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In some previous papers one of us (G.A.K.) discussed dielectric relaxation phenomena with
the aid of non-equilibrium thermodynamics. In particular the Debye equation for dielectric relax-
ation in polar liquids was derived. It was also noted that generalizations of the Debye equation
may be derived if one assumes that several microscopic phenomena occur which give rise to
dielectric relaxation and that the contributions of these microscopic phenomena to the macros-
copic polarization may be introduced as vectorial internal degrees of freedom in the entropy. If it
is assumed that there are »n vectorial intemnal degrees of freedom an explicit form for the relaxa-
tion equation may be derived, provided the developed formalism may be linearized. This relaxa-
tion equation has the form of a linear relation among the electric field E, the first n derivatives
with respect to time of this field, the polarization vector P and the first n + 1 derivatives with
respect to time of P. It is the purpose of the present paper to give full details of the derivations of
the above mentioned results. It is also shown in this paper that if a part of the total polarization P
is reversible (i.e. if this part does not contribute to the entropy production) the coefficient of the
time derivative of order n + 1 of P in the relaxation equation is zero.

*) This work is supported by the Gruppo Nazionale per la Fisica Matematica of the Consiglio Nazionale delle

Ricerche (C.N.R.), by the Nederlandse Organisatie voor Zuiver Wetenschappelijk Onderzoek (Z.W.0.) and by
the Department of Mathematics and Computing Science of the Eindhoven University of Technology.



1. Introduction

Macroscopic discussions on the thermodynamics of polarizable and magnetizable media in
an electromagnetic field are given by De Groot and Mazur”, Mazur and Prigogine®, Kluiten-
berg? and by Kluitenberg and De Groot*”. The relativistic thermodynamics has been developed
in the references 3-5. A review has been given by Meixner and Reik®.

Furthermore, using the general methods of non-equilibrium thermodynamics, one of us
(G.AK.) has developed a thermodynamic theory for some types of dielectric and magnetic relax-
ation phenomena, by assuming that a polar and an axial vector field occur as internal thermo-
dynamic degrees of freedom and that these fields influence the polarization and magnetization,
respectively (see reference 7). Snoek’s equation for magnetic after-effects and Debye’s theory for
dielectric relaxation phenomena in polar fluids are obtained as a special case of this theory.

In reference 8 it is shown that if there is a "hidden" vectorial internal variable Z, which
influences the polarization P, this leads to the possibility to write the total polarization P in the
form

P=PO® 4+ p® (1.1)

where PO has the property that it vanishes for all values of P if the medium is in a state where
the electric field E and the mechanical elastic stress vanish and the temperature of the medium
equals some reference temperature. P is a function of Z only and may replace Z as internal vari-
able. P is a measurable quantity in contradistinction to an arbitrary "hidden" vectorial internal
degree of freedom which is not measurable in general.

In reference 8 a relaxation equation is derived for P® and it is shown that P is propor-
tional to E. Furthermore, it has been shown that the theory (with P as internal variable) becomes
formally completely analogous to the Debye theory if the equations of state are linearized. Sud-
den changes in P are impossible while sudden changes in P are possible if sudden changes
occur in the electric field E. For this reason P2 may be called the elastic part of the polarization
and P the inelastic part. Finally, in reference 9 the theory developed in the references 7 and 8 is
generalized and a different formulation is given by assuming that in principle all changes in the
polarization are irreversible phenomena so that both changes in P® and P? are irreversible
processes (see also reference 10 in which Bottcher and Bordewijk note that a change of the polar-
ization cannot be infinitely fast because it is connected with the motion of any kind of micros-
copic particles). In reference 9 relaxation equations for P® and P are obtained. In the linear
approximation one obtains for isotropic media the relaxation equation

if the internal degree of freedom is eliminated from the formalism. If changes in P are reversi-
ble processes (1.2) reduces to the Debye equation. Furthermore, the quantities x{J,, %, Xy
and x{3, in (1.2) are constants.
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In section 14 of reference 9 it is noted that generalizations of the Debye equation may be
derived if one assumes that an arbitrary number of phenomena occur which give rise to dielectric
relaxation and that it is possible to describe these microscopic phenomena with the aid of »
macroscopic vectorial intemal variables which are introduced as internal degrees of freedom in
the Gibbs relation. Furthermore, an explicit form for the relaxation equation may be derived, pro-
vided that the developed formalism may be linearized. It is the purpose of the present paper to
give full details of the derivation of these results with the aid of the methods of non-equilibrium
thermodynamics®? 9 19 12 13,

In section 2 we give the first law of thermodynamics for a polarizable continuous medium
in an electromagnetic field,

In section 3 we introduce the assumption that the entropy depends not only on the internal
energy, the strain tensor and the vector of the total polarization, but also on n vector fields
p®, p@, -+, p™, which play the role of internal degrees of freedom.

In section 4 the Gibbs relation and the entropy balance are derived and it is shown that the
entropy production is a sum of contributions due to viscous mechanical flow phenomena, heat
conduction, electric conduction and dielectric relaxation. Every contribution is an inner product
of two vectors or of two second order tensors of which one is a flux and the other is the thermo-
dynamic force conjugate to the flux.

