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Department of Mathematics and Computer Science,
Eindhoven University of Technology,

PO Box 513, 5600 MB The Netherlands

1 Introduction

An important concept in physical applicationsis conservation. In this paper we are in particul ar
interested in how we can conserve massin fluid flow. The mass conservation for an incompress-
iblefluid reads

divv =0,

where v is the velocity of the fluid. In atwo dimensional situation one can easily associate v
to a stream function, a Hamiltonian which asks for special numerical treatment in order to have
conservation. If we have athree dimensional problem such aformulation is not possible. Yet, in
cases of symmetry we can often reformulate the problem as a two dimensional problem. With
some appropriate change of variables this then results in a (Hamiltonian) stream function.

This paper is built up as follows. In Section 2 we consider the relationship between conser-
vation, the stream function as a Hamiltonian and how this can be applied in a three dimensional
axisymmetric case. Then in Section 3 we briefly describe the use of the midpoint rule, asimplec-
tic numerical method that conserves quantitiesin atime stepping procedure. In Section 4 we give
two examples to illustrate this conservation. Finaly, in Section 5 we consider an application of
the method in a practical ssmulation: the pressing of glassin amould.

2 Conservation and Hamiltonian Systems

If we have an incompressible fluid with density o, moving with velocity v then the conservation
of mass can be expressed as
V.pv=0.

Since p is constant this simplifiesto

V.v=0. (2.1)



Thislaw impliesthat a certain volume, V*Y(t) say, remains constant, i.e. is conserved. For atwo
dimensional flow this has an interesting consequence. Let us denote avector x € VXY (t) as

X=Xy, (2.2)

and the velocitiesin x and y direction by u and v respectively

VX, Y) = (Ux(X, ), Uy(X, )" (23)
Then (2.1) implies
ad ad
— —uy =0. 2.4
aqu+8yuy 0 (2.4)
Asiswell-known we can associate a stream function ¢*¥ (x, y) to (2.1) with
8¢Xy a¢xy
= — , == . 25
X ay W= ox (25)
In other words we have a simple Hamiltonian system
d ™Y
—X = — ¢
dt ay
(2.6)
d ™Y
a? T Tax

The stream function ¢*¥ isthusaHamiltonian associated to v. General Hamiltonian systemshave
aanumber of nice properties. Oneif theseisthat they are volume preserving, being ageneraliza-
tion of what we already observed from our conservation law. Unfortunately, they typically have
an even dimension, so that we not can hope to find an analogue in a three dimensional case (see
[1]). However, for special situationsin three dimensionswe can still find a stream function which
turns out to be aHamiltonian indeed. In particular, consider an axisymmetric flow. If weletr de-
note the radial coordinate and z the azimuthal coordinate then atypical volumeis given by

V' =2r /rzr drdz.
In cylindrical coordinates the continuity equation (2.1) then reads
——Uu, + —ZuZ =0, r>0, 2.7)
wherev(r, z) = (U, (I, 2), U,(r, 2)) isthe velocity of the fluid. Writing
1

= =r?, =27 2.8
Xi=f yi=z2 (2.8)



we see that (2.7) can be rewritten in the form (2.4), where ux (X, y) = u,(r, z) and uy(X, y) =

U,(r, z). Hence we can associate to (2.7) a stream function ¢'2(r?/2, z) with
8¢I’Z B 8¢I’Z B a¢rz B 18¢[’Z
ay 9z YT ax r or’

(2.9)

Uy

Clearly we essentialy have atwo dimensional situation again and from (2.6) and (2.8) we deduce
the Hamiltonian system for the cylindrically symmetric case

d r2 B a¢rz
da\2)  az
1 d Ig' (2.10)
—z = .
dt ; r2
2
One may rewrite (2.10) as
d  19¢"™
da r az
(2.12)
d_ 19397
dt-  r ar’
. . . . odr d dz
However, the latter isnot in conservativeform,i.e. —— + —— # 0.
dzdt ~ or dt
Note that we can associate to V'2(t) avolumein IR?, V¥ say, with
V() =2 f rdrdz =27V¥(t) = 271/ dxdy. (2.12)
VIZ(t) VXY (1)

Clearly, the three dimensiona volume V'# is conserved as long as the two dimensional volume
VY associated to (2.8) is conserved.

