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0. lnl::roduàion 

\Je <:ll1! inlzresbed Ïfl ~s .S1.u3gciin3 ioM.piAimt.nl:.o.tio"'s 

wi~k a hi9h dQcjl"ft. ot C:On<:1.1rrenc~. 1kr ·,"'teresl:. is dic.to.hd 

~ thnl!.e. ob.se.r~o.tion.r. Hrs~~ the. de.sign of suc.k progrellm.f 

i.r vtry diffic.ult. B:1 tryin~ to deal wit~ therM we. -o.y 
hope l:.o bea:.me ~~r progrommers in 9enera.l. .Sec:ol"\d.. i:.he 

.sl:.t.Adj:~ cl- iMpleMenb:U::ion meehods is oHt."' ba.sed on s"'tuel'\*:lo.l 

progrc::~WIS onl!::f. "fhe proble2ms o.risi""-9 trowt co"c.1.41"r.c"'c!::l Q.re., 

how.ttver ~ bou"'d ~ he i"l:efe2sl:.i~ from a. M<ll~E!mo.tico.L point: 

oF view. 1hin:l. l::ke c:tdvenl: of tec.h"'i'fuu tor constrc..~c.ti"'9 
two~oc.hil'\er!1 opercat:.i"9 w'•l:k a hi9h degree of conc.urr&r'IC!::f clca""ors 
40r ~~ ~ud!f of suil:oble ~p{emenb:û:.io" met:.kods. 

In ~ki.r tMono9n:a;:>h we di.rCM.SS a met.l.od to impiRment 

prog~t\llr cas ..remiconduc.l:.or c:kips. We propo.se Q I'\OtG\tion for 

progrQWIS ~a.f:: presc.ribe t~ coope.ro.t.io"" of Coi'IApo~'~e."l:s 
c:trn:'lln9e:l in o. hiera.rchicc:~.l stru.d1.1re. Hierc:~.rchicc:~.l .:d:.rc..~c.l:~.~~.re. 

QS.sisl:.s i"' hrid.li"9 t:he CO"-"p~x.ibj of progi'Q""' desi9"'. lhe 
cot~~~~ponent.s c:~I'\GI. ~e wo..:J il'l whi~ t:.~ coopera.te Ct.rE! 

def•ned .su.c.\\ th~ Ql'l implew.cnto.tio"' pd:ell'ltia.ll~ exL-.'tbits o. 

high degnee ot c.olol\c.u.rnl!.n<:!::f· 

VLS I ·,s a lec.hnique of cor~s.f:.rud.i~ semic.onductor 

ckips conl::o.i""i"9 a l.cu-9e ""u"'be.r of: Qdive, .elec.lroii\ÎC. 

elements. Siii'\Ce t::.l-.e.se o.leW\.e.nlr opero.t2 c.oneu.rre.l"\tl!:j.. VL SI 
nic.e"l Mo.t::cl-.u tke. <::one~A.rrenc:y su..s~e$ted b:s f::he prosro.""" 
nol:o.l:iol'l. One o~ !:.he probletwo~s i~ c.l-lif desi~n i.r iht::!.t 

it'lcreasi"'9 the sc.a..llt fo.c.l::or,. ·,.e. deere.a.ring th~ f~E:u.re ..siu. 

leo.dt to a dec.rec:tse a(: the. prop<:l9Qtion .speed oç elec.tric~ 

sigi'\Qlt ma.ti.ve ~o .(:he .:S!.likhin!J speed. t.mplo~in9 .suit:.a.hle 

COt\IIMU•·Üco.i:.~ prot:.oc.ols,.. t.ke. t.Mpleme.l'ltoct:'.ion Me.t"'oc:l proposed 

_yï.t.ldr chip desi<.:l""' wko:se. corr!!d:. opc.ro.tiol'"l i.r if'ld.tptl.ll\d~rd:: of. 

~ prop~tio"" .speed. 

0 



In tkt ccan ot S.CCfUltV~tial proc:31"1:'Mtw1Ï'l~· tk~t spccifico..tio"" 

of progrcu-As. and oÇ the st:~tements troM wkic." t'-'e:-~ o.re 
torMe.c:{J is conveniel'll:lt; c.3ive.n in i.e.rMS' of pre- cand 

postc.o!lldil::ioi\S dtlsc:.rib\~ ini{:ical and .fi~ st:o.tes. Ïh~ 
con>~e.t\ienc.e. i.r ccaustà b~ t.ke s~~o~ent.\AL co~Mposit\o"" of 
s~te.M.e.ct.s : -lhe fil"\a.L state of o sta.teMCW'lt i.r l"'-e i~itic:tl 

st<a.te of ~e Y\C.Itt ~o.'teMeW'lt. Wil:.k C.Or\CVI.I"r«nt pro'3rQ""WI'"'9 
ihis- ·IS' no lo~e.r o.ppropricate. iho'-'~'-' C.OI"\C«A.rreW'lt 