In section 5 the phenomenological equations connected with irreversible changes in the
polarization and with the generalized laws of Ohm, Fourier and Newton are formulated and the
symmetry relations and the Onsager-Casimir relations for the phenomenological coefficients are
derived.

The phenomenological equations and the entropy production are also formulated for the
case that the medium is isotropic. Furthermore, from the nonnegative character of the entropy
production, some inequalities are derived for the phenomenological tensors.

In section 6 a reference state (with temperature T,) is introduced in which the equilibrium
stress tensor is a multiple of the unit tensor and the equilibrium electric field and the vectorial
thermodynamic affinities conjugate to the partial specific polarizations vanish. The strain tensor
£., the vector of the specific total polarization p and the specific partial polarizations p®
(k=1,2, -+, n) are measured with respect to this state, i.e. €,5, p and p® (k=1,2, -+ -, n) vanish in
the reference state. This state is a state of thermodynamic equilibrium. If we introduce a suitable
form for the specific free energy £, we obtain the linearized equations of state.

In section 7 a set of equations is derived which has a mathematical structure which is com-
pletely analogous to the structure of the equations obtained in section 15 of reference 14 for
mechanical phenomena in continuous isotropic media.

By applying the same procedure as used in reference 14 the following dielectric relaxation
equation for isotropic media is obtained
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where x5, (k=0,1,---,n~1) and xg‘,)g) (k=0,1,---,n+1) are constants. It is seen that (1.3) has

the form of a linear relation among the electric field E, the first n derivatives with respect to time
of this vector, the polarization vector P and the first » + 1 derivatives with respect to time of P.

In section 8 it is seen that:

i)  If the equilibrium electric field is equal to the electric field of Maxwell (E“? = E), sy
vanishes and the theory developed in this paper reduces to the case that the polarization is
additively composed of a reversible and of n irreversible parts. In particular, if n =1 the

Debye equation for dielectric relaxation in polar fluids is obtained.

ii) If no internal vectorial degrees of freedom occur the theory reduces to the De Groot-Mazur
theory.



2. The first law of thermodynamics '

Let us consider a polarizable medium in an electromagnetic field. Maxwell’s equations for
the electromagnetic field read

_1 dD_1 . 1
rotH - at—cj R 2.1)
divD =p*?, 2.2)

1 3B _
rotE + - 3 0, 2.3)
divB=0, 24

where E and B are the electric and magnetic field strengths, respectively, D is the electric dis-
placement field, H is the magnetic displacement field, p®” is the electric charge density, j" is the
density of the electric current and c is the velocity of light.

The time derivative % is the substantial derivative with respect to time defined by

d a9 ¢ ]
4a_2od 2 9 2.5)
d o =7 ox,

where % is the local derivative with respect to time. Furthermore, x,, x, and x5 are the coordi-

nates of a point in space with respect to an orthogonal Cartesian frame of axes fixed in space and
v1, vz and v are the components of the velocity field with respect to this frame.

The first law of thermodynamics for a dielectric medium reads (see for example formula
(39) on p. 384 of reference 1)

d
p =—divJ? + Z Tep +j . E+pE- —J)—. 2.6)

In (2.6) u is the specific internal energy (energy per unit of mass), J is the heat flow, 1,4 is the
mechanical stress tensor and e, is the strain tensor defined by

_ 1| %ua duy _
Eop = 2 [ ax,, + ] (a,p=1,2,3), 2.7

ox,
where u is the displacement field of the medium. From the definition (2.7), it is obvious that g, is
a symmetric tensor field.

If the strains and rotations of the medium are small from a kinematical point of view, we
have in a first approximation

d _ 1 ava avﬂ _
o es= [ et Bxa] @B=1,23). 2.8)

Now, if we define for an arbitrary second order tensor field A its scalar part by



1 3
=3 Z 2.9
*l
and its deviator by
- 1 3
3 1
(845 is the unit tensor), it follows from (2.9) and (2.10) that
3
S A, .11
‘F
and that

It should be noted that /i‘,,; is a symmetric tensor field if and only if A, is a symmetric ten-
sor field. Moreover, it is seen that the scalar part and the deviator of ¢, are given by

e= 3 diva - 2.13)
and by

- 1 aua auﬂ 2 .

Ep=7 3%, + . 3 3 divu| , (2.14)
respectively.

In (2.6) p is the total mass density satisfying the conservation law

%*:— ——divpv. 2.15)

If we introduce the specific volume v, by
v=p!, (2.16)

(2.15) may also be written as
p—‘;—‘;:divv. @.17)

From (2.13) and (2.17) we obtain

dv de
—=3—. 2.18
dt 3 dt 2.18)
In (2.18), in a first approximation, p may be replaced by 1/v,, where v, is the specific volume in
the reference state (i.e. the state of the medium with respect to which the displacements of the

medium are measured) and this leads to



v=vy5(1+3¢).
Furthermore, in (2.6) p is the specific polarization defined by
p=vP,
where the polarization P is given by

P=D-E.

