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Analysing F¢|E,|c Queues

1.J.BF. Adan”
W.A. van de Waarsenburg™
J. Wessels'*

Abstract

In this paper we study a system consisting of ¢ parallel identical servers and a com-
mon queue. The service times are Erlang-r distributed and the interarrival times are
Erlang-k distributed. The service discipline is first-come first-served. The waiting
process may be characterised by (n_y,ng,ny,...,n.) where n_; represents the num-
ber of remaining arrival stages, ng the number of waiting jobs and n;, ¢ =1, ..., ¢,
the number of remaining service stages for server i. Bertsimas has proved that the
equilibrium probability for a saturated state (all n; > 0,7 = 1,...,c) can be written
as a linear combination of geometric terms with ng as exponent. In the present paper
it is shown that the coeflicients also have a geometric form with respect to n_;, ny,

.., . It is also shown how the factors may be found efficiently. The present paper
uses a direct approach for solving the equilibrium equations rather than a generating
function approach as Bertsimas does. The direct approach has been inspired by pre-
vious work of two of the authors on the shortest queue problem in particular and the
two-dimensional random walk more generally. Although the paper extends results of
Bertsimas it is self-contained.

1 Introduction

The Ei|E,|c queueing system is a typical example of an elegantly modelled and seemingly
simple system which, nevertheless, has never been analyzed satisfactorily. Apparently,
the system behaviour is more complex than the simple formulation suggests. The equi-
librium equations become almost intractable if one attempts to solve these equations via
multi-dimensional generating function techniques, see e.g. the studies of Mayhugh and
McCormick [9], Heffer [6] and Poyntz and Jackson [11]. In the present paper a rather di-
rect approach (without generating functions) will be presented for solving the equilibrium
equations. The inspiration for using this approach came from its relative success in solving
the equilibrium equations for the shortest queue problem (cf. [1], [2]) and its generalization
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tothe two-dimensional random walk on the integer grid in the first quadrant (cf. [1], [3]).
In these cases the essential idea was to avoid the integration of the equations for boundary
states with the equations for states in the inner region by constructing the usual func-
tional equations for the generating functions. This integration could be avoided by first
constructing a sufficiently rich solution base for the equilibrium equations in inner points
and then use this base for finding a linear combination which also satisfies the equations
for the states on the boundary. In [1], [2] and [3] the linear combination is found by a
compensation procedure.

To some extent, a similar approach is followed by Bertsimas [4] for the Ci|C,|c problem,
which is more general that the Ex|F,|c problem. Bertsimas proves in this way that the
equilibrium probabilities for saturated states can be written as a linear combination of
terms which are geometric in the number of waiting customers. In the present paper it is
shown that Bertsimas’ representation can be refined considerably for the Ei|E,|c problem.
This refined representation gives more insight in the behaviour of the processes and is also
very useful for computational purposes. The refinement is obtained by a complete direct
analysis of the equilibrium equations, contrary to the approach of Bertsimas, who also
separates the equilibrium equations for boundary and inner states, but still treats the
latter by generating functions. Extensions of the present approach to more complicated
distributions are possible, however, in such cases the results are correspondingly more
complex. Therefore, it seems sensible to introduce our approach for Fi|E,|c problems
separately.

This paper is organised as follows. In section 2 the model is introduced and the relevant
equilibrium equations are formulated. In section 3 the products of powers are constructed
satisfying the equations in the states with all servers busy. Section 4 presents the main
theorem, stating that the equilibrium probabilities can be expressed as a linear combina-
tion of products of powers. In section 5 the symmetry of the model is exploited and in
section 6 two special cases are worked out in more detail. The final section is devoted to
comments and conclusions. Two technical lemmas are proved in the Appendices A and B.

