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Abstract

We formulate an approximate recursive relation for the sojourn time, queuelength and throughput
of a multi server station, embedded in a closed queueing network. Based on that relation, we
derive a mean value approximation and formulate a Schweitzer approximation for solving large
networks. Numerical examples show that the approximate mean value algorithm yields accurate
results.

1. Introduction

In 1980 Reiser and Lavenberg [5] introduced the Mean Value Algorithm (MV A) for the performance
evaluation of closed queueing networks with stations with a fixed service rate. In Reiser [6] an exact,
but more complex scheme is given to extend the MVA scheme for queue dependent servers, including
multi server stations. This MVA works with marginal probabilities and suffers from a numerical ins-
tability problem. In this note we derive a numerically stable approximated MVA (AMVA) which is
computationally equivalent to the original fixed rate MVA, thus more attractive.

In Section 2 the AMVA is given. An iterative variant of this algorithm, the Schweitzer method, is
presented in Section 3. In Section 4 some numerical examples are discussed. Section $ is devoted to
conclusions and extensions to mixed open/closed networks and multi servers with general service time
distributions.

2. Approximate Mean Value Algorithm

Consider a closed product form network with K clients a stations 1, 2, ..., N. The mean service time in
station n is w,, and f, is the visiting frequency to station is n, n =1, ..., N. Consider a fixed station n
and suppose that it is a multi server station with m, servers and the FCFS service discipline. This ser-
vice discipline imposes the restriction of exponential servers at station n. Below we formulate recur-
sive relations for the sojourn time S,(X), the queuelength L, (K), the throughput A,(K) and the proba-
bility on queueing 0, (X).

*The investigations were supported (in part) by the Foundation for Computer Science in the
Netherlands (SION) with financial aid from the Netherlands Organization for the
Advancement of Scientific Research (NWO).



The sojourn time consists of the waiting time and the service time. For waiting clients the service unit
at station n works with rate m, / w,. Therefore the mean sojourn time S, is given by

S, = {probability on queueing }w,/m,
+ {expected number of waiting clients at arrival}w,/m, +w,.

By the arrival theorem (Lavenberg and Reiser [3] and Sevcik and Mitrani [9]), this equation becomes

w W,

Sp(K) = QK —1)— + (Ly(K—1) = A,(K=D)W,)— + W, ¢))
m, my
By Little’s rule (Little [4]),
Kf»

An(K) = N—f— @
2, fi5i&)
j=1

L,(K) = Ay (K)SA(K). 3

If K <m,, then Q,(K) = 0, but if K > m,, however, an exact relation for Q,(K) requires explicit
knowledge of the marginal probabilities (Reiser [6]). Instead, we approximate in that case Q,(K) by
the probability on queueing for an M | M Im-queue with arrival rate A,(K) and mean service time w,,

(A(K)w,)™
0,(K) = ik . @
A Ew,)™ AW, L (A (K)w,)
1 +(1- )2 !
m,! m, =0 I

Formula (4) is known as Erlang’s delay formula (see e.g. Kleinrock [2], formula 3.40).

The exact arrival rate at station # is decreasing in the number of clients at station n. By approximating
station n by a M |M Im,-queue, the arrival rate is smoothed and thereby the marginal distribution.
Numerical experiments indicated that the smoothing has little effect on the probability on queueing.
The approximate Mean Value Algorithm uses the recursive relations (1), (2), (3) and (4) to compute
mean values for multi server stations. These relations are exact for single and infinite server stations.
In case of a single server 0, (k) reduces to A, (k)w, and thus S, (k) =L,(k—-1)w,+w,. In case of an
infinite server Q,(k) =0 and L, (k) = A,(k), and thus S, (k) =w,.

