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Recurrent and dissipative sets for the Markov shift

by

D.A. Overdijk and F.H., Simons

§ 1. Introduction

Let (X,z,m,P) be a Markov process with Pl = 1 and m(X) = 1, i.e. (X,Z,m) is a
probability space and P a positive linear o-additive operator on £ (m), with

Pl = 1. We consider X as the state space of the process, and form the reali-

zation space

(s
(Q,%) = 1 (X,ZZ):.L where (X,Z).l = (X,%) for all i .
i=0
Hence a point w ¢ © is a sequence w = (wo,w],wz,...) with w, € X for all n.
We denote by X the projection of ? on the n-th coordinate, i.e, Xn(w) =W .

In (Q,R) we consider the shift transformation S defined by

S(wo,w],wz,...) = (w],wz,w3,...) .

There may exist a probability M on (Q,8) such that

M(XO € AgseeerX) € An) =ml, PL, P ... Pl, .

0 1 n

n

(This terminology can e.g. be found in Foguel [2], mf = f f dm, IAf = lAf.)
It is well known that we can decompose the state space X into a conservative
part C and a dissipative part D for the operator P. A similar decomposition
theorem holds for measurable transformations on measure spaces, hence in par-
ticular for S on (Q,8,M).

The relationship between these decompositions is, under some conditionms,
given by Harris and Robbins [5] and slightly extended by Simons [10]. In this
note we want to give a faster deduction of this relationship, making use of

a generalization of embedded Markov processes. This deduction will be given
in the third sectionj in the second section some facts onMarkov measures on
(2,8) are collected.

To avoid misunderstandings, we remark that all equalities and inequalities

in this note on sets and functions are valid modulo null sets.



§ 2. Markov measures on (Q,R)

Let m, be a (not necessarily finite or o-finite) measure on (X,Z) with
my << m. A measure M0 on (Q,R) is said to be a Markov measure with initial

measure m. if for all Agsh yeceyA € I we have

(2.1) Mo{x0 € AgseeasX € An} = mOIAOP cee PlAh .

It follows that for all nonnegative functions fO,...,fn we have

(2.2) J fo(wo)fl(w]) cee fn(wn)MO(dw) = myF PF, ... PE

where F stands for multiplication by the function f.

Let ﬁo 0 be the sub-o-algebra of & generated>by the sets {XO € AO,...,Xn € An}.
? .
Application of (2,2) yields

(wn+1) ves F (

ntm Wm0 (49D =

(2.3) J £000) +e £ 0 )E L

= J fo(wo) .o fn(wn)(PFn+lP .es an+m)(“n)Mo(dw) .

Let an be the conditional expectation operator in (Q,Q,MO) with respect
,
to RO o+ Then from (2.3) we conclude
’
(2.4) Bp  foeCopyg) eee £ G ) = (BF P oo PEL D (w) .

O,n

Note that the conditional expectation is independent of the measure Mye

In general a Markov measure MO with initial measure my << m need not exist,
However, if the process P is given by a transition probability such that
m(A) = 0 implies P(*,A) = 0 m—almost everywhere, then it follows from the
theorem of Ionesco~Tulcea that a Markov probability M with initial probabi-
lity m exists (cf. [8], V.1), In this case for any initig%omeasure my << m
there exists a Markov measure MO on (2,8), In fact, let -—— be the Radon-

dm

Nikodym derivative of m, with respect to m on (X,I) and define the measure

M, on (2,8) by

0

dM dm
0 )
o @ =g ©o -



Then

My{X, € ApseeerX € A}

[]

dm0
J e (wo)le(wo) v lAn(wn)M(dw)

dmO
mKIAP LI PIA
0 n

mOIA P ... P]A .
0 n

We conclude this section with two technical results which we shall need in

the sequel.

