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Random subgraphs of finite graphs:
II. The lace expansion and the triangle condition

Christian Borgs* Jennifer T. Chayes* Remco van der Hofstad!
Gordon Slade? Joel Spencer?

May 6, 2003

Abstract

In a previous paper, we defined a version of the percolation triangle condition that is
suitable for the analysis of bond percolation on a finite connected transitive graph, and
showed that this triangle condition implies that the percolation phase transition has many
features in common with the phase transition on the complete graph. In this paper, we use
a new and simplified approach to the lace expansion to prove quite generally that for finite
graphs that are tori the triangle condition for percolation is implied by a certain triangle
condition for simple random walks on the graph.

The latter is readily verified for several graphs with vertex set {0,1,...,r—1}", including
the n-cube, the n-dimensional torus with nearest-neighbor bonds with n large and fixed, and
the n-dimensional torus with spread-out (long range) bonds with n > 6 fixed. The conclusions
of our previous paper thus apply to the percolation phase transition for each of the above
examples.

1 Introduction and results

1.1 Introduction

The percolation phase transition on the complete graph is well understood and forms a central
part of modern graph theory [4, 6, 20]. In the language of mathematical physics, the phase
transition is mean-field. It can be expected that the percolation phase transition on many other
high-dimensional finite graphs will be similar to that for the complete graph. In other words,
mean-field behaviour will apply much more generally.
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In a previous paper [7], we introduced the finite-graph triangle condition, and proved that it is a
sufficient condition for several aspects of the phase transition on a finite connected transitive graph
to be mean-field. This triangle condition is an adaptation of the well-known triangle condition of
Aizenman and Newman [3] for infinite graphs. In this paper, we verify the finite-graph triangle
condition for a class of graphs with the structure of high-dimensional tori. Examples include the
n-cube, the Hamming cube and periodic approximations to Z" for large n.

Our proof of the triangle condition is based on an adaptation of the percolation lace expansion
of Hara and Slade [13] from Z™ to finite tori. We use the same expansion as [13] but our proof of
convergence of the expansion is new and improved. This is the first time that the lace expansion
has been applied in a setting where finite-size scaling plays a role. An advance in our application
of the lace expansion is that we prove a general theorem that the percolation triangle condition on
a finite torus is a consequence of a corresponding condition for random walks on the torus. Thus
we are able to verify the percolation triangle condition for our examples by a relatively simple
analysis of random walks on these graphs.

1.2 The triangle condition on infinite graphs

Let V be a finite or infinite set and let B be a subset of the set of all two-element subsets {x,y} C V.
Then G = (V,B) is a finite or infinite graph with vertex set V and bond (or edge) set B. The
degree of a vertex x € V is defined to be the number of edges containing x. A bijective map
¢V — Vis called a graph-isomorphism if {¢(x), p(y)} € B whenever {z,y} € B. We say that
G is transitive if for each pair z,y € V there is a graph-isomorphism ¢ with p(z) = y. We will
always assume that G is connected and transitive, and denote the common degree of each vertex
by €.

We consider percolation on G. That is, we associate independent Bernoulli random variables
to the edges, taking the value “occupied” with probability p and “vacant” with probability 1 — p,
where p € [0, 1] is a parameter. Let x <> y denote the event that vertices z and y are connected by
a path in G consisting of occupied bonds, and let C'(z) = {y € V : x «+ y} denote the connected
cluster of z. Let

7(2,y) = Pp(z < y) (1.1)
denote the two-point function and define the susceptibility by
x(p) = Ep|C(0)]. (1.2)

For many infinite graphs, such as Z™ with n > 2, or for a regular tree with degree at least three,
there is a p. = p.(G) € (0,1) such that

Pe(G) = sup{p : x(p) < oo} = inf{p : P,(|C(0)] = c0) > 0}. (1.3)

Thus x(p) < oo if and only if p < p., P,(|C(0)] = c0) > 0 if p > p., and P,(]C(0)] = o0) = 0 for
p < pe. The equality of the infimum and supremum of (1.3) is a theorem of [2, 22].

Percolation on a tree is well understood [10, Chapter 10], and infinite graphs whose percolation
phase transition is analogous to the transition on a tree are said to exhibit mean-field behaviour.
In 1984, Aizenman and Newman [3] introduced the triangle condition as a sufficient condition for
mean-field behaviour. The triangle condition is defined in terms of the triangle diagram

V(o y) = > nplx,w)n(w, 2)m(2,y), (1.4)

w,zeV



and states that for all z € V
Vo (z,2) < 00. (1.5)

It is predicted that the triangle condition on Z™ holds for all n > 6. Aizenman and Newman used
a differential inequality for x(p) to show that the triangle condition implies that

x(p) = ©((pe —p)~") uniformly in p <pe, (1.6)
with v = 1, and Nguyen [23] extended this to show that

E,[|C(0)["*]

= O((p. — p)~2*1)  uniformly in p < p., 1.7
E[CO)] (( )7 (1.7)

with Ay = 2 for t = 1,2,3,.... Subsequently, Barsky and Aizenman [5] showed, in particular,
that the triangle condition also implies that the percolation probability obeys

P,(|C(0)] = 00) = ©((p— p.)?) uniformly in p > p,, (1.8)

with G = 1.

In 1990, Hara and Slade established the triangle condition for nearest-neighbor bond percolation
on Z" for large n (it is now known that n > 19 is large enough), and for a wide class of long-range
models, called spread-out models, for n > 6 [13, 14]. Their proof of the triangle condition was
based on the lace expansion, an adaptation of an expansion introduced in 1985 by D.C. Brydges
and T. Spencer [9] to study the self-avoiding walk in high dimensions. Since the late 1980s, lace
expansion methods have been used to derive detailed estimates on the critical behaviour of several
models in high dimensions; see [14, 21, 25] for reviews. Recent extensions of the lace expansion
for percolation can be found in [12, 16].

1.3 The triangle condition on finite graphs

On a finite graph, |C(0)| < |V| < co. Thus, there cannot be a phase transition characterized by
divergence to infinity of the susceptibility or existence of an infinite cluster. Instead, the phase
transition takes place in a small window of p values, below which clusters are typically small in
size and above which a single giant cluster coexists with many relatively small clusters. The basic
example is the phase transition on the complete graph.

Let G be a connected transitive finite graph, let V' = |V| < 0o denote its number of vertices,
and let © denote the common degree of these vertices. The susceptibility x(p) = E,|C(0)] is an
increasing function of p, with x(0) = 1 and x(1) = V. In [7], we defined the critical threshold
Pe = Pe(G) to be the unique solution to the equation

X(pe(G)) = AV, (1.9)

where A is a fixed small parameter. The flexibility in the choice of A in (1.9) is connected with the
fact that the phase transition in a finite system is smeared out over a window rather than occurring
at a sharply defined threshold, and any value in the window could be chosen as a threshold.

On a finite graph, the triangle diagram (1.4) is bounded above by V2, and thus (1.5) is satisfied
trivially. In [7], we defined the triangle condition for a finite graph to be the statement that

vpc(G) (SL’, y) < 5w,y + agp, (110)
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where ag is sufficiently small. In particular, (1.10) implies that V,_g)(x,y) is uniformly bounded
as V' — oo. In addition, we defined the stronger triangle condition to be the statement that there
are constants K7, Ky such that for p < p.(G)
_ X*(p)

Vo(z,y) <8y + KiQ '+ K>~ (1.11)
Note that (1.10) is a consequence of (1.11), provided  is sufficiently large and A is sufficiently
small. Moreover, since Y-, V. (z,y) = x*(pc) = A’V (1.10) implies that \* < V™' 4 ay and hence
A must be taken to be small for the triangle condition to hold.

As described in more detail below, we showed in [7] that the triangle condition (1.10) implies
that the percolation phase transition on a finite graph shares many features with the transition
on the complete graph. In this paper, we prove (1.11) and hence (1.10) for several finite graphs,
assuming that \ is a sufficiently small constant. These graphs all have vertex set V.= {0,1,...,r—
1}™ for some r > 2 and n > 1, with periodic boundary conditions. We consider various edge sets.

1.4 Periodic tori

There are three levels of generality that we will use. First, we use G to denote a finite connected
transitive graph of degree (2. Our derivation of the lace expansion, and much of the diagrammatic
estimation of the lace expansion, is valid for general G. Second, for our analysis of the lace
expansion, we restrict G to have the vertex set of the torus T = T, ,, = (Z,)", where Z, denotes
the integers modulo r, for r = 2,3, .... The torus T,,, is an additive group under coordinate-wise
addition modulo r, with volume V' = r". We allow any edge set for the torus that respects the
symmetries of translation and x — —x reflections. That is, we assume that the edge set is such
that {0, z} is an edge if and only if {y,y &+ =} is an edge for any vertex y. Third, we will verify
the stronger percolation triangle condition (1.11) for the following specific edge sets:

1. The narrow torus: an edge joins vertices that differ by 1 (modulo r) in exactly one component,
for r > 2 fixed and n — oo. For r = 2, this is the n-cube. Here 2 =2n for r > 3 and Q2 =n
for r = 2.

2. The Hamming torus: an edge joins vertices that differ in exactly one component, again with
the periodic boundary condition, for r > 2 fixed and n — oo. Here Q = (r — 1)n.

3. The wide torus in high dimensions: the same edge set as the narrow torus but now n is large
and fixed and we study the limit » — oo to approximate Z". Here {2 = 2n.

4. The wide spread-out torus in dimensions n > 6: an edge joins vertices z = (z1,...,z,) and
y = (y1,...,yn) if 0 < max;—y__,|z; —y;| < L (with periodic boundary conditions) with
n > 6 fixed, L large and fixed, in the limit r — oo to approximate range-L percolation on
Z™. Here Q = [(2L + 1)™ — 1] for r large compared to L.

1.5 Fourier analysis on a torus

Our method relies heavily on Fourier analysis. Fourier analysis on the torus T, , is a special case
of a more general theory of Fourier analysis on abelian groups. Let G be a finite abelian group,
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with group operation denoted +. A character is a homomorphism xy : G — C of G into the
multiplicative group of non-zero complex numbers, i.e., for all a,b € G we have

x(a+b) = x(a)x(b). (1.12)

Let 1 € G denote the identity element. The order of any element of G divides |G|, and hence
x(a)¢ = x(al®l) = x(1) = 1 for every a € G. Therefore, x¥ maps into the |G| roots of unity.
The set G of characters is again an abelian group under the operation (xv)(a) = x(a)¥(a). The
Fourier transform of a function f : G — C is the function f : G — C defined by

= x(a)f(a), (1.13)

acG
and the Fourier inversion formula is

1
a—|—

Z x(a) (1.14)

The convolution of functions f, g on G is defined by

(fxg)(a)=>_ f(b)gla—b), (1.15)

beG

and the Fourier transform of a convolution is the product of the Fourier transforms:

fxg=1fg. (1.16)

We now take G = T,,, where the group action is addition modulo r. The group Tr,n of
characters is generated by x)(x) = €>™@i/" (j = 1,...,n), and hence is isomorphic to T,.,. For
convenience, we may equivalently regard T,, as the group Tj, = 2T’T’]l"m. This identification

is made explicit by the isomorphism & + x; of Tj, onto T, ., where yz(z) = e** with the
dot product defined by k -z = 37 kjx;. We will always identify the dual torus as Ty, =
{52, ..., [551])™ so that each component of k € T}, is between —7 and 7. The reason
for this identlﬁcatlon is that the point k£ = 0 plays a spec1al role, and we do not want to see it
mirrored at the point (27, ...,27). The Fourier transform of f : T,, — C can be written as

Z f(x)e™e (keT;,), (1.17)

2€Trn

with the inverse Fourier transform given by

1 o .
== Y f(k)e ™ (1.18)
Vke’]l‘;‘.,n

1.6 The triangle diagram in Fourier form

It is convenient to regard the two-point function or triangle diagram as a function of a single
variable, e.g., 7,(x,y) = 7,(y — ). With this identification,

(k) = > (0, 2)e™, (1.19)

€T, n
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where 0 denotes the origin of T, . It is shown in [3] that 7,(k) > 0 for all k € Ty ,,. The expected
cluster size and two-point function are related by

X(p) =E,|C(0)| = > Byllz € C(0)]= > 7(0,2) = 17,(0), (1.20)

2€Tr,n 2T n
where I[E] denotes the indicator function for the event E. In particular,
7 (0) = X(pe) = AV/2. (1.21)
Recalling (1.15), the triangle diagram (1.4) can be written as
V(#,y) = (7 x 7 1) (y — ). (1.22)
By (1.16) and (1.18), this implies that V,(k) = 7,(k)* and

1 = —ik-(y—z 1 A —ik-(y—z
V,(z,y) = v SV (k)e ) = % ST A (k)Pem i), (1.23)
keT;,

keTy ,,

By (1.21), the contribution to the right side of (1.23) due to the term k = 0is V"IA3V = A3,

1.7 Main results

1.7.1 The random walk triangle condition
For z,y € T, ,, let
1
D(z,y) = Dy —z) = GIl{z,y} € B], (1.24)

where B denotes a particular choice of edge set for the torus. As in Section 1.4, we assume that B
is symmetric under translations and under x +— —z reflections. Thus D(z) represents the 1-step
transition probability for a random walk to step from 0 to a neighbor x. We make the following
assumptions on D, which can be regarded as assumptions on the edge set B.