2 Model and equations

Consider a system with ¢ parallel identical servers and a common queue. The service
times are Erlang-r distributed with mean r/u and the interarrival times are Erlang-k
distributed with mean k/A. An Erlang-! distributed time with mean % is interpreted
as to be composed of the [ stages, each with a negative-exponentially distributed length
(parameter value v). The service discipline is first-come first-served. An arriving job,
who finds any free servers, chooses each free server with equal probability. This queueing
system can be modelled as a continuous-time Markov process with a state space consisting
of the vectors @ = (n_q,n9,n1,...,n.), where n_; is the number of remaining arrival
stages, ng is the number of waiting jobs and n; is the number of remaining service stages

for server i, 7 = 1,...,c. Below we formulate the equilibrium equations for the states @



with all servers busy, i.e. n; >0fori=1,...,c. Let & = (0,...,0,1,0,...,0) have ¢ + 2
components, with the one at the same place as n; in % and let vz denote {i > 1| n; = r}.
By equating the rate out of and the rate into state @ we obtain

p@(A+ep) = pA+E A+ D pR+e —(r—1)e)p+

t€v;
+Zp(ﬁ+€,~),u, n_1<kn>0i=1,...,¢ (1)
i¢ve
pPM(A+ep) = pA-2 - (k=1-1)A+ Y pA+e -~ (r—1z)u+
i€vy
+ > p(7 +E)p, noy=k,ng>0,n;>0,i=1,...,¢; (2)
iy
p@A+ep) = Y p— (k-1 —re)r+ Y pI+e - (r—1)e)n+
i€uy €vy
+Zp(ﬁ+a)p, ny=kmno=0,n>0,i=1,...,¢c. (3)
igry

Bertsimas essentially proves in [4] that p(%) may be written as

a(c,r)

p(ﬁ) = Z Dn_l,jR(nl,.‘.,nc),jw;'lo s n; > 0,1 =1,...,¢
=1

where for each j the factor w; is characterized by a system of nonlinear equations involving
the Laplace transforms of the interarrival and service time distributions and the coefficients
D.,_, ; and Ry, . n.),; have to be solved from a system of k respectively a(e,r) = (ctzl)
linear homogeneous equations. In fact, he uses a slightly aggregated state concept, which

exploits the fact that servers are identical.

In section 3 we will develop a more detailed representation in which also the D— and R~
factors are replaced by geometric forms. Although we assume to have identical servers,
we don’t use this assumption explicitly and the results of sections 3 and 4 can easily be
extended to the case of non-identical servers.

3 Analysis of the equations for nonboundary states

The geometric forms we will investigate as solutions for (1) and (2) are 877" 83° ... B%.
We will first characterize the products which satisfy (1), (2) and then we will use these
products to construct a linear combination also satisfying the boundary conditions. The
boundary conditions are formed by (3) and by the equilibrium equations for states with
n; = 0 for some ¢ € {1,...,c}.

Inserting p(®) = B71'Bg° ... A% in (1)-(2) and then dividing both sides of the resulting
equations by the common powers leads to the following characterization:



Lemma 1: The product BLTBE° ... B satisfies (1)-(2) iff By, Bo, - - -, Bc satisfy

/\+c;¢=ﬂ_1)\+250'u +Zﬂz (4)
3% 3Y
A
Atcp = ’Bﬂlk +Zﬂ,.°_”1 +_Bin, (5)
113% 'B i€V

for each V C {1,2,...,c}.

This lemma states that the parameters 8_1, fo,. .., 3. are characterised by a set of 2°+1
equations. Luckily, it can be shown that most of these equations can be expressed by a
linear combination of a set of ¢ + 2 basic equations, which are formulated below.

Lemma 2: The product B°7'85° ... satisfies (1)-(2) iff B-1,Bo,- - -, B. satisfy

Atep=pFar+) B, (6)
=1
/\+cu:/3_1/\+5roul +Zﬂ,u, i=1,...,¢, (7)
#J
A = ; 8
+ep = ﬂﬁk +;/3u (8)

Proof: The equations (6)-(8) are a subset of the equations (4)-(5). So it remains to prove
that each equation in the set (4)-(5) can be found as a linear combination of the equations
(6)-(8). Let V C {1,...,c}. Then equation (4) is obtained by addition of equation (7) for
all € V and then subtracting |V|—1 times equation (6). Equation (5) follows by addition
of equation (7) for all j € V and equation (8) and then subtracting |V| times equation (6).

a

We now solve the equations (6)-(8). Subtracting (6) from (8) yields that §; = fo for

J =1,...,c. Hence, by introducing the parameters z; satisfying z] = 1 for: = 1,...,c,
we may write

ﬂO:yra ﬁizziys Z"—"].,...,C, (9)

for some y. Subtracting (6) from (8) yields that 3%, = 1/8o and thus G5, = 1/y" by (9).
Hence, if we set

y = a¥, (10)
then we obtain that 3%, = 1/a™. So, by introducing z.; satisfying zk, = 1, we have

B =2-1/a. (11)



Insertion of (9)-(11) in equation (6) leads to the following equation for a:

[+
(A +ep)=z 1A+ ot Z Tl (12)

=1
On the other hand, it is easily verified that for any root « of this equation the product
B B0 ... Bl with B_1, Bo,. .., B satisfying the specifications (9)-(11), is a solution of
the equations (6)-(8). These findings are summarized in the following lemma.

