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Abstract

This paper is concerned with the discrete-time Hg, control problem with measurement feed-
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1 Introduction

The Ho, control problem has been studied extensively. First in continuous-time (see e.g. (3,
4, 10, 13]) and later in discrete time (see e.g. [1, 8, 6, 14]). For a more extensive reference list
we refer to two recent books [2, 15].

The objective of this paper is to present a solution of the general discrete-time H, control
problem. One way to approach this problem is to transform the discrete-time H,,optimal
control problem into an equivalent continuous-time H,, control problem via bilinear trans-
formation. Then the continuous-time controllers that are solutions to the auxiliary problem
can be obtained and transformed back to their discrete-time equivalent using inverse bilinear
transformation. However, in our opinion it is more natural to solve this problem directly
in discrete-time setting and in terms of the original system’s performance. This approach
leaves the possibility of directly observing the effect of certain physical parameters which
might otherwise be blurred by the transformation to continuous-time. In view of this, and
in accordance with earlier literature [1, 6, 8, 12], we take this direct approach in solving the
discrete-time H,, optimal control problem.

Compared to the existing literature, we solve this problem under weaker assumptions. All the
existing literature on the discrete-time H, control problem make the following assumptions
on the system:

¢ The subsystem from the control input to the control output should be left invertible
and shoud not have invariant zeros on the unit circle.

¢ The subsystem from the disturbance to the measurement output should be right invert-
ible and should not have invariant zeros on the unit circle.

These conditions are the discrete time analogon of what is called regular problems in contin-
uous time H, control problems. In this paper, we remove the above mentioned left and right
invertibility condition.

Moreover, we give a representation of one controller in a suitable form such that it becomes
very transparent that this controller is a state and disturbance estimator in conjunction with
a full-information feedback (i.e. a feedback of both state and disturbance). Such an interpre-
tation was not available before and due to the involved formulas it was not very clear what
kind of structure discrete time H, controllers should have.

Finally, a novel aspect of this paper is that we show that if certain states or disturbances are
observed directly, then this yields the possibility of deriving a controller of lower McMillan
degree. This result again corresponds to those obtained in continuous-time case (see [16]).

The notation in this paper will be fairly standard. By N and R we denote the natural
numbers and the real numbers, respectively. Moreover by o we denote the shift:

(oz)(k):==z(k+1) Vke N

rankx denotes the rank as a matrix with entries in the field . By R(2) we denote the field of
real rational functions. Moreover, by Xt we denote the Moore-Penrose inverse of the matrix
X. Finally, by p(X) we denote the spectral radius of the matrix X.



2 Problem formulation and main results
‘We consider the following time-invariant system:

cx= Az + Bu+4+ FEuw,
T: Yy = Cl.’l,' -+ Duw, (21)
z = Cyr + Dyu + Daypw,

where for all £ € N, z(k) € R™ is the state, u(k) € R™ is the control input, y(k) € R} is
the measurement, w(k) € R? is the unknown disturbance and z(k) € R? is the output to be
controlled. A, B, E,C,,C3, D12, Dy and Dy, are matrices of appropriate dimension.

If we apply a dynamic feedback law u = Fy to T then the closed loop system with zero initial
conditions defines a convolution operator I » from w to y. We seek a feedback law u = Fy
which is internally stabilizing and which minimizes the £,-induced operator norm of X
over all internally stabilizing feedback laws. We will investigate dynamic feedback laws of the
form:

e { op= Kp+ Ly,

, (22)
u =Mp+ Ny.

We will say that the dynamic compensator L, given by (2.2), is internally stabilizing when
applied to the system X, described by (2.1), if the following matrix is asymptotically stable:

A+ BNC, BM (2.3)
LCy K )’ '

i.e. all its eigenvalues lie in the open unit disc. Denote by G the closed loop transfer matrix.
The L2-induced operator norm of the convolution operator X, r is equal to the Ho, norm of
the transfer matrix Gy and is given by:

1Gello = sup  [IGR(e?)]
#¢e(0,2]
2
= o { o |eeshwro]

where the £o-norm is given by:

oo 1/2
Ipll2 = (Z pT(k)p(k))

k=0

and where ||.|| denotes the largest singular value. We shall refer to the norm ||GF|lc as the
H,, norm of the closed loop system.

In this paper we will derive necessary and sufficient conditions for the existence of a dynamic
compensator ¥ which is internally stabilizing and which is such that the closed loop transfer
matrix Gr satisfies ||GF|loc < 1. By scaling the plant we can thus, in principle, find the
infimum of the H,, norm of the closed loop system over all stabilizing controllers. This will
involve a search procedure. Furthermore, if a stabilizing X exists which makes the H,, norm
of the closed loop system less than 1, then we derive an explicit formula for one particular F
satisfying these requirements. We also give an alternative non-minimal representation for this
controller whose structure makes clear that this controller is the interconnection of a current



state and current disturbance estimator and a static full-information feedback. In section 5
we show that in some cases we can reduce the dynamical order of the estimator and we will
derive an explicit method to derive controllers of lower dynamical order.

In the formulation of our main result we will need the concept of invariant zero. Recall that
2p is called an invariant zero of the system (A, B,C, D) if

I-A -B -A -
ranky (ZOC 4 D ) < rankR(z)(ZIC DB)

We can now formulate one of our main results. This is an extension of [1, 8, 14].

Theorem 2.1 : Consider the system (2.1). Assume that the systems (A, B,C3,D31) and
(A, E,C1,Dy3) have no invariant zeros on the unit circle. The following statements are
equivalent:

(t) There ezists a dynamic compensator L of the form (2.2) such that the resulting closed
loop system is internally stable and the closed loop transfer matriz G satisfies |Grlloo <
1.

(i) There ezist symmetric matrices P > 0 and Q > 0 such that

(a) We have
R>0, (2.4)
where
V = BTPB+ D;ngl,
R := I-D},Dy— ETPE+ (E"PB+ D3,D5,) V! (BTPE + D}, Dy,) .

