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1 Motivation

The motivation behind this work is to be able to add more functionality to the
existing theory of “Process Algebra for hybrid Systems” (ACP;7*)[5]. A hybrid
process is one in which continuous state changes of the environment variables
are combined with the discrete actions of the process. ACP;™ provides the
operators and semantics with the help of which we can describe the environment
dependent (discrete and continuous) behaviour of a hybrid system. It is an
extension of process algebra with propositional signals (ACP,s) from [1] and
process algebra with standard relative timing (AC' P*"") from [2].

Recently formal description of hybrid systems has attracted a lot of interest
especially in the field of embedded system software as many embedded systems
are in fact hybrid in nature. As a consequence, a number of hybrid process
algebraic and hybrid automata theories have been developed. Examples are
Hybrid Automata [6], Hybrid I/O automata [7], HyPA [10], Hybrid Chi [11],
¢-Calculus [9], and hybrid CSP [8].

In this report, we propose a graph model for BPA;"", the basic process
algebra for hybrid systems (i.e. process algebra without parallelism and com-
munication, see [5]). Our aim is to correctly specify the “signal hiding” operator.
The signal hiding operator hides some effects of a given environment variable
from the behaviour of a hybrid system. This makes it easier to study a desired
property of the system regarding its discrete actions and delays. We give below
some examples of the phenomena of signal hiding.

Consider a Candy machine that asks its customer to enter his or her name.
If the name starts with a vowel (i.e. ‘a’,‘e’,‘’,‘0’,‘u’,‘y’), it gives its customer a
bounty, otherwise if the name starts with a consonant, it gives a snickers. The
BP A5 specification of the candy machine will be as follows:

Candy_machine = enter_name:
(( first letter is a vowel):— give_bounty +
(first letter is a consonant):— give_snickers)

On hiding the environment variable name, the Candy machine will behave as
the process,

enter _name - (give bounty + give_snickers);

and its not visible anymore how the choice between bounty and snickers is
determined.

Similarly consider a process with an arbitrary delay, where the duration of
the delay is controlled by some environment variable. We name this process as
P and the concerned variable as [.

P=(1=0)n (=05 %ol =5)—a).

At the start of the process, the value of [ is zero (symbolized by (I = 0)/). The
variable continuously evolves according to the equation I = 0.5 ( represented



by (I = 0.5)™). P can delay for any time ¢ € [0,00) (represented by o). At

rel

the end of the delay, if the value of [ is 5, action a is performed (symbolized by
(I=5):—a).

According to the operational semantics of BPA;"!, we conclude that process
P can either perform action a after 10 time units or delay indefinitely. When
we hide the variable [ from P, the process becomes equivalent to arleﬂ)(a) + 9,
that can also perform action a after 10 time units or delay indefinitely. We see
that after signal hiding, we retain the information of the duration of the delay.

The structure of the report is as follows. First we explain the concept of
signal hiding in ACP$ and give its axioms and first operational semantic
rules. We describe the problem in the original operational semantic rules with
the help of an example of a thermostat. We also point out the difficulties faced
while designing operational semantic rules for the signal hiding operator (as
defined in ACP;""). We propose a graph model for basic process algebra for
hybrid systems as a solution to these problems. In Section 5, we give a detailed
description of our graph model. Later, we add signal hiding and integration to
our graph model and define the notion of bisimulation in it. We come back to
the example of a thermostat to assert our claim that the problems faced in the
earlier semantic model for signal hiding do not appear in the graph model. In
Section 9, we give soundness proofs for some BPA;"" axioms in our model.

We include the axioms and operational semantic rules of BPA;"" (from [5])
in the appendix.

2 Signal Hiding

The concept of signal hiding was first introduced in [1]. While developing
ACP;™, signal hiding was initially included in the theory (see [3]) but was
later removed (Signal hiding is not included in [5]). The reason for its removal
was that, under the operational semantics given in [3], the signal hiding oper-
ator did not preserve bisimulation, i.e. two bisimilar processes did not always
remain bisimilar after applying signal hiding with respect to a certain environ-
ment variable (see Section 4 for more details). It was realized that a more de-
tailed semantics of BPA$"! is required for correctly specifying the signal hiding
operator (see [5], section 3.3). The work on signal hiding was further developed
than given in [3] but was not published. The axioms and operational semantic
rules of signal hiding have been taken from [3], and the lifting rules (described
later in this section) are taken from its (unpublished) later version.

We define the concept of signal hiding as follows:

Let P be a process and v be an environment variable. The process vAP
denotes the signal hiding of P with respect to v. The behaviour of vAP is the
same as that of P except that its behaviour no longer depends on the values of v
and its derivative v. That roughly means that at any stage, the behaviours that
are possible in a given state, become possible after hiding, in all those states as
well that differ only in their values of v and ¢ from the given state. (A state
assigns values to the environment variables (see section 5)). It is to be noted



that while applying signal hiding, we want to put an additional constraint of
not loosing the effect of the hidden variable on the duration of delays in P.

The signal hiding operator, A\, is also extended to state and transition propo-
sitions. A state proposition is a proposition concerning the state of a process.
Let V be the set of all environment variables and V be the set consisting of their
derivatives. Then a state proposition 1 is a proposition on variables from set
VUV. A transition proposition is a proposition regarding the states of a process
immediately before and after an action or delay. We introduce two new sets *V
and V', for denoting values of variables (and their derivatives), immediately
before and after an action or delay. A transition proposition y is a proposition
on variables from *V U V*®.

If ¢ is a state proposition, then the signal hiding of ¢ with respect to a
variable v € V, written vA1), is the proposition ¢ with the dependence of its
satisfaction on the values of v and © removed. That is if 9 holds in a state
called «, then vAt holds in «, and in every state that differs from « only in
its values of v and ©. Similarly, let x be a transition proposition. Then vAYy is
the transition proposition y with dependence of its satisfaction on the values of
*v, *v, v®,0°* removed.

2.1 Structural operational semantic rules for signal hiding

Here we give the operational semantic rules for the signal hiding operator as
defined in [3].

For any states o and o/, we write a =, o/, to indicate that o and o’ may
differ from each other only in the values of variables v and v. For two state
evolutions p and p’ over the interval [0, 7], we write p =, p’ to indicate that at
any instant during [0, 7], p may differ from p’ only in the values of v and .

Table 1: Operational Semantic rules for signal hiding (a € A,r > 0)

(v,0) = (2',0")
a ot =, 0570/* v o Rulel
(vAz, a*) = (vAZ o’*)
(z,0) = (V)
a at =, o, =, o Rule2
(vAz,a*) = (/,a*)
(z,0) =5 (2/, o)
of =, a, " =, ', p* =, p Rulel

(vAz, a*) RiLal (vAx!, ')
a € [s(x)]

—— o=, « Rule4
a* € [s(vAz))

These rules are defined on pairs of BPA;"" terms and states, called config-
urations.



Four different kinds of transition relations are defined: (where ¢,t’ are BPA3"!-
terms, «, o’ represent states of the environment variables, a is an action, r is a
non-zero time duration and p, also called a state evolution, gives states of the
environment variables in the duration [0, r].)

1. {t,a) = (¢, a’): known as an action step represents that in state «, t is
capable of first performing action a and then proceeding as process ¢’ in
state o;

2. (t,a) = (y/,a’): known as a termination step represents that in state «,
t is capable of first performing action a and then terminating in state o/;

3. (t,a) &2 (t',a’): known as a time step represents that in state o, t
is capable of first idling for r time units during which the state evolves
according to p and then proceeding as ' in state o’;

4. a€[s(t)]: known as the signal relation indicates that in state «, the signal
emitted by process t holds.

The signal relation needs more explanation. In ACP,, [1], the state of a
process is made visible to some extent with the help of state propositions. In
ACP,s, a process may require that a certain proposition regarding the environ-
ment variables must hold for the process to behave as defined. Such a proposi-
tion is called the signal emitted by a process. The rules defining satisfaction of
signal relations are given in the appendix in table 9.

In [12], congruence formats of operational semantic rules for different kinds of
bisimilulations are defined. Two kinds of bisimulations are defined in BPA;"".
One is simply called a bisimulation and the other is known as “Interference
compatible bisimulation”, abbreviated as ic-bisimulation. A bisimulation relates
two configurations (a configuration is an ordered pair of a BPA;"" process term
and a state) that have the same states, if their behaviours match according
to the operational semantic rules of BPA;"*. An ic-bisimulation relates two
process terms if their behaviours match when compared in all states and this
property is reflected in all the subsequent pairs of terms obtained as a result
of matching transitions. (For definitions of bisimulation and ic-bisimulation see
the appendix). The concept of bisimulation is the same as the definition of
state-based bisimilarity in [12] and the concept of ic-bisimulation matches that
of stateless bisimilarity.

Ic-bisimulation is a more restrictive notion of equivalence than desired in a
model for hybrid processes. BPA3"! axioms HST5, HST14 and lifting rules of
BPA§™t HSELR2 and HSELR3 are not sound under ic-bisimulation.

These axioms are essential for deriving many useful results about hybrid
processes, therefore in BPA}"! bisimulation is a preferred equivalence over ic-
bisimulation.

The congruence format for stateless bisimilarity defined in [12] is known as
process-tyft format, which is given as follows:
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Let (3,,%4,L, D(Rel)) be a transition system specification. A deduction
rule in D(Rel) is in process-tyft format if it is of the form

{(tiyus) 1oy, (yiyul)|i € 1}

(f(x()? .- wmnfl)fuz) _l’r (t',u’)

where I is a set of indices, r € Rel, | € L, f € ¥, is a process function of arity
n, the variables zg,...,z,—1 and y; (i € I) are all distinct variables from V,,
and, foralli € I: 7, € Rel , l; € L, t;,t' € T(X,) and u, v, u;, u} € T(Xq).

We name the set of process variables appearing in the left-hand-side of the
conclusion X, and in the right-hand-side of the premises Y},,. The two sets X,
and Y}, are obviously disjoint following the requirements of the format.

Looking at the semantic rules Rule 1 to Rule 3, in Table 1, we realize that
they are in process-tyft format. Thus for ic-bisimulation or stateless bisimilarity,
the signal hiding operator is a congruence in the current semantics.

For state-based bisimulation, more restrictions on the operational semantic
rules besides the process-tyft standard apply in order for bisimulation to be a
congruence. The resulting format is known as sfsb (for standard format for
state-based bisimilarity).

A deduction rule is in the sfsb format if it is in process-tyft format and
satisfies the following data-dependency constraints:

1. If a variable z € X, appears in ¢/, then v’ = u;

2. If a variable y; € Y}, appears in ¢/, then v’ = uj;

3. If a variable x € X, appears in some t;, then u; = u;

4. If a variable y; € Y, appears in some t; (j € I), then u; = uj.

Looking at the semantic rules Rule 1 to Rule 3, in Table 1, we see that data-
dependency constraint 2 and 3 are being violated. Thus congruence of bisimu-
lation for signal hiding cannot be proved on the basis of the format. Later on,
we give a counter example to show that bisimilarity actually is not a congruence
for signal hiding.

2.2 Axioms of signal hiding

The axioms concerning the signal hiding operator as defined in [3] are given in
Table 2.
We briefly describe the symbols of BPA;"!, given in table 2, so that the user

11



Table 2: Axioms for signal hiding (a € Ay)

vAL =1 HSH1
oA A 8) = (vAY) A b HSH?2
VAW (x M a)) = (vAp) A (0A(%Y A X)) T a) i HSH3
VA A (x Ya-z)) = (vAY) A ((0ACY A X A sp(2)*) Ya- (vAz)) HSHA
vA(x +y) =vA(sp(x+y) mx) +vA(sy(x+y) Ay) HSH5
AW Az) = v A(vAx) HSHG6
VA([yerF (W) = [,y (0A(S,([ e F (1)) 2 F(u))) HSHT

v is a variable, 1) is a state proposition, x is a transition proposition and Ag stands
for the set of all actions including the deadlock process (9).

can develop some understanding of the axioms.

1 Non-existence process
A process that emits a signal that cannot hold in any state

Qr

Undelayable action
An action that performs instantaneously without delay
5 Undelayable Deadlock Process
A process that deadlocks without delay
YA Process = emits signal
x™a Action a is performed in such a way that y is true
e.g. (v* = *v—1) ™ a means that after doing action a,
the value of v decrements.
v® stands for value of v after doing a
*v is the value of v before doing a
Joer F(u) An alternative composition between process expressions F'(u),
for all values of variable u in U
sp(x) The root signal of x

sp(x) is a state proposition. It is the signal emitted by x

$p(fucrF(W) Ay 5o(F(w))

Y *y is a transition proposition, whereas 1 is a state proposition.
When written as *¢ ™ (z), it means process = can only start doing
action or delays, if the system is in a state where ¢ is true.

If o) is false, ®3 ¥ (z) = 4.
For ¢ = (v = 3), we have *ip = (*v = 3)

P* 1*® is a transition proposition. When written as ¢* ¥ (a),

it means action a is performed in such a way that
after performing a, ¥ becomes true.
For ¢ = (v = 3), we have ¢* = (v* = 3)

12



Roughly it can be said that the axioms show that the signal hiding operator
can be distributed over process terms and propositions. At the right hand side
of axioms HSH3 and HSH4, hiding is applied to the conjunction of ®¥,x
and s,(x)®. This is because dependencies may exist between *1, x and s,(z)°,
because of variables v and ©. After signal hiding, we want to retain the effect
of these dependencies in the process vA(y) 4 (x Va - z)).

For example, let ¢ be (v > 3), x be (v* = *v + 1) and s,(z) be (v < 3).
Then the proposition,

YA XA S(x)=("v>3)A (v ="v+1)A (v* <3)

can never be satisfied. Thus in process ¢ & (xy V@ - ((v < 3) 2 b)), action & can
never be performed. While applying signal hiding, if we hide v in individual
propositions then we get true A (true ™ a- (true 4 b)). By taking the conjunction
of *¢, x and s,(z)°®, and applying signal hiding on * A x A s,(x)®, we keep
the effect of this dependency. By axiom HSH4, (¢ and x are as defined above),

oA A (X Va-((v<3)aDd)) =true s (vA(false) ™ a- (true b))
= true / gfalse ™ a - (true 4 b))
= true /9.

A proposition 1 after signal hiding is true if and only if there exists an
assignment of variables v and © to real numbers for which 1 is true. i.e., let
W[r,r' /v, 0] denote the proposition with v and v replaced by some real values r
and 7’ respectively, then

vAY & I’ € Rep[r,r’ /v, 0]

2.3 Lifting Rules of signal hiding

In addition to axioms, there are lifting rules in BPA;"". According to these

rules, results of real analysis on environment variables can be incorporated in
equations about process terms. In a later version of [3], two lifting rules are
defined for the signal hiding operator, which are given in Table 3.

These lifting rules indicate when signal hiding operator can be distributed
over propositions and other operators in a delayable process term. The two
rules cater for different continuity requirements of the variable to be hidden in
the delay interval. The rule HSHLR]1 is for the case when signal hiding with
respect to a variable v, is applied to a process that requires v to be infinitely
often continuously differentiable in the delay interval. Whereas rule HSH LR?2
is for the case when signal hiding is applied to a process, that requires v only
to be piecewise infinitely often continuously differentiable during the delay.

We explain here different terms used in the rules. MT is the name given
to a mathematical theory used for doing real analysis on environment or state
variables in BPA3". In MT, each state variable is interpreted as a real valued
function of an interval I in RZ, that is infinitely often piecewise continuously
differentiable in I.

13



Table 3: Lifting rules for signal hiding (r > 0)

VU{v} € C=®[0,r],¢" < s,(x) Far
3f € C=[0,r]  o((vAY)(0) — }(0)
t

(02 (0) — P (0))A
(vt € [0,r] (qus)( (

) A
) = 63(1) A (0AY")(r) — P59(r))
)

z)))
(AW A Y = ¢))) » (AW A w' ) = (0AP) ™\ (v} 0re (VAVrei (7))

V\{U} c Cm[oar]a¢/l A SP( ) '_MT
f € PC[0,7]  o((vA9)(0) — ¥(

HSHLRI1

HSHLR2

0)) A
(Vt € [0,7] « (VAB)(t) —
)

VAW 2 (Y = (P M\ vy Oy (Vrer(2))
WA AW = ¢) (AW AP N

1, ¥ and 9" are state propositions. A state proposition, for example ),
after signal hiding is true if and only if there exists an assignment of variables
v and v to real numbers for which ¢ is true. i.e., let ¢[r,r’/v, 0] denote the
proposition with v and v replaced by some real values r and r’ respectively,
then

vAYp < Arr’ e Retp[r, v’ /v, 0.