Lemma 2.1, Let MO be a Markov measure on (2,8) with initial measure my << m

dm

such that T < @ on X. Then M, is o-finite, and M, is preserved under the
dm dm
hift if and only if 2 P = =9
S dm dm °
Proof. Put
dm0
A = {w | e (wo) € [n~1,n)} ,

o0

then @ = u A_ and M (A ) < « for all n, hence M
n=1 D 0*'n

Suppose MO is shift invariant. Then for all A € I we have

MO{XO € A} = MO{X] e A}

dm dm dm
J 0 dm = f~——9 Pl, dm = f (—EQ P)dm ,

dm dm A d
A A
dm0 ) dmO o
dm dm '
dm dm0
Conversely, suppose e P = T In order to show that MO is invariant un-

der S it suffices to prove

MO{XO € AyyenayX € An} = Mo{xI € ByyeeasX e Al

n n+l n

for all A A e I,

0’000, n



dmo
MO{XOEAO,...’XneAn}=m-d-nT-IAPIAP 'R PlA
0 1 n
dmO
= m,EE— PIA PIA P ... PlA
0 1 n

MoK, € AgseeerX ;€ AT .

n+l

Lemma 2.2, Let £ ¢ L and A ,...,A_ ¢ I. Then for every k we have
—_— n

I

Eﬁogkl{(xk+1"."Xk+n)kA]x"'xAn}(w)f(wk+n) =

A

= n -

Proof. Note that

1 (W)flw, , ) +
{(Xk+1,...,Xk+n)eAlX...XAn} k+n

* l{(Xk+],...,Xk+n)kA1X.,,XAn}(w)f(wk+n) = f(wk+n) *

Taking on both sides the conditional expectation with respect to ﬁo x Ve ob-
9
tain by (2.4)
PI, P ... PI, f(w,) + E ] (W flw, )=
A An k QO,k {(Xk+l""’Xk+n)kAlx"'xAn} k+n

= Pnf(wk)

from which the relation follows.

§ 3. Recurrent and dissipative sets for the Markov shift

It is well known how to decompose the state space X into a conservative part
C and a dissipative part D, For a description of this decomposition the rea-
der is referred to [2], chapter 2 or [4]. In this section we mention the
properties we shall need in the sequel.

Lemma 3.1, There exists a partition D Dyye.s of D such that

]’

z P« L. for all i .



Proof. See Feldman [1], theorem 2.1 or [4], theorem I.

Lemma 3.2.

a) For all g ¢ £: Pg 2 g(Pg < g) on C implies Pg = g on C,
b) There exists a function g € £:,with Pg £ g and Pg < g on D,
Proof .

a) See Foguel [2], chapter 2, theorem B and (2.9).

[+ o]

b) Let DI’DZ"" be the partition as in lemma 3.1, Put @, = l z PnlD I,
and define f = Z _TL- lD . Then g = 2 P*f < 1 and g -Pg=f£f>0 on D,
i=1 2 e i n=0

. . n . .
Lemma 3.3. The conservative part of X with respect to P is the conservative

part of X with respect to P.

Proof. Let D(Pn) be the dissipative part of X with respect to Pn. Then there

exists a function g € £: with Png < g and the < sign holds on D(P™).
1

\i

g + Png, hence Pg' < g',
and the < sign holds on D(P"). It follows that D(P™) < D.

Put g' = g + Pg +...+ Pn-lg, then Pg' = Pg +...+ P

+ . . ..
Conversely, let h € L  satisfy Ph < h, with < on D. Since P is a positive

operator, we have h 2 Ph 2 Pnh, hence h > P?h on D and therefore D < D(P™).

In the next lemma we introduce a rather queer type of Markov process, which
will turn up in the proof of theorem 3.2. Some special cases of this type of

Markov operator however are well known., If n = 1 and H = IA, then H® = I c and
A
Qy is the embedded process; if n = | and H is the multiplication by a function
f with 0 £ £ < 1, then Qy is the operator T, as studied by Foguel and Lin [3]
and Lin [71].
-1
Lemma 3.4, Let H and H® be Markov processes on (X,Z,m) such that H + ¢ = ™70,

Define for every g ¢ £:

[o¢]

Qu(e) = [ @n%)*rmg
k=0

then Q is a Markov process satisfying H(I - QH)I = 0 on C.



