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Faster Universal Modeling for Two Source
‘ Classes

Ali Nowbakht* and Frans Willems

Eindhoven University of Technology, Eindhoven, The Netherlands

‘Abstract. The Universal Modeling algorithms proposed in [2] for two
general classes of finite-context sources are reviewed. The above meth-
ods were constructed by viewing a model structure as a partition of
the context space and realizing that a partition can be reached through
successive splits. Here we start by constructing recursive counting al-
gorithms to count all models belonging to the two classes and use the
. algorithms to perform the Bayesian Mixture. The resulting methods lead
to computationally more efficient Universal Modeling algorithms.

. 1 Introduction

We review the Universal Modeling algorithms proposed in [2] for two finite-
 context source classes : Class-I and Class-II. These algorithms were developed in
_the framework of a generalization of the Context-Tree Weighting (CTW) algo-
rithm [1] and perform a recursive weighting of all models. A close look into the
workings of the methods for Class-I and Class-II reveals that some of the models
_ are being counted in repeatedly. This results in excessive storage and a higher
_ computational complexity than strictly needed. Using an approach based on
_counting algorithms inside the original methods we can remove these repetitions
and therefore reduce the complexity without sacrificing the performance.

2 Universal Source Coding Overview

The purpose of Source Coding is to represent sequences in the most compact
way. This representation is called a (source) code and each (binary) sequence
27 = x;,...,z7 of length T is represented by a (binary) codeword c(z7) of
length L(z7). According to the concept of entropy of Shannon the ideal code-
_ word length is related to the probability of the sequence P(z7) by the following
_ expression Lig(zf) = —logy P(z¥) bits. The probability of a sequence depends
_on the characteristics of the information source which generated it. In the Uni-
_ versal Source Coding setting the characteristics of the information source are
unknown and therefore the probability P(z7) has to be estimated from the
sequence z7 and any other available information.

* Supported by Technologiestichting STW under project EELA4643.



Finite-Context Sources These sources are characterized by the fact that
their current state (parameter) is determined by the current context informatjqy

through some function §(-). For each sequence symbol =, there is a context hould be obvious from the preceding section, it is mfeamblefto c{a#.:ll;late
symbol u; available. Therefore we can express the instantaneous probability a4 ayeSié.n Mixture (1) by summing all models one.by one. Therefore Vi evn‘;s
PX;=1)=1-P(X,=0) = Opuyy fort =1,...,T wherew, €U = {1,... U proposed the Arbitrary Splitting (AS) method in [2] as an alternative. 3
the contest space and ), € [0,1] is a parameter. The probability of the wholg be briefly the AS method. For each of thg possible contfa).ct-sets Da 1recolfl
sequence would be P(X{' = of) = [T, P(X, = zv). 1d which keeps two probabilities : the Estimated Probability P.(D) and the
hted Probability Py(D). N o
D) is an estimate for the probability of the subsequence corresponding to
ymbols which where generated with context u € D. . o
e weighted probability P,,(D) is defined as the uniform weighting of 1:,he
timated probability and the weighted probabilities of all substrus:tures vyhxch
esult by splitting D (into two subsets). The set II(D) of all possible splits of
text-set D is defined in the following manner

I(D) = {(51,82): S1 #0,51 # D, S; =D\ &1}
. The weighted probability is expressed as

Pe(D) + 35, 50)em1(D) Puw(51)Pu(S2) @
o DI-1

he Arbitrary Splitting Method

0

Structure and Parameters The Source Model consists of two parts, namely
the Model Structure (determined by the function B(-)) and the Source Parame.
ters specified by the Parameter Vector © = {6,k = 1,..., K } (K is the number
of parameters here). The Structure specifies which groups of contexts correspong
to the same state (parameter), these are called Context-Sets. The structure cap
be seen as a partition of the context space into disjoint subsets. The parameters
define the probability distribution for every state. A Source Class is a collection
of structures that satisfy some restrictions on the allowed context-sets i.e. only
some groups of contexts can correspond to the same state.

