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Abstract

In this paper we consider the time-invariant, finite-dimensional, infinite-horizon, lin-
ear quadratic differential game. We will derive sufficient conditions for the existence of
(almost) equilibria as well as necessary conditions. Contrary to all classical references
we allow for singular weighting on the minimizing player in the cost-criterion. It turns
out that this problem has a strong relation with the singular H,, problem with state

feedback, i.e. the H,, problem where the direct feedthrough matrix from control input
to output is not necessarily injective.



1 Introduction

In this paper we will consider the zero-sum linear quadratic finite-dimensional differential
game. This is an area of research which was rather popular during the seventies.

However, in the last few years, the solution of the H,, control problem ( see [2,4,6] )
turned out to contain the same kind of algebraic Riccati equation as the Riccati equation
appearing in the solution of the zero-sum differential game ( see [1,5,11] ). This Riccati
equation has the special property that the quadratic term is in general indefinite. Contrary
to for instance the linear quadratic optimal control theory ( see [15] ) where the quadratic
term in the Riccati equation is definite.

Since in H, control theory the solution of the algebraic Riccati equation has no meaning
in itself it is interesting to have the more intuitive explanation as an equilibrium in the theory
of differential games. Recently a number of papers appeared which studied the differential
game with this goal ( see [7,8,14] )

In a recent paper [10] about H,, control theory it has been shown that in case the direct
feedthrough matrix from control input to output is not injective then instead of an algebraic
Riccati equation we get a quadratic matrix inequality. This phenomenon also occurs in linear
quadratic optimal control theory although in that case we get a linear matrix inequality ( see
[15]).

This paper is concerned with the zero-sum differential game in the case that the direct
feedthrough matrix is not injective. It will be shown that, as expected, we also get a quadratic
matrix inequality. Moreover by using results from H,, control theory we are able to derive
necessary conditions for the existence of an equilibrium which, to our knowledge, has not been
done in previous papers. We will study the differential game with stability since it turns out
to give results which indeed depend on the same solution of the quadratic matrix inequality
as the one we need in H,, control. If we assume detectability then the problems with and
without stability turn out to be equivalent.

The outline of the paper is as follows:

In section 2 we will formulate the problem and give our main results. In section 3 we will
introduce a system transformation which will enable us to prove our main results. In section
4 we will prove the existence of an equilibrium under some sufficient conditions. After that,
in section 5 we will be concerned with necesary conditions for the existence of equilibria. In
section 6 we will show that if the direct feedthrough matrix from control input to output is
injective that the necessary conditions of section 5 are also sufficient. We will conclude in
section 7 with some concluding remarks.

2 Problem formulation and main results

We will consider the zero sum, infinite horizon, linear quadratic differential game with cost
criterion

J(u,w) = jooo YT (8)y(s) — wT(s)Quw(s)ds (2.1)

and dynamics given by the following linear, time-invariant and finite-dimensional system



& = Az + Bu + Ew, z(0) = 2o

y = Cz + Du. (22)

Herez € R, v € R™, w € R! and y € R?. A,B,C,D and E are matrices of appropriate
dimensions and @ is a positive definite matrix. We assume (A, B) stabilizable. We define the
following class of functions,

Uy = {v:R"x R - R*|Vz € LIRY) v(z(),.) € LE(RT)} (2.3)

Here £5(R*) denotes the space of square integrable functions from R* to R¥. On this space
we define the standard £,-norm:

ol = ([ atsras )" o

Note that we can consider L% as a subset of l(}’b by identifying to each function v € £L§ a
function ¥ € U}, as follows #(z,1) = v(t) Vz € R",t € RT. We call (&,@) € U x U,
an admissible pair if by applying u(.) = a(z(.),.) and w(.) = @(z(.),.) in (2.2) the resulting
state, denoted by zuwz,, satisfies z, 4.4, € L3(RT). Hence by definition of Uy, we have
u € LP(R*) and w € L4(R*). This implies that the resulting output, denoted by ¥y w20,
satisfies Yy w2, € L5(RT) and hence J(u, w) as defined in (2.1) is well-defined. We will only
consider inputs of this form.

Since (A, B) stabilizable the class of admissible pairs is non-empty for every initial value
Zg.

We will call u a minimizing player and his goal is to minimize the cost criterion J{u,w).
In the same way we will call w a mazimizing player who would like to maximize the cost
criterion J(u, w).

Definition 2.1 The system (2.2) with criterion function (2.1) is said to have an equilibrium
if for all initial values ¢ there exists an admissible pair (ug, wo) such that

T (uo, w) £ J(uo, wo) < J (1, wo) | (2.5)

Jor allu € U} and w € Z{}f, such that (u,wg) and (up, w) are admissible pairs. Here up should
be such that for all w € LY, (uo,w) is an admissible pair.