CoMpo.t'ltion wt~ be view.ed as ".r~uentical co~o.ritio"' i" a"'J 

order " in tk~ CQSt o~ o.bw-ic. sb:ûeWieW'lts, t.hi.r view "•:s not 

Clpplico.ble to c:.o~.sif:e sto.tements. ln i:."'e ~lter C.Q-SeJ thf!' 
pkrQSe. "any suilo.b~ s!lnc.hronice.d 'tnte.rleavi"'«j" sr more 

oppropl"lcate. Conseq~otel"\tly, Wtt cl-loole. t.o give. t.&,e 

specific.o.tion of prosram.r. and ~ Uuz coMpcmenb from whic."' 

t~~!:J are forMed.. ill'l 'terwtr oç -Anif:.t. le.W'l9i::k -SeefUil.W'lce.s of Q.tomic 
sb:::!.uments. Suc.L., a S«fUltW'lce ·,s c:o.ll.ed a tro.ce . ~e lll!.owitc 

stca.te.Me~ care co.lled s~""'bols. 1he. .spec.itic.o.bon of a 

cowtpone~ t~ll'l c.on:sistr of ct troce .sc.l:. la set of hoces) a"'d 
Qt\ a.lphobet (Q se.l:: of .s~~Mbols). thlt .r~wtbots ·,~~~ the. h~az..s 
a.te C.kOSCJII frowt the. ~lpJ..ob.e.t.. ~e. COMbÎIIIo.lion Ot Q Üo.ce. 

set and Gil'\ o.(p~ "ts c::,c::~.Ued o. imc.e. sE:ruc.t~.tre.. WheV~ 
"rMÎI'I.~ a C.OMfOIIIC.nt tt"om s~..tbco""'po"'&nt.s. the tra. cc sb~.A<:t~A.re 
cf .f:.~ co~Mpowtnl:. ir o. ~t\cl.ion ot t~ trcaoe str~.~.cl:~.s of ~e 
Sl.lbCO~CMi:s. 

1, t"'e first ehQpl:tar a tke..orJ of tro.az. sl:.ru.du..r«s Ol"\d 

cowtpoi'lion .ft..tnd:.ion:s i.r disc.~Asse.d. I~~~ c.~a.pt:.c.rs ~wo ca""d i!.tree 
o presram ~io"' is proposC-d and -tl,e.. nelotio"' wit."' f.W'litc 
s:to.t;.e. mcac.kin!ls ÎS" di.rc.~ . ~e tourtk c.l,o.pter c.o"'.f:.o.i"'t o. 

di.rCA.\s.tiol'\ oF .scwo.r <aspec.t.r ot= VL SI desi9"' al'ld iW'l t&,e tiftl., 
ektpter a MetL\od of derivil"\!3 Sli!IM'tcoll\ductor c:hip.r frol"'ll 

prfl9raMS ·,, propoSlid . 

In tki.r M011109ropl-. a &lïghH~ 1.\1'\COIII\tel'l.tiol'l.l:'l .,ot;.Qt:iolll F'or-

"~~oble. • bi""c:li~ COIIIStrud:.r ·,.r !..I.S'ed,. whie~ will bc. ~.1Cp(Ail'l.~d 

1 



hv4t ·,nfbrmcall!l. UMiversc:~.l Cjl.lca~Atiti~iol'\ ~ o.lso c~lled 

c.ominu~ co~Aju~Ad:.ion ~ i.r denoted b~ 

A( l: D: E) 

wh.ere. A ·,s o. c:ruo.~A*:ifier 1 l i.r o. l.i,t. of bou"'d vcario.bleS'~ 
D is a. f"".edi~~ o.nd E is the 'r"'"'ntiAed. expres.rio11. 

B~h D C~~Mcl E will~ ·,"' 9'!-""era..l~ cotA~i"" vo.r~cabl.u 
.froWI'l l . D deli.neo..W tke dowu:ai"' ct ~e bouf'ld. """'ia.bl..es. 
l::xisbel'l.4::ic:J. quca~içia::a.-Qo""~ o..lso co.J.led COl'\tint4ed disjl.o\r~dion~ is 

de~ by 

g(l: D: E) 

Co~il'\ued SIAM~~m-c:ttiol'l ·,, dei'IOted b_y 

~(l: D: E) 

w~ere ~ ·IS o.n .:::tr\Un~ti:. express iol'\. L, .UW Cewl of Kt-

10rW'Itll!io" we wr'1te 

{L: D: (j 

.for. -H."e .set. oç o.ll vcd.wrs oF E obtcail'\ed by sc.tbstitut.i""S for 

a.U vctri.Abl.lrs i"" l vo.lt4t.S ..si.A.C.h t.l-lca:f: D ho leb. ~c empty 
H.l: ·,,s de~ ~ { } . ~ eoc.h case, dom.ain D mA!:t be 

oMitbtd ·& D '•s obvious .fro~~r~ the col'l'lext. 