(b) P satisfies the discrete algebraic Riccati equation:

T
BTPA+ D]\ C: BTPA+ DI C
P=ATPA+CIC, - 2721 gyt 22, 2.5
22 (ETPA + DLC, PY\grpay DLC; (25)
where
DI, Da, DI, D BT
G(P) := 21 n =22 . .
i ( D3,Dy D3Dn -1 e P( B E ) @6)
(c) For all z € C with |2| > 1, we have
2I-A -B -E

rank, | BTPA+D}C, BTPB+DILD; BTPE+ DLDs
ETPA+ DEQCQ ETPB + Dg.zDzl ETPE-}- DgzDzz -1

=n+q+ ra.nk.R(z)Cz(zI - A)™'B + Dy



(d) We have

>0, (2.7)
where
W = DD}, +C1QCT,

S

.o

I — D33 DY, — C2QCT + (C2QCT + D22 DY) W (C1QCT + D32 D3;) -

(e) Q satisfies the following discrete algebraic Riccati equation:

T

a=sonsemm- (GUTIDT) ma (v oam) 09

where
T T T

w@= (27 Path ) (3)o(2) 29)

(f) For all z € C with |z| > 1, we have
:I-A AQCT+EDT, AQCY + ED},
rank, | —-Ci CiQCT +D1DY,  CiQCE + D12 DE,

-Cy  CQCT + D22 DYy, C2QCT + D2y D3, — I
=n+q+ rankn(z)Cl(zI - A)"E+ Dy,
(9) p(PQ)< 1. o

Remarks :

(1) Necessary and sufficient conditions for the existence of an internally stablizing feedback
compensator which makes the H,, norm of the closed loop system less than some, a
priori given, upper bound 7 > 0 can be easily derived from theorem 2.1 by scaling.

(#7) In this paper, we only investigate controllers of the form (2.2). This is not an essential
restriction, since it can be shown that we can not make the Ho, norm less by allowing
more general, possibly even non-linear, causal feedbacks.

For the special cases of full-information and state feedback we can dispense with the second
Riccati equation. Moreover, in these cases there always exist suitable static controllers. More
specifically:

e Full information case : C) = ( g ) , Dip= ( (I) ) .

In this case we have y; = z and y, = w, i.e. we know both the state and the disturbance
of the system at time k. It is easy to check that @ = 0 satisfies conditions (d)-(f).



Moreover this guarantees that the coupling condition (g) is automatically satisfied.
Therefore there exists a stabilizing controller which yields a closed loop system with the
H, norm strictly less than 1 if and only if there exists a positive semi-definite matrix P
satisfying conditions (a)-(c). Moreover in that case we can find static output feedbacks
u = Fiz + Fow with the desired properties. One particular choice for F = (F, F3) is

given by:
F, = -VY(BTPA+DLC)+ (T -VIV)R (2.10)
F; := -~VY(BTPE 4 D} Dj,) (2.11)

where Fp is an arbitrary matrix such that A + BF; is stable.
o State feedback case ; Cy =1, D3 =0.

In that case, it is easy to see that a necessary condition for the existence of a positive
sem-definite matrix @ satisfying conditions (d)-(f) is that ||Doz|| < 1. In that case, it is
easy to check that

Q = E(I — D3;D3,)'E™
satisfies conditions (d)-(f). Condition (g) then reduces to
I - D2 D3, - ETPE >0 (2.12)

Moreover, condition (2.12) implies that condition (a) is automatically satisfied. There-
fore there exists a stabilizing controller which yields a closed loop system with the
Ho, norm strictly less than 1 if and only if there exists a positive semi-definite matrix
P satisfying conditions (b),(c) and additionally condition (2.12).

In that case we can find a static output feedback u = Fz with the desired properties.
One particular choice for F is given by:

F:=-V'(BTPA+ D},C; + [B*PE + D}, D2s] R™}[(ET PA, + DL,C:]) + (I - VIV)F,

where Fp is an arbitrary matrix such that A + BF is stable (which can be shown to
always exist) and

A, := A-BV'[BTPA+ D},Cy, (2.13)
Cz C,; - .DnVlr [BTPA + D§1C2] . (2.14)

3 The proof of theorem 2.1

The proof of theorem 2.1 is divided into three parts. Each part establishes the proof for a
certain part of the theorem. Every part is framed up as a subsection with a heading that
represents a significant feature of its proof technique or its overall achievement. The rational

for dividing the proof into three parts is mainly due to the length and the complexity of the
proof.



3.1 The existence of a solution to the Algebraic Riccati equation

In this subsection we assume that part (i) of the theorem 2.1 is satisfied we will show that the
existence of P satisfying conditions (a)-(c) in (ii) of the theorem 2.1 is necessary. We begin
with the following definition.

Definition 3.1 : Let a system T = (A, B,C, D) be given. The controllability subspace R*(Z)
is the largest subspace X of R™ for which a mapping F ezists such that

(A+BF)X C X
(C+DF)Xx = {0}
and such that (A, B;) is controllable where B, is defined by:
Im By =XNB Ker D (]

We next perform a basis transformation on the state and input spaces of £. We decompose
the state space X' = R*(Z;) & A, where T = (A, B,Cs, D3) and choose a basis adapted to
this decomposition. We also decompose the controller input space 4 = Ker V @ U, where
V is as defined in theorem 2.1. In the new bases, the matrices in the realization of £ have a
special form:

A= (An + B F Au) . B = (Bu Bw) B = (El),
B.F A, 0 B, E,
Ci= ( Cn Cn) , Di2= Dy (3.1)
Cz=( D.F C,), Dy = ( 0 Dr)v Dayz= Dy
The above matrices have the following properties:

¢ (A1, B11) is controllable,
e (A,,B,,C,, D,) is left invertible,
e (A,, B,) is stabilizable.