Assumption 1.1. There exists 3 > 0 such that

max D(x) <[ (1.25)

IEGTT,n

and

1 D(k)?
N e -

The assumption (1.25) is straightforward. As we will discuss in more detail in Section 2, the
critical two-point function for random walks is [I — D(k)]™!, and comparing with the right side
of (1.23), the assumption (1.26) can be interpreted as a kind of generalized triangle condition for
random walks. For any D defined by (1.24), (1.25) implies that 3 > Q~! > V! We will require
below that ( be small.

Random walks on each of the four tori listed in Section 1.4 obeys Assumption 1.1 with
proportional to Q7! as the following proposition shows. The proof of the proposition is given in
Section 2.



Proposition 1.2. There is a constant a > 0, which remains fized as the volume V = r™ goes to
infinity, such that random walks on each of the four tori listed in Section 1.4 obey Assumption 1.1,
with 3 = an™! for the narrow torus, the Hamming torus and the wide torus in high dimensions,
and with 3 = aL™" for the wide spread-out torus in dimensions n > 6.

1.7.2 The triangle condition and its consequences

Our main result is that if Assumption 1.1 holds with appropriately small parameters, then the
percolation triangle condition holds. By Proposition 1.2, this establishes the triangle condition for
the four tori listed in Section 1.1.

Theorem 1.3 (The triangle condition). Consider the torus T, ,, with edge set such that {0, x}
is an edge if and only if {y,y £ x} is an edge for any vertex y. If Assumption 1.1 holds and if
A3V 3 is sufficiently small, then there are constants K1, Ko such that the stronger triangle condition
(1.11) holds in the form
X*(p)
Vv
This establishes (1.11) for our four tori, since 3 is proportional to 27! in Proposition 1.2. Tt
follows that the various consequences of the triangle condition established in [7] hold for these four
tori. We now summarize these consequences in this context. In the following discussion, the “four
tori” are the four tori listed in Section 1.4, in the limits » — oo or n — oo as indicated there.
Also, we assume throughout the discussion that A is chosen sufficiently small and V' sufficiently
large that the results of [7] apply. In particular, we assume that A\V''/3 is bounded below by a large
positive constant, as required in [7, Theorems 1.2-1.4]. Note that if A is a fixed positive constant
then this condition merely states that V' is large. We write |C(z)| for the number of vertices in
the cluster of x, let Cpax denote a cluster of maximal size, and let

Vpc(x, y) = 5w,y + Klﬂ + K2

. (1.27)

|Cinax| = max{|C(z)| : x € V}. (1.28)
The asymptotic behaviour of the critical value p. is given in [7, Theorem 1.5] as follows.

Theorem 1.4 (Critical threshold). For the four tori,

pe= %[1 +0(Q7") + O(A—lv—l/?’)]. (1.29)

For the subcritical phase, the following results are consequences of [7, Theorems 1.2, 1.5]. A
version of (1.30) valid for all p < p, is given in [7, Theorem 1.5]; see (6.1) below.

Theorem 1.5 (Subcritical phase). Let p = p.—Q te with e > 0. For the four tori, the following
hold.
i) If eAVY3 — 0 as V — oo, then as V — oo,

X(p) = =1+ o(1)] (1.30)
ii) For all e >0,
107 (p) < B, ([Cuasl ) < 240 1o5(V/*(), (1.31)
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: ; Ve
Py (1Cunsl < 2 0B(VACE)) 2 1= ¥ (132

and, for w > 1,

IP’p<|Cmax| > ;&%) > (1+ ?’Gz—;(m>_l. (1.33)

Inside a scaling window of width proportional to V =1/3_ the following results are consequences
of [7, Theorem 1.3].

Theorem 1.6 (Scaling Window). Fiz A < co. Let p = p. + Qe with |e| < AV=Y3. Then
there exist constants by, ..., bg such that the following hold.
i) If k < byV?3, then

2 < Pt < 2 (1.34)
i)
bV < By ||Conax]| < b5V (1.35)
and, if w > 1, then
P, (w—lvm < [Crmax| < wV2/3> >1— % (1.36)
iii)
b VY3 < x(p) < bgV/3, (1.37)

In the above statements, the constants by and by can be chosen independent of X and A, the constants
bs and by depend on A and not X, and the constants by, by, bg and b; depend on both \ and A.

For the supercritical phase, the following results are consequences of [7, Theorem 1.4].

Theorem 1.7 (Supercritical phase). Let p = p. + Q™' with € > 0.

1)

By (|Cmax|) < 21V + TV/3, (1.38)
and, for all w > 0,
21
Pp(\cmax\ < w(V3 EV)> >1- 2 (1.39)
w
ii)
x(p) < 8L(VY3 + V). (1.40)

Theorem 1.7 provides upper bounds on the size of clusters in the supercritical phase. To see
that a phase transition occurs at p., one wants a lower bound. We have not proved a lower bound
at the level of generality of all four tori, but we have obtained a lower bound for the case of
the n-cube Ty, = {0,1}". This is the content of the following theorem, which is proved in [8,
Theorem 1.5]. The statement that E,, occurs a.a.s. means that lim,, ., P(E,) = 0.

Theorem 1.8 (Supercritical phase for the n-cube). Let G = Ty, let A be sufficiently small,

1

and let p = p.+ en~". There are constants ¢y, cy such that for all eman'? < ¢ < 1,

|Cinax| > 262" a.a.s. asn — oo, (1.41)
x(p) > [1 4 o(1)](c26)?2"  as n — oo. (1.42)



1.8 Discussion
1.8.1 Restriction to high dimensional graphs

Our results show that the phase transition for percolation on general random graphs obeying the
triangle condition shares several features with the phase transition for the random graph. The
mean-field behaviour of the random graph is expected to apply only to graphs that are in some
sense high-dimensional, and our entire approach is restricted to high dimensional graphs. As
discussed in [7, Section 3.4.2], we do not expect the definition (1.9) of the critical threshold to be
correct for finite approximations to low-dimensional graphs, such as Z™ for n < 6. Neither do we
expect the triangle condition to be relevant in low dimensions.

1.8.2 The lace expansion

There are two steps in applying the lace expansion: derivation of the expansion, and a proof of
convergence. The derivation of the lace expansion in [13] applies immediately to transitive finite
graphs, as only translation invariance is needed to derive the expansion. Our proof of convergence
of the expansion uses the group structure of the torus for Fourier analysis, as well as the z — —x
symmetry of the torus. The proof is an adaptation of the original convergence proof of [13], but
is conceptually simpler and the idea of basing the proof on Assumption 1.1 is new. In addition,
we benefit from working on a finite set where Fourier integrals are simply finite sums.

Since every finite abelian group is a direct product of cylic groups, our restriction to the torus
actually covers all abelian groups, apart from the fact that we consider constant widths in all
directions. It would be straightforward to generalize our results to tori with different widths in
different directions. This leaves open the case of more general graphs and non-abelian groups, which
would require a replacement for both the x — —x symmetry of the torus and the commutative
law.

1.8.3 Bulk versus periodic boundary conditions

A natural question for Z" is the following. For p = p.(Z"), consider the restriction of percolation
configurations to a large box of side r, centered at the origin. How large is the largest cluster in
the box, as r — 00? The combined results of Aizenman [1] and Hara, van der Hofstad and Slade
[12] show that for spread-out models with n > 6 the largest cluster has size of order r*, and there
are order 797 clusters of this size. For the nearest-neighbor model in dimensions n >> 6, the same
results follow from the combined results of [1] and Hara [11]. These results apply under the bulk
boundary condition, in which the clusters in the box are defined to be the intersection of the box
with clusters in the infinite lattice (and thus clusters in the box need not be connected within
the box). In terms of the volume V' = r™ of the box, the largest cluster at p.(Z") therefore has
size V™. Aizenman [1] raised the interesting question whether the r* = V4™ would change to
r?n/3 = V2/3 if the periodic boundary condition is used instead of the the bulk boundary condition.

Theorem 1.6 shows that for p within a scaling window of width proportional to V=3, centered
at pe(T,,), the largest cluster is of size V'2/3 both for the sufficiently spread-out model with n > 6
and the nearest-neighbor model with n sufficiently large. An affirmative answer to Aizenman’s
question would then follow if we knew that p.(Z?) were within this scaling window. It would be
interesting to investigate this further.



1.9 Organization

The remainder of this paper is organized as follows. In Section 2, we analyse random walks on
a torus and verify Assumption 1.1 for the four tori listed in Section 1.4. In Section 3, we give a
self-contained derivation of the lace expansion. In Section 4, we estimate the Feynman diagrams
that arise in the lace expansion. The results of Sections 3 apply on an arbitrary transitive graph
G (finite or infinite). Parts of Section 4 also apply in this general context, but in Section 4.2
we will specialize to T,,,. In Section 5, we analyse the lace expansion on an arbitrary torus that
obeys Assumption 1.1, thereby proving Theorem 1.3. Finally, in Section 6, we establish a detailed
relation between the Fourier transforms of the two-point functions for percolation and random
walks.

2 Proof of Proposition 1.2

2.1 The random walk two-point function

Consider a random walk on T, , where the transition probability for a step from x to y is equal
to D(x,y), with D given by (1.24). We assume that the edge set of the torus is invariant under
translations and x +— —x reflections. The two-point function for the random walk is defined by

Cu0.2) = 3 4, (2.1)

w:0—x
where 0 < < Q7% the sum is over all random walks w from 0 to z that take any number of steps

|w|, and the “zero-step” walk contributes dp .. This is well-defined, because the fact that there are
Q™ nearest-neighbor random walks of length m starting from the origin implies that

— m, m 1 —
Cu(0,2) < 37 Cu(0,2) = Y Q"u™ = (< Q) (2.2)
€T, n m=0 1 - ’LLQ

i.e., the corresponding susceptibility > ¢t C(0,2) is finite. Probabilistically, C,q(0, ) repre-
sents the expected number of visits to x for an infinite random walk starting at 0. Since the torus
is finite, the random walk is recurrent, and hence C4 (0, z) is infinite for all . We therefore must
keep u < Q7! when dealing with C,(0,z). The value u = Q™' plays the role of the critical point
for random walks.

Using translation invariance, we can write C,(x,y) = C,(y — ). By conditioning on the first
step, we see that the two-point function obeys the convolution equation

Cu(x) = 6o + pUD x C,)(z). (2.3)
Taking the Fourier transform of (2.3) gives C\,(k) = 1 + uQD(k)C,,(k) and hence
- 1
Cuk) = —. 24
ulh) =~ D) (2.4)

Note that C,(0) < oo for 4 < Q7' but C’l/Q(O) = o0. Although Cj/q(x) is infinite, the formula
(2.4) does not diverge for i = Q! for all k for which D(k) # 1. Apart from any such singular
points (usually arising only for k = 0), the expression C(k) = [1 — D(k)]~" is finite. The factor
[1 — D(k)]® that appears in (1.26) is thus the same as C(k)?. Comparing with (1.23), we see
that (1.26) is closely related to a triangle condition for random walks.

10



2.2 Random walk estimates

In this section we prove Proposition 1.2, which for convenience we restate as Proposition 2.1.

Proposition 2.1. There is a constant a > 0, which remains fized as the volume V = r™ goes to
infinity, such that random walks on each of the four tori listed in Section 1.4 obey Assumption 1.1,
with 3 = an™! for the narrow torus, the Hamming torus and the wide torus in high dimensions,
and with 3 = aL™ for the wide spread-out torus in dimensions n > 6.

The proof is given throughout the remainder of Section 2.2. We first note that (1.25) is trivial
since the maximal value of D(z) is Q71 and this is less than 3 = aQ~! provided a > 1. We verify
the substantial assumption (1.26) below.