Lemma 3: The product 27" B3° ... 3% satisfies (1)-(2) iff B-1, B0, .., Bc satisfy

k k .
B—-l:z—l/ara ﬂ0=ara ﬂ‘i:zia’ ’l:l,...,C,

where z¥, = 2T =1 fori=1,...,c and « is a root of equation (12).

This lemma characterizes the set of products 877" 33° ... 07 satisfying (1)-(2). Clearly,
only products which can be normalised, i.e. whose sum over all states 7 converges abso-
lutely, are useful. This implies that |8o| < 1, or equivalently |a| < 1. The next lemma,
which is proved in appendix A, states how many roots of equation (12) lay inside the unit
circle. The condition in that lemma states that the offered workload per unit time may
not exceed the maximal service capacity.

Lemma 4: Provided -2—; < ¢, equation (12) has ezxactly r simple roots inside the unit circle

for each set of parameters z; satisfying 2%, =27 =1 fori=1,...,c.

We henceforth assume that the utilisation condition in lemma 4 is satisfied.
Assumption: ,’2—; < ec.

According to the lemmas 3 and 4, there are r products S.7'6g° ... 8% with |Bo| < 1
satisfying (1)-(2) for each feasible choice of z_y,z1,...,2.. So we find rkr® products.
However, below we show that some of them are identical.

We may write

where d = gcd(r, k) and ged(p, k) = 1. For each « satisfying (12) it follows that ua with
u? = 1 also satisfies (12) and both roots lead to the same products, since the factors 3;
depend only upon a®. Therefore we set 4 = a. Then equation (12) reduces to

C
YA +ep) =z A+ aip. (13)
i=1
and lemma 3 can be restated as follows.

Lemma 5: The product 827 55° ... 5% satisfies (1)-(2) iff B-1,Bo, ..., B. satisfy

ﬂ—l =x—1/7p7 /3027'"3 ﬂi:iEﬁN, 1= 1,...,C,



where 2%, = a7 =1 for i = 1,...,c and 7 is a root of equation (13).

For two roots v; and 7, of (13) inside the unit circle, it is easily verified that vf # v§
(see also lemma 7), and so v, and 55 lead to different values for 5;. Hence, from lemma
4 (with r, k replaced by p, k) it follows that for each feasible choice of the parameters z;
there are p products 877 83° ... 8% with |Bo| < 1 satisfying (1)-(2). So, by letting run the
parameters z; through all feasible values, we find pkr¢ products. However, there still are
duplicates among these products, since the two sets of parameters z_; /u?/* uz,, ..., uz.
with " = 1 and vz_q,2q,...,2. with v = 1 lead to exactly the same products as the
original set _y,2y,...,2.. This follows by observing that if v is a root of (13) for the
original parameter set, then v/u!/* and w+ with w satisfying w* = 1 and w” = v, are roots
of (13) for the first, respectively second parameter set, and the three roots lead to the same
product. Hence, there are rx copies of each product. To avoid these copies we arbitrarily
decide to restrict the feasible values for z; to z; = 1 and the feasible values for z_; to

the first d roots of the equation 2z, = 1,ie. 2_; = ¢ % for some n = =0,1,...,d - 1.
Now, by letting run the parameters z; through thls restricted set of feasible values, we
find pdre=! = r° products and it is readily verified that there are no duplicates among
them. We label these products [3_1 ]ﬁ . Z;, j=1,2,...,7°% In this way we have

characterised the set of product forms whxch satisfy the equilibrium equations (1) and (2).
In the next section, we will prove our main result which states that p(ﬁ) can be expressed
as a linear combination of the products ﬂf'{fjﬁgfj B, 7 =1,2,...,r¢ for states @ with
all servers busy. )

4 Satisfying the boundary conditions
Theorem 1: For all states @ with n; > 0 fori=1,...,c¢, it holds that

p(m) = Zajﬂ o - Beg (14)

for suitably chosen coefficients a;.

