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SERGEI HALLER

Notation

Here, we describe some common notation used throughout this work. Given
elements g and h of the group G, we write

¢" :=h7'gh and "g:= hgh~!

for right and left conjugation. For a subgroup H of G, we write C(H) for the
centralizer of H in G, Ng(H) for normalizer of H in G, and Z(G) for the center
of G.

For a given field k, we denote its multiplicative group by k*. M, (k) is the set
of all n x n matrices with entries in k. We denote the algebraic and separable
closures of k by k and ksep, respectively.

We finish complete proofs with O and incomplete proofs with . In the latter

case, a reference to a complete proof is given. Known results are indicated as
such by giving a reference after the statement.

vii
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Chapter 1

Introduction

Computations with large finite or infinite groups are usually very tedious and
time consuming. In many cases the computations carried out are very me-
chanical and error prone when carried out by hand. Such computations can
often be carried out more easily by computer. For more complicated tasks
one needs to design and implement new algorithms. For groups in particular,
this includes operations with group elements (multiplication, inversion, conjuga-
tion, etc.) or other important properties (subgroup structure, conjugacy classes,
etc.). The first problem is deciding how elements should be represented in the
computer. Often a group is defined intrinsically, that is, defined implicitly by
requiring some properties on the elements (e.g., the fixed point subgroup of an-
other group). For computations with group elements, such a definition is not
very useful, since it provides no group elements other than the identity. In such
cases one needs an extrinsic definition for the group, such as a presentation or
a matrix representation.

We design and implement algorithms for computation with groups of Lie type.
Algorithms for element arithmetic in the Steinberg presentation of untwisted
groups of Lie type, and for conversion between this presentation and linear
representations, were given in [12] (building on work of [15] and [20]). We
extend this work to twisted groups, including groups that are not quasisplit.

A twisted group of Lie type is the group of rational points of a twisted form
of a reductive linear algebraic group. These forms are classified by Galois coho-
mology. In order to compute the Galois cohomology, we develop a method for
computing the cohomology of a finitely presented group I' on a finite group A.
This method is of interest in its own right. We then extend this method to the
Galois cohomology of reductive linear algebraic groups.

Let G be a reductive linear algebraic group defined over a field k. A twisted
group of Lie type G4 (k) is uniquely determined by the cocycle av of the Galois
group of K on A := Autg(G), the group of K-algebraic automorphisms where
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K is a finite Galois extension of k. We give algorithms for computing the
relative root system of G (k), the root subgroups, and the root elements, as
well as algorithms for the computing of relations between root elements. This
enables us to compute inside the normal subgroup G (k) of G4 (k) generated
by the root elements. We apply our algorithms to several examples, including
2E¢,1(k) and *°Dy 1 (k). In this application, the field k£ need not be specified,
one only needs to assume some properties of k.

As an application, we develop an algorithm for computing all twisted maximal
tori of a finite group of Lie type. The order of such a torus is computed as a
polynomial in ¢, the order of the field k. We also compute the orders of the
factors in a decomposition of the torus as a direct product of cyclic subgroups.
For a given field k, we compute the maximal tori of Gg(k) as subgroups of
Gp(K) over some extension field K, and then use the effective version of Lang’s
Theorem [11] to conjugate the torus to a k-torus, which is a subgroup of Gg(k).

Using this information on the maximal tori, we provide an algorithm for
computing all Sylow subgroups of a finite group of Lie type. If p is not the
characteristic of the field, the Sylow subgroup is computed as a subgroup of the
normaliser of a k-torus.

All algorithms presented here have been implemented by the author in MAGMA

[5]-
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Chapter 2

Nonabelian cohomology of
finite groups

We are primarily interested in the twisted forms of linear algebraic groups, which
are classified via the Galois cohomology. In the present chapter, we introduce
the first cohomology of nonabelian groups and develop a new technique for
computing cohomology H'(T', A) for a finitely presented group I' and a finite
group A. In Chapter 3, we extend this technique to Galois cohomology. We
also introduce the concept of twisting in Section 2.3.

2.1 Definitions and first properties

Let T be a group. A TI'-set A is a set with a (right) T-action. If A is a group
and T' acts by group automorphisms, then A is called a I'-group. A subset
(subgroup) of the I'-set (I-group) A that is normalised by the action of T', is
called a T'-subset (I'-subgroup) of A. Given a I'-set A, define

HY(T,A):={a€ A|a” =a for all ¢ € T}.

If A is a I-group, then H°(T', A) is a subgroup of A.
Now let A be a I'-group. A 1-cocycle of T on A is a map

a:I'— A o0+— a,,
such that
oy = (a,) e, forall o,7 €T. (2.1)

We denote by Z1(T", A) the set of all 1-cocycles of I' on A. The constant map
1: 0+ 1is a distinguished element of Z(T', A), called the trivial 1-cocycle.

3
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Applying (2.1) to a1 and a,,-1 respectively, we immediately obtain the
following important properties:

a =1, (2.2)
a,-1 = (ozc,)*”_1 forall o € T. (2.3)

Given a 1-cocycle a € Z*(T', A) and an element a € A, the map
B:T — A, c—pB,=a"7 a, a (2.4)

is also in Z1(T", A), since

—cm'(

Byr =0 "Ta,ra=a a) ara

= ("7 aza) (e "ara) = (B,)" B,

If there exists a € A such that 8, =a77 - a, - a for all o € I', we write B ~ o
We call 8 and a cohomologous with respect to a, and denote B8 by a(®. A
1-cocycle cohomologous to the trivial cocycle is called a coboundary. Note that
~ is an equivalence relation. We denote the equivalence class of a by [a] and
the set of equivalence classes of 1-cocycles by HY(T', A). A pointed set is a set
with a distinguished element. Both Z1(T", A) and H'(T, A) are pointed sets with
distinguished elements being the trivial cocycle and the class of coboundaries,
respectively. If A is abelian, then Z!(T', A) and H'(T', A) are groups and agree
with the usual definition of group cohomology (see, for example, [1]). In general,
however, Z'(T', A) and H'(T", A) do not have a group structure.

Given two cohomologous cocycles a, 3 € Z*(I', A), it is a non-trivial problem
to find the intertwining element a € A such that 8 = a(®. For example, if
I' = (o) is cyclic and e = 1, it amounts to solving

B,=a"°1,-a=a"7-a foracA

For connected algebraic groups over finite fields, Lang’s Theorem (Theorem
3.17) gives a nonconstructive proof of the existence of a solution (in other words,
it shows that the cohomology is trivial). Solving this equation constructively
for reductive groups is addressed in [11].

In order to compute the first cohomology more efficiently (Section 2.6), we
sometimes use the second cohomology of abelian groups. Let A be an abelian
I'-group. Then a map o : I' x I' — A satisfying

QorpQh = rpar, forallo,r,pel (2.5)

is called a 2-cocycle. The set of all 2-cocycles is denoted by Z%(T', A). Two
2-cocycles o, 3 € Z2(T', A) are called cohomologous if there is a map ¢ : T’ +— A
satisfying

Bor = 0y 0o 0, forallo,mel. (2.6)


mailto:Sergei.Haller@math.uni-giessen.de

2.2. FINITELY PRESENTED GROUPS SERGEI HALLER

This is an equivalence relation, whose set of equivalence classes is denoted
H?(T', A). Once again, there is a trivial 2-cocycle, denoted 1.

Let M, N be two pointed sets. A map ¢ : M — N is called a morphism
of pointed sets if it maps the distinguished element of M to the distinguished
element of N. Let A and B be I'-groups and let ¢ : A — B be a group
homomorphism. We call ¢ a I'-homomorphism if it respects the I'-action, i.e.,

(@%)? = (a®)? forallo el and a € A.

If ¢ : A — B is a I'"homomorphism, it is immediate from the definitions that
there are induced maps

QSzZl(F’A)HZZ(FvB) (izl)a
¢ H(T,A) — H T, B) (i=0,1).

Note that we use the same name ¢! for the maps Z'(T', A) — Z%(T, B) and
HY(T,A) — HY(T, B), since it is obvious from context which one is intended.
Moreover, ¢ is a group homomorphism and ¢! is a morphism of pointed sets. If
A and B are abelian I'-groups, there are also induced maps ¢2, and the maps ¢'
and ¢? are group homomorphisms. If ¢ : B — C is another I'-homomorphism,
then the functorial property

(¢y)" = ¢"*

holds for all ¢ = 0,1, 2 whenever the maps are defined.

2.2 Finitely presented groups

A 1-cocycle a € Z}(T', A) is uniquely determined by the images of a fixed set
of generators of I, since it can be extended by properties (2.1) and (2.3) to all
elements of I'. In other words, if I' = (71, ..., ), then the cocycle a« € Z1(T', A)
is uniquely determined by the map f = a|y,, ... ~,}. Note that an arbitrary map
f:{v,--.,v} — A does not always define a valid cocycle, but the following
theorem provides a necessary and sufficient condition in case I' is a finitely
presented group.

Let T' be a finitely-presented group with generators =1,...,7, and relators
71,...,7¢. Let F be the free group on the letters x1,...,x5. Let u : F — T
be the universal epimorphism with pu(2;) = ;. Then T is identified with F/N
where N := ker . = (er |i=1,...,¢). Note that A is also an F-group with the
action induced by p and, in this case, every map f : {x1,..., 21} — A defines a
cocycle in Z1(F, A).

2.1 Theorem (Recognizing 1-cocycles).
Let T' be a finitely-presented group with generators ~vi,...,7; and relators

5


mailto:Sergei.Haller@math.uni-giessen.de

SERGEI HALLER 2. NONABELIAN COHOMOLOGY OF FINITE GROUPS

r1,...,7¢. Let F' be the free group on the letters z1,...,x,. Let u: FF — T
be the universal epimorphism with u(x;) = ; and let N = ker u. Let A be a
I'-group. Choose arbitrary ay,...,ar € A and let B be the cocycle in Z*(F, A)
defined by the map x; — a;. Then the map 7; — a; defines a cocycle in Z1(T', A)
if, and only if, ,Brj =1lforj=1,...,¢

Proof. First, since A is a I'-group, it is also an F-group with the action induced
by p and B3 is a cocycle in Z1(F, A).

If o is a cocycle of I on A with a, = a;, then ﬁ” =y, =a1=1for j=
1,...,¢

Conversely assume that ﬁ” =1for j=1,...,¢ First we show that 3, =1

for all n € N. Let 1 # n € N. Then n = [[;Z, r’ for some m € N, j; €

{1,...,¢} and y; € F. In the case m = 1, we have

B =By 1,y = BB B, = BB, =8B, =B, 1, =1

y—1
Otherwise, let y := y,, and j := j,,, so that
rY

Bn = ﬁn’r;f’ = Bn]//gr;"’ =1

with n’ = 7" ¥ by induction.

Now let x,y € F with p(z) = u(y). Then x = ny for some n € N. Hence
By = Bny = BnBy =B,
and the following map is well defined:
p:I'—=A; p,:=p, forsomezée w ().
Now p; =B, =1 and for 0,7 € T and z € p~ (o), y € p~ (1) we have:
Por = Buy = BYB, = Pip, = 05V p, = pip,.

This shows that p is a cocycle in Z1(T", A) with P, = By, = a;. O

Zi

Let A be a I'-group with a finitely presented group I' and a fixed set 1, ..., 7%
of generators of I'. If a map 7; — a; defines a valid cocycle, we denote this
cocycle by [aq,...,an].

2.3 Twisted forms

In this section, we introduce twisting by a cocycle and twisted forms. Let B be
a I'-set, and let A be a I'-group with an action on B that commutes with the
action of T, i.e.,

(b7 = (°)* forallbe B,ac A, o0 €T,

6
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Now fix an arbitrary 1-cocycle a € Z(T, A) and define
bxo:=b7% foro el and b € B.
This is a new action of I" on B since
b (07) = b77Xer = pOTXAT = pIX T — (hx g) % T.

We call this the x-action with respect to a. The set B with the x-action is again
a I'-set, denoted By and called a twisted form of B. We say that B, is obtained
by twisting B by the 1-cocycle a.

The most common example is when B is a I'-group and A = Aut(B), the
group of automorphisms of B. Then there is an action of I on A given by

0’ =0'oaoo forocT,acA, (2.7)
where o is composition of maps on B. The subgroup H°(I', Aut(B)) is exactly
the set of I'-automorphisms of B.

The following well-known proposition essentially shows that we get nothing
new by looking at the twisted forms of a twisted form, for which we give an
elementary proof.

2.2 Proposition ([30, Proposition 35bis]).
Let A be a I-group and a € Z(T", A). Then the map

O : Hl(FaAa) - Hl(FvA)a [7} = [a7]7

where ay denotes the map o — a7, is a well defined bijection, which takes
the trivial class in H'(T', A,) to the class of e in H(T, A).

Proof. Let v € ZY(T', Aw). Then

adT’Yc"r = a;aT(’YU * T)’Y‘r = a;aT(’Y;)aT’YT = (aU’YU)TaT’yT

and thus ay € ZY(T', A). Let ' be cohomologous to ~ with respect to a € Ag.
That is, v, = (a™! * 0)v,a for all ¢ € I'. Then we have

aa’)’; = aa(ail * 0)700' = aa(aia)ag’)/aa = aig(aa'yo)aa

and so a7y is cohomologous to a~’. Hence the map 64 is well defined. Now

p:o— () 1isacocycle in Z1(T, Ay):

Por = (o) ' = (@fa,) ' = a7 la;Tarar!
= (o' = 7)ot = (p, + 7)p,.
The induced map 6, : H*(I'; A) — H*(T, Ao) is the inverse of 0. O
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2.4 Exact sequences

In this section, we prove a fundamental result for the study of cohomology.

First we need some basic terminology for pointed sets. The kernel ker(u) of
a morphism of pointed sets p : M — N is the set of all elements in M mapped
to the distinguished point of N. A sequence of morphisms of pointed sets

LY MEN

is called ezact at M if im(v) = ker(u). Thus, the sequence M %5 N — 1 is exact
if, and only if, p is surjective, and the sequence 1 — M % N is exact if, and
only if, ker(u) contains only the distinguished point of M. Note that this does
not necessarily imply that u is injective.

The following proposition is well known. Since this proposition is of a funda-
mental nature, we give a detailed proof.

2.3 Proposition ([30, Propositions 36, 38, 43]).

Let A be a I'-group and let B be a I'-subgroup of A. Let i : B — A be the
inclusion map. Then A/B is a I-set with the natural action of I' on cosets, and
it is a I-group if B is normal. Let 7 : A — A/B be the canonical projection
map.

(i) Define
8. H(T,A/B) - HY(T',B), aB +~ [a],

[ea

where a is the cocycle defined by o, := ¢ %a. Then ¢° is a map of

pointed sets and the sequence
.0 0 0 -1
1— HYT,B) S HOT,A) S HYT,A/B) & HYT,B) 5 HY(T, A)
is exact.

(ii) If B is normal, the sequence obtained from the sequence in (i) by adding
1
.5 HY (T, A/B)
on the right is exact.

(iii) Suppose B is a subgroup of the center of A. Given vy € Z1(I', A/B), choose
amapt: ' — A with t, € v, for every o € I'. Set a, , := t7t,t, 1. Then

§':HY(T,A/B) — H*(T,B), [v]+~ [a]

is a map of pointed sets and the sequence obtained from the sequence in
(ii) by adding
1
... % H(T, B)

on the right is exact.
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Proof.

(1)

(iii)

Given a coset aB in A/B, the cocycles defined by e, := a a and 3, :=
(ab) =9 (ab) are obviously cohomologous, thus §° is well defined. Moreover,
§°(A) = [1].

Exactness at H°(T', B) is obvious since " is just the inclusion map. For
exactness at H%(T, A), suppose a € ker(7°). Then 7°(a) = B and a € B.
If, on the other hand, a € B, then a obviously lies in the kernel of 7°.

For exactness at H°(I', A/B), suppose that the cocycle a, = a=%a is
trivial in HY(T, B). That is, a ~ 1 and a, = b~?b for some b € B. Then
ab=t € H(T', A) and aB = (ab™')B = 7%(ab™!) € im(7").

Finally, let [a] € ker(i'). Then e € Z'(I', B) and « is cohomologous to
1€ Z'(T,A): a, = a%a for some a € A. But this implies (aB)? =
a’B = (a(a,)"1)B = aB, thus aB € H*(T', A/B) and 6°(aB) = [a]. If,
on the other hand, [a] = 6°(aB) for some a € A, then oy, = a %a is
cohomologous to 1 € Z}(T', A) and [«] € ker(i).

Now let o € Z}(T, A) with [a] € ker(w!). That means [7!(a)] = [1] €
HYT,A/B):

a,B=(aB)"?B(aB) =a"%aB =a"?Ba for some a € A.
Hence for all o0 € T" we have a, = a~%bsa for some b, € B. Now the
map b : I' — B defined by ¢ — b, turns out to be a cocycle on B:

by = a’a,at. Thus [a] = [b] € HY(T, A) is the image of [b] € H'(T', B)
under the map i'.

First we show that a € Z2(T, B):

(totrty)B =t;Bt; Bt ;2B =7y, v, = lap =B

T

and thus o, € B for all 0,7 € I'. Now we prove the cocycle condition
(note that expressions in parenthesis are in B and thus commute with all
elements):

aUT,pag,T = (tg'rtptil )(tTptptip) = (t;ptptip)(tg‘rtptil )

oTp o “tYoT TVoT aTp
__ 4TP4p —1 __ yTp(4p -1 -1 _ 47p —1 /4p —1
- to’ tTtPtan - ta’ (tTtﬂtTp )tTptO'Tp - to’ tTptO'Tp(tTtptTp)
= QorpQrp-

Moreover, if we choose a different map t' : I' — A with t/ € «, for every
o €T, then t/. = t,b, for some b, € B and the obtained 2-cocycle o’ is
cohomologous to a:

g = ()T (1)~ = (t507) (tbr )t byy ) = €t bR br b, L

9
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And finally if 4,4 € Z(I', A/B) are cohomologous, then so are the
corresponding 2-cocycles a« and a’. For, let a € A have the property
v = (aB)"?v,(aB) = (a"“t,a)B. Now we just set t := a “t,a and
obtain:

o = (a™tya) (a""tra)(a” T tyra) t =0 T 07T = Qe

Hence [a] € H?(T', B) does not depend on the choice of ¢ nor on the choice
of the cocycle in [v].