2.2.1 The random walk triangle condition (1.26)
For k € T}, = Z{—[5}],....[55*]}", we define

K2 ="k (2.5)
i=1

The narrow and Hamming tori. Here r is fixed and n — oo. We first claim that

— Z D(k — (i=1,2,3,...), (2.6)

keT: . n

where a; depends on r for the Hamming torus. To prove (2.6), we observe that the left side is equal
to the probability that a random walk on T, ,, that starts at the origin returns to the origin after 2:
steps. This probability is equal to 272 times the number of walks that make the transition from
0 to 0 in 2 steps. The number of such walks is bounded above by Q' (counting all possibilities for
the first i steps) times a factor b; which counts the maximal number of ways that a random walk
can return to the origin from a vertex reachable in i steps. The latter depends on 7, and depends
on r for the Hamming torus, but it does not depend on n (the return walk must remain in an
i-dimensional subgraph). This proves (2.6).
We will also use elementary infrared bounds. By the symmetry of D,

= Y D(z)cos(k - z). (2.7)

€T, n

For the narrow or wide torus, this gives
1 n
= — ) cosk;. (2.8)
n

Since 1 — cost > 27722 for |t| < 7, this implies that

n k,2
Zl—cosk’ >—u.
w2 n

Jj=1

(2.9)

2>|H

11



For the Hamming torus, we have

> D(x)[1— cos(k - z)]

2€Trn
1 12 |k

> 1— k-xz)] > — 2.10
> o T ool 2 o (210)
applying (2. 9) in the last step. We combine (2.9)—(2.10) by setting = % for the narrow (or wide)

torus and n = —1- 2 for the Hamming torus, obtaining the infrared bound

: k[

1—D(k) > U (2.11)

in either case.
By (2.6) and the Cauchy—Schwarz inequality,

1 D(k)* a)’ 1 i
—_ - <2 >oo— . (2.12)
4 k€T, k40 [1— D(k)]? " \ ket wzo (L — D(K)]°

It suffices to show that the sum on the right side of (2.12) is bounded uniformly in n. For this, we
fix an € > 0 and divide the sum according to whether |k|?> < en or |k|> > en. It follows from (2.11)
that the contribution to the sum due to |k|* > en is bounded by a constant depending on e.
On the other hand, by (2.11),
n’ 1 1

1
V Z 6 S_GV Z ‘k‘12’

1
kE€T; ,,:k#0, [k[2<en [1 - D(k)] €T}, :k#0, [k|2<en

=]

(2.13)

By the Cauchy-Schwarz inequality, |k|? > n™!|| k|2 > n~'m(k)?, where m(k) denotes the number
of nonzero components of k. Therefore,

1 1 n'2 1 1
v 3 %ST—ng( )r—l — (2.14)

keTy, ,,:k#0, [k|2<en [1 o D(k)]

In (2.14), the binomial coefficient counts the number of ways to choose m nonzero components from
n, the factor (r — 1)™ counts the number of values that each nonzero component can assume, and
the upper limit of summation reflects the fact that there cannot be more than r2(27)2en < r?en
nonzero components when |k|? < en. The right side of (2.14) is at most

12

12ren Tum  1snom )
7 m21< >(1_?) (F) = P(X < r7en), (2.15)

5] 3

where X is a binomial random variable with parameters (n,1 —r~1). Since E[X]| = n(1 —r7!),
the right side of (2.15) is exponentially small in n if we choose € < r~2(1 —r~!), by standard large
deviation bounds.

12



The wide torus. Here n is large but fixed and r — oo. The proof of (2.6) applies without change
in this case, with a; independent of r. Therefore (2.12) also applies, and it suffices to show that

1

1
4 k€T, :k#0 [1- D(k‘)]G

is bounded uniformly in large n and large r. Apart from the missing term k& = 0, (2.16) is a
Riemann sum approximation to the integral

1 d"k
/[—mr]” [1— D(k))s 2m)™’ (2.17)

which is finite for n > 12 by (2.11). We prove that (2.16) converges to the improper integral (2.17),
using the dominated convergence theorem as follows.

Let B(0,r) = (=%, Z]" C R". For each k € (—m,n|" there is a unique k, € T}, such that
k € k. + B(0,r) and we define

~—

(2.16)

) _{D(k:r) (kr #0) (2.18)

00 (k, = 0).

(The term &, = 0 has been singled out here because it is not included in the sum (2.16).) Thus
D, (k) is constant on the cubes k, + B(0,7) for k, € T ,, the identity V[B(0,r)| = (27)" holds,

and
1

! 1 dk
v Z [1—-Dk)s /[—w,n]n [1— D,(k)]s (2m) (2.19)

kET}, ,:k#0

The function [1 — D, (k)] =5 converges pointwise to [1 — D(k)] =6 for k # 0 and to 0 for k # 0. Also,
by the infrared bound (2.11),

1 nb
- <
[1— D(k,)]6 ~ 18]k

for every nonzero k, € Ty . For each nonzero k, € Ty, and k € k, + B(0,7), we have ||k, ||OO > 2
and ||k — k[l < I, 50 that |krlloe > 2||klo. This 1mphes that |k, [* > ||k,[|% > 3]|k[|% > n|l{;|2

(2.20)

Therefore, for every ke (—m ",

- (2.21)

1 9\6 n
— < (2) —,
[1—Di(K)]° (4) eIk
which is integrable when n > 12. Therefore, by dominated convergence, (2.16) converges to (2.17)
as r — 00, and thus is bounded by twice the integral (2.17) for r sufficiently large depending on
n.
Moreover, the integral (2.17) is bounded uniformly in n > 13, by the following argument. For
A>0and m > 1,

1 1 1 —
= m/o pm—le=tA gy (2.22)
Hence, by (2.8),
/ ]A. dnk _ i /OO dt t5(/7r e—tnl(l—cose)ﬁ)n' (223)
[—m, 7)™ []_ — D(k‘)]ﬁ (277')” 5!'Jo -7 2w
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The right side is non-increasing in n, since || f||, < || f|l, for 0 < p < ¢ < 0o on a probability space.

The wide spread-out torus. Now n > 6 is fixed, L is fixed and large, and r — oo. We first note
that D(k) does not depend on r if r is large compared to L. Thus, we can apply bounds on D(k:)
with D(x) regarded as the step distribution of a random walk on Z". The latter is analysed in
[18, Appendix A], where it is shown that there is an 1 depending only on n such that the infrared
bound

L2k‘2
||)

1= D(k) > n(1 A -

(2.24)

holds for all k € T*

r,n

By a Riemann sum argument similar to that used above,

1 DR ID(R))> dnk
v keTgk;ﬁo [1— ﬁ(l{;)]?) - 2/[_7.(.771_}” [1— D(k)]3 (2m)n’ (2.25)

for r sufficiently large depending on L,n. We bound this integral by considering separately the
regions where |k|*> > nL™? and |k|* < nL™2.

For the contribution to the integral on the right side of (2.25) due to |[k|* > nL™2, we use (2.24)
to obtain

ID(R))* "k

/ d"k
ke[—malm: k2> 25 [1 — D(k)]3 (2m)"

<n? D(k)|? =37 2.2
<o [ IDWP G = (2:26)

Here, we used the fact that the middle integral is the probability that the spread-out random
walk returns to its starting vertex after two steps, which equals Q~!. For the contribution to the
integral in (2.25) due to |k|? < nL™2, we use (2.24) and |D(k)|* < 1 to obtain

|D(k)]2  d"k no\3 1 d"k _
7 < PR = CppLl™". 2.27
/kIQSL—"2 [1— D(k)]3 2m)™ — (ULQ) /IkQS% k|6 (27)" m (2.27)

Summing the two contributions yields (1.26).

2.2.2 A consequence of Assumption 1.1

Finally, we note for future reference that (1.26) implies that

1 1
— — < 1+460. (2.28)
4 keT%:;k;Ao [1—D(k)?

To see this, we use the identity

1 . 3D? 2?2 D2
—— =1+3D+ — + — + — (2.29)
[1- D] 1-D [1-D?2 [1-Dp

and note that the sum of the last three terms on the right side is at most 6D%[1 — D]~3, and their
normalized sum over k is thus at most 643, by (1.26). Since the normalized sum over all k € T, ,,
of 3D(k) is 3D(0) = 0, its sum over nonzero k is —3V ~' < 0. This proves (2.28).
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Figure 1: A percolation cluster with a string of 8 sausages joining 0 to z, and a schematic repre-
sentation of the string. The 7 pivotal bonds are shown in bold.

3 The lace expansion

We begin in Section 3.1 with a brief overview of the lace expansion, and then give a self-contained
and detailed derivation of the expansion in Section 3.2.

The term “lace” was used by Brydges and Spencer [9] for a certain graphical construction that
arose in the expansion they invented to study the self-avoiding walk. Although the lace expansion
for percolation evolved from the expansion for the self-avoiding walk, this graphical construction
does not occur for percolation, and so the term “lace” expansion is a misnomer in the percolation
context. However, the name has stuck for historical reasons.

3.1 Overview of the lace expansion

In this section, we give a brief introduction to the lace expansion, with an indication of how it is
used to prove the triangle condition of Theorem 1.3. Since the analysis will involve the Fourier
transform, we restrict attention here to percolation on the narrow torus T, ,, with » > 2 and n
large. Fach vertex has degree Q2 = 2n for r > 3 and Q2 = n for r = 2. However, in Section 3.2 the
expansion will be derived on an arbitrary transitive graph G.

For p = Q71 the probability that the origin is in a cycle of length 4 is bounded above by
020~ = Q2. Larger cycles are more unlikely. This suggests that in a typical percolation
configuration connecting 0 and x, the backbone for the connection is a random walk path with
few cycles. Thus it makes sense to attempt to relate 7,(z) to the two-point function for random
walks.

Although unlikely, cycles do exist in percolation clusters, and due to cycles the percolation
critical threshold is shifted from the tree critical value (2 —1)"! to p.(G). It is therefore necessary
to take the cycles seriously into account. Given a percolation cluster containing 0 and x, we call
any bond whose removal would disconnect 0 from z a pivotal bond. The connected components
that remain after removing all pivotal bonds are called sausages. A sausage may contain a cycle
that gives alternate paths from 0 to x, as in the second sausage of Figure 1, but this is the unlikely
case.

Since they are separated by at least one pivotal bond by definition, no two sausages can have
a common vertex. Thus the sausages are constrained to be mutually avoiding. However, this is a
weak constraint, since sausage intersections require a cycle, and cycles are unlikely. This makes it
reasonable to attempt to apply an inclusion-exclusion analysis, where the connection from 0 to x

15



is treated as a random walk taking independent steps, with correction terms taking into account
the avoidance constraint.

The lace expansion of Hara and Slade [13] makes this procedure precise. It produces a convo-
lution equation

7,(0,2) = 6o + PQUD * 7,)(0, z) + pQIL, * D 7,)(0, ) + I1,(0, x) (3.1)

for the two-point function, valid for p < p.(T,,). The expansion gives explicit but complicated
formulas for the function II, : T,, x T,, — R, which will turn out to be small under Assump-
tion 1.1. In particular, II,(k) = O(Q~") uniformly in p < p.(G). Putting II, = 0 in (3.1) gives
(2.3), and in this sense the percolation two-point function can be regarded as a small perturbation
of the random walk two-point function.
Since the Fourier transform of a convolution is the product of Fourier transforms, (3.1) can be
rewritten as .
A (k) = 1A—l— 1L, (k) ] .
1= pQD (k)1 + 1, (k)

We will prove estimates to show that II,(k) can be well approximated by IT,(0). Since IL,(k) is
also small compared to 1, (3.2) suggests that the approximation

i (k) ~ !
P pQ[L + 1L,(0)] D (k)

is reasonable (where ~ denotes an uncontrolled approximation). Comparing with (2.4), this sug-
gests that

(3.2)

(3.3)

#y(k) ~ C, (k) with  ,Q = pQ[1 + 11,,(0)]. (3.4)

We will make this approximation precise in (5.4) and (6.6). Since D(0) = 1, if we set k = 0 in
(3.2) and solve for p{2 then we obtain

1
pl= ———— —7,(0)7". 3.5
g O 35)
For p = p. = pc(T,.n), (3.5) states that
1
Pl = ———— X'V (3.6)
1 +11,.(0)

and hence j1,,, Q2 &~ 1 — A"'V=1/3. This should be compared with the critical value ;€2 = 1 for the
random walk.

For the triangle condition, we analyse the Fourier representation of V,(z) given in (1.23).
Extraction of the & = 0 term in (1.23) gives

3
1 .
V,(z) = X () += Y Ak)Pe (3.7)
4 4 keT} ,,: k#0

The second term can be estimated using (3.4) and Assumption 1.1, leading to a proof of Theo-
rem 1.3. Details are given in Section 5.

Using I, (k) = O(Q71), (3.6) gives p. = Q' 4+ O(Q72) if A"'V~1/3 < O(Q2). This is the
first term in an asymptotic expansion. Further terms will follow from an asymptotic expansion
of 1T, (0) in powers of Q. This was done in [15] for percolation on Z" and is developed more
generally in [17].
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3.2 Derivation of the lace expansion

In this section, we derive a version of the lace expansion (3.1) that contains a remainder term. We
use the method of [13], which requires no change for a transitive graph G, and we closely follow
the presentation of [19]. We assume for simplicity that G is finite, but with minor modifications
the analysis also applies when G is infinite provided there is almost surely no infinite cluster.

Fix p € [0,1]. We write 7(x) = 7,(x) for brevity, and generally drop subscripts indicating
dependence on p. For each M =0,1,2,..., the expansion takes the form

7(0,2) = oz + PUD % 7)(0, z) + pQ(IL, * D % 7)(0, ) + I1,,(0, ) + R, (0, x). (3.8)

Here D(0, x) is given by (1.24), the function II,, : VxV — R is the key quantity in the expansion,
and R,,(0,z) is a remainder term. The dependence of IT,, on M is given by

I1,,(0,2) = S (=D)NTI™(0, z), (3.9)

N=0

with II™(0, z) independent of M. The alternating sign in (3.9) arises via repeated inclusion-
exclusion. In Section 5, we will prove that for G = T, ,, with Assumption 1.1, and for p < p.(T, )

Jim_ 3By (0,2)] = 0. (3.10)

which leads to (3.1) with II = II,. Convergence properties of (3.9) when M = oo will also be
established in Section 5. The remainder of this section gives the proof of (3.8).