Proof: For each choice of the coefficients a; the linear combination

n_1 n .
Za]ﬂ o,J B, mi>0,0=1,...,c

satisfies the equations (1)-(2). The remaining equations are the equations (3) and the
equilibrium equations for states with at least one server free. These equations form a
linear, homogeneous system for the unknowns a; and the unknown quantities p(7) in
states with at least one server free. The number of equations is equal to the number of
unknowns. Hence, by first omitting the equation in 0, the reduced system has a nonnull
solution. The equation in 0 is automatically satisfied, since inserting the solution p(%)



in the equations in states @ # 0 and then summing over these equations and changing
summations exactly yields the desired equation. Changing summations is allowed, since
the sum of p(@) over all states absolutely converges. This follows from the fact that
|Bo,;| < 1 for all j. Hence, p(%) is an absolutely convergent solution of all equilibrium
equations. It remains to show that p(7) is a nonnull-solution. This follows from the next
result, which is proved in the appendix.

Lemma 6: The products 827055 . ..
set of states T with all servers busy, i.e.

CJ, j=1,...,7¢ are linearly independent on the

Zajﬁ_ 00 - re =10 (0<ny<k,mn>0,0<n;<ri=1,...,¢) (15)

2ﬁ a; = 0.
From a result of Foster [5] we may now conclude that the Markov process is ergodic and
normalization of the p(@) produces the equilibrium probabilities. a

5 Exploiting the symmetry

Since we have not used the fact that all servers are identical, the results in the previous
sections are still valid in case server 7 works with rate u;, where the rates u; are not
necessarily identical. In this section, however, we exploit the fact that all servers are
identical and we show that the number of coefficients a; to be determined, can be reduced
from ¢ to (°}7"). The same result could have been obtained directly by chosing the same
aggregated state concept as in [4].

By letting the parameters z; run through all feasible values, we find pkr® products sat-
isfying (1)-(2) (including, of course, exactly xr copies of each product). Since equation
(13) is invariant under permutations of zy,..., 7., it follows that for each 877*3° ... 0%
satisfying (1)-(2), all products obtained by permuting the factors 8y, ..., 8. also satisfy
(1)-(2). This suggests to split up the set of pkr¢ products into subsets of products,
which are equal up to a permutation of the last ¢ factors. The number of such sub-
sets is pk (°+T ). However, since each product has exactly kr copies, each subset also has
exactly kr copies. So there are (c“ 1) different subsets. Let II; be the set of labels of the
products ﬂ_l Jﬂ . c,j in the I-th subset. Then expression (14) may be written as

(353
p(m) = Z Zajﬁ‘-—d 0.7 - - - ?3 (16)

=1 jell;

By symmetry

p(n—l, s M1y. oy nC) = P("—la R0 Tyr(1)s -+« n7r(c))



for each permutation 7 of {1,...,c}. Hence, for all states @ with n; >0 fori=1,...,¢

(c+r—1 (c+r—l
- Ne
Z E a;f- 1ﬂ3 I,J Z Z iy 1,5 O,J ﬂ'(l)] T Pm(e)g
=1 jelIl; I=1 jelI;
Since the products ,3"" BoS ¢ are linearly independent on this set of states, it follows

that for each [ the coefﬁc1ents aj w1th j € II; are identical. So, denoting some arbitrarily
chosen index in II; by j;, we obtain from (16) that

(c+r 1

p(n Z as Z 'B O,J n:;

Jel,

For each state @ we denote by s;(7) the number of servers with 7 remaining service stages.
Then it is readily seen that

> BITBES - PR = BT 5%, Bi(R) (17)
s€ll
where B;(T) is the coefficient of z;’ ® 2 i the polynomial

[

H(ﬁi,ﬂzl + 51‘2,1122 -+ ﬂ it % )

=1

Since f;;, = zi /1,5 with 2], =1 we may write
By(m) = By TmeCim)

si(@) L sr(W)

where Ci(@) is the coefficient of z; ..z""" in the polynomial

(o4
L 2 7
[[igz + 2l 22+ .. 42l %)
=1

These findings are summarized in the following theorem.

