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EDGE-REINFORCED RANDOM WALK ON A LADDER

BY FRANZ MERKL AND SILKE W. W. ROLLES!
University of Munich and University of Bielefeld

We prove that the edge-reinforced random walk on the ladder Z x {1, 2}
with initial weights a > 3/4 is recurrent. The proof uses a known represen-
tation of the edge-reinforced random walk on a finite piece of the ladder as
a random walk in a random environment. This environment is given by a
marginal of a multicomponent Gibbsian process. A transfer operator tech-
nique and entropy estimates from statistical mechanics are used to analyze
this Gibbsian process. Furthermore, we prove spatially exponentially fast de-
creasing bounds for normalized local times of the edge-reinforced random
walk on a finite piece of the ladder, uniformly in the size of the finite piece.

1. Introduction. The oldest reinforced random walk is the edge-reinforced
random walk introduced by Diaconis in 1987. The process can be defined on any
locally finite nondirected graph as follows: Every edge is given a weight which
changes in time. Initially, all edges are given weight 1, say. In each step, the re-
inforced random walker jumps to a nearest-neighbor vertex with probability pro-
portional to the weight of the traversed edge. Each time an edge is traversed, its
weight is increased by 1.

In the late 1980s, Diaconis asked whether the edge-reinforced random walk on
74 d > 1, is recurrent or transient. This problem is still open for all dimensions
d > 2. In one dimension, the edge-reinforced random walk is recurrent. To see this,
one can use that on Z, the edge-reinforced random walk has the same distribution
as a random walk in an independent random environment. Pemantle [10] proved
a phase transition in the recurrence/transience behavior for the edge-reinforced
random walk on an infinite binary tree. He used a representation as a random walk
in an i.i.d. environment. This method completely fails for graphs with cycles.

In this article, we prove that the edge-reinforced random walk on Z x {1, 2} is
recurrent. The problem is much more subtle than for acyclic graphs. We use the
fact that the edge-reinforced random walk on a finite ladder has the same distri-
bution as a random walk in an environment given by random time-independent
edge weights. These edge weights are stochastically dependent in a complicated
way. The representation as a random walk in a random environment follows from
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a de Finetti theorem for reversible Markov chains, proven in [12], which refines
a result of Diaconis and Freedman [3] in the special case of reversible chains. The
distribution of the environment is given by a joint density which was discovered by
Coppersmith and Diaconis (see [2]). Our proof relies on a generalization of their
statement, proven by Keane and Rolles [7].

It was suggested independently by Diaconis and Keane that the representation
as a random walk in a random environment may be useful to prove recurrence
for edge-reinforced random walks. Keane conjectured that, in addition, the use of
transfer operators may help to prove recurrence on the ladder. The present article
pursues such an approach for the first time successfully.

The edge-reinforced random walk studied in this article behaves very differ-
ently from the directed-edge-reinforced random walk where every undirected edge
is replaced by two directed edges which both get their own weight. The directed-
edge-reinforced random walk has the same distribution as a random walk in an
independent environment (see [8]). This representation is used in [8] to show re-
currence on Z x G for any finite graph G.

A simpler model is the once-reinforced random walk where the weight of an
edge is increased by a fixed parameter § > O the first time it is traversed. From the
second traversal on, the weight of an edge does not change. This random walk is
recurrent on Z! (e.g., [1]); however, its recurrence/transience behavior on 74 is
not known for d > 2. Even for ladders Z x {1, 2, ..., d} the problem is subtle: For
6 €(0,1/(d — 2)), recurrence was proved by Sellke [14]. Vervoort [16] extended
the result for very large 8. For intermediate values of § the problem seems to be
open. Durrett, Kesten and Limic [6] showed that the once-reinforced random walk
on regular trees is transient for all § > 0.

For the integer line, Davis [1] proved a recurrence/transience dichotomy for a
general class of reinforced random walks, including the edge-reinforced and once-
reinforced random walk on Z. Very strong localization was shown for random
walks with superlinear edge-reinforcement by Limic [9]. Vertex-reinforced ran-
dom walk localizes as well. This was proved by Pemantle and Volkov [11, 17] and
by Tarres [15].

1.1. Results. In this article we consider an edge-reinforced random walk on
the ladder Z x {1, 2}. The edges are undirected. They are assigned time-dependent
random weights, with all initial edge weights equal to some constant a > 0. In each
step, the random walker jumps to a nearest-neighbor vertex with probability pro-
portional to the weight of the traversed edge. Whenever the random walk crosses
an edge, its weight is increased by 1.

Formally, the edge-reinforced random walk on a locally finite graph G = (V, E)
is defined as follows: Let X, : VN0 — V denote the canonical projection on the
tth coordinate; X; is interpreted as the random location of the random walker at
time . We identify an edge with the set of its endpoints. For ¢ € Ny, we define
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wy(e): VN0 — R | the weight of edge e at time , recursively as follows:

(1.1) wo(e) :=a foralle € E,
wy(e) + 1, fore={X;, X;+1} € E,
(1.2) wey1(e) =
w; (e), fore e E\ {{X;, Xi41}}.
Let P((; denote the distribution of the edge-reinforced random walk on G start-

vg,a
ing in vy with all initial edge weights equal to a. The distribution Pv%’ . 1s a proba-

bility measure on V™0, specified by the following requirements:

(1.3) Xo=v9 PY -as.,

vo.a”
PﬁAXHIZWXhh=QLUWﬂ
w; ({ X, v})
=1 Lieer: x,eq) Wi(e)
0, otherwise.
The ladder is the graph G = (V, E) with vertex set V :=Z x {1, 2} and edge set
E:={{u,v}:u,v €V with |u — v|[; = 1}, where || - ||1 denotes the 1-norm. We

say that the reinforced random walk is recurrent if almost all paths visit all vertices
infinitely often. Our main result reads as follows:

1.4)

if [X;,v) € E,

THEOREM 1.1. For all a > 3/4, the edge-reinforced random walk on
7 x {1, 2} with all initial weights equal to a is recurrent.

The theorem includes the most interesting case a = 1. However, we do not ex-
pect the bound 3/4 to be optimal.

Fix a >0 and n € N. Let G = (VW EM) with V™ :={0,1,2,...,n} x
{1, 2} denote the finite ladder of length n. We consider an edge-reinforced random
walk on G with all initial edge weights equal to a. For the vertices, we introduce
the following notation (see Figure 1):

(1.5) i:=(@,1) and i:=(,2) fori € Z.

We abbreviate P™ := Pacin). Let k;(e) denote the (random) number of times the

reinforced random walker traverses the (undirected) edge e up to time ¢. We prove:

THEOREM 1.2. Foralla > 3/4 and all n €N the following holds: If e € E™

is an edge on level i € {1,2,...,n} of the ladder, that is, i € e or i € e, then we
have
(1.6) P(”)[ lim — @) <e M ] > 1 —cre

=00 ({0, 0})

with constants cy, ¢, c3 > 0 depending only on a.
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FI1G. 1.  The finite ladder.

The edge-reinforced random walk on a finite graph has the same distribution
as a random walk in a time-independent random environment. A proof can be
found in [12]; see also [4]. For a precise formulation of the result, we refer to
Theorem 2.2 below. The time-independent random environment on G is given
by time-independent random weights x = (x¢),cpm € RE(") with respect to some
probability measure Q.

Let us explain how time-independent weights x = (x¢),cpm € Rf(") induce a
random walk on G™: In each step, the random walker jumps to a neighboring
vertex with probability proportional to the weight x, of the connecting edge e.
This random walk is a reversible Markov chain.

The distribution of the edge weights x = (x),cgm constituting the random
environment equals the distribution of the limit (lim;_, o k;(€) /1) ,c g, Which is
P™_as. strictly positive in all components. Therefore, Theorem 1.2 states the
following: If we normalize the weights such that the edge {0, 0} has weight 1, then
the weights of the edges in E™ decay exponentially in the level of the ladder,
uniformly in n, with probability close to 1. We use Theorem 1.2 to estimate the
escape probability for the reinforced random walker on G™.

1.2. Overview of the proofs. The representation of edge-reinforced random
walks as a random walk in a random environment is essential for the whole paper.
This representation is described in [12]; we review it in Section 2.1. In order to see
the Gibbsian structure behind the random environment x, additional auxiliary vari-
ables are introduced: These are a random spanning tree 7 and Gaussian random
variables y, indexed by a basis of the first homology space of the ladder.

As our third main result, Theorem 2.3 bounds the tails of ratios between com-
ponents of x and components of y. A scaling transformation is used to get rid
of the nonlocal constraint that the random environment x is supported on a high-
dimensional simplex. The spanning tree T is described by a list of local discrete
variables, subject to local matching rules. This is explained in Section 2.2.

The joint probability law of x, y and T is Gibbsian. In order to derive esti-
mates for pieces of the corresponding Hamiltonian, we need to transform x, y
and T to new local variables, described in Section 2.3. Roughly speaking, these
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new variables consist of logarithms of ratios between neighboring components of
x and y and of the local description of the spanning tree 7. The total Hamiltonian
is written in these new coordinates and split into local pieces. The transformation
is technically involved.

Lower bounds for the local Hamiltonians are derived in Section 3. The proof of
these bounds requires, among other things, the solution of some linear optimiza-
tion problems. Here, the precise choice of the splitting to local pieces is essential;
a “naive” choice would not suffice.

Given the Gibbsian description of the random environment with appropriately
bounded local Hamiltonians, we use a transfer operator technique to analyze the
random environment. The transfer operator is introduced in Section 4.1; it turns
out to be a Hilbert—Schmidt operator.

In Section 4.2 we introduce an auxiliary deformation of the original Gibbs mea-
sure which has a reflection symmetry, at least in an asymptotic sense. In the lan-
guage of statistical mechanics, we apply additional “external forces™ at the end-
points of the Gibbsian chain. We show that the Gibbsian chain is deformed by
these forces roughly proportional to its length. At the heart of the argument lies
an upper bound for the free energy of the deformed Gibbs measure, which is ob-
tained by the variational principle for free energies. In Section 4.3 the deformed
Gibbs measure serves to prove exponentially decreasing bounds for the random
environment.

Finally, recurrence of the edge-reinforced random walk is proven in Section 5.
The exponential bounds for the random environment and the connection between
random walks and electric networks are the key ingredients to prove recurrence
on the half-sided ladder Ng x {1, 2}. Symmetry and gluing arguments imply recur-
rence on the two-sided ladder.

2. Edge-reinforced random walk on the finite ladder. Fixa > 0andn e N.
In this section we consider the edge-reinforced random walk on the finite ladder
G™ of length n. All initial edge weights are equal to a, and the random walker
starts in 0.