3. Schweitzer Method

The number of recursion steps grows with the number of stations and the population. Due to the com-
putational complexity, approximations are required for large networks. The Schweitzer method
(Schweitzer [7] and Schweitzer, Seidmann and Shalev-Oren [8]) is a well known approximation for
closed queueing networks with fixed rate servers. The method avoids the recursion in MVA, which
causes the computational problems, and iteratively solves the mean value relations for the desired
population K. To remove the recursion in AMVA, we express L,(K—1), A,(K-1) and Q,(K-1)in (1)
as functions of those quantities with population K. We anticipate that removing one client from the



system results in approximately the same throughput, thus we assume that

An(K-1)= A (K), ®)
and with (4),
On(K-1) = Q,(K). (©)

For the number of waiting clients at each station we assume that this decreases proportionally by
removing one client, so

L, (K)=An(K)Wn
~ .
2 LKA i(Kw))

j=1

L,(K~1) = Ay(K-1w,, = L,(K) = A (K)W, — )

By inserting (5), (6) and (7) into (1), we obtain, together with (2), (3) and (4) a set of equations for the
performance measures, which can be solved iteratively.

A refinement of the Schweitzer method is Schweitzer-FODI (First Order Depth Improvement, Van
Doremalen, Wessels, Wijbrands [1]). In this method the iterative algorithm is applied for population
K -1 and then the last recursion step in AMVA is applied to obtain the performance measures for K.

4. Numerical Examples

In this section we compare the results of AMVA with the results of the exact Normalized Convolution
Algorithm (NCA) of Reiser [6].

In all examples there are 5 stations with respectively 1, 1, 2, 2 and 4 servers, a service rate of 3, 4, 2, 3,
and 1 and relative visiting frequencies of 6, 7, 7, 13 and 9. The examples illustrate the quality of
AMVA under low load (K = 8), moderate load (K = 15) and heavy load (K = 25).

example 1: K =8 example 2: K = 15 example 3: K =25
A [0) L S | A 0 L S | A 0 L S
NCA |1.760 0.587 1.165 0.662|2.244 0.748 2437 1.086|2.478 0826 4.055 1.636
2.054 0513 0920 04482617 0.654 1707 0.652(2.891 0723 2456 0.850
2.054 0.338 1264 0.616(2.617 0.514 2.104 0.804|2.891 0605 2.876 0.995
3.814 0481 1750 0.459|4861 0.721 3.570 0.734(5.369 0.844 6460 1.203
2640 0326 2902 1.09913.365 0.658 5.183 1.540|3.717 0.843 9.153 2.462

AMVA|1.745 0582 1.144 0.656|2.239 0.746 2415 1079|2477 0.826 4.041 1.631
2.036 0.509 0.905 0.444(2.612 0.653 1.695 0.649|2.890 0.722 2451 0.848
2036 0343 1261 0.619(2.612 0.516 2.101 0.804{2.890 0.606 2.875 0.995
3.780 0.487 1.747 0.462|4.851 0.723 3.558 0.734|5.367 0.845 6.446 1.201
2617 0361 2943 1.124|3.358 0.669 5231 1.558|3.715 0.847 9.188 2473

Table 1: Performance measures for NCA and AMVA

For the above examples we also tested the Schweitzer algorithm of Section 3. In Table 2 we list the
average and maximum errors found for all examples with both approximations.



example . K =8 example 2: K = IST example 3: K =25
error (%) | A 0 L S|A @ L S| A QO L S
AMVA  |average |0.87 302 104 1.06/021 0.53 0.60 049/0.05 0.15 025 022
maximum |0.87 1056 1.75 2.30(021 1.69 093 1.13(0.05 046 0.39 043

Schweitzer |average (0.78 5.07 3.65 3.78/0.14 0.58 295 287036 035 4.19 398
maximum | 0.78 1541 7.39 8.11/0.14 1.86 4.88 4.75(0.36 039 597 6.00

Table 2: Relative errors compared to NCA (%)

Table 2 indicates that AMVA yields accurate results, especially for heavy load.

An argument for the excellent performance of AMVA for heavy load networks, is that the system bot-
tle neck behaves as a Poisson source for the rest of the network, which resembles an open network.
For open networks relation (4) is exact.