Py,(D) =

Universal Model - Bayesian Mixture A Universal Model is a probability
distribution that fits any source model. A conceptually straightforward way to
construct such a universal model is to perform the Bayesian Mixture.

Po(z{)= Y Pm(M)P@T | M) )
MeMmM

The Universal Model is defined as P,(z}) = P, (i) and includes all models in a
recursive way.

Computational Complexity For a certain subset D we need according to
pression (2) 2!P1-1 — 1 additions and 2!P1~1 multiplications. Note that we are
just counting the operations needed to calculate P, (D) when all involved ter‘ms
are already available. Summing up over all subsets will give the total complexity.
Remember that for a context space of cardinality n there are (2) subsets of size
5. The total number of additions is therefore

AP 3n —2mtl 41
N =3 (1) e -y = T2
=1

In the above expression P,(zT) is the universal probability assigned to string &7
It is constructed by weighting (averaging) P(zT | M), the probabilities assigned
by each structure M from source class M, with the a-priori probability of that
structure Ppq(M). P(z | M) = Hf_{__l P.(S;), where P,(S) is an estimate for
the probability of the subsequence corresponding to all symbols which where
generated with context u € S C I{. Here model M partitions U into K cells S;.

3 Universal Modeling for Class-I

a,nd the total number of multiplications

= (n\, .1 3"-1
Ngi}(n)=§:(s>281: 2

s=1

Class-I is the most general source class one can think of since it makes no
restrictions whatsoever on the composition of the context-sets.

Context-Sets and Structures If the size of the context space is n there are
(3) possible context-sets of size s. Hence, in total there are Y (B =2n-1
different subsets. The number of different model structures is the number of
distinct partitions of the context space into disjoint subsets. In general, N(n, p)
the number of partitions of a context space of cardinality n into p subsets can be
expressed as N(n,p) = M—g’{;—”—’l where M (n,p) defines the number of partitions

into p labeled subsets and is defined recursively M(n, p) = p" — Y (B) M (n,d).
The total number of structures in Class-I is thus Yo N(n,i).

;Mddel Multiplicity There are many ways to arrive at a partition by means
of successive splitting. Consider a model with p parameters i.e. a partition of
the context space into p cells. We can easily write down the following recursive

formula for u(p) the number of different ways we can arrive at this particular
model /

£-1
ue) = Y- (%) tiruto -9+ %(g);ﬁ@ for p even

i=1




Fig. 1. All Context-Sets for Class-I with & = {a, b, c}. Splits are shown for new method
(only filled lines) and AS method (all lines).

-1
2

pup) =

i==x1

(f) p@)up—i)  for p odd

with p(1) = 1.

Ezample 1. In figure 1 the u(3) = 3 successions of splits leading to structure
81 = {a} &; = {b} S; = {c} can be appreciated.

3.2 El: A New Universal Modeling Method

From the preceding section it should be clear that for the AS method it
holds that the number of times a structure is included in the Universal Model ';
explodes with its number of parameters. This observation motivates the search
for methods which perform the Bayesian Mixture without repeating models in
the sum and hence saving arithmetic operations. We start by introducing an
algorithm to count all models in Class-I. Let a(n) be the number of models in
Class-Ifor a context space of size n. Let us begin counting all models by selecting
an arbitrary context ¢ € U, and consider all models where z forms a context-set

on his own. Since there are n—1 contexts left, there will be a(n— 1) such models.

So far we have only considered the models with z forming a subset. Let us
now add all models where z is joined by one of the other n — 1 contexts, say y.
Now {z,y} form a context-set and there are thus n — 2 contexts left. Therefore

there are (n — 1) - a(n — 2) such models. By continuing in this way we can write
a recursive formula for a(n) namely

(n;—l)a(n——l—i)

n-1

a(n) = Z

i=0

with a(0) = 1.