If part (i) of theorem 2.1 holds, i.e., if the measurement feedback problem is solvable, then
we also know that the full-information H, control problem is solvable. Let Fy be such that
A1 — By Fy is stable. Then it is easy to see that, after the preliminary feedback u =
~( F Fp )z + v the subspace R*(Z.;) does not affect the output to be controlled and the
dynamics restricted to R*(Z) is stable. Hence the achievable Hy, norm using full-information
feedback is completely determined by the following subsystem:

5, . { oz = Arz2 + Brva + Eaw, (3.2)

z = Cyz3 4+ Dyvy + Dyyw,

However, for this subsystem the operator mapping the input v; to the output z is left invert-
ible. Therefore we can apply the results from [2, 15] to obtain the following result:



Lemma 3.2 : Consider the systems Y and £, defined by (2.1) and (3.2) respectively. Assume
that the system (A, B,C3, D21) has no invariant zeros on the unit circle. Then also the system

(A, B;,C,, D,) has no invariant zeros on the unit circle. Moreover, the following statements
are equivalent:

(i) There ezists a full information feedback u = Fyz + Fw for the system X such that the

resulting closed loop system is internally stable and the closed loop transfer matriz Gp
satisfies ||GFlloo < 1.

(i1) There exists a full information feedback u = Fy ;% + Fy ,w for the system I, such that
the resulting closed loop system is internally stable and the closed loop transfer matriz
GF, satisfies |Gpylloo < 1.

(#%) There exists a symmelric matriz P, > 0 such that

(a) We have
Vi >0, R, >0
where
V, = BTP.B,+ DID,,
R, := I-DY,Dy— ETP,E, + (ETP,B, + D5,D,) V,"! (BXP.E, + DT Dy,).

(b) P. satisfies the discrete algebraic Riccati equation:

T
BTP,A, + DIC, -1 [ B*P. A, + DTC,
Po=ATPA +CFC, — | 277 TGP r .
rirle + CpCr (E}P,A,+Dgzc,) (5 ETP, A, + D},C:

where

DD, DI D., BT
Gr P} = reT ’ r P, B, F
) ( D3,D, DhDn-1)  \ EF ) ( T )

(¢) The matriz A, p is asymptotically stable where

BTP, A, + DTC,
Ac = A - r oy r Pr -1 d r
1P ( B E )G ( ) ( EE‘P,-Ar +D§‘2Cr )

Proof : The implication (ii) > (iii) can be found in [15]. The implication (ii) = (i) can be
easily checked using the arguments given before this lemma.

The implication (i) — (ii) can be derived in the following manner. First note that we can
apply, without loss of generality the transformation u = Fyz; + v where Fp is such that
A11 + By Fy is stable. Suppose a stabilizing feedback, v = Fy121 + Fi222 + Fow exists for the
system ¥ (after our preliminary transformation) which yields a closed loop transfer matrix



Gr satisfying ||GFlleo < 1. Then it is easy to check that the following dynamic compensator
stabilizes ¥, and yields the same closed loop transfer matrix Gp:

Sp: 4 0= (A11 + Bi2Fo)zy + A2z + Byw,
e = 2y + Faze + Bw,

However, £, has a subsystem from v, to z which is left-invertible and hence, from [14], we
know that the existence of a suitable dynamic full-information feedback also guarantees the
existence of a static full-information feedback. u

This lemma yields a solution P, of a discrete time Riccati equation for the reduced order

system. We can extend this matrix to the original state space by setting it zero on R*(Z),
i.e. if we define P by

0 0
P= (0 Pr) (3.3)

then P, satisfies the conditions of lemma 3.2 if and only if P satisfies the conditions of (a)-(c)
of theorem 2.1. The above can be combined to yield:

Lemma 3.3 : Assume (A, B,C3, D21) has no invariant zeros on the unit circle. If part (i)
of theorem 2.1 is satisfied then there ezxists a symmetric matriz P > 0 satisfying (a)-(c) of
part (ii) of theorem 2.1. a

We also need to know whether any solution P satisfying conditions (a)-(c) of theorem 2.1
can be connected to a matrix P, satisfying the conditions of lemma 3.2. This is done in the
following lemma:

Lemma 3.4 : Let P > 0 be a matriz satisfying the conditions (a)-(c) of theorem 2.1. Then
Ker P D R*(X).

Hence, in our new bases, P will be of the form (8.3) for some matriz P,. Moreover P, satisfies
the conditions in part (iii) of lemma 3.2. o

Proof : First note that condition (b) implies that
P> ATPA, +C;C,

where A, and C. are defined by (2.13) and (2.14) respectively. It is easily seen that this
implies that Ker P is controlled invariant.
Secondly conditions (a) and (c) imply that

rank (B*PB + D}, Dy) = rankp,)Ca(z] — A)"'B 4 Dy

8



These two properties, when combined with the decomposition of the state space as introduced
in the beginning of this section, yield the desired result. |

Using P,, or equivalently P, we can also derive explicit formulas for static full-information
compensators which achieve the desired objectives in parts (i) or (ii). This is outlined in the
following lemma which is an extension of results in (2, 15].

Lemma 3.5 : Let the systems ¥ and I, be defined by (2.1) and (3.2) respectively. Assume
that a matriz P, > 0 ezxisis satisfying the conditions in part (iii) of lemma 3.2. Moreover,
define P by (3.3).

e A controller satisfying the conditions of part (ii) of lemma 3.2 is described by:
R, = -V Y(BTP.A, +DIC,)

F, = -y-1 (B:P,-E,- + D:Dn)

o A controller satisfying the conditions of part (i) of lemma 3.2 is described by
R = (-F R,-F)
BR=(0 B )

’

where F and Fy are the parameters of the preliminary feedback described before lemma
3.2.