A proper~ oç the ferm. E s G wi ll of~e"' .bt proved. 
iw1 t.wo or more .sbeps b!;j !he i~roc:Ld:.io"' of Ol'\C! ot I"'AOA!. 

i~me.diC~.b!!. expres.sions. 5o MO.'!J tl,e proot of 1::. S G 
~ tke. forM J qsl:,o.blish't~ bot:.'" E: = f Qnd F S G • 
.for .sOMe judiciousl;J chose.-. "F . It ·,s rec.orded as follow.r. 

E 
= { h'•~ wh~ E= f} 

F 
~ { hint w~ 'F s G} 

G 

2 



'Rrtl'Y\c,Mbel" th~. oc:cordin9 to [9] • <a hi111l:. is Q.. ".rli9ht 
incliCQ.éion, c.o~~ert or indirect .sugge.stion '' or Q. "smc::~.U. piece 

ot pro.di~ il'lfor~~~no.tion " ,~ Gli'Ld no MO~ ~<all\ ihc::d: ! 1tw 
frequent~ oec1.4tri.."9 ~\,vrt;. 

{ CAlC".ulus} 

·,ndic.a.tu t.kc.tt Qll\ o.ppeAL to ev..ru!:Jclo.y ~eMo.tics J li.be 
pre.dico.te CQÁ.c.ull.l.f or o.ril:.hl"'llll.tic., is wu~a"'l. 

1he c:abo11c nol:a:lions hc:ave b~n c:o.c:bpted .froW\ [5) . 
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t 0. 1roces Qnd tract. scruc:.l:.urts 

An s!e,b<:Abe.~ is Q Hll\iU sel:. of :L~Wl.P.o\.C. s~ ...... bols will be 
dt.I'\Oted b_y i<:lenl:.iAers. "For eac:h ~ho.bel:: B , B * dcr~ot:.&s1 
o.r usi.4Cll.1 l;:l.te sel: oF cû.l .fil'lil::e-~~ .se'lutMC:ts' oç elh.\tnts 

of ~ ; iii\Cludi~ Üle ew~p~ .sequel"\0!!. w~ic:h is d~~l:.ed by E. 

hiJI\lte-le~l:h Sf!9Uel'lc.e.s of s~""'bols c:tre c.o..Ued ~I'Qelt~ • A ~~c:! 
sl:n..t~T'e I ·," Q. po.i.- < ~TI gl > I ÎIJI\ whic.k 9 r i.r CU"\ 

o.lpho.~t ond ~ T is o. set oF f:..-c:;t.CAS .soli.rfYi""'S !; I S ( gl/. 
i I is c.o.llec:l l:ke ti"QU. s.tt~ of T , ond 9 T ·IS Cc:;t.lled Hue 

o.lpko.bet: of I . Tl-Ie ele~~Mer~b of ~ T c:tre called trac•s oF 
1 1 <and ~ke eleMe~ of g I are CD.lled s!l~be>U of T . We 
sho.ll uu _t o.nd g QS opero.l::or.r on lroce struc:J:u~.r. 

ExaMple 1. 0 
A binary .rew-~pkore [3], il'lil:.ialited at 0 , •s a 

compol'lent spec:itlecl try ~he cr-c:~.c:e sl::.-ucture sE M 1 . !he 
o.lp"-'o.be.l: of SEM1 ·,s l:.he set:. { p .. v} <and t:ke lro.ce set 
"ts 1 u:sin9 r'li!gulo.r E!ICft"ESsions [ 11t] , the sel:: l3enero..ted b_y the 
expre.s.s iol'l ( v p) * ..- ( v p) *' v . 1he latter is tht .sel: oF o..ll 
fïll\il:e.- le~h o.U:err\1::\lioi"'S of v a111d p tho..l do not '~rt 
wi~ o. p . 
(End ot exa~lt) 