Given increasing events E, F', we use the notation E o F' to denote the event that £ and F
occur disjointly. Roughly speaking, E o F'is the set of bond configurations for which there exist
two disjoint sets of occupied bonds such that the first set guarantees the occurrence of E and the
second guarantees the occurrence of F. The BK inequality asserts that P(E o F') < P(E)P(F),
for increasing events E and F. (See [10, Section 2.3] for a proof, and for a precise definition of
E o F.) Given a bond configuration, we say that a bond is pivotal for x < y if © < y in the
possibly modified configuration in which the bond is made occupied, whereas x is not connected
to y in the possibly modified configuration in which the bond is made vacant.

Bonds are not directed. However, it will be convenient at times to regard a bond {u,v} as
directed from u to v, and we will emphasize this point of view with the notation (u,v).

We need the following definitions and lemma.

Definition 3.1. (a) Given a bond configuration, and A C V, we say x and y are connected in A
if there is an occupied path from x to y having all its endpoints in A, or if z =y € A. We define
a restricted two-point function by

7(2,) = P(z and y are connected in V\A). (3.11)

(b) Given a bond configuration, and A C V, we say = and y are connected through A, if x < y and
every occupied path connecting x to y has at least one bond with an endpoint in A. This event is
written as z <> Y.

(¢) Given a bond configuration, and a bond b, we define C*(x) to be the set of sites connected to
x in the new configuration obtained by setting b to be vacant.
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(d) Given an event E, we define the event {E occurs on C'“?)(z)} to be the set of configurations
such that E occurs on the modified configuration in which every bond that does not have an
endpoint in C®?)(z) is made vacant. We say that {E occurs in V\C®?)(x)} if E occurs on the
modified configuration in which every bond that does not have both endpoints in V\C'®™*) (z) is
made vacant.

Lemma 3.2. Fiz p € [0,1]. Given a bond (u,v), a site w and events E,| F,
E ([[E occurs on O (w) & (u,v) is occupied & F occurs in V\C'®) (w)])
= p2D(u, v)E (I[E occurs on C(w)] E (I[F occurs in V\C™) (w)])). (3.12)

The identity (3.12) is also valid if the event {(u,v) is occupied} is removed from the left side and
QD(u,v) is removed from the right side.

Proof. The proof is by conditioning on the bond cluster of w which remains after setting (u,v) to
be vacant, which we denote C'*¥)(w),. Let B denote the set of all finite bond clusters of A. Given
B € B, we denote the set of vertices in B by B,. Conditioning on C'*")(w),, we have

E [[ [E occurs on O (w) & F occurs in V\C™¥ (w) & (u,v) occupied” (3.13)
=> E [I[é(“’”) (w), = B & E occurs on By & F occurs in V\ B, & (u,v) occupied]} :
BeB

where B, emphasizes that F occurs on B, after setting (u,v) to be vacant. Since the first two of
the four events on the right side of (3.13) depend only on bonds with an endpoint in B; (excluding
(u,v)), while the third event depends only on bonds which do not have an endpoint in B; (again,
excluding (u, v)), and the fourth event depends only on (u, v), this independence allows us to write
(3.13) as

p> E {I[C’(“’”) (w)p = B & E occurs on BSH E [I[F occurs in V\Bs]}
BeB

=pE {][E occurs on C’(“’”)(w)]E{I[F occurs in V\é(“’”)(w)]” : (3.14)

This completes the proof of (3.12), since QD(u,v) = 1 if (u,v) is a bond. The statement under
(3.12) holds by the same proof. O

In the nested expectation on the right side of (3.12), the set C'“*)(w) is a random set with
respect to the outer expectation, but it is deterministic with respect to the inner expectation. The
inner expectation on the right side effectively introduces a second percolation model on a second
graph, which is coupled to the original percolation model via the set C/(w) (w).

Given a configuration, we say that x is doubly connected to y, and we write x < y, if there are
at least two bond-disjoint paths from x to y consisting of occupied bonds. By convention, x < x
for all . To begin the expansion, we define

90, 2) = P(0 < ) — 6o (3.15)

and distinguish configurations with 0 «<» x according to whether or not there is a double connection,
to obtain
7(0,2) = 0 + HV(0,2) + P(0 — 2 & 0 ). (3.16)
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If 0 is connected to x, but not doubly, then there is at least one pivotal bond for the connection,
and hence a first such pivotal bond. Denoting this pivotal bond by (u,v), we can write

P(0— z& 04 x)=> P(0< uand (u,v) is occupied and pivotal for 0 < z). (3.17)
(u,v)

Now comes the essential part of the expansion. Ideally, we would like to factor the probability on
the right side of (3.17) as

P(0 < u) P((u,v) is occupied) P(v < z) = (507u + I1(0, u))pQD(u, V)7 (v, T). (3.18)

This would give (3.8) with II,, = II'” and R,, = 0. However, (3.17) does not factor in this way
because the cluster C**)(u) is constrained not to intersect the cluster C'?)(v), since (u,v) is
pivotal. What we can do is approximate the probability on the right side of (3.17) by (3.18), and
then attempt to deal with the error term.

For this purpose, we observe that

P(0 < u and (u,v) is occupied and pivotal for 0 < x) (3.19)
= E(I[O & u occurs on C™Y(0) & (u,v) is occupied & v «» x occurs in V\é’(“’”)(O)]).
Therefore, by Lemma 3.2,

P(0 < w and (u,v) is occupied and pivotal for 0 < x)
= pD(u, v)E (1[0 4 u occurs on C)(0)]7"" O (v, ) . (3.20)

On the right side, 76" © (v, z) is the restricted two-point function given the cluster C®¥)(0) of
the outer expectation, so that in the (inner) expectation defining 7" © (v, z), C®¥)(0) should
be regarded as a fized set. We stress this delicate point here, as it is crucial also in the rest of
the expansion. As mentioned above, the expectation defining 7O ) (v, x) effectively introduces

a second percolation model.
It follows from (3.17) and (3.20) that

P(0— z&04x)= > pQD(u,v)E (I[O & u oceurs on C*Y)(0)] Té(u'v)(o)(v, x))
(u,v)
=Y pQD(u,v)E (I[O & ul 7CC0) (v, x)) . (3.21)
(u,v)
In the second equality of (3.21), we dropped the condition “occurs on C®)(0),” because of the
fact that 7¢O (y, ) = 0 on the event {0 < u} \ {0 < u occurs on C®™¥)(0)}. We write

~(uw,v ~(uyv )
7o )(0)(1),@ =71(v,z) — (T(U,JJ) — o )(0)(1),@) =71(v,2) — P(U o x), (3.22)

insert this into (3.21), and use (3.16) and (3.15) to obtain
7(0,2) = 6o + 110, 2) + D (50@ + 110, u))pQD(u, )7 (v, x)
(u,v)
&) (0)

~ Y pQD(u, 0)E (I[O o U] P L0, x)) , (3.23)

(uv)
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Figure 2: A possible configuration appearing in the second stage of the expansion.

With R,(0,z) equal to the last term on the right side of (3.23) (including the minus sign), this
proves (3.8) for M = 0.

To continue the expansion, we would like to rewrite the final term of (3.23) in terms of a
convolution with the two-point function. A configuration contributing to the expectation in the
final term of (3.23) is illustrated schematically in Figure 2, in which the bonds drawn with heavy
lines should be regarded as living on a different graph than the bonds drawn with lighter lines, as
explained previously. Our goal is to extract a factor 7(x — v’).

Given a configuration in which v JEiN x, the cutting bond (u',v") is defined to be the first pivotal

bond for v <> x such that v < o’. It is possible that no such bond exists, as for example would
be the case in Figure 2 if only the leftmost four sausages were included in the figure (using the
terminology of Section 3.1), with x in the location currently occupied by u’. Let

E'(v,2: A) = {v & 2} N { A pivotal («/,v') for v < x such that v < '}, (3.24)
E(w,u', v x; A) = E'(v,u'; A) N {(v/,v") is occupied and pivotal for v < z}. (3.25)

By partitioning {v & x} according to the location of the cutting bond (or the lack of a cutting
bond), we obtain the partition

{v & z} =E'(v,z;A) |J E(v, /v, x; A), (3.26)
(' v')
which implies that
P(v & z) = P(E' (v, 2; A)) + > P(E(v, v, v, z; A)). (3.27)
(W)
Defining .
E" (v, v A) = {E'(v,u’; A) occurs on C")(v)}, (3.28)

the event E(v,u’,v',x; A) can be rewritten as
E(v,u' v, x; A) = E"(v,4',v"; A) N {(«,v') occupied} N {v" — 2 occurs in V\C™ ) (v)}. (3.29)
Using Lemma 3.2, this gives
Pv & 2) = P(E'(v,2: A)) + p2 3 D(u,v') E (I[E”(v, oo A 7O :)3)) (3.30)

(u',0")

The events E”(v,u/,v'; A) and E'(v,u/; A) differ only on configurations for which v € C®"*)(v).

Since ¢ (v;z) = 0 on such configurations, we may replace E’(v,u/,v"; A) in (3.30) by
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E'(v,u'; A). Using this observation, and inserting the identity (3.22) into (3.30), we obtain

P(v & z) = P(E' (v, 2; A)) + p< > D\ V)P(E (v,u'; A)) T(V', z)

(u',0")

~(’U4,,’U,) .
—pQ Y D) B, (T[E (v, u; A P! S ). (3.31)
()

In the last term on the right side, we have introduced subscripts for C and the expectations, to
indicate to which expectation C' belongs.
Let
NO0,2) = > p2D(u,v) B, (10 < ulP, (' (v, 7; C3""(0)))) (3.32)
(u,v)
Inserting (3.31) into (3.23), and using (3.32), we have

7(0,2) = 6o + 110, 2) — IIV(0,2) + ) (507u + I1(0, w) — I1™(0, u))pQD(u, v) (v, x)
(u,)

+ Z pQLD(u,v) Z pQD (v, v
(u,v) (u’ ")

<y (10w, (1B 05 G )0 S22 ). (3:33)

This proves (3.8) for M = 2, with R,(z) given by the last two lines of (3.33).
@
We now repeat this procedure recursively, rewriting P, (v’ L, x) using (3.31), and so on.

This leads to (3.8), with II and II™ given by (3.15) and (3.32), and, for N > 2,

N-1

no0z) =Y Y [HpQD(ui,v,.)]EOI[o@uo] (3.34)

(uo0,v0) (un—1,0n—1) ~ =0

x B I[E (vo, u1; Co) - - Ex I [E' (vn—2, un—1; Cn—2)|EN T [E (v 1, 25 Cy 1)),

Ry(0,2) = ()M ¥ ... % [HpQD(ui,ui)}EOJ[o@uo]

(uo,v0)  (upgopr) =0
X EJ[E/(UO, Uy; Co)] o 'EMfl[[E/(UM—Qa UM -1, CM—z)]
X By [I[E' (0311, tar; Cap—1)[Pasya (var <5 )] (3.35)
where we have used the abbreviation C; = éj(uj D (0;4).
Since .
Py (var <25 7) < 7 (var, 2), (3.36)
it follows from (3.34)—(3.35) that
|Ru(0,2)] < > TI™(0, uar)pQD (unr, var)7p (v, ). (3.37)

upr,vM EV
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4 Diagrammatic estimates for the lace expansion

In this section, we prove bounds on II"). These bounds are summarized in Lemma 4.1. We refer

to the methods of this section as diagrammatic estimates, as we use Feynman diagrams to provide
a convenient representation for upper bounds on IT%V.

4.1 The diagrams

In this section, we show how II™) of (3.34) can be bounded in terms of Feynman diagrams. Our
approach here is essentially identical to what is done in [13, Section 2.2], apart from some notational
differences, and we omit some details in the following. The results of this section apply to any
transitive graph G = (V,B).

Let P™) denote the product measure on N + 1 copies of percolation on G. By Fubini’s Theorem
and (3.34),

™o,z = - % []:ij)lpD(Ui,'Ui)}

(uo0,v0) (un—1,uN-1)

N-1
x P ({O S uplo N ( N E'(vi-1, w; Ci—l)i) NE'(vy-1,; CN—l)N)> (4.1)

i=1

where E'(v;_1,u;; é’i_1)i denotes the event that E’(v;_1, u;; é’i_l) occurs on graph ¢, and {0 < wug}o
denotes the event that 0 < ug occurs on graph 0. To estimate I1V)(0, x), it is convenient to define
the events

Fo(v,t,z,u) ={v—t}o{t < z}o{t & u}o{z < u}, (4.2)

Fi(vie1, iy 26, Wi, Wi, 2ig1) = {vic1 < 6} o {t; & 2z} o {t; & w;}
o{z; < u;i} o {w; < u;} o {w; «— z 1}, (4.3)

Fy(vim1, i, 25, Ui, Wi, 2ip1) = {vic1 <> wi} o {w; < t;} o {t; < 2}
o{t;i = u;}o{z < u}o{w; = zi41}, (4.4)

F(Uz'—l,ti, Ry Ui, Wy, Zi—i—l) = Fl(Ui—l,ti, Ziy Ui, Wy, Zz'+1) U F2(Ui—1, Liy Ziy g, Wy, Zi-i-l)' (4-5)

The events Fy, F7 and F, are depicted in Figure 3.
By the definition of E’ in (3.24),

E'(vy_1,7;Cn_1)n C U U Folun-,tn, zn,z). (4.6)

ZNGC‘N71 tnNeV

In fact, viewing the connection from vy_; to x as a string of sausages beginning at vy _; and ending
at x, for the event £’ to occur there must be a vertex zy € é’N_l that lies on the last sausage, on
a path from vy_; to x. (In fact, both “sides” of the sausage must contain a vertex in C’N_l, but
we do not need or use this.) This leads to (4.6), with ¢y representing the other endpoint of the
sausage that terminates at x.