Alternatively, we can also describe a suitable controller for ¥ in terms of the original
system parameters of X:

F = -VY(BTPA+D}Cy)+(I-VIV)F
F, := -VY(BTPE + D} Dy,)

where F is an arbitrary matriz such that A + BF; is stable.

Proof : The first part of this lemma is a direct result of [14]. The second part of this lemma
gives two controllers of which it can be easily shown that when applied to the reduced order
system they yield the same closed loop transfer matrix as the controller given in the first
part of this lemma when applied to the original system. Hence the closed loop system has
H,, norm strictly less than 1. Remains to check existence of a suitable F to yield internal
stability of the closed loop system. This is shown by using the decomposition introduced
in the beginning of this section together with stability of A, + B, F, and stabilizability of
(A1 + B1oF, Byy). =

In the next subsection we show that the part (i) of theorem 2.1 also implies the remaining
statements of the part (ii) of theorem 2.1.



3.2 A first system transformation

In this subsection we assume that part (i) of theorem 2.1 is satisfied and we show that part
(ii) of the theorem 2.1 holds. A central component of the proof in this subsection is to
transform the original system (2.1) into a new system. This transformation is designed such
that the problem of finding an internally stabilizing feedback which makes the H,, norm of
the closed loop system less than 1 for the original system would be equivalent to the problem
of finding an internally stabilizing feedback which makes the H, norm of the closed loop
system less than 1 for the new transformed system. Moreover, this new system has some
very desirable properties which makes it much easier to work with. In particular, for this new
system the disturbance decoupling problem with measurement feedback is solvable. We will
perform the transformation in two steps. First we will perform a transformation related to
the full-information H, problem and next a transformation related to the filtering problem.
We assume that we have a positive semi-definite matrix P satisfying conditions (a)-(c) of
theorem 2.1. We define the following system:

ozp= Apzp+ Bup + Epwp,

Xp: yp =Cyp2p + Dy, pwp, (3.4)
2p =C4pTp + Dy pup + Dy pwp,
where,
Ap := A+ERY(E'PA, + DLC,),
E. := ER/?
Cip := Ci1+ DRV (ETPA, + D},C,),
Cor = (VM%) (B"PA+ DLC; +B™PE + D} Dyg) RV [(E"PA, + DL,C4)
Du,P = DlzR_llz,
D21,P = V1/2a

Dapp := (VM) (BTPE + DI, Dy;) RV?,

where the matrix P satisfies parts (a)-(c) of theorem 2.1 and the matrices A, and C, are
defined by (2.13) and (2.14), respectively.

In order to continue, we need the system to be in the special basis as defined in the previous

section. Using lemma 3.4, we know that P is of the form (3.3) for some matrix P,. We can
then define the following system:

ory = Apzy+ Bypuy+ Eyw,
Zuiq yw =Ciyzy + Dy pw, (3.5)
zy =ChuZy + Dy yuy + Dy pw.

V. = B;PB.+DID,

Ay = A,-B, VY (BTP.A, + D*C,)
By, = B, (0 Vr—l/2)

Ey := E;- B, V7' (BYP.E; + D} Dy,)

10



Cov = Cr— DrVr—l (BEPrAr + DrTCr)

Civ = —RV?(EIP.Ay+ D5C0)
Doy := RY?
Dyy = DrV-ll") (0 Vr.llz)
Dy = Dop— DrVr—l (BIPrEZ + D3D22)

where R is as defined in theorem 2.1. We will show that ¥, has a very nice property. In
order to do this, we first recall the definition of the so-called inner systems. Moreover, some
of the important properties of inner systems are also recalled in the following two lemmas.

Definition 3.8 : A system is called inner if the system is internally stable, square (i.e. the
number of inputs is equal to the number of outputs) and the transfer matriz of the system,
denoted by G, satisfies:

G(z)G*(zNH=1I (3.6)

Lemma 3.7 : Let the following square system be given:

., {o‘:c:Aa;-i—Bu,

3.7
z =Cz 4 Du. (3.7)

Assume that A is asymptotically stable. The system X,; is inner if there ezists a matriz X
satisfying:

(a) X = AXA+C*C
(b) DC+B*XA=0
(c) DD+ B*XB =1 0

Proof : See [6, 15].

Lemma 3.8 : Suppose we have the following interconnection of two systems ¥, and Iy, both
described by some state space representation:

z w

v

y :|u
2

(3.8)

11



Assume I is inner. Denote its transfer matriz from (w,u) to (2,y) by L. Moreover, assume
that if we decompose L compatible with the sizes of w, u, z and y:

w . Ln L12 w _ -4
L(“)_.(Lzl Lzz)(")—(!/)’ 39

we have L{ll € Hy, and Ly is strictly proper. Then the following two statements are equiva-
lent:

() The closed loop system (3.8) is internally stable and its closed loop transfer matriz has
H, norm less than 1.

(it) The system T, is internally stable and its transfer matriz has Ho, norm less than 1. O

Proof : See [9, 13]. =

Now, we are ready to come back to the system £, and establish some of its properties in the
following lemma.

Lemma 3.9 : The system I, as defined by (3.5) is inner. Denote the transfer matriz of Xy
by U. We decompose U compatible with the sizes of w,uy,zy and yy:

o( )= (o o) (e )=(x)
Uy "\ Un Usp uy yo )

Then Uy is invertible and its inverse is in Ho, . Moreover Uy is strictly proper. a

Proof : It can be easily checked that P, satisfies the conditions (i)-(iii) of lemma 3.7.
Condition (i) of lemma 3.7 turns out to be equal to the reduced order discrete algebraic
Riccati equation as given in lemma 3.2. Conditions (ii) and (iii) follow by simply writing out
the equations in terms of the system parameters of system (2.1).

