAL(V1); take some vy € Vg and let vy be the picked vertex in Vi; let o |= stable(vo). We must prove
1tthau; FLL{(*(v1,0)) C 'LY(*(v0, o)) holds. Let o |= enabled(v;) = E; (i = 0,1}, Then, by the construction of
T
*(v,0) = {(0,e,7) | & € Ei, (0,) € [£o(e)]*) .
Now, take an edge ey = (0, €1,7) € *(v1,0) with £19(e;) = a. Then, 'L (*e;) = (0,4,7) and (0,7) €

I[a]]A. As ) € E), there is an edge ey € Eq with £%%(eg) = a, whence eg = (0,€0,7) € *(vp,0) and
L% en) = (0,a,7).

Finally, clause (4):
I'Ey € dom('R) = FV,...'V, € dom(*R) ((Eon? L~ Ya))* =*VouU---UV, . (14)
We define
6-5 DEFINITION (cover). Let A be a set labeling for 7.
e ) covers 7 if for any V € dom(}),a € Act(X) and o € S:
cEAV) = 3V,...Vhedom(N) VT e[l (o) Tle/h) E A AV &
cevel ioTee Vo E“(E;Aﬂﬂ(e)za ,

i<n

where sz = o(h)(0,8,7) .
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Assume that

X% covers #° .

Take some **Eg = 'Vy € dom(*R); let "V = (*Eo N*LY ~Y(a))*, *Vo = Vo % {o} and *V; =V, x {7}.

Hence, a = (0,a,7) for some @ € Act(ZL) and (0,7) € [[E]]A. Then we have ¢ |= A°(V;). Because A° covers
79, there are V,...,V,2 € dom(A%) such that

7{o(h)a/h} ié\n A%(V?) and
clEvel) V0« e € BoNv® LO0%ep) ALO(eg) =T .

i<n
Let *V? = V? x {#} (i < n). Then *VQ...'V? € dom(*R) since V{J...V? € dom(Rz). Finally, (*Eg N
L01(a))* = {(e},?) | en € Ep, o |= L% (eo), £°(e0) =@} and (14) follows.

We have derived a proof rule to establish refinement of first order transition systems. Note that we
have split up clause (13) among the premisses of the rule:

FO - REF

Given 70, 7! € TS with set labellings A% and A®:

i. A% is safe for 7° and covers 7%, IVP...V2 € dom(X®) I’ = VP U ---u V],
2. Al issure for 7! and is hd, 3V! € dom(A}) VI C I,
WWig dom(A) VIC I = A | h=<>— A(VY),
3. Ak A(Ve) — 3V M (VR),
A0(Vo) AN (W) — Yug € Vo (3w € Vi Yo € {1, 1,8} plwo) = p(va) A
Ju1 € V) stable(vg) — (stable(v1) A Ly(enabled(v1)) C L3 (enabled(vo)) A (1) — 1(v0)))
AEa"3nr!

4 AL

Note that removing the last premiss gives a rule for proving trace inclusion. Write |-pg_ggp #° 2 #* if
A | 7% 3 7! can be derived using the rule.

The derivation of the rule establishes soundness. Completeness depends—as usual—on the expressive-
ness of the assertion language. Specifically, we make the following assumption:

For any = € TS and V C V, there is a formula COMP(n,V) € As, such that for any o € S and
s € His
o{s/h} |= COMP(n,V) <= V x {0} = 'rafters .

Note that = and V are not parameters of the formula. Le., we do not need a formula uniformly in 7 and
V. Existence of such formulae means that the semantics of the actions should be definable in As and that
it must be possible to describe the ith record (in § x Act(E) x &) of a sequence for any 7.

Now, define set labellings for #° and ! as follows:

N = [{vo} — \/{COMP(®, Vo) |00 € Vo CV°}, wo € 1]
Al = [y COMP(x', V1), A C VY] .
Observe that

[A%, A= { ({vo, 1}) ’ s € His ta° = (vg, ) tm%, trlafters =V x {or}} .
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Hence, [A°, A1] is precisely the failure simulation (from 7% to 'x!) used in the proof of the completeness
theorem 4-6.
We show that A® and X! satisfy the premisses of FO — REF, in case #° J n! holds.

By definition, X° and A} are both safe and sure.