In the lifting rules, we use ¢} as an abbreviation for ¢[f, f/v, 0], where f is
a real valued function of an interval in R=. We write f € C*°[0,7], to indicate
that f (and f) are infinitely often continuously differentiable in the interval
[0,7]. We write f € PC*[0,r], to indicate that function f (and f) are infinitely
often piecewise continuously differentiable in the interval [0, r].

For example, in HSH LRI, the statement

Af € €00, 7] o (vAY)(0) — ¥(0)),

means that at the start of the process, proposition ¢ after hiding can only be
true, if there exists a real valued function f that is infinitely often continuously
differentiable in [0, 7], and 9 holds when v and ¢ in it are replaced by f(0) and
f(0).

In the conclusion of HSH LRI, signal hiding with respect to variable v, is
applied to a process term ¢ /* (¢ :— (¢ Yy} O (Vrer(2)). 9 is the signal emit-
ted by the process. 1’ is the proposition of the conditional guarding the term
& Y ol (Vrer(x)), where ¢ My ol (Vrer(x)) is the delaying part of the process. In
BPA;™, ™ is known as the signal evolution operator. It assigns a state propo-
sition and a set of environment variables to the delay interval. The evolution
operator requires that ¢ ™y ol (Vrei(z)) can only delay, under the conditions
that state proposition ¢ holds during the complete duration of the delay and
variables in the set V U {v}, remain infinitely often continuously differentiable.

14



o}, indicates a delay interval of » time units in the setting of relative timing.

Process term (¢ Mo} Ore (Vrer()), evolves into vp.ei(x), (where x is any BP A}
process), after delaying for r time units. The process term v, (x) is a process
term that behaves as x, but with all initial delays removed from x. Thus v,¢;(x)
can only perform actions in the beginning. Because of the continuity require-
ments of the variable v in the delay interval, the lifting rules are applicable to
processes with definite delays.

" is the name given to the root signal of a process z, i.e., to s,(x). The root
signal of a process is the signal emitted by it. For signal relations, see section
2.1 and Table 9. The root signal of v,..;(z) is true in a state if and only if the
root signal of x is true in that state.

a€els(z)] <= acs(vralz))]
The statement

Y = s,(x) Fur
3f € C[0,r] o (vAP") (1) — ¢57(r)),

means that after a delay of 7 time units, the root signal of x after signal hiding,
is true if there exists a real valued function f that is infinitely often continuously
differentiable in [0, 7], and root signal of x holds when v and © in it are replaced
by f(r) and f(r).

In HSHLR?2, signal hiding with respect to variable v, is applied to the
process ¥ A (Y := (¢ Myufuy O (Ve (). The variable set V, that must remain
infinitely often continuously differentiable in interval [0, 7], excludes variable v.
Therefore, in the premise of HSH LR2, the continuity requirements on function
f require it to be piecewise infinitely often continuously differentiable in [0, 7].

The conclusions to the two rules indicate that after signal hiding, we want
to retain the effect of any dependencies because of variables v and ¢ among
propositions 1, ¥’ and ¢. That is why for example, the conditional proposition
after signal hiding is vA(¥ A ' A ¢). After signal hiding, the two processes
in the rules, delay in [0, r] according to proposition vAg, i.e. without regard to
the trajectory followed by v. Also in HSH LRI, after hiding, v is not required
to be infinitely often continuously differentiable during the delay.

3 An Example: Thermostat

We give here the example of a thermostat given in [5].

A thermostat controls the heating of a room. Initially the temperature is
18° and the heating is on. The temperature (denoted by T') rises according to
the equation 7' = —T + 22. When it reaches 20°, heating is turned off. The
temperature of the room then falls according to the equation T = —T +17.
When it reaches 18°, the heating is again turned on and the process repeats
itself.

15



A BPA;" specification describing the thermostat is given below:

Th = (T = 18) A (Th°™),
Ther =(18<T <20 AT =-T+22)"
o5((T = 20) i— (T* = *T)) ¥ €0t - Tho/T),
Thotf =(18<T<20AT=-T+17)"
o, ((T = 18) :— (T* = *T) ™ ton - Th°");

rel

where o

»,(z) is an abbreviation for |

ue[o’m)arel(x), i.e., an alternative composi-

tion of o (x) for all u € [0,00). o5, represents an indefinite delay (including a
delay of zero duration) before a process.

(T* = *T) is required here to ensure that the temperature remains constant
when the actions ton and Toff are performed. T under the curved arrow,
in (18 < T <20ANT =-T+22)" and (18 < T <20 AT = -T +
17)™p, indicates that the temperature and its derivative 7', are infinitely often
continuously differentiable during the delays.

Now consider another process definition Th’ that defines the same thermo-
stat as follows,

Th = (T = 18) » (Th'°™),
Thr =(18<T<20AT=—T+22)"
ol2((T* = *T) ¥ £oft - Th'*IT),
Tholf =(18<T<20AT=-T+17)"p
olm3((T* = *T) ™ ton - Th'").
We compare the behaviours of Th and Th' in the operational semantic rules of
BPAS™.

There are two kinds of bisimulations in BPA;"™'. One is simply called a
bisimulation and the other is known as “Interference compatible bisimulation”,
abbreviated as ic-bisimulation. A bisimulation relates two configurations (a
configuration is an ordered pair of a BPA;j"! process term and a state) that
have the same states, if their behaviours match according to the operational
semantic rules of BPA$"!. An ic-bisimulation relates two process terms if their
behaviours match when compared in all states and this property is reflected in
all the subsequent pairs of terms obtained as a result of matching transitions.
(See the appendix for the definitions of bisimulation and ic-bisimulation).

Under the operational semantic rules of BPAS"t, (Th,18) is bisimilar to
(Th',18), denoted by (Th,18) < (Th',18), but Th is not ic-bisimilar to Th',
denoted by Th 2 Th'. The operational semantic rules of BPA$"! and the proof
that (Th,18) < (T'h/,18) are given in the appendix. Here we give a proof that
ThThH .

Let (18 <T <20 A T=-T+ 22) be denoted by up. We rewrite Th°™ and
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Th'°™ as,

= = A ThHon
Thon B (T . 18) OnTh I Th/ — (T — 18) /A z—vh/on7
Th =up''r Th‘O ’ Th/on —up ™ Thlon
Thy" = ore (Th™), Tt om0,
ugft,00)" re Th;on =g (Thlﬁ)’

rel

Th— = (T = 20)4’ Th— = (T. _ QT) v -ﬁf . THloff

(T* = *T) ™ toft - Tho!!

where ¢ € [0, 00] and ¢ € [0,(n2].

In Th9™ and Th)°", t indicates how much time is spent since the start of the
process. Note for any ¢t € RZ, Th{" = qu[O,oo)O—:Lﬂ(Th_)) =05 (Th™).

Th has an indefinite delay, which is controlled by the proposition up and
the conditional T = 20. Whereas Th' has a definite time delay of In2 time
units. According to the operational semantics of BPA;"!, starting from 18°
and evolving according to the same proposition up, the two thermostats reach
temperature 20° at time [n2, at which both Th°® and Th'°" perform action
toff.

Consider some instant say In(4/3) € (0,In2). Starting from 18° and evolving
according to the same proposition up, the two thermostats reach temperature
19° at time in(4/3),

Consider process terms up ™ Thy", /3 and up "~ Th)" /3¢

u—Ind/3

up “r Thyyy s = up “r u€[ind/3,00) 7rel (Th™)
=up "p o7y (Th™)

and

up " Th;?]z/g = up "y O_f:l?*(lnA/S) (Th/—>>

=up " aln3/2(Th’*).

rel

At temperature 19, up " Th{", /3 will wait the same amount of time as up ™p
Th;(ﬂ/g’ i.e., In(3/2) time units, before performing action toff. (See the proof
of (Th,18) <= (TH', 18)).

But up " TR, /3 behaves differently than up ™ Thio} /3 at states other

than 19. For example at temperature 20°, up ™ Th}", /3 can perform action

ﬁ” , whereas up ™ Th)°% /3 cannot.
From rules {24,3,18,27,16,1} of table 8 and rule 1 of table 10,

(up " ThY?, 5,20) 225 (up o Thot 7 20),
where  (up "p Th;‘ﬁ/g, 20) 7Lff>;

Thus process Th and Th' are not ic-bisimilar.
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4 Problems in Signal hiding

4.1 Bisimulation is not preserved by signal hiding

As briefly described in section 2.1, the problem with signal hiding is that under
the operational semantics given in [3], bisimulation is not preserved by signal
hiding, i.e. two BPAS" processes that are bisimilar before, do not always
remain bisimilar after the applicatioll_i)ﬁ signal hiding.

Consider process The"™. Action toff is performed by Th°" when ﬂlf/ tem-
perature reaches 20°. After signal hiding, (see rules 1 & 2 in table 1), toff can
be performed at any temperature. Whereas in process Th'°™, there is a definite
time delay of In2 units and the performance of toff does no/t\_d/epend on the
temperature. After signalfh\i(/iing, Th'°" still performs action toff at time [n2,
whereas Th can perform tof f (after hiding) at any time. Thus after hiding the
temperature, Th and Th’ behave differently.

After hiding (TATh, ) behaves as (Th"" x), where * indicates a state with
an arbitrary value of the temperature and,

T = [\ (0.00)00(EOTE) - 07 () - TH"
Th" = ok, (toft) - o, (ton) - Th";

and (TATHR ,*) behaves as (Th”, *), where,

TH' = o!"%(¥ott) - o'"3(Ton) - TH.

rel rel

(TATh, *) % (TATH %)

(Refer to the appendix for a detailed proof). Thus bisimulation no longer re-
mains a congruence for signal hiding in BPA5"".

4.2 An attempt at developing new semantic rules for sig-
nal hiding

We made several attempts to develop an operational semantics that preserves
bisimulation with signal hiding operator. But we could not come up with a
simple set of SOS rules that correctly specifies the behaviour of signal hiding
operator as defined in [3]. One such attempt of defining a desired set of SOS
rules is described below.

We add a timer, (a nonnegative real number), to the configurations in
BPA§™ semantics; i.e. our configurations in the new semantic rules consist
of three components, a process term, a state and a timer. The timer accu-
mulates time while a process is idling and resets to zero when an action is
performed. The motivation is to keep a record of the instant at which an action
is performed, if an action is performed after a time delay. In case two actions
are performed consecutively without any delay in between, then the timer of
the second action will not exceed zero.
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Table 4: Operational Semantic Rules for Signal hiding (timers added to config-
urations )

(,0,t) = (2,0, 0)
~ of =, a,a* =, o Rulel
(vAz, a*,t) = (vAz', ™, 0)
(r,a,t) = (V/,a,0)
— af =, a,a* =, o Rule2
(vAz,a*,t) = (/,a*,0)

<x’ a7t> '_E& <$/’ a/’t + 7A>

< a* =, a,a* =, o p* =, p Rulel
(vAz, o t) —— (VAL o/* t+ 1)

a € [s(z)]

—— =« Ruled
a* € [s(vAz)]

The transition rules of signal hiding in this semantics are in table 4.

Rule 1 shows the reset of the timer to zero at the execution of an action.
Similarly for Rule 2. In Rule 3, the timer evolves from ¢ to ¢t+r by the execution
of a time step of duration r. The transition rules for other operators for BPAS"!
are constructed on the same principle, i.e. time accumulates when a process is
waiting and resets when an action is performed. The rules for signal relations
remain the same as given in table 9.

Consider processes Th and Th' again. The timer in the;\rzgw operational
semantics records the time from the start of the process until fof f is performed.
This information is usec/i_\vlhen temperature is hidden to know after how long
TATh should perform foff. By this scheme we hoped to preserve bisimilarity
of TATh and TATH . But this idea does not work as explained below.

The signal emitted by Th is only true in state 18 (by rule 8 table 9). By
rule 4 table 4,

18 €[s(Th)] = =*€[s(TATh)]
where * is a state with an arbitrary value of temperature, i.e.,
* =p 18 =7 19 =1 20.

Let p be a state evolution on the interval [0,In(4/3)] that keeps T and
T infinitely often continuously differentiable and satisfies proposition up. Let
p(0)(T) = 18 and p(In(4/3))(T) = 19. Let p’ be another state evolution such
that p =7 p’. We can derive,

(Th, 18,0) /20,

<up ﬁT Th?»,?(zl/?,)y 197 ln(4/3)>
From rule 3 of table 4, we can derive:

In(4/3),0'
—_

<TATh’ *, 0> <TAUp r Th?7?4/37 *, ln(4/3)>
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The signal of up ™p Thloff(4 /3) is true in states with temperature in the
range [18,20]. Also note, (from the rules given in Table 4), that the pro-
cess (T'Aup “p ThyY /3y, %,In(4/3)) can behave as the set of processes {(up ™r
Thiyy 5, T, In(4/3)) | T € [18,20]}. ie. the process up “p Thiy, 5 in any state
with T' € [18,20] and with timer in(4/3).

A few possible behaviours of (TAThAJY, 5, %,1n(4/3)) are as follows: Let
p2 and ph be state evolutions on interval [0,In(3/2)] with p2(0)(T) = 19,
p2(In(3/2))(T) = 20 and py =7 ph. Let py satisfy proposition up while keeping
T and T infinitely often continuously differentiable in [0,In(3/2)].

By Rule 3,
(up O ThY?, 1,19, 1n(4/3)) 2222y g Thn, 20, In2)
— (T Doup o THE?, 5,4, In(4/3)) L2022 (T Nup o Th,, +, In2);

By Rule 2, (up ™ Th%ﬁl/g, 20,1n(4/3)) off, {(up ™0 Thef1 20, 0)

— (TAup v ThEY, o, %, In(4/3)) =5 (T Dup ~p Thelf,20,0).

The second derivation indicates that TATh can also perform action tof f before

In2 time units. It can also perform foff after In2 time units, if we consider

the behaviour of (up r Thiy s),18,In(4/3)). Whereas TATH behaves as

Th' = oln? (tx);\vfff )-olt3(ton) - Th”, under these operational semantic rules also.
Thus bisimilarity is still not preserved over signal hiding.

The reason being that, while deriving a transition for a process of the form
(vAz,a/,t), (where v is any variable and ¢ > 0), we may have lots of options
(configurations) that can be used as a source to the premise of the rule being
applied (see table 4). Some of these configurations may not actually be derivable
from the initial process, for example starting from (up ™r Th,18,0), (up "
Thiy /5520,1n(4/3)) cannot be derived from the rules. But we have no means
to verify it while deriving a transition for (T'Aup p Thip, 5, %, In(4/3)).

In structural operational semantics, at all times our point of reference is the
current configuration and the set of transition rules. As we perform actions and
delays, our current configuration evolves and the information found in process
terms regarding previous actions and evolutions is lost. Therefore a configu-
ration with a process term, state and timer cannot check itself whether it is a
derivable configuration or not. The problem with this solution led us to the idea
of having a graph semantics for BPA$"!. In a graph, we retain the information
of the initial configuration and hence can figure out at all times whether starting
from an initial configuration a given configuration is reachable or not.

4.3 Proposed Solution to the problem

We propose to solve this problem by presenting a graph model of BPAj".
The nodes of the graph, called configurations, consist of a process term, state

20



and a timer. The nodes are connected with edges that correspond to action,
termination and time steps as defined in the operational semantics of [5]. The
timer accumulates time while idling and resets when an action is performed.
The traversal of our graph begins with a special set of nodes called “initial
configurations”. We define a notion of reachability of configurations depending
on what configurations in our graph are traversed when starting from an initial
configuration. Finally we remove configurations in our graphs that are not
reachable by any initial configuration.

Processes are represented by graphs and operations on processes are defined
as operations on graphs.

5 The Graph Model for BPA"

srt

We define a graph model for BPAS"!. Several definitions required by the graph
model are given below:

We assume a predetermined set V' of environment variables and a predeter-
mined set A of actions. V = {0 | v € V} denotes the set of derivatives of all
variables v € V. We define a function of the type V U V — R, called state,
which assigns real values to variables v € V' U V. The set of all possible states
is denoted by S, ie. S=VUV — R.

A function of the type [0,7] — (V — R) gives the evolution of all variables
v € V in a duration [0, 7], r € R”. Let p be a function of type [0,7] — (V — R).
Then for every v € V, we write p, for the function p, : [0,7] — R, defined by
po(t) = p(t)(v). We call p a state evolution, if for all v € V', p, is piecewise
infinitely often continuously differentiable in [0, 7). If p is a state evolution, we
say that p is smooth for a subset V of V, if p, is infinitely often continuously
differentiable in [0, 7] for all v € V.