We could equally well study the walk on {—n,...,n} x {1, 2} started at 0 in
the middle, rather than the walk on {0, ..., n} x {1, 2} started at the left boundary.
However, the version presented here is simpler, since it avoids distinguishing three
cases “to the left of the starting point,” “at the starting point” and “to the right of
the starting point” for inner points of the ladder in many estimates presented below.

If there is no risk of confusion, we omit sometimes the dependence on n in the
notation.

2.1. A random walk in a random environment. We need some notation: Let

(n)
2.1) AW = 1x = (Xe)pepm € 0,117 > x.=1
ecE®™
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denote the simplex. We define «; := (k;(e)/t) ,cgm . Clearly, a; € AM,
For v € V, we denote by x, the sum of all x, with e incident to v:

(2.2) Xpi= Y X
{e€E:vee}

Furthermore, we introduce the following abbreviations:
(2.3) X; = X{i—1,i} Xi = X210y Ti =X 5y

Figure 1 illustrates this definition.

For 1 <i <n, let ¢; denote the oriented cycle i —1,i,i,i — 1, i — 1. Clearly,
c1, ...,y constitute a basis of the first homology space H;(G ™) (cycle space) of
G™; note that the first Betti number dim H; (G™) of G equals n. Let R :=

(0,00). For x € Rf("), we define the matrix A® (x) = (Al(’"j (X)1<i,j<n by

(2.4) Al?j?(x):zzi, AN = Y &

ecc; € eeciNcj

1
— fori # j,

Xe

where the signs in the last sum are chosen to be +1 or —1 depending on whether
the edge e has in ¢; and ¢; the same orientation or not. Explicitly, this means

o 1 1 1
A" (x) = +—4+ =+,
’ Zi-1 X Xi %
1
(2.5) AR () = = Al ),
l

(n) L
Aij'j(x)zo for |i — j| > 2.

Let 7 denote the set of all spanning trees of G™. Let y’ denote the transpose
of a vector y, and let E(T) denote the edge set of a tree T. For x = (x¢),cpm €

Rfm), y=01,y2..., ) €R"and T € T™, we define
a=3/2— a—3/2 a-3/2
q)(n)(x y,T) = ?=1[£i Xi ]H?:O Zj ]_[eeE(T) Xe

at1/2 g n—l, GatD/2_GatD/2, atl/2 _a+i)2
xo xg Ilio [y Xz Xp Ty

(2.6) -

1
X exp[—zyA(”)(x)y’]

Let o denote the Lebesgue measure on A™  normalized so that o (A™) = 1. We
set

(2.7) AR ::/m/n > @™ (x,y, T)dyo(dx).
A TeT®

The normalizing constant 2 is given explicitly in Theorem 1 of [7]; in particular
it is finite.
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THEOREM 2.1 ([7], Theorem 1). The sequence (a;)ieN converges almost
surely. The distribution of the limit is absolutely continuous with respect to the
surface measure o on A" with density given by

1
()
a7 [, T ey Ty,

Teg

(2.8) ™ (x) =

There is also a probabilistic interpretation of the arguments y in (2.6) in terms
of winding numbers of the reinforced random walk paths; for details see [7].

The edge-reinforced random walk on every finite graph has the same distribu-
tion as a random walk in a random environment where the environment is given
by weights on the edges. We state the result only for G:

THEOREM 2.2 ([12], Theorem 3.1).  For any path (vo, v1, ..., v;) in G™, the
following holds:

Vi—1

t
29)  P™X;=vfor0<i<1]= / [T 0 (1) o d);
AW

here x := (X¢),cgpm . Hence, A equals_ the distribution of the random walk in a
random environment on G™ starting in 0 with environment given by random edge
weights chosen according to ¢ do .

We define
AW = AW xR x 70
(2.10) _ X
dQW =[] e (x, y, T) o (dx)dydT,

where dT denotes the counting measure on 7. The marginal of the distribu-
tion Q™ with respect to the components x equals the distribution of the random
environment as a measure on A,

The following theorem bounds the tails of ratios between these random vari-
ables and the “winding number” random variable yiz.

THEOREM 2.3. Let a > 3/4. With respect to Q™ all the random variables

Yi+1
Yi

v v y?

have exponential tails, uniformly in i and n. In other words, there exist constants
cq(a) > 0 and cs(a) > 0 such that for alln e N, i <n and M > 0, one has

(2.12) QM| = M] < cge™M,

2.11) In 2 In 2 In 2L miw

where Y denotes any of the four random variables in (2.11).
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For x = (x,),cpm € A™, all weights (¢x,),c o With ¢ > 0 induce the same re-
versible Markov chain. In Theorem 2.2, the edge weights x are normalized in such
a way that ), x, = 1. For our purposes, it is more convenient to set one weight,
namely zg, equal to 1; recall that we used this normalization in Theorem 1.2. The
change of normalization is made precise in Lemma 2.6. We set

(2.13) A =RE” xR x 7,

The following scaling property of ® will be important. We omit its elemen-
tary proof.

LEMMA 2.4. Let ¢ > 0 be a real number. For all (x,y, T) € A™, the follow-
ing holds:
(2.14) M (cx, 2y, Ty =T =1o™ (x y, T).

For x € REW, we set 5(x) :=D_,cpm Xe. We define
2.15)  S:A™ 5 AM . (x, 3, T) - (s(x)lx, s(x) 72y, T).

We write | A| for the cardinality of a set A. Let §; denote the Dirac measure in 1.

DEFINITION 2.5.  Let A(dx) :=81(dzo) x [/, dx; dx; dz;. We define
(2.16) dQW .= Gn)! ) O (x,y, T)A(dx)dydT.
Z

LEMMA 2.6. QE”) is the image measure of QU under S that is, for any mea-
surable function f: A" — R, the following holds:

(2.17) fdQ™ = / foSdQW.
A A
In particular, for any path (vg, vy, ..., v;) in G™, we have
2.18) P™[X; =v; for0<i <t]= ]‘[ oirvd o™ (x, y, T).
A(n) xvt 1

PROOF. Let f:A™ — R, be measurable. Then, introducing an auxiliary in-
tegration over ¢ and using the definition (2.10) of Q)

~ 00 ~
[, £aQ0 = [ [T oy T drd @Oy T
A® Am Jo

1 00
2.19 - 2= £ (YT
( ) Z(n) /Il\(n)v/() e f(x » Yy )
X (I)(n)(x/’ y/’ T) t7"/2dt0(dx’) dy’dT.
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Consider the transformation A™ — (0, 00) x A defined by (x,y,T) —
(t,x',y',T) = (s(x), S(x, y, T)). Then, the measure t""/2 dt o (dx’) dy’ dT on the
right-hand side of (2.19) is the image measure of the measure (3n)!dxdy dT un-
der this transformation. To see this, note first that the projection to |[E™| — 1 =3n
components (x,),. EM\ (o) SUffices to parametrize any point (X)) pepm € A™, due
to the constraint ",z X, = 1; here we abbreviate ey := {0, 0}. Second, the
image of the probability measure o on the simplex A under this projection
(X)) pe gy F> (x;)eeEm)\{eo} equals (3n)! times the Lebesgue measure on {(x,). €

)
Rﬁ \eol, Y estey Xe < 1}; the normalizing factor (3n)! = (|E™| —1)! arises since

the last set has the volume 1/(]E™| — 1)!. Third, the inverse transformation,

with the redundant component xéo and the discrete variable 7' dropped, is given

by (¢, (xé)egée(y yl) = ((txé)egéeo’ t(1— Ze;ﬁeo x;), \/;y/) = ((xe)eyéeo, Xegs y). Its
Jacobi determinant is given by #/E”1=1(/7)" = ¢7/2, Hence, by the transforma-
tion formula, the right-hand side of (2.19) equals

(3n)!

W/ ( )s(x)qn/ze*s(x)f(S(x, v, T))®"(S(x,y,T))dxdydT
Z Al

(2.20) m

Tz

[, 50D F (S, 3. TS x, v, T)dx dydT:
A n

for the last equality we used Lemma 2.4 with ¢ = s(x)~!. Next, we substitute ¥ =
2o Ix, y=2z¢ 12 y. Note that the eg-component of X equals 1. Consider the transfor-
mation (x, y, T') = (20, X, y, T'). If we drop the redundant component x,., = 1 and
the discrete variable T, then the resulting transformation (x, y) = (20, (Xe)eeq» Y)

. . —([E™|=1) —n/2 —7n/2 .
has the Jacobi determinant z, (E* l)zo "2 _ Zg /2 Thus, the image measure

of dxdydT with respect to the transformation (x, y, T) — (zo, X, y, T) equals
ZZ)"/ 2 dzoM(dx)dy dT; note that the Dirac measure in A(dX) arises from X, = 1.
Using S(x,y,T) = S(x, ¥, T) and once more the transformation formula, the ex-
pression (2.20) becomes

3n)! o -
Gn): / / 205(@)e 0D f(S(F, 7, T))
Z(n) A Jo
(2.21) 1/2 Tn/2
x M (203, 2o/ ° 5, T)zg""* dzo MdX) dF dT.
By Lemma 2.4, <I>(”)(ZO)E, z(l)/zy, T)zg”/2+1 = dD(”)()Z, v, T). Hence, integrating
over z¢ yields for the expression (2.21):
(3n)! . - o g~
o ), FBEF D)V E 5. T)dDdydT
(2.22)

= fo S$dQW.
A )
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A B C D

FI1G. 2. The possible states of the tree variables.

This completes the proof of (2.17). The statement (2.18) follows immediately from
Theorem 2.2 because the quotients x{y, , ;1/%y;_, do not change under the trans-
formation S. O

2.2. Building spanning trees. In this section we give a local description of the
spanning trees of G In order to describe a spanning tree T', we specify for each
of the n cycles one of the states A, B, C or D shown in Figure 2.

Let T™ := {(T})1<i<n € {A,B,C,D}":(T;,T;y1) # (A, B)foralli = 1,

2,...,n — 1}, and recall that 7 denotes the set of all spanning trees of G,
We define
(2.23) Wee : T — T, Wiee (T 1<i<) =T

T; describes which of the horizontal edges {i — 1,i}, {i — 1,i} is contained in the
spanning tree 7" according to Figure 2. Let us define which rungs are included
in T. The left rung {0, 0} is included for 7} € {A, C, D}. Figure 3 tells us for

Ti+1:A Ty =B Ti+1:C Tiy1 =D

1—;‘ - A i—o—o forbidden i—c . o

E = B ') . — oo
z_; = C . ———o O —4 . 0 . o
TZ = D 'I‘ . L ————

FI1G. 3.  Possible transitions of the tree variables.
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i=1,...,n—1 whether the rung {i, i} is contained in the tree 7. Finally, the right
rung {n, n} is included for 7,, € {B, C, D}.
Indeed, Wiree ((T7)1<i<n) yields a spanning tree of G™.