The stable matrix A, p, as defined in lemma 3.2, can be written in the following form:

Aup=Ay - EUD;Q‘;IUCLU (3.10)
Next, we show that A, is asymptotically stable. We know P, > 0 and
— T T T CI,U
P = A3P Ay +( CL, CL, ) o (3.11)
2,U

It can be easily checked that z # 0, Ayz = Az, C,pz = 0 and C,yz = 0 implies that
A, pz = Az. Since A, p is stable we have Re A < 0. Hence the realization (3.5) is detectable.
By standard Lyapunov theory the existence of a positive semi definite solution of (3.11)
together with detectability guarantee asymptotic stability of Ay.

12



We can immediately write down a realization for U{f:

-1
v, d V= Aapzy + EyDipw,
U; - -1 -1
A Yo = _Dl2,UCI,UxU + Du,Uw’

Since A, p is stable we know that U{ll is an H. function. Finally, the claim that Uj; is
strictly proper is trivial to check. [

We will now formulate our key lemma:

Lemma 3.10 : Let P satisfy theorem 2.1 part (ii) (a)-(c). Moreover, let L be an arbitrary
linear time-invariant finite-dimensional compensator in the form (2.2). Consider the following
two systems, where the system on the left is the interconnection of (2.1) and (2.2) and the
system on the right is the interconnection of (3.4) and (2.2):

F4 w Zp Wp
- le— le—

P 2ip

y[ U Yp [ :| Up
X Xr

Then the following statements are equivalent :

(3.12)

(i) The system on the left is internally stable and its transfer matriz from w to z has
Ho, norm less than 1.

(1) The system on the right is internally stable and its transfer matriz from wp to zp has
H,, norm less than 1. O

Proof : We investigate the following systems:

................................

Xp {
Ye Up

(3.13)
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The system on the left is the same as the system on the left in (3.12) and the system on the
right is described by the system (3.5) interconnected with the system on the right in (3.12).
A realization for the system on the right is given by:

Ty — Za2,p Aap 0 0 (-'BU — T2,p 0
o Tp = | = A+BNC, BM zp + | E4+ BNDyy | w
P * LG, KJ\ »p LD,
/-'L'U - Ta.p
2y =( x* Co+ DyyNC, Dle) L Zp +(D22+ D21.ND12)‘UJ
p

where A, p is defined by (3.10). The x’s denote matrices which are unimportant for this
argument. The system on the right is internally stable if and only if the system described
by the above set of equations is internally stable. If we also derive the system equations for
the system on the left in (3.13) we immediately sce that, since A, p is asymptotically stable,
the system on the left is internally stable if and only if the system on the right is internally
stable. Moreover, if we take zero initial conditions and both systems have the same input w
then we have z = 2 i.e. the input-output behaviour of both systems are equivalent. Hence
the system on the left has H,, norm less than 1 if and only if the system on the right has
H,, norm less than 1.
By lemma 3.9 we may apply lemma 3.8 to the system on the right in (3.13) and hence we
find that the closed loop system is internally stable and has Ho, norm less than 1 if and only
if the dashed system is internally stable and has H., norm less than 1.
Since the dashed system is exactly the system on the right in (3.12) and the system on the
left in (3.13) is exactly equal to the system on the left in (3.12) we have completed the proof.
]

Using the previous lemma, we know that we only have to investigate the system Yp. This
new system has a nice property which is outlined in the following lemma:

Lemma 3.11 : There ezists a matriz Fy such that if we define:

FJ,P = _DII,Pcz.P + (I - DII,PDN,P)FO
F2.P = _D'Ix,PDn,P

then we have:
(1) Ap + BF, p is stable,
(it) Cop + Dy pFip = 0,
(i) Dy p+ Dy pFo p = 0.

Proof : We first write everything in terms of the new basis introduced in the previous
section. Hence the system parameters have the special form described by (3.1). Then it is

14



easily checked that conditions (ii) and (iii) are always satisfied, independent of the specific
choice for Fy. If we also write the matrix Fp in the new basis,

Fo= ( Foa1 Foaz )
0 —
Fo21 Foz

then we have:

A By F
AP+BFI,P=( 11 + Brifo11 * )

0 Acl,P

where * denotes a matrix which is unimportant for our argument. According to lemma 3.2, the
matrix A, » is asymptotically stable. Moreover, as noted in the previous section (A3, B11) is
controllable. Hence, any matrix Fy such that A;; + B11Fp 13 is stable satisfies the conditions
of our lemma. Moreover, controllability guarantees the existence of such matrices Fy. n

Remark: The above lemma implies that the full-information feedback u = F, pzp+ F, pwp
applied to X; yields a stable closed loop system for which the closed loop H, norm is equal
to 0.

Next, we will look at the Riccati equation for the system Tp. It can be checked immediately
that X = 0 satisfies (a)-(c) of theorem 2.1 for the system Zp.

We dualize Xp. We know that (A, E,C), D12) has no invariant zeros on the unit circle. It
can be easily checked that this implies that (Ap, E,C, p, Dy3) has no invariant zeros on the
unit circle. Hence for the dual of £, we know that (A}, C¥ ., ET, D3;) has no invariant zeros
on the unit circle. If there exists an internally stabilizing feedback for the system ¥ which
makes the Ho, norm of the closed loop system less than 1 then the same feedback is internally
stabilizing and makes the H,, norm of the closed loop system less than 1 for the system X5.
If we dualize this feedback and apply it to the dual of ¥ then it is again internally stabilizing
and again it makes the H,, norm of the closed loop system less than 1. We can now apply

lemma 3.3 which exactly guarantees the existence of a matrix Y > 0 satisfying the following
conditions

(¢) Y is such that Sp > 0 where

We = Dn,PD;rg,p + C1,PYC;r,p;
SP = I - DQ;YPD;I;’P - Cg_pYC;I:P
+(CopYClp + Dy p DT, ) WE (CypY CFp + Dy p DT, 1) -

(#) Y satisfies the following discrete algebraic Riccati equation:

Y = A YAL + EE} (3.19)