Theorem 2: For all states T with n; > 0 fori=1,...,c, it holds that

(c+r—1

r—1

p(’ﬁ) = Z ailﬂ- L 0,3,:81,]; .+nccl(ﬁ)

=1

for suitably chosen coefficients a;;,.

6 Two special cases

Of course, for particular cases, the results can be made more explicit. In this section we
work out in more detail the results for the Ei|E;|c queue and the E¢|E,|1 queue.



Let us first consider the Ej|E2|c queue. For k being odd, we can restrict the feasible values
for z_; to z_; = 1, so equation (13) reduces to

V(A4 cp) = A+ ¥ (e —20)p (18)

where [ is the number of parameters z; with z; = —1. We now define v and 7941 as the
roots inside the unit circle of (18) for I = 0,1,..., [(c— 1)/2] and, if c is even, then 7. is
the positive root of (18) for [ = ¢/2. From theorem 2 it easily follows that for states @
with all servers busy

p(m) = Zazﬂ"'1 4Bt Cy(m)

for suitably chosen coefficients a;, where B_;; = 77, Bo,; = 712 and By = v and Ci(7) is

51(7) 32('77) s1(m) _c—s1 (W)

the coefficient of 2] =27 2 in the polynomial

c—! l .
(1t z) (~at+zn) = Y (C ; l) 2257 (j) (22

c——(l) i =
- EE[) e
=0 j=0

¢ min{c—1,m)

i+j=m c-1 l m—i_m_c—m

= e Uy i)(m_i)m) o
m=0i=max(0,m—{)

For k = 1 these results are equivalent to the ones in Shapiro [13]. The case that k is even
can be treated similarly.

Let us now consider the E|E;|1 queue. From theorem 1 it follows that for states @ with
a busy server

p(m) = p(n-1,n0,m1) Z aJﬂZIIJ 03P (19)

In general the coefficients a; have to be solved numerically from the boundary equations.
However, in this case, they can be solved explicitly from the equations (3) stating that

p(kvoanl)()‘+”)=p(k707n1+1).“‘7 n = 1,2,...,7‘—1; (20)
p(k,0,7)(A+ p) = p(1,0,0)A + p(k, 1,1)p. (21)

Substitution of expression (19) in equation (20) and using (8) yields

Zajﬂ-1130'1511 =0, nm»=12,...,r-1.

Jj=

This set of equations can be solved by using Cramer’s rule. Since the determinants involved



are VanderMonde determinants, we easily obtain

a;' = CPo1iByBui [[(Br— Brs)
i#]
i .
bo.i =P, o | (1 _ g“) , J=1,...,7 (22)
i#j 1

for some constant C. To satisfy equation (21) we have to set
T
p(l,0,0) = Eajﬁ—l,j/g(:]l‘ﬂ;,j- (23)
j=1

Finally, the constant C can be determined from the following equation stating that 1/k is
the fraction of time there is one remaining arrival stage.

p(1,0,0)+ Z Z p(1, no,nl)— (24)

no=0n1=1
By substituting the expressmns (19) and (23) in the left-hand side of (24) it follows that
a
10,00+ 3 Y p(lnom) = Z—ljﬂ »
ne=0n;=1 7=1 B ﬁl,j
@ 1y !
= B, . 1 B
Cll; b1 o (ﬂTJ - 1) [Liz; (1 - ﬂ:',-)
1
B 1 i s (51 ~ 1)
= - 1
CTL 61,11, (55 - 1) /=5 Tiws (5 - 25)
1
S S— (25)
C HJ(]- - ﬂl,j)

The last equality follows by observing that the polynomial

def Ilig; (F}_ - m)
P(z)= Z —
= s (35 - 25)
with degree r — 1 satisfies P(1/8; ;) =1for j=1,...,7,s0 P(z) =1 and thus P(1) = 1.
From (24) and (25) we find
k
C= 26
M- 5y (20
Hence, for the F}|E,|1 queue the probabilities p(%) are characterised explicitly by the ex-
pressions (19), (22) and (26). Similar expressions may be found for the mean queue length
and the mean waiting time, compare e.g. the results in Ikeda [8], where an expression for
the mean waiting time in terms of a double series is derived.
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7 Comments and conclusions