For exactness of the sequence, choose v € Z(T", A/B), whose cohomology
class lies in the kernel of 1. Let t and a, » = t7t,t; ! be as above. Then
is cohomologous to the trivial 2-cocycle and thus thereisamap ¢ : I' — B
satisfying

Cor = 1019001007 = P PrPar
Now the map B : I' — A defined by B, := t,,! turns out to be a
1-cocycle:

T

Bor = tUTSD;rl = (t;tTCP;TW;lsﬁof)‘P;Tl = (tUSD;I)T(tT‘P;l) =B,8,.

Moreover, « is the image of 3:

(7' (B)s = BB =t,0,'B=1t,B=7,.

Conversely, if v = 71(8) for some B € Z(T', A), then we can choose t := 3
and obtain

aU,T = 16;67'18;7} = ﬂ(TT ;j = 1
This completes the proof. O

From the definition of exact sequences, it is immediately clear that the kernel
of ml is trivial if HY(I', B) = 1. This does not immediately imply that 7' is
injective, since first cohomologies of nonabelian groups do not have a group
structure in general. We use twisting to prove injectivity. For f: M — N and
n € N we call f~1(n):={m e M | f(m) =n} a fibre of f.

2.4 Proposition.

Let A be a I-group, let B be a normal I'-subgroup of A, and let 7 : A — A/B
be the canonical projection map. Then all non-empty fibres of 7! have the same
order, which is at most |H(T', B)]|.

Proof. In this proof, we write 7 for 7! and i for i' to simplify the notation. Let
a € ZYT, A). Then we obtain Ay, Bs and (A/B)q as in Section 2.3, and an
exact sequence:

oo HY T, Ba) & HY(T, Ag) ™ HY(T, (A/B)a).

10
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The map 6 of Proposition 2.2 induces a bijection between the kernel of 7’ and
7Y (7 ([a])), since

18] € ker(n') = «'([8]) = ~'([1])

This shows that every non-empty fibre of 7 has the same order.
Of course, the order of such a fibre cannot exceed |H(T', B)|. O

2.5 Corollary.
If HY(T', B) = 1, then 7! is injective.

The upper bound on the size of the fibres given by Proposition 2.4 is used for
the computation of cohomology in Section 2.6.

2.5 Extending l-cocycles

In this section, we show how to compute the cocycles on a group from the
cocycles on a quotient. Let A be a I'-group and let B be a normal I'-subgroup
of A. Let 7 : A — A/B be the standard projection. Denote images under the
maps 7 and 7! by @ and @ for a € A and o € Z1(T', A).

Let a, 3 € Z1(I', A) be cohomologous with respect to some a € A. Then 3 is
cohomologous to & with respect to a:

=8 =4 - -a=a" -a--da=a " @ -T=a®
B,=B,=a a,-a=a"7-0y-a=a a, ayt.

f

Given a cocycle a € Z1(I', A/B), we call a cocycle 3 € Z'(T', A) such that
B = a an extension of a. Two questions now arise:

1. Can every l-cocycle on A/B be extended to a 1-cocycle on A?
2. Can every 1l-cocycle on A be constructed by such an extension?

The answer to the second question is obviously yes. The answer to the first
question is no in general (a counterexample is given at the end of the section).
The following theorem provides a necessary and sufficient condition for a cocycle
to be extendable and an algorithm for finding the extensions. Recall the [ ]
notation from the end of Section 2.2.

2.6 Theorem.

Let « € Z'(T,A/B) and let T have a finite presentation with generators
Y1,-..,7 and relators r1,...,r,. Fix a set T = {t(x) | x € A/B} of coset
representatives. Now follow the following procedure:

11
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Then

. Let b(v1), ., b(v),b(77 1), - -+, b(7; 1) be indeterminates over B.

For r € {r1,...,r¢}, compute
b(r) = [ (e b)) 1)
i=1
where r = [, o; with each o; € {71,... Ve VL ,vk_l}.
Consider the system of equations
¢
{b(rj) = 1}j=1

for b(v1),...,b(v) € B.

(2.8)

(a) The system (2.9) is solvable if, and only if, & can be extended to a cocycle

(b)

on A.

For every solution of this system,

[[t(a’n) ’ b(’yl)v s 7t(a’Yk) ' b(’)/k)]]

defines a 1-cocycle 3 on A such that 8 = a.

(c) Every cocycle B3 € Z1(T', A) with B = a can be constructed this way.

Proof.

(a)

By Theorem 2.1,

B = [[t(a"/l) : b(’yl)v s at(a"/k) ’ b(’yk)]]

is a cocycle if, and only if, 3, = 1 for all r € {ry,...,7¢}. Now let

r =[]", o; be one of these relators. Then

M Mo
8, =TT ((ttew)bioi) =) = b(r)
i=1
and hence 8, = 1 if, and only if, b(r) = 1.
Fori=1,...,k, we have

B»yl- = t(a"/i)b(’yi) = t(a’Yi)b(’Yi)B = t(a%)B = Qy,
and so 3 = a.

12
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(c) If B € Z'(I', A) with B = a, then B, = v, and B, € t(cx,)B. Set

b(7) :==t(ay) "B, forye{y,..,

Then b(71), -, b(v&),b(v; "), ..., b(7; ') is a solution of the system (2.9):

b(r) = T (e bo) 5277 = TT (8, 0027) = 3, =1

i=1 i=1

for all r € {ry,...,7re}.

Note that if I acts by conjugation, formula (2.8) reduces to

=[] (oit(cs,)b(02)). (2.8")

i=1

We now give a small example demonstrating how Theorem 2.6 is applied to
extend cocycles.

2.7 Example.
Let I' = 33 be the symmetric group on three letters. Then

L= (v, |7Y=7=Mm7r?=1)

with v; = (1,2) and 2 = (1,2,3). Let A := X4 be a I'-group with I" acting by
conjugation. The alternating group B := Ay is a normal I-subgroup of A. We
fix the set T := {1, (1,2)} of representatives for the elements of A/B ~ Cj.
Since Aut(C3) = 1, the induced action of ' on A/B is trivial. First, we
compute the cohomology set H'(I', A/B). Let a € Z'(I'; A/B), a € A/B, and
v €TI'. Then
a"aa=atoa=atao, = o

Thus, every cohomology class in H(I', A/B) consists of exactly one cocycle.
Since oys = af;ya(; = a0, the order of oy, must be a divisor of 2 and the
order of v, must be a divisor of 3. Thus, a.,, = 14,p. Both possible choices for
o, in A/B give rise to cocycles. Hence we have Z'(I', A/B) = {1, [( 1}.

Now consider indeterminates b(7y1) and b(vy2) and write down the equatlons
from (2.8'):

1=b(13) = (1 - tles) - b))%,

1=b(13) = (32 - ta,) - b(12))°,
1=0((172)?) = (3 - tleey,) - b() -7 - Hew,) - b(72))”.

We now extend these cocycles on A/B to cocycles on A:

13
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a=1¢ec7ZYT,A/B).
In this case, the equations reduce to

1=(n- b(’h))g»
1= (72" 5(72))37

1= (71 b(m) 2 - b))

One solution can be seen immediately (and could have been guessed),
namely b(y1) = b(y2) = 1. In this case, the extended cocycle is the trivial
cocycle 1. But there are other solutions. The solution b(y1) = 1,b(y2) =
Yo ! provides a cocycle @', which is not cohomologous to the trivial one.
All other solutions of this system produce cocycles cohomologous to either
lor 3.

a=[(1,2),1] € Z4T, A/B).
In this case, the equations reduce to
1=b(m)?,
3
1= (y2-b(72))",
2
L= (b(71) =72 - b(72)) "

We present two solutions here, which give rise to non-cohomologous cocy-

cles:
e b(v1) =1, b(y) = 75 ' gives extended cocycle 3" = [v1,75 ']
e b(y1) = (1,2)(3,4), b(y2) = 75" gives extended cocycle 8" =
[(3,4),7: ']

All other solutions of this system produce cocycles cohomologous to either
16,/ or I@///
By Theorem 2.6(c), the cocycles 1,3’, 8", 3" represent all cohomology classes
in HY(T, A).

The following example demonstrates the existence of non-extendable cocycles.

2.8 Example.
Let A =T = Dg be the symmetry group of a square, with the Coxeter presen-
tation

I'= <71772 | ’Yfﬁga (71’72)4>~

The group I' acts on A by conjugation. We label the vertices of the square
by 1,...,4 and write elements of I' as permutations on the vertices. Let B =
Z(A) ={(1,3)(2,4)) =~ C be the center of A.
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Now « := [71,771] is a cocycle in Z}(T', A/B). Define the map t : I' — A
by t, := %(0)7 where ¢ is the Coxeter length of o (see for example [19] for the
definition of the Coxeter length). It satisfies the condition ¢, € a,. Now recall
the map 0" of Proposition 2.3: 6'([a]) = [8] € H*(T', B), where 3, , := t7t.t;].
But 3 is not cohomologous to the trivial 2-cocycle (this can be proven either
by trying all 256 possibilities for a map ¢ : I' — B in Equation (2.6) or by
using Derek Holt’s algorithms [17]). Hence there are no extensions of a, by
Proposition 2.3(iii).

Note that, by extending only one representative of [a] € H(I', A/B), we do
not necessarily obtain all cohomology classes [3] € H!(T, A) that are mapped
onto [a] by 7. In general, we have to extend all elements of [] in all possible
ways.

2.6 Computing finite cohomology

In this section, we describe algorithms for the computation of the first cohomol-
ogy of a finite group. Let A be a finite I'-group as before. If A is abelian, the
first cohomology H!(T', A) can be computed efficiently using algorithms of Derek
Holt [17], which are implemented in MAGMA. Here we describe algorithms for
dealing with the computation in case A is nonabelian.

2.6.1 Groups with a normal subgroup

Suppose B is a normal I'-subgroup of A. Then we compute the cohomology
HY (T, A/B) and lift the cocycles of every cohomology class in H!(T', A/B) to a
cocycle on A as in Section 2.5.

It may happen that unnecessary computations are carried out in the following
two situations:

1. Constructing extensions in Z1(I", A) that are cohomologous to the cocycles
we already know (see Example 2.7).

2. Trying to construct an extension of a cocycle in Z!(I', A/B) that has no
extensions (see Example 2.8).

Knowing a priori that a cocycle is extendable is crucial for the efficiency of
the algorithm provided by Theorem 2.6. Here Proposition 2.4 is very useful:
It provides an upper bound for the number of extensions and also the exact
number of extensions once one cocycle is extended in all possible ways.

2.6.2 Groups with a nontrivial center

Now suppose B is central. In this case, we proceed as in the previous subsec-
tion. But this time we know by Proposition 2.3(iii) that only those cocycles in
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ZY(T, A/B) with cohomology classes in ker(6') need be extended.

If A is nilpotent and so has a central series, we can proceed recursively. The
number of steps required is equal to the nilpotency class.

2.6.3 Other finite groups

We use brute force otherwise. Though, for an implementation, the cohomology
of these groups could be computed once and stored in a database.

Basically we use Theorem 2.1 to recognise 1-cocycles and compute Z1(T, 4) in
the first step, and then we split it into cohomology classes in the second. Since
a 1-cocycle is uniquely determined by its images on generators of T, all k!4l
sequences [aq, . ..,ax] must be considered, where k is the number of generators
of ', and up to £ relations must be verified for every sequence. Thus it is vital
to have the smallest possible generating set for I' and important to have short
relations on these generators. Even so, this method is only feasible for very
small groups.

2.6.4 Timings

We have implemented this algorithm in MAGMA. The times in Table 2.1 are
given in CPU-seconds for an AMD Opteron 246 (2GHz). In this table we denote
the alternating and the symmetric groups on n letters by A,, and X,,, the cyclic
group of order n by C,,, the dihedral group of the n-gon by Ds,,, and the Coxeter
group of type X by W(X).

Table 2.1: Timings for computation of H!(T, A).

A | r ‘ action | |HY(T, A)] | time |
DlG st (D16) conjugation 38 2.880
Ay P conjugation 5 0.150
As s conjugation 3 1.140
Ag DI conjugation 6 56.990
W(As) | Co trivial 4 0.340
W(Ds) | Cs trivial 6 0.730
W(Eg¢) | Co trivial 5 24.530
W(Dy) | Cs trivial 2 0.120
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2.7 Classical interpretation of group
cohomology
In this section, we give a classical group-theoretic interpretation of the first

cohomology in terms of complements of A in the semidirect product of I' and
A. Let A be a I'-group and define the semidirect product

' A={(y,a) |7 €T, a € A}
with multiplication
(71, a1) (72, a2) = (M2, 01" az).
Identify A with {(1,a) |a € A} <T x A. For o € Z*(T', A), define a subgroup
of I' x A by Ko :={(v,0) | ¥ € I'}. Then the set
{Ko | a e Z' (T, A)}

is the set of all complements of A in I' x A. Two complements K, and Kg
are conjugate in I" X A if, and only if, & and 3 are cohomologous. Thus, if we
choose a set R of representatives of cohomology classes in H!(I', A), then

{Ko |ac R}
is the set of conjugacy class representatives of the complements. Furthermore,

'k A, - T'x A
(v,a) = (v, ay0)

is a group isomorphism, where in I" X A, the group I' acts on A by the x-action
as described in Section 2.3.

The problem of computing the conjugacy classes of complements has been
considered for cases where I' X A is soluble and A is abelian by, for example,
Celler, Neubtiser and Wright [10] or Holt [17]. There are more recent results for
the case where A is nonsoluble, for example in Cannon and Holt [7]. There is
also a faster method to compute a “large subset” of the first cohomology due
to Archer [3].
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Chapter 3
Algebraic groups

Our aim is to describe the twisted forms of a linear algebraic group. In the
first sections of the present chapter, we introduce linear algebraic groups and
associated terminology. We state some well-known results which we need in the
sequel. We follow the notation of Springer [32] and Humphreys [18].

In Section 3.4, we recall the classification of the twisted forms via Galois
cohomology. The rest of this chapter is devoted to methods for computing the
Galois cohomology. See Chapter 4 on the problem of describing the twisted
form corresponding to a given cocycle.

3.1 Definitions and basic properties

We start with a definition of affine algebraic groups without going into a deep
discussion of the theory of affine algebraic varieties. Let L be an algebraically
closed field. We denote by L™ the set of all n-tuples of elements of L, called the
n-dimensional affine space over L. For a subfield K of L, let P}t = K[z1,..., 2]
be the polynomial ring in n variables over K. We can interpret the elements of
Pp as functions from L™ to L. For a subset T' of P}, we define the zero set of
T to be the set of common zeros of all elements of T, namely

Z(T):={a€ L"| f(a) =0for all f €T}

Such a zero set is called an affine algebraic variety. If X C L™ and Y C L™ are
varieties, a map ¢ : X — Y is called a morphism of varieties if it is given by
polynomials over L, that is, there are polynomials py,...,p, € P; such that

(p(l‘) = (pl (x)a s ,pm(.’L‘))

for x = (x1,...,2,) € X.

The subset T" generates an ideal of P* and, since PJ' is Noetherian, this ideal
has a finite generating set. Thus Z(T) is the zero set of some finite set of
polynomials.

19



SERGEI HALLER 3. ALGEBRAIC GROUPS

If Z(T) is a group such that the multiplication map and the inverse map are
both morphisms of varieties, then Z(T) is called an affine algebraic group. A
simple example is

{(z,y) e L? | zy —1 =10}

with multiplication given by (x1,y1) - (z2,y2) := (x122,y1y2). The identity
element is (1,1) and the inverse of (z,y) is (y,x). This group is isomorphic to
the multiplicative group of L and is denoted Gy,.

For the definition of the dimension of an affine variety, we refer to [32, 1.8.1].
Basically, it is the number of algebraically independent coordinates. For exam-
ple, Gy, has dimension 1.

A subset of an affine algebraic group G is called closed if it is the zero set
of some polynomials in P/*. A closed subgroup of G is also an affine algebraic
group. This defines a topology on G, called the Zarisski topology.

Let G be an affine algebraic group and let k be a subfield of L. If there
is a subset T of P}’ such that G = Z(T'), and the multiplication and inverse
maps are given by polynomials over k, then the algebraic group G is said to
be defined over k. Note that if G is defined over k then it is defined over K
whenever £ C K C L, and G is always defined over L. The group Gy, in the
above example is defined over the prime field of L.

From now on, L is assumed to be the algebraic closure k of the field k, and
G is assumed to be defined over k. Let G be an affine algebraic group defined
over k. Let ks, be the separable closure of k. It is a Galois extension of k with
Galois group I'sep, := Gal(kgep: k). The action of T'sep, on kgep extends uniquely
to an action on k. Then the group Ty, acts on G' componentwise:

(1, ) = (@1, x,) = (2],...,2)) (3.1)

for v € I'sep. This action is continuous with respect to the profinite topology
on I'sep (cf. [20, Chapter VII]) and the Zarisski topology on G. Let K be a
Galois extension of k contained in k; then K is contained in ksep- The set of
K-rational points of G is

G(K) ={g€ G| g =gforall v € Gal(ksep: K)}. (3.2)

G(K) is a group, since it is a fixed point subgroup of G, although it is not
necessarily algebraic. Let T be a finite set of polynomials over k such that
G = Z(T). Obviously, G(K) is the set of zeros of T' contained in K", i.e.,

G(K)=GnNK". (3.3)

From this, one can see immediately that Gal(K: k) acts componentwise (as in

(3.1)) on G(K).
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Let G and H be affine algebraic groups defined over the field k. A group
homomorphism « : G — H is algebraic over k or k-algebraic if it is given by
polynomials over k. A group isomorphism « : G — H is called algebraic over k
or k-algebraic if a and a~! are both k-algebraic homomorphisms. A k-algebraic
isomorphism from G to G is a k-algebraic automorphism. If k = k., then we omit
k from the notation and speak just of algebraic homomorphisms, isomorphisms,
and automorphisms.