C.rY AL + D, BT\~ , (C.PY AL + Dy, ,EZ
- T Hp(Y) .
Cz.PYAp + Dza.PEg Cz,PYA£ + DQQ.PE}:
where
Hp() = (P2rD5r  DusDi, Cr)y (Cr)
p(Y):=| %7 IS o D b g [t I 3.15

Dn:,PD;rg,p Dn:,PDL,p -1 Cz.P C:-.P ( )
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(#ii) Y satisfies a stability condition: for all z € C with |2| > 1, we have

2ZI—A  C,pYAT+ D,y pET C,pYAT 4 Dy, nET
rankR _Cl,P Cl,PYC;I:p + DIS,PD;I;,P Cl.PYC.;I:p + Dl:,PD’zrz,p
-Ca.P C!.PYC;I:p + Dz:,PD.lrg,p C?.PYCE:P + Dzz,PD;r:,p -1

=n+q+ rank.R(z)Cl(zI — A E+ Dy,

Note that Y satisfies the conditions (d)-(f) of theorem 2.1 for the system Zp.
The following lemma relates the existence and the solution of the above conditions to the
conditions in theorem 2.1:

Lemma 3.12 :There exist a matriz Y > 0 satsfying the above conditions if and only if there
exist matrices P > 0 and Q > 0 satisfying the conditions in part (ii) of theorem 2.1. Moreover,
tn that case we have:

Y=(I-QP)"Q o

The above derivation yields the necessity part of theorem 2.1:

Lemma 3.13 :Let T, described by 2.1), be given with zero initial condition. Assume that
(4, B,C3,D31) and (A, E,Cy, Dy3) have no invariant zeros on the unit circle. If part (i) of
theorem 2.1 is satisfied then there ezist matrices P and Y satisfying (a)-(f) of part (ii) of
theorem 2.1. O

This completes the proof (i) = (ii). In the next section we will prove the reverse implication.
Moreover in case the desired compensator Zx exists we will derive an explicit formula for one
choice for ¢ which satisfies all requirements.

3.3 The transformation into a disturbance decoupling problem with mea-
surement feedback

In this section we assume that there exist matrices P and Q satisfying part (ii) of theorem 2.1
for the system (2.1) and we show that the part (i) of theorem 2.1 holds. First we transform
our original system X into another system Zp . We will show that a compensator is internally
stabilizing and makes the H., norm of the closed loop system less than 1 for the system 2
if and only if the same compensator is internally stabilizing and makes the H,, norm of the
closed loop system less than 1 for our transformed system X py. Next we will show that Xpy
has a following very special property (see [11]):

There exists an internally stablizing compensator which makes the closed loop
transfer matrix equal to zero, i.e. w does not have any effect on the output of the
system 2. This property of 5y has a special name: “the Disturbance Decoupling
Problem with Measurement feedback and internal Stability (DDPMS) is solvable”.
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We know a matrix Y := (I — QP)~!Q exists satisfying the conditions as outlined in the
previous section. Next, we define £,,.. We start by transforming ¥ into L. Then we apply

the dual transformation on ¥ to obtain Xp,-:

orpy = ApyZpy + Bpyupy+ Epywpy,

Xpy:§ yry = CipzZpy + Dy pywry,
zpy =CopyZpy + Dupytpy + Danpywey,
where
Ay := Ap— (ApYCT, + E-DT, YWIC, »
E, = Ep— (AsYCT,.+E.DY, )W\D,,»

Apy = Ap+(AYCT.+E,DL VS C,,

Cory = S;'°C,,

Bey = B+(AYCI.+E,DL )S;'D,. -

Ery = (ApYCT.+E.DL, . +[AYCY, +E,DL 1S [C.pYClp + Dayp D
Dyapy = W,i”

Dyry = S;*°D,»

Dary = S5 (Cor¥YCTp+ Dy pDY, ) (WA

(3.16)

1) (Wi

When we first apply lemma 3.10 on the transformation from ¥ to Tp and then the dual of

lemma 3.10 on the transformation from Xp to X5, we find:

Lemma 38.14 : Let P satisfy theorem 2.1 part (i) (a)-(c). Moreover let an arbitrary linear
time-invariant finite-dimensional compensator L be given, described by (2.2). Consider the
following two systems, where the system on the left is the interconnection of (2.1) and (2.2)

and the system on the right is the interconnection of (3.16) and (2.2):

z w Zpy Wp,y

la—m - S

by Try

() i|u yP,Y[ JuP,)’
py pI

Then the following statements are equivalent :

() The system on the left is internally stable and its transfer matriz from w to z has

H,, norm less than 1.

(#) The system on the right is internally stable and its transfer matriz from wpy o 2py

has Ho, norm less than 1.

a

It remains to be shown that for 5, the (DDPMS) is solvable. We first need the following

preliminary lemma
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Lemma 3.15 : There exist a matriz Ko such that if we define:
Kl,P.Y = _EP,YDL,P,Y + KO(I - Du,P,YDIz,P,Y)
Kz,PY = -D‘L,P,Y

then we have:

(1) AP,Y + K;,P,YCLP 18 stable,
(ii) EP,Y + K:,P,YDu,P,Y = 0,
(ii4) Dy py + Ko pyDizpy = 0.

Moreover, let F, p and F, p be as defined in lemma 3.11. If we define
Fyry = Fp,
Fory = =DlipyDury
then we have:
(iv) Apy + BF, py = Ap + BF, p is stable,
(v) Copy + DaspyFip =0,
(vi) Dopy + Doy pyFopy = 0, o

Proof : The construction of a suitable matrix K satisfying conditions (i)-(iii) is dual to the
derivation of a suitable Fj satisfying the conditions of lemma 3.5. Hence details are omitted.
Conditions (iv)-(vi) can be checked via straightfoprward algebraic manipulations. ]

Remark: The first part of the lemma is dual to lemma 3.11 and shows that because of the
dual transformation we can now observe the states of Lpy perfectly. Surprisingly enough the
property that ¥ could be controlled perfectly is preserved: the second part of the lemma
shows that also for ¥, we can find a full-information feedback that stabilizes the system
and yields a closed loop system with H., norm equal to 0.