(2.19)

(2.20)

(2.21)



3. The Gibbs relation
Let us introduce the physical assumption that the total specific polarization is additively
composed of n + 1 partial specific polarizations, (see equation (14.1) of reference 9)

p=pQ+pD 4 - 4 p® 3.1

and let us assume that the specific entropy (i.e. the entropy per unit of mass) depends not only on
the specific intemnal energy , the strain tensor ¢4 and the specific polarization p, but also on the n
vector fields p®,p®@, - --,p™, which represent » thermodynamic intemal degrees of freedom.
Hence, it is assumed that (see section 14 of reference 9)

5 =5 (u, £5.p,p,p?, - - ™). (3.2)

We shall define the temperature 7, the tensor field t&” and the vector fields E“9, E®
(k=12,---,n)by

1= ;_u 5 (a0, - ™), (3.3)
. d n
szﬂq) =-pT 'a—'— S(u,Eaa,p,P(l),Pa): tee 7p( )) ’ (3'4)
€ap
B = 7 % 5, eageP.p@,p2, - p™), (3.5)
d ”
EO=1 op® s (e, PV 0P, - p™) (=12, .m). (3.6)

From (3.2)-(3.6) it follows that
3 n
Tds=du-v Y, 1% dey —E9.dp+ ¥ E®. 4p® . 3.7
o,p=1 k=1

An expression of the type (3.7) for ds is called Gibbs relation.

The equation (3.3) is the usual relation between temperature and entropy. In (3.4)-(3.7) &
is the equilibrium stress tensor, E“? is the equilibrium electric field and the vectors E® are the

vectorial thermodynamic affinities conjugate to the internal variables p® (k= 1,2, - - -, n).
For a fluid
1) =P,  (fluid) (3.8)

and (3.7) becomes with the aid of (2.8), (2.13) and (2.18)
Tds =du+P“? dv - E*?. dp + z"; E®. dp® (3.9
k=1
where P“? is the scalar hydrostatic equilibrium pressure.

From (3.2) and (3.1) it is seen that the entropy may also be considered as a function of

u,eap,P(o),pm.p(Z), <+« ,p™. Hence, one has



s= s(u,saﬁ’p(o)’p(l), ‘e ’p('l))

and using (3.1), one may write for (3.7)

3 n
Tds=du—v ¥ % degy-EP. dp® + 3 EP -E“?). qp® .

o,p=1 k=1
Now, if we define
Ezfr)) =E® _ gleo) *k=12,--+,n),

(3.11) becomes

3 n
Tds=du-v ¥ 1P dey—E“P.dp® + ¥ E{. dp® .
a,B=1 k=1

From (3.11) it follows that

4 _ 0
T!= 55 Swe DO pD, - p™),

0
=T 5 — e p® 0, 3,

& a n
E“D = _T m_ s(u, Eus,p(O)’p(l), cen ,P( )) ,

©

9 "
EQ =T 2® SWegp@p®, 0™ (k=12",n).

(3.10)

3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

The partial specific polarization p® which occurs in the equations (3.1), (3.10), (3.11) and
(3.13)-(3.17) may be introduced such that, in a reference state, where the temperature T has an

arbitrarily chosen but fixed value T,

p®=0 forall valuesof p®,p@, -+ p™Mif T=T,, 1%’ =P8, and E“? =0,(3.18)

where P is a scalar.

The proof of (3.18) is given in section 3 of reference 9 for the case in which there is only
one partial specific polarization introduced as internal degree of freedom. But the detailed
mathematical proof to the general case of n partial specific polarizations is analogous to the proof
given for the case of mechanical relaxation phenomena in continuous media in reference 15.
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4. Entropy balance

In the section 3 we have discussed the expressions (3.7), (3.9) and (3.13) for the differential
ds of the specific entropy s. From (3.7) it follows that

3 d n (k)
a5 _dk_, 5 gl b _pea, 4P 5 ope, 4P @4.1)

of
a 4 & dt a 5 dt

By eliminating the intemnal energy u from (2.6) and (4.1), one obtains the entropy balance

ds . J@ ©
—= —+¢" 4.2
P —div T +c%’, 4.2)

(@)
where JT is the conductive flow of entropy and ¢ is the entropy production per unit volume

and per unit time given by

3 . dg,
o@=T 3 % —2 , JO.XD 4 jD.E4
el dt

] n (k)
+pE(zr)_ EP_+ pEE(k), EL}ZO (43)
a TPEET

In (4.3) the tensor 1%y is the viscous stress tensor defined by

10y =1y — 1D, 4.4
the vectors X and E®) are given by

XD =17 gradT @4.5)
and by

EN =E-E* (4.6)

The terms in (4.3) with the viscous stress tensor 1%y, the heat flow J and the electric current j©

give the contributions to the entropy production of viscous mechanical flow phenomena, heat
. . . . . dp dE(")

conduction and electric conduction, respectively. The terms with @ and 7 k=12,-,n)

are connected with entropy production due to dielectric relaxation. Moreover, in (4.3) the

entropy source strength o> must be zero if the thermodynamic equilibrium conditions are

satisfied within the system.
Finally, using (3.1) one may also write for (4.3)
©

3 .
=T 3 Tf:é) ey +J9. XD 4 jD . E4pED. dap” |
e dt dt
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+pY E®+ED). %} _ @1
k=1

It is seen from (4.7) that changes in p® and p® (k=1,2, - --,n) contribute to the entropy
production. Then, if the electric field E of Maxwell’s equations equals the equilibrium electric

)
field E®?, defined by (3.5) and (3.16), % does not contribute to the entropy production and
changes in p are reversible processes.

