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RIESZ BASES OF SPECIAL POLYNOMIALS
IN WEIGHTED SOBOLEV SPACES
OF ANALYTIC FUNCTIONS

by

. J. de Graaf

Abstract

The main subject of this paper is the construction of Riesz bases in Weighted Sobolev Spaces
of Analytic Functions on open sets in C. For this two main tools are introduced.

First, starting from weighted Sobolev spaces on a disc or an annulus and supplied with the
Taylor basis, we move to an ‘arbitrary’ open set by means of a conformal mapping. In many
cases our weighted Sobolev spaces behave naturally under an analytic pull-back. The an-
alytic functions in our spaces are characterized by the asymptotic behaviour of expansion
coefficients and by boundary conditions in ordinary Sobolev spaces.

The second tool is of a completely different nature: By means of upper triangular transition
matrices S we construct new Riesz bases out of a given one. Our transition matrices are
diagonalizers of a class of given upper triangular matrices. Thus we are able to make esti-
mations in both S and S~! at once. In one of the applications we describe the domains of
exponentiated square roots of Jacobi operators in ordinary Sobolev spaces on [—1,1]. This
case was left in [GE]. We also relate this to a refinement of Szegd’s result on series of Jacobi
polynomials on an ellips. (Thm 4.1).

Contents:

1. Weighted Sobolev spaces of analytic functions on the annulus.
2. Weighted Sobolev spaces of analytic functicns on open domains.
3. The general functional analytic classification problem.

4. Application to the Jacobi operators.



1. Weighted Sobolev spaces of analytic functions on the annulus.

For an arbitrary subset Q of the complex plane € we denote by A(£2) the set of complex
valued functions on ) which are analytic at each point z = z + iy € Q.

Now let Q be open. For a fixed weight function pu € L1(2), u > 0 and m € INg = IN U {0}
we define

- Houm : AQ)-[0,00],

7o ([ 05 + 15 (e dedy)?
1]

We introduce the complex vectorspace

A2(R 0, m) = {f | flloum < oo}

provided with the inner product

(f,9)aum = [ 1) 5 + £ () F)) w(z) dady .
Q

Instead of the triple (2, u,0) we denote (§2,u). The first special open set §2 that we meet is
the annulus A = {2z | 0 < a < |z| < b < oo} for fixed a and b. The special annulus Ar is
defined by Ar = {2 | e T < |2| < €T}, for some fixed T > 0.

The subset A° C A,0< e < 3(b—a),is defined by A*={z|0<a<|z|<a+e or b—e<
|z] < b}.

For any given weight function p on A the new weight function u. on A is defined to be zero
on the annulus A\ A¢ and equal to u on A°. So, u. equals u near the boundary of A.

THEOREM 1.1.
Let the weight function p on the annulus 4 be such that

e VzEA u(z)= p(lz])

e Je >0 Vze€ A® pu(z) > 0 and u is continuous at z.
Let m € INg be fixed.

(A) Vf€e A(A) Ye>0 Vje INg IM,; >0

sup {150 |2 € A\A%) < Mo [ U (o) dody)*
Ac



(B) The space Aj(A4;u,m) is a Hilbert space.
The functions {z — 2™ | n € Z} establish an orthogonal basis in Az(A4; p, m).

(C) For f € A(A) expressed as a Laurent series f(z) = Y52 _ an 2™ we have

(=}

[ ]
f € A2(A;u,m) <= Z |an|? ||z"||‘24,“‘m = Z 27 o2 |aa]? < o0 .

n=—oo n=—0o0

Here (an)~2 = f2 r27H1 y(r)dr+|(n—m+1)m[? 2 r2(*=m)*1 4(r)dr, with Pochhammer’s
symbol

(n-m4+1)p=n-(n-1)-..-(n-m+1).

So (an2™)9 _ oo is a Riesz basis in A3(A; u,m). (That means: each g € Az has a unique
expansion g = 3 20 _  @n(an2™), with (a,)52_, € Iz, which converges in Aj.)

(D) If p is replaced by v (not necessarily v(z) = v(|z|) such that

de>036>03IM >0Vz € A° O<6<Z_((3<M<°°’

then the spaces Ay(A;p,m) and Az(A;v, m) have equivalent norms, i.e. they are the
same as topological vector spaces. Note that in both these Hilbert spaces the functions
{z— an 2" | n € Z} establish a Riesz basis.

(E) Let j€ IN, 0< j < m. Then

Ve >03IM®>0Vf € Ax(A;pu,m)
IFON < MellfI, + el ™2, -

(F) Let m distinct point z = (zo,..., 2m-1) C A4 be given. The norm || - || 4,z,u,m, defined by
m-1
I|f||424,5,p.m = Z 'f(Zk)|2 + ”f(m)”i’“ ’
k=0

is equivalent to the norm || - || 4,u.m-

Proof

(A) We use the "mean value property” for analytic functions

fO(w) = ¢; p~(23+2) f(z) (z—®) dzdy, j€No,
ho—z[<p A
with ¢; = (27)! (25 + 2);5!. Take w on one of the circles |z| = b — ¢, |2| = a + }e. Take
1
p= ’4‘5.
Let & > 0 be such that on A%‘\A%° one has pu(z) > 4. Now application of the Cauchy
Schwarz inequality to



(B)

(C)

(D)

~(2+2) 5 _ o\
(o) = (E) / G- 4ea
fP(w)=¢; {7 —sl<? J(z) = dady
leads to

|fD(w) € Mejl1flac
) _L . 1 Jj+1
with M, ; = (70)~3 (j 4 1)3 (%
Because of the maximum principle this result extends to the annular domain between the
two circles.

it

Because of part (A) a Cauchy sequence in .A2(A;u,m) converges uniformly on compact
sets in A. So, the limit exists as an analytic function. Further, since u(2) = u(|2]) it is clear
that the functions {2™ | n € Z} are orthogonal. We show that the span of these functions
is dense: Let g € A2(A;u,m) and suppose g L 2" foralln € Z. Writeg =Y 22 _ bn 2",
evaluate (g, 2") 4\ a¢ um and take the limit ¢ | 0. This leads to

bafl"yum + 11+ (0 = 1) ecv (0 = m+ ) [} = 0.
Hence the result that all b, = 0.