Now we are ready to show the solvability of (DDPMS) for the system Xy in the following
lemma.

Lemma 3.16 : Let T be given by:

T { op = Kpyp+ Lpyypy, (3.17)
upy = Mpyp+ Npyypy,

where

Npy = —FpyK,py

MP,Y = Fx,P.Y - NP,YCI,P

Ley := BpyNpy — K, py

Kpy = Apy+ BpyMpy + K,pyCip
The interconnection of Lf and Tpy is i’ntemally stable and the closed loop transfer matriz
from wpy to zpy is zero. |
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Proof : We can write out the formulas for a state space representation of the interconnection
of Xpy and Xr. We then apply the following basis transformation:

() )(7)

After this transformation one immediately sees that the closed loop transfer matrix from wp
to zpy is zero. Moreover the system matrix (2.3) after this transformation is given by:

( Apy + Ky pxCir 0 )
LpyC,p Apy + BeyFipy

Lemma 3.15 guarantees that this matrix is asymptotically stable. Hence Xz is internally
stabilizing,. .

We know X f is internally stabilizing and the resulting closed loop system has H, norm less
than 1 for the system X;. Hence, by applying lemma 3.14, we find that X satisfies part
(i) of theorem 2.1. This completes the proof of (ii) = (i) of theorem 2.1. We have already
shown the reverse implication and hence the proof of theorem 2.1 is completed.

4 Controller structure

In the previous section, we found a controller for £ which satisfies all requirements, but its
structure is very cloudy. In this section we define a controller, which also achieves disturbance
decoupling when applied to ©py, but which has a very appealing structure.

We first need to construct a matrix with a desired stability property:

Lemma 4.1 :There ezists a matriz Ko such that
[I+ KO(I - D12,P,YDI2,P,Y)CI.P] (Apy = EP,YDL,P,Y)

is stable. a

Proof : According to lemma 3.15 there exists a matrix K¢ such that A; + KoC; is stable
where

A = (Apy - EP,YDL\,P,Y)
Cy = (I- D12,P,Y-D112 py)Cip

Since, for discrete time systems detectability of (C1, A4;) implies that the pair (C1 41, 4) is

detectable there exists a matrix Kg such that A; + KoCj 4, is stable. This implies that Ko
satisfies the conditions of the lemma. u

Remark: This lemma might look rather strange but it is essential. If we use one-step-
ahead predictors then the estimator is stable if the filter gain K is such that A + KC is
stable. However, in this section we use current estimators where we also use the measurement
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y(k) to estimate z(k). In that case the estimator is stable if the filter gain satisfies (/+ KC)A.
Intuitively the above lemma tells us that we can find a stable current estimator if we can find
a stable one-step-ahead estimator.
Note that an optimal full-information feedback for Xpy is given by:

Upy = FipyZTpy + Fapywpy

where we change F; py with respect to the previous section into:

Epy = —'-DII,P,Y-D‘M,P,Y + (I - DL,P,Ysz,P,Y)FOYC?,F(WP)T-

It can be shown, along the same lines as the proof of lemma 3.16 that the following controller
stabilizes X5, and achieves disturbance decoupling:

op = Apyp+ Bpytupy + Epy — Koﬂl(ay CiplApyp+ Beytupy + Epyt)])

W = 12 PY(yPY -C Pp)
upy = Fipy® + E pyw

where
Iy :=1—DypyDl, oy =T - WoW}

We are going to apply this controller to the system ¥. However, if we rewrite this controller
in terms of the original system parameters it has a very special structure:

of = Ai + Bu+ Ew+ oK1(y— )
o= ER™YETPA, + D},C;)[AZ + Bu+ Ew])) + o K2(y — §)
= C1[A% + Bu + Ew]+ D12ER"Y(E*PA, + D},C;)[A% + Bu + E))
U = i+ K
where
Ky = =Kol +YCIWHI 4 C,pRolly)

K, = DT WHI+C,rEolly)

while F; and F; are defined by (2.10) and (2.11) respectively. We see that we have a full-
information feedback:

u=Fiz+ Fw

where we replace the state z and the disturbance w by their respective estimates £ and 1.
For the state and and the disturbance we have build estimators. If we write s(k|k) for the
estimate of the variable s at time k£ using measurements y(0),...y(k) and s(k|k — 1) for the
estimate of the variable s at time k using measurements y(0),...y(k — 1) then we can express
the structure even clearer. We get the following form:

4

g(k+1|k+1) = z(k+1|k) +Ky [y(k + 1) - y(k + 1|F)]
wk+ 1k +1) = wk + 1|k) +K3 [y(k + 1) — y(k + 1|k)]
5] E+1R) = Aa(k|k) + Bu(k) + Ew(klk)
w(k+1k) = ERYWE™PA, + DL,C.)z(k + 1|k)
y(k+1k) = Ciz(k + 1|k) + Dygw(k + 1|k)
| u(k) = Fyz(k|k) + Fyw(k|k)
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Note that in the state feedback case we can identify a worst-case response for the disturbance
w:

w(k) = ER"Y(ETPA, + D5,C.)z(k) (4.1)

In the above controller we have to estimate w(k + 1|k). Clearly past measurements do not
tell us anything. However, this controller expects the worst-case response (4.1) and estimates
this worst-case response.