We denote the set of all state evolutions p : [0,7] — (V — R) defined on the
interval [0, 7], by €,.. We denote the set of all state evolutions by e,

= U e

0<r<oo

For a given state evolution p : [0,7] — (V — R) and a given instant ¢ € [0, ],
there is a unique state o that agrees with p at time ¢, i.e. for all v € V:

af(v) = pu(t) and af (v) = pu(t).
A state proposition ¢ is satisfied by a state evolution p € ¢, if and only if all
the states corresponding to p(t) for ¢ € [0, 7] satisfy ¢, i.e.,

pEifaf =¢, forallte]|0,r]

In addition if p is also smooth for V a subset of V', we write,

p v éoraf =5 af v ¢,
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We denote the set of all BPA;"" process terms by P, where,

5| L] vea(P) | P-P | P+P|o%(P)

rel

P:= a
|oq(P) [ AP Y= Plx™P|¢™WP;

where ¢ and ¢ are state propositions, y is a transition proposition, r > 0 and
V is a subset of V.

We denote the set of all pairs of durations and state evolutions on them by
D and call them delays, i.e.,

D={(rp)|r€R” ApEel}.

5.1 Transition System
5.1.1 Definition

We define a transition system for hybrid processes T'S as a five-tuple, i.e.,
TS = (Ca_)a’_),laF)a
where:

1. CC (PU{Y} xS xR2)is aset of configurations.

2. -C C x A x C is the set of all action transitions .
If (c1,a, ca) €—, then we write ¢; — ca.
If ¢; % ¢o , then the third component of ¢, is reset to 0, (i.e. c2 = (p, a, 0),
for some p € PU{\/}, a € S), as we are dealing with relative time.
3. —C C x D x C is the set of all time transitions.
If (c1, (1, p), c2) €, then we write ¢; AL

® (pl’al’tl) ’_T.,p_} (p27a2;t2) = t2 = tl +r

4. I C C'is the set of initial configurations given for a process.
Any initial configuration is of the form i = (p,«,0). If i1 = (p1,a1,0)
and i = (p2, a2,0) € I, then p; = py = p, i.e. the process term is same.
Term p € P (p cannot be /) is the process expression of T'S, denoted by
expr(T5).

5. F C C is the set of final states.

If f € F, then f is of the form (v/, @, 0) for some o € S, as a final state
can only be entered by an action transition.
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5.1.2 Discussion of the definition

In [5], a structural operational semantics for BPA5"" is given. The process graph

induced by this operational semantics has process nodes consisting of process
terms and states. The process nodes are denoted by (p, ), for some p € P and
a € S . We add timing information to this model. The configurations in our
transition systems have a label for a timer € RZ in addition to process terms
and states. The timer indicates the time elapsed since the last action. When an
action is performed (indicated by action transitions) it is reset. It accumulates
during idling (indicated by time transitions).

In an action transition ¢; = ¢, ¢; is called the source, a is called the action
label and cy is called the target. In a time transition c; RALN ca, 1 is called
the source, r is called the time duration, p is called the state evolution and c,
is called the target. The action and time transitions are said to originate from
their sources and end in their targets

\/ stands for the termination symbol and denotes successful termination
of a process in BPA;". There is no concept of an empty process in BPAS"!
(an empty process is a process that terminates without idling or performing an
action), so we require that the process term of an initial configuration cannot be
equal to the termination symbol. It should not be too difficult to add a successful
termination process € to the current set-up, but we leave this for future work for
now. On the other hand, in place of a process term, a final configuration always
has /. Final configurations cannot be sources to any action or time transitions.
Furthermore, a final configuration can only be a target to action transitions and
not to a time transition. This is in accordance with the assumption of BP A",
that an idling process can only terminate by performing an action.

The way we form a transition system from a BPA;"! term is such that the
process terms of all initial configurations are equal to that BPAS"" term. We
call the common process term of all initial configurations as process expression
of the transition system. The states of the initial configurations of a transition
system represent the set of states in which the signal emitted by the process
expression is true.

We want our process model to be consistent with the work done in [5].
This means that when we remove the time labels from all configurations, the
transition system of a process becomes exactly the same as the process graph
induced by the semantics of [5].

5.2 Garbage Collection on Transition Systems

We define here a notion of reachability on a transition system which is quite
similar to the reachability relation defined in [4] (except that in [4] the transition
systems do not have time transitions).

Let TS be a transition system given by,

TS = (C,—,—,1,F).
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We define a reachability relation -»C C' x C, as the smallest relation, such that
for all configurations cg, ¢1,ce € C, action a € A and delay (r, p) € D,

® Co — Co;

o If cg % ¢ and ¢; — ¢, then ¢y — co;
T,p

e If cg —— ¢y and ¢; — ¢o, then cg — co.

If ¢ - ¢1 we say ¢y is reachable from ¢y. Reach(cg) denotes the set of all
configurations reachable from ¢y, i.e.,

Reach(cp) = {c € C | ¢p — c}.

For a set of configurations C' C C, Reach(C") denotes the set of all configura-
tions that are reachable from any member of C’, i.e.,

Reach(C') ={ce C |3 € C" e — c}.

As we apply different operators on a transition system, we add new config-
urations and transitions to it. During this process some configurations and
transitions originating from them may become unreachable (i.e. the configura-
tions are no longer reachable from an initial configuration) in the new transition
system. Unreachable configurations and transitions have no effect on the be-
haviour of a transition system. So we can safely remove them. This is called
garbage collection.

We write reach(TS) for T'S with all the unreachable configurations and
transitions removed from it, i.e.,

reach(TS) = (C',—',+—', I, F);
where,
e (' =Reach(]);
o —'={cy > ¢1 | cg € Reach(])}; and

o —'={co % ¢1 | cp € Reach(I)}.

5.3 Undelayable Actions

An action may change the values of variables arbitrarily. We associate with
every action a € A a transition system:

TS(@) = (C,—.0,1, F),
where,
1. C=CLUCy,
C; ={(a,a,0) |a e S} and C] = {(/,,0) |« € S};
2. »={(c1,a,c}) |1 €C1 A € Clls
3. I =Cq; and
4. F=Cy.
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5.4 Non-existence

We propose to describe the non-existent process L by a transition system with
an empty configuration-set, an empty set of action transitions and an empty set
of time transitions, i.e.,

We define the process expression of T'S(L) to be L, i.e.,

expr(TS(L)) =1

5.5 Undelayable Deadlock

The transition system corresponding to ¢ has no action transitions, no time
transitions and no final or terminating configurations, i.e.,

TS(3) = (C,0,0,1,0),
with
e C={(3,a,0) | € S}; and
o I=({(4,a,0) | e S}=)C.

5.6 Signal Emission

The operation of signal emission takes two operands, one a state proposition
and the other a transition system. A state proposition is a proposition on the
variables in V' U V. For a formal definition of a state proposition see [5]. The
signal emission operator acts on the set of initial configurations of a transition
system. The configurations whose states do not satisfy the given state proposi-
tion are removed from the set of initial configurations, while the process terms
of other initial configurations are modified to include the state proposition as
an emitted signal.

Let ¢ = (p, o, t) be a configuration and ) be a state proposition.

We denote « satisfies ¥ by « = v, and write,

cEviff a E.

We write ¢ A (p, o, t) for (¢ A p,a,t).
Let T'S be a transition system, i.e.,

TS =(Cy—,—, I, F).
We define ¢p A~ T'S as,
1/) M TS = (Cl7 —>/7 }%/7 I,7 F)7

where,
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1. The set of initial configurations I’ is defined as,
I={pniliel Aikv)
2. the set of all configurations C’ is defined as,
C'=Cculr;

3. the set of action transitions —' is defined as,

"

= U —",

where —" is the set of all action transitions originating from members of
I, ie.,

—"={(p mi,a,c)|iel,ceCiacAjiEp ANi-ch

4. ' is the set of all time transitions, i.e.,

/

NN —

9’
where —"' is the set of all time transitions originating from members of
I, ie.,

"= {(p mi,(r,p),c) |i€L,ceC (r,p) €Dil=vp AirDsc).

This means that in a time transition 1 is only required to hold in the
source of the transition and not along the trajectory or in the target.

5.7 Relative Undelayable Timeout

The operation of relative undelayable timeout on a process P prevents it from
idling in the start. If there are no options to a process in the start other than
idling, then applying the relative undelayable timeout operator on P, denoted
by Vrer(P), results in undelayable deadlock. v, has no effect on the signal
of a process. It distributes over the signal emission, signal transition, signal
evolution and conditional operators without affecting the signal propositions.

The relative undelayable timeout operator takes a transition system as an
operand.

We write vy (p, a, t) for (v (p), @, t), where (p, o, t) is a configuration.

Let T'S be a transition system, i.e.,

TS =(C,—,—, I, F).
We define v, (T'S) as
Vret(TS) = (C', =, —, I, F),

where
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1. I’, the set of initial configurations is defined as,
I' ={vpe(i) |ieI};
2. ', the set of all configurations is defined as,
C'=Cculr
3. the set of all action transitions —' is defined as,
=0 U=,

where —" is the set of all action transitions that originate from members
of I, ie.,

—"={(Vrer1(i),a,c) |i € [,c€e C,a € A N i -5 c}.

5.8 Conditional Proceeding

This operator takes two operands, i.e., one a state proposition and the other a
transition system. As mentioned in [5], a process P proceeding conditionally on
a state proposition 1, behaves like P if ¢ is true, else it behaves like undelayable
deadlock.

The conditional proceeding operator while acting on a transition system
modifies the process terms of its initial configurations and adds more initial
configurations to it with states that do not satisfy the state proposition. Con-
figurations that do not satisfy the state proposition have no action or time
transitions originating from them.

We write ¢ :— (p, o, t) for (¢ :— p, a,t).

Let T'S be a transition system, i.e.,

TS =(C,—,—,1F).

Let p be the process expression of T'S.
We define ¢ :— T'S as,

¢ B TS = (0/7 H/7 Hl? I/’ F)7
where,

1. I’ is the set of initial configurations, i.e.,

I' = {¢:—iliel}
U{g = (p,a,0) |a € S A a o)

2. C’ is the set of all configurations, i.e.,

C'=Ccul;
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3. the set of all action transitions —' is,

"

= U =",

where —" is the set of all action transitions originating from the members
of I, i.e.,

—"={(¢Y:—~i,a,c)|i€l,ceCiac ANilE®Y Ni-5c}; and

4. the set of all time transitions —' is,

/

— = U — s

where —"" is the set of all time transitions with their sources in the new
initial configuration set, i.e.,

" = {(—i,(rp),e) i€,
ceC, (r,p)eDil=yp Ai—S ¢}

1 is only evaluated in the source of the time transition and not along the
trajectory or in the target.

5.9 Signal transition

The signal transition operator takes a transition proposition and a transition
system as operands. A transition proposition is a proposition regarding the
state of a configuration immediately before and after an action transition. For
a complete definition of the transition proposition see [5].

For each variable v € V U V, we introduce two new variables *v and v°®,
denoting the values of the variable v immediately before and after an action
transition. We write *V for {*v | v € VUV} and V* for {v* | v € VUV}.
A transition proposition is a proposition on the variables belonging to the set
*V U V?*. Furthermore if 1 is a state proposition, then ®i and v ®are transition
propositions. In a given transition system, the proposition ®v is satisfied by
those action and time transitions that originate from configurations whose states
satisfy ). Whereas, the proposition ¥* is satisfied by those action transitions
of the transition system, that end in configurations whose states satisfy .

Similarly, if x is a transition proposition, then °x and x° are state proposi-
tions. °y is that part of x that deals with the source configuration of an action
or time transition, i.e., °x describes a property about the state of the source
of a transition. Whereas x° is that part of x that assigns a property to state
of the target configuration of an action transition. °x holds in a configuration
from which an action/time transition satisfying x can originate. x° holds in a
configuration which can be a target to an action transition satisfying x.

The signal transition operator operating on a transition system TS with
transition proposition x, modifies the process terms of initial configurations to
indicate that the first transitions will take place only in accordance with y. It
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adds more configurations in the initial set of configurations that have states that
do not satisfy the proposition °y. Such initial configurations have no action or
time transitions originating from them. Action and time transitions originating
from initial configurations that do not satisfy the state proposition °y are re-
moved from the transition system. Furthermore an action transition originating
from an initial configuration satisfying the state proposition °y must end in a
configuration satisfying the state proposition x°. Otherwise it is removed from
the transition system.
Let aq, as be two states and x be a transition proposition. Then,

a1 % as | x means a; = °x A as | x°.
For any configuration ¢ = (p, o, t), we write:
ckE°xiff a = °x, and ¢ = x° iff a | x°.

We use the abbreviation x ¥ ¢ for (x ™ p, a,t). We use the notation state(c) to
denote the state « of c.
Let T'S be a transition system,i.e.,

TS:(C7_)7'—)717F)7

Let p be the process expression of T'S.
We define xy ¥ T'S as,

XTS = (C', =" —"I'F),
where,

1. I’ is the set of initial configurations, i.e.,

I' = {xy"iliel}
U{x ™ (p,a,0) |a €S A aE °x};

2. C’ is the set of all configurations, i.e.,

C'=Ccul;

3. —' is the set of all action transitions, i.e.,
= U —>”’

where —" is the set of all action transitions originating from the members
of I, i.e.,

=" = {(x"Via,c)|i€l,ceCiac Aji-5cA

state(i) — state(c) E x}; and
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4. ' is the set of all time transitions, i.e.,

/

— = U —' ,

where ——"" is the set of all time transitions with their sources in the new
initial configuration set, i.e.,

—"={(x Vi, (r,p),c) |i€I,ceC, (rp) €D,ikE°x Ni—c}

5.10 Sequential Composition

The sequential composition operator takes two transition systems as operands.
When we sequentially compose two transitions systems, the resulting system
does not terminate with the termination of the first transition system but con-
tinues as the second. We achieve this behaviour by replacing the final configura-
tions in the first transition system by the initial configurations of the second. In
case the second transition system denotes a non-existent process, the sequential
composition of two transition systems behaves as the first one but deadlocks be-
fore terminating. In that case there is no action transition that originates from
a configuration of the first transition system and ends in an initial configuration
of the other.

Let ¢ = (p, a, t) be a configuration. We use the notation state(c) to denote
the state a of ¢. Let py be a process term. We use the abbreviation ¢ - py for
the configuration (p - pa, a, t).

Let T'S; and T'S; be two transition systems, i.e.,

TSl = (Clﬂ_)h'—)lv-[l?Fl);a'nd
TSQ = (0237_)23 }—)23I27F2)'

Let p, be the process expression of 7'Ss.
We define the sequential composition of T'S; and T'S5, denoted by T'S7 - T'Ss
as:
TS, - TSy = (Cha, —12,—12, 12, Fa),

where,

1. I;5 is formed by appending the process terms of configurations in I; by

P2, i'e'v
Ilgz{i'pQ |i€[1};

2. (12, the set of all configurations, is defined as
Cia = C" U Cy,

where C’ denotes the set of configurations of C; with their process terms
appended by the process expression of T'Ss, i.e.,

C'={c py|ceCi\F1};
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3. the set of all action transitions —1o is,

"

—>12:—>/ U—9U—=",

where, —' is the set of all action transitions originating and ending in
members of C’, i.e.,

—' = {(c-py,a,cd -py)|c,d € Ci\Fi,ae AN c-5 )

and —" is the set of all action transitions originating from members of C’
and ending in members of I, i.e.,

BN/ {(C-pz,a,ig) ‘ ceCi,a€ A, i€ I,
Jf € Fy e state(f) = state(iz) A ¢ 51 f};

4. the set of all time transitions —— 5 is,
|—>12:»—>/ U ——a,

where, —' is the set of all time transitions originating and ending in
members of (', i.e.,

— = {(C'pZa(rap)aC/'pQ) ‘ cacl € Ol\Fla(Tap) €D7
/\C}ll C/}.