Let f =Y o2 _ @n 2" € A(A). Since the functions {2" | n € Z} are mutually orthogonal
in all spaces Az(A\A%; 1, m) we have

oo
I nae = D0 laml® 12"\ e pum -
n=-co

Now let € | 0 and observe that the sum is finite iff the integral is finite.

First we show that we arrive at equivalent norms of u is replaced by g.. On one hand
there is the trivial inequality

II71

On the other hand

Hserm < W pim -

”f“i,u,m = "f”i‘,u,m + “f“i\Aﬂp.m .

The first term is equal to || f[|% ,, m- The second term can be estimated by
(M2o+ M2) ([, 1(2) dew) 171,

because of (A). Next we compare v with g.. On one hand we have

1 1
”f”i.u‘,m = ”f"i‘.p,m < 5 "f”i‘,u,m < z "f”i,u,m .

On the other hand



"f”i,u,m = “f”zA‘,v,m + "f”i\A‘,u,m <

< M s + (20 + M2,) ([ 0(2)dady) 11
A

<M+ (M2o+ M2p) [ v(@)dady} (1 F e -
A

(E) Write

V= 3 lal ke (E=1)- - (k=3 + )P |92, -

k=-cc

Because of ||2*+[|% , < 6% ||2%||% ,, if I € INg, we estimate, with N € IV

W € 3 aal?® k- (k= 1) (b= 5+ DI Y124k
k<N

2
2(m-j3) |k(k'— 1)(k"m+ l)l 2 fe—m |2
IR My () ey B

Let € > 0 be given. Take N so large that forall k € Z, |k| > N, |(k—-Jj): .- (k—m +
1)[-2 p2m=3) Z ¢,

Then the second sum can be estimated by ¢|| f("‘)||f"p.

The first sum can be estimated by M.|| f ”?4,;. if we take

— A : 2 k—3112 ki|—2
Me = _max = (ko (k=g + 1P 171l 17150 -

(F) Because of part (A) of the theorem there is a constant ¢;, which depends only the choice
of 2zg9,..., Zm-1, such that

m-1
3 1f (@) < el fllk, -
k=0

Therefore

"f”i,_z_,u,m < (61 + 1) ”flle.u.m .
For the converse inequality, split
m-1
f=p+ i with p(z)= ) arz*.

k=0

Since p is a polynomial of, at most, degree m — 1, there is a constant ¢z > 0 such that




m-—1
I3, < ez Y Ip(z)f <

k=0
m-1 m-1
<2¢ ), |f(@)+2¢e Y, A2
k=0 k=0

Again, part (A) of the theorem, there is c3 > 0,

m-1
WG S22 D A2 + (2c2es+ 1) |1 fll% -

k=0
Finally,
Walde= X el |43, <
k#0,...,m
)
<™ 3 el ik (k=1) e (b—m+ 1) |5, =
k==0c0

= 0" [l F|,, -

(Remind that b is the outer radius of A4.) O

Note on part (D) of the theorem. In the estimate || - | ... < C|| - |3 ,, m the best possible
constant C is given by

b b b a4e
¢ =1+ max{(f wryr) ([ wryary™, ([ w(ryan) ([ wiryany)
G b—e a a
as a simple monotonicity argument shows.
In the next theorem we consider important closed linear subspaces of Az(A4; u, m) and Riesz
bases for them. We define four linear subspaces A(4;+), A(4;—), A(A;e€), A(4;0) of

A(A) in the following way: f(2) = £ _,, an 2" belongs to those spaces if, respectively,
VinENN : a_n=0,Yn€N : ¢, =0,VREZ : n=08-n, VR EZ : an = —G_p.

THEOREM 1.2
Suppose p satisfies the conditions of Theorem 1.1.

(A) The sets

Wi = Aa(As+;1,m) = Ag(A; p,m) N A(4; +)



W_ = Ay(A; —;u,m) = Az(A; p,m)N A(A;-)

are closed linear subspaces in Ay(A; p, m).

The functions in those subspaces can be continued analytically into, respectively, the whole
disc {z | |2| < b}, and the set {z | |2] > a} U {c0}.

(B) Consider the case A = Ap. Define the mapping Z : A(Ar) — A(Ar) by (Zf) (2) = ().

Suppose 3C > 0 Vz € Ar p(2) < C|z|* u(2).
Then the operator Z is a continuous bijection on Az(AT; g, m). Further, the sets

W, = Ag(Ar;€;p,m) = A2(Ar; p,m) N A(4;€)
Wo = Az(Ar; 0; 4, m) = Ay(Ar; p, m) N A(4;0)

are closed linear subspaces of A3(Ar; u,m).

(C) With the same additional conditions on g, the functions
{Bo, Bn(z" +27"), Bn(z"—-2"")|ne N}
with
Bn = an a_n(eh +al,)F

establish a Riesz basis in Aa(Ar;u, m).

Proof.

(A) Elementary.

(B) First, we show that Z is well defined.

Suppose f € Az(Ar;p,m). I both ||Z f||4, , < oo and ||(Z f)™)|3, , < oo then Z f €
Az(Ar;pu,m). We only prove the second inequality. By induction one shows

=HORMEIOENOR

where the pjm are polynomials of degree at most 2m. These pjm do not depend on f. (Cf.
Faa di Bruno’s formula [AS].)

Put M = sup{|pjm(})| |z € Az, 1< j < m}. Now

/ (2 )W) ue)dady < m? 3 [ 150 (2 )|’ w(z)dzdy .