Furthermore, if the vectorial internal degrees of freedom p® (k=1,2, - - -, ) vanish, p=p©
and in (4.7) the last term on the right-hand vanishes (as in the theory of De Groot-Mazur, see
reference 1). These two cases will be discussed in section 8 of this paper.
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5. Phenomenological equations and symmetry relations

It is seen from (4.3) that the entropy production is a sum of terms, where each term is the
inner product of two vectors or of two second order tensors of which one is a flux and the other is
the thermodynamic force or "affinity” conjugate to the flux.

According to the usual procedure of nonequilibrium thermodynamics (see references 1, 6
and 15), we have for a polarizable continuous medium by virtue of the expression (4.3) for the
entropy production the following phenomenological equations, in which the irreversible flows are
linear functions of the thermodynamic forces:

3
() 0,0 ©8 O
Ey =PEL(P)aa d EZLP)@ '+

=1 k=1 p=1
3 3 ~ o de
0, el 0,
+ 3 Lipyg Ep + Z LEBxP + 3 Lo, —d:" , (5.1
p=! Byl
dp, 0 dPB a 3 ok
oL _p 3 LGD, + T B LemER +
f=1 k=1 =1

Gy e G0 4@ |
+ ZL v Ep + ZLcP)ua

p=1
3 i, vi dE .
+ 3 L&D —df’ (=12 ,n), (5.2)
Bl
<¢z) —PZ Ef»’,fé :B + Z EL“’ "’E‘*)
k=1 p=1
dg
+ ZL(GI d)E + EL(" q) X(tl) + Z L(“ vi) dtﬁ‘y , (5.3)
Bl
@ _ @0 9Ps @h g®
Ja =p Z LFrwp — F Z z Lpyop Eg
k=1 p=1
de
+ ):L“" D Eg+ ZL“" DXP 4 3 L& " (54
Bl
i) _ (¥, 0) dPy Oi k) k)
21 —PEL(P)am +EEL E,
=l dt k=1 =1
d
+Z ey +Z LEDX® o Z LGk ;;ﬁ . (5.5)
=1

The equations (5.1) and (5.2) are connected with irreversible changes in the polarization.
The equations (5.3) and (5.4) are generalizations of Ohm’s law and of Fourier’s law and (5.5) is a
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generalization of Newton’s law for viscous fluid flow.

The quantities L{pmy, LO (k=1,---,n), L etc., which occur in (5.1)-(5.5), are

phenomenological tensors. In principle, all irreversible phenomena can influence each other. This
is expressed by (5.1)-(5.5). For instance, the third, the fourth and the fifth terms on the right-hand
sides of (5.1) and (5.2) describe the influences of electric conduction, heat conduction and
mechanical viscosity on dielectric relaxation. Phenomena of this type are called cross effects.

By virtue of (2.7) &3 is symmetric and hence it follows from (3.4) that also ' is a sym-
metric tensor. Furthermore, we suppose that the mechanical stress tensor is symmetric. This ten-
sor occurs in the first law of thermodynamics (2.6) and in the equations of motion. Hence, it fol-
lows from the definition (4.4) that the viscous stress tensor Tg) is a symmetric tensor.

Because of the symmetry of e, and 133, one can choose the tensors L$yg, L,
G=12-,n), L™, LG, Lo, LD, (=12, ,n), L, L2, L% so that they

satisfy the symmetry relations

0, vi 0, vi i,0) i, 0
Lipviy = Lipyap » Lipiad = Lipipe » (5.6
LG = L, =19 .. LD gD 19 ... 5.7
Prapr = G=12-+.n), Lipjapy = Lipipy  G=12,---.m), G.
L(el vi) _ L‘(:,lévi) ) Lsg;el) - Lg:,;d) , (5.8)
fovbi;;vi) = L(w vi) _L(vz, vi) L(Vl vi) . (5_10)

E?, E® (k=1,2, ~--,n), E, X and <} are even functions of the microscopic particle
dp ap®
dt’ dt
ties. Hence, for the cross effects which occur in (5.1)-(5.5) the Onsager-Casimir reciprocal rela-
tions read

d
velocities, while *k=12,-,n),j, J9 and % are odd functions of these veloci-
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Lipg = Lipke s Lo = LEh  Gk=12--.,m, (11
LG® = L, L%? = Lg?, (5.12)
LGS = LG LA = %l G=12,-,m), (5.13)
Lgyi = L, Lpm = —Ldm, (5.14)
L = LD G=12,---,n), L&D = LEL G=12--,n,  (515)
G0 = 1o, 0 - L. (5.16
Lg;)':,?, = —Lf}'fsél . (G=12,n), L(cl iy L;(;:z ) L(q vi) _ L(vx u (5.17)

The relations (5.11)-(5.17) reduce the number of independent components of the
phenomenological tensors. Further reduction may occur as a consequence of symmetry properties
of the medium. If the medium under consideration is isotropic these tensors must be invariant
with respect to all rotations and to inversion of the frame of axes. In this case the tensor L3, of
order four which also satisfies the Onsager relations (see (5.13)) has the form

(vi, vi) __

where the scalars v, and n, are the shear viscosity and the volume viscosity, respectively.