The existence of an equilibrium is, in general, a too strong condition. We will define a
weaker version.



Definition 2.2 The system (2.2) with cost criterion (2.1) is said to have an almost equilib-
rium if there exists a function J* : R* — R such that Ve > 0,70 € R™ dug € UF,wo € U}b
such that (ug,wp) is admissible and moreover,

J(ug,w) < J*(zo)+e
J(u,wo) 2 JT*(zo)—¢ (2.6)

forallu € Uy and w € Zl}b such that (u,wo) and (up, w) are admissible pairs. Here uo should
be such that for all w € L}, (up,w) is an admissible pair.

Remark Note that if either ug or wyg is fixed then choosing the other input in Uy, such that
we have an admissible pair, results in well-defined functions in £, for state, minimizing player
and maximizing player. Hence in definition 2.2 we can, without loss of generality, assume
that u and w are in £, instead of 2. In that case there are no restrictions any more on w
since (ug, w) is admissible for all w € £§. This latter condition is rather unusual in zero-sum
linear quadratic differential games. Intuitively it means that we hand over the responsibility
of the condition z € £} to the minimizing player. Without that assumption it can happen
that there exists ug, wo such that

j(’l}.o,’lﬂ) ..<.. Ml
j(’ﬁ.,‘U}o) 2 MZ

for all u, w such that (uo,w) and (u, wo) are admissible pairs and M3 > M;. Clearly (uo, wo) is
not admissible but neither up nor wp will change since that will be contrary to their objective
of minimizing respectively maximizing the cost-criterion. To prevent such a deadlock we
hand over the responsibility for z € L} to one of the players.

We will derive conditions for the existence of an almost equilibrium. Since we do not
assume that the D matrix is injective it is not surprising that, as in the singular LQ problem,
we find a matrix inequality instead of a Riccati equation. We define

F(P):= ( (2.7)

ATP+ PA+ C*™C+ PEQ™'E™P PB+C™D
BTP 4+ DTC D™D

We call a symmetric P a solution of the quadratic matriz inequality if F(P) > 0. Furthermore
define

L(P,s):=[sI-A-EQ*E'P -B]. (2.8)



This is in fact the controllability pencil associated to the system,
¢ =(A+EQ'E"P)z + Bu.

Define G(s) = C(sI — A)"'B + D and let normrank G denote the rank of G as a matrix over
the field of real rational functions. We denote by C~ ( C° C* ) the set of all s € C such
that Res < 0 ( Res = 0, Res > 0 ). Finally we define the concept of invariant zero. The
invariant zeros of (A, B,C, D) are all s € C such that

sI—A| -B sI-A|-B
rank ( c ) ) < normrank ( c ) ) (= n + normrank G ). (2.9)

The following theorem is the main result of this paper.

Theorem 2.3 Consider the system (2.2) with cost criterion (2.1). Assume (A, B) stabiliz-
able. There exists an almost equilibrium if the following condition is satisfied,

There ezists a positive semi-definite solution P of F(P) > 0 such that

rank F(P) = normrank G
2.10)
L(va) — + 4] (
rank ( F(P) ) = n+4+normrank G VseCTUC"

Moreover J*(xo) = 2 Pao defines an almost equilibrium and for each bounded set of initial
values we can find static state feedbacks F,,F,, such that ug = Fyz and wg = F,z satisfy
(2.6) for all initial values in that set.

Remark For this specific almost equilibrium we have the following equality:

zd Pzo = sup inf  J(u,w). (2.11)
wEZJ}b weU T {(z0)

About the necessity of the above conditions we have the following result:



Theorem 2.4 Consider the system (2.2) with cost criterion (2.1). Assume (A, B) stabiliz-
able and assume (A, B,C, D) has no invariant zeros in C°. If there exists an almost equilib-
rium then the following condition is satisfied:

There ezists a positive semi-definite solution P of F(P) > 0 such that

rank F(P) = normrank G
(2.12)
rank ( ng’fl’";) ) = n+4normrank G VseCt.

Moreover in case D is injective the above condition is also sufficient.

Remark Although, in case D injective, we can prove the existence of an equilibrium under
the assumptions of theorem 2.4, we haven’t been able to find static state feedback laws for
ug and wp which we could find under the assumptions of theorem 2.3.

3 A preliminary system transformation

In this section we will apply a preliminary feedback transformation v = Foz 4 v to the system
(2.2). It will be shown that the resulting system has a very particular structure. For details
we refer to [10]. In the proof of theorem 2.3 this tranformation will be our main tool to prove
the result. We shall display the structure of the transformed system by writing down the
matrices with respect to some suitably chosen bases for the input, state and output spaces.