It has been shown that the equilibrium distribution for the Ex|E,|c queue may be char-
acterised as a finite linear combination of products of powers. In these products each
component of the state is represented by one power-factor. These power-factors have been
characterised completely. The weights of the linear combination are determined by a set
of linear equations. Although the analysis has been worked out for the case of identical
servers, the main result (theorem 1) can easily be extended to the case of nonidentical
servers. In that case the linear combination contains r¢ terms which makes the solution
tractable from a computational point of view. If there are some groups of identical servers,
then the required number of terms decreases considerably. In the case that all servers are
equal, the number decreases to (c':_r_;l) For the case ¢ = 1, the equations for the weights
can be solved explicitly. Also in other special cases the results can be made somewhat
more explicit.

With respect to possible extensions, there are several directions of interest. One interesting
direction is constituted by the case of separate queues for the ¢ servers with some sort of
allocation of the incoming jobs to the respective servers. For such systems it has been
proved that the so-called shortest-delay routing is optimal under some conditions (see
Hordijk, Koole [7]). Shortest-delay routing allocates an incoming job to the server with
the Jowest number of phases in its queue. This situation has been treated to some extent
by Adan in [1] (see section 6.2) for the case ¢ = 2, k = 1. In this situation one gets a linear
combination of countably many terms which can be computed according to a tree-like
recurrent scheme. The results are complete for r = 2. For r > 2, however, some properties
of the recurrent scheme are not established yet. For ¢ > 2, it is unlikely that the approach
will work, since it apparently does not work for the shortest queue problem with 3 servers,
Poisson arrivals, and exponentially distributed service times.

Another interesting direction of extension consists of replacing E; and/or E, by more
general distribution classes. One may think here of Coxians (cf. Bertsimas [4]) or of finite
mixtures of Erlang distributions with the same scale parameters, but also of general phase-
type distributions (cf. Neuts [10]). The class of finite mixtures of Erlang distributions with
the same scale parameters is dense in the set of all distributions (cf. Schassberger [12])
and leads to the same state description as the one.in the present paper, however, with
slightly more complicated transition behaviour. A simplification would be to accept only
mixtures of two Erlang distributions with £ — 1 and k phases for the interarrival times
and with 7 — 1 and r phases for the service times, since (as Tijms [14] points out) this
class seems to be sufficiently rich for most practical purposes. Particularly for the two
last-mentioned situations, it seems most likely that similar results may be derived as in
the present paper.
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Appendix A: Proof of Lemma 4

Let
f(z) = 2"(A+ep) -z,

C
9(z) = =Y i
=1

i=

Then we have to show that f(z)+ ¢g(z) has r simple zeros inside the unit circle. It readily
follows that

|7(2)

r def

l9(z)] < ol Fen = 1(]2]).
Since L(1) = I(1) and L’(1) < I'(1) by virtue of the condition Ar/ku < ¢, there exists an
€ > 0 such that L(1 — €) > {(1 — ¢). Hence, from Rouché’s theorem we can conclude that
f(2) + g(z) has r zeros inside the circle |z| = 1 — €. It remains to show that all zeros are
simple. Assume that f(z)+ g(z) and f'(z) + ¢’(z) vanish for some z, i.e.

> |2"(A + ep) = A L(2)),

C
(A tep)—zgh— 2"t Z:L‘,'p =0, (27)
=1
2" A+ ep) - (r + lc:)z’"‘"k‘1 Z z;p = 0. (28)
i=1

Below we argue that this assumption leads to a contradiction. If >"{_gz; = 0, then the
equations (27) and (28) have no solution. If 3"{_, z; # 0, it follows from (28) that

k__ r(Atep)
(r+k) Zicy zin
and insertion of (28) in (27) yields

(29)

bk _ TZ_1A
sz:l il

Taking absolute values in (29) and (30) and combining these two equalities gives

(30)

z

r+k

e T‘()\ + CH) k rA

a0 ¥ ( e B i) (31)
(T + k)l Zi:l ‘ti‘u k| Zi:l "I"1|/1‘

However, below it will be shown that A(A) > 0 contradicting (31). Then we may conclude

that there are no values of 2z satisfying (27) and (28). First, note that h(0) > 0 and

k"(z) > A"(0) > 0 for all z > 0. Then A’(0) > 0 implies h(z) > 0 for z > 0 and thus in

particular A(A) > 0. Otherwise, if A’(0) < 0, then A(z) = 0 for a unique & > 0 given by

o or+k &
&= |Zx,-|u-—c;t.