Let Loy, and L4 be two arbitrary tensors of order three and order two, respectively. If the
medium is isotropic these tensors have the form

Loy=0, (5.19)
d
We introduce (5.18)-(5.20) in (5.1)-(5.5) and we neglect for simplicity all cross effects,
except for possible cross effects among the different types of dielectric relaxation phenomena
described by (5.1) and (5.2). One then obtains

EN =pL00 P, 5 100 e (5.21)
dr o
dp? dp G k) (k) :
PszL(P) T+ZL E (]=192y"'9n)9 (5.22)

e =pC@DE, (5.23)
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JO =T L@ gragT (5.24)
; dg
i) _ of de
T =N+, o S (5.25)

These equations are analogous to the equations (5.18)-(5.21) and (5.23) of reference 9. In
(5.24) we used the definition (4.5) of X9, In (5.25) we used (5.18), the relations (2.9)-(2.12) for
the deviator and the trace and, finally, the symmetry of €.

The equations (5.23)-(5.25) are the well-known Ohm’s law for electric conduction,
Fourier’s law for heat conduction and Newton’s law for viscous fluid flow, respectively.

The Onsager-Casimir relations for the scalar phenomenological coefficients which occur in
the phenomenological equations (5.21) and (5.22) read
L =-LE  (=12,---,nm), (5.26)
and
LSP =LE  Gk=12,--.,n). (5.27)
See also the second of the equations (5.13) and the second of the equations (5.11), respectively.

Substituting (5.21)-(5.25) in the expression (4.3) for the entropy production and using (2.9),
(2.12), (4.5), (5.26) and (5.27), one obtains

2 n ; .
- r-l{ L0 [%ﬂ] + 3 150 E0 R0
J. =

3 -
+L(el. el)EZ + T-ZL(q. q)(gmd T)2 +m, Z dﬂ 2 + 3T|v [ —45] 2} . (528)
ap=1 dt dt

From the nonnegative character of the entropy production it follows that the phenomenolog-

ical coefficients satisfy inequalities as
LE?;)O) >0, Lg;)j) >0 (j=1,2,-:-,n), (5.29)

L(zl, eI)Z 0, L(q.q)z 0, M, 0, n,2 0. (530)

In (5.28) the terms with [ —dj:—] g and E® . EY (j=1,2,---,n) are connected with entropy

o
production due to dielectric relaxation, the terms with E2, (grad T)*> and [ Ts‘:“] ? and [ %] ? are

due to the thermodynamic forces conjugate to the electric conduction, heat conduction and
viscous flow, respectively.
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6. The reference state and linear equations of state for isotropic media
The specific free energy f (free energy per unit of mass) is defined by
f=u-Ts. (6.1)

Using the Gibbs relation (3.7) we obtain for the differential of f

3 n
df =—sdT +v ¥, v degy +E“P . dp- 3 E®. dp® . (6.2)
a,p=1 k=1

Because of (6.2) we have

s=— % F(Toeagpp®.pD, o+ p™), (6.3)

=0 5o T ppOp®, 0%, (64)

EeD = _53; F Tt b0, -+ p™) (6.5)
and

E® = _ - l?(k) FTeap @0, - p™)  (k=1,---,n). (6.6)

In (6.4) we also used the relationv =p™ (see (2.16)).

Next, we introduce the concept of reference state. Let T, and P, be arbitrary but fixed
values of the temperature and the hydrostatic pressure, respectively. We now consider a state of
the medium in which the temperature is uniform and has the constant value T, and the mechani-
cal stress is given by 1,4 =—Pg 8,5, Where also P, does not depend on position or time. Further-
more, we shall assume that the electric field E which occurs in Maxwell’s equations vanishes in
the medium. Such a state with specified temperature, mechanical stress and electric field may be
obtained by suitable experimental arrangements.

We also require that the reference state is a state of thermodynamic equilibrium. In order to
discuss this question we first note that ', E“? and E®,E®, - - - [E™ are functions of the tem-
perature T, the strain tensor e,z and the polarizations p,p®,p@, - - - ,p® (see (6.4)-(6.6)). It should
be noted that p=v~" where v depends on the strain tensor (see, for instance, (2.16) and (2.19)).
We now require that in the reference state the values po,p§”,p§?, - - -, p§ for the polarizations and
the value g, for the strain tensor are such that

o8 (o€ ap-Po-PE PP, - - - . pEN =P 8,4 , (6.7)

E“D(Tq,€00p:P0:08 0, -+ pf) =0 (6.8)
and

E®(To.e0)0P0.P8 PP, - - PEN=0  (k=12,---,n). (6.9

Since the tensor -rffﬂ") is symmetric (6.7), (6.8) and (6.9) is a set of 3n+ 9 equations for the 6
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independent components of the strain tensor g, and the 3(» +1) components of the polarization
vectors po,p§”,pf, - - - .pfP.