3 Numerical Symplectic Schemes

If we use a numerical method to solve aproblem in fluid mechanics we should preferably choose
amethod that preserves physically relevant properties. This requirement has less to do with ac-
curacy arguments as such. Indeed, a quantity like the total mass that should be conserved during
the evolution of the motion of the fluid, may be preserved more accurately if amesh widthin a
numerical scheme is made smaller. However, we rather would like to use a method which pre-
serves the mass, irrespective of the mesh. In terms of the setting in Section 2 this carries over
to volume preservation. Fortunately, there exists a number of numerical methods that have this
property for Hamiltonian problems. For a more detailed overview of such so called symplectic



schemes, see[1]. Inthispaper we will be satisfied with studying theimplicit midpoint rule, which
for the system

dx

a - ™
(3.1)
dy
a - W
reads
XKL = xK 4 At ug(g*(x, )
(3.2)

Yy = yE 4+ Atuy(gi(x, y)),

where g¥(x, ) 1= (X + X4 /2, (y< + y<+)/2) .

Note that this method is second order in At. For applying (3.2) to the Hamiltonian system
(2.6) it is sufficient to know uy and uy. A time stepping for alinear system (2.6) will give a con-
served flow volume, see[1]. For nonlinear systemsthisisnot necessary so, although it still often
produces " nearly conserved volumes” (see[1]).

For axisymmetric flows we can now simply apply (3.2) to (2.11). Taking into account (2.9)
this gives the following simplectic integration scheme for an axisymmetric flow

ol = rky % Ur (9“(r, 2))
(3.3)

2At
2 = 2 e 2),

Since v may involve a complicated computation, we use a predictor-corrector technique, with Eu-

ler forward as a predictor, see [3]. Let us denote the predictor value by (rf+?, z5™)T and the cor-

rector valuesby (r}*, 21T, j > 1, then we have for (3.3)
2At
k+1 k k
rj+l =T +rk+r:(+1ur(qj(r, Z))
(3.4
2At
Kl _ ok k
Zj-‘rl = Z + rk+rk+lu2(qj(r’ Z))’

J

where g (x, y) i= ((r* +rk+h)2, (2 + 29/2) .
An alternativeformulation for (3.3) isto user 2/2 asan unknown, i.e. applying (3.2) to (2.10).
Using the correspondence between (uy, uy) and (u,, U,) we then obtain

1 1 2,2
r k+12 —r k2 + At Ux(qk(r 2/ ’ ))

2 = X4 Atuy(g4r?/2, 2)),
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Note that for (3.5) we obtain the corrector (3.6)

1 1
pk12 Erk2—|—Atux(qu((r2/2,z))

2 (3.6)
ZH = 2+ Atuy(df(r?/2, 2)).
After N steps we stop the iteration and define
ritlo= XM, 2= A (3.7)
Below we shall illustrate these schemes.
4 Examples
Example 1. Consider an axisymmetrical velocity field D(t) € IR®, given by
Ur == —TL’I’,
{ u, = 2nz (4.1)
These equations can simply be solved to give
re) = rQe’,
{ z(t) = z(0)e* . (4.2)

In particular let D(0) be a cylinder with radius R(0) = R, and height Z(0) = Z, being the
initial valuesof functions R(t) and Z (t) respectively. Thenit can be seen that thevolumeV (t) =
m R?(t) Z(t) of D(t) remains constant and maintainsits cylindrical form. Indeed, the points at the
top of the cylinder (see Figure 4.1) moveall with the same speed downwards. Those at the bottom
have the downwards velocity equal to zero and those at the cylinder surface have the same radial
velocity.

We now easily see that we can associate a Hamiltonian ¢"* to apoint (r, z) by

dA(r, 2) = nrz,

a¢rz B a¢rz _ r2
8 (f) =2rz, 9 = 2 <E> 4.3)
2

Consider a cylinder, as shown in Figure 4.1, with radiusr (t) and height z(t). We can write
the equations of motion for the point (r (t), z(t))" asfollows

HORRE

(4.4)
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Figure 4.1: Cylinder evolutionin time.

Let usfirst consider the non-conservative system of ordinary differential equations. We obtain for
r and z

dar i
at ~
(4.5)
d
d_tz = 2nz
Since this system is linear, the midpoint rule (3.3) immediately gives
kel _ 1-Atn/2 o
1+ Atn/2)
(4.6)
el 1+ Atn «
1-Atn)

Hence, the numerically computed volumes at step k and (k + 1), V' and V" %! say, are related



as follows

2
Vrzk+l — T[(r k+l)22k+l — 1 - At 7T/2 1 + At T Ver.
1+ Atn/2 1-Atnm

Since the factor on the right-hand sideiis of order 1 + O(At?), we conclude that we will not have
volume conservation.
If we now use the scheme (3.5) instead, we have

1-— Atm
(r k+1)2 — <1 - Atﬂ:) (r k)2’

Kl 1+ Atr &
1-— Atrm

Itistrivial to see that we have volume conservation now.