5.11 Alternative Composition

The alternative composition of two transition systems exhibits a choice between
them. The resulting transition system behaves either as one transition sys-
tem or as the other. But some options of behaviour that were present in the
operand transition systems may get lost in their alternative composition. The
alternative composition operator operates on the set of initial configurations of
its operands. Two initial configurations, one from each transition system, are
composed alternatively and included in the initial configuration set of the new
transition system only if their states are same. Thus behaviour possible from
an initial configuration of one transition system that has no match (according
to state) in the (initial configuration set of) the other operand is lost in their
alternative composition. Consider two initial configurations i; and io with equal
states, of two transition systems that are to be alternatively composed. If i; is
a source to a time transition with a certain duration and state evolution, and i
is also a source to a time transition with the same duration and state evolution,
then the targets of these time transitions will also be composed alternatively.
Let ¢ = (p,,t) be a configuration. We again use the notation state(c)
for the state o of ¢ and the notation time(c) for the time label ¢ of ¢. Let
1 = (p1,0a,t1) and ¢a = (p2,aa,t2) be two configurations. If a; = ay and
t; = to, then we write ¢; + ¢ for the configuration (p; + p2,a,t1). For any

t € R, we write ¢ ’72’ to denote that for any p € €, there is no configuration ¢’

such that ¢ 2 ¢/.
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Let T'S; and TS5 be two transition systems, where,
TSl == (Ola 1,1, Ila Fl)7 and
TSQ == (027 2,2, 123 FQ)
Their alternative composition is denoted by T'S7 4+ TS5, i.e.,
TS1 + TS = (Crya, — 142,142, [142, Fiy2),
where,

1. the set I;49 consists of alternatively composed configurations of I; and I
with equal states, i.e.,

11+2 = {’Ll + io | i1€11 Nig €y A state(il) = state(ig)};

2. the set of all configurations C42 is defined as
Ciia=CUCUI 5 UC,

where C’ denotes the set of alternatively composed configurations of Cy\ I
and 02\12, i.e.,

' = {01 + co ‘ cr €Cl,c0€ Cy N Fig+ig € Iy,
A(r,p) €D eiy =2 e1 A iglﬂ)CQ};
3. —142 is the set of all action transitions. It is defined as,
—14o=—1 U= U U,

where —' denotes the set of all action transitions originating from members
of I1 1o UC’ and ending in members of C1, i.e.,

- = {(Cl + CQ,CL,C/) ‘ c1+c2 € C/ U Il+27
a€ A eCy Acy =)

and —" denotes the set of all action transitions originating from members
of I1 12 UC’ and ending in members of Cy, i.e.,

=" = {(e1 +c2,a,d) | 1 +ca € C' U T4,
a€ A €Cy A cyg 9 c’};

4. The set of all time transitions ——12 is defined as
——142=F—1 Ur—9o U —’ U — U r—>'1+2,

where —' denotes the set of all time transitions originating from some
configuration ¢; +co in I1,oUC’, with ¢; € Cy & c2 € Cy & 2 >7£>, for
any t € R”, and ending in a member of C;. We define —' as

!/

—' = e+ (rp)d) o1+ € CTU T,
(7’, p) c D,CI S Cl,Cl '271 CI N Co ?7272)};
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" denotes the set of all time transitions originating from a configuration
in I145 UC’, and ending in a member of Cs, i.e.,

—" = {(c1+co,(r,p),d) | e14c2 € C"U T,
(r,p) € D, € Cayca Loy ! A 1 fo1)};

and —,, denotes the set of all time transitions originating from and
ending in members of I115 U’ ie.,

'—)/1-1-2 = {(cl + Ca, (T’p)’c/l +C’2) ‘ C1 —|—CQ,C/1 +CI2 e’ uIl—i—27
(T7p) € D,C]_ ’Ml C/l N C2 ’i)Q CIQ}7

5. The set of final configurations F} 9 is the union of Fy and Fy, i.e.,

F1+2 = F1 UFQ.

5.12 Relative delay
Let T'S be a transition system given by
TS =(C,—,—, 1, F).

Let the process expression of T'S be p.

5.12.1 Adding relative delay of r» > 0 time units

To explain the operation of relative delay on T'S, we make use of the following
functions and abbreviations:

o Time-step reachability, —C C x C, is the smallest relation, such that for
any cp,c1,ce € C and (r,p) € D,

— ¢o > Cg-

\p
— If ¢g == ¢1 and ¢; —» g, then ¢y —» cs.

If cg —> ¢1, we say c; is time-step reachable from ¢y. tReach(cg) denotes
the set of all configurations that are time-step reachable from cg, i.e.,

tReach(cy) = {c € C'| ¢g > ¢}.

For a set of configurations C’ C C, tReach(C’) denotes the set of all
configurations that are time-step reachable from any member of C’, i.e.,

tReach(C') ={ceC| I €C e > c}.
e We define a function incr_timer: C X R” — C, that takes a configuration

(p,a,t) and a time duration s and returns the configuration (p,a,t + s)
with its time label incremented by s.
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e If p € Pandr,s € RZ such that s < r, then after_time(co",(p), s) denotes

rel
the process term o, *(p), after the passage of s time units.

e We define a function pr_exp : C' — P. It takes a configuration and returns
its process term.

e For some s,t € R”, ps € €5 and p; € €, if ps(s) = py(0), then we define

Ps-Pt as
e H0sr<s
(ps Pt)(r)— { pt(r_s) ifs<r<s-+t.

e A time transition ending at a certain configuration is composed sequen-
tially with a time transition originating from the same configuration. Let
(¢, (s,ps),¢") and (¢, (¢, pt),c”) be two time transitions. Note that

ps(s) = pt(0) = state(c).

(¢, (8,ps),¢")- (¢, (t, pt), ") stands for the time transition (¢, (s+t, p), ),
where p = p, - p; € €stt-

e Let aj,a0 € S,r € R” and p € ¢,. When we write

7P
a1 —= ag we mean that oy = aff A az = of.

Let T'S be a transition system. The transition system obtained after adding
delay of r € R~ time units to 7'S is denoted by o7, (7'S). We precede the initial
configurations of T'S with configurations that can idle for any ¢ € (0,7] time
units. We add time transitions between these new configurations (i.e. time tran-
sitions that originate and end in the new configurations), and time transitions
that originate from the new and end in the initial configurations of T'S. As the
initial configurations of T'S become targets of time transitions of duration < r,
therefore their time labels have to be incremented. Consequently, time labels of
configurations that are time-step reachable from initial configurations are also
incremented. Due to the property of additivity of time of o], operator, new time
transitions that end in an initial configuration of T'S are sequentially composed
with time transitions that originate from that configuration.
We define o7, (T'S) as

rel

o’ (TS) = (0/7—>/7»—>/7I/’F),

rel
where
1. I’ contains an initial configuration for each o € S (as the signal of a
process term (see table 6 in [5]) that can idle for » € R time units is true

in all states), i.e.,
I'= {(Urrel(p)vaao) | a € S},
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2. the set of all configurations C” is defined as
C'=CUChy UC,UI,,
where Ciey is the set of new configurations that precede members of T
Coew = {(cB(p),a,r—R)|RER>,0< R<r,a€ S}
C, denotes the set of configurations that are time-step reachable from I
with their time labels incremented by r:
C, = {incr_timer(c,r) | c € tReach(l)};
and I, is the set of initial configurations of I with incremented labels and

O .
process terms preceded by o, i.e.,

I = {(or(p), a,7) | (P, @, 0) € I};
3. the set of all action transitions —' is
—'==U—¢, U—r,
where — ¢, is the set of action transitions originating from members of C,.
—¢, = {(incr_timer(c,7),a,c) | ¢ € tReach(l),c € C,
a€ A5y
and —7, is the set of action transitions originating from members of I,

I = {((G%(p),a,r),a,c) ‘ (p7a70) GI,CEO,CLEA, (paa70) i)c}v

4. the set of all time transitions —' is

—'=— Ur—q,, Ur—c¢, Ur—p U—",

where —— ¢, is the set of all time transitions originating in members of

Chew and ending in members of I, U Cyey
0w = 1(6,(5,0),) | ¢ € Cheu, ¢ € I} U Crey, (5,p) € D,

time(c’) = time(c) + s, state(c) —2 state(d)A
pr-exp(c’) = after_time(pr_exp(c), s)};

—¢, is the set of all time transitions originating and ending in members

of C,.

—¢c,. = {(incr_timer(c,r),(s,p),incr_timer(c,r))|c,¢ € tReach(I),
(s,p) € D A ¢ =5 ¢}

7, is the set of all time transitions originating from members of I,

—1, = {((o(P); 7). (s, p), incr_timer(c,7)) | (p,@,0) € I,c € C,
(s;p) € D A (P, 0) = c};
and —"' is the set consisting of sequential composition of time transitions

ending in members of I, and originating from members of I,.

= {(C, (S +t, ps '/)t)>C/) | (S’pS)v (t’pt) € D,c € Cpen, ¢’ € Cy,

. s,p . . t,p¢
Jiel, ec—>¢,, ir N iy —1 '}
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5.12.2 Adding relative delay of zero time units

Adding a relative delay of zero time units has no effect on the behaviour of a
process. Consider a process term p € P. The signal of the process p with a
delay of r € R~ is true in all states, where as the signal of the process p with
a delay of zero time units is only true in states where the signal of p is true.
Therefore while adding relative delay of zero time units to a transition system,
configurations with states other than those already present among the initial
configuration set are not added. The process terms in the initial configurations
are prefixed by o2,.

Let ¢ = (p, a,t) be a configuration and let s € RZ. We use the abbreviation
o, (c) to denote (o5, (p), v, t).

The transition system obtained by applying a relative delay of zero time
units to T'S is

oU(TS) = (C',—'—", I', F),

rel

where,
L I'= {(a?e|(p),a,0) ‘ (p,a,O) € I}?
2. C"=CuUlr,

!
)

where —"= {(c%,(i),a,c) |i € I,a € A,c € C Ni -5 c}.

3. /=0 U >’

Note that ¢%,(4), where i € I, denotes a configuration from the new initial
configuration set I’;

4 = U,

where —"= {(c%,(i), (r,p),¢) | i € I,(r,p) € D,c € C Ni—E ¢}

rel
Here also 0, (i) denotes a configuration from the new initial configuration
set I’

5.13 Signal evolution

In BPAS", the signal evolution operator (denoted by ), when applied to a
process restricts the evolution of environment variables to a given state propo-
sition during an initial delay of the process. Besides a process term and a state
proposition, the signal evolution operator takes a subset of environment vari-
ables as an argument. This set of variables signifies that the variables in the set
must evolve without discontinuities during an initial delay of the process term.
When signal evolution is applied to a process that cannot idle initially, then the
result is simply a process that emits the given state proposition as its signal,
i.e. ¢ My P, where P cannot idle is simply ¢  P.

Let ¢ = (p,a,t) be a configuration. We use the notation ¢™y ¢ for (¢ ™y

D, a,t).
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A state proposition ¢ is satisfied by a state evolution p € €., written as
p = ¢, if all the states corresponding to p(t) for t € [0, r] satisfy ¢, i.e.,

af E¢, foralltel0,r].

Let a1, € S, (r,p) € D. Then we write,

a1 bi>oz2 ':VqSIf
a1 = af,as =af,p = ¢ and p is smooth for V.

Let T'S be a transition system, i.e.,
TS = (07 —>7 '—)’ I7 F)'

A transition system in evolution according to ¢ and smooth for variables V| is
written as ¢ My (T'S). It is defined as

¢ W (TS) = (C', =", I', F),
where
1. I’ is the set of initial configurations, i.e.,
I'={pmiliel Aif o)
2. The set of all configurations C” is defined as
C’'=cuc”,
where

C" ={¢ ™ c|cetReach(]) A ¢ | ¢}.

For any set C' of configurations, tReach(C') is the same as defined in section
5.12;

3. —' is the set of all action transitions, i.e.,

/

= @] - s

where —” is the set of all action transitions originating from members of
C//

=" = {(¢™Wec,a,d)|cetReach(l),d € Ccl=p,c = '}

4. ' is the set of all time transitions, i.e.,

/

/ /
— = U "

where —"' is the set of time transitions originating and ending in members
of C”, i.e.,

—" {(¢ My c, (Ta p)a ¢ My C/) | c, c e tReach(I),

c—L ¢ state(c) —5 state(d) =y o).
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6 Extending the graph model for BPA;"

We add process terms with signal hiding operator and integration operator to
the set P.
P:= &|8|L|va(P)|P-P|P+P|d%(P)

rel

|ova(P) | APl ¢:=P[x™P|o™P

rel

| vAP | fueUF(u);

where 1) and ¢ are state propositions, x is a transition proposition, r > 0, V
is a subset of V, v is an environment variable, U is a set of non-negative real
numbers and F' is a process expression containing a real valued variable u.

6.1 Signal Hiding

Unlike most other operators that modify the set of initial configurations only,
the signal hiding operator modifies the whole transition system. The signal
hiding operator takes two operands, one a transition system and the other an
environment variable. It returns a transition system that behaves independent
of the value of the given variable. Thus we hide the effect of the given variable on
the transition system. Below are some definitions that will help us in formally
describing signal hiding.

For all v € V, we define a binary relation =, between two states a and o/,
when they differ from each other only in their values of v and v, i.e.,

a =, o iff a(v') = o/ (v') for all v’ € (VUV)\{v,0}.

We extend this relation to configurations having same process terms and
time labels. i.e. for any two configurations (p, o, t) and (p,a’,t) we have,

(p,a,t) =, (p, o, t) iff =, .

Similarly, for all v € V, we define a binary relation =, between two state
evolutions, p1&ps € €., r € R”, if and only if p may differ from p’ only in the
evolution of the variables v and 0. i.e.,

p=yp iff of =, af/ for all t € [0,7].

Let (p, i, t) be a configuration and v be a variable. We write vA(p, o, t) for
a configuration (vAp, «,t). When we applying signal hiding of variable v on a
transition system, we add v/Ac’ for any configuration ¢ present in the transition
system, such that ¢ =, c¢. v/Ac behaves the same as c, except regarding the
transition and evolution of variable v.

Let T'S be a transition system. Signal hiding is applied to a transition system
after removing unreachable configurations and transitions from it. This is done
by taking reach of a transition system (see section 5.2).

Let reach(T'S) be given by,

reach(T'S) = (C,—,—, I, F).
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We define vA(reach(T'S)), the transition system obtained after applying
signal hiding of variable v on reach(7T'S) as follows:

vA(reach(TS)) = (C', =/, —', I' | F'),
where,
1. C¢'={vAd | e Cec=, '}

2. ='={(vAdj,a,vAch) | Fer,ec2 €Cra€ Aecy =y ¢ A ca=ych A cp =
C2};

3. —'= {(vAd, (r,p'),vA) | (r,p') € D,3p € €, Jc1,c2 € Cocy =,
A Nea=ych Np=yp A Cl'ﬂ)CZ}W

4.7 ={oAi' | JieTei=,i'};
5. F'={vAf'| 3feFef=,f}

6. Signal hiding is applied to a transition system after removing unreachable
configurations and transitions originating from them (see section 5.2).

Removing unreachable configurations and transitions from a transition system
is critical before apply signal hiding to it. Consider the following scenario.
Let c¢g,c1 be configurations of T'S, where ¢; is a reachable configuration and
¢o is unreachable. Also let ¢g =, ¢1. In vA(TS), we add a configuration
v/, where ¢ =, ¢; =, ¢p. Also note if ¢; € Reach(I) before hiding, then
vAc € Reach(I'). According to the definition above, vA¢’ will behave both
as ¢g and ¢;. Thus not removing an unreachable configuration and transition
originating from it may add unintended behaviour in a transition system after
signal hiding.

The signal hiding operator is also extended to state propositions and tran-
sition propositions. Let 1 be a state proposition then v/A1) is the proposition
1 with the effect of variable v and © on its satisfaction hidden. If v is satisfied
in a state «, then vA1 is satisfied by all states that differ from « only in their
values of v and ©. Formally, it is defined that a proposition ¢ after signal hiding
is true only if there exists an assignment of variables v and ¥ to real numbers
for which ¢ is true. i.e., let ¢[r,r'/v,v] denote the proposition with v and ©
replaced by some real values r and 7’ respectively, then

vAY & I’ € Rep[r, v’ /v, 0]
Similarly, a transition proposition with v hidden is defined as,

vAx & I’ s, 8 € Rex|r, 75,8 /%, %0, 0%, v°].
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6.2 Integration

In order to cover processes that can perform an action at all points in a certain
interval of time, we add integration to the graph model of BPA;"".

Let F be an expression possibly containing a real valued variable u. Let r
be a nonnegative real number. Then Flu/r] denotes the process F with all the
instances of u replaced by r. Let U be a subset of RZ. The process fueUF(u)
behaves as one of the processes F[u/r], for some r € U. Thus [, _, F(u) repre-
sents an alternative choice among a number of processes; this choice may even
be infinite.

For u € U, let T'S(F(u)) denote the transition system corresponding to the
expression F(u) and let T'S( [, _;,F(u)) denote the transition system correspond-
ing to expression [, F(u).