We assumed that E,E“? EV E®, ... E® vanish in the reference state. Hence,
E® =E-E“? (see (4.6)) also vanishes and the three last terms on the right-hand side of the
expression (4.7) for the entropy production are zero. Since it is assumed that T is uniform
X@ = _T7! grad T vanishes and the second term on the right-hand side of (4.7) is also zero.
Finally, the first term on the right-hand side of (4.7) is zero since 1 = 1,5 —Toy (see (4.4)) and
since we supposed that 7,5 and 1% both equal —Pg 8,4. It is now seen from (4.7) that in the refer-
ence state there is no entropy production. Such a state is called a state of thermodynamic equili-
brium.

We will measure the strain in an arbitrary state with respect to the reference state. Hence, in
the reference state the strain is zero, i.. gg =0. Furthermore, we shall make the physical
assumption that the polarizations po,p§’,p®, - - - .p§’ vanish, i.e. in the reference state all polari-
zations vanish.

In order to obtain the dielectric relaxation equation illustrating the type of results to which
the theory leads, we shall assume that in a first approximation the electric fields E“? and E?
(=1,2, -, n) are linear functions of the polarizations p,p®,p®, - - - ,p™. Except for the case of
very strong fields such a linearization is usually permissible (see reference 10).

We postulate the following form for the specific free energy f of a dielectric medium

f=f0+5, (6.10)
where

fO =0T k) (6.11)
and

fP=3p [ ai%f”{ P [ P-23% p‘*’]} + 3 ay”p? p“’] : (6.12)

=] 5 K=

We will assume that in (6.12) the scalars alp;’ and a$,” (j, k = 1,2, - - -, n) are constants and that

al’ =a®” (G k=12,--,n). (6.13)

Furthermore, we define the fields P and P® (k=1,2,---,n) by
PO - pp(O) , PO = pp(k) *k=12,+-,n). 6.14)
From (3.1), (2.20) and (6.14) we now obtain

P=PO+PV 4 ... 4 P (6.15)

Using (2.20) and (6.10)-(6.15) we have from (6.5) and (6.6)
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E“? = afz)’ [" -Z P‘k)] =a@) P, (6.16)
k=1
. n .
EQ=a@) P-3 a$P PP (j=1,2,---,n). (6.17)
k=1

The relations (6.16) and (6.17) are called equations of state. If the mass density p is constant

the phenomenological equations (5.21) and (5.22) for the irreversible dielectric relaxation
phenomena may be written in the form

o o dP 2 ) i
EV =L@ Z-+ T LG EP, 6.18)
j=1
dp? G.0 AP & 6.0 e ,
& =L T L@y E (G=12,---,n), (6.19)
i=1

where we have used (6.14) and (2.20).



-19-

7. Dielectric relaxation equation for isotropic linear media

In this section we shall discuss the dynamical constitutive equations for dielectric relaxation
in isotropic media which follow from the theory if one assumes linear equations of state and con-
stant phenomenological coefficients.

Using (4.6) the phenomenological equation (6.18) becomes
. y P n , . N
E=E+L) 2.5 18060, (7.1)

j=1

With the aid of the linear equations of state (6.16) and (6.17) the equations (7.1) and (6.19)
can be written in the following form

n
Y’ PE = 050y » (12)
k=1
(i)
Z =Q(j.0)u. (i=lv2’ '..in)a (7'3)
k=1
where
c()_a(00)+zL(01) (Ik) k=12, ---,n), (74)
j=t
n
ha= T LG a  Gok=120m), (7.5)
©.5) 00 Pa
Q(o 0o = a(P) 1+ E Ly’ | Po+Lep) e E,, (7.6)
k=1
dpP,
Qoo)a—aa’) [ZLm) ]P +L°°) & G=12,---,n). - .7

It is seen that the mathematical structure of (7.2) and (7.3) is completely analogous to the
structure of the equations (15.2) and (15.3) of reference 14, obtained in the thermodynamic theory
for mechanical phenomena in continuous isotropic media. It is also seen that the definitions
(7.4)-(7.7) are analogous to (15.4)-(15.7) of reference 14.

Using the same methods as in section 15 of reference 14, we shall show that it is possible to
eliminate the partial polarization vectors (the internal degrees of freedom) from the differential
equations (7.2) and (7.3), provided that the phenomenological coefficients are constants and the
polarization vectors and the electric field vector have time derivatives of a sufficiently high order.

For this purpose, it is useful to introduce the following notations
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dE. . 4P _, a°p¢ PO (=12 )
— a _—= ) — a =,’..-,n’
dr® dr® de®
9 (1.8)
doQ&l))O)a W d°Q 0 .
a0 Q00 T o =Q0¢.0e G=12,--",n).

Furthermore, we define the following quantities

(l+1) - Z c(l) jk G k=12,-,n), (79
1
oW ar Q%O)O)a a
0, m)a = dlm =
d"P, d"*'P, d"E
(0,0) 0. k) (0,0 o
=ap) [ 1+E‘"—1 L) ] ®) “gmi T gm
(m=0,1,-+,n), (7.10)
d™ Q.0
Q¢ mya= o
n| d™P amtp
(0,0) U, k) « . 0) «
=a L
®) [El @) ] o B) e
G=12-,n;m=01,--,n-1), (7.11)
and
. )
8)+m))a. Z C Q([. ma Qg)), m+la
i=12,---,n;m=0,1,--,n-1i). (7.12)

In (7.10) and (7.11) we have used the definitions (7.6) and (7.7).