The complexity of the exact MVA is roughly O (KNm) and the complexity of the NCA is roughly
O(KN?m), whereas the complexity of AMVA is only O(KN). Here m is the average number of
servers per station. Furthermore, the exact MVA suffers from numerical instability, which can be
solved at the expense of a nested scheme of so-called complementary networks. The NCA suffers
from floating-point underflow problems (cf. Section 6 in Reiser [6]). These numerical problems does
not occur in AMVA. Finally, AMVA can be easily used as a basis for other approximations, such as
the Schweitzer method.

The error percentages for the Schweitzer method in Table 2 fit with the error percentages for the origi-
nal Schweitzer method for fixed rate servers.

5. Conclusions and Extensions

In this note we derive an excellent approximation for multi server stations in closed queueing net-
works with one type of clients. An extended Schweitzer method is applied to the approximate MVA.

Most extensions and approximations of MVA for fixed rate servers also apply to AMVA for multi
servers. We already showed this for the Schweitzer approximation, and mention here mixed
open/closed networks for which an extension is straightforward and a multi server with a general ser-
vice time distribution.

In a mixed open/closed network with a population vector X, and with ¢, a vector with only a 1 on the
r-th position, we have for a client of type r that

Wy
Sn,r(E) = Qn(K—Er) m

W,
+ Z (Ln,s(_K__fr) - An,s(g—fr)wn) ;’l_ +wW,.
s n

n

The throughput A, (K) and queuelength L, ((K) follow from (2) and (3). For the probability on
queueing in (4) the throughput A,(K) is the aggregated throughput over all client types, that is,

An(_K_’) = Z An,s(K) .



In case of a general service time distribution the following three extra assumptions are made 10 obtain
a recursive relation for mean values. First the arrival theorem is applied. Secondly, if the service unit
is saturated, the service rate is m, /w,. Finally, if on arrival the service unit is saturated, the mean
time, R, elapsed to the next completion is the minimum of the remaining service times for each server.
These remaining service times are i.i.d. random variables, distributed as the residual life in a renewal
process with the service times as the interoccurrence times. This yields

S""(K) = Q”@_E’)R * Z (L".S(K_fr) - An.s@_fr)wn) —g’l— * Wa.

References

1.

DOREMALEN, J.B.M. VAN, WESSELS, J., AND WIIBRANDS, R.J., ‘‘Approximate Analysis of
Priority Queueing Networks,’’ in Teletraffic Analysis and Computer Performance Evaluation,
ed. O.J. Boxma, J.W. Cohen and H.C. Tijms, pp. 117-131, North-Holland, Amsterdam, 1986.
KLEINROCK, L., Queueing Systems, Volume I: Theory, John Wiley & Sons, New York, 1975.
LAVENBERG, S.S. AND REISER, M., *‘Stationary State Probabilities at Arrival Instants for Closed
Queueing Networks with Multiple Types of Customers,”’ J. Appl. Prob., vol. 17, pp. 1048-1061,
1980.

LITTLE, I.D.C., ‘A Proof for the Queueing formula: L = AW,’’ Oper. Res., vol. 9, pp. 383-387,
1961.

REISER, M. AND LAVENBERG, S.S., ‘‘Mean-Value Analysis of Closed Multichain Queueing Net-
works,”’ J. of the ACM, vol. 27, pp. 313-322, 1980.

REISER, M., ‘‘Mean-Value Analysis and Convolution Method for Queue-Dependent Servers in
Closed Queueing Networks,’” Perf. Eval., vol. 1, pp. 7-18, 1981.

SCHWEITZER, P.J., ** Approximate Analysis of Multiclass Closed Networks of Queues,”” Lecture
presented at The International Conference on Stochastic Control and Optimization, Amsterdam,
1979.

SCHWEITZER, P.J., SEIDMANN, A., AND SHALEV-OREN, S., ‘“The Correction Terms in Approxi-
mate Mean Value Analysis,”” Oper. Res. Lett., vol. 4, pp. 197-200 , 1986.

SEVCIK, K.C. AND MITRANI, L., ‘“The Distribution of Queueing Network States at Input Output
Instants,”’ J. ACM, vol. 28, pp. 358-371, 1981.