3.1 Example.

Let k be a prime field and let L := k be its algebraic closure. The general linear
group GL, is the group of invertible n X n matrices with entries in L. This
group is affine algebraic when considered as a zero set in L"°+1 as follows:

GL, ~ {(A,t) | A€ Mp(L), t€ L, tdet A =1}.

As a consequence, every closed subgroup of GL,, is again an affine algebraic
group. Clearly, GL,, is defined over k.

A closed subgroup of GL,, for some n is called a linear algebraic group. The
following theorem shows that the notions of affine and linear algebraic groups
coincide. We speak, as is more common, of linear algebraic groups in the sequel.

3.2 Theorem ([32, 2.3.7]).
Let G be an affine algebraic group. Then G is isomorphic to a closed subgroup
of some GL,,. [}

The affine variety X C L™ is called irreducible if it is nonempty and cannot
be expressed as the union X = Y; U Y5 of two proper closed subsets. By [18,
Proposition 1.3B], every zero set is a union of finitely many irreducible closed
subsets. These are called the irreducible components of Z(T).

The affine variety X C L™ is called connected if it cannot be expressed as the
union X = Y7 UY5 of two disjoint proper closed subsets. It follows immediately
that irreducible affine varieties are connected. The converse isn’t necessarily
true, as can be seen from the example {(z,y) € L? | zy = 0}.

The following proposition shows that the notions of irreducibility and con-
nectedness coincide for linear algebraic groups. Following the usual convention,
we speak of connected algebraic groups rather than irreducible ones.

3.3 Proposition ([32, 2.2.1]).
Let G be a linear algebraic group.

1. There is a unique irreducible component G° of G that contains the identity
element 1. It is a closed normal subgroup of finite index.
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2. G° is also the unique connected component of GG that contains 1.
3. Any closed subgroup of finite index in G contains G°. [ |

We call G° the identity component of G. If G is defined over k, then G° is also
defined over k by [32, 12.1.1].

A matrix x is unipotent if (x —1)° = 0 for some integer s > 1. A matrix
is semisimple if it is diagonalizable, i.e., similar to a diagonal matrix over k.
An element x of a linear algebraic group is unipotent (respectively semisimple)
if ¢(x) is unipotent (respectively semisimple) for some algebraic isomorphism
¢ of G onto a closed subgroup of GL,. By [32, 2.4.9], these definitions are
independent of n and ¢. We also have the well-known

3.4 Theorem (Jordan decomposition, [32, 2.4.8(i)]).
Let G be a linear algebraic group and g € G. Then there are unique elements
Js, gu € G such that g, is semisimple, g, is unipotent, and g = gsg, = gugs- B

The elements g,, and g, are called the unipotent part and the semisimple part of
g, respectively. A linear algebraic group G is called unipotent if all its elements
are unipotent.

3.5 Proposition ([32, 2.4.13]).
A unipotent linear algebraic group is nilpotent. |

A torus T is an algebraic group that is algebraically isomorphic to (G, )?.
The torus T is a k-torus if it is defined over k. Note that, even for a k-torus
T, the isomorphism T ~ (Gp,)? need not be defined over k. If it is, the torus is
said to be k-split. A k-torus is called k-anisotropic if it doesn’t have any proper
k-split subtori.

A subtorus of a linear algebraic group G is an algebraic subgroup of G that is
a torus. A mazimal torus of G is a subtorus of G that is not strictly contained
in another subtorus.

3.6 Theorem ([32, 6.4.1]).
Two maximal tori of a connected linear algebraic group G are conjugate in G.
[ |

This theorem justifies the definition of the rank of a connected linear algebraic
group G as the dimension of a maximal torus of G. A Cartan subgroup of G is
the identity component of the centralizer of a maximal torus. (In fact, such a
centralizer is connected, see the next lemma.)

3.7 Lemma.
Let G be a connected linear algebraic group.
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(i) If S is a subtorus of G, then C(S) is connected.
(ii) If T is a maximal torus of G, then Cg(T') is a Cartan subgroup of G.

Proof. (i) is [32, Theorem 6.4.7(i)] and (ii) follows immediately from (i) and the
definition of Cartan subgroup. |

3.8 Lemma ([32, 13.2.4]).
Every k-torus T has k-subtori T and T,, which are k-split and k-anisotropic,
respectively, such that T = T,Ts and T, N Ty is finite. |

A connected linear algebraic group G defined over k£ has a maximal torus
T C G, which is also defined over k. If there exists a maximal k-torus that is
k-split, then G is called k-split.

By [18, Corollary 7.4, Lemma 17.3(c)], every linear algebraic group G has a
unique maximal solvable normal subgroup, which is automatically closed. Its
identity component is then the largest connected solvable normal subgroup of
G. We call this the radical of G and denote it R(G). The subset of unipotent
elements in R(G) is also a normal subgroup in G. We call it the unipotent
radical of G, denoted by R, (G). It is the largest connected normal unipotent
subgroup of G.

If G is connected, we call it semisimple if R(G) is trivial and reductive if
R, (G) is trivial. The ranks of G/R(G) and G/R,(G) are called the semisimple
and reductive ranks of G, respectively.

3.9 Lemma ([32, 7.6.4(ii)]).
If G is a reductive linear algebraic group and 7' is a maximal torus of G, then
T=Cq(T). |

3.10 Theorem ([32, 5.5.10, 12.2.2]).

Let G be a linear algebraic group and let H be a closed normal subgroup of G.
Then the quotient G/H is also a linear algebraic group. If G and H are defined
over the field k, then G/H is also defined over k. [ |

3.2 Root data and the Steinberg presentation

Reductive linear algebraic groups are classified using root data, which we intro-
duce in this section. We start with a brief description of root data using the
notation of [12]. More details on root data can be found in [32].

Consider a quadruple R = (X, ®,Y, ®*), where

e X and Y are free Z-modules of finite rank d with a bilinear pairing (-, ) :
X XY — Z putting them in duality.
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e & and ®* are finite subsets of X and Y, and we have a bijective map
r — r* of ® onto ®*. We call the elements of ® roots and the elements of
®* coroots.

Assume we have a basis eq, ..., eq4 for X and a dual basis fi, ..., fq for Y, that is
(i, f;) = di;. Given aroot r, we define linear maps s, : X — X and s} : Y —» Y
by

xs, =x — (x,r*)r and ysr=y— (ry)r-.

These maps are called reflections if (r,r*) = 2.
The quadruple R = (X, ®,Y, ®*) is called a root datum if the following axioms
are satisfied for every r € o:

(RD1) s, and s} are reflections,

(RD2) @ is closed under the action of s, and ®* is closed under the action
of s7.

Note that if we let @ denote the submodule of X generated by ® and let V :=
R ® @, then ® is a root system in V in the sense of Bourbaki [6, Chapter VI].
In a similar way, ®* is a root system.

A root datum is called reduced if r and —r are the only roots in ® of the form
cr with ¢ € Q, for every r € ®. If a root datum is not reduced and r,cr € @ for
c € Q, then c € {j:%, +1, 42}, see for example [6, Chapter VI]. A root datum is
called irreducible if the root system ® is not a disjoint union of two proper root
subsystems.

The Weyl group W(R) is the group generated by the reflections s,. We refer
to Bourbaki [6, Chapter VI] for the definitions of positive roots, negative roots,
fundamental systems, and length of a root.

A Dynkin diagram D of a root datum R = (X, ®,Y,d*) is a graph with
the vertex set labeled by the fundamental roots. Two distinct vertices r; and
rj are connected by (r;,r7)(r;,r7) edges. If the the number of edges between
r; and r; is at least 2, then one of the roots r; and r; is shorter than the
other. We indicate that by placing a less-than sign over the edges. The root
data are classified (see for example [6, Chapter VI]) and Table 3.1 shows all
Dynkin diagrams for a reduced irreducible root datum. The Dynkin diagram
of a reducible root datum is the disjoint union of the Dynkin diagrams of its
irreducible components.

Let G be a reductive linear algebraic group and fix a maximal torus 7" in G,
then a reduced root datum R = R(G, T') can be constructed (see [32] for details).
Further, W = W(R) is isomorphic to Ng(T')/T. By the Isomorphism Theorem
[32, 9.6.2], the group G is uniquely determined up to algebraic isomorphism by
its root datum and k.
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Table 3.1: Dynkin diagrams of reduced irreducible root data.

Ay o———o——o
1 T2 Tn—1 Tn
B. o— o o— o—>—0 n>2
1 T2 Tn—1 Tn
Cn o— o o o—=—o0 n>3
T1 T2 Tn—1 Tn
Tn—1
D, o——o n>4
T T2 Tn—2
Tn
E, o o n e {6,7,8}
T1 T3 T4 Ts Tn
T2
F4 o x o
T1 T2 T3 T4

Go o—<—uo
T1 T2
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Let G be a reductive linear algebraic group defined over k, and let G be k-
split. Then the group of k-rational points G(k) is called an (untwisted) group
of Lie type. (Another common way to introduce groups of Lie type is as groups
of automorphisms of buildings, as in [35, IL.§5].)

There is an important presentation for the group G(k), called the Steinberg
presentation. Let R = (X, ®,Y, ®*) be the root datum of G with respect to a
k-split maximal torus T. The generators are x..(a), for r a root and a € k, and
y®t, for y € Y and t € k*. We also define auxiliary generators

ne(t) := . ()x_ (=t . (t) and n, :=n,(1).
The relations are

(yet)(y©u) =y (tu),
et)(zot)=(y+2) ot
7 ®@t=n.(—1)n.(t),
(yet)" =ys &t
xr(a)x,(b) = z.(a +b),

xr(a)xr'(b) =z,(a) H xir+jr/(C’ieraibj), (3.4)

4,j>0
mr(a)x,T(t) _ ,’E,T<—t2a)xr(t71)’

where r and 7’ are linearly independent roots, y,z € Y, a,b € k and t,u € k*.
The product on the right-hand side of (3.4) runs over roots of the form ir + jr’
(for ¢ and j positive integers) in a fixed order. See [12] or [15] for a description
of this order and the definition of C;j,3. The last relation is redundant except
when the rank is one. Note that h,.(t) = r* ® ¢ is another common notation.
The generators of the form z,(a) for a # 0 are called root elements.

We can recover the following important subgroups of G(k) from the Steinberg
presentation:

e T(k), the k-rational points of the torus T, is generated by the elements
Yyt

e N(k), the k-rational points of the normalizer N := Ng(T), is generated
by T'(k) and the terms n,..

For w in the Weyl group W, take the lexicographically smallest reduced
expression w = sg, ---Sg, and set W = ng, ---ng,. There is an isomor-
phism between N(k)/T (k) and W given by T'(k)w < w.

e The group of k-rational points U(k) of the standard maximal unipotent
subgroup is generated by the elements z,(a) for r a positive root and
a€k.
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o X, (k):={x.(t) | t € k} is the root subgroup of G(k) corresponding to the
root r € .

3.3 Automorphisms

In this section, we give a short overview of algebraic and nonalgebraic automor-
phisms of reductive algebraic groups.

Let Aut(G) denote the group of algebraic automorphisms of G, let Autx (G)
denote the algebraic automorphisms of G that are defined over K, and let
Aut(G(K)) denote the group of automorphisms of G(K) as an abstract group.
Note that Auty(G) is the group of K-rational points of Aut(G).

3.11 Lemma ([18, Theorem 27.4]).
If G is a semisimple linear algebraic group, then Aut(G) is a linear algebraic
group. |

Although this theorem is only stated for semisimple groups, it can be extended
to reductive groups as well.

We consider the following four types of automorphisms on G: A field auto-
morphism is an automorphism on G induced by an element of I'sep. A inner
automorphism is conjugation by an element of G. A diagram automorphism is
an automorphism induced by a symmetry of the Dynkin diagram of G. Note
further that in types, where all roots have the same length, a diagram automor-
phism corresponding to a Dynkin diagram symmetry 7 is uniquely determined
by

() = 2o (Art),

where each A, is either 1 or —1 and all these signs are uniquely determined
by A, for r € II. Further, the signs may be chosen to be 1 for all r € II
(see, for example, [9, Proposition 12.2.3]), in which case we denote the diagram
automorphism of G by 7.

Field automorphisms are not algebraic, but inner and diagram automorphisms
are.

3.12 Lemma ([9, Proposition 12.2.3]).

Let G be a k-split reductive linear algebraic group and T" a k-split maximal torus.
Denote the group of symmetries of the Dynkin diagram of G by D := Aut(D)
and the group of diagram automorphisms by D’. Then D'T/T = D. |

3.4 Classification of twisted forms

Let G be a linear algebraic group defined over the field k and let K be a Galois
extension of k contained in the algebraic closure k. Since K is separable, it is
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contained in ksep. Let Tyep := Gal(kgep: k) and T’ := Gal(K: k). Then Iy, acts
continuously on G, as described in Section 3.1, and so I'sep also acts continuously
on Aut(G), the group of algebraic automorphisms of G as in (2.7) of Chapter 2.
Furthermore, actions of T on G(K) and on Autx(G) are induced by the actions
of T'sep on G and Aut(G). The first cohomology H' (Tsep, Aut(G)) is called the
Galois cohomology of G. Note that H* (Isep, G) and H' (Isep, Aut(G)) are often
denoted H'(k,G) and H' (k, Aut(G)) in the literature.

Given a € Z!'(Igep, Aut(G)), we define the x-action of I'se, on G with respect
to ¢ as in Section 2.3:

gxy:=¢g"* foryel and g € G,

and define G4 to be the group G with the x-action instead of the natural action
of I'sep on G. The group G, is called the twisted form of G' induced by a.

Although G and G, are the same as abstract groups, they have different
groups of rational points. Let K be a Galois extension of k contained in k.
Then

Gao(K)={g9g€G|g*vy=gforall vy € Gal(ksep: K)}

3.5
={geG|g"™ =g for all v € Gal(ksep: K)}. (35)

Note that this agrees with the definition of G(K) in Section 3.1 if we take a to
be the trivial cocycle:

Gi1(K)={g€ G| g™ =g for all v € Gal(ksep: K)}
={geG|g" =gforall v € Gal(ksep: K)} = G(K).

If G is reductive, then a group of rational points of G, is called a twisted group
of Lie type.

The following proposition, when applied to L = kgp, states that groups of
rational points of two twisted forms are conjugate in Aut(G) if, and only if,
their cocycles are cohomologous. That is, twisted forms of G are classified by

H'(Daep, Aut(G)).

3.13 Proposition.
Let G be a linear algebraic group defined over k. Let L be a Galois extension
of k contained in k and let K be a Galois extension of k contained in L. Let
I' = Gal(L: K). Let @ and 3 be in Z*(I', Aut(G)). The cocycles a and B3 are
cohomologous with respect to a € Auty(G) (that is, B8 = a(®) if, and only if,
Ga(K)* = Gg(K).

Proof. First suppose we have a € Auty(G) such that B, = a 7a,a for all
v €T'. Then g € Gg(K) if, and only if, g“_1 € Go(K), since

-1

P (g’yﬁ.y)a_l _ g'y(a_'*aﬁ,ya)a_1 _ ga_l'ya.y
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for all v € T'. Hence, Go(K)* = Gg(K).
Now suppose G (K)* = Gg(K). Then for every g € Gg(K) there is an
h € Go(K) with g = h® and

g’\/ﬁw =g= he = (h"/a.y)a — haa_l'yaﬂ,a _ ga_l'ya_ya _ g'ya_"’a,ya

for all 4 € T'. Hence, ¢+ = g% "® for all g € Gg(K), and so B, =a Ta,a.
Thus, o« and 3 are cohomologous. O

Finally, we state the analogue of the Proposition 2.3 for linear algebraic
groups. This is a well-known result.

3.14 Proposition ([32, 12.3.4]).

Let G be a linear algebraic group and let H be a closed normal subgroup, both
defined over the field k. Let I'sep := Gal(ksep: k). Let i : H — G be the inclusion
map and 7 : G — G/H the canonical projection map. Let 6° and 6! be defined
as in Proposition 2.3. Then the sequence

0 © 10 70 170 &
1-H'I'H)—- H (I'G) - H'(I',G/H) —
S g\r, 1) L H\(T,G) > H\(T,G/H)
is exact and, if H is a subgroup of the center of G, the sequence obtained by
adding
S, H)

on the right is also exact.

Proof. By Theorem 3.10, the quotient G/H is a linear algebraic group defined
over k, and G, H, and G/H are T'-groups as described above. The rest of the
proof is analogous to the proof of Proposition 2.3. O

3.5 Computation of the (GGalois cohomology

In this section, we describe how the Galois cohomology of reductive linear alge-
braic groups can be computed. In the first step, we compute the cohomology of
a finite quotient of the automorphism group A := Autx(G). Then we extend
the cocycles to the group A using methods from Section 2.5.

3.5.1 Preliminary results

In this section, we present well known results used in the subsequent sections
to compute Galois cohomology.
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3.15 Theorem (Springer’s Lemma, [30, Lemma III.6]).

Let C be a Cartan subgroup of a linear algebraic group G defined over k, and
let N := N¢(C) be the normalizer of C' in G. Let I'yep := Gal(ksep: k). The
canonical map H'(gep, N) — H'(Tsep, G) is surjective. [ |

As in [32, 17.10.1], we say that a field k has cohomological dimension < 1 if
there are no nontrivial central division algebras over k. Examples include finite
fields and the field of rational functions C(t).