Our basic tool is the strongly controllable subspace. We will first define this subspace
and give an important property which will be used in the sequel.

Definition 3.1 Assume we have a system

i = Az + Bu

i : Cz + Du (3.1)

@
!

We define the strongly controllable subspace 7(Z.;) as the limit of the following sequence
of subspaces,

To(Sa) =0, Tip1(Sa) = {z € R"| 35 € Ti(Swi), u € R™ such that (3.2)
z = AZ + Bu and C% + Du = 0}

It is well known (see [9]) that T;(Xs) (i =1,2,...) is a non-decreasing sequence of subspaces
and attains its limit in a finite number of steps. A system is called strongly controllable if



its strongly controllable subspace is equal to the whole state space.

We will give one property of the strongly controllable subspace at this point which will
come in handy in the sequel (see [3,9] ),

Lemma 3.2 Assume we have the system (3.1) with (C D) surjective. The system is strongly
controllable if and only if

sI-A|-B
EZUEA o5
has ful row rank for all s € C.

We can now define the bases which will be used in the sequel.
First choose a basis of the input space R™. Decompose R™ = Uy BU; such that Uz = ker D

and U; arbitrary. Choose a basis uy,us,..., %, of R™ such that uy,us,...,u; is a basis of
Uy and %iq1,..., Uy, is a basis of Us.
Next choose an orthonormal basis y1,y2,...,yp of RP such that yy,...,y; is a basis of

im D and yj41,...,9p is a basis of (im D)‘L. Because this is an orthonormal basis this basis
transformation does not change the norm ||y||.

Finally we choose a decomposition of the state space X' = A7 @ A2 & A3 such that
Xy = T(Z)N CYmD, X, ® X3 = T(Z) and X; arbitrary. We choose a corresponding

basis z1,z2,...,%, such that zy,...,z, is a basis of Xy, z,41,...,%5 is 2 basis of A% and
ZTs41y.++,2Ly 18 a basis of Aj.
With respect to these bases the maps B, C, D have the following form,
Cl D1 0
ey - = . .4

Next, we define a linear mapping Fy : R* — R™ by

_p-1
F = ( DB G ) and hence C + DFp = ( 002 ) . (3.5)

We have the following properties of this decomposition which are proven in [10].

Lemma 3.3 Let Fy be given by (3.5). Then we have



(i) (A+BF)T(S)nC-t'imD) C T(X),
(i) imB, C T(X),
(iii)) T(S)NC~YimD C kerCs.

By applying this lemma we find that the matrices A+ BFy, B, C + DFp and D with respect
to these bases have the following form.

( An 0 A B 0O
A+ BFy=| An Ay A |, B=| By Ba |,
Aszr Az Am B3y Bi

(3.6)

_{ 06 0 o0 _{ Dy 0
\C+DFO—(021 0023)’ D_(O 0)'

We now apply the feedback u = Fyz + v to the system. Let (v{,v])T be the coordinate
vector of a given v € R™. Likewise we use the notation (z7,27,23)7 and (y{,y3)". Finally
decompose E = (ET,E},ET)" correspondingly. Then the system (2.2) has the following
form:

2\

Az + (B Ais) (2) + Fyw, (3.7)
Ig Az A [z2 B, By An) [(wn E,
b2 : 3.8
51 0 D1 0 (%
= . 3.9

Note that (u,w) is an admissible pair for the system (2.2) if and only if (v,w) is an
admissible pair for the system (3.7)-(3.9). As already suggested by the way we arranged these
equations, the system (3.7)-(3.9) can be considered as the interconnection of two systems :

. hn
: ()
W Ty T3

V2 20

Here,



T = {An,(Bn Al3)a( 6921 ) ) ( %‘ C"ng )] (3.10)

is the system given by the equations (3.7) and (3.9). It has inputs v, w and z3, state z; and
output yy,y2. The system I is given by equation (3.8). It has inputs vy, v, w and z,, state
Zo,z3 and output 3.

The systems £ and Tg turn out to have some nice structural properties, which have been
shown in [10].

Lemma 3.4 We have the following properties:

(1) Cas is injective,

(i1) The system,

A Az B3
T = (0 D,0 3.11
is strongly controllable,

(iii) We have,

_ Csz O
normrank G = mnk( 0 D ) . (3.12)

We need the following results from [10] which connects the conditions of theorem (2.3) to the
matrices in the transformed system (3.7)-(3.9).

Lemma 3.5 Assume a symmetric P is a solution of F(P) > 0. We have

(i) P 7(X) =0 i.e in our decomposition P can be written as

Py 00
P=| 0 00 (3.13)
0 00

(ii) If P isin the form (3.13) then



R(P):= P1An + AT Py + C3,Ca1 + Py (ElQ'lElT — B3 (D{Dl)-1 B'irl) Py

~ (Af3 P11 + CLHCn)" (CHC2) " (AfsPu + CHCx) 2 0. (3.14)

Moreover R(P) = 0 if and only if rank F(P) = normrankG.