LEMMA 2.7. The map Wi : T — 70 j5q bijection.

PROOF. Let T € 7. For each of the cycles ¢; (1 <i <n) of G, there is
at least one edge which is not contained in 7. If {i — 1,1} ¢ E(T), weset T; :=C.
If (i —1,i} ¢ E(T), we set T; := D. Otherwise, both edges are contained in 7,
and T is connected by a vertical edge somewhere either on the left (and we set
T; :== A) or on the right (and 7; := B). Clearly, (T;, T;+1) # (A, B) for all i. One
sees that Wi.. maps the constructed sequence (7;)1<;<, to T. Hence, Wy is onto,
and it is not hard to see that it is one-to-one as well. [

2.3. A Gibbsian representation of the random environment. In this section we
represent Q) as the image measure of a Gibbsian probability measure under a
suitable transformation. This representation is essential for the analysis of the ran-
dom environment. The transformed local variables are called X, X, 00, Ti, Zi
and I';. In the terminology of statistical mechanics, one may view them as abstract
local “spin” variables. The new variables X, X;, Z:i, T'; consist essentially of log-
arithms of ratios between neighboring old variables x,, yl.z, while o; and T; are

discrete. First, we describe the space of these transformed local variables.

DEFINITION 2.8. We define Q" := Qjefe X ngcle X Q’r?u;é X Qright, Where

Qe =R,  Qeyeie =R* x {£1} x {A, B, C, D},
(2.24) ,
Qrung =R", Qright =R.

We endow 2 with the reference measure dw, defined as the Lebesgue measure
on R times the counting measure. We denote the canonical projections on £
by

(2.25)  wier, (@eycle,i)1<i<ns (@rung,i)1<i<n—1, Wright

where wief; = Zo, Weycle,i = (X;,X;,0i,Tp), Wrung,i = (Zi, Ty), Wright = Zy; hence
a generic element on Q) is

(226) w = (Z()? (&i’ Yl'v Oi, Ti)lsisn» (Ziv Fi)]fifl’l—la Zn)-
Furthermore, we set
Q" = {we Q™ :(T;(0), Tit1 () # (A, B)

(2.27)
foralli=1,...,n—1}.
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Intuitively speaking, the components of Q) are associated to parts of the lad-
der: Quefe and Qrigne belong to the left and right rung, respectively; the ith Qcycle
component belongs to the ith cycle in the ladder, and the ith Qe component is
associated to the step from the ith to the (i + 1)st cycle.

Using an intuitive statistical mechanics picture, one has a chain of “compound
spins,” consisting of “inner spin variables” X, Xi, Zi, o; and T;, while I'; mea-
sures the “separation” between neighboring compound spins.

This is clarified by the following definition; it describes the transformation to
the new local variables. In order to simplify the notation we first define auxiliary
variables U;, W; and Y;.

DEFINITION 2.9. We introduce the abbreviations

(2.28) Ui = 3[X; + Xi], l<i<n,

(2.29) Wi =T+ Ui+1 — U, 1<i<n-—1,
i—1

(2.30) Yii==Zo— Y W, 1<i=<n.
j=1

Recall the abbreviations (2.3). We set
230 A" = {((x)e G1)in T) € A 179 =1, y; #0 for all i},

and we define W : Q™ — AY’), o= ((xXe)pegms Vi)1<i<n, T), as follows:

X; = eXi(w)'i‘Yi(w)’ X = eY;(w)+Yi(w)’
(2.32)

yi = 0;e¥i@/2, l<i<mn

0=1, 7= eZi (w)—ﬁ—(Y,-(a))+Y,-+1(a)))/2’
(2.33)

anezn(w)'f'Yn(w)’ lflfl’l—l,
(2.34) T = \Ijtree(Tl (w),..., Tn(a)))-

For our analysis below, it is essential to consider as our new (capital) variables
logarithms of quotients roughly of the type x./x. or x./ yiz, with e close to ¢’
and close to level i, since these variables turn out to have uniformly exponential
tails. There is some arbitrariness in the choice of the precise form of the change of
variables. Our choice was optimized so that the estimate for the local Hamiltonians
in Proposition 3.2, is valid for sufficiently small values of a.

Speaking very roughly and using the statistical mechanics picture again, ¥; may
be viewed as the center of the ith compound spin, while X, X; and Z; can be con-
sidered as distances of the constituents of the ith compound spin to the center. The
constituents are bound together by strong internal forces. In the intuitive picture,
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the locations X; 4 Y3, X, +Y; and Z; + %(Y,- + Y;+1) of the constituents are log-
arithms of the original edge weights x.. Multiplicative scaling of these weights
corresponds to shifting the whole spin chain.

We note that A(I") has full Q" -measure, that is, Q(”)[A(ln)] =1, and that
v QM A(I") is a bijection. Its inverse W~ 1: A" — Q@ is expressed by the
following equations:

X - Xi
X, =In—, Xl-=1n—2, o; =sgnyj,
Vi Vi
(2.35) |
Ti = [Wiee (D]i, l<i=<n,
(2.36) Zo=2,  Zi=hm——  Z,=InZ,
Y1 |yi Yit1l Vi
1 , Xi
(2.37) ﬂ:—PnL +mf‘} l<i<n—1.
Xit1 Xi+1
The following relations are also useful:
Y; =21In |y _
(2.38) _ _ il ,
=X, +X1—X;—-X)—Zo—Y.T;, 1<i=n,
j=1
y2
(2.39) Wl' = Yl' — Yi+1 =In 2—1,
Yit1

(240) Ty =[Ui+ Y] = [Uis1 +Yipal,  1<i<n-—1L
The reason to take y; squared is its scaling behavior in (2.14).
The image measure of Q) with respect to the transformation W ! :A(I") —

QM < Q™ turns out to be a Gibbs measure; we show this in Lemma 2.13. But
first, we introduce the relevant local Hamiltonians for this Gibbs measure. Since
we deform the Gibbs measure later, we introduce a “deformation parameter” 7
already at this point. In the language of statistical mechanics, one may view 75
as an external force, coupling to the “separation” I'; between compound spins.
Without deformation, n takes the value 1/4.

In analogy to (2.28) and (2.29), we use the following abbreviations:

241) U=3(X+X), U'=1(x'+X), W=r+U —U.

DEFINITION 2.10. For n € R, we define Hpiddie,a,y: Lcycle X Srung X
Qcycle — R U {oo},

Huiddie.a,n(X, X, 0, T1Z,T1X', X 0", T')
(2.42) = Hin,q + Hiinear,a + Hiree + Hexpt + Hexpll + Heonstraint — 71

= Hpiddle,a,0 — 0T,
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where

3 1 /
Hing = %{m[eyw/z X W24 7]

(2.43) - -
+1n[eX+W/2+eX —W/2+eZ]}’

(244)  Hineara := —(a + 3)IU + U’ + Z],
Hiree := %[MT:C}X + Lr=p)X + L=y X' + 1{7/:0}7]
(2.45) + [Yr=py + Lr=n)]Z + 3[Lr=p) — Lir=n}]W
= 3[Lr=a) = Lr=p)]U + 3[Lir—a) = Lir=p U,

(2.46) Hexpr := %[e_X te X g X 4 e_?],
2.47) Hexprr := %[O‘EWM — o*/e_w/4]2e_z,
(2.48)  Hconstraint := +00 - Li7—a,7/=B)-

The piece Hconstraint €ncodes the constraint (77, T;+1) # (A, B) for the tree vari-
ables; intuitively speaking, the energy required to violate this constraint is infinite.

We define the reflection <> by A = B, B = A, C” =C and D = D.

Foro=(X,X,0,T) e Qcycle, We define 0™ 1= (X, X,o0, T*). We observe the
following reflection symmetry property:

(2.49) Huiddie.a.n(@|Z, @) = Hmiddie,a, (@'~ |Z, =T |o®).

The two ends of the ladder need some extra consideration:
DEFINITION 2.11.  We define Hieft,q : Qeft X Qcycle — R by

_ U
(2.50)  Hefr,a(Z1X, X, 0,T) = Hieft,a := Hieft,In,a + Hieft,tree + Hexp + T

where
(2.51)  Hieftna i= aln[eY +eZ)+ (a+ %){111[6X +eZ1—[U + 71},
Hiefi tree := 3[Lir=c) X + Li7=p)}X]

(2.52) 1
+ Lir=8yZ + 5[Lir=4) — Lir=p}]U,

(2.53) Hexp = Le X + e X]+ Le77,
We define Hiight,a : Qeycle X S-zright — Rby

Hright,a(&» Ya G’ T|Z)
(2.54)

= Hyight,a -= Hright,In,a + Hright,tree + Hexp - Z



ERRW ON A LADDER 2065
with
(2.55)  Hiightina = (a + 3){In[eX + 1+ In[e* + ¢*] - [U + Z1},

Hiight tree := %[MT:C}X + Lir=py X]

(2.56) |
+lir=4}Z — j[]l{T=A} — Lir=p)]U.

The total Hamiltonian is defined to be the sum of all local pieces; here the
deformation parameter n equals 1/4:

DEFINITION 2.12.  We define H™ : Q) — R U {00} by

H™ (@) := Hieft o (@tef|@cycle. 1)
n—1
(2.57) + Z Hmiddle,a,l/4(a)cycle,i |wrung,i |wcycle,i+l)
i=l1

+ Hright (wcycle,n |C‘)right) .

The following lemma shows that the Gibbs measure defined by the total Hamil-
tonian H™ indeed describes the random environment for the reinforced random
walk, transformed to the local spin variables.

Recall Definition 2.9 of the bijection W and the definition of the reference mea-
sure dw on " in Definition 2.8.

LEMMA 2.13.  Let P™ denote the image measure of QU (restricted to the set
AYZ) of full measure) under the map W=": A%") — QW that is, for all measurable
functions f:A"™ — R, we have
(2.58) FdQW = / foWdP™,

A Q)
Then P™ has the following representation as a Gibbs measure:

(2.59) dpm — [Z(”)]_le—ﬂ(")(w) dw,

Wlﬂ’l Z(n) = fQ(n) e—H(")(w) dCl)

PROOF. The presence of Hconstraint in the Hamiltonian guarantees that e H"
is indeed supported on range(¥ ') = Q™ c Q™ that is, e~H" =0 as soon as
one of the constraints (7;, T;+1) # (A, B) is violated.

For f: A™ — R, as above, we get the following by the transformation formula
and the definition (2.16) of Q:
foWwdP™ = fdQ™
Q0 A

(2.60) o

Tz

(¢] (n)O
[, (f o 0@ 0 W) do.
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with an appropriate Jacobi determinant &, specified in (2.70). Recall that the com-
ponents of w, described in (2.26), consist of both continuous and discrete parts.
The Jacobi determinant ¢ is taken only with respect to the continuous variables
with the constant value zo = 1 dropped.