We have performed a numerical ssimulation of P(t), a point at the top edge of the cylinder
(see Figure 4.1a), fort € [0, 0.2]. Thisgivesthe valuesfor R(t) and Z(t) and thus we can find
an estimate of the volume aswell. In Figure 4.2 we have plotted the volume as afunction of t for
N the number of correction stepsbeing equal to 0, 1, 4 and 8. For N = 8 we appear to have full
accuracy (up to round-off error).

Example 2. The next example dealswith anon-linear problem. Consider acylindrically sym-
metric three dimensional velocity field

(4.7)

' 8 ’
(4. 8)

1,
u, = Ersmz

Since (2.7) is satisfied, the velocity field above is divergence free. Rewritingr, zintermsof x, y
(see (2.8)) gives
1 2
Uy = —=X°COosY,
2 (4.9)
Uy, = Xsiny.
This system isaHamiltonian system. Indeed, one can easily find the expression for the Hamilto-
nian itself:
X 1 2 o
¢V (X, y) = >x sny.
Consider a cylinder as shown in Figure 4.3. The radius of the cylinder is 1 and the height is .
The initial position of the cylinder’s upper and lower planes correspondtoz = w andz = 0
respectively. Clearly, the relative positions will not change during the evolution. Note that the

velocity component inthe z-directionisproportional tosin zand staysOfor z = 0, =. Thevolume
of the body at timet can be represented by the following integral:

V(L) = %fﬂ(rz(Z) +r1(2 + 1) dz,
0
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Figure 4.2: Volume graphs for different number of mid-point correction steps (Example 1).
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wherer (z) isafunction describing the geometry of an axisymmetrical body at time't.

Aswas illustrated in the first example, conservation of volume depends on a number of cor-
rection steps, used in the mid-point rule. Since we have amore complicated surface that requires
numerical integration we have another parameter, M say, that indicates the number of intervals
used in an equispaced trapezoidal rule. We like to point out that this M is not relevant for our
method as such (and indeed a higher order quadrature formula would do a much better job). In
thisexample an additional parameter arises from integration formulaabove. Figure4.4 illustrates

how accuracy is depending on M.
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Figure 4.3: Frustum evolution in time.

5 Computing the Flow of a Viscous Blob

Inthissectionwe shall consider areal life problem, where conservation of massisfairly important
for the actual utilisation. Consider amould asin Figure 5.1. Here glassis pressed to afinal shape
by amoving part, the plunger (for more details see[2]). The problem isto describe the glass flow
and, morein particular, to find out the position of the free boundary I'¢ (see Figure5.1). Sincethe
problem is axisymmetric we use cylindrical coordinatesr and z to turn it into atwo dimensional
problem. We can model this problem by the Stokes creeping flow equation. For the velocity v
and pressure p of the glass, we have

Vv —-Vp = 0

V.-v = 0. (51)

This equation has to be provided with boundary conditions (among which the kinematic condi-
tion, involved by the plunger motion).

At any particular time point we can thus compute the vel ocity field. Note that thisis not avail-
ablein closed form now. We may solve (5.1) by some sufficiently accurate solver (finite volume
or (mixed) finite element methods). The resulting problem is then to solve x, the position of the

9
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Figure 4.4: Volume graphs for different number of integration intervals (Example 2).

glass, from the ordinary differential equation
— = V(X), (52)

where x € 2, the glass domain (see Figure 5.1). The fact that a time stepping method needs to
incorporatethe constraint x € €2y, ,,, requires an additional procedure. Indeed , by discretising the
free boundary we may consider a Lagrangian approach for the mesh point.

Consider first in more detail the deformation of the free boundary during atime step. Apply-
ing (3.3) to apoint X a the boundary TX (i.e. the boundary I'¢ at time t,) with corresponding
velocities v we see that some of the points x** don’t belong to the physical domain as defined
by the mould and the plunger. Let us denotethe latter by ©,,,,. Thisconfiguration ischanged ex-
plicitly by moving the plunger at each time iteration. We now simply clip displacement outside

this ®y,,, see Figure 5.2. So the new position of X<, k1 say is defined now by intersection of

10



Figure 5.1: Problem domain.

xttand O ,:

R = xK o (X — XK, o € (0, 1],

where ¢; ischosen such that Q,,, € ©y,,,. Wecall thisalgorithm the " clip” algorithm.

It is outside the scope of this paper to show how the midpoint rule actually blends in nicely
with the clip algorithm (implying only higher order losses). In Figure 5.3awe show the dramatic
effect of an explicit method for the mass conservation. In Figure 5.3b we give the result for the
midpoint rule. In both cases we have taken At = 0.005.
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