To establish that A covers 7%, take some vo € V?, a € Act(X) and o € § with o |= A?(ug). Define
(08,00} = {e§ | e0 € "0, & |5 £°¥ea) A L2*(e0) = a}

and let 7 € |{'&]]A(0'). By definition of A° we have 7{s/h} E A<, A°(v}) where s = o(h)(0,9,7). The
second part of the definition of covering, {6-5), immediately follows from the definition of {vJ,...,v2}.

For history determinedness of A1, take some V| € dom(A!) such that #{sa/h} = A}(V1) with s € His
and a = (0,3, 7). By definition of A!, this means that V; x {7} = x! after sa. Let Vi x {o} = *x! afters.
Then o{s/h} |= A(V1) holds and V; is the unique set with that property. Moreover, (*(V1 x {g}) N
£°~1(a))’ =V x {0}

If 11 = {],...,48}, then {v?} € dom(A%) for i < n. Also, I' € dom(A!) and A E h =<>— A(I1)
by definition of Al. Finally, note that V} € dom(A') and Vi C I' implies that Vj = I1.

To show the third premiss, take some o{s/h} |= A%(vo). This means that ¥ x {¢} C *z? after 5 and,
since '1%¢~ C ¢*wle-, that o{s/h} = A1(V}) with 'zl after s = V] x {o}.

Finally, the fourth premiss. Take a ¢ € 8, s € His and assume that o{s/h} | A%(vo) A A1 (W) for
some vop € V® and Vi C V. Hence, (vo,0) € *n0 after s and V; x {0} € *xn! after 5. As 70 J *xl
there is a vy € Vi such that p{(vo,0)) = p((v1,0) for p € {{,1,6} and such that stable((ve,o)) =
(stable((v1,0)) & *L3{*(v1,0)) C $LI(*(vo, 0)) & [(v1,0) = |(vo, 0)). This immediately implies that

o |= stable(vo) = (stable(v1) & *L3(*01) CTLY(*vo) & L(v1) = I(wo)) -
‘We have obtained the following

6—6 THEOREM (Soundness and completeness of FO — REF). Let 7% #! € TS, then
AE-"Jx! iff I_FO—REF 7 Jat .

We get a sound and complete rule for trace refinement of 1st order systems if the fourth premiss of
FO-REF is dropped.

It remains to show how to prove safeness, sureness, covering and history determinedness of labellings.
The next two subsections address, respectively, verifying safeness+covering and sureness+history deter-
minedness of labellings. The intention is to show how the proof of these properties can be reduced to
verifying properties of (sets of) transitions. As such, these proof principles are formulated on a level
analogous to that of Floyd’s inductive assertion method and Manna and Pnueli’s temporal logic proof
rules [MP81, MP84].

6.1 Proving safeness and covering

Proving safeness is a straightforward generalization of proving so-called local correctness of a (Floyd)
labelling in an inductive assertion proof. A Floyd labelling, ¢, associates assertions, ¢(v) to the vertices,
v, of a transition system 7 € TS. Local correctness of a labelling entails (in our notation) that (v,o) €
trafter s = o |= ¢(v) for all s € His and 0 € §. It is proved by showing that

1. vel=Akd(v) & 2 Vecfolde)ALUe) &7 e L] (o) =7 = é(%) .
Property (2) is also called “a leads from ¢(*e) to $(e*)’ and is written ¢(*€} o ¢(e*) (if a = L{e)).

Our case is more complicated because we deal with set labellings and we have history variables; however,
the principle is the same. By convention, bold face letters, V,...will stand for sets of sets of vertices.
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6—7 DEFINITION (leads to). Let m € TS and let A be a set labelling for x. Take some V € dom()) and
Vo,..., V, C dom()). Assume that @ £ E=°*V nLe~1(a) and E* = UUic, Vi

e V.5 Vo,...,V, (a leads from V to Vy,...,V,) iffor all (s,5) € ﬁaﬂA, s € His:
o{s/h} EAV)AVILE) [e€ B} =
i<n o{s/h}EveElyVieoTec Ev=e' ALe) & F{s(0,0,7)/h} EAAV) |V EV]}.