Because of (2.60), it suffices to show that

(2.61) —In(d™ (W (w) g () = H™ (w) + c6

holds for all @ in the domain Q™ of W with a constant cg (n) € R. We rewrite the
density ® given in (2.6) as follows:

™ (x,y,T)
1 [x flzz]a/2+1/4 [x fnZZ]a/2+l/4
2.62 =€ R A(n) ti| =1 0 n n
Q6D =exp| 574”0y T DT
n— 1

X, x,+1x,+1z 29a/2+1/4 n

XH GatD/2 [ [lx%i) ZHZ_Z [T .

i=1 i=0 ecE(T)

Using the explicit form (2.5) of A®™, we express the argument of the first expo-
nential term as follows:

1 ] — l i

1 n
— 5iezo +e*Zn + Z[efii +e*Xi]
i=1

n—1
(2.63) + > [ozeilt — a,-+1e—Wf/4]2e—Zf]
i=1
exp (wleft|a)cycle,1)
n—1

+ Z (Hexpl + Hexpll) (a)cycle,i |Q)rung,i |0)cycle,i+1)
i=1
+ H, exp (wcycle,n |wright) .

This is the exponential part of the Hamiltonian H ™. Next, we analyze the part of
the density & which depends on the parameter a. For 1 <i <n — 1, we have by

Definition 2.9 and (2.39)
[0 XX 4 Xig127 ]9/ 214
[xix;](3a+l)/2

_3a+1

—In

(2.64) m[elﬂrYf 4 eXititYier eZi+(Yi+Yf+1)/2]
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3a2—i— 1 ln[eYH—Yi +eY[+|+Yi+1 +ezi+(Yi+Yi+l)/2]

1 3 3
~(a+ 5[t v+ zi+ v+ v

+ 3a+1 ln[eYH-Wi/Z + 67i+1—Wi/2 + eZi]

1 1
- <a + §>[Ui +Uin1 +7Zi1 - Z[Yi +Yiq1l

1
Z[Yi + Yiql

Similarly, a calculation using Definition 2.9 and in particular Y; = —Zj yields

= (Hln,a + Hlinear,a)(a)cycle,i |(Urung,i |a)cycle,i+l) -

[x 1 22]0/2+1/4

at1/2 4
XQ .X6

1
= (a + 5) In[eX1 1 4 1)

_ 1 -
(2.65) +a1n[eX1+Y1+1]—(%+Z)(11+X1+2Y1)

— 1 Y

=aln[eX! + %] + (a + 5){111[#l +e%0] - Uy — Zo} — 71
Yy

= Hleft,ln,a(wleftlwcycle,l) - 7

and

~ ,21a/2+1/4

[xﬂxﬁ]“Jrl/z

1 _
= <a + §>{ln[e£”+y" + eZn ] 4 In[eXntTn 4 oZntin])
a 1 _
(2.66) _ (5 4 Z) (X, + X +2Z, +4Y,)

1 _
= (a + §>{ln[exﬂ +e%n] + ln[eX” + eZ"] — U, — Z,}
= Hright,ln,a (wcycle,n |wright)-

These are the parts of the Hamiltonian which depend on the parameter a.
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Recall the definition of W from (2.32)—(2.34):
\II(ZOv (Xi’Yi’ oj, T})]Sifna (Zia Fi)lSiSn—l’ Z}’l)

= ((L',fi)lgign, 20, (Zi)lgign—l, Zn, (yi)lgign, T)

(2.67) _
i+Yi i+Yi i+(Yi+Yiy1)/2
= ((€X'+Y ,eXith )IS[Sn’ 1, (eZ +Hi4 Y/ )15[511—1’
e“r I (07€"1/%) 1 <i<ny Wiree (T))1in))
with
i—1
(2.68) Yi=—Zo+ 42X, +X1 - X, - X)— )T

by (2.38). Consider the map W with the discrete arguments o; and 7; taken fixed
and the discrete component 7' and the constant component zg = 1 in the image
vector dropped. We write this map as a composition of three maps:

(ZO,Xl»YI»---,XnaYn’ZIaFl,---,Zn—I,Fn—laZn)

}i) (Xlaylv"'7Xn’Xn9zlv"'7ZnaZOvF17"'7FI’l*1)
(2.69) ) B B
}—)(X]7X17~~'7Xnvxﬂ9zl,---vZ}’laYl’---vYﬂ)

f;> (ﬁl,fl,---,imxn»m,---,Zm)’l»---’yn)-

The map 7 is just a permutation; thus, its Jacobi determinant has absolute value 1.
Using (2.68), the Jacobi matrix Dy is a lower triangular matrix having only
the entries +1 and —1 on the diagonal; thus its determinant has also absolute
value 1. Finally, the Jacobi matrix DE is an upper triangular matrix; the values

on the diagonal are given by dx,/0X; = eXiTVi, 9%, /0X; = eXi Vi, 9z;/0Z; =
Lt WiHYie0/2 52,197, = % Vn and 3y; /3Y; = 10;e¥/? with 1 <i <n and
I<j<n-—1.
We observe that the Jacobi determinant § occurring in (2.60) equals
g =|detD(Eo xom)|=|det DE|

n o n—1
(2.70) = pZntYn H[%eYi/zeXi‘f'YieXi"rYi] 1_[ eZi+(Yi+Yi+1)/2

i=1 i=1
n n
— Yi/2. —
=27"T]le /)Lixi]l_[zz‘-
i=1 i=0
Consequently,

n

(2.71) —ln|:g ]‘[[L.f,-]—ll‘[zil] =nln2—3) Y.
i=1 i=0

i=l
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It remains to analyze the part of the density & which depends on the spanning
tree 7. We note that

2.72) H[xx] 1]_[z‘1 [T xe= ] =

i=0 ecE(T) e¢E(T)

Furthermore, using the definition of the tree variables A, B, C and D (see Figure 2)
and the possible transitions between them (see Figure 3), we obtain

n
—1n|: 1_[ xe_l] = Z[ﬂ{Ti:C}lnL- + l{Ti:D}lnfi]

e¢E(T) i=1

+ Z[ﬂ‘{Ti:A] + 17,,,=B}]Inz;

+ 1(r=pyInzo + L{1,,=4) Inz,
2.73)

= [Lin=a)X; + Li1,=p) Xi]

+ D [Ln=a) + L1y =8)] Zi + 1 (1,=4)Zn
i=1
n—1

% Z 1(7;11=B) — L(r;=a} Wi + R.

The remaining term R is specified in (2.74); recall that W; = Y; — Y;41 by (2.39).
Using the identity 1(7,—a) + L(r;=B) + L{1.=c) + L{1;.=p) = 1, we see that

n—1

n
R =Y [lg—c)+ Lg=py]Yi + Y_[Lii=a) + L7, 1=5)]
= i=1

Yi+Yiq
2

]Yi+1—Yi

+ L, =a}Yn +Z T,1=B) — L{1;=4) 5

n

Q2.74) =) [1 = 1{g=a) — Liz=p]Yi
i=1

n—1

+ Z[]l{T,-:A}Yi + L7, =8y Yis1] + L1,=) Y
i=1

n

= Z Y, +1i1,=B)Z0
i=1
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For the last equality, we used Y| = —Zp by (2.30). Combining (2.73) and (2.74)
with the definitions (2.45), (2.52) and (2.56) of Hyee, Hieft,tree and Hright, tree; WE
get

—1
- 1n|: l_[ X, j| = Hleft,tree(a)left|wcycle,1)
e¢E(T)
n—1
(2.75) + Z Htree(wcycle,i |a)rung,i |wcycle,i+1)
i=1

n
+ Hright,tree (wcycle,n |wright) + Z Y;.
i=1

Note that the terms involving U; in Hieft,tree, Hiree and Hyight,ree form a telescopic
sum, which vanishes. The right-hand side in (2.75) is the part of the Hamiltonian
depending on the spanning tree 7.

Next, we sum up (2.63)—(2.66), (2.71) and (2.75). Recall that in the definitions
(2.50) of Hieft,q and (2.54) of Hyjght,q» there are additional terms £U /4. We get the

following result on the set Q:
—In((@™ o W)ig])

U
_ H(n) r— — —_n
+ - Z: 1
ln—l Yl 1 n n
(2.76) = Wit Y = a2 =23 Y43,
i=1 i=1 i=1
n—1

—H(n)+nln2+ Z(F — Ui + Y1+ [Uig1 + Yip1])
i=l

=H"™ +nh2,
where we used (2.40) in the last step. This proves the claim (2.61). [

3. Bounds for the Hamiltonian. In this section we bound the local Hamil-
tonians from below, showing that they increase at least linearly at infinity. Unfor-
tunately, these estimates are technically involved; but fortunately, for the remain-
der, it suffices to know only the statements of Propositions 3.2 and 3.5 and of
Lemma 3.3.

3.1. Bounding Hpiddle,a,y- The key to the linear bound of Hpiddie,a,, lies in
the solution of a linear optimization problem. It seems to be more convenient to
consider a dualized problem; this is why we introduce “dual variables” k7 7 in the
following lemma.
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LEMMA 3.1. Leta=1/2. Then there are ky 7+ > 0,Kk1,7/ > 0, E/T,T/ > 0 and
Koy 0= 0 with

— 1 / — 1
3.1 Kpp +Krp=7 and Krp+Kr =3,

such that one has

r
Hin,1/2 + Hiinear,1/2 + Hiree + Hconstraint — 1

(3.2) _ —
>krpX+Err X+ p X +%r X
PROOF. Due to the presence of Hopgraine in the claim (3.2), there is nothing to
show in the case (T, T') = (A, B). Thus let us assume (7, T’) € {A, B, C, D} \
{(A, B)}. Using In(e* + e” + %) > max{x, y, z}, we estimate Hy, 1,2, defined
in (2.43), from below by a convex combination: For all o, B, v, @, B,y =0 with

(3.3) a+p+y=1 and a+B+y=1,
we get
H >5bm{x4—w x - z}+ma{Y+M/Y“ W z”
- X _7 __5 X _7 __7
172 =4 ST 575 2 2
5 w
3.4 > el X+ — x——J
(3.4) _4[g(_+2)+§<_ 5

It suffices to show that for all 15 possible values (T, T') € {A, B, C, D}? \{(A, B)}
of the tree variables, there exist

>0, B=0, y=0, @=0, p=0, y=0
(3.5) Y
K1/ >0, ET,T’ >0, EIT,T’ >0, F/T,T’ >0,

so that (3.1), (3.3) and
r — _
(3-6) K+ Hlinear,1/2 + Hiree — Z = ET,T/X + ET,T/X + E/T,T/X/ + E/TvT’X/

hold for all real values X, X, X/, Y/, Z and I'. Indeed, the claim (3.2) follows from
(3.6) and the bound (3.4).