J=1 Ap

Transform the latter integral z — % and use the condition on p. Then

7




IZ ™ <ma? 3 [ 1D |z|—4,,(§) dady

3=1 Ap

<mmic 3 [ IO ue)dsdy .

y=1 A
After removing the intermediate derivatives with Theorem 1.1 (E), we arrive at

12 fllazum < C1 1flap.im

for some Cy > 0 not dependend on f.

Hence Z is a continuous bijection with Z2 = I. The mentioned subspaces are merely the
ranges of the respective projection operators (I + Z) and 1(Z - 2).

(C) First we show that from our assumptions follows the existence of constants A; and A
such that for all n € INy

*) o<A1<%‘A<Bl.

n

Note that, with b = €T,

b
(a—p)2=2r / r2 (e )dr+
b1

b
+27|(-n)-...- (-n - m + 1)|2 / p=2ntm)+1 p(r)dr .
b—l

Change the variable r — 1. Take n > 2(m - 1)

b
(a=p)? =2r / rn=3 (%) dr+

b1
f 1
+2x[n(n+1)-...-(n+m-1)]2 / p2ntm)=3 (—-) dr <
b1 r
b b
<2rC / ™ u(r)dr+ 22 C W™ n- ... (n+m - 1) / r20 =m0 dr
b1 b1

<27 C(1 + b4 24™) (@,)72.
An inequality of type (@p)? < Cm(@—yn)? is derived in a similar way.

Now consider f € Az(Ar; m,p)




oo oo
1 -
f(z) = Z Gn Cn 2" = apag + Z §(an o P a—n) (Z" +z n)+

n=-—00 n=1
1
+3 E(a" Qp—Gna_y) (2" =2"").
n=1

We write

f(2) = avao+ Y bubBal + 2™+ Y cnBu("— 2™
n=1

n=1

with

= tan(i4 (22) ) (i (&2))F

Because of (*) the sequences (b,) and (¢p) are I iff (a,) is Is. a

Note that in case u is of the form

u(z) = u(l2l) = 12172 x(l2]) x(1=17") ,

with x arbitrary, and m = 0, the basis in Theorem 1.2 (C) is orthonormal.

DEFINITION 1.3.

Let A denote the boundary of A. We have 04 = 9,4 U §,A with 9,A and 8, A the circles
|2] = @ and |2| = b respectively.
For f € A(A) and a < r < b consider the function

fr i [-ma] =€, te f(ret).

We say that f satisfies a boundary condition in the Sobolev space HY(8,A4), v € R, if
fo = limyp fr exists in Hy o ([-7,7]).
Similarly we say that f, € H%(8,4), 0 € IR, if fo = lim,1a f, € Hix([—,7]).

THEOREM 1.4.

Consider the Hilbert space Az(A; ug,, m) with ug,(|2]) = (b — |2)?~! (|2| — a)?*-.
Let f € A(4), f(2) =23l 0 an2™.

The following three conditions are equivalent

(i) f € A2(A; pg,m)

(i) "n™va,)* €ly and (a”|n|™%an)l._o €12



(iii) f satisfies the boundary conditions

fo € H™%8,A) and f, € H™ ¥(HA) .

So the functions {1, b~"n~(m=¥) 27 gnpn—(m=0) ;~n | 5 € IN} establish a Riesz basis in
Az(A;”OV’m)'

Proof.
We apply Theorem 1.1 (C), so we have to calculate the asymptotic behaviour for k — o0
of the integral

b
Yoky1 = / r2h+1(b - r)2v—1 (1' _ a)20—1 dr =
a

1/a 260-1 2u-1
pv—1 426-1 / p—(2k+14+20+26) (l _ ,,.) (,'. _ l) dr =
a b
1/b

1

= BRRHI(h _ gy2v26-1 / (1= 5)26-1 21 (1 s (1 B _Z_) )2k+1 s —
0

_ (1) —(2k+1) (2)20 (b= ayirhae-1
b

a

1

/ (1= s)Pv-t 201 (1 s (1 _ %) )-(2k+1+2v+20) s

0

Note that,for 0< B<1, le N

1
(1B)> / (1— )21 g2-1(1 _ 5 B) ds =
0

1
/ (1-4)** (1B s)™? (1 - %133)' IBds =
0

10




oo
—>/ o 1e?do=T(2w), as l—o0.
0

Since

(@) = Ynp1 + (= m + Dim|? Y2(n-m)+1
we find that the following two limits exist

lim au[b*n™¥]=L; >0,
n-+00

el (2) ] o

(i) <= (ii) We apply Theorem 1.1 (C). Since b > a we have (o} a,)72 _, € Iz iff
(0" |n]™ " an)32 o €12 20d (" |n|™0 an)72_o € L2

(ii) <= (iii) Note that

fi= Y anb"eé™ € H™7V(5,4)

n=-—00

iff (an b 0™ Y)2__ € Iy,

For f, the argument is similar.

As an application of Theorem 1.2 (B) we find

COROLLARY 1.5.
In the Hilbert space As(Ar; pt, m), with p,(|2]) = (e — |2])*~ (|2| — e~ T)? 2,
T >0, v>0,the functions

{1, eI n—(m—v)(zn + z'“), e T n—(m—v)(zn _ z—n) | ne€ W}

establish a Riesz basis.

11




2. Weighted Sobolev spaces of analytic functions on Q C C.

Consider an open set 8 C C and a function ¥ € A(§2) which maps  bijectively onto an
open subset ¥(f2) C A, the annulus of section 1. The linear subspace A(Q;%) C A(Q) is
defined by a pull-back

A ) ={F | F({) = f(¥(£)), (=€+ineQ, fe A(A)}.