SOW\el:i~u we o.ppeo.l t:o o. Mt.c.ha.IJI\'t.sbc. o.pp.-ec:.iQlion of 

forMo.li.y detlnecl notions. A ti"QC4. st.-•• u:.l:.u.re ma..y tke"" bc. viewed 

as tk.e specificc:d:.io"' of o. mecht:~""iJ'loM. We in.wpnzl: eo.ch .r,y-bol 

h-om ~ht. trae& &t:.rw:.~ 's o.lpho.be.~ os t:.kt ~,ypt. oF Q 

eommul'lic.o..lion o.d:.io"' pos.s'tble be!.ween -l:ke meckCIIIJI\ÎSM Ql'ld if:.s 

envi.-ol'l.l\0\t.nl. EQc.k tr"-c.t. ma_y he il"'terpreted o..t c:t .re9uen.ce 

of COMMUnÎC.O..tion QCtÎOW\S thcû; Wl~ Wt. pl.t:lce ~t.e.n. t.ke, 

Mec.ko.~is""' Ql'\d il::.r e"'v'•ronMei'IC. ~e tro.c.e set desc.ri~s a..ll 
pcl'tberns of C:OmVIII.unico.tion o.cbo111.t possible. ""fhe opero.tion of 



thfl. mec~o.W\i~m c:.orrespo"'d~ -l:o tht .seled.io11 of s~mbols . T~ote 
s.elltc.tio11 ·IS .su.c::.l-1 t.f"a.~, o.t o.n~ moment; tht. lrca.c:e of .s~mbols 

.Set.zc.t:.ea tktu fc:u- is an ~leme""t ot ~ ~ Sfl.t. lt\it'u:11.ll:J 

the tnat4. seleetcd tki4.S feu. ·,s the emf*'1 ~e. Wk,c.k s~""bol 
'1.S ,se~ dtpttf\QS., Ïll\ gel'lerc::U.I 01'1 tke "heh0.11Î0Ur 

11 
Ot t~ 

el!\virol!\mel!\t . fa.c.h .selec.t.io"" oF o. s~~ corlllspoll\.c:(S to a" 
a.cl:: oF c.cmmul!\ic.ca.tiol'l. lhe order cl ihe $y1Mbols '•n the 

wee is the order ·,11\ time of t.l.,.e c:orrespol!\di.".~ o.c.t.s of 
C::.OWIMUII\ÏCO.tiOII\. 

We would l'lb;a to st.t"E.ss tkQ.t. we do nat in~ te !MOdel 

ike pk_y.sica.l. properties oF rvci~\"'9 meChc::lll\i.sm.s. !f 011\t W"""'ts 

te n2.lAf;e trcwa. st:r~.A.cb • .-res O.l'\á p(.,~sica.l. r.eo.l\'lo.f:.ions.. o. 
meckc:~ll\·lstic. o.ppn~c:.ic:l.tion of ~ structwes must be ~ruc:l 

u pon. A pos.sible "-ppm=i"'t.ion. is given above. A CO~Mbi"'"·:f:.io"" 
oF o. ph~sic"l reo..lieo.tiOII\ and o. mec:.l-1"11\·,..st.ic:. o.ppt'll!cic:d:.ioll\ i.r 

<:Cllled o.n iMplemen~tiOII\. I+ .f:he nzca.lt~c~:tioll\ does net mol:.ci. 

with t.he mecko..,istic:. c:lPJ>~io.li011., we hCl\V'Z an erro..,eows 

implemell\to.t.iOII'I. In Ól.a.p~ .five we disc:.~s an i"'plemet'lt.o..iion 

met.~ wsi""9 o. m.e~t~tll\istic o..ppre.cic::û::.io.., t.~C\.t. dir~.er.s sli9~Uy 

4;-c"" tl,e ol!\e <:t'•'ltn o.bove.. 

Not.e 
UW\I.:ss I'\Ob2d otherwisc, nMo.ll and co..p'•b::!.t telters neo..r th2 

b~i"'"i"'9 of t.We. lt:~~.tirl o.lp&.,o.èe.l:. dcll\ott s~;:~~Mhols C4tf\d 

alphab.ets re~pec4:iv~ ; smt:~~.U. and co.pitAl l.e.l:f:e.r.s r~e::t.r t.he 

0\c:l of ~ L~\~ill'l e2l~abe.t: deii'IOte t.re2~ arw::l tr~ce 
.sl:.~res resp&ct:.\vely. 

( t:"'d ot:: "o~ ) 

Tl-Ie f?f'Cije.c~i~ of a trca.ce t 011'1 an ~h"bal a .. 
deW\ote::t by l:.t B , ls dftined as fol\Dw.r. 

a:rs = ë i 

(t b)t B ... ( l:t B) 6 for all t. .. b : b ~ B ; 
( l:: .b) t & = ~ r B for au. 1:., b : b ;. B 

5 



(CoW\C.Cl\:.cw::*.io" ia- denol::2d by joxi::QposH:iolfl.) 