T =1
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It is easily verified that

T c
w@) = 1 (i - 1)
A\
If | Y%, zi| < ¢, then h(Z) > 0 and thus, since & is the global minimum of h(z) for z > 0,
it follows that h(A) > 0. Finally, if |Y{.; z;] = ¢, then A(Z) = 0 and Z simplifies to

& = cpk/r. The condition Ar/ku < c implies that A < &, so h(A) > h(2) = 0, completing
the proof of lemma 4. O

Appendix B: Proof of Lemma 6

Let us assume that (15) holds. By substituting 8o; = 87 ; and Bi; = zijB1,j, ¢ = 2,...,¢
where z;; are solutions of 2], = 1, into equation (15) and introducing the varlable m
denoting the total number of uncompleted service stages in the system, i.e.

m=ngr+n+...+ 0,

it readily follows that equation (15) implies

Za]ﬂ_IJﬁM Ty% - ij:O O<n_y<km>cr,0<n; <r0=2,...,¢). (32)

j=1
For each feasible choice of n_;,m,ns,...,n. we obtain from (32) that
r—1 A
nc 2my, "2
Z Z ajﬂ-— ﬂl,] 3,3 cj (6 T ) =0 (0 < ng < T).
n=0 27

2 =e "
By well known properties of the VanderMonde matriz this implies that forn = 0,...,7~1

Z ajﬂfiljﬂffjngj...m’gs =0 (0<ny<km>cr,0<n;<r,i=3,...,¢).

zi
w2, =T "

By repeatedly applying this procedure, equation (32) eventually decomposes into r°~1 sets
of equations, i.e. for each choice of z; satisfying g7 =1,j=2,...,c we obtain
> a;BLBT; =0 (0<n_y <k,m>ecr) (33)
T2,j=T2yeeeTe,j =L

The sum in (33) runs over exactly r products of which the factors 8_; ; and B,; are given
by B_1;=2_1/7" and By ; = 7" withz_; = e for some n = 0,1,...,d—1and yis a
root inside the unit circle of

TPA+en) =292+ zip. (34)
i=1
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From the next lemma it follows that the products in (33) have different factors 8, ; implying
that a; = 0. Since, on the other hand, a; = 0 trivially implies (15), this completes the
proof of lemma, 6.

Lemma 7: Let y; and v, be roots inside the unit circle of (34) with z_3 = eF'™ and
T_1 = e respectively, where 0 < ny < ny < d. Then 7 # v5. The same result holds
if n1 = ng provided that v; # 2.

Proof: It is shown that the assumption ¥f = 75 leads to a contradiction. The roots 7;
and 72 satisfy

[od
YA +ep) =y + 977z, (35)
=1
[+
oA+ ep) = A+ 951 wip, (36)
1=1

where y; = ezTﬂnl and yp = 32—)?”2_ Multiplying (35) with y, and (36) with y; and then
subtracting both equations and inserting v5 = 7§ yields

[+
(1271 — n170) (A + ep) = Y (921) — wi78) D wip. (37)

i=1

If we can prove that yo77 — 1174 # 0, then division of (37) by this term results in

Atep =77 i,

1=1
which contradicts that |yi| < 1 and thus completes the proof of lemma 7. Hence, it
remains to prove that y277 # y174. Let us suppose to the contrary, i.e.

2§ = Lgt = R0yt (38)

On the other hand, since 72 # 41 and v§ = 4y, it follows that v, = el":'i"'yl for some
n=1,2,...,6— 1. Substitution of this relation in (38) yields

6271"'""’ = e2Tm'(n2_nl)_

This equality implies that (recall that £ = xd)

ny — M
d

for some integer m. Since ny; — ny < d it follows that (39) leads to a contradiction if
ng > ny. Otherwise, if n; = ny, then, since ged(p, k) = 1, equality (39) implies that n can
be divided by & contradicting that 0 < n < k. O

np = + mk (39)
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