SINDHOVEN UNIVERSITY OF TECHNOLOGY
Department of Mathematics and Computing Science
PROBABILITY THEORY, STATISTICS, OPERATIONS RESEARCH AND SYSTEMS

THEORY

2.0. Box 513

3600 MB Eindhoven - The Netherlands
Secretariate: Dommelbuilding 0.03

Celephone: 040 - 47 3130

_ist of COSOR-memoranda - 1990

Number Month Author

Title

V90-01 January LJ.B.F. Adan
J. Wessels
W.H.M. Zijm

VI90-02  January D.A. Overdijk
M 9003 February ILJ.B.F. Adan
J. Wessels

W.H.M. Zijm

v190-04 March P. van der Laan
L.R. Verdooren

A90-05 March W.HM. Zijm
E.H.L.B. Nelissen

A90-06 March G. Schuller
W.H.M. Zijm

A490-07 March W.HM. Zijm

190-08 March G.J. v. Houtum
W.HM. Zijm

Analysis of the asymmetric shortest queue problem
Part 1: Theoretical analysis

Meetkundige aspecten van de productie van kroonwielen

Analysis of the assymmetric shortest queue problem

Part II: Numerical analysis

Statistical selection procedures for selecting the best variety

Scheduling a flexible machining centre

The design of mechanizations: reliability, efficiency and flexibility

Capacity analysis of automatic transport systems in an assembly fac-

tory

Computational procedures for stochastic multi-echelon production
systems



Number  Month Author Tide

M90-09 March P.JM. van Production preparation and numerical control in PCB assembly
Laarhoven
W.HM. Zijm

M90-10 March F.A'W. Wester A hierarchical planning system versus a schedule oriented planning
J. Wijngaard system
W.HM. Zijm

M90-11  April A. Dekkers Local Area Networks

MO0-12  April P.v.d. Laan On subset selection from Logistic populations

M90-13  April P.v.d. Laan De Van Dantzig Prijs

MO90-14  June P.v.d. Laan Beslissen met statistische selectiemethoden

M90-15  June F.W. Steutel Some recent characterizations of the exponential and geometric

distributions

MO90-16 June J. van Geldrop Existence of general equilibria in infinite horizon economies with
C. Withagen exhaustible resources. (the continuous time case)

MO0-17  June P.C. Schuur Simulated annealing as a tool to obtain new results in plane geometry

M90-18 July F.W. Steutel Applications of probability in analysis

M90-19  July LJ.BF. Adan Analysis of the symmetric shortest queue problem
J. Wessels
W.HM. Zijm

M9S0-20 July LJ.B.F. Adan Analysis of the asymmetric shortest queue problem with threshold
J. Wessels jockeying
W.HM. Zijm

M90-21  July K. van Harn On a characterization of the exponential distribution
F.W. Steutel

M90-22  July A. Dekkers Performance analysis of a volume shadowing model

J. van der Wal



Number  Month Author Title
M90-23  July A. Dekkers Mean value analysis of priority stations without preemption
J. van der Wal
M090-24 July D.A. Overdijk Benadering van de kroonwielflank met behulp van regeloppervlakken
in kroonwieloverbrengingen met grote overbrengverhouding
V90-25 July 1. van Oorschot Cake, a concurrent Make CASE tool
A. Dekkers
Vi 90-26 July J. van Oorschot Measuring and Simulating an 802.3 CSMA/CD LAN
A. Dekkers
vi90-27  August D.A. Overdijk Skew-symmetric matrices and the Euler equations of rotational
motion for rigid systems
vi90-28  August A W.J, Kolen Combinatorics in Operations Research
J.K. Lenstra
vI90-29  August R. Doombos Verdeling en onafhankelijkheid van kwadratensommen in de
variantie-analyse
vI90-30  August M.W.I. van Kraaij  Support for problem solving in manpower planning problems
W.Z. Venema
J. Wessels
v190-31  August I. Adan Mean value approximation for closed queueing networks with multi
A. Dekkers server stations