~~_u 
tor o.ll tro.c:.e.s t o. ... d u , o."'d Qlpho.bd:.5 B ~ ~o.ve 
(tu}tB = (t:.tB)(utB) 

( ~d oF propert._y ) 

Progerty___ll. 
for o.ll tro.ces t o."d o.lpho.b.el:.s A o.lfld B we ho.ve 

t t At B = t t {A n B) .. t r B t A . 
(End of propert.y) 

We .shc:J.l ~ a.pply properi:.y 1.2 Ïl'\ ~~ .forWI 

A:a.B !!t t:.tAtB = HB . 

'Prop!1)/__jd 
tbr Qo.cl-. tr<ace. t: o.~ a.lpho.be.l: A we ~ve 
t€ A• s t:t~A 

{~nd of property) 

'ProP-er~)~ 
for o.U. .r" l , A , Gl~c:l "8 , suc~ ~t 
S6. A*" te.B*, 

stB:: HA _ ~(u: u€(AuB)it: utA ... s " utB .. t). 
Root 

st B -- HA 
$ { see below } 

~ {u : u e (A u B) * : ut A = s ,.. u ~ B = 1::) 
... { co.lculus } 

~(u: u €(AuB}*: ufAtB = stB ,.. utBtA =UA) 
s { properl:. .Y t. 2 } 

~(u : \.1 E (A lJ 5)*: s r B = ut {A n B) = t:t A ) 
~ { c.o..tc:.ulus } 

stB". HA 
\Je prove 
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st'B = l:.tA :et ~(u: uE:(Au8)•: utA:.s,.. ut& .. t:) 
b)} il'\diAc.tiCM OI'\ thll!. \.e+ ot S • 

S:E 

dB .. HA 
!!! { de.f. of t , property 1. 3 } 

UA~ 6: A UB.t 
.. { tE B. he"'c.e 1: E {A u'&)* } 
~(u: ue(AuR)*: ulA .. t " utB:~) 

s = v b " b E. A\ B 
(v b)t B = 1: t A 

e {beA\B} 
vtB = ~tA 

st { iii\CI . hyp. J 
É:(u: uE(AuB)*: utA .. v "' utB:I:.) 

= {b6A\B} 
~Lu: uE.(AuB)*: (ub)tA.vb "' (ub)tB = t) 

~ { re,II\QM·I~ ol= t:ht, duMMJ } 

E_{t-~: u€(Au&)*: u~A = vb ,. u~B: ~) 
s:vb " be AnB 

(vb)tB = f:f•A 
!!! {beAnB} 

(v r 8) b = t~ A 
_. { c:o.lc.ulus J 

~ { w~ x : t: = w b x ,.. x~ A. t. : v ~ B • w I' A) 
~ { il'\CJ. hyp.} 
~(w,x: bwbx" xtA=!: ~{u: ue(AuBt: utA:v "u~&.w)) 

: { co.lc.ulus } . 
E(uJw~x: ue(AuBtA h:wbx ,...xtA:t.: utA:v "u~8:w) 

11 {(bx)tA:b., (bx)~B=bx} 
.E,(u.,w,x: uc(AuB)*,.. é:wbx "x~A.a:. 

: (u b x) t A = .., b " (u b x) t .B • w b x 
) 

a { CAlculus j . 
~lu~x.: ue(Au8)*.~~. xtA=E (ubxHA:vb A (ubx)tB=:d.) 
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~ { 1"4!1'\QMii'\Cj of .f:.h~ dUWIM.)I 1 
;cu: u e (Au S)* : Lt t A= V .b "' Lt~ B = 1::) 

(w 0~ propert.:f and pr-c:J) 

The ned: propct~ r~~~a.y be viewed as a. ~e.ro.li:~G~:lion oF 

~ p1"12viou.r one. l"'-ir CQif\ be see.ll\ b~ /.el:.ti~ A c.o·,"'cide 

w'tt:k eit~r & OI'" C . 5i"'ce ·,~:; ·,,s- VIOI:. ""' ohvioCA.J" propert_y 

1::.o look tor, il:. d~ri"es \f:s r'3kt of ex\St<i!I'\Ce Oll\ly fror~~~ it.s' 

bei"'9 o.pplied Îll\ the prooF of pi"Q(lerty 1. 16 . 

'Prof?!ri:?J~ 
For o.lt l.., u, x 1 A, B , Qll\d C 1 .suc.'-' tl-la.t 
-1:. e B 1( " u e: C * " x .;: (A n ( B u C )) * " 'E n C s;. A , 

we have 

xtB = ttA " xtC= utA 
-
~{y: ye.(BuC)*: :JtA=x "_y~B=t "'ytC:u) 

Proof 

Siii\C.e tht propert':1 is- trivia.( ·,"' tWz co.se :&u C S: A 
0~ ~~kt try to give a proc::.f ~ w.a.t:.heW~a.tica.l indt.~.Ctio~-"~ 

01"1 shri"'ki~ A . ~is 't..t.c.rnlid ot.~f: t.o bte ra.:\:.~er C.utM.~rJ'OI'II\e 
a"'d we prr.t.re.rtt o. difTe~..d: proof'. Sil"\CE! ·,t i.r a te~~~ 

proof wtct ktor Q1..J.. some ÏVI.barMedio.m nuults~ vit. 