We give a definition of T'S( [, F(u)) based on our intuition about its be-
haviour obtained from the operational semantics of integration given in Table
10. TS(f,.;;F(u)) behaves as the alternative composition of all transition sys-
tems, T'S(F(u), for all w € U. There is added complexity in the idling behaviour
of TS([,.yF(u)). When [ . F(u) waits for a duration r € R, the interval
U may need to be partitioned in subintervals as F(u) may evolve into a differ-
ent process term for each partition of U. We illustrate the partition of U, in
expression fu cu (F)(u), as time passes by the following example:

Consider the process fue[o,ﬁ}a“ (1 = 18) == (I = 0.5) ™ ¢4,(a)) in state

rel
1 =18. Let (I =18):— (I = 0.5) M oL,(@) be denoted by p. Let p € ¢, such that
p = (I =0.5) and p is smooth for I and I.
We study the effect of idling for 1 time unit on process (fue[oﬁ]a?e'(p), 18),
deriving transitions according to the operational semantics in Table 10.
For different partitions of [0, 6], (/| E[076]aﬁ‘e|(p), 18), takes different forms as

u

it evolves. Consider partitions [0, 0], (0,1) and [1, 6] of [0, 6].

For u € [0,0]

(o2 (p), 18) A <(l =0.5) % 03,(a), 18.5) From rule {4,26} Table 5

For u € (0,1), take u = 0.5.

(o0’ (p), 18) VL’ After 0.5 time units have passed,

(0% (p), 18) +> (p,18.25)

and p with [ > 18 cannot wait
For all u € (0,1),
(o (p), 18) cannot wait for more than u time units
and u is less than 1. Therefore,

(o) 7 (), 18)

Now for all u € [1, 6],
(Juepr 67t (P), 18) SR (fue[l_ﬁ]ail_l(p), 18.5) From Rule 3 Table 8
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Thus we have,

" 1, . . "
Sctog0ma(P),18) =2 (i = 0.5) % 0%(@) + [,y ¢ 7w (P), 18.5)

For a deeper insight into partition formation as a process with integration op-
erator evolves, we refer the reader to chapter 4 of [2].

These partitions account for the complexity in the definition of the configu-
ration and time transition sets of [ ., T'S(F(u)).

Let for all w € U, T'S(F(u)) be given by,

TS(F(U)) = (Cm —uy T Iu7Fu)§

For all u € U, F(u) is the process expression of T'S(F(u)) and [, F(u) is the
process expression of T'S( [,/ F(u)).
And let T'S([, .,/ F(u) be given by,

TS(]

ueUF(u)) = (07 =, Ia F)7
where,

1. The set of initial configurations [ is defined as,
I = {([,cyFw),a,0) [Vu € Use (F(u),a,0) € I};
2. The set of all configurations C' is defined as,
c=|Jc.uruch
u€lU
where C” is the set of configurations obtained by idling of an initial con-

figuration in I, i.e.,

C/ = {(quUlFl(u) +.”+fueUnFn(u)aaI7T) ‘
n € N,{Uy,...,U,} partition of U\Up41,Un41 C U,
o €SreR” A3aeSe(([ . Fu),a0)el,
dpee oVie{l,2,...,n} e (VueU;e((Fi(u),d,r) € Cy
AF(u), @, 0) =%, (Fi(u),o,7)))
A(Vu € Uppq o (F(u),a,0) 5,1,

where N denotes the set of natural numbers.

3. The set of all action transitions — is,
—= U —, U U —>”;
uelU

where —' denote the set of action transitions from initial configurations,
ie.,

- = {((fueUF(u)7a7O)7a" c) |
(oo F(u),,0) € T,ac A, 3ucUse(ceCy A (F(u),a,0) 5, 0)};
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and —” denote the set of action transitions originating from members of
', ie.,
I = {((quUlFl(u)+ +fu€U ( ) ) )

|
(quUlFl(u)+fu€U2F2(u) +quU (U), a, )G C/
aeA,EIie{l,Q,...,n},EluEU (ce Cy N (Fi(u),a,t) Sy o)

. The set of all time transitions — is,

—= U — U»—>/U|—>”;

where —' is the set of all time transitions originating from the initial
configurations and ending in the members of ', i.e.,

—' = {(([uerF W), 0, 0),(r,0), ([yep, Fr(w) + -+ + [oep, Fulu),a',7)) |
([oeF(u),a,0) € I,(r,p) € D,
(Juev, Fr(w) + -+ [cp Fulu),a/,r) € C',
Vie {1,2,...,n} e Yu € U o (F(u),a,0) /2, (Fi(u),o/,r))};
"' denotes the set of time transitions originating and ending in members
of C’. We construct the target configuration from the source configuration

by specifying how different processes with different subintervals in the
source configuration idle and evolve.

= {((fueUlFl( ) -+ quU ) a»t)u (Tv P)»
(fueUllFll( ) +fu6Uka( )
quUlel(u) -+ quUg ( )+

+quUlF‘l( )+ Tt quUT” Fm( ) O/,t+7’)) |
(fu€U1F1( u)+ -+ fueU" n(u),a,t) € C',(r,p) € D,
Juern Fi () + -+ [ e FF(u)+

+fu€U}LF71( u) + ‘|‘fueUm T (u), ol t+r) € Y,
k,q,...,m € N,

{UL,...,UF} is a partition of U \UF, UM C Uy,
{U},...,Ud} is a partition of Up\UZt, Uq+1 C Us,,

{U},...,U™} is a partition of U, \U"”‘1 umtt C U,

Ip € ero(Vu e Ut o ((F (u)at) u (FE(u), o t+71)),...
Vu € Uf o ((Fi(u), a,t) = (Fk()a7t+7"))v

VueUl (Fo(u), a,t) 2 (Fl( ),/ t+71)),...
Vu € Ui o ((Fo(u), o t) =y (B (u), ot + 1)),

vUeUf+1(( (), i, t) 7&“ Vu € UM (Fo(u), o, t) oy ...
Yu € Ut ((F, ()at)v‘»u)}
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5. The set of final configurations F is,

F= UFu.

uelU

7 Bisimulation in the graph model

We want to define bisimulation between two transition systems. First we give
a notion of bisimulation between two configurations.

Let TS denote the set of all transition systems. Let T'S and T'S’ be two
transition systems, i.e.,

7S = (C,—,—,1,F) and
TS = (C', =/, —' I'|F").

A bisimulation B C C x (', is a binary relation such that, for all ¢ € C and
¢ e, if B(e, ), then:

1. the states and time labels of ¢ and ¢’ are equal, i.e.,
state(c) = state(c’) A time(c) = time(c');

2. for ¢ € Cand a € A, if ¢ % ¢, then 3¢ € €', such that ¢/ %’ ¢ and

B(CN,CIN).
Vice versa, if ¢/ 4, ", for some ¢’ € C' and a € A, then 3" € C, such
that ¢ = ¢ and B(c”, ") ;
3. for ¢ € C and (r,p) € D, if ¢ 2 ¢ then 3" € ', such that
/
d 2 ¢ and B(d”,d").
/
Vice versa, if ¢ —2 ¢, for some ¢ € C" and (r, p) € D, then 3¢’ € C,
such that ¢ —% ¢ and B(¢”,¢"); and
4. if c€ F, then ¢ € F'.
Vice versa, if ¢’ € F', then c € F.

A bisimulation between two transition systems, B C TS x TS, is a symmetric
binary relation, such that, if B(T'S,T'S’), then,

for every i € I, there exists an i’ € I, such that B(i,4’).
Vice versa, for every i’ € I’, there exists an 7 € I, such that
B(i,4").

If B(T'S,TS’), then T'S and T'S” are said to be bisimilar to each other, denoted
by TS TS
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8 Thermostat Again

We revisit the thermostat example given in section 3.

Th = (T =18) A Th", , .
Ther = up v Th3", Th = (T =18) ~»Th'",
THon — O,'U/—t(ThH)’ Thlon =up ﬁf Théon,

t u€lt,00) " rel THhlon _ O_Zn2 t(Th/—>)
Th,*) = (T = 20)—> t - rel ’

= = = *_ WN. rof f
e i AL (T* = *T) ¥ toft - Th'*/ 1

Thelf = down ™y Thgff,
ThiT = [ ey " (TH),
Th= = (T=18)—

(T* = *T) ™ ton - Tho".

ThI = down ™p Thgoff,
Th!T = gln3=t'(Tp/—),

Th'= =(T*="°*T)™ton-Th"

where t € [0,In2] and t' € [0, In3].

We write up for proposition (18 < 7" < 20 A T=-T+ 22), and down for
proposition (18 <T < 20AT = —T + 17).

Thy™ and Thy®™ show processes Th°” and Th'®"™ after ¢ time units respec-
tively. Th'°™ has a definite delay of in2 time units. But Th°® has an indefinite
delay. Starting from 18° and delaying according to up, the temperature reaches
20° in n2 time units. According to the operational semantic rules (see rule 26
table 8), keeping the temperature infinitely often continuously differentiable and
up true, delaying more than In2 time units is not possible for Th°". Therefore,
we define ¢ in interval [0,In2]. Th{"™ = fue[t’oo)(r:él_t(Thﬁ) indicates that after
t time units t is subtracted from the delay duration w.

Similarly, Thf,f T and Th;?f T show processes Tho// and TH°/f after ¢’ time
units respectively. Starting from 20°, keeping down true and the temperature
infinitely often continuously differentiable, delaying for more than [n3 time units
is not possible for The//. Therefore, ¢’ € [0, In3].

Starting at T = 18°, evolving according to 7' = —T + 22, the temperature
at any time r is given by (22e¢” —4)/e". In the following subsections, we denote
a state with T(r) = (22" —4)/e” and T'(r) = —T(r) + 22 by a,..

Similarly, starting at 7" = 20°, evolving according to T = —T + 17, the
temperature at any time r is given by (17¢” + 3)/e”. We denote a state at any
instant r, with T'(r) = (17¢” 4 3)/e” and T'(r) = —T(r) + 17 by a..

We sometimes write a state at any instant r as, (T'(r), T(r)).

First we give representations of Th and Th’ in the graph model proposed in
this paper. Then we prove that the two graphs are bisimilar. We apply signal
hiding on graphs of Th and Th’ and prove that the graphs obtained after signal
hiding with respect to T" are also bisimilar. Thus we have been successfully able
to define an operational semantics for signal hiding that preserves bisimulation.
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8.1 Graph of Th
Let T'S(Th) be the graph of the process Th,
TS(Th) = (Cthaqtha’—’thajthaw)'
e There is only one initial configuration with temperature 18,

I, = {(Tha (1874)70)}7

e the initial configuration evolves (while idling), into the following set of
configurations:

Ci, = {(up (fue[r’oo)ail_r(ThH)), a,r) | re€0,in2]}.

After performing action ﬁ”, (up ﬁT(qu[ln? OO)UZ;Z”Q(ThH)), (20,2),1n2),
becomes (The// (20, -3),0).
While idling, Th°ff evolves into the following processes:

V. = {(down ™y (fue[r,m)o;‘er’“,(Th‘_)), al., ') | e 0,In3]}.

The set of all configurations, Cyy,, is defined as,
Cin = Cj, UCH, U Iyp;

—_—

e Th" performs action toff at temperature T = 20. The temperature
reaches 20 in time In2. Th°/f performs action ton at temperature 7' = 18.
The temperature reaches 18 in time In3.

The set of action transitions consists of the following transitions:

(P ™7 ([ .oy 0ot "2 (Th7)), (20,2), 1n2) 2L, (ThOTT (20, -3),0),
(down ™y (fue[ln&oo)azl_l"g(ThH)), (18, —1),1n3) 2%, (Th°",(18,4),0)};

e Time transitions originating from (Th, (18,4),0) are,

{(Th, (18,4),0) =25, (up ™ ([, YU TR, o, t)

e[t,oo)arel
|t € (0,In2],(t, pt) € D,ps =up A p is smooth for T};

Time transitions among members of Cj, are,

(D 1 ([ oy 0ot T (ThT)), @0, 7) 5,

(P ™ (Jyeppt ooy Ora o (THT)), st +7) |

(t,pt) € D,ps =up A py is smooth for T,
r € [0,in2),t € (0,In2],r +1t € (0,In2]};
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Time transitions among members of C}} are,

u—r’ — Pt
{(down ~p (fue[r,)oo)arﬂ (Th™)), e, 7") =,

(down 7 ([cprspooy@ia O (THD)) syt +17) |

(t,pt) € D, ps = down A p; is smooth for T,
r’ € 10,In3),t € (0,In3],7" +t € (0,In3]};

e Process Th is an infinite process with recursion and there are no final
configurations.

8.2 Graph of Th
Let T'S(Th') be the graph of the process Th’,

TS(Th/) = (Cth’a —th!yth’, Ith’ ) @>
e Like in the case of Th there is only one initial configuration,

Iy = {(Th/7 (18’4)a 0)}7

e (Th',(18,4),0) can wait for upto In2 time units and evolve into the fol-
lowing set of configurations:

Cir = {(up o7 oW (TH ™), ap, ) | 7 € [0,102]}.

rel

(Afte/rflf)ezformin)g :;Lction 1?77, (up ™ 0% (TH'™),(20,2),In2), becomes
Th'°77 (20,-3),0).

While idling, Th'°ff evolves into the following processes:

W = {(down p o= (TH' )l ') | 7 € [0, In3]}.

rel T
The set of all configurations, Cyp, is defined as,
Cth’ = C;h’ U C;;z’ U Ith’;
e After waiting for [n2 time units, Th’®™ performs action fof f. The temper-

ature at that time is 20°. T'h’ °ff waits for In3 time units before performing
action fon. Temperature at that time is 18°.

The set of action transitions is as follows:

{(up ™ 0% (TH' =), (20,2),1n2) 2225, (Th'°ff (20, -3),0),
(down ™ 00 (Th' <), (18, —1),In3) L%, (TH'", (18,4),0)};
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e the time transitions originating from (T'h/,(18,4),0) are,

{(TH, (18,4),0) "5 (up V7 o127 HTH' =), ay, 1) |

rel

t € (0,in2], (¢, pt) € D,pt =up A py is smooth for T'}.
Time transitions among members of Cj,, are,

t,
{(up ™ B2 (TH =), iy ) 25
(up " olt” TR ), e, t 1) |

(t,pt) € D,ps =up A py is smooth for T,
r € [0,In2),t € (0,in2],r +t € (0,In2]}.

Time transitions among members of C}}, are,

rel
down ™ 0%3 ' +t)(Th’H) Xyt +17) |
(t 7p,g) €D,p; |: down A pt is smooth for T,
!

€ [0,In3),t € (0,In3],7" +t € (0,In3]};

{(down ™p '3 " (Th),al,,r") LIy
(

e Process Th' is an infinite process with recursion and there are no final
configurations.

8.3 Proof: T'S(Th) is bisimilar to T'S(Th')

We define a binary relation R on configurations of Cyj, and Cyy, as follows:

R = {((Th (1874)7 0), (Tn’, (18,4),0)),
((up ™ u€[r,00) Orel T(Th ), cr, ) (up TU£S2 "(Th'™), ar, 1)),

((down T Juelr, oo) reI (Th ) T‘/),

(dowm o ol (LW ) ab)

€ [0,in2],r" € [0,In3]}.

We prove that R is a bisimulation relation. For all pairs (¢,¢’) € R, where
¢ € Cy, and ¢ € Cyy, we prove that the pair (¢, ) fulfills the four conditions
mentioned in section 7. We concentrate only on Th°™ and Th’ °r_ The proof
that ((down ™ fue (00 (Th‘_) ol r'), (down ™y g'n3~ "’ (Th),al,, "))

reI rel
fulfills the bisimulation conditions is left to the reader.

)0'

1. The states and time labels of ¢ and ¢’ for all pairs (¢, ¢’) € R are the same.

2. While evolving as up, ﬁ” is the only action that Th°™ and Th'°™ can
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perform at time [n2.

(Th, (18,4),0) /2L,

0)
(Th’, <18,4)70) ENY

For all r € [0,1n2),
(’pr p (fue[r o) ruel T(Thg))%a?“vr) Mth
(up vr ol (TH=), cn,m) #2554

At r =In2,

(Up 7 ([ o0y Oott "(Th7)), (20,2), In2) 2Ly (Tho1T (20, -3),0)
(up *p o127 (TH'=), (20, 2), In2) 21, (Th"’ff,(QO,—S),O) and
((The¥f,(20,-3),0), (Th"TF (20, — 3),0)) is in R.

3. For all t € (0,In2], let (¢, pr) € D, where p; = up and p; is smooth for T,
we can derive,

(Th, (18,4),0) Lnth (WP ™7 (Jyeppo0ra (Th™)),ae,t)
ThH, (18,4),0 |—>th/ up Vp o!"2 TR ™), oy, t) and,
rel
((up T (fue[t o) :Lel t<Th_))) aht) (UP ﬁT( 532 t(Th/_)))>at7t>) is in R.

For r € [0,In2),t € (0,In2],r +t € (0,In2] let (¢, p:) € D, where p: = up
and p; is smooth for T, then we can derive,

o t,pt
(up “r u€[r,00) O rel (Th ) A,y ’I“) '—p)th

(up ™p fue[r-&-tpo)ail (o) (Th™), apqrs t+7)
n2—r — t,pe n2—(r N
(up " 0£e|2 (Th' =), apy ) =25 (up ™ O'fe|2 (r+t) (Th =), gyt + 1)

4. No configuration in R is a final configuration.

Thus R is a bisimulation relation that shows that T'S(Th) and T'S(Th') are

bisimilar.