Using the same procedure as in section 15 of reference 14 we can obtain the set of equations

k):c"’P""—Qmoa (G=12,-,n), (1.13)
=]

g dP(k)
kZ_“l () 4 Q(ona. (7.14)
dP(’)
Z }2 Q=0Gme (=12,n). (7.15)

These equations are analogous to the equations (15.16), (15.17) and (15.18), respectively, of sec-
tion 15 of reference 14.
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By multiplying both sides of (7.15) by cﬁ"’ and summing over j we obtain with the aid of
(7.9), (7.14) and (7.12)

“ 1) pk 1
2 ci’”’ )P((;) = QES,‘:))(): . (7.16)
k=1

Finally, (7.13) and (7.16) can be combined in the set

O Qg)’o)a (G=12,,n+1). 71.17)
k=1

This is a set of 3(n + 1) equations for the 3» independent components of the partial polariza-
tions PV, PP ... pW

2 a

Next, we introduce the matrix C defined by

MO
D O . @
C=| ... ... ... ...\ (7.18)
Mo P
ROUIRCUIIIIN 2

If the rank of the matrix C is n, a necessary and sufficient condition for the solvability of the
equations (7.17) is

m 1) 1 Q(l)

a1 c2 R 4™ (0,00
(2) (2 2) (2

(41 c2 T Cfx (O?O)a

T L R (7.19

(n) (n)

A SRR Q?(;,)O)a

(n+1) (41} +1 +1
P R SRR QES,O)?:

In reference 14 it is demonstrated that the rank of the matrix C is » if and only if

C(ll) Cg) ... csll)
C§2) 0(22) e c£2)

20. (7.20)
C(ln) C(zn) e csln)

Next, we apply the Cayley-Hamilton theorem to the matrix H (which is the n x n matrix
with elements k; defined by (7.5)). This theorem states that a square matrix satisfies its charac-
teristic equation. Thus, we have
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H*+h H ' 4 -« +h,  H+h,E=0. (7.21)

In (7.21) E is the n x n unit matrix and the coefficients 4; (i =0,1,
polynomials of degree i in the elements 4;, (i, j=1,2, -+, n).

- -+, n) are homogeneous

In particular,
ho=1, hy=-3 hy, (1.22)
i=l
and
hii hi hin
ha1 hy han
hy=(-1)"detb;; = (1) e (7.23)
hnl hn2 hm
The relations (7.22) and (7.23) become with the aid of (7.5)
n PR .
h=-3 L% al . (1.24)
i, j=1
ha = (<1)"(det L Y(detals)) . (7.25)
We assume that
an (12 (t,n)
ap)y” apy " “(P)"
2,1 A n
| a@ e e e
detalp)’ = 20 (7.26)
1
and that
an , 02 1,m
Lg)" Lpy © Lggy'
21) ;@22
N L LE - LGP
detL$y) = - |>0. (7.27)
N , 2,
LE LE? - L

The latter inequality holds because of the positive definite character of the entropy production.
One has detL{{’ = 0 if one or more of the » irreversible phenomena which give rise to dielectric
relaxation do not occur. For example, if L$” =0 (j=1,2,--,n), ie. if the first of these
phenomena does not occur.

By applying the same procedure as used in reference 14, we obtain the following equation
which is analogous to equation (15.30) of reference 14.
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Y 1) by QD mpe +
m=0

+ "z_l (—1)"'[ z h,,_,{ T ™o, ,,,)GH =0. (7.28)
m=0

i=m+1
Let us multiply both sides of this relation by (-1)**!. Using the definitions (7.10) and (7.11)
£Or O my« and Q ; mye We then obtain after a rearrangement of terms

d™E
a™

3 )™,
m=0

= a0 Z;O 1y { ,.-,..[ 1+ Z 10 k)]

k=1

“ < i ~m, j dea
pa g ) e

j k=1 a"

n n dmp,
- Z (_l)M'HI hn—m+1 LE%)O) + z hn—i z C(l—m+1) L(I , 0) -
0,0 Ak d"P d "HP
+aly) [1 + kZ_l LEP) )] P +LE) 7;;7— . (7.29)

The equation (7.29) represents the dielectric relaxation equation in the case of isotropic
media. It is analogous to the relation (15.32) of reference 14 and it can be written in the following
form

© a dE @1y d"'E d"E _
E+ + 0 4+ —_—t —
Xep BT XEr) 4o xepy at e =

0 n dP d*pP n d*p
Xey P+ 205 a0t APy  t Py T (7.30)

where X(EP) k=0,1,---,n-1)and xg‘»’g) (k=0,1,---,n+1) are constants. In particular,

A = )™ by (m=0,1,-+-,n-1), (7.31)

10y = (-1)" aS&',"’{ h, [ 143 LE?;,"’] £ b [ > OLG "’ﬂ (1.32)
k=1 i=1 jok=1

L(FE = alp), [1 +Z Lfg)k)] —hy L@y Z'; s Ly (7.33)

1) =L (1.34)

and, if n> 2,
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0,0 0,k 0,0
Xy = (—1)"'“{ ¢ ’hm.[n):L‘ ’] hymss Lipy) +
k=1

+ad 2": h [ 3 LG k)] i h.._z[ (u—m+l) L% O)H (735)
j=t

i=m+1 . k=1 i=m

nz2;m=12,---,n-1).