(iii) If R(P)=0 then we have for all s € C,

rank ( L}gé;;) ) = n + normrank G

if and only if
Ay + EyQ YET Py — Byy (DT D) 'BY Py — A3 (CHCas) (AL Py + CHCy) (3.15)
has no eigenvalue in s.

4 Solution of the quadratic differential game

In this section we assume that the condition of theorem (2.3) is satisfied. We show that there
exists an almost equilibrium. We will use the following two lemmas which will give theorem
2.3 as an almost direct result.

Lemma 4.1 Let P be given such that F(P) > 0. Then for all admissible pairs (v,w) we
have:

T (u,w) = |ly|l3 - |Q**w||Z =

= =fPao+ [ e RPIea(r) dr + [Caogall} + 1Dl - @ wall} (41)

where
g3 = 3+ (CHC) (AL Py + CLCa) 2, (4.2)
% = v+ (DITDy)™" BY Pnz, (4.3)
wy = w- Q 'ETPz. (4.4)



Moreover the dynamics in these new coordinates are given by:

&1 = Anzi + Aiags + Bty + Eywy (4.5)
A22 Azs Bgz /In le ~ Eg
o - 4.6
( ) ( 32 A33) ( ) ¥ (BB2 vt An )™ T \Ba ) T ) ™ (4.6)
3] Ch 0
- 4.7
(92) (Cg) o1t (ng) 3 ( )

where we used the following matrices,

Ay = A+ E\Q7YET Py — A13(CLCo) ™ (A% Pi + CLCa)
—By1 (DTDy)™" Bf, P1y,
Az == Ag + E3Q T ET Py — Ag3 (CHCa3) ™" (AfsPr1 + C35Cn1)
—By (DIDy)™! B, Py,
As1 = Asy + EsQ ET Py — Az (CHCx) " (AlaPi1 + CHC)
—Bs31 (DTDy)™! BY, Py + (C5C2) ™" (AlaPi1 + CCm) A,
Ass + (CHCa3) " (AlsPr1 + CHCn) Ars,
Cy:=-Dy (DTDl)— B, P,
Cat — Ca3 (CHC:) " (A% Py + CHC),
= E3+ (C&Ca)"" (ALPn + CHCn) Ey.

b
8
fl

& Q
[[T]

Proof By using the system equations (2.2) we find
t
-% [xT(t)Pa:(t) — z§ Pzo + /(; y(r) y(r) — w(r)TQu(r) d‘r] (4.8)

z\(ATP+ PA+CTC PB+CTD PE\[=z
= |u BTP + DTC D™D 0 |l «
w ETP 0 -Q J\w

¢ \"(ALP + PAp+ C™C + PEQ™'E"P PB+C™D 0 \[z
=|w BTP 4+ DTC DTD 0 v (4.9)
wy 0 0 —@ J\wsy

10



where we have

v = u-— Fpx
Ar = A4+ BF;
Cr = C+DF

and w; as given by (4.4). We can now use the decomposition as defined in (3.6) and we find
that (4.9) is equal to:

T
z3 Py1Ay + AT Py + CCo1 + PUE\Q YET Py PiiA13+C5Ce PuuBu 0

Iy
T3 ATaPry + O30 CI;Cos 0 0 || z3
U1 Bf; Pn 0 DIDy 0 vy
Wy 0 0 0 *—Q wy

When we finally use the definitions (4.2) and (4.3) and integrate the equation (4.8) from 0
to oo we find the equation (4.1). Here we used that

* T —
:1-1530:” (t)Pz(t) =0

since the pair (v,w) is admissible. Moreover (v, w) admissible implies that the integral in
(4.1) is well-defined. |

We will use the following known result which turns out to be extremely useful for singular
H, control and for singular differential games.

Lemma 4.2 Consider the following system

& = Az + Bu+ Fw
y = Cz.