8.4 Graph of TA(Th)

Signal hiding is applied to a graph of a process after removing unreachable con-
figurations and transitions from it. T'S(Th) and T'S(Th’), have no unreachable
configurations and transitions, therefore:

TS(Th) = reach(T'S(Th)) and T'S(Th') = reach(T'S(Th"))

Thus we can apply signal hiding with respect to T on T'S(Th) and T'S(Th')
respectively.
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We define o, o to be states with arbitrary values of T and 7. i.e.,
o =1 Oél =T (18,4) =7 (19,3) =T (20, 73) etc.

Let TA(TS(Th)) be the graph obtained after applying signal hiding with
respect to T on T'S(Th).
We define TA(T'S(Th)) as

TA(TS(Th)) = (Crath, —1ath, =T ath, ITath, D);

where,
°

Irpin = {(TATh,,0) | a =1 (18,4)};

e the initial configurations evolve into the following set of configurations
while idling:

Clhropen = {(TA(up ™ ot "(Th™)),a,r) | r€10,In2],a =1 oy };

w€E[r,00) Orel

Any of the configurations, (TA(up ™r weling, OO) a7 (Th=)), a, In2),

with timer equal to In2, can perform action t/?? and become one of
the configurations of the form, (T'A(down ™ [ o (Th=)),a,0).

TATh®!T evolves into the following processes:
"(Th)), e r') | ¥ € [0,1n3]}

u€[0,00)

Chinan = (T (down vy

e r! oo) reI
The set of all configurations, C'ra¢p, is defined as,
Cratn = O YU Crawn U Iram;

e the set of action transitions consists of transitions with two action labels,
ie., toff and ton. For action toff, consider configuration T'/A¢, where

T (Up ﬁT fue[an oo) :J(e| lnz(ThH) (2072)?177“2)

T Ac can perform action t/oﬁ and become a configuration TAc', where
¢ =7 (Th*f7 (20,-3),0).

For action ton, consider a configuration T/Ac”, such that

ol in —
" =1 (down ™1 ([,ein3.00)Trel 3(Th™)), (18, —1),In3).
TAC" can perform action fon and become a configuration TAc”, where
" =r (Th°",(18,4),0).
The set of actions —7 Ay, consists of the following transitions:
u n — toff o
{(TA(UP fr u€[ln2,00) Orel : 2(Th )),a,ln2) — TAth (TATh ff’o/’o)}

U
{(TA(down ™y | €[in3,00) oI(Th=)), a,In3) 2% paw (TATHO™, o/ ,0)}:

Orel
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e time transitions originating from initial configurations are,

{(TATh, ,0) 2 ppun (TA(up oy L (THT)), ol 1) | £ € (0,1n2),

ue[t,oo)arel
(t,pf) € D, Ipt €€t o(pr = up A py is smooth for T A pf =1 pi)}.

. o /
Time transitions among members of C 5, are,

—r () — t.p
{(TLWp 7 fyeayora (ThT),0,1) =“ornm
u—(r+t —
(TAWD ™ [yeppironTia - (Th7))al t+7) |
(t,pr) €D, 3pr €Eerelpt =up A py is smooth for T

Apf =1 pe),r €1[0,In2),t € (0,in2],r +t € (0,In2]}.

. s . "
Time transitions among members of C7 »,;, are,

—r! — t, :
{(TA(down O [,y o™ (ThT)) e r’) =ooram
(TN (down ™ fue[r,ﬂm)alr(r TTh=)), o + 1) |
(t,pf) € D, Ip; € er o (pr = down A py is smooth for T
Aps =71 pe),r €10,In3),¢ € (0,in3],r" +t € (0,In3]}.

8.5 Graph of TA(THh')

Let TA(T'S(Th")) be the graph obtained by applying signal hiding with respect
to T on TS(Th'). «,a’ denote states with arbitrary values of T" and T and
oa=rda.

We define TATS(TH) as,

TAN(TS(TH)) = (Crawn, =ra, 1o Irawm, 0);

where,

[ ]

ITAth’ - {(TATh/u a,O) | a =7 (18, 4)}7
e the initial configurations evolve into the following set of configurations
while idling:
Cram = {(TA(up M of? " (TH' ™)), ar) | v € [0,In2], 0 =7 a,}.

Any of the configurations, (TA(up ¥ o2, (Th' ™)), a,In2), can perform ac-

rel
tion fof f and become one of the configurations of the form, (TA(down ™
o3 (Th'7)),a’,0). TATH°!S evolves into the following processes:

rel
Ch pin = LT A (down N 0533_7"/ (Th)),a,7") | v €10,In3]}.

The set of all configurations, Crayp, is defined as,

! 14
Cratn = Cppagy U Cpary Ul atn;
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e the set of action transitions consists of transitions with two action labels,
ie., toff and ton. For action toff, consider a configuration T/Ac, where

¢ =r (up " o (Th'™),(20,2),n2).

T/Ac with timer equal to I[n2 can perform action foff, and become a

configuration TAc¢', where ¢’ = (Th'°?f,(20,-3),0).
Whereas for action fon, consider a configuration TAc”, such that

CH =7 (down ﬁT U?e|(Th/<_)’ (187 —1), ln3>
""" where

)

TA¢" can perform action fon and become a configuration TAc

" = (Th'°™,(18,4),0).
The set of actions — A, consists of the following transitions:

{(T A (up 7 0% (TH ), a, n2) L p (TATHI of  0)}

U
{(TA(down ~p 0% (Th' 7)), o, In3) 2% pen (TATH™, o/, 0)};

time transitions originating from initial configurations are,

((TATH , 0,0) 25 p g (TA(up o 6271 TH=)), o 1)
|t € (0,In2],(t,pf) € D, Ap; € €t o (pr =up A py is smooth for T)

A pf =T pi}-
. s ,
Time transitions among members of Cf,,;, are,

{(TAwp vr 0> (TH7), 00r) ~oram
(TA(up v o " (TH=)) ol b +7) |
(t,pf) € D, 3pt €€t o (pt = up A py is smooth for T

Api =1 pt),r € [0,In2),t € (0,In2],r +t € (0,In2]}.

. o "
Time transitions among members of C A,/ are,

{(TA(down vy 03" (TH')), ,0”) = or
(TA(down ~p 23 (TRr=)) o/ 1! + 1) |
(t,pf) € D, 3ps € €t o (pr = down A py is smooth for T

Apf =1 p), 7 €10,In3),t € (0,in3],r" +t € (0,In3]}.
8.6 Proof: TA(TS(Th)) is bisimilar to TA(TS(TH))

We define a binary relation R’ on configurations of Crayn and Cragn. The
pairs of configurations in R’ have same states. We use « and o’ to denote states
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with arbitrary values of temperature and its derivative.

R = {(TATh,a,0),(TATH,a,0)),
(TAWP ™7 [y o) Trel T(Thﬂ)) 1), (TD(up “p 0,527 (TH' ™)), a, 1),
(T2 (down s [y, o™ (Th™ Ds0,r).

(TA(down o Z”B " (Th)), o, 1)),
| r € [0,In2],r' 6 [0 n3]}.

We prove that R’ is a bisimulation relation. Here we give the proof that
(TA(ThO") a ,r)and (TA(TH°"), a,r) are bisimilar The proof that ((T'A(down ™
fue[r o) Ope (Th‘_)) 1), (T A (down vpa3~ " (Th'<)), a, ")) fulfills the bisim-
ulation conditions is left to the reader.

1. The states and time labels of ¢ and ¢ for all pairs (¢, ') € R’ are the same,
where ¢ € Cra and ¢ € Cragn.

2. tﬁ?? is the action that TATh®™ and TAThH°" will perform at time In2.

(TATh, ,0) #2501
(TAThI, a, 0) 7M>TAth/

For all r € [0,1n2),
(TAWD ™ ([0 (Th)))s00m) 225 r

(TA(up v o227 (TH =), 7L’TAth’
For r = In2,
(TAup ™ ([ o) 0ra (ThT)), ln2)) LIS nin (TATHOSE o, 0)

(TA(up vp o277 (TH' ™)), a, In2) oI e (TATHTf o', 0) and

rel

(TATh T a,0), (TATh’Off,a,O)) is in R/

3. For all t € (0,In2], let (t, p;) € D, where p; = up and p; is smooth for T
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Let pf € € and pf =7 p:.

t7 : u— —
(TATh, @,0) S pnm (TA@p O [,eq 00 (ThT), o)

(TATH,0,0) 22 g s (TA(up v 022 7H(TH)), o, 1),
And,
(TA@Wp O [y oyoir (Th™)) o), (TA(up v (01527 (TH)), o, 1))

rel
is in R'.

For r € [0,In2),t € (0,In2],r +t € (0,In2], let (¢,p;) € D,
where p; = up and p; is smooth for T. Let p; € e; and p} =1 p;.
—r iy — t.p;

(TA(U]) “p fue[r,oo)o':fal (Th ))7 Q, T) 'L)Tﬁth
(TA(up o (TR ot 4 7)

u€[r+t,00)" rel

s t0;
(TA(up ™ 0532 (Th'7)), 1) LIy
(TA(up vy "2~ (TH =) ot + 1)

rel

4. No configuration in R’ is a final configuration.

Thus R’ is a bisimulation relation that shows that TA(T'S(Th)) and TA(TS(TH))

are bisimilar.

9 Soundness of Axioms of BPA;"!

We prove the soundness of the axioms of BPAS™, by proving that their inter-

hs >
pretations in the paradigm of transition systems (given in this report) hold.

1. GC1
T—wzx=x
Interpretation:
T:—-TS<=TS.
Let T'S be given by

TS = (C,—,—,1,F) and;
T :— TS is given by
T—-TS = (C',—',+—' I' F), as defined in sec 5.8.

Let p be the process expression of T'S. Ry C I x I’ is a binary relation on
initial configurations of 'S and T :— T'S

Ry ={(:,T:—4)|i€I}; and
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R C C x (', is a binary relation on configurations of T'S and T :— T'S
R =Ry U{(c,c) | ceC}.
Note that if ¢ € I then T:—i € I'. AlsoC' D C. Soifce C, thence C'.

We prove that R is a bisimulation relation. For this we have to prove that
for every pair (¢,c¢’) € R, (¢, ') satisfies the conditions in section 7. For
a pair (¢, c), it is easy to see that all conditions of a bisimulation relation
are met. We prove it for pairs (i, 7 :— %), where i € I as follows(the reader
may consult section 5.8 to verify statements):

(a) The notation T :— ¢ doesn’t do anything to the state or time label of
1. It only changes the process term of ¢ from p to T:—p.
(b) T:—i 4" ¢, whenever i % ¢, where i € I,a € A,c € C. Therefore,

T —i % cif and only if i % c. And (c,c) satisfies the conditions

for bisimulation.

li
(¢) Similarly T:—i 2" ¢, whenever i —% ¢, where i € I, (r,p) € D,c€

!/
C. Therefore, T :—i w2 ¢ = i % ¢, and (c,¢) satisfy the

bisimulation conditions.
(d) Neither ¢ nor T :— i is a final configuration.

The relation R indicates that TS < T :— TS, as,

For every i € I, there exists an T :— ¢ € I’(and viceversa), such that
B(i,T :—1).

. GC2SR
F:—z Z(ZS

Interpretation:

F:-TS< TS((S)
Let T'S be given by
7S = (C,—,—,1,F);
F :— TS be given by
F—TS = (C',—',—'TI'F), as defined in sec 5.8;
TS(3) be given by

TS(0) = (C",0,0,1",0), as defined in sec 5.5.

Let p be the process expression of T'S. R is binary relation on initial

configurations of T'S(d) and F :— TS, i.e.,
R={((3,a,0),(F:—p,a,0)) | a € S}.

We prove that R is a bisimulation relation.
Let a € S.
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(a) The states and time labels of (3, ,0) and (F:—p, a,0) are the same.
(b) (3, ,0) is not a source to any action transition.

For, (F:—p,a,0) LA ¢, where a € A, c € C(c belongs to C' as well),
we must have (p,a,0) % ¢ A a = F. Now F can never be true
in any state. Therefore (F :— p, ,0) is not a source to any action
transitions.

(¢) (8, ,0) is not a source to any time transition.

For, (F:— p,a,0) to be a source to a time transition, it must be the
case that « = F, which can never hold. Therefore (F :— p,«,0) is
not a source to any time transitions.

(d) Neither (3, a,0), nor(F :— p,a,0) is a final configuration.

R indicates that TS(8) = F :— TS.

. GC5
Yim(z-y)=(i=x)-y
Interpretation:

= (T'Sy-TS3) = (= TS1) - TS,
Let T'S; and T'S5 be defined as,

TS = (Cr,—1,—1, L, Fr) and;
TSQ = (027'[27_)27’—>27127F2)~

TS, - TS5 is given by,
TS, TSy = (Cia,L12,—12,—12, Fy), as defined in sec 5.10.

Let the process expressions of T'S; and T'S; be p; and p2 respectively.
First we write v :— TSy - T'Ss.
Let ¢ :— TS7 - T'S5 be given by,

=TS - TSy =(C",I',—',+—' Fy), as defined in sec 5.8.

Below we define I’ and the sets of action and time transitions originating
from members of I'.

(&) I'={¢ i1z | i12 € [i2} U{Y:= (Py " P2, ,0) @ € S N a E P}
I’ can also be written as

I' = {¢Y:=(p; P2a,0)|aeSA(afEypV
(pl'p27aa0) 6[12)}
{ = ((pP1,0,0) - py) €S A (W
\/(pl,Oé,O) 6I1)};
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(b) The set of action transitions originating from members of I, denoted
by —", is,

=" = {(¥:—i12,a,¢) |12 € [1n,a € A,c € Cra,ina E Y
Nitg 512 ¢}
—'" can also be written as

N {(ib — ilg,a,iQ) | i12 e I12,a S A,ig S IQ,

Q12 = ANirg 512 0o}
U{(”(/J = ilg,a, Cc1 ~p2) ‘ 110 € Ilg,a € A,Cl € Cl\Fl,
i12 = ANirg <12 €1 Do}

= {(®:=(i1-Pa),a,i2) | i1 € [1,a € A,iz € Iz,i1 F 9,
Jf € Fy e state(f) = state(iz) Aiy —1 f}
U{(w = (il . p2),a,cl -p2) | i1 € I1,a € A,Cl S Cl\Fl,
il ':1/)/\i1 i>1 Cl};

(¢) The set of time transitions originating from members of I’ is,

— = {(7/) Bane Z'127 (rvp)vc) | il? S 1127 (rvp) S D7C S 0127
iz Y A d12 =D e}

' can also be written as,

—" = {(¢:=(i1-Pa), (r,p);c1-P2) | i1 € I, (1, p) € D,
c1 € Cl\Fl,il ': w N 11 ii Cl};

Now we simplify (¢ :— T'Sy) - T'Ss.
Let ¢ :— T'S7 be given by,

=TS = (C,11,—1,—1, F2), as defined in sec 5.8.

Let (1 :—TS7) - T'Sy be given by,

(W:=TS1)- TSy = (Ciy,115, =19, —"12, F2), as defined in sec 5.10.

Below we define I}, and the sets of action and time transitions originating
from members of I],.

(a) I ={i-py|i€ i}
I’ can also be written as,

I, = {(¥:=p,0)-pylacSA(afFEYV
(plua70) € Il)}
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(b) The set of all action transitions originating from members of I},
denoted by —5, is given by,
=Yy = {(-pya,c-py)|i€li,ac A ce Ci\Fi, Ni i>/1 ct
U{(Z : p27aai2) ‘ (S I]/.’a € A77;2 € 12;
3 f € Fy o state(f) = state(iz) A 4 i>/1 Ik
—5 can also be written as,
=12 = {((Y:=i1) py,a,c-py) |01 € I1,a € A,c € CL\ I,
i1 E Y A i 5y el
U{((’l/} = il) . p27a,i2) ‘ ihe€li,a€ A i € I, ': P,
Jf € Fy e state(f) = state(ia) A i1 1 f};

(¢) The set of all time transitions originating from members of I{,, de-
noted by —", is,
!/
—" = {(i-py, (rp),c-py) | i€ T, ce CI\NFL Ai—E ¢}
——'" can also be written as,
—" = {((W—i1) Py, (1 p),c1-P2) [ i1 € 1,1 € CL\EY,
’il ': ¢ A 'lﬁ C};
A binary relation on configurations of ¢:— TSy -T'Sy and (¢ :—TS1) - TS
is given as,

R = {('(/):H ((pl,a,O)-p2),(z/JH(p,a,O))~p2)|a€S/\
((X béw \ (p17a70) € Il }
U {(e2,c2) | c2 € Co}
U {(c1-py,c1-py) |1 € In}

R is a bisimulation relation and proves that

w =TS - TSy & (’(ﬁ = TSl) -TS,.