Equation (3.6) is equivalent to the system of equations for the coefficients of
X, X, X, Y/, Z and I' in (3.6). This system together with (3.1), (3.3) and the
inequalities (3.5) form a system of linear equations and linear inequalities. We
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solved this system with a computer for all 15 possibilities for the tree variables
(T, T'). Here is one possible solution:
o = g5[Lr=a) = Lir=s) + Lir=c)
(3.7) — Lyr=a,7=D} + Lir=8,7"=D) + Lir=C,7'=D}]
+ 13+ Lr=a) — Lir=p) — 2 Yr=c} + Yir=C.7=B} ]

= 15[1 =) — Lir=a) = 3 Lir=c) + Lr=a.1=D)]

=S

(3.8) + 12— Lg=ay + Lir=8) — Lir=p,77=4) + Lir=C 1/=B)
+ Yir=a,7'=c} — Yir=B,1=C} — L{T=8B,7"=D} ],
(39 y=l—-a-8,

(3.10) @:=2+ 3lr—n) —a.
GAD Bi=3+31r=p — B,
(3.12) y:=1—-a—8
and
(3.13) err = gL+ Lir—c.r-p) = Lir=s)
—Yr=a1=p) — 3Lr=p.r'=D)].
(3.14) K717 i= g —K7.77%
i =4[ = L=y — Lr=a) + Lr=p.17=5)
(3.15) + Lir=c,17=8) + Li7=A.7'=C}]
+ s[Lr=a,r7=p) — Lir=py.
(3.16) Ky = ; — K7 -

Indeed, an elementary but tedious calculation shows that (3.6) and the inequali-
ties (3.5) are fulfilled for our choice. We checked all the conditions with the help
of a computer algebra system, but they can also be checked by hand for the 15
combinations of the tree variables. This completes the proof. [

The following lemma bounds the local Hamiltonians “in the middle” of the
ladder. We split off the exponential part Hexpr, since this refined bound is needed
in a deformation argument in Section 4.2.

PROPOSITION 3.2. Foralla > 1/2 and for all n € [—1/4, 1/4] one has

Hmiddle,a,n > Hmiddle,a,n — Hexpll

(3.17) _ P
z cr@UX|+ | X] + 2]+ U] + [ X+ X ]
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with the constant ¢7(a) = % min{a — %, 1} > 0.

PROOF. In the estimate (3.19), we use the elementary bound
3ln(e* +e’ +e*) —x—y—z>3max{x,y,z}—x —y—z2
(3.18) .
>sllx—yl+lx—zl+ 1y —zl]

twice, forx =X+ W/2, y=X'—W/2,z=Zandforx =X+ W/2, y=X —
W /2, z = Z. Furthermore, we use an average between the two bounds | x|+ |x2| +
|x3]+ |xa| > |x1 +x2+x3+x4] and |x1 [+ |x2| +[x3] + [x4] > [x1 — x3] + |x2 — x4]
in the third step in (3.19), and we abbreviate a = a — 1/2. This yields

(Hln,a + Hlincar,a) - (Hln,1/2 + Hlinear,l/Z)

_ %[31n(e§+W/2 4 eX W2y b7y

+3ln(eY+W/2+eYLW/2+eZ) —X-X-X-X —27]

[V
NG

4 4
[IX—X+W|+’§+7—Z‘+‘X—7—z‘

- = - W - W
(3.19) +|X—X,+W|+‘X+7—Z'+‘X/—7—ZH

a __ _
Z[|1—X+W|+|X—X’+W|J

v

+oIX X +1X =X+ X+ X+ X' +X —42]]

oo | Q

X+X-X —X +2W|

|V
NG

+%[I&—YI+IX—Y/|+|£+Y+X+Y’—4Z|].

Lemma 3.1 implies that

r
Hin,1/2 + Hiinear,1/2 + Hiree + Hconstraint — 1
(3.20)

1 — _
> < min{X, X} + min{X', X'}]
holds. We also need the following fact: For all ¢ > 0, we have
(3.21) min{x, y}+e™ " +e " +elx —y[ = 8(|x[ + |yD,

where 6 = min{e, 1/2}. To prove this fact, we may assume y > x without loss
of generality, using symmetry. Abbreviating #_ := max{—u, 0} and using e™* >
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2u_, we get the claim (3.21):
min{x, y} +e " +e 7 +elx — y]
>x+2x_4+2y_+68|lx —y|

(3.22) =|x| —&x +2y_ + 68y
> (1 —=9)|x| + 8]yl
> 8(|x| 4+ [yD-

Combining (3.19), (3.20) and the definition (2.46) of Hexpi, we conclude

Hmiddle,u,l/4 - HeprI
= (Hin,a + Hiinear,a) — (Hin,1/2 + Hiinear,1/2)

r
+ (Hln,]/Z + H]inear,l/Z + Hiree + Heonstraint — Z) + Hepr
(3.23) )
> 21X +X - X' =X +2W]
+ 20X =X+ 1X - X+ X+ X+ X + X —42]]

8

1 — — o /
+ Z[min{g, X} 4+min{X, X} +e X e X pe X 47X].

For the first summand in the last expression, we use the relation (2.41) be-
tween W and I'. Then, two applications of the fact (3.21) with ¢ = a/2,
8 = min{a/2, 1/2} yield the following lower bound for the terms (3.23):

(3.23) > %|F|+%IX+Y+X/+Y/—4Z|
5 N
+Z[|X|+|X|+|X|+|X ]

) — —
> SIPI+ 2 X + X + X/ +X - 47|
(3.24)

+ X 41X+ X+ 1X]

)
4
8 8 8 - P
> ST+ =1 Z| + = [|X| + X + 1X'| + X ]]
8 2 8

) _ _
> SUXI+IXI+1Z] 41T+ X + X|1.

In the case n = 1/4, this proves the second inequality in the claim (3.17). By the
symmetry property (2.49), this implies the second inequality in (3.17) in the case
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n = —1/4, too. For —1/4 < n < 1/4, Hmiddle,a,n — Hexpn 1 a convex combina-
tion of Hmiddle,a,1/4 — Hexpit and Hiddle,a,—1/4 — Hexpir. Thus we get the second
inequality in (3.17) in the general case, too. The first inequality in (3.17) follows
immediately from Hexprr > 0 recall its definition (2.47). [

LEMMA 3.3. For all w = (X, X,0,T) € Qeycle, @ = (X/,Y/,O’/’T/) e
Qcycle, Wrung = (z, ') e Qrung, the map

(3.25) [—1.113 ¥ = Hmiddie,a,0(@|Z, T + y Lig 201} |@)

is twice differentiable with the following bounds on its derivatives:

9/
sup | — Hmiddie,a,0(®|Z, T + Lz 2517 |0)
—1<y<1 10y/

(3.26)
<cg+ Hepo(a)|a)rung|w,)

holds for j =1, 2 with some constant cg = cg(a) > 0.

PROOF. Let j € {l, 2}, and let ®,, denote the map (a)la)mng|w/) = (w|Z, T +
]l{o;éa/}ylw/)-

By (2.41), T = W + U — U’. Hence, the terms contributing to the derivatives
under consideration are those depending on I' and W. Consequently, using the
explicit form of Hpiddle a0 from Definition 2.10, we see that

97
-~ [Hmiddle,a,O o ®y]

sup 3y

—l=y=l

(3.27)

3/ 3/
—-[Hln,a o ®y] + W[Hexpll o ®y]

<c9+ sup 8y

—l=<y<l

Lln[eX+W/2+eX/—W/2+eZ]

with a constant cg > 0. It is not hard to see that T

is bounded for j = 1, 2. Hence,
9/

3.28
(3.28) up_ |5

—l=<y<l

[Hinao®y]| <cio

with a constant ¢jo > 0. By the definition (2.47) of Hexpir, we have

(3.29) Hexpii 0 ©, = 1[eW°O/2 266" 4 o= (WoON/2]=7
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with Wo ©®, =W + 15, y. Thus, the following hold:

d
sup | —[Hexpii © Oy ]
—15551 gy F ’
1 o —(Wo —
(3.30) = lsllp<1 _[e(W Oy)/2 _ =W ®y)/2]e 21{0#0/}
—l=y=
= HeprIa
2
su ——[Hexpir © ©+ ]
iepetlay 2t PO
1 o —(Wo —
(3.31) = lSllp<1 _[e(W ®y)/2_|_e w @y)/Z]e Zl{ayé(r/}
—l=y=
= HeprI-

For the last inequalities in (3.30) and (3.31), we used that |eW+7)/2 4 = (W+7)/2| <
2e"/? — 200" + e W/?) for —1 <y <1 on the event {o # o'}, that is,
for —200’ = 2. The claim follows from the bounds (3.30) and (3.31) together
with (3.27) and (3.28). O

3.2. Bounding Hieft,q and Hight,o. The bounds for the boundary parts in the
total Hamiltonian are obtained roughly similarly to the bound of the “middle”
piece.

LEMMA 3.4. Let a =3/4. The following bounds hold:
(3.32) Hiet,3/4 — Hexp > Z/4 and Hiight,3/4 — Hexp > Z/4.

PROOF. LetT €{A, B, C, D}. First we estimate Hef;,3/4. Forall o, B € [0, 1],
we have

(a+ 7)In[eX + 1+ aln[eY—l— e”]
(3.33) > 2 max{X, Z} + 3 max{X, Z}
> 3aX + (1 —a)Z1+3BX + (1 - B)ZI.

We choose
(3.34) o= %1{T=A} + %]l{T:B} + %ﬂ{rzu},
(3.35) B =11r=a} + Lr=p) + %]1{T:C}-

Substituting the bound (3.33) with this choice in Definition 2.11 of Hief 3/4, an ele-
mentary but tedious calculation shows that the bound on the left-hand side in (3.32)
is satisfied.
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Similarly, we get a bound for Hyigh,3/4: For all o, B € [0, 1], we have
(a+ H){InfeX + ¢?]+ In[eX + 7]}

(3.36) > 2[max{X, Z} + max{X, Z}]

>2[aX+(1-a)Z+pX +(1—p)Z].
This time, we choose
(3.37) o = $Uroa) + 2h(r=p) + thir=c) + 2Lr=p).
(3.38) B=a+2lr—c)— 2Li7=p).

Substituting (3.36) in the definition of Hiight,3/4, the bound on the right-hand side
in (3.32) is also satisfied. []

PROPOSITION 3.5. Forall a > 3/4, we have the following estimates:
(3.39) Hiefia = cri (@[ X] + X +Z]],

(3.40) Hiighta > c11(@[1X| +1X| + | Z]],

with the constant c11(a) = %min{a — %, %} > 0.