There is a bijective linear correspondence

Jy + A(4) = A(Q9), (Jy f) (€)= f(¥(()) »

s0 J4(A(4)) = A(%; ).
Note that ¥(£2) = A implies A(; ¢) = A(Q). The Hilbert subspace Jy(A2(A4; u, m)) carries
the inner product

(F,G)y = (Jg1 F, J;' G)aum -

In this section we investigate the relation between the mentioned ”pull back inner product”
and an ordinary Sobolev inner product in A(Q). In the next Lemma an auxilliary result
concerning the chain rule is presented. The proof is omitted. An explicit expression for the
R,,; is given by Faa di Bruno’s formula [AS].

LEMMA 2.1.
Let f and % be analytic functions. We have

) Fo)™(Q) =3 (9 0 ) (€) - Bmi(0).

1=1

e The R,,;, m € IN, 1 £ j < m, are homogeneous polynomials of degree j in
¥, @), ..., pm=Ft) Put R, ;=0if j < 1or j > m.

® Rmy1; =R ;+ ¢ Bmj1, Ru=4¢"

® Rpm = (%)™, R = (™).

) dy—\™ LS
@) 1) = (Z2) {7 o () = T FOe) sl (2D}

=

THEOREM 2.2.

Consider an open set 2 C C. Let ¥ € A(R2), ¥ : @ — A be injectief. Denote Q¢ = ¢~ (A®).
Let w € L1(f2) be a weight function and let m € INg be fixed. Finally, let 4 € Li(A) be a
weight function on A which satisfies the conditions of Theorem 1.1.

Suppose

12




() sup |9@(C) = My < 00

0<g<m, (Esuppw

(b) Ie>03M, >03M3>0V( € Q°
M2 p($(0)) 1%/ (O < w(€) < Ms u(w(C) | 1¥'(C)I

(c) If m > 0 then
Je > 0 3My > 0 V¢ € Q° [¢'(¢)|™! < Ma.

Then

(A) If (Q) is dense in A, then on A(Q; %) the norms F — ||.I1;1 Fllaum and F — ||F||gwm
are equivalent. So the functions (an(¥({))")32 _ o establish a Riesz basis in A3(§2; ¥; w, m).

(B) Let W be a closed subspace of A3(A;u, m) and suppose that the norms || - ||4,um and
Il - ll¢¢Q),u;m>» When restricted to W, are equivalent. Then on the Hilbert space Jy(W) C
A(Q;9; W) the norms F ||J1;1 F|lg(a)um and F + |[[F|lawm are equivalent. So
(0n(2))ner is a Riesz basis in W iff (6n(¥(())ner is a Riesz basis in A2(Q;¢; W;w,n).

Proof.

(A1) Let F € A(Q;%). There exists a unique f € A(A) such that FF = fo. Fore > 0
sufficiently small we estimate the two terms of

IE i = HF e pm + IF™ e

separately. With Lemma 2.1.(i) and the condition on w we estimate

[ 1o 9™ wi(¢) dedn <

e
< > [ 109 09) (OF se(@) WO dedn.
Jj=1 e

The constant ¢; depends on m, M, Ms and the shape of the Ryj. The latter expression
is equal to

a Y [ DGR ue) dady < ca o -
i=1 4.

The constant ¢, depends on ¢; and on the constants mentioned in Theorem 1.1, parts

D and E.
Next we show that

Jes > 0 V¢ € \Q° |[FUC0)| < es ||f]l 4 -

Indeed, for { € supp w N (N\N2°) write

13



(A2)

F™(Q) = (fo p)™(() =

= 2—;—1 f: (1Y j! Rmj() / f(z) ($(¢) - 2)™7 dz .
K

i=1

Here K consists of two suitably oriented circles in the interior of A§‘\A§‘. On K we
have, with the constants of Theorem 1.1.(A), |f(2)] < M}e,o ||f||A§". From this we

infer the existence of ¢3. We gather that

IFR < (cz + esllwlls) 115 um -

Since such an estimate also holds for m = 0 we arrive at the existence of ¢4 > 0 such
that

”Flliz'l.u,m < ey ”f”i,p,m .

Now let f € A(A). With Lemma 2.1.(ii) and conditions (b), (c)

e S en [ 1F0 )™ B u(e) dedy+
AC

m~1
tes 3 [ 1f9G) Rug($ ()P u(z) dody .

Jj=1 Ae

The constant cs depends only on My and m.
From the boundedness of the R; and application of Theorem 1.1.(E) it follows that

LA < e [ 1£0 9™ WP lz) dady + o | fIFaep -

A*

The constant cg depends only on cs, M; and the shape of the Ryj. Transform the
integral over A® to an integral over 2¢ and estimate again

15N e s < c6 M7 FRe + co I f e, -
Add to this expression the inequality

2¢6 || £l < 2ce M7 PR, -
Finally, with Theorem 1.1.D, we are led to

”f”i,u,m S c7 ”f”i‘,y,m S Cs "F”%‘,w,m S Cs ”F“%.w,ru .

(B) The proof of part (B) is merely a simple adaptation of the proof of (A). O

14



REMARK 2.3.

The conditions (a) and (c) of Theorem 2.2 are automatically satisfied if Q is compact and
Y € A(Q).

A simple modification of Theorem 2.2 is the following

THEOREM 2.4.

Consider an open set  C C. Let ¢ € A(R), ¥ : Q — A be injective. Let w € Ly1(2) be a
weight function such that for some M; > 0, M > 0

My p($(€)) € w(€) < My p(9(()) -

Let W C A3(A;u,1) be a closed subspace as in Theorem 2.2.(B). Fix p € ©. Then on the
Hilbert space Jy(W) the norms

- 1
F U5 Fllgayua and F = (IF@) +[1F[3..)°

are equivalent.
The mapping Jy becomes unitary if w(¢) = u(¥({)) and A2(A; u,1) carries the norm

Fo (IF@)2+ 13,5 -

In the next theorem we study a class of weight functions on A and Q which can easily be
compared. We need

CONDITION 2.5. _
Suppose that ¢ : Q — A extends continuously to ¥, : @ — A. Fix a subset A C 89.