. GC6
(W AY)imz =0 (Y o)
Interpretation:
(b AY') =TS =9 :— (' =T8S).
Let T'S be given by
TS =(C,—,—, I, F).

The binary relation on configurations of :—(¢':—TS) and (v A ¢'):—TS,
that proves bisimulation between two transition systems is ,

R = {(¢—@—(pa0) @ AY)—pal)|

a€SA((pa,0) el Valk @A)}
U{(c,c) | ce C}.
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5. GC7
W VY)—r=¢imzt+d o
Interpretation: (¢p V ¢'): =TS =v¢: =TS+ —TS.

Let T'S be given by
TS = (C7 _)7 ’—)’ I7 F);

(¢ V ¢'):— TS be given by
(V') =TS =(C"TI,-" ' F), as defined in sec 5.8;
1 :— TS be given by
=TS = (C1, I1,—1,—1, F), as defined in sec 5.8;
¥':— TS be given by

Y =TS = (Cy, I, —9,—2, F), as defined in sec 5.8;

=TS+ :— TS be given by

V=TS +yY" =TS = (Ciy2, 142, —112, 142, F142),
as defined in sec 5.11.

Let p be the process expression of T'S.

First we simplify ¢:— TS +":—TS. Below we give the definitions of I 2
and the sets of action and time transitions originating from members of

Il+2.

(a) Lo = {il + 9 | i1 € [1,io €l A state(il) = state(ig)}.
I1 49 can also be written as

Liyo = {Y—i+—iliel}
WH{@W—p+¢ —=p,a,0)[aeSANaly
Ao '}

= {(1,[):—*p+1/}/:—>p70170)|0465/\((p,Ot,O)GI
ValE @ V)l

(b) The set of action transition originating from members of Iyo, de-
noted by —1 o, is given as

—>/1+2 = {(i1+i2,a,c) ‘ i1 € 11,19 EIQ,CLEA,CECl
A i>1 C}
U{(il +i2,a,C) | 11 GIl,iQ 6[2,&61470602
Niyp 59 ¢}
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/ .
—1,o can also written as,

=l = {(W =i+ —ia,c)|icl,ac AceC,
iEY APl
U{(Y =i+ —id,a,c)|i€l,ace A,ceC,
iEY ANic)
= {(W—i+¢ —ia,c)|i€el,ac ArceC,
PE WV ) A5 el

(¢) The set of all time transition originating from members of I12, de-
noted by ——149, is

—142 = {(W—i+¢ =i, (r,p),c)|ie€l,(rp) € D,cecC,
iE@ V)i
W@ =i+ =i, (r,p),c+c)|iel,(r,p) € D,ceC,
z'=(¢/\w)/\2b—>c

The definition of (¢ V ¢'):—TS can easily be obtained from the definition
of 1) :— TS. See section 5.8.

A binary relation on initial configurations of (¢ V ¢'):—TS and ¥ :—TS+
’L/)/ — TS is

R = {(®:—=(p,0 +w’:—>(p,a,0)( vy

: (p,@,0)) |
a€S A ((p,a,0) el Val (VY

)i
2
Let
R = RiU{(¢,0)|ceC}
U{(c+c,c) | ce C}.
We prove that R is a bisimulation relation. ¢+ ¢ = ¢ will be proved while
proving the soundness of axiom A3 later on in the paper. Proving that
c < c is trivial, so we give the proof for pairs of configurations in R; only.

(a) The states and time labels of configurations in a pair are the same.

(b) (( vV ') :>1,a,c¢), can be an action transition in —', where ¢ €
I,a € A, ce C,if and only if

iSeANilE@ VY.

A corresponding initial configuration in Iy o, with i € I, is ¢ :— i +
1)’ :— 1. The conditions for 1) :— i + 1)’ :— ¢ to be a source to an action
transition in —j49, with action label @ € A, and target ¢ € C, are
the same.

Similarly,

¢~>Z—|—QZ}/~>’L i)1+2 c,

where ¢ € C and a € A, is possible only if i = (v V ¢') Ai -5 ¢, which
are the necessary and sufficient conditions for ((¢» V ¢'):—14,a,c) to
be an action transition in —'.
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(¢) (v VvV ') :—=i,(r,p),c) can be a time transition in —', with i €
I,(r,p) € D,ce C, if and only if

i e Nl (W VYY),

which are same as the conditions for (¢ :— i + ¢’ :— i, (r, p),c) to be
a time transition in ——1,9. Same argument applies vice versa.

For every initial configuration (¢ V ¢') :— (p,,0) in I’, where a € S A
((p,a,0) € I V a [E (¢ V 4')), there is an initial configuration (¢ :—
(p,@,0)+v¢":— (p,a,0) in I142, such that two are bisimilar to each other
and vice versa.

Therefore, R is a bisimulation relation and proves that

(W V) TS <4~ TS + 4 - TS.

. ST3
0rai(%) + 01 () = o7 (2 + y), where 7 >0
Interpretation

01 (T'51) + 01 (T'S2) = oy

Let T'S; be given by,

(T'Sy +TS,)

(Cla_>l7'—)17117F1);
and T'Ss be given by,
(Cay =g, 2, I2, I).

Let p; and p, be the process expressions of 7'S, and T'Ss respectively.
For definition of o7,

r(T'S) see section 5.12 and for definition of 'Sy + T'Ss,
refer to section 5.11.

We define a binary relation R’, on configurations of oy, (T'S1) + oy (T'S2)
and ol (T'S1 + T'Ss) as follows:

R =R/ URy;UR3UR4URs5;
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where,

R, = {((02|(P1)+02|(P2)aa,T—R)7(UrI§|(p1+P2)70477”—R))|
a€S,0<R<r}

Ry = {((o0y(p1) +om(P2), 1), (0% (Py + Pa)s ;7)) |
a €S, (py,,0) €I, (psy, @, 0) € I1};

R; = {(incr_timer(cy,r) + incr_timer(cg,r)), (incr_timer(cy + c2,7))
c1 € tReach([l1),co € tReach(ly), (i1 € 11,12 € Iz, (s,p) € D)e
state(il) = state(ig) A lﬂq [SRAYD) lﬂ@ CQ};

R, = {(incr_timer(c,r),incr_timer(c,r)) |
(i1 € I1,42 € I3, (s,p) € D) e state(iy) = state(ia)
A(c € Cy Niy 2251 ¢ Nig ihsg) vV
(c € Cy Nig sy e Niy 1))}

Ry = {((¢p),,0),(,a,0))| (p,a,0)€Cy V (p,,0) € Ca}.

It can be observed that R’ is a bisimulation relation and it proves that

ol (T'S1) + o5y (T'S2) is bisimilar to ol (T'S1 + T'S2).
7. SRU2
Vrer(oy(2)) = 5, where 7 > 0
Interpretation
Vret (074 (TS)) = TS(9).
Let T'S be given by,
(07_)7'_>7[uF);

Let o”

rel

(T'S) be given by,

(', ' —" I'F);
and let v,.¢; (o7, (T'S)) be given by,
(", =" —" 1" F).

Let p be the process expression of T'S.
Then I” is defined as,

I" = {(vrer(07a(p), @, 0)) | € S}.

There are no action transitions originating from members of I, (see section
5.12), therefore there are no action transitions originating from I'’. No new
time transitions are added in vy (07, (T'S)). Therefore, no time transitions
originate from members of I” (see section 5.7).
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A binary relation R on members of I” and initial configurations of T'S(3)
is as follows:

R = {((Vrel(arel(p»vaao)’ (3,&,0)) ‘ o€ S}

R shows that v.e(o7y(T'S)) < TS(5).

. HSH4
VA A (x Y a-x)) = (0AP) A (WA A X A sp(2)) T a- (vAz));

In this axiom signal hiding is applied to a process x, which is preceeded by
an action. The action must take place such that it satisfies the transition
proposition x. The state proposition 1 denotes the signal of the whole
process to which signal hiding with respect to variable v is applied.

On the right hand side of the axiom is the process vAx preceeded by an
action. The action is accompanied by a transition proposition, i.e. signal
hiding with respect to variable v applied to a conjunction of ®i, x and
s,(x)®). The signal emitted by the process on the right hand side is vAp.

Interpretation:

AW A (v TS(@@) - TS)) = )
(A) A (WA A X A 5,(p)*) ¥ TS(@) - (WATS))

where T'S is a transition system whose process expression is p and T'S(a)
denotes the transition system corresponding to action a.

We obtain a graph model of the transition system corresponding to the
right hand side of the axiom as follows:

Let reach(T'S) = T'S. This supposition frees us from the need to denote
reach(T'S) by a separate notation. Let T'S be given by,
TS = (Cp,=p,—p: Ip, Fp)-

Let vATS be the transition system obtained after hiding variable v, given
by,

vATS = (CUApv —vAp) T vAp» IvApa FvAp)-
The process expression of vATS is v/Ap. See section 6.1 for details.

We give here the sequential composition of (vA(*) A x A s,(p)*)) YT'S(a)
and vATS. Let it be denoted by T'S” and given by,

TS/ — (C/7H/7'—)/7I/,F/);

where,
o I' = {((0A(*Y A X A $p(p)*)) M- (vApP),a,0) [ a € S}
o (O = CUAPUI/ ;
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o =/ = —,ApU—", where,
1

—

° /

—

{(#;a,ivnp) |V €I';a € A iyap € Iynp, V' = vA(Y A °X)
Nipap FVA(X° A sp(P)}
vAp;

| —
o [ = Fynp.
Let TS” be (vAY) n TS, ie.,

TS" = (vA) M (WA A X A 5,(p)*)) FTS(a) - (vATS)).
Let

TS// — (C//’_)//’}_>/’II/,F/);

Only the set of configurations and action transitions of T'S” are modified
These would be,

o "= {(wA) A (ALY A X A sp(p)®)) Ta- (vAP)),a,0) |
a oAl
e (' = OvAp U I”;
o =" = — ApU—="" where,
_)//I

{(i",a,iUAp) | = I”,a S A,ivAp S IUAP,

" E AW AX) A duap AKX A sp(P))}-

Now we come to the left hand side of the interpretation of axiom HSHA4.
Let v 2 ((x " TS(a)) - T'S) be given by,

(Co’-)o"—>O7IO7FO);

where,

o I° = {(Wr(x"a-p),a0)|akEy};

o C° = I°UCGC, ;

e —° = —,U—" where,

=" = {(1°a,ip) |i° € I°a€ A i, € L,,i° = (Y A°)
Nip | XL

[} I—>/ = I—>p;
o [ = F,.

Let the transition system obtained by applying signal hiding with respect
to variable v to the reach(¢) & (x W T'S(a) - T'S)) be given by,

Tslo — (C/O, —)/O7|—)/O7I/O,F/o);
(See section 6.1 for its details.)
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We define a binary relation R on the initial configurations of T'S” and
TS’ as follows:

R = {((vA) » (vA(* A X A s,(p)*)) Ma- (vAP)), a,0),
(UA(¢ A (X “a- p),oz,O))),
(vAp,a/,0), (vAP, o, 0))
|a, o/ € S,al=vAY A o = (s,(p) A X°)}
We prove that R is a bisimulation relation. We prove that the pair
((vA) A (WA A X A sp(p)*)) M a- (vAP)), @, 0), (WA A (x T a-

p),a,0))) satisfies the bisimulation conditions.

(a) The states and time labels are the same.

(b) (vA(pA(x™a-p)),a,0) can do an action a, and become (vAp, o/, 0),
if

(w & (X Ma- p),a*,O) - (p,a’*,O)

and o =, a* and o/ =, o'*.
From the definitions of signal transition (section 5.9) and signal emis-
sion (section 5.6), we have,

(v m(x™a-p),a*,0) % (p,a*,0) =
a” = (WA X)) N (sp(P) AX°)
As o =, o* and o/ =, o'*, therefore
o = AW A °X) and o = AKX A 5,(p)).
(vAY) m (VAP Ax As,(p)®)) Ma- (vAP)), @, 0) can do an action
a and become (vAp, ’,0), only if

a = (AW A®X) Ao | WAX) Ase(p))):

(¢) None of the pair can wait.

(d) None of the pair is a final configuration.
Therefore R is a bisimulation relation and proves that

vA(p m(x™ TS(a) -TS)) <
(AY) A (A% A X A sp(p)*)) " TS(a) - (VATS))

. HSH3
VA A (x TV a)) = (vAy) A ((vA(%Y A X)) ™ a);
Interpretation:

AW m (7 TS(@) = )
(vi) A (WA A ) ™ TS(@).

Let T'S = ¢ » (x ¥ T'S(a)) and let T'S be given by,
TS = (C, _), '_)7 I7 F)7

where,
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o ]

{Wr(x™a),a,0)|aeSAaEY} ;
e F = {(\/704’0)'0‘):)(()};

(We include the condition that a final configuration satisfies x° to
get rid of unreachable states and make T'S = reach(7'S).)

e C = IUF ;

. — = {laf)lielacA feFeil X
AN EXH

o 0.

Applying signal hiding to 7'S with respect to variable v

Al (x " TS(a)) = (¢, =", 0,1, F');

where,
o ! {(vA@ » (x V@), a*,0) | Fi € I
state(i) = a A a =, a*};
o F' = {(,a",0)|3f € Festate(f)=ara=,a*};
e ' = I'UF ;
. = {(z‘af)|z‘e]’f’eF’ JieI,3f € Fe

i=y ' Nf=y f'NT -5 [}
Now we come to the right hand side of the axiom.

Let T'S” be (vA) » (vA(* Ax) ¥ TS(a)). Let it be given by,

TSH — (C”, —>”,®7IH7FH);

o 17 = {wAY) A (ALY A X) T a),a,0) |
a E vyl

o ' = {(V,a,0)}

° O// — I// U F//;

. _)// — {(7://7 a/, f//) | ,L'// c I//’a c 147 f// c F//

i EvA°x A [T EvAXC}.

We define a binary relation R on the initial configurations of T'S” and
vATS as follows:

R

{(((vAy) A‘(( ACY A X)) ™ ), a,0),

(WA~ (x ¥ a)))), (v, a',0), (v, o', 0))
|a, 0’ € S,aEvAY Ao = x°

)}
We prove that R is a bisimulation relation. Proving (v/, o/
is trivial. We prove that the pair (((vAw) A (vA(*Y
(x " a),,0))) satisfies the bisimulation conditions.

~,0)2(\/a 0)
AXx))Ma), ., 0), (VA (P
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(a) The states and time labels are the same.

(b) (vA(¢ m (x ™a)),a,0) can do an action a, and terminate in a state
o, if,
(¥ (x ™a),a”,0) = (v,a",0)
and o =, a* and o/ =, o'*.
From the definitions of signal transition (section 5.9) and signal emis-
sion (section 5.6), we have,

(07 (7 @),0%0) 2 (V,a",0) =
ot = (WA °x) A X

As a =, o* and o/ =, o'*, therefore
afEvA@p A °x) and o | vAx°.

((vAY) A (vA(*Y Ax)) T a),a,0) can do an action a and terminate
in state o/, if

aE (WAWAX) A EuAX).

(¢) None of the pair can wait.

(d) None of the pair is a final configuration.

Therefore R is a bisimulation relation and proves that

AW A (xv TS@)) = )
() (WA A X)) ™ TS(@)

10 Conclusion

In this paper, we have proposed a graph model for a basic process algebra for
hybrid systems (BPA5™). We present hybrid process terms as transition sys-
tems and define operations on process terms as operations on their correspond-
ing transition systems. In addition to the operators of BPAS"", we have also
defined integration and signal hiding on transition systems. These transition
systems provide a semantics which is detailed enough for correctly specifying
the signal hiding operator in BPA;"".

Soundness proofs of some BPA}"! axioms are also included in order to show
that the graph model presented here is indeed a model of BPA;"".