3.16 Theorem ([30, Corollary 3 of Theorem III.3]).
Let G be a linear algebraic group defined over a perfect field k of dimension
< 1, let G° be its identity component, and let 7 : G — G/G° be the standard
projection. Then

7t H' (Tsep, G) — H* (Tsep, G/G®)

is bijective. |

The importance of this result for the computation of the Galois cohomology is
evident: it reduces the computation of the cohomology on G to the computation
of the cohomology on a finite group. An important special case of this theorem
is:

3.17 Theorem (Lang’s Theorem).
If G is a connected linear algebraic group defined over a finite field k, then

H'(Tyep, G) = 1. [ |
This theorem is often stated in the following, obviously equivalent, form:

3.18 Theorem (Lang’s Theorem).
Let G be a connected linear algebraic group defined over a finite field k with
|k| = ¢, and let F': G — G be the field automorphism induced by

kE—k, zw— i
Then the map
L:G—G, h—h"th
is surjective. |

3.5.2 Cohomology of DW

Let G be k-split reductive linear algebraic group. We use Springer’s Lemma 3.15
to compute Galois cohomology. First we compute the cohomology of I'sep, on
DWW where W is the Weyl group and D is the symmetry group of the Dynkin
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diagram of G. This is used to find the Galois cohomology of Aut(G) in Section
3.5.3.
We start with a general lemma:

3.19 Lemma.
Let A be a I''-group with the trivial action. Let A be a normal subgroup of I"/
and let T' :=I"/A. Then the map

ir : ZYT,A) — Z1(I, A),
defined by
ir(@) iy aya fora€ ZHT,A) and y € T’
is an inclusion of pointed sets.

Proof. To avoid large subscripts, we write a(7y) instead of ., in this proof.
Since I acts trivially on A, all cocycles considered here are group homomor-
phisms. Let @ € Z1(T', A) be a cocycle. Set 3 := ir(a). Then

B(mz) = a(11724A) = a(n1AA) = a(n1A)a(rA) = B(11)B(72)

for all 1,72 € I''. Thus B € Z1(I'", A). It is also easily seen that ir(1) =1 €
ZY(T’, A). Thus, ir is a morphism of pointed sets.

For injectivity let a,&’ € Z}(I', A) and set B := ir(a) and B := ir(a’).
Suppose B = B, then we have for all v € I':

a(yA) = B(y) = B'(y) = ' (vA).
Hence ir is injective. |

We fix some notation: Let T be a k-split maximal torus of G. Let R =
(X,®,Y,d*) be the root datum of G with respect to T and II fundamental
system. Write elements of G as words in the Steinberg presentation, as described
in Section 3.2. Let N be the normaliser of T in G. Then the Weyl group W is
isomorphic to N/T. We have standard representatives w for w € W, which are
fixed by all field automorphisms, so are contained in G(k). Let D = Aut(D)
be the automorphism group of the Dynkin diagram D of G. We also identify
elements of D with the corresponding automorphisms induced on the root datum
R of G.

Set Aut(R) to be the set of automorphisms of X preserving ®. Then Aut(R) =
DW. Indeed, if s € Aut(R) leaves II invariant, it is an element of D. If it does
not, II® is another fundamental system for ® and there is a w € W such that
I = II®, hence sw™! leaves II invariant, so is an element of D.

If H is an arbitrary group and R is a root datum, then a group homomorphism
v H — Aut(R) is called a representation of H on R. Two representations ¢
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and 1 of H on R are equivalent if there is an automorphism a € Aut(R), such
that o(h) = a4 (h)a for all h € H.

3.20 Proposition.
Let I'scp be the Galois group Gal(ksep: k) of the separable closure ke, of k. Then
a set of representatives of H!(I'sep, DW) is given by

U ir(RID)),

r
where the union is taken over all subgroups I'' of DW that occur as Galois groups
of a Galois extension of k, ir is as in the previous lemma, and R(T") is a set of
representatives of equivalence classes of faithful representations of I' on R.

Proof. The Galois group e, acts trivially on DW and thus Z'(Tgep, DW) is
the set of homomorphisms from I'sep, to DW.

Since DW = Aut(R), each a € Z!(Tsep, DW) gives a representation of Isep
on R. Moreover, two cocycles o and 3 are cohomologous if, and only if, they
are equivalent as representations of I'ss, on R. Thus H 1(Fsep,DW) is the set
of equivalence classes of representations of I'scp, on R.

Assume a € Z'(Tsep, DW) is not injective. Then k has a Galois extension
K C k with A = kerax = Gal(kgep: K) and T' 1= Tgop/A ~ Gal(K:k) by
the Fundamental Theorem of Galois theory. Moreover, & = ip(3) for some
B € ZYT',DW) by Lemma 3.19 and 3 is a faithful representation.

Hence it is sufficient to consider only faithful representations of I' on R for
subgroups I' of DW that occur as Galois groups of a Galois extension of k. [

An immediate consequence of this proposition is that | DW| is a bound on the
degree of field extensions that need to be considered.
Note that H'(I', DW) can be computed by the methods of Theorem 2.6.

3.5.3 Extension of an induced 1-cocycle

In this section, we extend Theorem 2.6 to H(T', Autx (Q)), replacing the group
equations by polynomial equations. We fix some notation for the rest of this
section: Let G be a reductive linear algebraic group defined over the field k
and let K be a finite Galois extension of k with Galois group I'. Let W be the
Weyl group of G and let D := Aut(D) the group of symmetries of the Dynkin
diagram D of G. Let A := Autg(G) and let T be a maximal torus of A. Let
C := C4(T) be a Cartan subgroup of A and let N := N4(C) be the normaliser
of C'in A.

3.21 Lemma.
Suppose T'=C. Then N = D" -T - Ng(T NG), where D' is the subgroup of A
generated by the diagram automorphisms. Further, N° =T and N/N° ~ DW.
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Proof. N is the normaliser of the maximal torus T', hence consists of all diagonal
and diagram automorphisms, all conjugations by a Weyl or a torus element of
G, and their products. The connected component N° consists of all diagonal
automorphisms. Finally,

N/N° = D'TNg(T N G)/T ~ DW. O

Using the previous lemma and Section 3.5.2 we can compute the cohomology
on N/N°. Next we have to extend the cocycles on N/N° to cocycles on N.
This is done using methods of Section 2.5. Since the group NV is in general
not finite, solving group equations directly is not feasible. We therefore replace
group equations over N by polynomial equations in several steps.

First we describe how to replace group equations over N by equations over W
and equations over T. Let a € Z*(I', N/N°). Recall the notation of Theorem
2.6: Let I' = (v1,...,7 | r1,...,7¢). Since I' is finite, we may take r; to be
words in 71, ..., not involving inverses. We fix a set {t(z) € N | 2 € N/N°}
of coset representatives and introduce indeterminates b(vy1),. .., b(yx) over N°.

Decompose the coset representatives t(ay,) = 7y, t, W, with 7, € D, t,, € T,
and w,, € W. Decompose the indeterminates b(y;) = $.,0,, into new indeter-
minates s, € T and v,, € W. Then, for every relator r = [[\~, o;, the equation

m

£ (@m0 <1 a0

i=1

corresponding to (2.8) and (2.9), is equivalent to equation

HTgiwmvgi =1 (3.7)
i=1

in DW with indeterminates v,, and, for each given solution of (3.7), the equa-
tion
m m .
1 7ot 0, [J (007 50,) % =1 (3.8)
i=1 i=1
in T with indeterminates s.,, where

m
Xi =g, |[ fo,tic,b0,0;.
j=i+1
To see this, we use the simple fact that xy = ya¥ for elements of a group and
that all 7,,,,,, and ?,, commute with field automorphisms, we obtain (3.8)
from (3.6). Now

7=

m mo _1
. . . Weo . .

H To;Wo;Vo; = ( (to.” SUi)XZ> €T

i=1

—
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and thus

m
H To; We, Vo, = 1.
i=1

Note that the right hand side of (3.8) is 14 = id¢g, and hence is conjugation by
an element from Z(G).

Let K[z1,...,x¢] be a polynomial ring. A formal sum

n m;
— Qg
p= a; yj )
=0 j=1

where n and m,; are nonnegative integers, a; € K, a;; € I', and y; € {z1,...,2¢},
is called a (multivariate) polynomial over K with field automorphisms. The total
degree of p is max{mo, ..., My }.

Fix a solution v,, € W of (3.7). We now show that the group equation (3.8)
is equivalent to a polynomial equation with field automorphisms. The left hand
side of the equation

m . m _1
Weo, X c e
H(tgi 801) - (HTinUiUUi)
i=1

i=1

is a torus element involving indeterminates. The right hand side is a known
torus element. Now we replace every indeterminate s,, over T' by a d-tuple
of indeterminates over K, using the isomorphism 7 ~ Gp¢. Then the left
hand side becomes a d-tuple of polynomials with field automorphisms and the
equation is now equivalent to d polynomial equations with field automorphisms.

We now describe how to replace polynomials with a field automorphism by
ordinary polynomials. Let p be a polynomial with field automorphisms over K
in ¢ variables of total degree n. Let r := [K : k] and let (by,...,b,) be a basis
of K as a vector space over k. Substitute the formal sum 25:1 bjz;; for every
indeterminate x; of p, where z;1,...,z; are new indeterminates over the field
k. Then p becomes an ordinary polynomial s over K of the same total degree
n with r¢ variables. The map

(g €k|i=1,0l, j=1,...,7) (ijaiju:l,...?e)
j=1

is a bijection between the set of zeros of s in k"¢ and the set of zeros of p in K.

A simpler approach is available when K is a finite field: Every v € T" has the
form « : z + 29" for some m, where ¢ is the size of k. Substituting 29" for 27
provides an ordinary polynomial s’ of degree at most ¢™n in the same number
of variables. The zero sets of p and s’ are the same. The systems of polynomial
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Table 3.2: Timings for computation of Grobner Bases.

| Group | [K : k] | time

Ag(5) 2 6.250
Az(5) 2 66.930
E(5) 2 2.070
D4(5) 6 | 157.980
D5(5) 2 0.700

equations obtained by this method can be solved relatively easily by the Walk
method [13] for Grébner Basis computation, as can be seen from the Table 3.2
We have now proved the following proposition:

3.22 Proposition.

Let a € ZY(T', N/N°) and suppose T' = C. Let v, be indeterminates over W for
Y1, .-, and let s,, ; be indeterminates over K for v¢,...,v,and j =1,...,4d,
where d is the dimension of T. Set s, = (S+,1,--.,5+,,4) € T. Consider the
system of equations given by (3.7) and (3.8) for every relator r =[], o;.

(a) This system is solvable if, and only if, a can be extended to a cocycle
on N.

(b) For every solution of this system,
B = [[t(a’n) : 3“/11."%’ R t(a’Yk) . S'Yk’[]'Yk]]
is a 1-cocycle on N, such that 8 = a.
(c) Every cocycle 3 € Z'(I', N) with 8 = a can be constructed this way.

(d) A representative of every class [8] € HY(T', A) can be constructed this
way.

If A is reductive, then T' = C' and Proposition 3.22 can be applied.

3.5.4 Conclusion

We now give some general remarks on the presented algorithms. We know
N/N° from Lemma 3.21 and compute the finite cohomology Hl(F, N/No) as
described in Section 2.6 and extend its representatives to cocycles on Aut g (G)
using Proposition 3.22. We solve the system (3.7) of group equations over the
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Weyl group W and the corresponding system (3.8) of polynomial equations.
The polynomial equations are solved using methods for Grobner bases.

In general, all solutions of these systems of equations must be found. The
importance of Lemma 3.16 is that, whenever it holds, only one solution for each
system of equations is required.

We now discuss the cases where Lemma 3.16 cannot be applied. If the field
k is not perfect or not of dimension < 1, then one of the following can happen:

1. The same cocycle from Z'(I';, N/N°) can be extended to (at least) two
non-cohomologous cocycles in Z(T, N).
For example, A = Aut(SLy) ~ PGLy is connected, thus A/A° ~ 1 and

there is only the trivial cocycle to extend. This lifts to the trivial cocycle
and to [c,] with h = (1) and ¢ € N(K). (See Case 1 after the proof
of Proposition 4.12 in Section 4.5.1.)

2. Some cocycles in Z1(I', N/N°) may have no extensions in Z(I', N).

In this case Grobner basis methods would show that there are no solutions.

3.6 Example: GL;

In this section, we explicitly compute the cocycles and twisted forms of GL;.
See Section 4.5 for more examples. Recall the group G := G, = GL; defined
in the Section 3.1:

G={(z,y) €k*|zy—1=0}

with the multiplication (z1,41) - (%2, y2) := (122, y1y2).
For any Galois extension K of k contained in k, the group of rational points
is
G(K)={(z,y) e K* |zy =1}
={(z,y) e K? |y=a"' 2 £0} ~ K"

By considering polynomials in the variables x and y, which define group auto-
morphisms, we see that the group of algebraic automorphisms of G is

Aut(G) = (1)

with 7 : (z,9) — (y, ). Note that 72 = 1 and Aut(G) = Autk (G) for every K.

Now suppose K is an extension of degree 2 and set I' := Gal(K: k) = (). Con-
sider a € Z' (T, Aut g (G)). Since every cocycle in Z! (T, Autg (G)) is uniquely
determined by the image of ~, we have two cases:

Case 1: The trivial cocycle 1. Then Gy (k) = G(k) ~ k*.
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Case 2: a = [7]. Then

Ga(k) ={9 € G(K) [ g"* =g}
={(z,y) e K? |zy =1 and (z,9)"" = (2,y)}
={(z,y) e K* |zy=1and y = 27}
={(z,y) € K? |zz” =1 and y = 27}
~{zre K |zx" =1}

That is, Ga (k) is the set of norm 1 elements of K. In other words, G (k)
is the subgroup of unitary matrices of GL;.

In the case k = F,;, we have K =Fgp2, v: 2 — 29,

Gi(k)~{r e K |29 =1}, and
Go(k) ~{rx e K|z =1}

In the case k =R and K = C, we have v : a + ib — a — ib,

Gi(k) ~ {(z,y) € k* | xy = 1} and
Gaolk) ~{z e K |zz" =1}
~ {(a,b) € k* | a®* +b* = 1}.

The groups of R-rational points of G; and G, are shown in Figure 3.1.

Figure 3.1: R-rational points of G; and G4.

Y Y
3T G1(R) 3T Ga(R)
2+ 2+
| 4R
I I — I I I I —
1 2 3 -4 -3 -2 *\1\\/1 2 3
2 L
_3 4
4 L
(split form) (compact form)
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Chapter 4

Twisted forms

In this chapter, we study twisted forms of reductive linear algebraic groups.
That is, we are given a reductive k-split linear algebraic group G defined over
a field k and a cocycle o € H!(Tsep, Aut(G)), where I'sep := Gal(ksep: k) is the
Galois group of the separable closure of k. Using Springer’s Lemma 3.15, we can
assume that a stabilizes the standard k-split torus 7. Then, as in Section 3.4,
the group of k-rational points of the twisted form G, is

Ga(k)={9€G|g"™ =g Vy €T}

One can easily determine if a given element g € G lies in G (k) or not. This is
not satisfactory for computing with G (k) however, since this definition gives
us no nontrivial elements to work with. To this end, we develop algorithms
for computing the normal subgroup G (k) of G (k) generated by the root
elements. This also provides a presentation for G (k).

The quotient G (k)/Ga(k)! is called the Whitehead group, see for example
[38]. The determination of the Whitehead group is very hard in general. In [23,
Chapter 9], a general overview is given and, among other results, the Whitehead
group is proven to be trivial for algebraic number fields in all types other than
2E¢. We expect that our methods will be useful for determining the Whitehead
group.

Note that the methods presented here do not work for types 2Ba, 2G9 and 2Fy,
since the map induced by the Dynkin diagram symmetry on the root lattice X
is not a linear map. We expect though, that our method will work if we replace
X, which is a Z-module spanned by the fundamental system TI, by a (Z+Z+/2)-
module in cases 2By and 2Fy4 or a (Z + Z+/3)-module in the case 2Go.
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4.1 Relative root system

Just as the Steinberg presentation for G(k) is based on a root datum, the pre-
sentation for G (k)" is based on a relative root system, which we describe in
this section. Our description is based on Satake [27] and Schattschneider [28].

First we make the connection between our notation and the notation in [28].
As usual, set A := Aut(G), I' := Isep = Gal(ksep: k), and let a € ZH(T, Na(T))
be a fixed cocycle. Let R = (X, ®,Y, ®*) be the root datum of G with funda-
mental system II.

As shown in Section 3.5.2, HY(T', No(T)/(Na(T))°) ~ HY(T, DW) and co-
cycles of DW are homomorphisms from I' to DW. Since DW ~ Aut(R), a
cocycle determines an action of I' on R and thus a permutation action on the
root system ®. This is the '-action in [28].

Let Oq(x) denote the orbit of x € X under the I'-action corresponding to
the cocycle ae. By [283, (16)], either O (r) is contained in ®*, or it is contained
in 7, or the sum of the roots of O (r) is zero. In the latter case, we have

ZTO‘” =0,

yel’

which is equivalent to

Z s =0, (4.1)

S€EO(T)

since

Zr“” =m Z s,
)

yel SEO (T

where m is the order of the stabilizer of r in I". Put

Xo={xeX|) x> =0}  and (42)
~el
XU .= {xeX|x* =xforallyeT} (4.3)

Let &y := & N X and Iy := II N Xy. Then, by [28, §1], X is a submodule of
X, &g is a subsystem of ®, and Ilj is a fundamental system of ®y. Note that
Iy is not necessarily a basis of X, (a counterexample is given in Example 4.1).

Set X := X/X, and let 7 : X — X be the standard projection. Then X is
a free Z-module and 7 is a homomorphism of modules. Let ¥ and A be the
images under 7 of ® \ @y and IT\ Iy, respectively. Then ¥ is a root system and
A is a fundamental system of it. We call ¥ the relative root system and A the
relative fundamental system. Note that ¥ need not be irreducible nor reduced
even if ® is. The rank of the relative system is |A| and is called the relative
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rank of G, whereas the rank |II| of ® is called the absolute rank. Let ¥+ and
U~ denote the images under 7 of &+ \ &g and &~ \ ;. When Xy = X, the
relative root system is an empty set and the form is called anisotropic.