= bove algorithm

i i st be true that a(n) = 3 oy N(n,p). The a .
‘,,,bvlouslzolf)emrf‘;rm the Bayesian Mixture. xi“irst of all we define a set of splits
' S(aic context-set D C U. This set is formed by all splits used in the above
nf; when applied on D. Consider an arbitrary element z € D. We define

QD) ={(5,8) : S £0,5: =D\ 81,z € &1} (3)

i i i II(D), the difference is that here
; ains all possible splits, the same as > the :
‘(Zikc:}?;t the sets containing z are called S; or what is the same that all $;’s
e
‘ common element. -
No}};vihit (D) includes the void split‘ 1§P’1 @) which II(D) does not, and
_¢are the number of splits is |2(D)| =277 . .
'f‘gzew method works in the following way. Again we hfwe records holding
estimated probability P,(D) for all possible context-sets in Class-I1. But now
‘et‘ ad of having a weighted probability attached to all (2". -1) coricf}lct-sets we
msl eneed it for the context-sets which will be further split (the 2 C - 1 sets
'cglf;:d Sz in (3))- Only for these context-sets we define P;(D) probabilities

¥ (s1.50)ca(p) Pe(S1)P1(S2)
2]'D§—-1

{'xst

P;(D) =

. P;(0) = 1. This reduces the storage need for keeping the weighted prob-
ies to the half. , .

We define the Universal Model as P(z}) = Pf(l) and. now each ngxodel is
\cluded only once in the sum since there is only one possibility to arrive at a

artition through successive splits.

’ k‘yé’xa‘mple 2. The new method results in removing the dashed splits in figure 1.

Computational Complexity For a certain subset D ?ve.nee‘d according.to the
above expression 2lPI-1 _ 1 additions and 2/P—? multlpllcatlor}s. Summmg u:l
_ over all subsets for which a weighted probability i§ necessary will give the tno_t1

complexity. Note that for a context space of cardinality n there are only ( P )
context-sets of size s which have a P;(-) attached. The total number of additions

is therefore

n—1

NEL(n) =)

g=1

(n ; 1) (2°~1 —1) = NAS(n - 1)

and the total number of multiplications

("7 1)t = Nt -

n-1

N,’,’“:,l‘,(n) = Z

g==1

In summary, this new approach increases the speed with respect to .the AS
‘method by a constant factor and reduces the storage need for keeping the
weighted probabilities to the half.




4 Universal Modeling for Class-II

Class-II is defined by first considering a lexicographical ordering on the cop,_
text space U. Since we have defined I/ = {1,...,n} the lexicographical orderip
is the usual ordering of the natural numbers. The only allowed partitions of the
context space (because of the ordering it is now a line) are those which div
into intervals, each forming a context-set, We introduce the follow
for specifying context-sets (i — HN={ueclu:
i>i

ide jt
ing notatjop
t <u<j} wherei,jélland

Context-Sets and Structures Note that for a context space of size n theré
are ﬂ"T“l possible context-sets and that there are (;‘:11) different structures

having p parameters. This means that in total there are 377 ()
possible structures in Class-IL

Fig. 2 :"All Context-Sets for Class-II with & = {1,2,3}. Splits are shown for new
B od (only filled lines) and LS method (all lines).

= 2n-1

4.1 The Lexicographical Splitting Algorithm

Although Class-II is a small class compared to Class-
exponential number of structures making the brute-force approach to calculat.
ing the Bayesian Mixture infeasible. Therefore Willems et. al [2] proposed the
Legicographical Splitting (LS) algorithm. We describe the LS method briefly.
For a context space of size n there is for each of the ﬂ’;—ﬂl
sets (i — j) a record which keeps two probabilities : the Esti
P((i — 7)) and the Weighted Probability P,((i — j)). P.((¢ — j)) is of course
the same as in the methods for Class-I. The weighted prob

ability P, ((i — 7))
is also defined in the same manner but its mathematical expression has to be
adjusted to Class-II.