Consider the distance functions dis({,A) on £ and dis(z,¥(A)) on ¥(£2) C A. Let € > 0 be
fixed. Assume

(i) Each ¢ € Q° can be connected with A by means of a differentiable curve within Q¢ and
which has length dis({, A).

(ii) Each z € ¥(£2°) can be connected with 1.(A) by means of a differentiable curve within
%(Q°) and which has length dis(z, %(4)).

THEOREM 2.6.
Assume Conditions 2.5. Suppose in addition
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IM>0VCe |[¢'(()I<M and [P <M.

Let § > —1. On Q¢ define w({) = (dis((, A))?.
On A° N () define pu(z) = (dis(z, ¥(A)))%.
Then

Ve M u(p(0)) < w(¢) < M u((¢))

and condition (b) of Theorem 2.2 is satisfied.

Proof.
Let { € Q°. Take a curve s — x(s) within %(Q°) which connects ¥(¢) and ¥(A) and which
has length L = dis(4((), ¥(A)). Estimate

L
ais(¢,a) < [ \i'”T(s’@\ ds < ML = M dis($(0), $(B)).
0

Similarly we estimate for z € 9(Q°)
dis(z,%(A)) £ M dis(¥(2),4) .

Taking the 6-th power leads to the desired inequalities. o
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APPLICATION I.
Consider the rectangle

Q=Sr={(=¢+in|Ee(-m,x), n€(-T,T)}.

Take ¥(¢) = €€, ¥(St) = Ar\(-00,0). Note that ¥(Sr) is an open dense set in Ay.
We find that .A(S7; ) = A(ST;27-per), i.e. the space of functions on Sy which extend to
2r-periodic analytic functions.

For the weight functions on St and Ar take
wo(C) = wa(€ +im) = (T - )* (0 + T,
po(|2]) = pe(l2l) = (7 = |2)?*72(|2] — e T)*7* .

Note that the conditions (a), (b), (c) of Theorem 2.2 are satisfied. Combining Theorem 1.4
and Theorem 2.2.A we find that for all § > 0 and all m € INp

Jy : A(Ar;pe,m) — Az(ST;27m—per;wg, m)
is a continuous bijection between both Hilbert spaces. As a corollary thereof, the functions
(C — |n|—(m—0) e—|n|T ein()nez

establish a Riesz basis in A;(ST;27-per;wg, m). Note also that f € A(St;2r-per) belongs to
A2(ST;2n-periwg, m) iff the limits of £ — f(£+in)asn 1 T or n | —T exist in the Sobolev
space Hl',';;"(—w,r).

A combination of Theorem 1.2.B and Theorem 2.2.B leads to the Riesz bases

(¢ 279 e cos n()nen,
(¢ 29 =T sin nC)nenw

for the even and odd subspaces of Ay(Sp; 27-per;wy, m) respectively.

APPLICATION II.

Consider theellips Er = {{( =& +in|1- (E{:hz‘—r + E,'h':—f) > 0}.

Take Q = Ep = Ep \ (00, -1]U [1,00).

Take () = e**c>*¢, Then ¥ maps Ef bijectively onto AF, i.e. the part of Ay which lies
in the open upper half plane.

Note that Jy(A(Ar;e)) = A(Er) because of its symmetry f(e!*"*°*¢) does not jump at the
real axis and extends to an analytic function on the whole of Er.

Further, since on A(Ar;e) the norms || - || 4z,um and || -|| At um are equivalent for any choice
of 1 which satisfies the conditions of Theorem 1.1, we can apply Theorem 2.2.B.

In particular we apply Theorem 2.6. Take A = 8Er. On Ep introduce the weight function

wg(¢) = (dis(¢,0Er))**-, 6 > 0. On AF introduce yp as in Application I. We find that for
all # > 0 and all m € INy
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o : A2(Ar;e; g, m) — Ay(Er;we, m)

is a continuous bijection between both Hilbert spaces. As a consequence the Chebyshev
polynomials

(n—(m—O) e—nT Tﬂ(c))nGNo

with Ty, (¢) = cos(n arccos (), n € IN and To(() = =% establish a Riesz basis in Az(Er;we, m).
As a corollary of the general Theorems in sections 1 and 2 we mention the following

Characterization Result:
Let f € A([-1,1]), f(z) = 3o anTu(z), let 8 > 0, m € INg, then the following three

conditions are equivalent:
o f€ Ay (Er;we,m)
o (™9l g )2, €,
o f€ A(Er) and flog, € H™ %(9ET)
In the next section we extend this expansion characterization to a much wider class of suit-

ably normalized polynomials which encompasses all (normalized) Jacobi polynomials. In this
way Szegd’s result [Sz] is refined in several directions at once.

APPLICATION III.

Consider the set @ = Br = Rxi(—F, §) \Ur withUr = {€+1in | |sin | > tanh T cosh n}.
Note that Uz is an infinite set of ”ovals” centered at the points £ +in = i(k+ ), k € Z.

Take (() = e?*arctansinh( — oyp 94 f m dw, Y(Br) = Ar\(—00,0), which is open and
)

dense in Ar. We find that A(Br;v¢) = A(Br;2ri-per,decc). A function g belongs to this
class iff it extends to § € A(C \Ur) such that

(i) § is 2mi-periodic
(i) ¥vCe€ g(i+)=3(iF-()
(1u) hm 9(¢) exists.

There are natural subspaces of A(Br; ) which exhibit even more symmetry:

o Jy(A(Ar;e)) = A(Br;wi-per, even, deocc) which is the subspace of even wi-periodic
functions.

o Jy(A(Ar;0)) = A(Br;2ri-per, odd, deco) which is the subspace of odd 27i-periodic
functions.

Now, let A = 8Up N Br. Denote the function
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8°(¢) = (min{dis(¢,A),1})*1, 6> 0.
For the weight function on By we take
wa(C) = 8%(C) |cosh (|2 .