As a convention, V ~2 Vo, ..., V, holds vacuously if either V & dom(}), or V; € dom(}) for some
i<nor E=0,0t E* # [ JU;cn Vi
We have the following proof principle:

SACO

Given 7 € TS and a set labelling A for it:

YWedom(MHVCIm AER=<>— V),
Ya € Act(X), V € dom(}) IVy,...,V, C dom(A) (VN L ~1(a))* = UU:‘gn Vi &
YVo,...,.Va CVV "5 Vy,..., V,
A is safe for r and covers 7

The proof rule needs one assumption concerning the vertex sets with which assertions are associated
in order to be sound:

Ya € Act(Z) YV € dom(D): VB €V a € L(*s) = IV € dom(}) (*VNL "1(a))' =T . (15)

So, if some set of vertices in dom(A) is reachable by a-transitions, then there must be another set in dom(})
from which every vertex in the former set is reachable by an a-transition.
Now we can prove

6—8 THEOREM. SACO is complete. Also, if 3Vy,...,V, € dom(A) I = Vo U-- UV, and A satisfies (15),
then SACQ Is sound.

Proor.

Completeness Take some V € dom{}) and a € Act(X). If V C I then safeness gives A E h =<>—
A(V) since V x {o} C *waftere holds for every ¢ € S. Next, let £ = *VNL3 ~1(g). Because A covers 7, there
are Vo,..., Vi € dom(X) for every ¢ € § and v € { J; ., Vi iff for some e € *vN E we have ¢ |= £¥(e). Since,
7 is finite, there are only a finite number of such coverings. Let Vy,...,V, be these coverings. Clearly,
E* =JU;<, Vi and V; C dom(A) for i < n. Now, take some (¢,7) € [a] with o{s/h} E A(V)IAV{L!(e) |
e € E}. By construction there is an i < n such that c Ev € |J Vi = Je € *V Nv* Li(e). As h ¢ FV(x)
this formula is also valid in o{s/h}. By the same token, 7{o(h)(c,a,7)/h} = A{MV) |V € V;}. Hence,
V4L Vo,..., Va.

Soundness That A covers = is clear. Safeness of A is proven with induction on the length of the
computation, s,

s =¢) Since V x {¢} C *raftere = V C I, this case is covered by the first premiss and the condition
in the theorem.

s = 5a) Let ¢ = (0,@,7) and let V x {7} C *rafters with V € dom()) (and hence V # 8). By (15), there
isa V € dom(2) such that *V N L% ~1(G) = V'. By definition, V x {¢} C *mafter5, whence o {5/h} = A(V)
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by induction, Let E = *V N £%~1(a). Then, the second premiss gives Vy,..., V, C dom(A) such that
E* = U<, Vi and if o{5/h} |= \/{L'(e) | e € E}, there is an i < n such that o{5/h} Fv e |JV;
Je € Ev=ec®*ALec). Wlo.g. we may assume that V € V;. Hence, we obtain that 7{s/h} = A(V). O

Note that the condition in Theorem 6-8 is one of the premisses of FO — REF. Assumption (15) is
satisfied by the set labelling A° used in the completeness proof.

As we know that the existence of a simple failure simulation, too, is necessary for failure refinement, the
rule can be simplified {by requiring that the labelling is a Floyd labelling). Thus, covering would not need
to be checked. We mention without proof, that for Floyd-type labellings (i.e., labellings whose domain
only contain singleton sets) the above proof rule simplifies to

Given 7 € TS and a Floyd labelling ¢ for it:

Ywel: ARFh=<>-—4¢{v}),
Ve €&, (0,7) € [Lo(e)]D, h e His: a{s/h} = ¢({*e}) A Lt(e) =
{s(o, L%(e),7)/h} E ¢({e*])

¢ is safe for 7 and covers &

I.e., one just proves local correctness!

6.2 Proving sureness and history determinedness

The property of sureness is dual to that of safeness. Therefore it should not come as a surprise that the
proof rule below is based on a notion “comes from” (the dual of “leads to”).

6-9 DEFINITION (comes from). Let # € TS and let A be a set labelling for v. Take some V € dom(})
and V C dom(A). Let E =*V LY a).

e V <~V (a comes from V toV) ifeither E=0or*E = UV and for all (0,7) € ]Ia]]A and s € His

7{s(e,q,0) /R EXV) = 3IVEVo{s/a} EXNV) &YV € dom(})
o{s/hAYEAMVIA(Veee V' —TweV *e=vALle)).