Assume the system (A, B,C,0) is strongly controllable. Then we have the following result:
For all bounded sets V C R", alle > 0 and all M € R there exists F' € R™*™ such that

(i) o(A+BF)Cc {s€C|Res< M}

(i) For all w € L} and all zq € V we have ||y||2 < & (||w]|z + 1), where y is given by

11



¢ = (A+BF)z+Ew z(0)=z9€V

Y - Ca (4.10)

Proof In [13, theorem 3.36] it has been shown that if the system (A, B,C,0) is strongly
controllable then for all M € R and ¢ > 0 there exists an F such that

[Cel4+BF) |, < ¢ (4.11)
oc(A+BF)C {s€C|Res< M} {4.12)
Using the above the lemma can be shown straightforwardly. u

By using these two lemmas we can now prove theorem (2.3):

Proof of theorem 2.3 We choose the P satisfying (2.10). We choose an arbitrary ¢ > 0.
First note that when we choose w; = 0, i.e. wo = Q~'E” Pz then by lemma (4.1) we have,

J(u,wo) > zg Pxo > x5 Pro— ¢ (4.13)

for all u such that (u,wo) is an admissible pair. This is the second inequality in (2.6).

In order to prove the other inequality in (2.6) we have to do some preparatory work. We
start by choosing #; = O i.e. vy = —(D{D1)™! Bf; Piiz1 We know by (2.10) and lemma 3.5
(iil) that A;; is asymptotically stable. Assume we have an initial value in some bounded set
then the mapping from ¢3 and w; to z; is bounded i.e. there are My, My, M such that for all
g3 and w; in £y we have

lz1ll3 < Millgs||2 + Mao||wi |3+ M (4.14)

Consider the system given by equation (4.6) with input vy, state z3,¢3 and output ga. We
claim that this system is strongly controllable. We have,

I 0 0 . 8l - A;g —A23 '—Bzg sl — A22 —A2§ —Bgz
0 I A33 — A33 —A32 ST —~ A33 —ng = ——A32 sl — A33 —B32 (4.15)
0 0 I 0 I | o 0 I |0

Since the first matrix has full rank for all s € C we find that both system matrices have the
same rank for all s € C. By using lemmas 3.2 and 3.4 we find that the above mentioned
system described by (4.6) is strongly controllable. We assumed that we have an upper bound

on the initial value. Therefore by lemma 4.2 we know we can find a feedback vo = |y 72

12



such that by applying that feedback in (4.6) we find
-1
leol} < l1Caalmin (e (e3s + 21 + 170 Q72 (@201 + M2 +1) )
x (llzaf3 + lwn |3 +1)
Combining this with (4.14) we find

Casgsl3 < 1Q 72 fjwallf + & < 1Q 2 wn|lf + ¢ (4.16)
By choosing v, = Fy (:2) and up = Fpz + (zl) we therefore find
3 2

J(ug,w) < 2zl Pag+¢ (4.17)

This gives the first equality in (2.6). By noting that for each bounded set of initial values
the ug and wg are given by a static feedback the proof is completed. ]

Corollary 4.3 Define the following class of control inputs
Uy (zo) := {u €U | Yw € LY(RY) (u,w) is an admissible pair for initial value :co} .
We have the following equality,

2] Pzg = sup inf  J(u,w). (4.18)
weu}b w€U T {zo)

Proof For some arbitrary ¢ we can choose u = ug as defined in the proof of theorem 2.3.
We have 3; = 0 and ||Ca3ga|| < ||Q*/?w;|| and using the equality in (4.1) we find

sup inf  J(u,w) <zl Pzo+e. (4.19)
weu}b w€ld} (xo)

Since this is true for all ¢ we find an inequality in (4.18). By choosing w; = 0 for arbitrary
u we find the opposite inequality and hence equality. |

13



5 Solvability of the quadratic differential game

In this section we will derive neccesary conditions for the existence of an almost equilibrium.

Qur main tool will be the following result from H, control theory which has been proven in
[10].

Theorem 5.1 Consider the system (2.2) with xo = 0. Assume (A, B) stabilizable and as-
sume (A, B,C, D) has no invariant zeros in C°. Let v > 0 be given. Define Q := v21 then
the following two conditions are equivalent

(i) There exists a positive semi-definite solution P of F(P) > 0 such that both rank condi-
tions in (2.10) are satisfied.

(ii) There ezists § > 0 such that for all w € LL(RY)
there exists u € LT(R*1) for which the resulting state z, 4,0 € LF(RT) and the resulting
output satisfies

l9u,w0ll2 < (7 = 6)]|w]|2-

We define the following class of input functions,
U(Z,w,z0) = {u € LT | By applying u,w in T we have 2,40, € L7} (5.1)

We will use the following lemmas,

Lemma 5.2 Assume for the system 2.2 with cost-criterion 2.1 there exists an almost equi-
librium. Let xo = 0. Then we have ’

inf  J(u,w)<0 Yw € L} (5.2)
u€ U(Z,w,0}

Proof We know that for some arbitrary ¢ > 0 there exists up € Uy such that (2.6) is
satisfied. Choose an arbitrary w € L. We have

inf  J(u,w) < T(uo,w) < T*(0)+¢ (5.3)
u€ U{Z,w,0)

This implies that for arbitrary A > 0 we have

14



inf  J(wu,Aw)=  inf  J(u, w) < J(ug, Aw) < T*(0)+ ¢
v€ U(E 1,0} weU(Z, w,0)

But since zg = 0 we have J(Au, w) = A2J(u,w). Hence

A inf J(u,w) < T*0)+¢
u€ U {Z,w,0)

Since this is true for all A > 0 we find 5.2.