On Ar introduce the weight function pg, as in Application I. For ¢ < (1—e~T) the conditions
of Theorem 2.2 are satisfied (use Theorem 2.6). So we find that for all § > 0 and all m € N

Jy : A2(Ar; pe, m) — Az(Br;2wi—per, deco;wy, m)

is a continuous bijection between both Hilbert spaces. As a consequence we find for the
subspace Az(Br;Ti-per, even, deoco;wy, m) a Riesz basis

(n-(m—a) e Ton (coslh ¢ ) )::o

and for the subspace A(Br;2ri-per, odd, deco;wy, m) we have the Riesz basis

(n"(""a) e T (ta,nh C) Usp—1 ( 1 ) )“

cosh{/ /n=1"

Here the polynomials U en T are defined by T,,(cosf) = cos n6 and U,(cosf) = W.
As a corollary of the general theorems in sections 1 and 2 we mention the following

Characterization Result:
Let f € A(R), f(z) = T2 anTon (is) + tanhe T2y balsa-s (5kz) Let 8 >
0, m € INg, then the following three conditions are equivalent:

» f € Ay(Br;2mi-per,deco;wy, m)

o (nm=0enTg )2 el, and (nl™9enTh, )2, €l

e f€ A(C\Ur), fis 2ri-periodic,

lglcilm f(¢) exists and  flgu, € HP % (8UT) .

Finally it follows that

o

(w'l(cosh z)'% Ton—2 ( 1r'1(cosh z)"% tanh x Usp—1y (;) )

1
cosh a:) ’ coshz / /n=1
is a complete orthonormal system in Ly(IR).

In [BG1] and [BG2] we have characterized the Fourier and Fourier-Jacobi images of some of
the spaces mentioned here.
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APPLICATION IV.

Consider the set & = Ry = €\ (Dg U Dp) with 0 < a < 1 < b. Here D, ¢ > 0, denotes the
closed disc {( | |§+i§,2—'f—}-| < E,’—_‘fﬂ .

Take ¢(() = &{, then ¥(Rap) = A\ {-1}.

We find that .AfQ; ¥) = A(Rgp; 0), i.e. the space of functions which are analytic outside the
discs D, and D, and at infinity.

Note that if we take W, = A(A;+) then

A(Q; 93 W5) = A(C'\ Dy; )
and, similarly
A9 W_) = A(C\ Dgj 00) .
Let A = 8D, U 8D,. Denote the function
8°(¢) = (min{dis(¢,A),1})**, 6> 0.
For the weight functions on R, and A we take
we(¢) = &(C) li+¢|™*
pe(C) = (b= 12)*7* (2| - a)** .

For ¢ < 1(b— a) the conditions of Theorem 2.2 are satisfied (via Theorem 2.6).
So we find that for all # > 0 an all m € INg

Jy 1 A2(A; pe,m) — Aaz(Ray; 005wy, m)

is a continuous bijection between both Hilbert spaces.
As a consequence, for Ay(Rgp; 00;wg, m) we have the Riesz basis

Finally, it follows that

i-a:)
1+ 2/ ncZ

((x(1 + 2%))°

is an orthonormal basis in La(IR).

Spaces of this example play a key role in [D].
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3. The general functional analytic classification problem.

Let K = (Kmn)mn=o be an infinite matrix with Kpmp, = 0if m > n.

We denote K € UTM, i.e. the class of upper triangular matrices. If we suppose that
Ky # Kj; if i # j there exists a unique § € UTM with all §;; = 1 such that SlKS =
Aj = diag(Koo, K11, ...). If K has suitable growth properties we construct classes of diagonal
matrices M = diag(uo, #1,...) such that MSM~1 and MS~*M ™! are l;-bounded matrices.
In general the growth properties of M are related to those of K.

This general result will enable us to construct a great variety of (polynomial) Riesz bases
out of a given one, in the weighted Sobolev spaces of the preceding sections. One of the
consequences will be a refinement and an extension of Szegd’s classical theorem of Jacobi
expansions of analytic functions on an ellips.

We start with a separable Hilbert space X and a selected orthonormal basis (Tn)azg C X.
Associated with a sequence g = (tn)3%g, Un > 0, pn — 00 a8 n — 00, we introduce a Hilbert
space X,, which is dense in X,

Xo={f1f€X,d m|(f,Tn) < o} .

n=0

Note that f = T2, a, Ty € X, iff 324 42 |aa|? < co. Note also that (u;? Tn)%, is an
orthonormal basis in X,,. By means of a transition matrix § € UT M we define a sequence
of vectors (Rn)52o C X by Rp = X7 Sjn Tj. We take all Spn = 1 50 that S has an inverse
S§-1 € UTM of the same type and T, = Yo Sj'n1 R;. Our first question is: When is the
sequence (g1 Rn)%2, a Riesz basis in X7

THEOREM 3.1.
Let M € UTM be defined by M = diag(uo, 11, -..). The sequence (u;;! Rn)S%, is Riesz basis

in X, iff both matrices MSM~! and MS M ™! are l;-bounded. This means that they can
be regarded as bounded operators in /5.

Proof.

On span(7,) define the operators M and S by MT, = p, T, and ST, = R,, followed
by linear extension. On span(Ty) the inverse S~! exists and S™' R, = T,. Observe that
(67! Rp)2, is a Riesz basis in X, iff S extends to a continuous bijection on X, iff both S
and S~! extend to continuous mappings on X, iff both matrices MSM~! and MS~? are
I3-bounded. The latter equivalence follows from ||S f||, = M f|| = [MSM )M f||. O

Let K be a densely defined operator in X which acts invariantly on span(T,). Suppose that,
with respect to the basis (T,,)32,, the operator K is represented by a matrix K € UT M with
mutually distinct entries on its diagonal. Then there exists a unique S € UTM, with all
Si = 1, such that S K § = Ag = diag(Kqq, K11, ...). Consequently, there exists a unique
sequence (TX)®, C span(T,) of eigenvectors of K.