Proof. Since P, H and H® are Markov operators, the operator Q, is positive,
linear and o-additive. It remains to show that QHI £ 1, This follows from

the following relation, which is easily verfified by writing out, by taking

i

(3.1) i @S *pr1 + a1,
k=0

Put (PHC)JI = gj, then it also follows that (gj) is a nonincreasing sequence
of nonnegative functions, hence lim g = 8 exists,

J'-)OQ

Pn

c
., = PHg, + PH'g, = PHg, + g,
g 8; g By * Bi4

Let j » =, then we obtain
Pg = PHg + g ,

from which we conclude Png 2 g, and therefore by lemma 2.3 and lemma 3.2a)
Png = gon C, PHg = 0 on C, Again by lemma 3.2a) this implies Hg = 0 on C,
Since g = 1 = QHI, we obtain H(I -~ QH)l = 0 on C,

After these preliminaries, we turn to the main subject of this section. We

start with a definition.

Definition 3,1, Let S be a measurable transformation on a (finite or o-fini-

te) measure space (2,R,M), A set W ¢ ® is said to be wandering if W n 8 "w=¢
forn = 1,2,..,., or equivalently, if {w ¢ W l S ¢ W for some n 2 1} = @.

A set A ¢ & is said to be dissipative if A is a countable union of wandering
sets. A set A ¢ & is said to be recurrent if {w ¢ A | s"w € A i,0.} = A,

(s ¢ A i.o, (infinitely oft%n) means that there exists a sequence

k
<n, < .., such that S w € A for all k 2 1,)

I < n, 2

Recall that the conservative part of & with respect to S is characterized by
the fact that all its subsets are recurrent, while the dissipative part of Q
with respect to S, i.e. the complement of the conservative part, indeed is

dissipative (cf. [6], [91). Obviously, a countable union of dissipative sets
again is dissipative, and a countable union of recurrent sets is recurrent.

Note, however, that a dissipative set may be recurrent. This is for instance
the case if © = % and Sn = n+1 for all n € Z. Then {n} is wandering for all

n € I, hence £ is a recurrent dissipative set.



From now on we shall assume that (R,8,M) is the realization space of

(X,z,m,P), where M is the Markov measure on (Q,8) for P with initial measure

M.

Theorem 3.1, Let (X,Z,m,P) be a Markov process with m(X) = 1 and P! =1, let
(2,8,M) be the realization space where M is the Markov probability for P with
initial measure m, and let D be the dissipative part of X with respect to P,

Then {XO € D} is a dissipative set in & for the shift S in (2,8,M).
Proof. Let DisDysenns be the partition of D as in lemma 3.1. Then
<« [v]
n() PM_)= )] MX eD.}<w,
o D, - n 1
n=0 i n=0

and therefore by the Borel-Cantelli lemma

M{X e D, i.c.} =0 .
n i

It follows that

w®© o©

{X,eDdl= u u {X eD.,, X €D, for exactly k integer m > 0},
¢] . 0 1 m i
1=1 k=0
Obviously, every set on the right hand side is wandering under S. Hence

{XO e D} is a dissipative set.

Theorem 3,2. Let (X,Z,m,P) be a Markov process with m(X) = | and Pl = 1, let
(2,8,M) be the realization space where M is the Markov probability for P with

initial measure m, and let C be the conservative part of X with respect to P.