Let § € Ut be a relative root. We fix a set of representatives of the orbits
Ou(r) with the property 7(r) = ¢ and call this set Js Then, by [28, §2],

U Oa(r) C 1\ . (4.4)

reds

We now construct an action of I" on II induced by the action on ®. Remember
that oy = 7w for some 7 € D, w € W. Then y acts on II by

T,
This is the [[']-action of [28]. The cocycle o and the corresponding twisted form
G« are called inner if the [I']-action is trivial and outer otherwise. Let [O](r)
be the orbit of r € II under this action. Then, by [28, Proposition 3.5],

[Ola(r) =T 07 (7(r)).

Computation of the actions of I' on ® and on II, as well as the orbits of both
actions, is straightforward using the definitions, and is very fast. For example,
in type Agg, the computation takes less than 2 seconds on a Pentium 1.6 GHz.

4.1 Example.
We illustrate this by a small example. Let ® be a root system of type Az and let
IT = {ry, 72,73} be a fundamental root system of ® with the Dynkin diagram:

o—O0—=
T1 T2 T3

Then the Weyl group W is generated by fundamental reflections s, s, and
s3. Let T" = (v) be of order 2. Choose the cocycle & = [rs2], where 7 is the
non-trivial Dynkin diagram symmetry. Then

Xo = <’I“2,7“1 — ’I“3>7 by = {ir2}7 and I, = {7“2}.

The orbits of the actions of I" on ® and II are

Oal(r1) ={ri,r2 + 13}, [Ola(r1) = {ri,rs},
Oa(rz) = {rz, —r2}, [Ola(r2) = {r2},
Oal(rs) ={rs,r1 + 12},

Oa(ri+re+rs) ={ri +r2+rs},

together with the orbits lying entirely in @, which are determined by negating
the orbits in ®*. The relative root system is ¥ = {447, 4281 } with §; = w(rq).
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This is a root system of type BC; with the fundamental system A = {d;}.
Furthermore

7T_1((51) = Oa(rl) U Oa(Tg) and 7T_1(251) = Oa(T‘l + T2 + 7"3).

Finally, we state several basic results that are used in Section 4.3

4.2 Lemma.
Let r and s be positive roots with r € @\ ®(. If r+s € ® then r+s € T\ P

Proof. Every positive root is a unique linear combination of roots in II with non-
negative coefficients. Since r € ®g, the coefficient of at least one fundamental
root in IT\ Iy is positive in the linear combination of 7. But then the coefficient
of this fundamental root in the linear combination of r 4+ s is also positive. [

For the next lemma, recall that the only scalar multiples of a root 7 in a (not
necessarily reduced) root system are :i:%r, +r and +2r.

4.3 Lemma.

Let 0,e € U and r € 7=1(4), s € 7 1(e). If ir + js € ® for positive integers i
and 4, then id + je € U and w(ir + js) = id + je. In particular, if § = ¢, then
we must have i = j = 1 and 7(r + 5) = 26.

Proof. By the previous lemma, ir+js € ®\®g, and, since 7 is a homomorphism
of Z-modules, we have 7(ir + js) = in(r) + jn(s) = id + je € Ut.

If 6 =€, then 7(ir 4+ js) = (i + 7)d. This can only be a root in W if i + j = 2
since ¢ and j are positive integers. ([

Recall from Section 3.2 the notation for the maximal unipotent subgroup
U(K) of G(K) and the root subgroups.

4.4 Corollary.
Suppose § € UF but 26 ¢ ¥ and let 7,5 € 7~ 1(5). Then [X,, Xs] = 1.

Proof. By Equation (3.4) in Section 3.2, [z,(u), zs(v)] is a product of root el-
ements corresponding to roots in ®* that have the form ir + js for positive
integers ¢ and j. But if ir 4 js is a root for some positive integers ¢ and j, then
i=j7=1and 7(r+s) =20 € ¥ by Lemma 4.3, a contradiction to 26 ¢ ¥. O

4.5 Corollary.
Suppose §,26 € U and let 7 € 771(8), s € 771(28). Then [X,, X ] = 1.

Proof. The commutator [z, (u),zs(v)] is a product of root elements correspond-
ing to roots in ®T that have the form ir+js with positive integers i and j. But if
ir+js is a root for some positive integers i and j, then w(ir+js) = (i+2j)0 € ¥
by Lemma 4.3 and i + 25 > 3, a contradiction. O
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4.2 Tits indices

In this section, we describe a graphic notation for relative root systems called
the Tits index (see e.g., [37]). It is the Dynkin diagram of the absolute root
system of G together with additional data. We call a vertex of the Dynkin
diagram distinguished if the corresponding fundamental root r is not contained
in IIy. The vertices of the fundamental roots belonging to the same [[']-orbit
are placed “next” to each other. If a vertex is distinguished, then all roots in
its [[']-orbit are distinguished as well, and we circle the orbit.

Thus, the example from the previous section has the Tits index

T1
T2

T3

Let S be a maximal k-split torus contained in 7. The commutator subgroup
of the centraliser C(S) is a semisimple k-anisotropic group and is called the
anisotropic kernel of Go. The anisotropic kernel is also a reductive group and
the diagram of the anisotropic kernel is obtained from the index of G, by
removing all distinguished vertices.

We use the same terminology for the Tits indices as in [37]: A Tits index
is denoted by ngL, ¢» where M, is the Cartan type of the Dynkin diagram, g
is the order of the quotient of I' modulo the kernel of the [I']-action, n and ¢
are the absolute and the relative ranks, and ¢ denotes the degree of a division
algebra that occurs in the definition of the form in the case of classical types
and it denotes the dimension of the anisotropic kernel in the case of exceptional
types. To emphasize the difference in the notation, ¢ is put in parenthesis for
the classical types. The Tits index in the above example has type QASi. We

obviously have g = 1 for inner forms, in which case ¢ is usually omitted.

Note that the computations of the previous section also allow the Tits index
to be computed from the cocycle a.

To compute a cocycle of the linear algebraic group corresponding to a given
Tits index, one first has to read the action on II off the diagram and then
find Weyl group elements such that [riws, ..., 7w,] is a cocycle of T on DW.
Then a cocycle on G is given by o = [f1w1hq, ..., Tnnhy], where hy,... hy
are torus elements that need to be chosen according to Proposition 3.22; that
is, by solving a system of polynomial equations.

Note that different h; may give noncohomologous cocycles. The corresponding
forms, however, only differ on the anisotropic kernel.
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4.3 Root subgroups

The (standard) unipotent subgroup of G (k) is Ug (k) := U(K)NGa(k). We now
describe the root elements and root subgroups of Uq (k). Let v € T, let oo, = 71
for n € N, and let w € W be the image of n under the natural homomorphism.
Then the image under yoa, of the root element z,(t,) for r € ® and ¢, € K, is

Tr(tr)7 = @prw (Apy ),

where )., is a constant that depends on the root r and, for a fixed cocycle «,
on . Let § € ¥ be a relative root. Its preimages are, as described by (4.4),

71(6) = | Oalr).
reds

Symbolically construct a K-vector space Vs with basis Js and denote by ¢, the
coefficient of r € Js in the linear combination of ¢t € V5. For t € Vj set

us(t) = [[ T] =), (4.5)

reJs yel'

where the whole product is taken in the ordering of the roots fixed for the unique
decomposition of U in Section 3.2, and set

Us = {us(t) | t € V5}. (4.6)
Then us(t)7*> is the product of the same terms taken in a different order, since
(xr(tr)'y’aw/)’vaw _ xr(tT)“/vaLaw = 2 ()7 1%

and so us(t)7* = ugs(t)c,(t). In other words, we set ¢, (t) := ug(t) ™ tus(t)7*r.
The following lemma provides a description of ¢, (t). If 6,20 € U, set

Yos 1= H X, (K).
ren—1(26)

4.6 Lemma.
If 26 ¢ ¥, then ¢, (t) =1 for all v € I'. Otherwise ¢, (t) € Yas.

Proof. If 26 is not a relative root, then all root elements in the product (4.5)
commute by Corollary 4.5.

If 26 € U, then ¢, (t) is a product of commutators of pairs of root elements
from the product (4.5). Let 7, s € 7~ 1(§) be two roots. By Lemma 4.3, the com-
mutator of root elements corresponding to these roots is a single root element
corresponding to the root r + s € 771(24). O
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Let 0 € ¥ be a relative root. First we consider the case 26 ¢ W. In this case
we define the relative root elements to be

s (t) == us(t) (4.7)

for t € V5 and the relative root subgroups X5 := Us. Indeed, X, is an (abstract)
abelian group by Lemma 4.6 with relations

z5(t) - ws(s) = ws(t +s),
Z‘g(t)_l = J)g(—t),
[z5(t), 25(s)] = 1

for t,s € V.

Now consider the case where 24 is also a relative root. Choose an arbitrary
u = ugs(t) and compute ¢, () := v~ 'uT* for all v € I'. We need a correction
term v € U(K) such that

w = (uv)’* = w7 = uc, (H)v7* forall vy €T,
which is equivalent to

cy(t) =vv 7 forall y €T.

4.7 Lemma.

(a) For a given ¢, the map p : v — c,(t) is a cocycle in Z*(T', Ya5).

(b) There is a solution v for the system of equations

cy(t) =vv 7%, ~yeT. (4.8)
Proof. To show that p is a cocycle, we compute
ws(B)e (£) = us(t)7' @ = (us(8)1%)7' % = (us(t)e, (£)7
= us(£)ey (£)e (1) = us(t)ey (8)7 " e ().

Hence, ¢,/ () = ¢y (t)'ylav’cn,/ (t). But Yas is unipotent, thus H!(T, Ya5) = 1 and
the constructed cocycle is cohomologous to the trivial one, that is, there is an
element v € Y5 such that ¢, (t) = vo=7* for all v € T O

A method to construct such a solution v for given elements ¢ (t) is discussed
in the Section 4.4 below.

4.8 Lemma.
For given ¢, (t), v € T, the set of solutions v € Y5 for (4.8) is the coset v1Xos,
where v is any particular solution for this equation system.
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Proof. Let v be a solution of (4.8) and x € X5, then vz € Ya5 and
(vx)(vz) 7 = vzr T 0TI = pzrT T = v T T = ¢, (1)
for all v € I'. Let on the other hand, v; and ve be two solutions for (4.8), then
vavy " =y (t) = viv] 'Y = o7 o = ] M0 = (v teg) T,
for all v € T, thus 1)1_1’02 € Xos. O

Now we can define the relative root elements in the case § € ¥ with 2§ € ¥ to
be

5(t) = us(t)v(t) (4.9)

for t € Vs, where v(t) € Yas is an arbitrary fixed solution for (4.8). Define the
relative root subgroups to be

Xs = <X25; xg(t) | te V5>

Note that, by Lemma 4.8, the definition of X5 does not depend on the choice
of the elements v(t) in (4.9).

4.9 Lemma.
(a) Xy is a central subgroup of X5 and X5 = <x5(t) |t e V5>X25.
= {zs(t)w25(s) | t € Vi, 5 € Vas }

Proof. (a) follows from the fact that elements xz5(t) and z25(s) commute for any
t € Vs, s € Vo5 by Corollary 4.5.

For (b), the inclusion of the right hand side in X is trivial. For the other
inclusion, let z5(t) = us(t)v(t) and x5(s) = us(s)v(s) for t,s € V5. Then

x5(t)xs(s) = us(t)v(t)us(s)v(s) = us(t)us(s)v(t)v(s)
= us(t + s)y(t, s)v(t)v(s),

where y(t,s) is a product of root elements corresponding to roots in 7 ~1(26),
and depends on ¢ and s.
Now the element x5(t)xs(s) is fixed by vya, and we have

us(t+ 5)y(t, $)(to(s) = (us(t + )yt s)u(t)o(s)) ™
= us(t+5)7% (y(t, s)o(t)v(s))"™"
=us(t + s)c, (t + s)(y(t, s)v(t)v(s ))7%7

where ¢, (t + s) is as before and
et 4 5) = (ylt,5)o(t)o(s) (u(t s)o(t)o(s) 7.
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Hence y(t, s)v(t)v(s) € v(t 4+ $)Xas by Lemma 4.8 and

xs5(t)xs(s) = us(t + s)y(t, s)v(t)v(s) € zs(t + ) Xas. O
Finally
x5(t)zs(s) € x5(t + 5)Xas, (4.10)
z5(t) 7! € x5(—t) Xas, (4.11)
[l‘g(t)73;‘5(8)] € Xos. (4.12)

In particular, X5 is nilpotent of nilpotency class 2. The exact relations between
relative root elements of this form can be easily computed inside the original
untwisted group of Lie type. For each group, we compute them for generic
relative root elements once, so we can use them for computations.

4.10 Proposition.
Ua(k) = (X5 |6 € TT).

Proof. Let u € Uy (k) be an arbitrary element. Write the unique decomposition
of u as a product of root elements. Let x,(v) be the first nontrivial root element
occurring in the decomposition, that is, r is the first root with coefficient v # 0.

Since x,(v) occurs in this product, z,(v)7* must also occur in the product
for each v € T', since u is fixed by yor,. In particular, O (r) must be contained
in ®, hence 6 := 7w(r) € ¥T. Now let ¢ € V5 with £, = v and ¢, = 0
for r # s € Js. Thus u = z5(¢t)u’ and all root elements occurring in the
decomposition of u’ correspond to roots larger than r. Since the number of
roots is finite, u € (X5 | 6 € ¥1) by induction. O

The relative root elements and relative root subgroups for negative relative
roots are defined in the similar way. Now we define a normal subgroup of G (k):

Galk) = (Ua(k)? | g € Gal(k)).

The quotient G (k)/G (k)T is called the Whitehead group. Its description is a
hard problem and is of interest for the study of G (k).

4.4 Cohomology of unipotent subgroups

Suppose we have a reductive algebraic group G defined over k and U is its
standard maximal unipotent subgroup. Let K be a Galois extension of k and
let I := Gal(K: k). In this section, we describe how to find an element v € U(K)
with the property

ey =vv 7%, forallyel
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for a given cocycle ¢ € Z'(T, Yas), and e € Z*(I', N4(U(K))).

By [32, 14.3.10], there are no twisted forms of unipotent groups if & is perfect.
That is, the above equation always has a solution. To obtain the solution, we
repeatedly use the following proposition:

4.11 Proposition ([30, Proposition II.1]).
For every Galois extension K over a field k and I" := Gal(K: k), we have

H'I,Ga(K)) =1,
where G,(K) is the additive group of K. [ |

We first describe how this proposition is applied in case &« = 1: We recall that
¢y can be written as a product of root elements in a certain ordering respecting
the heights of the roots, [15, 12]. We write ¢y = z,(t,,)d,, where d, is a product
of root elements corresponding to roots which are larger than r with respect to
this ordering. Now we use the above proposition to find an element s, € K
with the property s, — s}, =, and obtain

xr(srﬁ)_lcvxr(srﬁ)’y = xr(_sn"/)xr(tnv)dvxr(sl,y)
= (=) T (tr )70 (s7)d,
= T (=Sry + ey + 57,)d, = d,
where dif is also a product of root elements corresponding to roots which are all

larger than 7. Since there is only a finite number of roots, by induction we can
find an element b € U(K) with the property d’, = bb~7. Now we obtain

ey = Ty (S )AL xr(5r4) 7
= 20 (8r,7)00 20 (81,7) T = (21 (51,7)b) (2 (51,7)0) o
For o« # 1, the situation is slightly more difficult. But we only need the

solution in a special case: The elements ¢, and the solution v are contained in
Y55, and this group is commutative. Recall that

Cy = H zr(sr) and wv= H Xy (Uy).
ren—1(26) ren—1(26)

Thus
v = H;pra,y (_)\T’Yu:)'
Now
v Y% = eroc»y ('u,rou, — )\TvuZ)
and we obtain the following system of equations over K from the equation

Cy = Vv T¥:

Spey = Upery — Apyu)  for v € 71(20). (4.13)
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We recall that the elements s, and A, are known and the elements u, are the
indeterminates. The next step is done for every v € I', we write A, instead of
Ar+ to simplify the notation. Now we fix a root 7 € 771 (§) and get the equation
for

Sp + )\T,a;l (37_‘1;1 )’Y + )\T'a;l )\TO‘;2 (Sra;g )’Y —|— e = Up — H )\qui)uzo (414)
=1

where o is the order of the orbit of r under a,. This is best shown on a small
example: Suppose 77 1(25) consists of three roots: 71, r and r3, and o, acts
on them as a permutation (r1,r2,73). Then the System of equations (4.13) is
Spy = Upy — Apgt),
Spy = Upy — Ap U,

Spy = Upy — Apy U, .

Now we build the equation

2
57’1 + AT:} 523 + )\7"3 )\7"2 Szg

2
— _ Y _ Y\ _ Y)Y
- uTl )\7'3 u’l’3 + )\TS (uTz )‘7‘2 urz) + )‘Ts )‘T2 (uTz )\Tl url )

3
= Upy — Apy Ay A )

The single Equation (4.14) can be solved in the field k using the proposition
above. The other indeterminates can now be computed using the equations
from the system (4.13). In the above example,

Upy = )\Tl u’ryl — Srys

_ v o
Upy = ApyUpl, — Spy

4.5 Important Examples

In this section, we present several important examples. For the group SLs, we
compute the Galois cohomology and the corresponding twisted forms explicitly.
We compute the subgroup generated by the root subgroups for twisted groups
of Lie type ?Eg 1(k), 3Dy 1(k) and 5Dy 1 (k). Finally, we present an embedding
of the twisted group of Lie type 2A7(k) into E(k) for finite fields.