Note that TX = Y50 SinTj and KTX = K,, TX. Now we turn span(T,,) into a pre-Hilbert
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space by declaring the sequence (u;1TX)% . to be an orthonormal sequence: The Hilbert
space completion is then denoted by X,*. Note in particular that (p;1 TE)=, is a Riesz

basis in X, iff X, = X 5{ as topological vector spaces. Note that X, = X,I‘VI. Two problems
can now be posed:

e The classification problem.
For which pairs (K, u), (K, #') do we have X ,_I‘( =X E(' as topological vector spaces. Or,
more generally, when a second Hilbert space Y with a similar construction is involved.
When do we have X 3( =YkL?

e The characterization problem.
If X is a function space, describe the elements of X ,f( in classical analytic terms.

The characterization problem has been, in fact, the subject of the preceding sections. When
dealing with the classification problem we want to apply Theorem 3.1. We solve a problem
of the following type: Let there be given an infinite matrix I € UT M with distinct diagonal
elements. Let § € UTM with all S;; = 1 be the diagonalizer of K,s0 ST1K S = Ag =
diag( Koo, K11, -..). Find diagonal matrices M = diag(uo, g1, ...) with the property MSM™?
and MS~1M~? are I,-bounded. We consider matrices M of the form M = et* with Ret > 0
and A = diag(Ao, A1,...). The conditions we impose on K and the conditions on A that we
look for are growth conditions.

THEOREM 3.2.
Let K € UTM. Put C, = max |K;j|. Suppose
1<i<j<n

D

i ID>0V Ko — K| "1 < —2——
(1) >0Va>m | K| S atn—m)

O (%cn) —6< 0.

Let 4 > 1 be fixed. Let A = diag(Ae, A1,...) with
(i) Redn = n#(1 4+ €1(n)), e3(n) -0 as n—
Im A, = e3(n) Re A, €2(n) > 0 as n —»
Re(An — Am) > n#*"Yn —m) (1 + ea(n,m)), n > m
with eg(n,m) - 0 as min(n,m) —
Im(An — Am) = e4(n,m) Re(Ap, — M)
with e4(n,m)— 0 as min(n,m)— oo .

22



Let S € UTM be the diagonalizer of K with S;; =1, 0 < ¢ < co. Theforallt € C, Ret >0,
the matrices

etA SetA and A $-1e~tA are l-bounded.

Proof.
The proof consists of parts (a)-(g).

(a) Since K S = SAx and S™' K = Ag S~! we have the following recurrence relations for
the entries of S and S~1:

g-1

¢ S"‘q'" = (‘K""Qy" - ‘K"")—1 Z I(""‘I»" Sﬂ—k»ﬂ ’
k=0
Sen=1, 1<g<n-1

g-1
® S, -,m+q = (Kmm ~ Km+q.ﬂ't+q)-'1 E K tkesmiq S;:mwe s
k=0
Som=1, g21.

(b) We show that

ig’f"' } < exp 2{D6(n - m)}? .

mnl

From the recurrence relations for the entries of § we estimate

DC, &3
|Sn-gnl € =25 3 ISnokal , 1S g <m, Sun=1.
k=0

By induction, for 1 < ¢<n

|Sa—gin| <

DCrl ‘ﬁ( % C)Sf[ (1+-}-D6)_<_ez‘/m.
=1 =1

For the second one

DCpmyy 2
_ “omtq _ _ -1 _
|S m+q| - 2( + q) Z | ,m+k| [y q - 1,2, vevy Smm - 1 .

By induction, ¢ = 1,2, ...,

D Cmig o (

S-
' m+q| q m+q




(c) Put t =t +it; and ot = (e* Se ) = S e~t2»=2m)_ So with (b)
|0t ] < exp {2[D6(n ~ m)]% ~ti Re(Ap = Am) + 12 Im(Ap — Am)} -
(d) We now show that each row in ¢* in an l3-sequence. So let m be fixed
|ot,a| < exp {t1 Re A —tzIm A} - exp {2[D 6 n]% -t n*(1 + &1(n)) (1 - -:—i— e;(n)) .
Take N so large that for n > N we have

2n~3(D6)F <

Lol Ml

N =

ty and (14 &1(n)) (1 - % ez(n)) >

For n > N the second factor is smaller than e~ +*»". Hence the result.

(e) Starting from the inequality in (c) we find with conditions (iii)
t ' 1 -1 t2
0%mnl < €xp {2(D é(n — m))s — 1127 (n —m) (1 +¢5) (1~ % e)}
Below the M row, M sufficiently large, we have
ot < exp {2(D 6(n - m))% - -;—h(n -m)}.

Therefore each diagonal is a bounded sequence. Finally for m > M and (n — m) >
1
+ 8(Dé):

(f) We now split the matrix o* in 2 parts:

e The first M rows. They represent a bounded l;-operator which is Hilbert Schmidt,
cf. (d).

e The part below the M row also represents a bounded /2-operator because of the
”codiagonal estimate”, use

[~ <}
Z (sup |Ki|l<oo.
k=0 j—i=k

(g) For et §-1 ¢t the parts (c)-(g) of the proof apply in exactly the same way. O

REMARK.

If 4 > 1 the conditions (i) and (ii) can be relaxed considerably, see [GE] and [G]. However in
this paper we need the case p = 1.
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THEOREM 3.3.

(a) The conditions on A in Theorem 3.2 are satisfied if A, = n#(1 + p(n)), 4 2 1, and

lim p(n)=0 lim sup p(n)n = p(m) m =0.

n—co M=o p>m+l n-—m

(b) The conditions of (a) are satisfied if p is a (complex valued) differentiable function on
(0,00) with limg. oo p(€) = 0 and limg_,oo €p'(€) = 0.

(c) f A= N¥ = diag(...,(n(n+ a))%“, ...), a € C, then condition (b) is satisfied.

Proof.