Model Multiplicity This section is based on the observation that the LS

I it still includes an

possible context.
mated Probability

= . _1l(2p-2
u(p)-—-—;n(t)-u(pﬂ)—p(p_l)

Era ple 3. In figure 2 the p(3) = 2 successions of splits leading to structure
81 = {1} & = {2} S5 = {3} can be appreciated.

. . i1 , .
Pu((i — 7)) = Felli=g)) + Fic, I?W((.z — k) Pu((k+1 - 7)) for j >
J—i+1 @
If j = i we define P,,((i — %)) = P((i — )). The Universal Model is P(zT) =
Py (U) = Py((1 — n)).

2 E2 : A New Universal Modeling Method for Class-II

_ As for Class-I we start by finding an counting algorithm for Class-II. Let
__ b(n) be the number of models in Class-II for a context space of size n. We can
_write an expression for all structures in function of the size of their first interval.
b(n) = 770 b(i) with b(0) = 1. Obviously b(n) = 2"~1. o
~ Therefore we define instead of the weighted probabilities, Fast Weighting
_probabilities Py(-). Note that now we do not need to store a P in each of

Vk,__the ﬂl‘;’—ll records corresponding to all context-sets (i — j) fori=1,... ,n and

j 2. To calculate P¢((1 — n)) we only need n P;’s, namely those corresponding
to context-sets (i—-n)fori=1,...,n.

Computational Complexity We look now at the complexity of computing the
weighted probability for a generic context-set of size d. Suppose that all weighted
and estimated probabilities involved have been updated already, in that case we
need d — 1 additions and d multiplications as can be seen from (4). Note that
for a context space of size n there are n —d + 1 context-sets of size d.

NEE) =3 (s 41)-(s— 1) = BT Dnlnt )

1 — ZZ:iPe((i“"k))'Pf((k+1-—->n))
s=1 6 Pf((z ——)n)) — o
Nyai(n) = i (n—s+1).s= W where P¢((n+1 — n)) = 1 by convention. The Universal Model is simply defined
mu -
6
8=1

as P.(z]) = P;(1 - n).

The complexity is thus O(n?).

Ezample 4. The new method results in removing the dashed splits in figure 2.




Computational Complexity The only difference with respect to the analys
for the LS method is that now for a context space of size n there is only on
context-set of size d which has a weighted probability attached.

n

NEym) =Y (s-1)= 22

s=1

Nﬁul(n i 8= n(n b 1)

=1

Which are of order O(n?).
In summary, this new method reduces the complexity from O(n?) to O(n
and the storage need for keeping the weighted probabilities from ﬂ%ﬂ to n.

5 Conclusions

We have introduced new methods to perform the Bayesian Mixture for Class.
I and Class-II. The difference to the earlier proposed methods of [2] can be best
appreciated in the Model Multiplicity. In our methods each model can be reached
through a unique succession of splits and therefore is included only once in the
Universal Model. As we have shown, in the earlier methods this was not the
case.

The new methods exhibit a lower computational complexity and storage need.
In the case of Class-I the reduction is by a constant factor. For Class-II we go
from O(n?) to O(n?) in complexity and from O(n?) to O(n) in the storage need
for the weighted probabilities. Here n represents the size of the context space.

6 Acknowledgment

The authors thank Henk van Tilborg and Stan Baggen for pointing them to
the Catalan numbers.

References

1. F.M.J. Willems, Y.M. Shtarkov and Tj.J. Tjalkens, “The Context-Tree Weighting
Method : Basic Properties,” IEEE Trans. Inform. Theory, vol. 41, no. 3, pp
653-664, 1995.

. F.M.J. Willems, Y.M. Shtarkov and Tj.J. Tjalkens, “Context Weighting for Gen:
eral Finite-Context Sources,” IEEE Trans. Inform. Theory, vol. 42, no. 5, pp.
1514-1520, 1996. '