5 Reduced order estimator based controller

In this section we show that for the singular H,., optimal control problem satisfying part (i)
of theorem 2.1 we can always find a solution which has dynamical order less than that of
the plant and is of reduced order observer-based structure. This result is analogous to those
obtained in [16] for the continuous-time problems. Without loss of generality, we develop
such a reduced order observer-based controller for the system Xy defined in the previous
section. Consider the ¥py defined by (3.16). There exists a constant output prefeedback law
Foreypy such that after applying this prefeedback law, namely setting

upy — Fpreypy + Upy, (5.1)

the direct feed-through term from wpy from 2, disappears. Hence without loss of generality,
hereafter we assume that D,, ., = 0. Also, there exists a state feedback gain Fpy such that

(Copy + Dy, pFey)(sI - Apy — BP,YFP,Y)—IEP,Y =0.

Without loss of generality but for simplicity of presentation, we assume that the matrices
Cip and D;; py are already in the form

0 Cl 02 D12 (1}
Cip= ’ d D = ’ 5.2
1,P ( Ip—-mo 0 an 12,PY 0 s ( )

where mg is the rank of D,; py and Dy30 is of full rank. Then the given system X, can be

written as,
A Are T E, By
+
(Azl A2 ) ( T2 ) ( E; )w”+ ( B, )™
%o 0 Cio T Di3p
4 ’ + ’ w 5.3
(yl) (Ip-mo 0 )(32) ( 0 ) ™ ¢3)

z1
Zpy Capy ( ) + Dupytpy

T2

.

where (27, 23) = zpy and (33, ¥;) = ypy. We note that y; = z;. Thus, one needs
to estimate only the state z; in the reduced-order estimator. Then following closely the

procedure given in [16], we first rewrite the state equation for z; in terms of the measured
output z; and state z, as follows,

oy1 = Aun + Anza + Bywey + Brupy, (5.4)
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where y; and upy are known. Observation of z; is made via yo and
§1 = A1272 + Eqywpy = 0y — Auith — Biupy. (5.5)

A reduced-order system for the estimation of state z; is given by

az2=Anxz+Epr,y+(A21 Bg)( h ),

Upy (5.6)
¥n = CrZs+ Dpwpy
where
D
An:= Az, En:=E; Cp:= ( Cr0z ) , Dp:= ( 120 ) : (5.7)
Ay E,
Based on (5.6), one can construct a reduced-order observer for z; as,
. A n . .
oio = ApZa + ( A2 B, ) ( ) + K [Cr2 — yr], (5.8)
PY

where Ky is the observer gain matrix chosen such that Ax + K Cpr is asymptotically stable.
For the purpose of implementing (5.8), let us partition Ky = (Kgo, Kr1) to be compatible
with the dimensions of the outputs (yg, #})’, and at the same time define a new variable,

v:= T + Kr19;.
We then obtain the following reduced order estimator based controller,
oy = (Ar + KpCr)v + (By+ Kr1By)upy + Grypy,
e A LR (T 69
Upy = FpyZpy + Fpretipy,
where
Gr = [-Kro, A21 + Kn1 A1 — (Ar + KrCr)Kri),

and Fpy is state feedback gain and F,. is the output prefeedback gain. We know that there
exists an output injection such that:

( Ann Ar ) + ( I(:u K:IZ ) ( 0 Cipo2 ) (5.10)
A Az K; Koy Iy O
is stable and
E, K, K ) ( D30 )
+ ! =0 5.11
( E, ) ( Ky K, 0 (5.1

Because the matrix in (5.10) is stable there exists a matrix L such that

A2z + K21Ch 02 + L(A12 + K1:1C1 02)
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is stable. Moreover (5.11) implies that
E3 + K31Dy90 + L(Ey + K11D120) = 0.

Then it is easy to check that a suitable choice for Ky is given by:
Kp = ( Kno Km ) = ( Kypy+ LKy L )

Remark : It is interesting to point out that the state space representation of the reduced
order estimator based controller in (5.9) might not be minimal and hence the McMillan degree
of this controller might be less than the dynamical order of its state space representation (5.9).
This is mainly due to the stable dynamics which are unobservable in the controlled output
zpy and they are induced by the output prefeedback law (5.1). A very interesting example
is the state feedback case for Cy = I and Dy = 0. In this case Fpy can be chosen as a zero
matrix and the output prefeedback law Fy,. in (5.1) is equal to Fy p given in Lemma 3.11.
In view of this, the reduced order estimator based controller (5.9) has McMillan degree equal
to zero and it reduces to the static state feedback solution

upy = Fipy.

6 Conclusion

In this paper, we removed some standard assumptions on the system parameters. Moreover,
we specified the structure of discrete time H, controllers. Finally, we showed how to derive
controllers of lower dynamical order without loss of performance. This is done by deriving
reduced order observers. Qur results are obtained under the assumption that both systems
(A, B,C2, D2y) and (A, E, Cy, Dy3) are free of invariant zeros on unit circle. A most trivial
technique to handle invariant zeros on unit circle is to perturbe the plant data such that the
perturbed plant satisfies our assumptions. However, the resulting criteria for the existence
of the solution to the H, control problem for the perturbed plant are not algebraic in the
nature. Hence the derivation of algebraic criteria directly in discrete domain for this case is
an open problem.

Via the bilinear transform and our knowledge about the problems of invariant zeros on the
imaginary axis for Ho, control problems in continuous time (see [5, 7, 10]), we know that in
the case of invariant zeros on the unit circle several problems arise. These are mainly due to
the fact that H,, controllers have a tendency of cancelling stable zeros of the system and will
try to achieve this approximately if there are zeros on the unit circle. Hence we have poor
stability margins. Moreover, the minimal achievable H., norm may depend discontinuously
on the system parameters if there are invariant zeros on the unit circle. Hence we also have
numerical difficulties. The main problem in this respect is the nonuniqueness of (sub)optimal
H, controllers. Suppose we want to get closer and closer to the minimal achievable Ho, norm.
When can we avoid almost pole-zero cancellations near the unit circle? For this question, very
little is known. However there are examples where we can get very good stability margins even
though there are zeros on the unit circle. Similarly there are examples where we always have

bad stability margins near optimality. What is needed is a characterization of the achievable
stability margin near optimality.
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