Let Aj,..epA | € I be given such that Ay c C. Then Xy eBpaeeesX €An—1}
is a recurrent set in ® for the shift S in (Q,8,M).
Proof. We consider the following sets in &:
Bk,l = {(Xk""’xk+n—l) € Ay X o XA 1
(Xk+jn’°"’xk+n—l+jn) & AO X ees X An-] for 1 = j < &}
By o T e s X gnny) € Ag X eee XA s

(

v

) & Ag X ae XA for all j 2 1} ,

Rerjn® o Xien-1+n



Using lemma 2,2 we obtain

- oK n , [
k’z) ’InP IAP e e PIA (P PIAP se e PIA ) 1 .
0 n-1 0 n—l

M(B

Define Hg = IA P ... PIA g for all g ¢ £:, then H is a Markov process on
0 n-1

(X,Z,m) satisfying Hg < Pn-lg for all g ¢ £:. Hence also H® = P77

- His a
Markov process on (X,IZ,m). It follows that

M(B, ) = mPRuEES) 1 |
K, %
If 2 > » we get, using (3.1) in the proof of lemma 3.4
M(B, ) = mEH(I - Q1

Since H(I - QH)I = 0 outside Ay, and Ay < C, it follows from lemma 3.4 that
H(I - QH)I = 0 on X, and therefore, M(Bk o) = 0.

»
Put B = {XO € AO,...,Xn_1 1}, then we have M{w ¢ B | Skn € B for fini-

tely many k} = 0. It follows that

€ A
-

kn

B={weB|sS eB for infinitely many k}

]

{weBd| s% eB i,

hence B is recurrent,

Theorem 3.2 does not exclude that a set {X, ¢ Ag,..,X | € A _,} is dissi-
pative, since dissipative sets can be recurrent, Therefore in general we
cannot conclude that {XO € C} belongs to the conservative part of Q with
respect to S. However, Harris and Robbins [5] have shown that, under the con-
dition that P admits a finite or o-finite invariant measure on C, the shift

S is conservative on {XO € C}., Their proof rests on the following lemma.

Lemma 3.5. Let S be a measure preserving transformation in a finite or o-
finite measure space (Q,R,MO). Let Ol be an algebra generating & such that

every A ¢ Ol is recurrent. Then S is conservative on .

Proof. Let W be a wandering set of finite measure. Choose ¢ > 0 and A ¢ Ol
o0
such that MO(AAW) < g, Since A c y S-nA, there exists an integer N such
N n=1
that MO(A‘\ u S ™A) < e. Then
N-1



. N1 S
0=M(S Wn u 8 W >M(S An u S W -¢
0 . 0 .
1=0 1=0
N-1 . -1 .
= ] MO(S Nans Wy - e = ) M (s* Ny n W) - ¢
. . 0
i=0 i=0
N i
= MO( u S AN W - > MO(A nw -2,

Hence o

M&mSM&MmiﬂaAnm<3e.

It follows that MO(W) = 0 and S is conservative on .

Theorem 3.3. (Harris-Robbins [5]). Let (X,Z,m,P) be a Markov process with
m(X) = 1, Pl = 1, Let C be the conservative part of X with respect to P. Let
(Q,8&,M) be the realization space of P where M is the Markov probability with
initial measure m. Suppose there exists a function u with 0 < u < « on C,
u =0 on D such that uP = u. Then {XO € C} is the conservative part of Q for

the shift S and {Xo € D} is the dissipative part of Q for the shift S,

dM

Proof. Define the measure MO on (Q,R) by Eﬁg (w) = u(wo), then MO is a Markov
' . dm
measure for P with initial measure Mg, where m is determined by u = Eﬁg .

By lemma 2.1 MO is o-finite and invariant under S.

It fallows from the definition of M, that M, is equivalent to M on {x, € Cc}

0
and M0 =0 on {XO € D}. Hence the algebra Ol of finite unions of sets

0

{XO € AgseensX € An} with Ay < C generates (mod MO) ®. By theorem 3.2 all
elements of Ol are recurrent, and therefore by lemma 3.5 S is comservative

on (Q,R,MO). Hence, for every wandering set W < {XO € C} we have MO(W) = 0,
and therefore M(W) = 0, It follows that {XO € C} belongs to the conservative
part of (Q,8,M). On the other hand, by theorem 3.1 {XO € D} belongs to the

dissipative part of (Q,8,M). This completes the proof of the theorem.
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