PROOF. Leta > 3/4, and let a = a — 3/4. Using the estimate 2 In(e* + ¢”) —
x —y >2max{x, y} —x — y =|x — y|, we obtain

Hiett,a — Hieft,3/4 = fl{ln[eY—i- eZ] +In[eX + %1 - U — Z)
(3.41)

> AIX = ZI+1X - ZI).

N

Combining this with Lemma 3.4 and the bounds Hexp > e % /2 and Z + 2e % >
|Z| yields

a — 1
Hiefta > §{|X —ZI+|X-Z|} + Z[Z+2e_z]
(3.42) >cn(@f{|X —Z|+1X — Z| +3|Z|}

> cni(@IX] + X[ +1Z]].

This implies the claim (3.39). The estimate (3.40) for Hijght,q follows with the
same arguments; one just replaces “left” by “right.” [
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4. Statistical mechanics of the random environment.

4.1. Transfer operators. In this section we introduce a transfer operator K,
and we show that it is a Hilbert—Schmidt operator. A Perron—Frobenius type argu-

ment yields all the spectral information about K, that we need.

DEFINITION 4.1.  Let dwcycle denote the Lebesgue measure times the count-
ing measure on Qcycle. We define the following Hilbert space:

4.1) H = LZ(Qcycle, £(Qcycle): da)cycle)-

The scalar product in #¢ is denoted by

4.2) (fg):= /;2 f(wcycle)g(wcycle) dwcycle-
cycle

LEMMA 4.2. Let cy(a) be as in Proposition 3.2, let c11(a) b_e as in Proposi-
tion 3.5 and let c¢12(a) := min{c7(a), c11(a)}/2. For weycle = (X, X, 0, T) € Qc¢ycle
and wwng = (Z, ") € Qrung, we define

4.3) Mol :=cr2(@ (X + X)) and  ||owungll := c12(@)(|1Z] +|T]).

Take a random variable Y : Qcycle X Qrung X Lcycle = R satisfying
(44) |T(w|a)rung|w’)| < cl3e”w”+”wmngH+”w,||+Hexpll(w‘wrung‘w,)

for some constant c13 > 0. For —1/4 < n < 1/4, the function k;:Qcycle X
Qcycle — [0, ool,

4.5) k) (0,0):= fn Y (0| wrung | )e ™ Hmisdiean@lomngle) gy o

rung
is well defined. The integral operator (acting from the right)
o1 . 20
K, :H — FH, f= fK,,
(4.6)
(RN = [ fok] @ o) do

cycle

is a well-defined Hilbert-Schmidt operator. In the special case T =1, we write
ky :=kj and K, =K.

If we drop the summand Hexprr in the exponent of assumption (4.4), this as-
sumption only gets stronger, because Hexpry > 0 holds.

PROOF OF LEMMA 4.2. By Proposition 3.2, Hmiddie,a,n = 2(|@l + | @rung |l +
|’ ||) + Hexpri- Hence, using (4.4), the integrand in (4.5) is bounded by cize el =llonung =o'l
Integrating over wrung, We get

(4.7) Y (@, )] < crae 1141
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with a positive constant c14(a). In particular, k,T is well defined. Consequently, the
following integral is finite:

(4.8) / / k,}r(a), o) dwdo' < co.
Qcycle Qcycle
This shows that K" : # — J¢ is a Hilbert-Schmidt operator. [J

DEFINITION 4.3.  When there is no risk of confusion, we use the following
notation similar to the left and right operation of matrices: We denote the adjoint
K} 3t — Jt of Ky : H — J by the same symbol K, but acting from the left:

K,’;:Jf—>]€, g Kyg,
4.9)
K@ = [ k@, 0)g(@)dw.

cycle

In particular, (fKyg) = ((fK;)g) = (f(Kyg)).

LEMMA 4.4.  The spectral radius 1, > 0 of K, is a simple eigenvalue of K,
with unique (up to normalization) positive left and right eigenfunctions v, > 0 and
vy > 0, that is, vy Ky = vyhy and Kyvy = Ayv,. Every other eigenvalue X of K
has modulus |1 < Ay.

PROOF. This follows from Jentzsch’s theorem; see, for example, Theorem 6.6
in [13] or Theorem 43.8 in [18]. We verify the hypotheses of Jentzsch’s theorem:
First, K, is compact by Lemma 4.2. Second, consider a subset § C Qcycle With
the property that § and 2¢ycle \ S have positive reference measure. We check that
[s chyclc\S ky(w,w)dwdw' > 0. Indeed, for T € {A, B, C, D}, let Q7 := R2 x
{£1} x {T} C Qcycle- Recall that ky,(w, »') > 0 iff (0, ) ¢ Q4 x Qp. Note that
Qc NS or Qc \ S has strictly positive reference measure, and k,(w, ") > 0 for
all (w, @) € (QcNS) x (Qeyele \ S) and for all (w, ') € § x (2c \ S). Thus, the
hypotheses of Jentzsch’s theorem are fulfilled.

The same argument applies to K. Furthermore, it follows from the corollary to
Proposition 5.1 on page 328 of [13] that 1), is an (algebraically) simple eigenvalue.

O

We state an immediate consequence of this lemma:

COROLLARY 4.5. Let vy, vy be normalized such that (vyvy) = 1. Let
My:H — H, [ fMy = (fvy)vy. Then as n — oo, A, " K} (acting from
the right) converges to M, exponentially fast with respect to the operator norm
I Nl se— e
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DEFINITION 4.6. We define gieft, gright : 2cycle — R by
(410) gleft(wcycle) = f e—Hlefl(Z,a)Cycle) dZ,
R

(41 ]) gright(wcycle) = / e_Hright(wcycle,Z) d7z.
R
LEMMA 4.7.  One has gieft € H and gright € H.

PROOF. By Proposition 3.5, Hyight,a > llwcyclell + c12(a)| Z|. Hence,

2
@12)  [lgsanll% = /Q [ /R eHrigh“%ycle@dZ] dweyele < 00,
cycle

and grignt € J€. Replacing in the above argument “right” by “left,” we conclude
that glere € . U

4.2. A deformation of the Gibbs measure. This section contains one of the
central pieces of the whole proof of recurrence: We deform the Gibbs measure
by changing n = 1/4 to the “more symmetric” value n = 0. In the language of
statistical physics, the “spin chain” at the “physical” value n = 1/4 is exposed
to “external forces” of opposite directions at its two ends, causing the “symme-
try breaking term” nI'; in the Hamiltonian. The origin of this symmetry breaking
term is the different scaling of the term xy belonging to the starting point in the
density (2.6). We compensate this external force artificially by setting n = 0, that
is, by applying an external “counter-force,” at least for the part of the spin chain
between level 0 and level j. We define the corresponding “artificially deformed”
Gibbs measure v, ;:

LEMMA 4.8. ForneNand j <n, let

j
(4.13) %=1 T,

(4.14) Zy.j = Epmle 1.

Then Z, is finite; thus the following probability measure is well defined:

(4.15) vy 1= —— dP™.

n,j

PROOF. Using Definition 2.13, we know Zn’jZ(") = fe_H(")_Ej dw. Note
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that
H" () + 2 j(w)

= Hleft,a (a)left | Weycle, 1 )
J
(4.16) + Z Hmiddle,a,O(wcycle,i |a)rung,i |a)cycle,i+1)
i=1
n—1
+ Z Hmiddle,a, 1/4 (wcycle,i |wrung,i |wcycle,i—|—1)
i=j+1
+ Hright,a (wcycle,n |wright)

holds; recall Definitions 2.10 and 2.12. As a consequence of the bounds (3.39),
(3.40) and (3.17) for Hiefi.a» Hright.a and Hiniddle.a.» the term e (@)= @) tends
to O exponentially fast as at least one component of w tends to +=o0c. Thus Z,, ; is
finite, and we get

e~ H"(@)=% ()

LEMMA 4.9, Let Y : Qcycle X Srung X Qc¢ycle — R be a random variable such
that the bound (4.4) holds. Then the expectation of Y (wcycle,i|®rung,i |@cycle,i+1)
with respect to vy, j exists and is uniformly bounded for i, j,n with i < n and
Jj < n. It can be written as follows:

Evn,j [T (wcycle,i |wrung,i |wcycle,i+ 1 )]

o
(gier Ky Ky K} Ky grign)

TR, , fori<j<n,
(g1eft K 1/4 8right)

P i_ilw e
<8leftKéKi/4j K$4K?/4l 1gright)

——
<gleftK(J)K,11/4] 8right)

(4.18)

) for j <i<n.

PROOF. We abbreviate 13,7 = kn_lKn and Y; := Y (wcycle,i |@rung,i |Weycle,i+1)-
Using Fubini’s theorem, (4.16), Lemma 4.2 and Definition 4.6, we calculate for
1<i<j<n:

n . i1z - —il
E [T] . fQ(n) T[B_H( )_21 da) i <g16ftK(l) KgKOI IK?/4'/ gright)
v L1l = T = P
o j fQ(n) e H 3 dow (gleftKé K?/4J gright>
(4.19)
Ai_ 1~ N oAn_ i
a1 (gleftK(l) IKOTK(; IK?/4'1 gright>
— 70 AT A .

—i 1
(g1en K K f/4j 8right)
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Note that the denominator in the last expression does not vanish. This shows that
E,, ;[Yi] exists and is given by (4.18).
We claim that

(4.20) it (@1erKg K)agrighd) > 0.

To prove this claim, we observe that for every fixed j and m,

4.21) (g1et Ky K1) Zright) > 0

holds, since this is a scalar product of positive functions. Furthermore, Corol-
lary 4.5 implies

(4.22) llgierc K — (glefcvg)voll s < c1se €167

for some constants c;s, c16 > 0. As a consequence, we get for every fixed m > 0:
(4.23) lim (giert Kg K14 right) = (gieftvy) (VoK 1)y grignt) > 0;
]—)OO

note that we have again scalar products of positive functions. Similarly, again by
Corollary 4.5, we know K 1'1/4gright — ] /4(v1 /4&right) in F (exponentially fast) as
m — 00. Consequently, we get for every fixed j > 0:

(4.24) mli_)moo<gleftleé K 1/48right) = (g1er K V] 4) (V1/48right) > 0.
Finally, as j and m tend to oo simultaneously, we get

(4.25) Jli)fglo <gleftle({ki'}4gright) = (g1eftvg) (VoV] /4) (V1/4&right) > 0.
m—0o0
Combining (4.21), (4.23), (4.24) and (4 25) yields our claim (4.20).