(o) ttA = tt(A n (B uC)) , 
(1) utA. ut((AnC)uS), 

tor o.l{ y : y E ( B U C) lt 
1 

(z) y t ((A n C) u B) t A :: y t A I 
(3) y t ( (A fl C) u B) t B = y t 8 , 

for a.ll "l. : i! e: ((A n C) u B )* , 
(4) z t (A (\ (Ru c )) = ~ t A I a.~ 
(s) ~ t A t C = -e ~ C . 
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(o): HA 
= { prop.e.rt.y 1. 3 } 

tt stA 
:: { propert~ 1. 2 } 

U (B nA) 
: {'B:!n{BuC)J 

H ( B n A n ( B u c. )) 
= { prcp-e.tt-::1 1. 2 } 

t t B t ( A n ( B u C )) 
= { propert~ 1. 3} 

t:. ~ {A n ( 8 u c )) 

(~): '-' ~ A 
::: { properlies t.l , 1. '2. J 
u~(CnA) 

= { B n C E A htnc.e. C nA = C n ({A ll C) U B) J 
u t ( C n ((A n C) u B )) 

= { propelties 1.2, 1.3} 
u~((AnC)uB) 

(2): _yt ((A nc) u B)t A 
::: { propr2-rty 1.'2.. J 

::J ~(((A nc.) u&) nA) 
= { ((Af\ C) u 'B) n A =- (B u C) nA } 

_y t (( B u C) 1\ A) 
::: { properties 1. 2 , 1. 3 J 

ytA 

(3): _y t (( A n C) u B) t B 
: { prop.crt~ 1. 2. } 

y t(C<A nc) u B) n E) 
= {C(AnC)US)I\B::B} 

y tB 
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(~): ~ ~ (A n ( g u C)) 

= { An{BUC) = ((AnC.)uB)n A} 
1!. r (((A n c) u &) n A) 

: { propertÏI2S 1.1, 1.3 J 
~tA 

(s): i! t At C 

= { prop-etties 1. 3, 1. 'l. J 
"i. f(((An C) u 8) 1\ A n C) 

= { Bn Cs: A henct. ((Anc)u B)n A fl C:((Anc)uB)nC} 
"t t ((( A n c.) u B) n C ) 

= { propeltiu 1. 2~ 1.3 } 
"ttC 

r~ the proot of propR~ 1.5 W.t OwÎtt the dowt~:ail"'S of ~e 
bo!.A~d vo.ric:\bi<Z3_. vii. ye(BUC)~ C'lW\d "! e: ((AnC)uB)If-. 

• 

= 

xtB::.ttA ,... )(~C= u~A 

{ (o) } 

x tB= tt(An(BUC)) ,... x~C = ut'A 
{ prop2rt~ 1. '+ , ( A n ( B u C. )) u :B = ( A n C) u 'B } 

~t~:: at(An(BoC)): x "ztB= t) A KI'C = ui'A 
{ (4)} 

~lt.:: atA= lf. " ~tB.-~:) " xtC.: utA 
{ Cctlc.uliAS: } 

É(~:: ~tA:x A a~lht. " )(te= utA) 
{ ca.lc.t.d.u.s } 

~(a:: l!.tA::.x " a~B .. t. " ~I'AtC. = ut'A) 
{ (s)} 

$: {~:: ëtA:x A a~8 .. .t:. "atC: u~A) 
{ (1) } 

g {ë::: !.tA .. )("' ë!t'B::d .. "atC:.u.t"l(AnC)uB)) 
{ prop-e.fb.; 1.4-, (AnC)U8UC::. BuC} 

§. {ë:.:: ë~A= x"' atB=t" ~(y::_yi'((AnC)uB)=~" ytC:.u)) 
{ c.olculus:} 
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~(y,"f.:: -etA:x " ~ts .. t:: " y~(CAnc)us):~ "yi'C:u) 
:a { co.lc. u.lu.s } 

~(y:: yt({AnC)u B)tA=x "yt((Anc.)u B)t8: t: "y ~C= u) 
a { (1), (3)} 

~ ( y : : y ~A = x " y tB= t " y ~ C • u) 

(End ot proparty Qnd pro'*) 

N~t we deKne ca. pc=-.rt ia.l on::lE'r ivu3 Of'\ tro.ce st.rt.lc.tlA.I"t!s. 