Assume, for the moment, that N > 2. The condition in (4.6) that zy € é’N_l is a condition on
the graph N — 1 that must be satisfied in conjunction with the event E'(vx_o, un_1; C’N_2)N_1. It
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Fo(v,t,z,u) =
(vt 5w) = = >,

2
Z’i+1
w;
Fy(viea, i, 21, wi, 03, 2i41) =
Uiy t; ALY
K
Z’i+1
w;
Fy(vi1, i, 21, wi, Wi, 2i41) = <>
Vi—1 t; ALY
K

Figure 3: Diagrammatic representations of the events Fy(v,t, z,u), Fi(vi_1,t;, 2, wi, w;, 2zi+1) and
Fy(vi_1,t;, 2, ug, wy, zi11). Lines indicate disjoint connections.

is not difficult to see that for i € {1,..., N — 1},

E'vi,usCi)in{zime G U U Fviet, ti, 2o wi, wi, 21 )i (4.7)

Zi+1€éi ti,w; €V

See Figure 4 for a depiction of the inclusions in (4.6) and (4.7). Further details are given in [13,
Lemma 2.5] or [21, Lemma 5.5.8].
With an appropriate treatment for graph 0, (4.6) and (4.7) lead to

N-1
{0 utoN ( () E'(vie1, us; Ci—l)i) NE'(vn-1,2;Cn_1)N (4.8)
i=1
N-1
c U (FO(Z()quvuOvO)O N ( N F(Ui—latiaziauiawiazi—l-l)i) N FO(UN—latNazNax)N>a
60,2 =1
where t = (t1,...,ty), W = (wo, ..., wy_1) and Z = (21,...,zy). Therefore,

N-1
[0, z) <> Py(Fo(z1, wo, ug, 0)) [] Pp(F (vi1, tis 25, iy wi, zis1) ) Pp(Fo(vn—1, tn, 2, ),
=1
(4.9)

where the summation is over zq,...,2zn,t1,...,tn, Wo, ..., WN_1, (4o, Vo), ..., (Un_1,Un-1). The
probability in (4.9) factors because the N + 1 percolation models are now independent. Each
probability in (4.9) can be estimated using the BK inequality. The result is that each of the
connections {z < y} present in the events F' and Fj is replaced by a two-point function 7,(x,y).
This results in a large sum of two-point functions.

To organize a large sum of this form, we let

7,(0,2) = pQ(D * 7,)(0, 2), (4.10)
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Zi+1

~ ~ Vi1
E'(vi—1,u5;Cimq)i N {zipq € Ci} C U U

Zi+1€C~’i t“UJZEV

Zi+1

Figure 4: Diagrammatic representations of the inclusions in (4.6) and (4.7).

and define
As(s,u,v) = 7,(s,0)7,(s, u)1(u, v), (4.11)
By (s, t,u,v) = 7,(t, v)7(s, u), (4.12)
By(u,v,s,t) = 7, (u, v)1,(u, t)7,(v, 5)75(8, 1)
+ Z 7p(s,a)1y(a, u)y(a, t)d, s7p(u, t). (4.13)
acV

The two terms in B, arise from the two events F; and F, in (4.5). We will write them as BS"
and B, respectively. The above quantities are represented diagrammatically in Figure 5. In the
diagrams, a line joining = and y represents 7,(x,y). In addition, small bars are used to distinguish
a line that represents 7,, as in Bj.

Application of the BK inequality yields

P, (Fo(z1, wo, ug, 0)) < A3(0, ug, wo) 7, (wo, 21), (4.14)

B _ _ t
> pOD(un—1, vn-1)Py(Fo(vn-_1,tn, 2N, T)) < (W, Uy, 2 E)
N1 Tp(wN—lazN)

Ag(x,tN,ZN). (415)
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Figure 5: Diagrammatic representations of As(s,u,v), Bi(s,t,u,v) and By(u,v,s,t).

For Fy and F5, application of the BK inequality yields
> QD (w1, vim1 )Py (Fi(vie1, i, 25, Ui, Wi, 2i41))

vi—1
Bl(wi—l Ui—1, 24 )
: L BSY (2t wy, U iy 2i 4.16
— Tp(wi—h Zi) (Z y Uiy Wi, U )Tp(w 7Z+1)7 ( )
Z PQD (w1, vim1)Pp(Fo(viz1, ti, 2i, Wi, Wi, Zig1))

Vi—1,b;

Bl (U}i_l, Ui—1, %4y wl)
Tp(Wi—1, 2i)
Since the first and the third argument of BS” are equal by (4.13), we can combine (4.16)(4.17) to

obtain

B (2, wy, wy, wi) T (Wi, 2i1)- (4.17)

Z pQD(Ui_l,Ui_l)]P)p(F(’Ui_l,ti,Zi,Ui,U]i,Zi+1))

Vi—1,t;

wz 15 Wi— luzza )
< Z Tp(wi—hzi) BQ(Zzatzawzauz)Tp(wz,ZH-l) (418)

Upon substitution of the bounds on the probabilities in (4.14), (4.15) and (4.18) into (4.9),
the ratios of two-point functions form a telescoping product that disappears. After relabeling the
summation indices, (4.9) becomes

N—

H(N)(O, .CL’) S Z 0 S1, tl H [Bl Si, tl, Ui, ’UZ)BQ(UZ, Uiy Sit1, tz—i—l)}
8,7 i=1
X Bl(SN,tN,UN,’UN)Ag(UN,UN,SL’). (419)
The bound (4.19) is valid for N > 1, and the summation is over all sq,...,sy, t1,...,tn,
(ug,v1), ..., (uy,vy). For N = 1,2, the right side is represented diagrammatically in Figure 6. In

the diagrams, unlabeled vertices are summed over V.

4.2 The diagrammatic bounds

We now specialize to the case G = T, ,, making use of the additive structure and the z — —x
symmetry of the torus. We will write 7,(y — ) in place of 7,(x,y), and similarly for D and I1?.
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Figure 6: The diagrams bounding (a) II™"V(0, z) and (b) II®(0, z).

The upper bounds we prove are in terms of various quantities related to the triangle diagram.

Let

Ty(x) = Z Tp(Y)7p(2 — Y)PQLD(w)Tp(z + 2 — u) = (7, % 7 * T) (2),

y,2,u€V

T, = max T, (x),

T, =max > 7,(y)7p(2z — y)7p(x — 2) = max(7, 7, x 7,) (),

eV

and, for k € T% . let

r,mn?

y,ze€V

eV

Wy(y; k) = D [1 = cos(k - )] 7, () (x + ),

zeVvV

Wy (k) = max Wy, (y; k).
yev

Recall that BS” denotes the second term of (4.13). For k € T* , we also define

>

Uj—1,Vi,Vi—1,8i,b;

(2)
X BQ (Ui_l, Vi—1, Si, tz>Bl (Siv ti7 Vi, U + CLQ),

Hp(al, ag; k‘):

and

,n)

[1 — COS(]{? . (tz — ui_l))]Bl(O, a1, Uj—1, Ui—l)

H,(k) = max Hy,(ay,as; k).

a1,a2€V

The remainder of this section is devoted to the proof of the following lemma.

Lemma 4.1. For N =0,

For N > 1,

> 19(2) < T,

zeV

> [ = cos(k - z)|IT(x) < W,(0; k).

zeVvV

> O™ (x) < T (2T,T)Y,

zeV

STI1— cos(k - )™ () < (AN + 3)[TIW, (K)(2T;, + [1 + pQINT) (2T, TN

zeVvV

+ (N = W(T;W, (k) + Hy(k)(T,)*T,T;)V )

26

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)



and, for N =1, (4.30) can also be replaced by

> 1 —cos(k - 2)[IIV (x) < W, (0; k) + 31T, T, W, (k). (4.31)

zeV

4.2.1 Proof of (4.27)—(4.28)
By (3.15) and the BK inequality,

N9(z) = P(0 < x) — dop < 7p(2)? — Jo- (4.32)

For z # 0, the event {0 <> x} is the union over neighbors y of the origin of {{0, y} occupied}o{y <
x}. Thus, by the BK inequality,

() < pQD * 1) (2) = Tp(x) (2 # 0). (4.33)
Therefore,
S HO2) <Y 7l ) < T,(0). (4.34)
zeV zeG
Similarly,
> [ = cos(k - z)|II(x) < W,(0; k). (4.35)
eV
This proves (4.27)—(4.28).
4.2.2 Proof of (4.29)
For N > 1, let
N
\II(N)(SN-i-lutN-i-l) = Z 0 817t1 H [Bl Sl7t27ul7UZ>BZ(UZ7UZ7SZ+17t2+1)} (436)
8,6,u,v =1

For convenience, we define ¥ (z,y) = A3(0,x,y), so that

\II(N)(:E>y) = Z le(N?l)(SNatN)Bl(SNatN>uN7UN)BQ(uN>UN>$ay)7 (N > 1) (437)
UN,UN,SNtN
Since
> As(un,vn, ) < Bo(un,vn, z,y), (4.38)
x z,y
it follows that
S (2) < DU (,y), (4.39)
T T,y

and bounds on II" can be obtained from bounds on ¥®. We prove bounds on W™ and hence
on II™, by induction on N.
The induction hypothesis is that

Y UMz, y) < T, (2T,T)N. (4.40)
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For N =0, (4.40) is true since
> A3(0,2,y) < T, (4.41)
.y

If we assume (4.40) is valid for N — 1, then by (4.37),

S UM (a,y) < ( ) \I/(N”(SN,tN))(max 3 Bl(sN,tN,uN,vN)Bg(uN,UN,x,y)), (4.42)
z,y

SNSIN
SNLIN ’ UN,VN,T,Y

and (4.40) then follows once we prove that

max > Bi(s,t,u,v)By(u,v,x,y) < 27,7, (4.43)

u7v7x7y

It remains to prove (4.43). There are two terms, due to the two terms in (4.13), and we bound
each term separately. The first term is bounded as
max Y (v — )7 (u — 8)m(y — W)z — v) (v — W) (2 — y)

s,t
u7v7x7y

= H;%XZ (v = )7 (u — 8)7p(v — u)(ZTp(y —u)Tp(z — v)7p(7 — y))
TR0} T,y
<T nﬁx;f‘p(v —t)7p(u — $)7(v — )
=T,T,. (4.44)
The second term is bounded similarly by

max Z (v = O)7p(u = 8)002Tp(y — ) Tp(x — a)7p(u — a)7(y — a)
u,v,r,yY,a

= max > (%p *7)(a — )1, (u — s)) (Tp(y —u)Ty(u —a)T,(y — a))

= max Z Tp(a" + s — )7 (y ) p(a')7p(y" — )
? y/’a/

< (max T,(a +s— t)) ( > () m(d) oy — a')) =T,T,, (4.45)

a’,s,t v al
where @' = a — u, y’ = y — u. This completes the proof of (4.43) and hence of (4.29).

4.2.3 Proof of (4.30)

Next, we estimate > [1 — cos(k - 2)|]II"(z). In a term in (4.19), there is a sequence of 2N + 1
two-point functions along the “top” of the diagram, such that the sum of the displacements of
these two-point functions is exactly equal to z. For example, in Figure 6(a) there are three
displacements along the top of the diagram, and in Figure 6(b) there are five in the first diagram
and four in the second. We regard the second diagram as also having five displacements, with the
understanding that the third is constrained to vanish. With a similar general convention, each of
the 2V~! diagrams bounding II®™ has 2N + 1 displacements along the top of the diagram. We
denote these displacements by di,...,dsy11, so that x = Z?ffr ! d;. We will argue as follows to
distribute the factor 1 — cos(k - ) among the displacements d;.
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Let t = Z}’zl t;. Taking the real part of the telescoping sum

J

1— et =3 [1 — efts]e! Zmei (4.46)
=1
leads to the bound p p
1—cost <> [1—costj]+ Y sintjsin Y . (4.47)
j=1 Jj=1 m<j

It follows from the identity sin(x +y) = sinx cos y + cos x sin y that |sin(z +y)| < |sinz|+ |siny].
Applying this recursively gives

J J -1
1—cost <> [1—cost;]+ > D |sint;||sintn,). (4.48)
=1

j=1m=1

In the last term we use |ab] < (a® + b?)/2, and then 1 — cos® a < 2[1 — cosal, to obtain

1 J j-1
1 —cost [1 — cost,] 5 Z > [sin®t; 4 sin® )
j=1m=1

IN
‘M“

<
Il
—

J
[1—cost;]+J> sin’t;

IN
™M~

J=1 J=1
J J
= [1—cost;] + Zl—cost
j=1 j=1
J
1) > [1— cost;]. (4.49)

=1

We apply (4.49) with ¢t = k-2 = >Nk - d; to obtain a sum of 2N + 1 diagrams like the
ones for 11 (z), except now in the ]th term the 4™ line in the top of the diagram represents
[1 — cos(k - d;)]7,(d;) rather than 7,(d;).