Furthermore, we claim that <gleftK = 1K YK T 1 /4 gright) is uniformly
bounded in i, j, n. Indeed, the sequence (glett 0 ),-GN is bounded in J#¢; it even
converges. Similarly, I%é 'K ?/ZJ _lgright is bounded in #, too; recall that 1%0 and
K /4 have the leading simple eigenvalue 1. Thus the numerator on the right-hand
side of (4.18) in the case i < j < n is uniformly bounded. Similarly, the expres-
sion (g]eftK K 1 4 g 1341( 4 /4’ gnght) that is, the numerator on the right-hand
side of (4.18) in the case j < i < n, is also uniformly bounded in i, j, n. Finally,

the denominator is uniformly bounded away from 0. This completes the proof of
the lemma. [

We apply Lemma 4.9 to the random variables e“17%i, ¢“17i | ¢€17Xi and ec17Xi
with some sufficiently small constant cy7(a) > 0. Then the exponential Chebyshev
inequality yields immediately the following consequence:
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COROLLARY 4.10. There exist positive constants c1g(a) and c17(a), such that
forallneN, j <nand M > 0, one has

(4.26) v j[IT] > M] < cige” "M

whenever Y is any of the random variables Z;, T;, X; or X; with any admissible i.
In particular, for j = 0 we have a bound for v, o =P™.

PROOF OF THEOREM 2.3. We apply the transformations (2.17) and (2.58) to
express probabilities with respect to Q in terms of P, Using the expressions
(2.35)—(2.40) for Z;, I';, X; and X;, the theorem follows from Corollary 4.10.
Note that In |y;1/yi| = —=Wi/2=—T:i/2+ X;/4+ X /4— X; 11/4— X 1/4 and
In(z;/ yiz) =Z; — W;/2 hold for 1 <i <n — 1, and that linear combinations of
random variables with exponential tails have exponential tails as well. [J

The following lemma states the basic symmetry for n = 0: For n = 0, the “sep-
aration” I' between neighboring spins has expectation 0, at least “far away from
the boundary of the ladder.”

Recall the definition (4.6) of the integral operator I?g .

LEMMA 4.11.  We have (voK} v§) = 0.

PROOF. Letn € [—1/4,1/4]. Recall Definition 2.10 of Hyjddle,a,, and its re-
flection symmetry property (2.49). Using the definition (4.5) of k.1, this reflection

symmetry yields k} (0, ') = k!, (&7, ©*) and k; (0, ') = —kL, (&', ).
Let f € #. We set [ (w) := f(w*). The symmetry properties of k,li and k,l;
imply

(K™ @) = [ f@ky(w,0/ ") do

(4.27) = [ @k @ o) do
= K-y () @)
and
(SR @) = [ f@k .07 do
(4.28) =— / f@kE, (0, w)dw

=—KL, (f) ().
We apply (4.27) for the eigenfunction vy: A,vy” = (v Ky))™ = K_p(vy7).
Hence, using the uniqueness of the eigenfunctions up to normalization (Lem-

ma 4.4), we conclude vin = clg(n)v,‘]" for some constant c19(n) > 0. We calculate,
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using (4.28),
(4.29)  (voKp vg) = (W9 T WoK{) ™) = — () T K vy™) = —(vo K{ v).
This yields the claim. [J

The next lemma applies this reflection symmetry to finite ladders: In the sym-
metric case (n = 0), the separation I'; between neighboring spins does not get
too large, even in the presence of boundary terms, by an “approximate” reflection
symmetry.

LEMMA 4.12. There are positive constants cap(a), c16(a), ca21(a) and cr(a),
such that for all i, j,n € N with i < j < n the following bound holds (uniformly
inn):

(4.30) |Ey, [T:]1| < ca0e =16l 4 ooy 20D

Vn,j
PROOF. Recall that K n="A, 'k »- The representation (4.19) implies that

(gleftk() K() K] 1K1/4 8r1ght)

(4.31) [Mi1=2g"

Vn
! (gleftK() K1/4 gl‘lght>
By (4.20), the denominator in the last expression is bounded away from zero. Thus
it suffices to derive a bound for the numerator.
Recall that the sequence (K {’} 48&right)meN, 18 bounded. Using Corollary 4.5 once
more, this implies for some constants c»>(a), c23(a), c24(a) > 0, uniformly in m:

Al 5 ~
||K0Kfn/4gright - v6<v0K1n/4gright) Il 7

(4.32) < IR = Ml 30— s l| K g Grighll ¢
< cpze™ 2!,
(4.33) 1 (0o K "4 8right) | ¢ < €24

Using Lemma 4.11, we obtain
(816K K KGR T4 8right)|
= [{giere K{) ! Iggkékf'}wnght) — (gren Ky kg”g)(vok?%gright)
34 + (gl K K vg) (woK 1748right)
' - <gleftU6k> (00K§ v5) (V0K 1)y gright)|

= ”gleft . ||J€||Ko ||J€—>J€||K0K1/4gnght - UQ(UOK1/4gnght>”}€

+ lget Ko™ = (grercvg) voll ze |l K& Nl e ze 10 (UOKlrr;4gright> Il 7e.
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Combining this with (4.22), ( 4.32), (4.33) and using the facts that (gier K ')ien
is bounded in # and that K (I; is a bounded linear operator, we conclude:

(4.35) |<g1eftké_lk5kék{r}4gright>| < cape” 2! 4 cp5em160 D]

uniformly in m, with some positive constants cp5(a) and coe(a). Substituting the
bounds (4.35) and (4.20) in (4.31) yields the claim (4.30). 0O

Intuitively speaking, the spin chain described by P™ is exposed to some exter-
nal forces between level 0 and level j that are missing in v, ;. In order to estimate
the effect of these external forces, we compare P™ with another “artificial” de-
formation v, ;, of v, ;. This deformation is obtained by taking the image with
respect to some “deformation map” E,, ;. Roughly speaking, one may view v, ;
as an artificial “caricature version” of P, which is easier to compare with v, j

than P™ itself.

DEFINITION 4.13. For y € R and j < n, we define the bijection &, ;:
Q) . Q)
. Sy W) (= \Wieft, (Weycle,i)i=1,....n> (Drung,i,j,y i=1,...,n—1, Wright)»
(4.36) E,, (@) = (wefi ( ) ( ) )
where
4.37) C:)rung,i,j,y 3:(Zi= I + V1{0i7é0i+1,i§j})'

Thus only the components I'; with i < j get shifted by y, but only in the case
0; # 0;11; all other components are left unchanged. Let v, ;, denote the image
measure of v, ; with respect to E, ;.

By deforming the spin chain with E, ;, a deformation of the separation X;
between distant spins roughly proportional to j is induced. This is shown in the
following lemma.

LEMMA 4.14. There are positive constants cy7(a) and cyg(a), such that for
all y € (0, 1] and for all n, j,i € Nwithi < j < n, we have the following bounds:

(4.38) |Ey, ;[Z51] < ¢,
(4.39) v, jloi #0iv1] > cos,
(4.40) E;, ; [Zj]1= cosjy — .

PROOF. Using the definition (4.13) of X, the claim (4.38) follows immedi-
ately by summing the bound (4.30) overi =1, ..., j. To prove (4.39), we consider
the map S; : Q) — Q)

(4.41) Si(w) = (wleft’ (&)cycle,z,i)tzl ..... ns (wrung,t)tzl ..... n—1, wright)
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with

(4.42) @cycle,i = (X, Xi, (Lp<iy — Lpsiy)ow, 1),

that is, just the sign components o, in @ with ¢ > i get flipped; all other com-
ponents are left unchanged. We calculate the Radon—Nikodym derivative of the
image measure S;[v,, ;] with respect to v, ;: The density of v, ; is given by (4.17).

The part of the Hamiltonian depending on the signs o, is Hexpir; recall Definition
2.10, in particular (2.47). Thus, we have

dSilv,jl _ expl—Hexpu(oi, Wi, Zi, —0i11)]
dvy,j expl—Hexpri(0i, Wi, Zi, 0i41)]

(4.43) .
=exp[—20;0i11e” 7'].

We calculate:

Vn,jloi # 0it1]1 = (Si[vn,jDloi = 0i41]
(4.44)

= Evni,j [exp[_zaiaiﬂeizi]1{0i=0i+1}]’

hence
4.45)  2vy jl0i # 0i11] = Ey, ; [Lio,20,11) + €xpl—2¢™ “ 1L{g,=0;.}]-

By Corollary 4.10, the distributions of the random variables Z; with respect to v, ;
are tight, uniformly in 7, j and i. Hence, the claim (4.39) follows from (4.45).
Finally, in order to prove (4.40), we observe for i < j

(4.46) E;, [0l = Ey, ;[Ti + vy Lio0:,11] = Ev, ;[Til + cosy

by Definition 4.13 and (4.39). Hence, we get the claim (4.40) using (4.38):

(4.47) E;,  [Zj1= Ey, [Zj]1+cogyj = cosyj — 27 0
The following lemma considers deformations of the local Hamiltonians in the

“separation variable” I';. It is an ingredient for a deformation argument, below.
Recall the definition (4.37) of @rung,i, j,y -

LEMMA 4.15. Fori < j<n,themap f; j,:[—1,1]— R,
(4.48) fi,j,n()/) = Ev,,,j [Hmiddle,a,O((Ucycle,i |(I)rung,i,j,y |wcycle,i+1)]
is twice differentiable with the following bound on its derivative:

(4.49) sup | £ (1) < 2¢29
1

—I<y<

for some constant cr9 = cp9(a) > 0.
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PROOF. By Lemma 3.3, the map y Hmiddle,a,O(wcycle,i |(Z)rung,i,j,y |wcycle,i+1)
is twice differentiable, and its derivatives satisfy

k

ISUP —8 X Hmiddle,a,O(wcycle,i Id)rung,i,j,y |wcycle,i+l)
—1<y=<110y
(4.50)

<cg+ Hepo(a’cycle,i |a)rung,i |a)cycle,i+1)

for k =1, 2. Hence, by Lebesgue’s dominated convergence theorem, it suffices to
show that

(4.51) Evn.j [Hexpll (wcycle,i |a)rung,i |wcycle,i+1)]

is uniformly bounded. Recall that Hexprr > O by its definition (2.47). Hence, the
bound (4.4) holds for Y = Hexprr, and consequently, Lemma 4.9 implies that (4.51)
is uniformly bounded in i, j,n. 0

Next, we derive a bound for the relative entropy between v, ; and v, ;, quadratic
in y, and linear in the length j.

LEMMA 4.16. Forall y € [—1, 1] and for all j,n € N with j <n, we have

Donjy ] <cajy?