Lemma 5.3 For all 29 € R™ we have,

sup inf J(u,w) < J*(zo0).
wEU}b w€U™ (x0)

Proof Since 7" is an almost equilibrium we have

sup inf  J(u,w) < T (z0).
weLL(RY) uelT(zo)

We approximate an arbitrary @ € Uk, by w € L5(RT) as follows,

_Jw (xfﬁ.u,a?o (t)a t) t<T
w(t) = { 0 elsewhere

We find the following inequality for all u € U}

T
/0 25,m,xo (t)zu,ﬁ).wo(t) - @7 Qwdt < qu,w,ma”% - ”Qlﬂ'w”% < J*(zo)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

since w(t) = 0 V¢ > T. Since T’ was arbitrary the desired inequality (5.6) is found by letting

T — 00

Proof of necessity part of theorem 2.4 We define d := Q'/2w. Moreover we define,

¢ = Az + Bu+ EQ~1/%d

Zo : y=Cz+ Du
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and
Ty(wd)i= [y OU0) ~ 2 @d(e) de = ol - 77l (11)
It is easily seen that J,(u,d) = J(u,w) for ¥ = 1. Let ¥ > 1 be given. We have,

i T(u,d)=  inf J(uw) - (3 - D]d? (5.12)
u€U(Xp,d,0) u€U(T,w,0)

and hence by lemma 5.2 we have

inf  lyuaolls - ¥?lldll < (2 - 1)d|3. (5.13)
wEU(Z0,d,0)

for all d € ,Clz. Hence by applying theorem 5.1 to the system Lo we find that there exists a
positive semi-definite matrix P, such that

ATP+ PA+ CT*C+~72PEQ™'E*P PB+C™D

Fy(P):= >0 (5.14)

BTP 4+ D™C D™D

and such that P, satisfies the following two rank conditions,
rank F,(Py) = normrank G

(5.15)

rank Ly(Py,s) = n4normrank G VseCtuc(Co,

Fy(P,)

where L,(P,,s):=[s] — A-~y"2EQ~'ETP, - B] Since P, is a solution of a differential
game with cost criterion J, it is easily seen by corollary 4.3 that if v | 1 then P, increases
ie. Py — P, >20if 1 < < 7. On the other hand we have by lemma 5.3

zi Pyzg = sup inf  J,(u,w (5.16)
oy ¥
weu}b uEUTH(zo)
< sup inf  Ji(u,w) (5.17)
weu}b w€UR (z0)
< J*(zo0) (5.18)
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Hence lim,j; Py = P exists. Since rank F,(Q) > normrank G for all symmetric matrices
Q (see [10]) it can be shown that our limit P satisfies the first rank condition in (2.12)
by a continuity argument. In lemma 3.5,part(iii) it has been shown that the second rank
condition in (5.15) implies that a certain matrix is asymptotically stable. Therefore, again
by a continuity argument, we know that in the limit this matrix has all its eigenvalues in the
closed right half plane. This is equivalent with the second rank condition in (2.12) by lemma
3.5,part (iii). n

6 The regular differential game
We will now show the last part of theorem 2.4. This has been recapitulated in the following

lemma,

Theorem 6.1 Assume we have the system (2.2) with cost-criterion (2.1). Furthermore as-
sume D is injective and assume there exists a P such that F(P) > 0 and (2.12) is satisfied.
Then there exists an almost equilibrium.

Remark This is an extension of the results in [5]. However there is an essential difference
because we require stability. In [5] one of the assumptions ( (C, A) detectable } is such that
the problems with and without stability are equivalent. The problem in this paper is that
the set of admissible inputs is no longer a simple product space.

The proof will make use of two lemmas. The following lemma has been proven in [10].

Lemma 6.2 Assume that D is injective. Suppose a symmetric matriz P is given. Then the
following two conditions are equivalent,

(1) F(P)20 and rank F(P) = normrankG.

(ii) R(P):= PA+ AP+ PEQ'E"P +C"C
—(PB+ CTD)(DT™DY Y (BTP 4+ D7C) = 0.

Moreover if P satisfies (i) ( or equivalently (ii) ) then the following two conditions are equiv-
alent for all s € C.

(iii) rank (Lé,ﬁ’f))) = n + normrankG.