‘We have the following proof principle:

SUHD

Let = € TS and let A be a set labelling for it:

YV edom(A): oal{e/h} EMV)=V CI,
Va € Act(T), V € dom(A) : IV C dom(N) V <~V

A is sure for 7 and 1s hd
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6-10 THEOREM. SUHD is sound and complete.

PROOF.

Soundness History determinedness is obvious. Sureness is proved by an induction on the length of
the computation sequence, s.

s = ¢) This case follows from the first premiss.

s = 5a) Let a = (¢,4,7) and take some V € dom(}). Suppose that 7{s} = A(V). History determined-
ness implies that *V N £2 ~!(a) # 0. By the second premiss of the rule, there is a set V C dom(A) and a
set VEV such that ¢{s/h} = A(V). By induction this means that V x {o} C *m after 5. We also have
that c e € V'ioTweVo=ren L(e) because h does not appear in any test in #. This immediately
implies that V x {} C = after s.

Completeness TIE first premiss directly folloEs from sureness of A. For the second premiss, take an
a € Act(X) and some V € dom()) such that @ # *V N.L* ~1(a). As A is history determined, for every s €

His and (0,7) € EaB such that #{s(¢,a,5/h} E )«(_ ) there is a V' € dom(}) with o{s/h} = A(V) and for
any such V: Vx {&} C (*(Vx {e})n*L~ 1((0' a,®))". Because V is finite there are only ﬁmtely many such

V € dom(A). Collect them in the set V. We claim that V S, So, take some (o, 7) € |Ia]] and 5 € His
such that #{s(¢,a,%)/h} = A(V). By construction there is a V € V such tha.t o{s/h} = A(V). Finally,
Vx {5} € (*(Vx {e)NL Y ((0,a,5))" is equivalent with o {s/h} EVee € V' — eV 'e= vl\E‘(e)

{(; remember that h does not appear free in ).

In this section we have lifted failure refinement to lst order systems by first defining a way to describe
a failure simulation in terms of (set) labellings: [A% A']. Then we translated the conditions of failure
simulation in Definition 4-2 to that of conditions on the 1st order systems, using the translation, !.,
defined in Section 5. The tesulting rule FO — REF was formulated in terms of a number of primitive
notions: safeness, sureness, covers and hd. The last two subsections developed proof principles to prove
these properties.

We stress again that the resulting proof rules depend on the particular choice of representing the
simulation relation. Here, we decided to use pairs of set labelings and other choices are possible. One is to
use labelings of type A: V0 x V! — As. This would allow a very direct lifting of the conditions, which would
become easier to state. On the other hand, our use of set labelings is more modular and in a refinement
sequence 7% 3 ! J 72 allows 7l’s labeling to be reused.

Y Conclusions

We have developed a theory of refinement for 1st order programs that is grounded in algebraic process
theory. This allowed us to make use of existing results and—by virtue of a canonical embedding of 1st crder
transition systems into uninterpreted ones—then lift these results to 1st order systems, In the formulation
of the 1st order verification criteria, we have tried to stay close to the spirit of the inductive assertion
method.

This paper has laid some foundations, but there remains a lot to be done. The existing framework
falls short of a refinement calculus. E.g., it is not possible to directly prove that A |= x®}| 7! O x, with
7%, 71,7 € TS, because 7 is not a parallel composition. This would require a special proof rule that
basically expresses how #° || 7! can be seen as a 1st order transition system; e.g., a location in =0 [| 7!
would be given by a pair of vertices, one in #° and one in w1,

Also, process algebra suggests to try and lift axiomatizations of the algebraic pre order to the interpreted
level.

The 1st order systems that we introduced are still one step away from a usable specification language.
Instead of explicitly describing the underlying directed (control) graph, one would like to specify the
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behavior of the actions and have these specifications implicitly define the control graph. This is the
approach taken by Lamport [Lam83, Lam89].

This brings us to another issue: the comparison with other verification techniques for program refine-
ment. For example, in [AL88, Mer90] it is shown how Milner simulation becomes a complete criterion
for trace refinement if one allows programs to be augmented with various types of auxiliary variables. It
should be investigated how these ideas relate to the methods of this paper.

Finally, the paper provides a solid basis to investigate the refinement of general liveness properties,
e.g., using w-automata [Eil74].
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