We distinguish three cases: (a) the displacement d; is in a line of As, (b) the displacement d;
is in a line of By, (c) the displacement d; is in a line of Bs.

Case (a): the displacement is in a line of A3. We consider the case where the weight [1—cos(k-d;)]
falls on the last of the factors As in (4.19). This contribution is equal to

Z\II(N D (u, v Z By (u, v, w, y)7,(y — w)[1 — cos(k - (x — y))]7p(x — y)7p(x — w). (4.50)

w,T,y
Applying (4.33) to 7,(x — y), we have
masx 3 By(u,0,0, )7y — w)[1 — cos(l - (5 — g — 9)rp( — w) S TWy(k).  (451)

w7x7y

It then follows from (4.40) that (4.50) is bounded above by T} (21,T})"~'T,W,(k). By symmetry,
the same bound applies when the weight falls into the first factor of As, i.e, when we have a factor
[1 — cos(k - dy)]. Thus case (a) leads to an upper bound

2T (2T, T,)N T, W, (k). (4.52)
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Case (b): the displacement is in a line of By. Suppose that the factor [1 — cos(k - d;)] falls on the
™™ factor By in (4.19). Depending on i, it falls either on 7, or on 7, in (4.12). We write the right
side of (4.19) with the extra factor as
DY Uy, ti>Bl(5iatia g, v) WYY (0 — @, v — 1), (4.53)
T si,ti,Ui,0;

where either

By (s, t,u,v) = [1 —cos(k - (u—9))]7Tp(u — s)mp(v — 1), (4.54)

or

By (s, t,u,v) = Tp(u — s)[1 — cos(k - (v —t))]7,(v —t). (4.55)
For (4.54), we let a; = t; — s;, ag = v; — u;, and 2’ = u; — x. With this notation, the contribution
to (4.53) due to (4.54) is bounded above by

( DU (s, s+ al)) ( S W 2+ (12)) ( max > Bi(s, s; + ar, ui, u; + (Ig))

84,01 2’ a0 a2 S
= (S wsit)) (X 00w ) ) Wolh)
Siyti T,y
< TI;(QTPTI;)Z'TI;(2TpTI;)N-i—1Wp(k) = TI;(2T,,TI;)N-1TI;W,,(k), (4.56)

where we used (4.40). For (4.55), we use (4.33) for 7,(v — t) and also obtain an additional factor
P from 7,(u — s). Since there are N choices of factors B, case (b) leads to an upper bound

[1+ pQINT, 2T, T)N T, W, (k). (4.57)
Case (c): the displacement is in a line of Bsy. It is sufficient to estimate

max Z \If(iil)(si_l, ti_l)\I’(Niiil)(Ui — T, V; — JZ‘)[l — COS(k’ . dl>]

Si—1,ti—1,Ui—1,Vi—1
Siy biy Uiy Vi, T

X B1(8i—1,ti—1, Ui—1, Vi—1) Ba(Ui—1, Vi1, 85, 1) B1 (s, ti, i, v5), (4.58)
where the maximum is over the choices d; = s; — v;_1 or d; = t; — u;_1. We consider separately
the contributions due to BS" and BS” of (4.13), beginning with BS.

Recall the definition of H(ay,as; k) in (4.25). The contribution to (4.58) due to By’ can be
rewritten as

Yo U (siy, 80 4 a) VYTV 2 + ag) H(ay, ag; k)

!
§i—1,01,02,T

< BTy (See )

< Hy(k)(T)* (21,12, (4.59)
Since there are N — 1 factors By to choose, this contribution to case (c) contributes at most
(N = 1) H,(k)(T,)*(2T,T))N 2. (4.60)
It is not difficult to check that the contribution to case (c) due to BS" is at most
(N = 1)(T2W, (k) (T2 (T, 2. (4.61)

The desired estimate (4.30) then follows from (4.49), (4.52), (4.57) and (4.60)—(4.61).
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4.2.4 Proof of (4.31)
Recall from (4.19) that

IV (x) < D As(0,s,8)Bi(s, t, u,v)As(u, v, x). (4.62)
s,t,u,v
We define A5(u, v, x) by
Az(u, v, ) = 8y 200 + As(u, v, x). (4.63)

Then we have

> o[1—cos(k - @)Y (x) < > [1—cos(k - x)]Bi(0,0,z, x)

eV eV
+ > Y [1 = cos(k - x)]A5(0, 5, ¢) Bi(s, ¢, u,v) As(u, v, )
zeV s,tu,v
+ > Y [1—cos(k - 2)]B1(0,0, u, v) Ay (u, v, z). (4.64)
zeV s,tu,v

The first term equals W;,(0; k). The second and third terms are bounded above by 7 - 3T, T)W,, (k)
and 5 - 2T,W, (k) < 10T, T)W,(k), respectively, using (4.49) (with J = 3 and J = 2) and the
methods of Section 4.2.3.

5 Analysis of the lace expansion

In this section, we use the lace expansion to prove the triangle condition of Theorem 1.3. The
analysis is similar in spirit to the analysis of [13], but it has been simplified and reorganized,
and it differs significantly in detail from the presentation of [13]. Specific improvements include:
(i) We have reduced the number of functions in the bootstrap argument from five to three (cf. [13,
Proposition 4.3]), and in the bootstrap we work directly with the Fourier transform of the two-point
fuction rather than with the triangle and related diagrams. (ii) We work with 1 —cos(k-z) directly,
rather than expanding the cosine to second order. (iii) Our treatment of H,(k) in Lemma 5.5 below
is simpler than the corresponding treatment of [13, Section 4.4.3(e)].

We work in this section on an arbitrary torus T,, with » > 2, assuming that Assumption 1.1
is satisfied. As usual, we write the degree of the torus as €2, and we abbreviate p.(T,,) to p..

Our analysis actually uses a slightly weaker assumption than the one stated in Assumption 1.1.
Instead of (1.26), we will assume in the proof that

[ )
4 kET},: k40 11— uﬁ(k)}"’ s (5.1)

holds uniformly in p € [0,1 — 2A~'V~1/3]. Equation (5.1) is strictly weaker than (1.26), but not
2

in a significant way. The analogue of (2.28) with u inserted in the denominator follows from (5.1)
in the same way that (2.28) follows from (1.26).
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5.1 The bootstrap argument

Taking the Fourier transform of (3.8) and solving for 7,(k) gives

1410, (k) + R (k)

= ! . : (5.2)
1 — pQD(E)[1 + IT,, (k)]

7p(F)

forallk € T}, and all M = 0,1,2,.... Recall from (2.4) that C,,(k) = [1—uQD(k)]~!. As explained
in Section 3.1, we would like to compare 7,(k) with C,,(k), with xQ equal to pQ[1 + II,,(0)]. We
know that 7,(0) = x(p) > 0, but we do not yet know that 1 + II,,(0) + R, (0) is positive and
thus we cannot yet be sure that the denominator of (5.2) is positive when & = 0. We therefore
do not yet know that our choice of y is less than Q~!. To safeguard against the possibility that
pQ[1 +1I1,,(0)] > 1 (later we will see that this possibility is not realized), we define P by

1 A
HI()M)Q — mln{l _ 5)\—1‘/'—1/3’p§2[1 + H]yj(o)]+}, (53)

where 27 = max{xz,0}. We will prove that for all M sufficiently large (depending on p), and for
all p < pe,
(k
max 28 5 (5.4)
keTy n Cu(M)(k‘)

The inequality (5.4) is the key ingredient in the proof of Theorem 1.3.

The proof of (5.4) is based on the following elementary lemma. The lemma states that under
an appropriate continuity assumption, if an inequality implies a stronger inequality, then in fact
the stronger inequality must hold. This kind of bootstrap argument has been applied repeatedly
in lace expansion analyses, and goes back to [24] in this context.

Lemma 5.1 (The bootstrap). Let f be a continuous function on the interval [py, p2], and assume

that f(p1) < 3. Suppose for each p € (p1,p2) that if f(p) < 4 then in fact f(p) < 3. Then f(p) <3

for all p € [p1,p2).

Proof. By hypothesis, f(p) cannot be strictly between 3 and 4 for any p € [p1, p2). Since f(p;) < 3,

it follows by continuity that f(p) < 3 for all p € [py, pa. O
We will apply Lemma 5.1 with p; = 0, p» = p., and

f(p) = max{fi(p), f2(p). f3(p)}, (5.5)
where  ©
FilD) =p, o) = puas ﬁ (5.6
) = max Ca(k) A 7o(l) = 3L = k) + 7 (L + k) A |
wiefn X Cuon(l=k)C,00 (1) + Con (0,0 L+ k) +C an(l = K)C 00 (L + )
(5.7)

with the constant X equal to X = 675 (the exact value of X is not important).
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We benefit from working on a finite graph in using f5 and f35 as defined above. As we will argue
below, it is easy to establish continuity in p of the quantities to the right of the maxima in the
definitions of fy and f3, and hence the continuity of f, and f3 follows immediately. However, on
an infinite graph £ and [ lie in an infinite set, the maxima must be replaced by suprema, and the
continuity for each fixed k,l does not necessarily imply the continuity of the suprema. Different
functions were used in [13] for this reason.

The expression 7,(1) — 3(7(1 — k) + 7,(1 + k)) in (5.7) is closely related to a discrete second
derivative of 7,(1), and we discuss this now in more detail as a preliminary for what follows. Given

a function f on T;, and k,l € T}, let
oFf() =+ k) — f), (5.8)
O F) = f(1) = f(L - k), (5.9)
and Ay f(I) = 879 f(I). Then
5 MFW) = ) — S(F+ )+ f0 - B)) (5.10)

In particular, —%A;ﬁ‘p(l) appears in the numerator of f3(p).

The following will be useful in computations involving A,. Let g be a symmetric function on
the torus, meaning g(z) = g(—x). Then the Fourier transform of ¢ is actually the cosine series
g(l) =X, g(x) cos(l - x). We define

1

G (1, k) Zg cos(l - x)cos(k - z) = 5[@( —k)+g(l+ k)], (5.11)
. 1. R
(1, k) Zg sin(l - z)sin(k - z) = 5[9( — k) —g(l+ k). (5.12)
Then ]
—58g() = g(1) = g (1, k), (5.13)
and, assuming only for (5.14) that g(z) > 0,
1 ~ ~ Acos ~ ~
51Aeg (O] = l9(1) = *° (L k)| < 9(0) — g(k). (5.14)
By definition,
gL+ k)g Zg Yeos((l + k) - x)cos((I — k) - y). (5.15)

Using symmetry and the identity cos(a + b) = cosa cosb — sin asin b, this becomes

G+ E)G(— k) = g°=(, k)* = g™ (1 k)" (5.16)
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5.2 Bounds on [1%

The verification of the main hypothesis of Lemma 5.1 for f of (5.5) relies crucially on the bounds
on II™ given in the following lemma.

Lemma 5.2 (Bounds on the lace expansion). Let N =0,1,2,..., and assume that Assump-
tion 1.1 holds. For each K > 0, there is a constant ¢k such that if f(p) of (5.5) obeys f(p) < K
then

ST M (x) < e (A v gV (5.17)
and h R
37 (1= cos(k - 2)[TI™(x) < [1 — D(k)][ex (A v B)] N —DVE, (5.18)

ZBETT,TL

Lemma 5.2 will follow from Lemma 4.1 combined with the following three lemmas. For these
three lemmas, we recall the quantities defined in (4.20)—(4.26) and also define

T = Z |D(k)|*7,(k)*. (5.19)

keT;f N

Lemma 5.3. Fiz p € (0,p.), assume that f(p) of (5.5) obeys f(p) < K, and assume that As-
sumption 1.1 holds. There is a constant ci, independent of p, such that

TP <cx(NVP), T,<cx(NVVpP), T, <1+ex(ANV)). (5.20)

The bound on T, also applies if 7,(k)* is replaced by 7,(k) or 7,(k)* in (5.19). In addition, N\
can be replaced by V=1x(p)® in each of the above bounds.

Proof. We begin with T*. We extract the term due to & = 0 in (5.19) and use fi(p) < K to
obtain
T <V ')+ V'Y |D(k)PE3C (M)(k)?’. (5.21)
k£0

The first term obeys V'x(p)® < V™'x(p.)? = A3, and the desired result follows from (5.1). The
final statement of the lemma follows from the fact that the quantity with 7,(k) or 7,(k)? is easily
bounded in z-space by the quantity with 7,(k)?.