(a) We compute
A= = (1= myn=t {14 (__1 - (R 1) j (netn)=matm)) (Ln_ 1- (2

m — _m
1—;— n—m n 1 ™

On the interval [0, 1) one has

1—zH 1— p-1
>1 and —F— <max(Lp-1)<u.
l-2z l-2

[T
For e3(n,m) take the real parts of the 3* and 4*» terms between { }. We omit the simple
verification of the other conditions.

(b) Follows by application of the mean value estimation on (n — m)~! (p(n) n — p(m) m).

e
(c) We have p(z) = (1 + ;‘:—) * — 1 which satisfies (b). o

Note that sequences like ((log »)4 n® exp(tn* + Cn + D /n)), with A, B,C, D € R,
t> 0, p > 1 are of type (exp(tn*(1 + p(n))).

Now we formulate the main result of this section which is a consequence of Theorems 3.1 and
3.2, ‘

THEOREM 3.3. (Classification)

¢ Consider a Hilbert space X and fix an orthonormal basis (T5)3%, C X.

o Let K denote the class of all upper triangular matrices K € UTM which satisfy the
conditions (i) and (ii) of Theorem 3.2.

o Let ) denote the class of sequences (Ap)3%, which satisfy condition (iii) of
Theorem 3.2.
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o Let the sequence it = (1n)20 , Hn = |et**| with (A,)2, € Y, be fixed.
Then

(A) For all K € K the sequence (e~**» TK)2 . is a Riesz basis in X,. In other words, the
Hilbert spaces X, and X f are the same as topological vector spaces.

(B) If for some positive sequence § = (6,)%%, and some K € K the sequence (8, TX)2,
happens to be a Riesz basis in a Hilbert space Y, then for all K € K and all L € K we
have the equality

Y =X}, with a=p67?,

as Hilbertizable topological vector spaces.
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4. Application to the Jacobi operators.

The results of the preceding section can be applied in the following way. If the, suitably nor-
malized, eigenvectors of some operator establish a Riesz basis in a “scale” of smooth Hilbert
spaces then certain perturbed operators will do the same. To put it differently: All perturbed
operators when “substituted” into a suitable fixed unbounded function lead to closed opera-
tors which all have the same domain.

Such a procedure leads in a straight forward way to long lists of Riesz bases for e.g. the
spaces of analytic functions that we discussed in the Applications I-IV in Section 2.

In this final section we carry out such a program for the Jacobi operators which can be con-
sidered as perturbations of the Chebyshev operator.

Consider the general Jacobi differentiation operator

d? d d
—_— — 2 — ——— — —— —
Aag = ~(1 z)dzz+(a+ﬂ+2)m - (8-a) 7 a,f€C, fixed .

In the special case o, € IR, a > -1, # > —1, the differentiation operator A,g can be
regarded as a self-adjoint operator in Xog = L2([-1,1], (1—2)* (1+ z)Pdz). In this special
case for the eigenfunctions we take the normalized (in X,3) Jacobi polynomials

R2P = k2B poB |
The explicit expression for the normalizing coefficient K28 is mentioned in [GE], one has

lim (2*+P n_l)‘:T K2 =1.

n—oo

Special cases are the normalized Chebyshev polynomials of the first and second kind: In a
local convention we have

[

1_1
22

1.1 _
Ry *" 3(cos 8) = To(cos ) = ] , Rn (cos 8) = Ty(cos 0) = (%) cosnf, nelN

sin @

11 )
Rg'z(cosg)z(%)z M , nEWo-

Next, let K = A,g denote the matrix of A,g, @ € €, § € C, with respect to the basis
(T)32o in the space of all polynomials.
In [GE] we showed that Kmn = (Aag T,,,,T,,)_%'_%, Kpn=n(n+a+ +1) and |Kpyl| <

(2|8-al+|a+pB+1])n. Note that this matrix satisfies the conditions (i) and (ii) of Theorem
3.2

The matrix S,g € UTM is defined by

Sap Aap Sop = diag(...,n(n+a+ B+1),...).
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Via the transition matrix S,g we construct the polynomial basis (T2#)%2, from the Cheby-
shev basis (T5)2p. fa > —1, 8 > —1, we have T®# = 28 RS where the sequences (rZ)2.,
and ((r28)~1)%2, are bounded.

Now we are in a position to extend the results of Application II in Section 2.

APPLICATION V. (sequel to Applications II)
First we fix some notations.

Foralla > —1, f > —1, m € INy, 6 > 0, t>Oweconsxderthedoma.mD(A’( m-) exp t A? ﬁ)

of the selfadjoint operator .A;g ‘) exp tAZ ap 1 Xap = L2([0,1] (1 —2)* (1+ z)B dz). Note
that the sequence p = (un)3, of eigenvalues of this operator is given by

([n(n+ o+ B+ 1) exp tin(n+a+ 8+ 1)]3)2, .

Note also that for fixed m,8,t the quotient of two such sequences (for different pairs (o, 8))
is always bounded. As a corollary of the general theory in Section 3 we obtain

THEOREM 4.1 (Cf. [Sz] Thm 9.1.1)
Let f € A(]-1,1]). For a,8 € C, K € K, expand

f@) =3 aB () =3 o TK(a).

n=0 n=0

1

.
Denote an®' ? = a,. Let m € INg, § > 0, T > 0. The following nine conditions are
equivalent.

o f€ AyET;wg, m)

o (D eTa)m €l

f € A(Er) and flsg, € H™ %(8ET).

Jact Jpee (™D e Tatf)n, €l

Vaect Vget (n(m=0) enT aZP)2, €l

Lim—
Jas-1 3p-1 f € D(AIS? exp T AZ,)

Vas-1Vas-1 f € D(AZT™ exp T ALy

IK e K (n(m-—a)enT Keooelz

VK € K (ntm=8)enT oKy e, 0

Note that it is an interesting problem to look for other “known” polynomials which correspond
to eigenvectors of a matrix K € K.
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