4.5.1 Example: SL,

Let k be a field and let G be the linear algebraic group SLo, defined over k. Let
K be a quadratic extension of k. So I' := Gal(K: k) = (o) is of order 2. Write
7 :=2°. For X = (z;5) € SLy(K), write X := (Z7;). Let N : K — k be the
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norm map defined by = — xZ. We denote by c, the conjugation automorphism
x +— x induced by g € GLy(K).

Let A := Autg(G) ~ PGLy(K). Then T acts on A as in Section 2.3: ¢ =
oo = opo for ¢ € A. But now ¢ = ¢, for some g € GLy(K), so

@7 =cg = cg.

4.12 Proposition.

Let a € ZY(T', A). Then a, = ¢ for some h € GLy(K) with the following
properties:

1. hh = xI, for some x € k*; and

2. either h = (9%) for ¢ € k* (in this case is © = ¢); or h = (29%) for
a,byc € K witha = —ce! = —bb (in this case aa = 1 and x =¢b + 1).

Proof. Since « is a cocycle, a, € Autg (G) and a, = ¢, for some h € GLy(K).
Thus, idg = a,2 = af - a; = ¢;;;,. Hence, hh = xI, for some z € K*. Now let

h=(ta)
Case d =0: Then b # 0 and we can assume b = 1 (otherwise replace h by
b='h). Now xly = hh = (E‘E+C§). Thus a =0and z =c=7¢ € k*.

ca [

Case d # 0: Here we can assume d = 1 (otherwise replace h by d=th). Now
xI, = hh = (%‘Zﬂ’c‘f ggﬂ’). And it follows that ¢ = —¢a and b = —ab.
Further, z =¢b + 1. O

We wish to determine which cocycles a = [¢;,] € Z1(T', A) are cohomologous
to the trivial cocycle and find the intertwining elements for them. A cocycle a
is cohomologous to 1 if, and only if, oy = ¢~ 7¢ for some ¢ = ¢4, € A and this
is true if, and only if, there is a y € K* with ygh = g. Now the problem is to
find such g and y. Set g := (gi;).

Case 1: h=(,'),cek".

Then g = ygh = (ycg” Y91 ). Thus we get five equations:

YCdaz Y921
911 = YCG2, 912 = YJ11, det g # 0,
921 = YCGag, 922 = YJo1,

and these are equivalent to

N(y) = c_la g12 = ygll’ detg 7& 0)

922 = YGo1-
Hence a is cohomologous to the trivial cocycle if, and only if, ¢ is in
the image of the norm map. If it is, ¢ = ¢4, with g = (1 ;’%), where
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y € N71(c7t) and i € K\k. By Proposition 3.13, ¢ is an isomorphism
from G(k) = SLa(k) to Gu(k).

If, on the other hand, ¢ is not in the image of the norm map, then G(k)
is not conjugate to G (k).

Case 2: h = (‘C”l’)

If b £ 0, then set z = (b}" (1)), and a(®) was handled in Case 1. If ¢ # 0,
then set y = (é *“’171) and a!®) was handled in Case 1. From now on we
assume that b=c=0and h = (“ 1) and (by the above proposition) that

a has norm 1.

We show that a is cohomologous to 1 if, and only if, we can find a A € K*
with A™7X = a. In this case conjugation by (Yl 1) is the intertwining
element in A. In particular, a cocycle of this form is always a coboundary
if k is a finite field (by Hilbert’s Theorem 90) or whenever H(T', K*) is
trivial.

By the above computation, « is cohomologous to 1 if, and only if, we can
find g € GLy(K) and y € K*, such that ygh = ¢g. This amounts to solving
the following system of equations:

gi1 = ygn a, 912 = YJ12; detg # 0,
go1 = Ygo1 a, 922 = YGaa,

which is equivalent to finding a A € K*, such that
AT =a.
Indeed, if we can find such a A, then g = (A 1), y = 1 is a solution for the

above system; if we can find a solution for the above system, then at least
one of g11g22, g12g21 is not equal to zero and

\ = {911 923 if gr1ge2 #0,
921 913 if g12g21 # 0

is a solution for the last equation above.

Finally, we compute the twisted groups explicitly. Let 7 = (71 1) and M :=
7~ h, where h has either form (C 1), as in Case 1, or the form (“ 1), as in Case
2. Then the map fi : K2 x K? — K, defined by fi : (v,w) — vMw' is a
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Hermitian form and (SLs)q (k) = SU2(K, fur):

g€ SLa)a(k) = g7% =g
shlgh=yg
s htnr lgnrth=yg
S Mg M=y
& gMgt =M
& fur(vg, wg) = vgMg'w' = vMw' = far(v, w)
for all v,w € K?
< g € SUL(K, fur).

Recall that SLa(k) is isomorphic to (SLa)e (k) = SU2(K, far) if, and only if, the
cocycle defined by h is a coboundary.

We now present a different point of view for h = ( - ), as in Case 1:

(SLa)a(k) = {g € SLa(K) | g = g7 = g°"}
_ {(au (112) € SLo(K) | (au &12> _ (522 8_1521)}
a21 Aa22 a21 A22 Ca12 a1

= {<a11 a12) € SLy(K) | age = @11, ao1 = 0512}

a1 Aa22

= {(CL_” 312) € SLQ(K)}.
ca12  ai11

We can describe this group in terms of quaternion algebras:
Choose ¢ € k*. Then the set of all 2 x 2 matrices over K of the form

()

form a quaternion algebra Q = Q(K/k,c) over k (cf. [39, Section 9]). If we
identify K with its image in @ under the map a — diag(a,a) and set A := (1),
then we can write every element of @) as a + bA. There is a unique extension of
o to an involution (antiautomorphism of order 2) of @, such that A = —\. The
norm of an element in @ is given by

N(a+ b)) = (a+0b\)(a+ b)) = (a+b\)(@— b\ = aa — cbb.

Hence (SL2)q (k) is the set of all elements of the quaternion algebra @ with
norm 1, i.e., (SL2)a(k) = SL1(Q).

The quaternion algebra is a division algebra if, and only if, ¢ ¢ N(K). If
¢ € N(K), then Q ~ Msyo(k). This leads to the two cases: SL1(Q), @ a
quaternion division algebra and SL;(Max2(k)) =~ SLa(k).
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4.5.2 A twisted form of Eg of rank 1: *E’, (k)

Let R = (X, ®,Y, ®*) be the adjoint root datum of type Eg and G(k) = Eg(k)
be given by the Steinberg presentation. Let II be a fundamental system with
the following Dynkin diagram D:

T1 r3 T4 Ts Te6

Denote the highest root by r.. We also use the notation <c¢</ for the root
ary + bro 4+ -+ - + frg. In this section, we compute relative root elements and
root subgroups for the twisted group of Lie type corresponding to the Tits index
2E35 (k)

6,1\):

T3 T1

T2 T4
Ts Te
This form is known not to exist over finite fields, over p-adic fields, or over R.
There are number fields k over which this form exists (see for example Selbach
[29]). We compute 2E§f’1(k)T as a subgroup of Eg(K), where K is a quadratic
extension of k. Denote by ~ the non-trivial automorphism in I' := Gal(K: k).

The cocycle

First we compute a cocycle of T' on Autx(G) defining a twisted form corre-
sponding to the above index. As described in Section 4.2, this amounts to find
a Weyl group element w, such that 7w has the needed action on ® and II, where
T is the non-trivial symmetry of D. Recall the notation 7 from Section 3.3. Next
we have to find a torus element h, such that

a = [Twh]

is a cocycle.

We know from the Tits index that IIp = {r1,73,...,7¢} and Pq is the sub-
system of ® spanned by Iy of type As. The Weyl element w = wo(®g) has the
required properties for the I'-action on ®. The orbits of I' on @, that sum up
to 0 and those contained in ®* are given by

Ou(r) ={r,—r} if r € @,
Oalrs) ={r«},
Ou(r) ={r,r. —r} ifr € &\ &y and r # r*.
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The relative root system ¥ = {44, +£26} has type BC; with

716) = | Oal),

reds

71(20) = O (ry)

where Js = {00000 ootoo oito0 ootio 11100} We denote the elements of Js by
Bi,...,P5 and set 3; := 7Y for i =6,...,10.

Now that we have the required actions of I' on ® and II, we have to choose
a torus element h = H?:1 ha;(si), where s; € k*. For a to be a cocycle, ya,

must have order 2, which is true if, and only if,

5353558256 = —1.
Hence s; is determined by so, ..., sg:
2.2.3.2. \—1
81 = —(85838,8556) .

By construction, o leaves the subgroup As(K) := (X,.(K) | r € &) of G(K)
invariant and the restriction of ¢ to this subgroup is also an algebraic automor-
phism defining a cocycle.

Further we assume the existence of s1, s, s3, ..., S¢ € k*, such that the group
(A5)a (k) is an anisotropic twisted group of Lie type. Basically, this means that
the standard representation of the torus element [],.; ha, (s;) in SLg(K) defines
an anisotropic unitary form ¢ on K% and (As5)q (k) ~ SUg(k, q).

Relative root elements

We use methods from Section 4.3. By (4.5) and (4.7), we have

T25(t) = uas(t) = H Ty, (b)) = 2y, (tr, — t;y*)

For the root 9, we first compute

us(t) = [[ [Jartr)>

reds

and ¢(t) can be computed, but we omit the details. To compute v(t), we intro-
duce constants

6
e =] ek
i=1

Then for t € K:

ZCT(t)a’Y = Lprw (NT,TTIU Cp - t)7

z, (1) =2, (cr, - 1)
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In characteristic not 2, we introduce a k-valued bilinear form g : V5 x V5 — k:

10
g(t,u) :== Z cpitpuy,-
i=1

Then a solution v(t) for the equation (4.8) is

and the relative root element is

x5(t) = us(t)v(t).

4.5.3 The groups Dy, (k) and %Dy (k)

Let R = (X, ®,Y, ®*) be the adjoint root datum of type Dy4. In this section, we
compute the root elements of the twisted groups of Lie type corresponding to
the Tits diagrams 3D4,1 and 6D471, both corresponding to the following figure:

1
" CE .
T4

Both these groups were of recent interest, see for example [24].

We start by computing the relative root systems and the root orbits under
the actions of I' on ® and II as described in Section 4.1. We use the notation
of that section and denote the highest root by r..

The group of all its symmetries of the Dynkin diagram is D = (73, 72), where
73 = (r1,73,74) and 7 = (r3,r4). Recall the notation 7 from Section 3.3.

Type 3D4,1
If T has order 3, then there is no cocycle in Z*(I', DW) with the properties

Oa(’l“g) C (I)+,

> r)=0fori=1,34.
el

The smallest possible field extension, for which such a cocycle exists, has cyclic
Galois group of order 6, which we consider in the following construction. Let

=
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Then the cocycle a = [3515354] admits the above Tits index. The I'-orbits
are:
Oulr1) = {£r1, trs, £ra},
Oa(ra) = {r2,71 +1r2 + 73+ 14},
Oa(r1 +12) = {re + 11,72 + 13,72 + 74,
ro + 11+ 73, e + T2 + 4, mo 13+ T4l

Oalrs) ={r.}.
The [[']-orbits are:

[Ola(r1) = {r1,rs, ra},
[Ola(ra) = {ra},
of which only the latter is distinguished. We have
XO = <7“1,’I“3,’I“4>, Ho = {7”1,7‘3,7“4}, (bo = {irl,irg,im}.

The relative root system is ¥ = {40, £26} of type BC; with the fundamental
system A = {§}. We set Js = {r.} and Jos = {ro,m1 +12}. Let r5 := 11 + 7a.
The [[']-action is not faithful. The kernel of the action is (y3) and the order
of the quotient is 3. Thus the index is of type *Dy ;.
The cocycle a € Z1(I', No(T)) now has the form [3ninzngh], where h is
conjugation by a torus element. The torus element hy(—1)h3(—1)hs(—1) makes
a is a cocycle. By (4.5) and (4.7), we have

25(t) = uzs(t) = [ . (tr. )™
=2y (b, — 8], + 81, — 81 17 —E)).
For the root §, we first compute

us(t) = [ [[=r ),

reds
C(t) = T, (bog 0, + oyt + gt — by t.).

r2Y%rg T5Yrs

In characteristic not 2, a solution v(t) for the equation (4.8) is

i

v@—an<z}1wmm©*§XWQaﬁﬂ

=0 =0
4
- [3 5
D ) + 0t
1=0

and the relative root element is

25(t) = us()o(t).
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Type 6D471

Consider a Galois extension K of k with Galois group isomorphic to ¥3 and gen-
erators 73,2 of orders 3 and 2 respectively. Then the cocycle a = [73, 7251 5354]
admits the above Tits index. The I'- and [[']-orbits are the same as in the case
of 3Dy 1, as are Xo, Iy and ®¢. The relative root system is ¥ = {£4,+25}
of type BC; with the fundamental system A = {§}. We set Js = {r.} and
Jas = {re, 5}, as above.

This time the [[]-action is faithful, thus the index is of type 5Dy ;.

The cocycle a € Z1(I', No(T)) now has the form [+3h, 7aningnsh’], where
h and h' are conjugations by torus elements. The torus elements h = 1 and
R = h1(=1)h3(—1)hg(—1) make & a cocycle. By (4.5) and (4.7), we have

a5(t) = ugs(t) = [ [ . (8)7
=z, (t* _ t::z _ tzz’YS _ t’*Ys’Yz + t;Ya + t:kYB’Ya)_

For the root §, we first compute

us(t) = [ [[rtr)>,

reds

and two terms ¢(t) for the two generators of T":

= Y2 Y23 473 __ Y23 47V37Y3 __ 4Y37Y2473
C’Yz (t) - xT* (thtrg trg trg trg trg t’l"g tr2
437247373 2 V2773473 Y3Y2 47373
tT2 trg tT5tT5 + tr5 t’l‘s + tr5 t’l‘5 )7
— Y2 Y273 V3Y2 __ V2473 __ $Y27Y3473
Cys (t) = Tr, (tT2 tr2 + t”‘z t’l"z + th tr2 tr2 t’l”g trg t’l"z

— RS — )2 S 12V,
In characteristic not 2, a simultaneous solution v(t) for the equation system

Cyy (8) = v()v(t) 722, Cys (1) = v(t)0(t) 713

2 2 2 2
— 1 Y2473 Y2v3 473 Y3v2473 Y3Y2473
U(t) = Tr, (5 (a’ - trg trz - trg tr2 - t?"z th + trs tT5 ) )

where @ is the field element occurring in ¢, (t), and the relative root element is

x5(t) = us(t)v(t).

4.5.4 2A;(k) inside E;(k)

This section is devoted to the construction of a subgroup of E;(k), which is
isomorphic to the twisted group of Lie type 2A7(k). This subgroup is an open
case in [21, Section 4.1]
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Consider the usual embedding A7(k) C E7(k), that is, the map

yit) =z (t) ya2(t) = o1 (t)
yi(t) — x;(t) fori=3,...,7,

where y;(t) are root elements of A7(k), x;(t) the ones of E7(k) and r, is the
highest root in the root system of type E;. Denote by wo(A7) and wy(E7) the
longest elements of the Weyl groups of A7(k) and E(k), respectively, and set
w = U)()(A7)’U)0(E7).

Then conjugation by w induces the standard diagram automorphism on A~ (k)
and a = [w] is an inner cocycle on E;(k) but an outer cocycle on Ar(k) and
Az (k) = (A7)a(k).

Using Galois cohomology we have

Az (k) = (A7)a(k) € (Br)a(k) = Eq(k),

where the last isomorphism is a conjugation given by Lang’s Theorem 3.17 and
Proposition 3.13. Since w is always defined over the prime field, and has order
4, a conjugating element a can always be found in E(k*) by [11, Proposition
2.1], due to the author and Scott Murray.

For k = 5, the element a given in Figure 4.1 was computed by Scott Murray
using methods from [11]. The same method would work for other finite fields of
characteristic > 3.
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Figure 4.1: Element conjugating (E7)q (F5) to E7(F5).

21 (E110) o (6123 (€2%)wa (€7%0) w5 (€7 )6 (€2°%) 7 (£77% )2 (3) 20 (3)
210(€") 211 (€70)212(67%%)213(1%)214(67%) 215 (€720) 217 (677 15(€%°)
220(67%%)292(2) 223 (€70) 224 (677%) 225 (4) 226 (620 ) 227 (1) w28 (€34 229 (£7°°)

5030(5130)1'31(5338)$32(£546)$33(5182)1}34(3)1’35(5104)3}36(6390)1}37(6572)
38(1) 239 (€°) 240 (%) 241 (€2°°) 242 (7% ) 243 (2) 244 (€7 w45 (1) 246 (€2°°)
248(3)w50(2) @51 (1)252(63°) 255 (€%9) 254 (£2°%) 55 (€M) 256 (£ 257 (€19)
w58 (§%°%) w50 (€14 )60 (1) 61 (67°%) w2 (€14 )63 (6°%)
ha (€2%)ha (€7 ) ha(€%%°) ha(€7°) hs (€22 ) (€11T)

N1NIN3N| NAN2NZ N NAN3NENA N N3N NAN3NENAT N LA T2 N3V A3 N5 LA LD
NgN5NAN3N N7 NENENAN2N3 N TAT3 N5 AN NG5 AT3 T Ty e M5 A2 N3 A TLs e VT
xl(5494)1,2(5104)x3(§390>x4(§208)x5(5234);66(6572)1,7(&-182)3?8(6338)‘%,9(5572)
$10(§286)I11(£52)$12(6546).’1:13(6234)I14(§104)I15(6546)5,516(678)2717(6572)
218(E") 219 (£110) 20 (£7®) 221 (2) 222 (677%) 223 (£2%0) 224 (€777 ) a5 (£1%?)
226(€%%)@27(6%0) 225 (€7%%) 29 (€% 230 (€72 231 (£7%) 232 (€79 w33 (£2°1)
234(%%%) w35 (€27 )36 (€°°% )37 (€12 was (€1 )30 (3) a0 (4) a1 (€7°)w42(3)
x43(6520)1.44(5182)1.45(5338)1;46( 104)$47(§494)$4g(5260)x49(§78)$50(€338)
251 (§7%) w50 (619253 (€1%%) w54 (£2°) 55 (€70 w56 (€191 w57 (€177 )55 (€2°°)
259(§" ") w60 (1) 261 (€7°)w62(£720) 263 (£7)

The element is given as a word in Steinberg presentation, written in the unique
Bruhat decomposition, £ being a primitive element of Fxa.
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Chapter 5

Maximal tori and Sylow
subgroups

Let G be a reductive algebraic group defined over the field £ and I'yp :=
Gal(ksep: k). A twisted torus of G is a twisted form T, of the standard maxi-
mal torus T' C G, where a € Zl(Fsep,NAut(G) (T)). In this section, we give a
classification of all twisted tori of G using the methods of the previous chap-
ters. In case k is finite, we compute them explicitly. For this computation,
we need a set of conjugacy class representatives of the Weyl group of Gg for
B € Z (Tsep, N Aut(c)(T)). The conjugacy classes of Weyl groups are known
(see, for example, [22, 8]) and, in [14], algorithms for their computation are
described.