For T,, we extract the term in (4.20) due to y = z = 0 and u = x, which is pQQD(x) < K@,
using f1(p) < K and (1.25). This gives

Ty(z) < KB+ > 7,(yY)1 (2 — y) KD(uw)7y(x + 2 — ). (5.22)
u,y,2:(y,2—y,x+z—u)#(0,0,0)

Therefore, by (4.33),
T, <Kﬁ+3K2maX > W) (D 1) (z —y)(D* 1) (x + 2), (5.23)

y,2€Tr n

where the factor 3 comes from the 3 factors 7, whose argument can differ from 0. In terms of the
Fourier transform, this gives

T, < KB+ 3K’ max V™! Z D(k)*7,(k)*e™** < KB + 3K*T. (5.24)

keTy,
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Our bound on T}/? then gives the desired estimate for 7T,

The bound on T; is a consequence of Tlg < 1+ 37,. Here the term 1 is due to the contribution
to (4.22) with y =z —y =2 —2 =0, so that x =y = z = 0. If at least one of y,z —y,z — z is
nonzero, then we can use (4.33) for the corresponding two-point function. O

Lemma 5.4. Fiz p € (0,p.), assume that f(p) of (5.5) obeys f(p) < K, and assume that As-
sumption 1.1 holds. There is a constant cy, independent of p, such that

W,(0:5) < cxll = DRIV B),  Wy(k) < exe[1 — D(E)] (5.25)
Proof. For the bound on W,(0; k), we use (4.33) to obtain

7p(z) < pQD(z) + > pQD(v)7(z — v).

vivFET
< pQD(x) + [pU*(D * D * 7,)(z). (5.26)
We insert (5.26) into the definition (4.23) of W,(0; k) to get

W,(0; k) < pQ Z[l —cos(k - )| D(x)7,(z) + [p$2]? Z[l —cos(k - 2)|7,(x)(D % D * 7,)(x). (5.27)

T

We begin with the first term in (5.27), which receives no contribution from x = 0. Using (4.33)
and (5.26), we obtain

pQ Y [1 = cos(k - x)]D(x)7y(z)

x#0
< p* > [ = cos(k - 2)]D(z)* + [p* > [1 — cos(k - z)] ; D(v)1,(x —v)
< [P [1 = cos(k - z)]D(x)* + [p* > [1 — cos(k - z)]|D(z)(D * D)(x)
+ [P > [1 — cos(k - 2)]D(x)(D * D x 7,) (). (5.28)

T

The first term on the right side is bounded by K23[1 — D(k)], by (1.25). The second term can
be bounded similarly, using max,(D * D)(x) < . For the last term in (5.28), we use Parseval’s
identity, together with the fact that the Fourier transform of [1 —cos(k-xz)|D(z) is D(1) — D**(k, 1),
to obtain

S [t — cos(k - 2)|D(x)(D * D % 7,) () = — Z — D (k, )] D(1)27,(1). (5.29)

x leT: n

Applying (5.14) and the bound on T'® (with %p(k)?’ replaced by 7,(k)) yields

S 1 —cos(k-2)]|D(x)(D*Dx7,)(x) < [L—D(k Z D(1)?7,(1) < cx(A3VB)[1—D(K)]. (5.30)

T lE']T

This completes the bound on the first term of (5.27).
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For the second term in (5.27), we again use Parseval to obtain

>_[1 = cos(k - 2)]7,(x)(D D x7,) (2) = 17 %) —%(@,(Hk)+%p(z—k))}b(z)2fp(z). (5.31)

We apply the assumed bounds on f>(p) and f3(p) to obtain

Z[l —cos(k - x)]7(2)(D * D x 1) ()

T

< e+ K2X(1 ZD C(M)
l;éO
x {ém (= W)C, () + Con (NG, + k) + Can(l = K)C,on(+K)| . (5.32)

For the last term in (5.32), we set

Cpi(x) =cos(k - z)Cy(z). (5.33)
Then
|Cru(@)] < Culw), (5.34)
and, recalling (5.11),
Cour(l) = cos(k - x) cos(l - #)C,u(x) = C(k, 1). (5.35)
eV
Also, by (5.16),
ém(z — k:)éu;M)(z + k)= A;gz)(k,zf — A;Z;W)(k,zf < A;‘Zp%(k,l)? (5.36)

Therefore, using (5.34) and Parseval’s identity,

N

— Con(DD?*C on(l - k)C o0 (l+k) < = Z o ( D(1)? C??m(k 1)’
4 l€Ts, g V €Ty,
(D D % Cuél\/l) * CM;M)J€ * CM£)M)7]€)(O)
< (D D x CM(M) * CM(M) * CM(M))(O). (5.37)

Moreover, by (5.1),

(D * D x C“(M) * CH(M) * Cu(M))(O) = D(l)2é’u(M) (l)3 S 8()\3 V ﬂ), (5.38)

<I~

where the A3 arises from the [ = 0 term together with the fact that 1 — pu > %)\_11/_1/3. This
proves the desired bound on the last term in (5.32).
To bound the sum of the remaining terms in (5.32), we consider

— Z D2 C (M) ) éuél\/l)(l — k) —l—CA'u;M)(l—i-/{J) . (5.39)

lE']T
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Applying (5.11), (5.35) and (5.1), (5.39) equals

i Z D C 00 ) Ce ZJS\/I)(ka [)=2(D x D x C’MéM) * CMéM) * CM;M)J@)(O)

le’]l‘r n

< 2(Dx D x CM(M) * Cu(M) * Cu(M))(O) < 16()\3 vV 3).

(5.40)

This completes the bound on the second term of (5.27), and thus the proof that W,(0;k) <

cx (X V B)[1 = D(k)].

Finally, we estimate W,(k). Note that no factor A3 V 3 appears in the desired bound. By

definition,

W, (k) = pQmax Y _ [1 — cos(k - z)|D(v)7,(z — v)7p(z + ).

yev z,0eV

Let
Dy(z) = [1 — cos(k - z)]|D(z), Tpr(x) = [1 — cos(k - x)|1,(x).
Applying (4.49) with t = k- v+ k - (x — v), we obtain
W,(k) < 5p2 max > [ = cos(k - v)]D(v)Ty(x — v)7(y — )

eV

+5meaX > D)[1 = cos(k - (x — v))|Tp(z — v)7(y — 2)

yev z,veV
< 5K max(Dy, * 7, % 7,)(y) + 5K max(D * 7,1 * 7,)(y).
yev yev

For the first term, we have

1 A
(Drx 1 1)(y) = = D e " D(D)7(1)* <
ety ,

It follows from (5.14) that for all k,1 € Ty,

~ N

[Dr(D] = [D(1) — D*(k, )| < [L = D(k)],

and hence, by (2.28),

max(De x5 2 7)) < [1 - DRI T €0 ()7 < ex(3® v D1 - Dk,
Y leT:n

where the A3 arises from the [ = 0 term.
The remaining term to estimate in (5.43) is

max(D * T, x 7,)(y) = max— »_ e " YD() 7, (1) 7k (D).

\% \%
yE ye V T,

Since

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)



we can use the bound on f3(p) to obtain

I?g{,’{(D * Tpk % Tp) (V)

< K2X[1 — D(k) —-Z ﬁ\cmo
v €Ty,
X {GM;M)(Z — k‘)C (o) (1) + CMI(JM)(Z)CuéM)(l +k)+ CA'M;M)(Z — /f)é@)m(l + k).

The above sums can all be bounded using the methods employed for the previous term. For
example, the last term can be estimated using |D(l)| < 1, (5.36), (5.34) and (2.28), by

— Z C (M) HC ;M)(l — k:)C (M)(l+k) < km%X V > |D(1 |C' (M)( )C:ZJS\/I)(Z,IC)2

leT: n leTy
- krg%ﬁ(cu;m #Cyn g% Con ) (0)
S (C“;M) * CH;M) * CH;M))(O) = SI()O), (5.49)
where we define A R
S](;’) =y Z |D(l)|"CH;M)(Z)3. (5.50)
l€Ts,
O

Lemma 5.5. Fiz p € (0,p.), assume that f(p) of (5.5) obeys f(p) < K, and assume that As-
sumption 1.1 holds. There is a constant cy, independent of p, such that

Hy(k) < cx(A*V B)[1 = D(k)]. (5.51)

Proof. Recall the definition of H,(ay, as; k) in (4.25), and let d; = t; —u;—1. In terms of the Fourier
transform, and recalling (5.42),
H(al, ag; ]{Z) = 3 Z e_lllval6_112'a2D(l1)Tp(l1)2D(12>Tp(l2)27'p7k(l3)

l1,l2,l3€T5

x (1 — )7y (1o — I3)7p(l — Is). (5.52)

We use f(p) < K to replace 7,(k) by KOH(M)(k) and (recalling (5.48)) 7, x(l3) by

KX[1 = D(k)] |C,on(ls = k)C,an (1) + C a0 (1)C, a0 (I + k) + Can (I = k)C o0 (s + k) |

(5.53)
This gives an upper bound for (5.52) consisting of a sum of 3 terms.
The last of these terms can be bounded by
~ 1 ~ A ~ ~
K°X[L=D(k)l > [DW)IC,00 (L)’ D(L)|C an (12)°
l1,l2713€T;f7n
xqﬁM@—mqﬁMh+mq$Mh—bX%@UrJQQ$Mh—@) (5.54)
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Using Holder’s inequality with p = 3 and ¢ = 3/2, (5.54) is bounded above by a K-dependent
constant times

R . 2/3
11— D(k)] (v3 S 1D(0)P2C o (1)) D(12) P2C o (1) CéM)(zgw)?)/?CMéM)(zl—13)3/2)

l1,l2,l3

. 1/3
(Vs S Cn =B Can(la — 1)°C (1 — k:)3> . (5.55)
Iy la,ls
The Cauchy—Schwarz inequality implies that for all £ and I4,
IZ CAM)M) (I3 + k‘)g/zéu;M) (ly — l3)3/2 < SI()O), (5.56)
3

with S{” given by (5.50). Therefore (5.55) is bounded above by

[1— ( )](5(0))5/3(5;3/2))4/3. (5.57)

To complete the proof, we note that by Holder’s inequality,

1/4

Sem < (S;f)) (s0) (5.58)
Thus (5.57) is bounded above by [1 — D(k )]SP(S7)?. The latter factor can be bounded using
(2.28), and the former with (5.1). This gives a bound of the desired form, with the \* arising as
usual from the [ = 0 term of S».

Routine bounds can be used to deal with the other two terms in a similar fashion. O

Proof of Lemma 5.2. This is an immediate consequence of Lemmas 4.1 and 5.3-5.5. The bound
(4.31) is used for (5.18) when N =1 (as (4.30) is not sufficient). O

The following consequence of Lemma 5.2 plays an essential role in completing the bootstrap
argument.

Lemma 5.6. Let M = 0,1,2,..., and assume that Assumption 1.1 holds. If f(p) of (5.5) obeys
f(p) < K, then, for A and [ sufficiently small,

Z I ()] < 3ex(X*V ), (5.59)
> [ = cos(k - 2)]|Iy (x)] < 3ex(X* v B)[1 — D(k)], (5.60)

€T, n

and for M sufficiently large (depending on p, K, r, n),

Z [Ru(z)] < (W v B), (5.61)
> [1=cos(k - 2)]| Rus(2)] < (X* v B)[1 — D(k)]. (5.62)

€T n
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Proof. The bounds (5.59)—(5.60) are immediate consequences of Lemma 5.2 (the factor 3 comes
from summing the geometric series).
For the remainder term R, (z), we conclude from (3.37) that

| Ry ()| < pQ2 ZH(M)(U)D(U —u)Ty(x — v), (5.63)

and hence (5.61) is bounded above by pQII® (0)x(p). This can be made less than A3\ 3 by taking
M sufficiently large, by Lemma 5.2. For (5.62), we apply (4.49) with J = 3 to obtain

> [1—cos(k - z)]| Ry ()] (5.64)

€T n

< TpQ[1 — D(R)JTIS™ (0)x(p) + TpQ{II (0) = TIE (k)] (p) + TpQTIL™ (0) [7,(0) — 7, (R)]:

By Lemma 5.2, we can choose M large enough that 14Kﬁ;,M) (0)x(p) <
term can be treated similarly. For the last term, we apply the bound f3(p) < 3 for [ = 0 and again
choose M large, with a final appeal to Lemma 5.2. O

5.3 The bootstrap argument completed

We now show that f of (5.5) obeys the assumptions of Lemma 5.1, with p; = 0 and py = p..

To see that f(0) < 3, we note that 75(k) = 1, pi"” = 0 and hence C’uém(k) = 1, so that
f2(0) = 1. Since f1(0) = f5(0) = 0, we have f(0) =1 < 3.

Next, we verify the continuity of f. Continuity of f; is clear. For fs, since T,,, is finite it
follows that 7,(k) is a polynomial in p and hence is continuous. Similarly, IT,,(0) is a polynomial
in p. Therefore p{' is continuous in p, and hence é’u(m(k:) also is, since C, (k) is continuous in
p. The numerator and denominator in the definition of f; are therefore both continuous. There
is no division by zero, since the denominator is positive when p{* < 1, by (2.4). The maximum
over k is a maximum over a finite set, so fs is continuous. Similarly, f3 is continuous, and thus f
is continuous.