if de~~ by s ond 'tf: ·.s, for tro.ct stri..A.Ctu.lllls T c;~"'ci U , 
dE>Aned by 

T s U a t.Tc::t.U ". QT.aU. - - - - -
k la.ler .s.ec~o111J '•I: will b.ec.oMe dt.GU" Wk,!l we ~ve chos~ 
9 Ï = 9 U ·,".,s~ of t.~ obvioi.AJ' Q[ieri\Q.t'lVtt 9 T s. ~ U . 

fin"~. we exurld tWè deAnit'•o.., of ~j1c;.tion to operclte 
01"1 tro..ce stn..u:..b.tr.e.r os well. ':i is deti~d b_y 

1ï B = < {I(: x e ~T : l(t B L !! T n '& > . 

Pro~~ 
'Projedio.., oç .f:r~ stri.A.cl:u.r.es is ideMpotent c::~nd I'M.onotol'lic. 

'R-oof::' of I'Y\Onotol'licity 

for o.ll TJ U J oncl 'B we have 
Is U 

E { det. ot s} 
!Ts~U "eT: 9 U 

!11 { c.Q.lc.ul.u.s } 

{x: x E. t T : x 1 sa {IC: x € ~U : )C.} A g T • !:! U 
~ { co.lcc.tlus } 

{x: XE. ~T: xtB} s {~~.: xe sU: xtBJ " glnB:~UnB 
li: {def.oJ: t} 
~(TtB) s ~{UtB) " g(TtB)= ~(UtB) 

{ def. of s J 
TiB s UtB 
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In o~r me.c.ho.ll\istic. c:~.ppr-ec:.io.tion o. ha.c.e struc:.t~.o~.re 
de.sc.r~bes, tor SOt'll\<2 t'II\E!~O.f'liSm, tllt SJii!9~ . .tltV1.CU of COWIMIAII\Îca.

tioV\ a.d:ioii\S tke. Yll\t.c..lt\QVI.·I.nY\ ma.~ b.e. 'tnvohte.d in. îke. order 

oP 4;:ke S~IMbots ÎYI c:~. èro..a. · • .r the order cJ tht COMM1Ar\ÏC4tio,-. 

oetioVI.s i.... tit'll\e.. ~ tk~ dassic U..eory of finite st~t.e 

MCI.CkiYit.s, a trace m~ be +e::l ··VI.I:o .s~ciA a. Mc::tCL\it1e., th.ereb)l 

leadi~A.Cj lke II\'IQ.Ckine f:.kro~h a s~uei'\Ce of .stoJ;e.s. St.a.t.E.r a.re 

divided in two c.las.ses : tiVI.o.l o.I'\Ci riOl'l- flw;~.l ~te..r. In g<lYieretl, 

on2 is not: iVI.tereste.c::l i"' èhe QC.t.~Aa.l stC~.te oç lhe mc::tekiVI.e thClt 

a t.rc:~.CJL. lrto..ds to~ but mere41 ÎVI. t.he. clas.r -to w~ic.h l!Aa.t. 
stt:)..te. belor19s. 1-it.I"'C.e" sow.e two- va.L..c.ed ·,~~~dic.o.tor i.r CIVI. 

es~ll\t:.ial pGI..rt of tke mec.l-tavi•SWI a..d its specil=k:.o..tior1. Smce 

we wa"'l; -te <j'tve. 1:.he e...rl:.'tre spec.'ttic~t.ion of a Wlt.cila"'iJm ·,~"~ 

tA!rms of c;l otf'C.IC.e. strtACI:.we, w-e aboli$~ the indic.cator aiiiCI t~ 

divi.sion of sta.tes in clc:w:es. lhe ii'Qat set consists of t~o.re. 
t.ra.CQs tha.t. t'orMt.l"ly., led to a tlV~.a.l sl:aie. A tmce ·,, fed. 
ill\to the ma.c.IAine on2 s~"'bol a.tter the. ot.~er etl'ld, he~~~.ce, e.a.ch 
lnitio.l .S0jMeVI.t of o. tf"CC..CCL ·,,r an IZCf1...4.a.~ o..c.cepb:::lbl.e t.ro.c:.e. 
Ot.t.r me.chanistic. ~apprec.ia.tion tht..ts r.equ.ines t~o.t eou:h trCI.c.e. 
strucb.u'e wed -6 spec.i~ Cl vnechani.rm \.r sucil tht:)..t C~.LL 

'unitial segments oF Cl tr~ are ele~wtV\U oF the tra.oz. SJ2.t. 

k.oo. A.-. iVI.it.ial. ~ment: oF a tra.ce. 'rr CGI..lled Q. p,refix i i.e. 