(iv) the matriz A+ EQ™'ETP — B(D" D)™ (BT P + DTC) has no eigenvalue in s.
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Note that in case D is injective we have normrank G = rank D. At this point we will
present the following, known, result for the LQ-problem with stability ( see [15] ).

Lemma 6.3 Consider the system (2.2) with cost-criterion (2.1). Let w = 0. Assume (A, B)
stabilizable, (A, B,C, D) has no invariant zeros in C° and D injective. Then we have the
following

inf  J(u,0) = 2§ Lg. (6.1)
uw €U(L,0,x0)

Here L is the solution of the following algebraic Riccati equation,
AL+ LA+ C™C - (PB+CTD)(D*D) " (B"P+ D"C) =0 (6.2)

with the property that the matriz A + B (DTD)™! (BTP + DTC) is asymptotically stable.

Proof of theorem 6.1 We know that we have a solution of R(P) = 0 such that the matrix
A+EQ 'ETP-B(D"D) ' (BTP + DTC) has all its eigenvalues in the closed left half plane.
It is known from H, theory ( a slight extension of [12],proposition 10 ) that this implies

sup inf [lyll3 - [ldliZ < 0. (6.3)
deLy(R*) ueUp(zo)

where y is determined by the system equations (5.10). We know follow the reasoning in the
proof of the necessity part of theorem 2.4 starting with formula (5.13). Hence we find there
exists P, such that

z§Pyzg= sup  inf  J,(u,d). (6.4)
deu;.b vl (20)

By choosing d = 0 it is easily seen that P, > L where L is defined by lemma 6.3. We
know P, — P as v | 1 where P is also such that we have R(P) = 0 and the matrix
A+ EQ 'E™P — B(D™D)Y™ ' (BTP + D"C) has all its eigenvalues in the closed left half
plane. It is well known that such a solution of the ARE is unique and hence we find P = P
and therefore P > L. Consider the following Riccati differential equation ( RDE ),

K+ KA+ ATK +C7C =

(KB + C™D)(D*™D)™ (B"K + D'C) - KEQ™'E"K, K@©)=L. (65)
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Let T > 0 be such that the solution of the RDE exists for all t < 7". We know such a T exists.
For the system (83.1) we will consider the finite horizon differential game with terminal cost.
The cost-criterion is given by

T
Tr(u,w) = /0 ¥7(8)y(s) — w7 ()Qu(s)ds +27(T)La(T) (6.6)
It is well known ( see [5] ) that the optimal strategies for w and u are given by
uo(t) = - (D™DY " (BK(T - )+ C™D)a(t), wo(t) := QBT K(T - t)a(t) (6.7)

and the corresponding cost Jp = 2§ K(T)zo. It can be seen ( using the interpretation of L as
the cost defined in lemma 6.3 ) that this problem is equivalent with the original problem with
cost-criterion (2.1) when we add the additional constraint V¢ > T, w(t) = 0. This constraint
is weakened for increasing T’ and hence it is clear that for increasing T the cost will increase
since w is a maximizing player. That is, for T > t; > t, we have K(¢;) > K(t2). Moreover
since P is a stationary solution of the RDE such that P > L we know P > K(1) Vi< T
Since K(.) is an increasing solution of the RDE which is bounded from above by a stationary
solution of the RDE we know that K'(.) exists for all ¢ and converges to a matrix K., which
is a stationary solution of the RDE, i.e. R(K) = 0.

Next we claim that the matrix A; := A — B(DTD)" ! (BTK, + DTC) is asymptotically
stable. To this end we rewrite the ARE in the following form.

KA1 + ATKeo + K EQ™'E"K o + C*C+

(KewB + CTD)(D*D) ' (B™Koo + D7C) =0 (6.8)

By applying an eigenvector z corresponding to an unstable eigenvalue A to both sides of this
equation we find ReA 27Kz = 0, ETKoz = 0, Cz = 0 and (B"Ko + DTC)z = 0. We
find for ReA > 0 that Az = Az and Kz = 0. Since Ko, > L > 0 this implies Lz = 0.
This again implies that A is also an unstable eigenvalue of A — B(DTD)™'(B”L + D7C).
However since by lemma 6.3 this matrix is stable we have a contradiction. If Re A = 0 then
we have Az = Az and Cz = 0 which contradicts the fact that we have no invariant zeros on
the imaginary axis. Hence A, is stable.