5.1 Twisted maximal tori

In this section, we provide a classification of all twisted tori of G(k) and, for finite
fields k, we compute them explicitly. It is well known that all the maximal tori
of G are conjugate in G (Theorem 3.6). We are interested the G(k)-conjugacy
classes of the groups of k-rational points of maximal k-tori of G.

We use the cohomology of I'se, on DW, where D is the automorphism group
of the Dynkin diagram and W the Weyl group of G. Therefore, we retain
the notation of Section 3.5.2: Let T be a maximal k-split torus of G and let
R = (X,®,Y,d*) be the root datum of G with respect to 7. Write elements of
G as words in the Steinberg generators, as described in Section 3.2. Let N be
the normaliser of T in G. The Weyl group W is isomorphic to N/T. We have
standard representatives w € N for each w € W, which are invariant under all
field automorphisms, thus contained in G(k). Let D be the automorphism group
of the Dynkin diagram D of G and identify D with the group of automorphisms
induced on the root datum R of G. Then Aut(R) = DW.
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First we consider cocycles that have values in Ny ) (7). Remember that,
for a twisted form Gg of G, the cocycle B can be assumed to have values in
Naut(e)(T) by Springer’s Lemma 3.15. Thus, Tg < Gg is a maximal torus of
G and all its twisted forms are obtained by cocycles with values in Naye(a) (T)-
That is, we obtain in one step not only all twisted tori of G, but also all twisted
tori of all twisted forms of G.

Note that in the following proposition we do not make any restrictions on the
choice of k.

5.1 Proposition.
The set of representatives of Ny () (T)-conjugacy classes of twisted tori of G
is

U { Ta | @ cic(RID)) },
N

where the union is taken over all subgroups of DW that occur as Galois groups
of a Galois extension of k, ir is as in Lemma 3.19, and R(T') is a set of repre-
sentatives of equivalence classes of faithful representations of I" on R.

Proof. The Nau(q)(T)-conjugacy classes of twisted tori are classified by ele-
ments of H'(Tsep, Naue(e)(T))-

Let N be the normaliser of T in G and W = N/T be the Weyl group. If ny, no
are two elements of N with n1T = nsT, then conjugation by n;, and by nsy give
the same automorphism of T'. Thus, Nauy(e)(T)/Caut(c)(T) ~ D'N/T ~ DW,
where D’ is the group of diagram automorphisms.

Now T'sep acts trivially on N @) (T), and so on DW, and thus

Hl(Fsep7 NAut(G) (T)) = Hl(rsepv DW)
The rest follows from Proposition 3.20. g
Note that for non-isomorphic field extensions K7 and K of k that have iso-
morphic Galois groups I' := Gal(K7: k) ~ Gal(Ks: k), and for p € ir(R(T)), the

groups of rational points T}, (K7) and T, (K>) are not isomorphic in general.

5.2 Corollary.
If k is finite, a set of representatives of the Nayu(q)(T)-conjugacy classes of
twisted tori of G is given by

{To | @ = [w],w € R},
where R is a set of conjugacy class representatives of elements of DWW

Proof. For finite fields, the finite Galois groups are always cyclic. Let T' = ()
be a cyclic group and o, : I' — DW two faithful representations of I' on
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R. Then o(a,) = o(y) and «, B are equivalent if, and only if, @, and 3, are
conjugate in DW.

Thus, equivalence classes of faithful representations of I' correspond to con-
jugacy classes of elements of DW of order |I'|. And

U{TalacRM) }={Ta|a=[w],weR}
r
where R is a set of conjugacy class representatives of elements of DIV . (I

If k is finite, we also write T}, instead of Tf, for w € DW.

5.2 Rational maximal tori

In this section, we describe the rational maximal tori of all twisted and un-
twisted forms Gg(k) of G(k) and, over finite fields, we classify and compute
them explicitly.

5.3 Lemma.

Let o, 3 € ip (R(F)), with the notation of Proposition 5.1. These cocycles
naturally embed in Z}(T', Autx (G)). If they are cohomologous as cocycles in
ZYT, Aut g (G)), then T4 (k) is conjugate in Auty (G) to the group of rational
points of a maximal torus of Gg(k).

Proof. Suppose, « is cohomologous to 3. That is, there is an a € Autx(G)
such that a., = a7 70, a for all v € I'. Then

- -1

Ta(k)® CGa(k)® =Gpa(k)

by Proposition 3.13. O

If a € G(k) is as in this proof, then Toé(k)“_1 is called a rational maximal torus
of Gﬁ(/ﬂ)

An important special case is given by the following lemma, which, together
with Corollary 5.2, provides a classification of all rational maximal tori of twisted
and untwisted finite groups of Lie type.

Denote the Weyl group of Gg by Wj.

5.4 Lemma.
Let k be finite. Define cocycles B8 = [7] for 7 € D and o = [rw] for some

w € Wg as in Corollary 5.2. Then T, (k) is conjugate in Gg(k) to a rational
maximal torus of Gg(k).
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Proof. We apply Lang’s theorem to the group Gg. By Lang’s theorem, applied
to the group Gg, [w] is a coboundary in Z'(T, Gg); thus

Lo ra

w=a""P.1.a=1"
and the intertwining element a is contained in Gg(k). Now a = [rw] is coho-
mologous to 3 as elements of Z1(I', Aut(G)) with the same intertwining element
a. The result now follows from the previous lemma. O

Note that, the lemma remains true with k replaced by a finite extension of k.
An algorithm for the construction of the conjugator a is given in [11].
Now we summarise Corollary 5.2 and Lemma 5.4 as

5.5 Corollary.
Let k be a finite field and let 8 = [7] for some 7 € D. A set of representatives
of the Gg(k)-conjugacy classes of groups of k-rational points of maximal tori of
Gg is given by

{Tar (k) | a = [rw],w € R},

where R is a set of conjugacy class representatives in Wpg, and a,, is the inter-
twining element from the previous lemma, i.e.,

P —YT
W= ay" Q.

5.3 Generators of twisted tori

In this section, we compute the generators of twisted tori explicitly in the case
k is finite. Let the notation be as in the previous section. Denote by ¢ the
semisimple rank of G. Note that methods from this and the next section do not
apply for twisted groups of types ?Bsy, 2Gy and 2Fy, since the map induced by
the Dynkin diagram symmetry on the root lattice is not a linear map.

5.6 Theorem.

Let w be an element of DW with order r. Let ¢ := |k|, and let K be the field
extension of k of degree r in k. Let T' := Gal(K:k) = (7). Set m := |[K*| =
q" — 1. Let M be the matrix of the action of w* on Y and let £ be a primitive
element of K. Then

Tw(k) = ((€",...,€") | (a1,...,a0) € B),

where B is a generating set of the fixed-point space in Z¢, of ¢M, interpreted
as a matrix over Z,,.
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Proof. Let t € T(K). Then, in the notation of Section 3.2,

‘
t:Ha;‘@mi
i=1

with x; € K*. Moreover, for all : = 1,...,¢ we have x; = £* for some a; € Z,.
By [12, 5.2]
¢ ¢ ¢ ¢
t“’:Ha;‘@(Hxl%j) :Ha§®( EaiM”).
j=1 i=1 j=1 i=1

Since v : x +— 7 in our case,

4 L ¢ ‘
o= oo ([Tew) = Tag el o),
Jj=1 i=1

j=1
Thus,
¢
Y=t = Zaiinﬁ =a;forallj=1,...,¢
i=1
<~  (a1,...,a0)gM = (aq,...,ap).
That is,

To(k) = {(€, ..., &) | (ar,...,ar) € Z,,, (a1, ..., a0) (M — I) =0}. (5.1)
O

Note that for different primitive elements of K this fixed-point space is the
same: For, let £, ¢ be two primitive elements in K and ¢t = (£%,...,%) =
(¢, ..., ¢b). Then ¢ = &€ for some invertible ¢ € Z,, and the exponent vector
(a1,...,a¢) is an eigenvector of gM to the eigenvalue 1 if, and only if, the
exponent vector (by,...,by) is one as well:

(b1,y...,b0)gM = c(ay,...,a0)gM = c(aq,...,a¢) = (by,...,be).

5.4 Computing orders of the maximal tori

Let the notation be as in the previous sections. The maximal tori of G are given
by Corollary 5.2 and Theorem 5.6. The maximal tori are abelian groups which
can be written as a direct product of cyclic subgroups. Given the type of the
root datum of G and an element w € DWW, we now compute the orders of the
cyclic factors of T, (k), as polynomials in q.
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This is done in essentially the same way as in the proof of the Theorem
5.6. We interpret ¢, the order of k, as an indeterminate, so the Equation (5.1)
becomes

a a T ¢
{en, e | @ an) € @l - 1),
(a1, a0)(@M — 1) = 0}.
Now B := ¢M —1I is a matrix over Z[q]/(¢"—1) and the order of the solution space

of the equation X B = 0 is exactly the order of T, (k), where X € (Z[g]/(q" —

1))6. We can view B as a matrix over Q[g|/(¢" — 1). Using MAGMA we obtain
the Smith form S of B by elementary matrix transformations. The order of the
solution space of XS = 0 is the same as the order of Ty,(k). The order of the
solution space of XS = 0 can now be read from the diagonal entries of S: Set

qr—l lfS”:O7
Sii otherwise

S; =

and obtain ,
Tu(k) =[] C..
i=1

where s; is the i-th diagonal entry of S and C, is a cyclic group of order a.

A priori, the Smith form S is a diagonal matrix over Q[g]/(¢" — 1). Every
diagonal entry has the form s; = f;/g; with f; € Z[q]/(¢" — 1) and g; € Z. First
we replace every zero on the diagonal by ¢" —1 and then multiply the last row by
Hf;ll 9; L and all other rows by g;, thus preserving the determinant and making
all but the last entry have integral coefficients. But the determinant of the
matrix obtained is the same as the determinant of B, which is the characteristic
polynomial of the matrix M, hence a polynomial with integral coefficients. Now
the last entry also has integral coefficients. All diagonal entries of the matrix
obtained are factors of the characteristic polynomial.

The results for exceptional types are given in Appendix A.

Raghunathan [25] uses similar techniques to describe the twisted tori, al-
though only in the quasisplit case.

5.7 Example (A; = SLy).
G(k) = SLa(k), k = GF(q), W = (w) ~ Cy. Standard torus:

T(k)=Ti(k) ={(" 1) |a € k*} 2 k* ~ Cy_1.
Twisted torus: o(w) = 2, thus K = GF(¢?), I' = Gal(K: k) = (7). Now
To(k)={t e T(K) | t" =t} = {(* 4») € SLa(K)}

~{a€e K" |aa” =1} >~ Cyi1.
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Examples for types Go, F4, Eg, E7, Eg, 2A5, ®Dy and 2Eg are stated in
Appendix A.

5.5 Computation of Sylow p-subgroups

We recall that G is a reductive linear algebraic group defined over the field k,
which we assume to be finite of order ¢ in this section. The aim of this section is
to construct a “standard” Sylow p-subgroup of G(k) for every prime p dividing
the order of G(k).

If the prime p is the characteristic of the field k, the maximal unipotent sub-
groups are precisely the Sylow p-subgroups and have order ¢V, where N is the
number of positive roots of the underlying root system. Using the Steinberg pre-
sentation, we already have a standard choice of a maximal unipotent subgroup:
the subgroup U (k).

From now on we assume that p is different from the characteristic of k. Let
S be a Sylow p-subgroup of G(k). Then S is nilpotent and each element of S is
semisimple. Hence, by Corollary [31, 5.19],

S < Ne (Tw(k)) (5.2)
for some (not necessarily unique) w € W and we have

Ner) (Tw (k) /T (k) =~ Cw (w)

and

[Na) (Tw (k)| = |Tw (k)] - |Cw (w)].
In case p{|Cw(w)|, we have S < T, (k) and we call the prime p nice.

5.8 Algorithm.
Note that when p is nice, steps 3 and 8 can be omitted.

0. Let p™ :=|G(k)|p. (A formula for |G(k)| can be found, e.g., in [9])

1. Let R be a set of conjugacy class representatives of W.

Using [14, Algorithm H] by Geck and Pfeiffer, each representative has the
shortest length among all elements of its conjugacy class.

2. Replace R by the set
{we R |p™ divides |Ng ) (Tw(k))|}- (5.2)

(Otherwise a contradiction to (5.2).)
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3. If p is not nice, select those Weyl elements for which SN T, (k) is largest.
That is, set v := maxy,er{|Tw(k)|p} and replace R by the set

{w e R||Tw(k)|p =u}.
4. Replace R by the set of elements w € R having the shortest length. (This
leads to a “maximally split” torus.)
5. Let w be the lexicographically smallest element of R.

6. Compute [s1,...,s¢] such that T, (k) = HleCsi using the algorithms
presented in Section 5.4.

7. Fori =1,...,¢, let g; be a generator of Cy, and s; = o; - p* with p 1 o;.
Then
SNTy(k) = (g7

i=1,...,0).

If S C Ty (k), we are done (this is always true if p is nice and in a few
cases if p is not nice).

8. Suppose S Z T,,(k). To simplify notation, denote the order of a group
element g by |g|.
Let p° = |S|/|S N Ty (k)|. Find a subgroup H of Cy (w) of order p°, which
is contained in a p-Sylow subgroup of Cy (w). Suppose H is generated by
the set X. Set ¢, := |#|/|z|. By Tits [30], we have ¢, = 2%, where £, >0
is an integer.
In case p # 2, replace & by m, := £%. Then m, has the same order as x
and is a representative of % . But since ged(|z|, ¢.) = 1, the elements z
and z% generate the same cyclic subgroup.

In case p = 2, the order of the element #!%! is a power of 2 and it is a torus
element, thus contained in [S N T, (k)|. Set m, := & in this case.

Now S = {((SNTy(k)U{m, |z € X}). O

Since we have standard representatives for every conjugacy class of W by
using [14, Algorithm HJ, and by Steps 4 and 5, this algorithm constructs a
“standard” Sylow subgroup.
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Appendix A

Decomposition of orders of
maximal tori

In this appendix we present the tables of the decomposed orders of maximal
tori of twisted and untwisted reductive linear algebraic groups defined over
finite fields. Note that the types 2By, 2Go and 2F, are not included here, since
the permutation on ® induced by the Dynkin diagram symmetry is not a linear
map and thus our method doesn’t work.

A.1 How to read the tables

Each row contains the orders o1, . . . , 0, of cyclic components of the torus Ty, (q) ~
Co, X -+ x C,,_, where w € W is given as a word in the simple reflections. For
example, in the last line of Table A.1, the Weyl element is

W = 815251825182,
where W = (s1, s2) is the Weyl group of Ga(g) and
Tw(q) = Cqy1 x Cgypar.

The generators of the Weyl groups are ordered as shown in the following
Dynkin diagrams. The numbering of fundamental roots is as in Table 3.1.