(4.52) E;, . [m To

with the constant cr9(a) taken from Lemma 4.15.

iti Y - . m=1 _
~ PROOF. From Definition 4.13, we know v, ;, = &y j[v, ;] and B, =

E_,, ;. This implies

dVn j.y dvnj
4.53) dony ST d S
dvn,j v an,jﬁV
and thus
v, j dvn,j
( ) Yn,jy |: n dvn,j 0 dvn,j,f)/ @

Let us calculate the Radon—Nikodym derivative in the last expectation: Recall the
representation (4.17) of v, ;. Since the reference measure dw on Q™ is invariant
with respect to the map &, ;, we conclude

M m Y .aEm .
HWoBy j—Xjo8y,j

(4.55) AV j—y = dw.

vajz(n)
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Combining (4.17) and (4.55), and using Definition 4.13 and (4.16) for H®™ 4 Xj,
we get

dvy, ;i
oy __gn) gm om g _ .
ln ~ =H Ouy’j+2‘]0uy"] H E]
dVn,j,—y
J
(4.56) = [Hmiddle,a,O(wc cle,i |Orun RN |ewe cle,i+1)
y g y
i=1

- middle,u,O(wcycle,i |a)rung,i |wcycle,i+l)]-

Using Lemma 4.15, this implies that the relative entropy % (y) is twice differen-
tiable with respect to y € [—1, 1]. Furthermore, 4(y) > 0 holds, and 4 (0) = 0 fol-
lows from v, ;o = vy, j. Consequently 4 (y) reaches its minimum value 0 at y = 0;
thus 4’(0) = 0 is valid. Using Taylor’s formula, (4.56) and the bound (4.49), we
conclude for some & =&(y) €0, 1]

)/2 ]/2 J )
(4.57) h(y)=Zh"GEy) == Zl flinEy) <cjy?.
=
Thus, the claim (4.52) follows from (4.54). [

The following proposition is the key ingredient to prove recurrence of reinforced
random walks: It bounds exponential moments for the “separation variables™ X ;.
Here it becomes clear what the deformed measure v, ; , is good for: it just serves
to bound the free energy difference between the v, ; and P™ via a variational
principle for free energies.

PROPOSITION 4.17. For some positive constants cy7(a) and ci(a), we have
the following bound for all j,n € N with j < n:

(4.58) Epmle Fi] < e,

PROOF. From (4.14) and (4.15), we know
dvy,
WEC

We take 0 < y < 1 sufficiently small (to be specified below). Using that the relative
entropy between v, ;,, and P is nonnegative, we conclude from (4.59):

(4.59) In Epmle > 1=InZ, ; =—1 z;.

dv, ;
InZ,; < Ein,/,y [ln d];*(i’)y} +InZ, ;

. an,j,y a’vn,j
(4.60) = Ein,/,y [ln P In TP Ej]
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dVn,jy
= E,jnijy |:11’1 7dvn ; ] — Egn,j_y[zj]

<cajy* —cjy +e.
We used the bound (4.40) and Lemma 4.16 in the last step. Taking a fixed y > 0

so small that —c¢q := 6‘29)/2 — cagy < 0, the claim (4.58) follows. [J

4.3. Exponential decay of the random edge weights. 1In this section we prove
exponential bounds for the random environment.

PROOF OF THEOREM 1.2. Let e € E™ be an edge on level i of the ladder,
and let ¢ be as in Proposition 4.17. By Theorem 2.1 and the definition (2.10)
of Q",

p(”)[ lim ﬂ < ecu‘] — @(n)[x_e < ecli]

=00 k,({0,0}) ~ 20
(4.61) (0.0
=Q" [x_e < e_cli].
z0

Note that

i—1
(4.62) Yi=—Zo—) Wj=—-Zo—4%i_1 — Ui + U,

j=1

by (2.30), (2.38) and (4.13). Using Lemma 2.13 and the transformation of variables
(2.32)/(2.33), the right-hand side of (4.61) equals

(4.63) (4.61) = PW[e—4Bim1+Ti < p=aiiy

where Y; =X, — Zo—U; + U, ifx, =x;, Yi = X; — Zo — U; + U, if x, =%,
Yi=Z,—Zo+U—Uyifxc=z,andi=n,and V;, =2, — W;/2—Zo— U, +
U =Z,—Zo+U —T;4+U;+Ujt1)/2if x, =z; withi €{1,2,...,n— 1}; the
last case follows from (2.39) and (2.29). Recall that U; = (X; + X;)/2 by (2.28).
We use (4.58) and the exponential Chebyshev inequality to obtain

(4.64) PO[—4%; ) > —2¢ji] <D,
Applying Corollary 4.10 with j = 0 yields
(4.65) P™IY; > c1i] < czpe ™

with some positive constants c3g(a), c31(a) > 0. Combining the bounds (4.64) and
(4.65) with (4.63), we obtain the claim (1.6):

(4.66) (4.61) > 1 — eT=C1G=D/2 _ oy p=ci -
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5. Recurrence. In this section we prove Theorem 1.1. Recall that we call the
reinforced random walk recurrent if almost all paths visit all vertices infinitely
often.

LEMMA 5.1. On any graph G, the edge-reinforced random walk is recurrent
if almost all paths return to the starting point infinitely often.

PROOF. A Borel-Cantelli argument shows that for any u, v € V with {u, v} € E
the following holds:

Pvc(i o1 1s visited infinitely often and v is visited at most finitely often]
5.1
=0.

(Details can be found in the proof of Corollary 3.1 in [12].) Hence, the claim
follows by induction. [

LEMMA 5.2.  Forall a > 3/4, the edge-reinforced random walk on No x {1, 2}
starting in O with all initial weights equal to a is recurrent.

PROOF. For x € RE, let O, denote the distribution of the nonreinforced ran-
dom walk on Ny x {1, 2} starting at O which jumps from u to v with probability
proportional to the weight x(, ,) of the edge {u, v}. Let A,(C") denote the event that
the random walker returns > k times to O before hitting the set {n,n}. We set
AW = Agn).

Our proof uses the connection between random walks and electric networks.
Consider the graph Ny x {1, 2} as an electric network, where edge ¢ has the con-
ductance x, or equivalently the resistance x,° I Let R™(x) denote the resistance
between 0 and the set {n, 77} of the finite ladder G™. Then C™ (x) = 1/R"™ (x) is
the effective conductance. Recall that xg=z0 +X1 =1+X1 > 1 Q"-a.s. The es-
cape probability Q,[(A?)¢] can be expressed as follows (see, e.g., Section 1.3.4
of [5]):

w < C(n)(x) — 1

™) _a.s.
Xy R™ (x) Q

(5.2) 0. [(AM)] =

By Rayleigh’s monotonicity law (Section 1.4 of [5]), the effective resistance of
an electric network decreases if some of the individual resistances decrease. In
particular, the network obtained from the ladder G by shorting together each of
the vertices {i, i} has an effective resistance R(”)(x) < R™(x). We calculate

(5.3) RWx) =" ! — !

S X tXi o X, Xy

v
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Denoting by b A ¢ the minimum of » and ¢, we conclude

0.[(A™)] =<

Al
- R(”)(x)

(5.4)

< — 1< ) Al M) _as.
_R(”)(x)/\ <(x,+Xp) A Q"-as

By the strong Markov property, O [A]((")] = (Qx[A™])K. Using (2.18), we obtain
POLAC] = [ 0u4"IQ" WxdydT)
A n
(5.5) > [ (@AP) Q" @xdyaT)
A n

— = k ~(n)
= ‘/;\(n)[l [(ln +Xx,) A 1]] Q"™ (dx dydT).

Let B, :={lnx, < —cin and InXx, < —cn}. Theorem 2.1 and L_emma 2.6 imply
that the distribution of the limiting vector (lim,_ s k;(e)/k; ({0, 0})), under P
equals Q™ because zg = 1 Q" -a.s. Hence, we conclude from Theorem 1.2 that

P<">[A,§">]z/ [1—[(x, + ) A 11]°Q" (dx dy dT)
B

n

(5.6) > Q"[B,](1 —2e7 1" A 1)K
> (1 — 2c2e™ ") (1 — 21" A D,

The probability that the reinforced random walk starting in 0 does not return to 0
before hitting {n, 77} is the same for the finite ladder G™ and for Ny x {1, 2}.
Consequently, if we denote by P the distribution of the edge-reinforced random
walk on Ny x {1, 2} starting at 0 with all initial edge weights equal to a, then
P+[A,(<n)] =pw [A,((")], and we conclude

o0
P [return > k times to 0] = P+|: U A,((”)]

n=1

67 (n)[ 4 ()
— 1 n n _
_”ll)rgoP [Ak ]_ 1.
Since k is Erbitrary, we conclude that the reinforced random walk on the half-ladder
returns to 0 infinitely often with probability 1. The claim follows from Lemma 5.1.
O

PROOF OF THEOREM 1.1. Because of (5.1) and Lemma 5.1, it is enough to
show that the set {0, 0} is visited infinitely often.

For vg € V and x = (x.)ecE € RE, we denote by Py, , the distribution of the
edge-reinforced random walk on Z x {1, 2} starting in vg with initial edge weights
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given by x. If x, = a for all e, we write simply P. The distributions of the edge-
reinforced random walk on Ny x {1, 2} and —Ng x {1, 2} are denoted by P* and
P, respectively.

Let 7o := 0, and for i > 0, let 7; be the ith return time to the set {0, 0}. We denote
by p; the hitting time of the set {—1, —1,1, 1} after time ;. By (5.1), pi < o0
P-a.s. on the set {1; < o0}.

We prove by induction on i € Ny that 7; < oo holds P-a.s. This is clearly true
for i = 0. For the induction step from i to i 4 1, assume that the claim holds for i.
Then, p; < co P-a.s., and we obtain

Pltiy1 <o0] = Pti41 < pi]

+ Plti+1 > pil - Plti+1 < 00| Tig1 > pil
(5.8)
= Plti4+1 < pil

+ Pltier = pil- [ P, Wisit (0.011dP.

Let us consider a fixed realization of X,, and w,,. Since Px pi Wi [visit {0, 0}]

depends only on the edge weights on one of the two half-ladders Ny x {1, 2} or
—Np x {1, 2}, this probability agrees with the corresponding one for the reinforced
random walk on the half-ladder. Hence, for some * € {—, 4} and some finite path
(vo=0,v1,..., v, = X,,) we have

Px, w, [Visit {0, 0}]
(5.9) S _
= P*[visit{0, 0} after time ¢| Xy = vy for all s < ¢].

By Lemma 5.2, the reinforced random walk on Ny x {1, 2} is recurrent. By
symmetry, the same is true for the reinforced random walk on —Ng x {1, 2}. In
particular, for these two processes, almost all paths return to {0, 6}. Hence, the con-
ditional probability on the right-hand side of (5.9) equals 1. It follows from (5.8),
that P[t;4+1 < oo] = 1, that is, the reinforced random walk on Z x {1, 2} returns
to {0, 0} at least i + 1 times. By the induction principle, there are P-a.s. infinitely
many visits to the set {0, 0}, and the claim follows. [
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