This graph model can also be extended to include the parallel composition
of hybrid process terms.
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11 Appendix

We denote the set of all closed BPAS"! terms by C(P). Configurations in the
setting of BPAS"! are pairs of closed BPA;™ terms and states. We denote

(C(P) X S) by CBPA-

11.1 Axioms for BPA;"

Table 5: Axioms of BPA% " (a € As,p,q > 0,7 > 0)

r+y=y+zx Al ol (r) =z SRT1
(z+y)t+z=x+(y+2) A2 ol (ol (z)) = O'f:qu(ft) SRI?2
r+r==x A3 ol(x)+ol,(y) =ol(x+y) SRT3
(z+y)-z=x-2+y-z Ad (x-y)-z=z-(y-2) Ab
T+d=ux A6SR Vet (@) = @ SRU1
S-x=0 A7TSR Vrer(ony(2)) = & SRU2
Vrel(T +Y) = Vper(x) + Vet (y)  SRU3
x4+ 1l=1 NE1 Vrel(T - Y) = Vpert(z) - y SRU4
lL-z=1 NE2
G-1=3% NE3SR Vre(L) = L NESRU
Table 6: Axioms of BPAS

T —xrx==x GC1 Thr=x SE1
F—z=20 GC2SR Frg=1 SE2
Yimd=10 GC3SR
Y- (x4y)=v—ax+¢p:—y GC4 Yhrz+y=9 A (z+y) SE3
Y—zy=(Q—x)y GC5 (Yprz) y=tprz-y SE4
b (W mz) = AP~z GCE b ma) = (W AY) ma SES
WVvy)—z=¢—x+yy -z GCT

YA (p—a) = aa SE6

Yo (W ma) = =) A (pi—a) SET
l/,nel(l/) = x) = :— Vrel(x) PSSRU1 l/,nel(l/) / J?) =M I/rel(x) PSSRU?2
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Table 7: Additional axioms for BPA" (a € A,r > 0,V,V' C V)

Tyr=x HSE1
Fryr=1 HSE?2
pWI=pnd HSE3
dbWa=dNma HSEA4
dNWa-r=¢Ma-zx HSE5
(bﬁvarel(x):d)ﬁv(¢“arel<¢ﬁvx) HSEG6
Pty =dWar+o Ny HSET
¢ y=(¢Wa)y HSES
¢ (Y—x) =9 M (Y= (¢ W) HSE9
¢ Y (pmx) =1 (¢ W) HSE10
¢ M (¢ twx) =(dN¢) Wuv @ HSE11
dM(xMa)=¢ M (xMa) HSE12
¢ Yo () + ¢ W (07 (Vra(y))) =

¢ N (o7 (x) + ¢ N ol (Vret (y))) HSFE13
Ty =2z HST1
Frig=5 HST?2
Y¥d=14 HST3
xMVa=x"(°x:—a) HSTA4
xXVa-xz=x"("x:—a-(x°"x) HST5
X" O—:‘el(l‘) = OX = U:el(x) HST6
xT(@+y)=x"r+xTy HST7
xXVroy=(x"z)y HSTS8
XY W—z)=9 = (x ") HST9
XT(paz)=0Cx—9)r(x ) HST10
XY Mz)=(xAxX)Vx HST11
X (¢ Wor(x)) =X (¢ W or(z)) HST12
vi—a="Y"a HST13
a-(prmz)=y¢*va-x HST14
Vrel((rzs Ny l’) = ¢ My Vrel(x) HSSRU1
VTBZ(XHx):XHVrel(x) HSSRU?2

11.2 Operational Semantics of BPA;"!

We have for all closed terms ¢ and ¢/, for all a, o/ : VUV — R, a € A, r,s € R>
and p € €.,p" € €, the following transition rules:
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Table 8: Rules for operational semantics of BPA;™ (a € A,r,s > 0)

(@,0) = (v, )
L @) S (o) L @) S () @) (o)
(o (), @) = (2',a) (o (), ) = (V,a) (0% (2),a) =5 (2, a)
. . o €[s(x)) . (x,a) (el (a',a")
T @@ T @) (@ a e @) (orm)e) T (o)
(T a) = (&' d), acls(y)] o (r0) = (Y o), aels(a)]

(z+y,a) = (2',d) (z+y.a) = (Y, o)
1o @) S (Vo) e ls(y)] W) = (Vo) agls(a)]

(z+y.a) = (/.o (z+y ) 5 (/.d)
@) I (o) (a) e sy)] L a) I (1 0l), a e @), (o 0) o

(@ +y.a) = (2, a) (@ +y.a) = (Y, )

L (@,0) s (), (g, 0) s (o)

(@ +y, ), (2 +y,a)
@) S () (@) (o0l € s(y)
(z-y,a) = (' -y, a) (z-y,0) = (y,0')
i (z,a) &2 (2! o)

18<¢ ﬂ’aZf @y 2V lngm oS s OFY
Q%JifJZfJL»a#¢
R o P
%wﬁjgzg;lqak¢

Table 8 Continued on next Page
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26 }2) Oz/
wﬁvxa> wﬁvxa> mve
(z,0) 2 (', 0") (z,0) 5 ()
27 a— o = 28 o
(X z,0) % (@, d) =X e (e * TV X
(z,0) s (2!, o)
29 a o
) s (@ X
b (@0) (o) o {@a) S ()

(Vrei(x), ) = (2, ) (Vrer(z), a) = (V)

Note that the following implications holds for the operational semantics given
in [5]:

(t,a) & (', /) or (t,a) % (\/, &) or (t,a) —2 (', /) implies o € [s()]
(t,a) S (', /) or (t,a) /2 (t',a’) implies o/ € [s(t')]

Table 9: Rules for a € [s(-)] (a € As,7 > 0)

1 acb@] Lach@lachE)] . acl@)]
ac@)]  acBEeh@)]  achem@)] a5+ )] ol )
acl@ ey s OEE@L
achW—1)]  achE®—a)] e A o]
ackl o, ech@) e e
acsoma] 70 aesxra)]  acsra] 7 X acbwma@)
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Table 10: Additional Rules for Integration (a € A,p,q,> 0,r > 0)

L(E @), 0) = (o) faes(Fa)] g€ U}
(Jocp F(u),a) & (o, a) i

LAE @), 0) (o) facsF@)] [geU)
(Jocp Fu),a) & (/o) g

Q)7a> %,O&E[S(F(q))] |q€Un+1} {Ul,Un}
<fu€UF(u),a) (RALN <fu€U1F1(U') + ...+ fueUnF"(u)’O/> partition of U\Up41,Up41 CU

Jaels(F(g)] ¢ e U}
a€[s(f,epF(w))]

11.3 Bisimulation

A bisimulation is a symmetric binary relation B C Cgps X Cgpa on configu-
rations with same states, such that if B({t1, «), (t2, «)) then,

a

o for all a € A and (t},a') € Cppa, if (t1,a) = (t1,a/), then I (th,a’) €
Cppa, such that (ty,a) < (th,a’) and B({t},a'), (th,a’));
o foralla € Aand o € S, if (t;,a) % (\/,a'), then (t3, ) = (y/,');

e forall (r,p) € Dand (t),a') € Cppa, if (t;,a) /2 (¢}, a/), then 3 (th, ') €

Cppa, such that (t, «) AL (th, o'y and B({t}, '), {th,a'));
o if a€[s(t1)] then a € [s(t2)].

Two configurations (¢;,a) and (to, ) with same states are bisimulation equiv-
alent or bisimilar written as (t1,a) & (t2, ), if there exists a bisimulation
relation B such that B({(t1, a)(t2, a)).

Two closed terms ¢ and t5 are called bisimulation equivalent terms, written
as tg 2 to, if (t1, @) & (ta, ) for all states «.

11.4 Ic-bisimulation

Interference compatible bisimulation or ic-bisimulation relates two BPA;"! terms
when their behaviour is same in all states and this property is maintained by all
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pairs of subsequent terms obtained through similar action or time steps. For-
mally, an ic-bisimulation is a symmetric binary relation B C C(P) x C(P), such
that if B(t1,t2) then for all states «,

e for all actions a € A and (t},0/) € Cgpa, if (t1,a) = (t),a’) then

3 (th,a’) € Cppa, such that (t2,a) = (th,a’) and B(t},t});

e for all actions a € A and o € S, if (t1,a) = (V/,d/) then (t3,a) -

(Vs a');

o forall (r,p) € Dand (t),a’) € Cppa, if (t;,a) =2 (', o/) then 3 (t), /) €
Cppa, such that (ty, ) —2 (th, /) and B(t},th);

o if ac[s(t1)] then o€ [s(2)].

Two closed terms t; and t are called ic-bisimilar, written as t1 £ to, if there
exists a ic-bisimulation

11.5 Proof: (Th,18) is bisimilar to (T'h/,18)

Th = (T =18) » Th°", , ron
THhen = up N Thg", Th = (T = 18) nTh s
Th" = [ oot (Th), T = up A TR
ue|(t,co Th/on — n t(Th/H)
Th~ (T = 20):— t rel ’

= o 1— _ e __ o WN. rof f
(= o) EaF Thers, THT = (T =T) " EeTE - THI,

Thelf = down ™y Thgff,
The!T = S0 ¥ (Th),
Th— = (T =18):—

(T* =°T) ™ ton- Th°".

ThI = down "y Thgoff,
Thi!t = olpi (T ),

Th<= =(T*="°T) ton Th'"

where t € [0,In2] and ¢’ € [0,1n3], up denotes proposition (18 < T <20 A T =
—T + 22) and down denotes proposition (18 <T <20 A T = —T +17).

Let p € €n4/3 be a state evolution that satisfies up in interval [0,In4/3]
keeping the variables T and T continuously differentiable. Let p(0)(T) = 18
and p(In(4/3))(T) = 19.Then we can write,

18 in4/3,p

19 Er up.
The above statement means, “the state with temperature 18 evolves into the
state with temperature 19, evolving according to p in time [n(4/3), where p
satisfies up and T & T remain infinitely often continuously differentiable
during the whole delay.”

Let p’ be another state evolution of duration in3/2, such that p’ = up and
p' is smooth for T and p/(0)(T") = 19 and p'(In(3/2))(T) = 20, i.e.,

in3/2,p’
—_—

19 20 =7 up.
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Applying p and then p', i.e., by sequentially composing p and p’ (see section
5.12), we get,

In2,p-p’
|

18 20 =1 up.

We consider only T in our states (and not T), for the sake of simplicity.
Temperature at any time 7, for processes Th°® and Th'®™ is given by T°" |
where T°" = (22¢” —4)/e". Temperature at any time 7 for processes Thef/ and
Th'ff is given by T9/f, where Toff = (17e" + 3)/e".

We give a binary relation R on configurations of the process Th and process
THh'. The configurations are the ones as defined in the operational semantics for
BPAS™ (see table 8).

R = {((Th,18),(Th',18)),
((up v Thgn, Tron>7 (up r Th;fm, Tr('m>)7
((down ~p The!T Ty (down v THIYTT Ty
| € [0,In2],7" € [0,In3]}.
We prove that R is a bisimulation relation. The definition of bisimulation for
BPAS"™ terms is given in Section 11.3. Here we give the proof of bisimula-
tion of ({up ™p The™ T°™), (up ™ Th!°™*, T°™")). The proof that ({down ™
Thel T Ty (down ~vp TR TOITY), for all +/ € [0,In3], fulfills the bisim-
ulation conditions is left to the reader.
All pairs in R have same states which is the first condition for bisimulation.
(We refer to the operational semantic rules given in tables 8,9 and 10.)

(Th,18) cannot perform action t/o/ﬁ‘ because of conditional T' = 20, and

(Th',18) cannot perform action ﬁf because of a delay of In2 time units.

(Th,18) /21,
(ThH',18) 211,
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They can only delay as follows:

19€[s(Th™)) From Rule 7 Table 9
(ol 3 (Th—),18) ZHE (Th 1) From Rule 6 Table 8
ind/3,p

u—0 —
qu[O,oo)arel Th ’18>

—Ind/3p,
Juciinass.oo)Trel Th=,19) From Rule 3 Table 10

(
<
(Thg",18)
(

Ind/3, on
4 <Thln4/3’19>
up 0 Thg", 18) 2, (up op The?, 1 19)  From Rule 26 Table 8
(Th,18) Jra/se, (up *r Thiy, 5, 19) From Rule 23 Table 8

Similarly for < Th', 18 >,

(ol (Th'=), 18) “222,

<0_ln27ln4/3Th/—>’ 19> From Rule 5 Table 8

rel

on in4/3, on
(Thi™,18) % (Thigh 5:19)
(up v (Thy™), 18) i kLN (up " Thyys 5,19)  From Rule 26 Table 8
207, 18) 22 v TIOT /3:19) From Rule 23 Table 8

Similarly following two transitions can be derived:

3up Op THE?, 15,19) 20,

Hup v Thig /3, 19)

(up ™p Th{Y,, 20)

R0 (up v Thig, 20)

(up ™0 ThY", /30 19) cannot perform action t/oﬂﬁ” because of conditional T = 20,

and (up " Th;ﬁ/B’ 19) cannot perform action ﬁf because a delay of In(3/2)
time units is still left in the process term. All configurations (up ™ Tho™, T°™)
and (up v Th!°™ T°™), with r less than In2 cannot perform action tof f because

of the same reasons.
Using Rules {7,26} of Tab 8 and derivations 1,2, 3,4 above, we can derive,

(Th,18) 222 (yp v ThY™, . 20)

(Th!, 18) F2222, (yp v THIOT 20)

Now we compare the behaviour of (up ™ Th{",,20) and (up v Thi%%, 20).

(up ™ Thy,, 20) cannot wait further as proposition up will not be satisfied
in a delay (keeping the temperature continuous). The delay duration of (up "p
Thi°%.20) is zero, so it also cannot wait further. They can both perform action

ﬁ‘ as described below:
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(Th=,20) 212, (Thof? 20) From Rules {1,16,27,18}

of Table 8
(Th™ + Jucnz.00 T 2T, 20)
Lol (Thet s 20) From Rule 1 of Tab 10,

Rule 8 of Tab 8
Juclinzioe) T "2Th™,20) 245 Lol7, iTpotf 20)  Rule 3 of Tab 8
(T, 20) 225 (el 7 20)

(up v ThE,, 20) 2225, (Thetf 20) From Rule 24 Table 8
Similarly

(Th'=,20) 224 (TRl s 20) From Rule {1,27} Table 8
(oln2=tn2pr— o0y LoLL, (ppreff 20) From Rule 2 Table 8
<Th;gg, 20) 211, tof, (Th'°f 7 20)

(up vp T2, 20) 2L, (TRt 1 20) From Rule 24 of Tab 8

And ((Thef7,20), (Th'*7f,20)) are in R.

Thus relation R is a bisimulation relation.

11.6 Proof: (T'ATh,x) is not bisimilar to (TATH, x)

where, * indicates a state with temperature hidden, i.e.,
* =7 18 =T 19 =T 20 etc

We prove that (TATh, *) behaves as (T'h', x), where,

Th’”/ = fue(o o) rel {—}7‘ tO?’L Thm/;
Th" = 0%, (foT F) - o (To7) ",

i.e, initially (TATh,x*) can actually perform action t/?? at any time t > 0.

Once it has performed a tf}l/f and a fon action then it behaves as Th'".

In this proof we frequently refer to the derivations obtained in the previous
section and the operational semantic rules given in section 2. The definitions
of p and p’ are the same as in the previous proof. We define p* and p™* to be
two state evolutions that differ from p and p’ only in their evolutions of T and
T respectively. Let p; be a state evolution in €; that satisfies up. Let pf =71 p;.

The behaviour of (TATh, *) depends on the behaviour of Th in any state.
Th can only exist in state 18 (as its signal is only true at temperature 18). After
delaying for some ¢ > 0 time units, it becomes T"h?™ whose signal is true in the
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range [18, 20] of temperature. Thus < TAThS™, * > can behave as < Th{™, o >,
where « is a state with 7" € [18, 20].

(Th, 18) =25 (up ~r Thi", )
(T ATh, ) =25 (TA(up v The™), %) Rule 3 of table 1
where ¢ € (0,In2] and oy = (22¢' — 4)/t.

Now the behaviour of (TA(up ™ Th{™), ), depends on the behaviour of up "
Th{™ in any state.

(up vy ThY™, 20) ——> toff, (Th°tf . 20) Refer to previous proof
(TA(up v The™), ) 2225 (TA(Theff), %) Rule 1 table 1
TA(Th$™) can also delay indefinitely for time greater than In2 as is shown in

the following derivations. Consider the process Th{",(that has already delayed
for in2 time units) in state 18.

(up v Thir, 18) 222,

(TA(up ™ Thizh), )

(up ™ Thillg 5, 19) From Rule {27,6} table 8
TN (TA(up ™r Thijlg3),*) From Rule 3 table 1

Waiting of (T'A(up " Th{" /3) *) can be repeated by considering the behaviour
of up " Th{" /3 again in state 18. Once Th has performed action ﬁc and

ton, then in the recursive call The™ is invoked instead of Th. And TA(The™)

can perform action t/o_Aﬁ“ at any time.
Whereas (TA(Th'),18) behaves as (Th”,18), where

Th! = an(tOff) lnd(ton)

Orel

(The proof of this is left to the reader.)
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