We are now in the position to show that J*(zo) = 2l Kooz is an almost equilibrium
of the system (3.1) with cost-criterion (2.1). Let ¢ > 0 be given. Choose T > 0 such that
zfKeozo — 25 K(T)zo < €. The following ug, wo turn out to satisfy (2.6),

ug(t) == —(DTD) V(BT Ky + DTC)z(t) (6.9)

wo(t) (6.10)

0 otherwise

{ QVETK(T —t)2(t) fort<T
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Indeed for admissible pairs (u,w) we can now rewrite the cost-criterion in the following way

J(u,w) = 2f Koo + /Doo \|D (u(t) +(D"DY Y (B Ko + DTC)m(t)) |2t
- [71Q2 (wt) - @7 B Kena(v) et (6-11)

Since ug is a stabilizing feedback it is easily seen from this equation that ug satisfies its
requirements. Another way of rewriting the cost-criterion when w(t) = 0Vt > T is given by

T
T(u,w) = K (T)zo + /0 1D (u(t) + (DT D)™ (B*K(T — t) + D™C) 2(t)) ||2dt
- [ 1072 (wte) - @ BT ~ 0200 1Pt = 27T )L0(D) + [ o0

Since the sum of the last two terms is non-negative by lemma 6.3 and the first term differs
from J*(xo) less than ¢, it is easily seen that wy satisfies the second equation in (2.6). This
proves that indeed an almost equilibrium exists. u

7 Conclusions

In this paper the linear quadratic differential game was solved. We could derive necessary
conditions as well as sufficient conditions for the existence of equilibria. For the derivation
of necessary conditions we made however the extra assumption that there are no invariant
zeros on the imaginary axis. After that we have necessary and sufficient conditions for the
existence of equilibria in cas D is injective but not in case D is not injective.

Interesting points for future research would be to find necessary and sufficient conditions
in case either D is not injective or there are invariant zeros on the imaginary axis. Another
point is the uniqueness of equilibria. In my opinion the equilibrium is unique but we haven’t
been able to prove it. The equilibria we find in theorem 2.3 can be shown to be the smallest
possible. :

An interesting feature is that if the differential game is solvable under the assumptions
of theorem 2.3 for @ = I; then the H,, problem is solvable for v = 1, i.e. there exists an
internally stabilizing feedback which makes the H,, norm less than 1. In case D is injective
then under the assumptions of theorem 2.4 we can do the same only the H,, norm becomes
less or equal than 1. This shows the strong relationship between H,, control and differential
games.

20



References

[1] M.D. Banker, Observability and controllability of two player discrete systems and quadratic
control and game problems, Ph.D. Thesis, Stanford Univ, Stanford CA, 1971.

[2] J. Doyle, K. Glover, P.P. Khargonekar, B.A. Francis, “State space solutions to standard
H, and H,, control problems”, American Control Conference, Atlanta, 1988.

[3] M.L.J. Hautus, “Strong detectability and observers”, Lin. Alg. & Appl., Vol. 50, 1983,
pp. 353-368.

[4] P.P. Khargonekar, I.R. Petersen, M.A. Rotea, “H,, optimal control with state feedback”,
IEEE Trans. Aut. Contr., Vol. 33, 1988 pp. 786-788.

[5] E.F. Mageirou, “Values and strategies for infinite time linear quadratic games”, IEEE
Trans. Aut. Contr., Vol. 21, 1976, pp. 547-550.

[6] LR. Petersen, C.V. Hollot, “A Riccati equation approach to the stabilization of uncertain
linear systems”, Automatica Vol. 22, 1986, pp. 397-411.

[7] LR. Petersen, “Linear quadratic differential games with cheap control”, Syst. & Contr.
Lett., Vol. 8, 1986, pp. 181-188.

[8] LR. Petersen, “Some new results on algebraic Riccati equations arising in linear quadratic
differential games and the stabilization of uncertain systems”, Syst. & Contr. Lett., Vol.
10, 1988, pp. 341-348.

[9] J.M. Schumacher, “On the structure of strongly controllable systems”, Int J. Contr., Vol.
38, 1983, pp. 525-545.

[10] A.A. Stoorvogel, H.L. Trentelman, “The quadratic matrix inequality in singular H,
control with state feedback”, Submitted to SIAM J. Contr. & Opt..

[11] A.C.M. van Swieten, Qualitative behavior of dynamical games with feedback strategies,
Ph.D. Thesis, University of Groningen, The Netherlands, 1977.

[12] G. Tadmor “H,, in the time domain: the standard four blocks problem”, To appear in
Mathematics of Control, Systems and Signal Processing.

[13] H.L. Trentelman, Almost invariant subspaces and high gain feedback, CWI Tracts, Vol.
29, Amsterdam, 1986.

21



[14] S. Weiland, Linear quadratic games,H ., and the Riccati equation, To appear in: Pro-
ceedings of The Riccati equation in control,systems and signals, Como, Italy, 1989.

[15] J.C. Willems, A. Kitapgi, L.M. Silverman, “Singular optimal control: a geometric ap-
proach”, STAM J. Contr. & Opt., Vol. 24, 1986, pp. 323-337.

22