The remaining hypothesis of Lemma 5.1 is the substantial one, and requires the detailed in-
formation about II,, and R,, provided by Lemma 5.6. We fix p < p. and prove that f(p) < 4
implies f(p) < 3. By the assumption that f(p) < 4, the hypotheses of Lemma 5.2 are satisfied
with K = 4. Therefore, assuming M is sufficiently large, the bounds (5.59)—(5.62) hold, with ¢x
replaced by ¢4.

Let

AMQ = pQ1 + I1,,(0)]. (5.65)

We now show that A¢"Q € [0,1 — sA7'V /3] and hence p{ = M. By (5.2) with k = 0,
X(P)[1 = APPQ] = 14 11,,(0) + Ry, (0). (5.66)
Therefore,

L= X000 > 37 (p) [1 = [ (0)] = [Ru (O] = x ' 0)[1 = B+ D V)] (567)
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Since x(p) < x(p.) = AV/3, for A3 v 3 sufficiently small it follows that

I
AMQ <1-— 5 Ly =173, (5.68)
In addition, when A and 3 are sufficiently small,
ASIQ = pQ[1 + 11, (0)] > pQ[1 = 3e,(\* v 8)] > 0. (5.69)

~

This proves that p”Q = AMQ = pQ[1 +11,,(0)].

5.3.1 The improved bounds on fi(p) and f>(p)

First, we improve the bound on f1(p). We have already shown in (5.68) that x{"” €2 < 1. Therefore,
by (5.17),

100
= Q) = P < <3 5.70
when A and [ are small enough. o
To improve the bound on f5(p), we write (5.2) as 7 = N/F', with
N(k) =1+ T (k) + Ry (k),  F(k)=1—pQD(k)[1 +II,,(k)]. (5.71)
This yields
W ) 45, (00— gD — ()
CMéM)(k’)
= [1+ 11, (k) + Ro(K)] + 7, (k)pQD (k)11 (k) — I1,,(0)]. (5.72)

By Lemma 5.6, and by our assumptions that 7,(k) < 4CYM(M) (k) and pQ2 < 4, it follows from (5.72)
that

M <1+ (354 +1+4236,C on (k)1 — E(k)])(A3 V). (5.73)
Cu;M)(]{?) Hp
Since ) ) g1
0<C (k)1 - D) =1+ —L———D(k) <2, (5.74)
i 1 — " QD(k)

it follows from (5.73) that

7o (k)

P <14 (3é,+ 14966, (N2 V3. 5.75
CM;W(I{?) (3¢4 4)( 3) (5.75)

This is less than 3, if A* V 3 is small enough.
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5.3.2 The improved bound on f;(p)

This is the most substantial part of the argument. Let g be a symmetric function on the torus,
meaning g(z) = g(—x), and let

A 1
G(k) = —. 5.76
8= T (576
Then G obeys the identity in the following lemma.
Lemma 5.7. For all k,l € T*,
1 A A A ~ A COS ~COS ~sin
—5 MG = G = KGWGI+K)[[§(1) = 5 R = g k) = g0k (5.77)

Proof. Let g+ = g(I £ k) and write g = ¢(I). Direct computation using (5.10) gives

_lAkG(l) —

(G + ]G — )29 94 — 51+ 2025~ — 99 — 53]
DG+ WG = 1)|[§0) — G L1 + [3:9- - 90K (578)
using (5.11) in the last step. By (5.16),

G-+ = G (L R)* = g (1 )% (5.79)

Substitution in (5.78) gives (5.77). O

~ We will use (5.77) to improve the bound on f3(p). For this, we recall the definitions of N and
Fin (5.71) and write 7,(l) as

. N(I) 1
l)=—=—= = - 5.80
with .
s =120 4 1 {1 — 109QD(1) + pD ([T, (0) — 1T (l)]}. (5.81)
N(Z) N(l) D M M
By Lemma 5.6, R
IN(I) — 1] < 4e,(\* V ). (5.82)
In particular, N(I) > 0. Since 7,(I) > 0 (as proved in [3]), it follows that F'(I) > 0. Lemma 5.6

and (5.74) then imply that

0 < F(1) <[1—pD0)] + 3%e4(X v B)[1 — D(1)]
< [1+ 188, (X v B)][1 — ™ QD(1))]. (5.83)

Since fo(p) < 3, (5.77) implies that

(1) = 5+ R) + 70— B)) = —5 Aty 1) (5.84)

< 33@;}4)(5 - ’f)CA“;}M)(Z)CA'u;M)(l + k) [19(0) = gL R)IT = §°(1 k)| + g™ (1, k).
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We will prove the following three inequalities:

1 1
1— (k)| < = + = , 5.85
| gk CM;M)(Z — k) CMéM)(l + k) ( )
) X 1
165 (1, k)[* < 75[1 — D(k)] = , (5.86)
Can (D)
1G(1) — °"(1, k)| < 4[1 — D(k)). (5.87)

These inequalities are sufficient to improve the bound on f3(p), since they imply that the right
side of (5.84) is bounded above by

~ A A A 36 36 675
3[1 = D(k)|C on(l —k)C an(1)C an(l+k)|= + = + = . (5.88)
Hp Hp Hp CH;M) (I —k) CH;M) (Il +Fk) CH;M) (1)

Recalling that Cy(k) = [1 — D(k)]"! and X = 675, this gives f3(p) < 3
To prove (5.85), we use (5.11) to write

1— (1, k) = o . (5.89)

The desired estimate (5.85) then follows from (5.82)—(5.83).
To prove (5.86), we use (5.81) and (5.12) to see that

£ (i, k) F(+@Nmuww2
N(=k) N = k)N + k)
Umwl@P+2 U+@\NmﬂkW

p = |-

T N(-k)? N(l—k)2N(1l + k)2 (5.90)

To deal with the first term on the right side of (5.90), we use (5.71) and (5.12) to obtain
Fn (1, k) = —pQ [ D (1, k)1 + 11, (1 — k)] + D(I + k)L R)) (5.91)

By the Cauchy-Schwarz inequality and the elementary estimate 1 — cos?t < 2[1 — cost],

D™ (K, 1)? < Zsm (k- x)? Zsm (I-4)*D(y)
—Zl—coskx z) > [ —cos(l - y)*]D(y)
v

< 4[1 — D(k)][1 — D(1)]. (5.92)

The estimate (5.92) can also be applied to II"(1, k) or BS"(I, k) using Lemma 5.6, but now the
upper bound contains a small factor proportional to A*> V 3. The factor F(I + k) is at most 5, by
(5.71). This shows that the contributions to (5.90) other than that from (5.92) are of the same
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form but with an arbitrarily small prefactor. In addition, the factor 1 — D(1) can be bounded
above by 2CM(JVI)(Z)_1, by (5.74). Also, we have pQ2 < 3. Therefore, as required,

A

D(k)]CMéM) ()~ (5.93)

Finally, we estimate g(1) — §°(I, k) = —3Axg(l) and prove (5.87). For this, we use Ay = 9; 0;f
in conjunction with the quotient and product rules

Gk, 1) <32 4-2(1 +o(1)1 —

b(l a5 b(l b(1)o; d(l
% dizg B IZZ(Z()) d((l)) (1 +( 12)’ (5:94)
b(l 0, b(l)  b(l — k)0, d(l
R i 529
O FDRW] =0 FWAU + k) + FOOL W), (5.96)
O FDRD)] = 0 FRW) + I = k) h(D). (5.97)
This gives
-5l = 3T

_ AP 1OTPU— RO N() | 10 FIEN(D)

N(I) 2 NN —k) 2 N()N( + k)
LLEU=RANG  LEC-RENC-REGINORCER]

2 NON({I+k) 2 N(l—E)YN()2N(1 + k)

The denominators are all as close to 1 as desired, by (5.82), and we need to estimate the numerators.
The first term on the right side of (5.98) is the main term. Its numerator is equal to

1. - 1, - A 1 . .
—§A;€F(l) = pQéAkD(l)[l + 1L, (L + k)] + 5an,jD(l — k)Op I (1 + k)

1 ) . . 1 .
+ P00, DD (1) + pOD( — K) AL (1) (5.99)

We bound the factors p2 by 3. The factor |5 LA, D(1)| is bounded above by 1 — D(k), by (5.14).

The last term on the right side of (5.99) is bounded by a small multiple of 1 — D(k), by (5.14) and
Lemma 5.6. For the cross terms, we use

0 D)) <3 D(@)|Re{e [ — 1]}
<> D()|[1 — cos(k - x)] + [ sin(k - z)|| sin(l - z)]]

(k)] +2[1 = D(k)]'*[1 = D))

D
D(k)] + 2°/%[1 — D(k)]*/?, (5.100)
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using (5.92) for the third inequality. Applying Lemma 5.6, similar estimates apply to 8}:1:[M and
OER,,, but with a small factor. The two cross terms in (5.99) are therefore bounded by a small
multiple of 1 — D(k). Writing o(1) to denote a multiple of A* VV 3, we have shown that the first
term on the right side of (5.98) is bounded above by 3[1 + o(1)][1 — D(k)].

It is sufficient to show that the remaining terms in (5.98) are at most o(1)[1 — D(k)]. The
fourth term on the right side of (5.98) obeys this bound, using (5.83) to bound F(l — k) by a
constant, and (5.14) and Lemma 5.6 to bound A, N (1) = ALIL, (1) + AcR, (1) by o(1)[1 — D(K)].

The remaining three terms in (5.98) each contain a product of a derivative of F with a derivative
of N, or a product of two derivatives of N (using (5.97) for the last term). Other factors of F' or
N are bounded by harmless constants. The above arguments imply that G,fN (1) is bounded by
o(1){[1 — D(k)] + 23/2[1 — D(k)]/?}, as in (5.100) but with a small factor. By the definition of F
in (5.71) and by the product rule (5.96), we have

(1) = —pQIE D)1+ Ty (I + k)] — pQD (1) T, (1), (5.101)

which is bounded by a multiple of the right side of (5.100) (with no small factor). The same
bound is obeyed by 8 F'(1). Although the derivative of F' does not produce a small factor, it is
accompanied by a derivative of N which does provide the desired factor o(1). Thus each of the
remaining three terms in (5.98) is at most o(1)[1 — D(k)].

This completes the proof that (5.98) is bounded above by 4[1 — D(k)]. Therefore, as required,
we have shown that f3(p) < 3.

5.3.3 Conclusion

This completes the verification of the hypotheses of Lemma 5.1. Thus the conclusion of the lemma
applies, and f(p) < 3 for all p < p.. In particular, (5.4) and the bounds of Lemmas 5.2-5.6 all
hold. This implies that we may take the limit M — oo in (5.2) and (5.72) so that, in particular,

1+ 11, (k)

W) = b+ )

(5.102)
where II,, denotes I1p/—.

5.4 The triangle condition

Proof of Theorem 1.3. By definition, 1 < V,(z,x) <T7. Since f(p) < 3, it follows from Lemma 5.3
that V,(z,2) <1+ c3(V-ix(p)® vV B), for p < p.. This gives (1.27) for z = y. For z # y it follows
from (4.33) that

Vp(@,y) = (1 % 7 % 1) (2, 9) < 3T,(y — ) (x # ), (5.103)

where the factor 3 arises since there are three factors 7, that could have a nonzero argument and
hence permit application of (4.33). The desired bound then follows from Lemma 5.3. This also
proves (1.10) with ag = 3c3(\3 Vv 3). O
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6 Asymptotics for 7,(k)

In this section, we show that it is possible to extend (1.30) to an asymptotic formula for 7,(k)

when p < p,, for all k € T;,. We will not use this result elsewhere in the paper.

Let € = Q(p. — p) > 0 and ¢g = A"V 13, The result of [7, Theorem 1.2 i)] gives the following

extension of Theorem 1.5 i) to all p < p,:

1 1
<x(p) <

€+ € _Eo—l—[l—ao]é'

As we have seen in Section 5.4, ag < O(A*V 3). Let
myl=1—€—ecy=1—Q(p.—p) — ANV 3
Theorem 6.1 (Asymptotics for the two-point function). Forp < p,,

_1+0(NVP)

7o(k) = (14 OV 8))Con, (k) = T— B’

with the error term uniform in k € T}, and p < p..

Proof. For k =0, (6.3) is a consequence of (6.1). We therefore assume k # 0 henceforth.

We may now take the limit M — oo in (5.72). Writing IT,(0) for II._(0) and also

~

pp = e = p[1 +11,(0)],

this gives

7 (k ) A .
Z 1= Thlh) + A (pD [y 0) — o))

By (5.4), (5.60)—(5.18) and (5.74), this leads to

%%)—qzwxﬁvﬁy

C,, (k)
Since
7, (k) _ (&) é@@)+ C,, (k .
C’mp(k) C’up(k:) Cmp(k: C’mp(k
and since
’ Cy, (k) ‘ _ 1y = mp) QDR[| — |2
Cin,, (K) 1 — 2D (k) 1—p, Q7
it suffices to show that | 0
Hp — My 3
But by definition and (5.102),
N;DQ =1-= [1 + ﬁp(o)]X(p)_l

(6.1)

(6.4)

(6.5)



Also, by (6.1),

myQ=1—[1+0NV3)x(p (6.11)
Therefore, ,
o —m|2 - OV’ VB)Xx(p) ™" s
= L ohe o
as required. O
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