Computation of the decompositions of all exceptional types takes a total of
about 8 seconds on an Intel Pentium III 1.6GHz processor.
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A.2 Tables

Table A.1: Maximal tori in Ga(q)

H Orders | Weyl word ||

g—1,¢g-1
-1 1
-1 2
¢ —q+1 12
?+q+1 1212
g+1,g+1 121212

Table A.2: Maximal tori in F4(q)

H Orders | Weyl word ||

q—1,9g-1,9g-1,qg-1
q—1,q—1,¢4 -1 1
¢g—1,q-1,¢4-1 3
g—1,¢°—1 12
?-1,4-1 13
g—1, ¢ —¢+q-1 23
q—1,¢ -1 34
¢ +q-1 123
'+ —q-1 124
¢ +¢—q-1 134
' — @ +q—1 234
- +1 1234
?—1,q-1,q+1 2323
F+1,¢ -1 12323
41,4 -1 23234
" +1 123234
> —q+1,¢—q+1 12132343
g+1,q+1,¢4 -1 121321323
g+1,qg+1,¢*—1 232343234
q+1,¢+1 1213213234
g+1, ¢4 +1 1232343234
+1,¢+1 121321343234
g+1, ¢+ +q+1 12132132343234
g+l ¢?+q+1 1213213432132343
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Table A.2 — continued from previous page

|| Orders

Weyl word | |

|| q+1,q+1,q+1,qg+1

121321323432132343213234 ||

Table A.3: Maximal tori in Eg(q)

|| Orders | Weyl word ||
q—1,q-1,q-1,q—1,q—1,q—1
q—l,q—l,qfl,qfl,qul 1
¢—lLq-1,¢-1,¢-1 12
¢g—1,q-1,9q-1,¢ -1 13
g—1,¢q-1,¢"+¢>—q—1 123
?-1,¢-1,¢4-1 125
qg—1,q-1,¢* -1 134
¢—1,¢°—1 1234
-1, +¢—q-1 1235
P14 -1 1245
?-1,9-1,¢+q+1 1356
-1 ¢ = +q-1 2345
- +iP -1 12345
“+¢°—q-1 12346
Prg+l, ¢+ —qg—1 12356
Cra+l, ¢t —F+q-1 13456
C - +q+1 123456
C—F+q-1,¢-¢+q—1 234254
-+ - +q-1 1234254
@+ +1 12342546
—q+1l ¢ +¢*+1 123142345465
g+l g+1,¢°-1,¢4-1 234234542345
q+1,q+1,¢"' -1 1234234542345
g+, e+ + P+ +qg+1 12342345423456
PHa+lL, @ +q+1, P +q+1 123142314542314565423456

Table A.4: Maximal tori in E;(q)

|| Orders

Weyl word ||

q—1,q— Lg—1,¢-1,9g-1,¢g-1

)

1

1, q—
q—1,q-1,q-1,q—-1,9q-1,¢>—1
q—1,q-1,9q-1,¢°—-1,¢°—1

Y

12
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Table A.4 — continued from previous page

H Orders Weyl word ||
qfl,q—l,q—l,qfl,qgfl 13
q—1,9g-1,q-1,¢*"+¢*—q—1 123
g—1,¢3—-1,¢4-1,¢4-1 125
q—1,q—1,q—1,¢" -1 134
q—17q2—1,q2—17q—1,q—|—1 257
g—1,q—1,¢°—1 1234
-1, ¢ -1, ¢"+¢—q—1 1235
q—1,¢-1,¢"-1 1245
g+1,¢*—1,¢-1,¢ -1 1257
=1, ¢ -1, -1 1356
—1,¢-1¢"—¢*+q—1 2345
q—1,¢"—-1,¢g—1,¢q+1 2457
-1, —¢"+¢4 -1 12345
g—1,¢"+¢"—q—1 12346
F-1q¢"+¢—q-1 12356
g+1, ¢ =1, ¢"+¢*—q—1 12357
g+1,¢>—1,¢* -1 12457
g—1,¢°-1 13456
-1, ¢+ +¢* - —q-1 13467
g+ -1 ¢ = +q-1 23457
¢q—1,¢-1,¢+1 24567
- -+ +E -1 123456
g+1L ¢ —¢*+4 -1 123457
"+ +P—¢*—q—1 123467
g+, ¢+ +q¢* —¢?—q—1 123567
q+1,¢°—1 124567
g —1 134567
-1, - +q—1,¢ ¢ +q-1 234254
4+1,¢" =" +q—1 234567
¢ —1,¢ - +¢* ¢ +q-1 1234254
¢+ " P +q+1 1234567
C-+q-1,¢34+1,¢-1 2342547
-+t - +g—1 12342546
¢+, =+t - g1 12342547
F+1L,¢°—q¢t+q-1 23425467
¢ +1 123425467
G+ = +q—1 2342546547
-+t + - +1 12342546547
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Table A.4 — continued from previous page

|| Orders Weyl word ||
g+, -+ P +qg-1 123142345465
g+, -1, —1,¢—1,q+1 234234542345
P+ —q+1 1231423454657
g+1,¢"—1,q—1,q+1 1234234542345
g+1,q+1,q+1,¢*—1,¢*—1 2342345423457
g+1, ¢ -1, ¢ +1 12342345423456
¢+l q+1l,q+1,¢ -1 12342345423457
g+1,q+1, g+, ¢* = +q—1 23423454234567
q+1,q+1,¢°+1 123423454234567
G+ +q+1l, 2 +1, 641 2342345423456576
C+1L, ¢+t +q+1 12342345423456576

P-qg+1,¢*—q+1,¢+1

123142314354234654765

q+1,¢+1, ¢ +1

12314231435423143546576

PHqg+1,¢¢4+q+1,¢2-1

123142314542314565423456

CHa+ L, P+ +E P +g+1

123142314542314565423456
7

g+1,q+1,qg+1,g+1,g+1,¢>°—1

234234542345654234567654
234567

g+1,qg+1,¢g+1,¢g+1,¢+1

123423454234565423456765
4234567

g+, P+ +q+1, P+ +qg+1

123142345423145654234567
654234567

qg+1,q+1,q¢+1,q+1,¢q+1,g+1,q+1

123142314354231435426542
314354265431765423143542
654317654234567

Table A.5: Maximal tori in Eg(q)

Orders

Weyl word | |

q_laq_Lq_laq_Lq_lv
g—1,9g-1,q-1

q—1,q-1,¢-1,¢-1,¢q—-1, | 1
g—1,¢ -1

q_17q_17q_1aq_1aq2_1a 12
21
q

q—l,q—l,q—l,q—l,q—l, 13
¢’ —1

q—1,q-1,q-1,q-1,¢"+¢*— | 123
qg—1
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Table A.5 — continued from previous page

H Orders Weyl word ||
q—1,q-1,¢*-1,¢*—1,¢*—1 | 125
g—1,9g—1,q—1,q—1,¢*—1 | 134
g—1,q—1,9q—1,¢°—1 1234
q—1,q-1,¢*-1,¢"+¢*>—q—1 | 1235
qg—1,q—-1,¢*—1,¢* -1 1245
?-1,¢-1,¢4-1,¢-1 1257
qg—1,q-1,¢3—-1,¢ -1 1356
q—1,q—1,¢>—1,¢*—¢®+q—1 | 2345
qg—1,q-1,¢—q¢*+¢*—1 12345
q—1,q-1,¢5+¢" —q—1 12346
g—1,¢ -1, ¢"+¢*—q—1 12356
-1, -1,¢"+¢*—q—1 12357
F-1,¢-1,4"-1 12457
g—1,¢q—1,¢°-1 13456
q—1,q—1,¢°+¢"+q¢* —¢* —q—1 | 13467
-1, -1, ¢" - +q—1 23457
-1, - —¢*+@+¢*—1 | 123456
-1, -+ -1 123457
-1 ¢+ +f —>2—q—1 | 123467
P —-1,¢+¢ —q—1 123468
-1+ +¢" — 2 —q—1 | 123567
CHP—qg—1,¢"+¢4 —q—1 | 123568
?—-1,4-1 124567
g—1,¢"-1 134567
¢ —1,q" -1 134678
¢—1,0-1,¢ - +q—1, ¢ — | 234254
¢ +q—1
?—1,4¢-¢+q-1 234567
q—1,q-1, % —°+¢*" —>+q—1 | 1234254
e e i | 1234567
G+ =2 24> +> —q—1 | 1234568
FC+d -+ —qg—1 1234578
CHd++¢"— ¢ —¢® —q—1 | 1234678
B+2¢7+2¢5+P— ¢ —2q2—2q—1 | 1235678
F+q —q-1 1245678
¢ -1 1345678
C—*+q—1,—1,¢>—¢*+q—1 | 2342547
- +¢ -1 2345678
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Table A.5 — continued from previous page

|| Orders Weyl word ||
-1, ¢ -+t =P +q—1 | 12342546
C-1 ¢ — P+ —2+q—1 | 12342547
CHd - —F+q+1 12345678
C—P+q—1,¢—¢" +q—1 | 23425467
@ —q¢ +q-1 123425467
-+ —F+E -1 123425468
G+ —F -1 123425478
C—+ -+ - +q—1 | 234254678
¢ —-1,¢-1 1234254278
¢S —q'+1 1234254678
AP +q-1,¢ - —|—q—1 2342546547
¢ ,quGHq —2q +2+q—1 | 12342546547
F-d+ -+ = 1 23425465478
G2 +2¢—1, ¢ —¢* + ¢ — | 123142345465
q2 +q—1
C—P+q—1,¢+¢ —¢>—1 | 123142345478
-+ - +1 123425465478
P—-1,¢2—-1,q9—1,q+1,q—1, | 234234542345
q+1
08 —2¢"+2¢°—¢°+¢>—2¢>+2¢—1 | 1231423454657
P—q+1, 2 —q+1, ¢*+¢3—q—1 | 1231423454658
G —1,q—1,q+1,qg—1,q+1 | 1234234542345
g+1,q+1,2—1,¢>—1, %2 —1 | 2342345423457
P -qg+1,¢ - +1 12314234546578
g—1Lg+1,¢-1,¢+1 12342345423456
g+1,q+1, 2 -1, ¢4 -1 12342345423457
g+1,g+1,¢>—1, ¢* — > +q—1 | 23423454234567
g+1,q+1,¢*—¢+q-1 123423454234567
g+1,q+1,¢°—1 123423454234568
q+1,q+1, ¢®+¢°+¢*—¢® —q—1 | 123423454234578
g+1,g+1, ¢ —¢*+¢*—1 234234542345678
-+ -+ —qg+1 1231423454657653
q+1,¢"+¢% —q* —¢®+q+1 | 1234234542345678
P+l e—1,¢2+1, -1 2342345423456576
G+t + 1,21 12342345423456576
qg+1,q+1, ®—®+q*— 2 +q—1 | 23423454234565768
g+1, ¢ +1 123423454234565768
P R R C | 12314234542365476548
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Table A.5 — continued from previous page

Orders

Weyl word

*—q+1,¢*—q+1, ¢*—¢*+q—1

123142314354234654765

q2+17q2+17q4_1

234234542345654765876

g+1,q+1,¢*-1,¢*+¢*—q—1

1231423143542314354278

—q+1,¢ =+ —q+1

1231423143542346547658

?+1,¢°+1

1234234542345654765876

g+1, ¢ +1, ¢ —¢*+q—1

12314231435423143546576

g+, - +¢*+¢ - +1

123142314354231435465768

+q+1,¢*-1,q-1,¢*+q+1

123142314542314565423456

P+ —q+1, ¢ — P+ —
q+1

123142314542345654765876

+q+1, ¢ +q+1, ¢* —¢*+q—1

123142314542314565423456 7

+q+1, ¢ +q+1, ¢*+¢*—q—1

123142314542314565423456 8

g+, ="+ +¢* —q+1

123142314542314356547658 76

Pra+1, ¢+ - +q+1

123142314542314565423456 78

F+q+1, ¢+ +1

1231423145423145654234567687

¢t +1,¢"+1

123142314354231465423476548765

q+17Q+1aQ+1aQ+1aq2_17
¢ —1

234234542345654234567654234567

q+1,q+1,q+1,q+1, ¢* —¢*+
qg—1

1234234542345654234567654234567

g+1,qg+1,g+1,g+1,¢* -1

2342345423456542345676542345678

g+1,qg+1,qg+1,¢°+1

12342345423456542345676542345678

P+ +q+1, ¢* -1, P+P+q+1

123142345423145654234567654234567

CHE+qg+1, P+t +q+1

1231423454231456542345676542345678

F—q+1,¢7—q+1, ¢ —q+1,
?—q+1

12314231435423145654231456765423456
78765

*—q+1, ¢ +1,q+1, ¢ —q+1

12314231435423143542654231456765423
4567876

P+ ¢+ +1

12314231435423143546542345676543187
654234567

g+1,q¢+1,¢3+1, ¢ +1

12314231435423456542314567654231435
465768765

C+riP+a+1L, ¢+ +¢+1

12314231435423145654231435676542314
35465768765

G223 +2q+1, ¢+ + 3+
¢ +q+1

12314231454231456542345676542345678
76542345678

P+ g+ PP+
q+1

12314231454231456542314567654231456
7876542345678

Continued on next page
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Table A.5 — continued from previous page

|| Orders

Weyl word

C+HLE+L P+, 2 +1

12314231435423143542654234576542314
3548765423143542654765876

g+l q+1,¢+1,qg+1,q+1,
q+1,¢°—1

12314231435423143542654231435426543
1765423143542654317654234567

q+1,q+1,¢+1,¢+1,qg+1,
@ +1

12314231435423143542654231435426543
17654231435426543176542345678

q+1,q+1, F++q+1, ¢+
P +qg+1

12314231435423143542654231435426543
1765423143542654317876542345678

CHa+1l, ¢ +q+1, ¢ +q+1,
P +q+1

12314231435423143565423143542676542
31435426543178765423143542654317654
2345678765

q+1,q+1,¢+1,¢+1, qg+1,
q+1,q+1,qg+1

12314231435423143542654231435426543
17654231435426543176542345678765423
14354265431765423456787654231435426
543176542345678

Table A.6: Maximal tori in 2A5(q)

|| Orders | Weyl word ||
g—1,¢-1,¢4-1
g—1,¢°-1,¢>—-1 24
g+, ¢ -1, -1 23432
P —q+1, ¢ +1 32145
g—1,¢"' -1 2343215
-+ - +q-1 2321432154
g+1,¢' -1 123214354321
g+, ¢ -1, -1 2132143215432
g+1,qg+1,q+1,¢* -1 12132432154321
g+1,q+1,q+1,q+1,q+1 121321432154321
Table A.7: Maximal tori in 3Dy(q)
|| Orders | Weyl word ||
g—1,¢ -1
- +q-1 134
@ —q+1,¢*—q+1 2134
+g+l, P +q+1 21324213

Continued on next page
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Table A.7 — continued from previous page

H Orders Weyl word ||
¢ +¢—q-1 213242132
g+1,¢3+1 121321421324

Table A.8: Maximal tori in 2Eg(q)

H Orders | Weyl word ||
g—1,q—-1,¢—-1,¢4-1
-1, "+ - +qg-1 3156
F—q+L ¢ = +q—1 31546
q—1q—1,¢3—-1,¢4-1 243542
g+l q+1, ¢ -1, -1 343543
q—1,q—1,¢* -1 1431565
F-1,¢3-1,4-1 423454234
P —q+1,¢®—q+1,¢*—q+1 134236542345
?-1,q"-1 134315465431
F-1,¢4-1,4-1 3143154316543
g+1,q+1,qg+1,qg+1, ¢ -1 131431543165431
-1 4¢3 —q-1 1231454654231435
P-1,¢" - +qg-1 2342542314356542
¢ —¢*+¢ -1 34234542314356542
CH+HE+q+1L, P +P+q+1 234315423143565431
-1+ —qg-1 23142542314354654231

g+1,q+1,¢' -1

342314542314354654231

E+1,q+1, ¢4 —q+1

3143542314356542314356

g+l ¢t +¢2+1

134234543654231435426543

F-qg+1l, ¢+ —q—1

231431542314356542314354
6

g+1,q+1,¢" -1

234231542314354654231435
4

g+1,q+1,¢g+1,¢+1

234231454231435465423143
54

® -+ —q+1

242314354231435654231435
46

Q+17Q+1»q2_17q2_1

242314354231435465423143
542654

q+1,9q+1,g+1,q+1,q+1,qg+1

123142314354231435426542
314354265431
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Samenvatting

Om op een efficiénte manier te rekenen met groepen is een geschikte voorstelling
nodig van de groepselementen. Een groep heeft vaak een intrinsieke defini-
tie, dat wil zeggen dat zij impliciet gedefinieerd wordt door een beschrijving
van de eigenschappen van de elementen (bijv.: de vaste punt ondergroep van
een groep). Een dergelijke definitie is voor berekeningen met groepselementen
niet erg handig aangezien het, afgezien van de identiteit, geen construeerbare
groepselementen geeft. In dergelijke gevallen dient men te beschikken over een
extrinsieke definitie van de groep, zoals een voorstelling.

Wij ontwerpen en implementeren algoritmen voor berekeningen aan gedraaide
groepen van Lie-type, waaronder begrepen zijn de groepen die niet quasi-gesple-
ten zijn. Algoritmen voor het rekenen met elementen in de Steinberg voorstelling
voor ongedraaide groepen van Lie-type en algoritmen voor de overgang tussen
deze voorstelling en de lineaire representatie worden gegeven in [12] (gebaseerd
op werk van [15] en [26]). Dit werk wordt in diverse richtingen uitgebreid.

De gedraaide groepen van Lie-type zijn groepen van rationale punten van
gedraaide vormen van reductieve lineaire algebraische groepen. De gedraaide
vormen zijn geclassificeerd door Galoiscohomologie. Ten einde de Galoisco-
homologie te berekenen ontwerpen we een methode voor het berekenen van de
cohomologie van een eindig voortgebrachte groep I" op een groep A. Deze meth-
ode is op zichzelf van belang. De methode wordt toegepast op de berekening
van de Galoiscohomologie van een reductieve lineaire algebraische groep.

Laat G een reductieve lineaire algebraische groep gedefinieerd over een lichaam
k zijn. Een gedraaide groep van Lie-type G, (k) wordt uniek bepaald door de co-
cykel a van de Galois groep van K op Autx (G), en de groep van K-algebraische
automorfismen waar K de eindige Galoisuitbreiding over k is. Algoritmen voor
de berekening van het relatieve wortelsysteem op G (k), voor de wortelonder-
groepen en de wortelelementen worden gegeven. Daarnaast worden ook algo-
ritmen voor de berekening van onderlinge relaties, zoals de commutatorrelaties
en producten gegeven. Dit maakt het mogelijk om te rekenen binnen de nor-
male ondergroep G (k)" van G (k) voortgebracht door de wortelelementen.
We passen het algoritme toe op diverse voorbeelden, waaronder 2Eg (k) en

3’6D4,1(k).
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Een toepassing is een algoritme, ontworpen voor de berekening van alle gedraai-
de maximale tori van een eindige groep van Lie-type. De orde van zo’n torus
wordt berekend als een polynoom in ¢, de orde van het lichaam k. Daarnaast
berekenen we de ordes van de faktoren in de decompositie van de torus als een
direkt product van cyklische ondergroepen.

Voor een gegeven lichaam k, worden de maximale tori van Gg(k) berekend
als ondergroepen van Gg(K) over een uitbreidingslichaam K en daarna wordt
de effectieve versie van Lang’s Theorem [11] gebruikt om de torus te conjugeren
tot een k-torus, wat een ondergroep van Gg(k) is.

Gebruikmakend van deze informatie over maximale tori, geven we een algo-
ritme voor de berekening van alle Sylowondergroepen van de groep van Lie-type.
Als p niet de karakteristiek van het lichaam is, wordt de Sylowondergroep berek-
end als een ondergroep van de normalisator van de k-torus.

Alle hier besproken algoritmen zijn geimplementeerd in MAGMA [5].
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