The equation (7.30) is the relation (14.4) of reference 9 which we wished to derive in this
paper.

From (7.30) it follows that, if the linearization discussed in the preceding section is permis-
sible (see reference 10) and if the rank of the matrix C is n (the case in which the rank of C is less
than n is left out of consideration in this paper), there is a linear relation among E, the first »
derivatives with respect to time of this vector, the polarization vector P and the first » + 1 deriva-
tives with respect to time of P.

The relation (7.30) may be called relaxation equation or dynamical constitutive equation. If
an electric field is suddenly applied to a dielectric for which the theory holds, there is no instan-
tancous response of the polarization.

It should also be noted that (7.28)-(7.35) are analogous to (15.30) and (15.32)-(15.38) of
reference 14.

Finally, we may give a simplified expression for xpg, and x{op,. Let us consider detals;’
defined by (7.26) and let us denote by A%, the (n~ 1) x (n— 1) subdeterminant of detals)” which is

conjugate to the element a(p) .

Usmg the same procedure as in reference 14 the expression (7.32) for xEOP)E) and the expres-
sion for x(Ep) obtained from (7.31) (in the case m = 0) can be written in the form

0 n ; . i
O asz;»{ $ @ —az23>><-ly+*A&)*>} st 736
j. k=1
and
X(ep) = (1) by = (deta(s et LG) (1.37)

cf. (16.15) and (16.16) of reference 14.

If the medium is in a state of equilibrium, where the time derivatives of the electric field E
and polarization vector P vanish, we have because of (7.30)

1o E=xP5 P, (7.38)

or, with the aid of (7.36), (7.37) and (7.26), we have
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0,0

a n , .

E=a(){ 1-—S7 ¥ 1Y*ag i p. (7.39)
deta(p) o k=1

We note that if the polarization P is defined by
P=PO 4+ p® (7.40)

(i.e. if we consider the case in which n =1) the theory developed in this paper reduces to the
theory given in reference 9.



=26 -

8. The case in which the polarization is additively composed of a reversible and » irreversi-
ble parts

If we suppose that E®” vanishes, one obtains from (4.6)
E=E. 8.1

Furthermore, the Gibbs relation (3.7) can then be written in the form

3
Tds=du-v Y, T( ) de—E-dp + Z E®. 4p® , 8.2)
p=1 k=1

the expression (4.3) for the entropy production reduces to

3 de (k)
() -1 i) Z2B | 1(e), (@ . zeh w, p
6 =T {:El e +J9. X9+ E+ pEE 0 } (8.3)
and the linear equation of state (6.16) for isotropic media reads
Q0 pO | 84)

From (8.3) it follows that changes in P® = pp©® are reversible processes because such
changes do not contribute to the entropy production. From (8.4) it is seen that there corresponds
an instantaneous change in P to a sudden change of the electric field E. For this reason P
becomes the reversible (elastic) part of the polarization and P + P® + - - - + P the irreversible
part of the polarization.

Furthermore, from (5.21) and also from (6.18) it follows that E vanishes if and only if
LY and LY vanish (k=1,2, - -, n). Because of the Onsager-Casimir relations (5.26) we also
have Lfﬁ) )=0fork=1,2,---,n Thus, it is seen that the phenomenological equation (6.19) may

be written in the form

=Y LEE?  (j=12,--,n). (8.5)

The dynamical constitutive equation (7.30) becomes (see in particular (7.34))

© W, w-1y d"'E  d"E
x&py E + xep 2 + 00+ AER) T
0 n dP d"p
=X P+ AP g+ A s (8.6)

where the expressions (7.34), (7.31), (7.36), (7.33) and (7.35) for the coefficients reduce to
25 =0, (8.7)

A =1 R, (m=0,1,---,n-1), (8.8)
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© _ 00) & LGB (00, iyjk 4Gk i k)
X(PE) = G(P) { Y @@y - afy W-1Y*AG, )} detL{,”
j. k=1

() _ (00
X(PE) =Gy >

and, if n2 2,
( ©.0 00) < G j, k
X(;‘l)-?) = (—1)m+"{ a(P)) hpom + aEP)) Y M [ > Cf"_M)L%II’) )]}
i=m+1 J» k=1

nz2;m=12,---,n-1).

(8.9

8.10)

(8.11)

This result is analogous to the results obtained in section 17 of reference 1 and in section 9

of reference 9.
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9. The De Groot-Mazur theory

The theory developed in this paper reduces to the De Groot-Mazur theory in the limiting
case in which the phenomenological coefficients L, and L$ =-L$” (see 5.26)) vanish
Gok=12,--,n).

In this case we obtain from (5.22) and (6.19) that p? and P¥’ (j=1,2, - - -, n) are constant
vectors and we can assume that

p¥ =P =0 G=12--".n) ©.1H

(i.e. there are no internal vectorial degrees of freedom).

This case is completely analogous (with the same results) to the case discussed in section 8
of reference 9.
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