we ca.ll s a preth ct t ·,f ~ (u : : t ... s u ) . For 

ti"'.CQ. Stl"~tw"..At Î , tke. .f:.mce .rt.ri.A.d:.t..t.r..e. tW coVI.èo.Îvt.r a.ll 

tro..ces ot' Î and preAxes ~e;.eof: .::a.s w.ell is called the 
~retbc s_los~'l o~ I .. a.vtd is dei'IOéec:l by 'PREF (T) w~ 
have 

'PRE F (T) = < { s~ u : s u .:: !: T : s } , 9 T > 

Tro.ce. sti"I.A.CI:u.r.e. I is o:t~d ~re~ix-*~~ ·,ç T = 'PRE F(T). 
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"ProP-erf:~ 
lbl'" all i;I'"O.C.Q. .str~es T we ~ave Î s; "P'R E F{T) . 

(w oF property) 

~P-.e.ri::~___JJ. 
"Prefix closwe is ideMpotene Q~ rMonotoVtiC . 

{End oç property) 
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We s~o.ll VI.OW definll o~r tirst CO~Nlposièion &.net ion 
1 

CG<.lled 

we.cwi~. CoV\1\position h..~d:iont teKpress wlr.a.t. wli! have 

in~rw..G11.ly refe.rre.d l:.o .:as "any .suil:o.bly .sy~c.H.roll\i~ed inte.r-

leavill\9 ". In the ca.~ oÇ t.wo mec~canism.s t~t d.o not 
COW\\11\unica.f:.e. i.e. i~ ~e ca.se o+ t.wo i.rc;o..ce. sl:r-...c..tu.res with 

di.sjoint ctlp!Aabe.ts, wec:wi~ caw.ounts to inte.rle.o.vin9 or 

s~uFF'Lz as ·,~::, is ca.Ued in [10]. Olhe.rwise., we st'tpula.t.e tl-le:t.t 
eo.ch c..OMtMt.Anico.tiol'\ in th.e. interseclioV'I oJ: t.he. -two o.lpl-la.be.ts 

rec:yu",res siM.v.l!o.l"'ecu.r pcuticiP"-t.îon of bo~ I'I"'C2.Cho.nisrns. This 

le:ds t-:o lhe followi"'9 detinition. lhe 'd!!~"~ of two t.ro-c.e 
sh~s I o."'d U ~ de111ot~ by T !Ol U ; '•.r t.he 

lra.CtZ. sh~ 

<{x: XE(gTUgU)* .... xtgiE~T "'l(tgU E ~u: x} 
,gTUgU 
> 

'Pro~~_li 
w~\fÎI"\9 is S~jMMf!tric." id.e.Mpobtnt, · ca!'d. QSSocia.-l:.ive . 

'Proot of a.ssoci~ivit._y 
~r o.ll I, U.. Ol'ld V we hcave 

(T~ U) >tt V 
= { def. ot ~} 

<{x: x e (gl U gU)*"' xtgT e ~T,.. xtgU e ~U x} 
, gl u 9 u 
> !::! V 

= { d.ef. of ~ } 
<{y: ye((gTu~U)UgV)~ 

" yt(gTU gU)î9T e ~i "' yt(9Tu gU)tgU E:~U ".YtgVe~V 
y 

} 

' 
{gTu gU) U gV 

> 
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= { c.o.l.culu.s, prope.rty 1.2. } 

<{y: :J'"-(~Tu~Uu~V)* ... ytgis~TAyfgUE~U "Yt~Ve~V 
:y 
} 

, eT u ~u u ~V 
> . 

l~e la.l:ter forrMc..~.lo. i.r .s~mrMe.hic. in l ~ U , O.ll\d V 1 wkic.~, 
d~Ae. to t~12 S.!:fw"''•'\e.lr:J ot Wt!O.Vil'l;9, prcN~S lhe. o.,lsocio..i:\\lity . 

(t.""d ot pro~rbj o.""cl proot) 

Hogertf 1.10 
For all I we have T !!i < { E: }. { } > = I . 

(E.I'ld 0~ propert_y) 

Exo...".r.le 1.11 

<{ab, de}, {a.,b,d,e}> ~ <{bc,ef:J. {b,c,e,Ç}> 
= < {~ b c, d e t J, { Q., b, c, d, e., f 1 > 

<{ab, dt!J, {a.,b,d,e}'> ~<{eb, fe}, {b,c., e, Ç}> 
= < {a c b, c a b, d te, f d e } , { a., b, c, d, e, ~ } > 

(~11\d Ot IZXOmpla_) 

No~ 
Üne n\i9ht ~ l:eMpted b:> i""f:.rodu.ce !he C.OI'Ivenlioll\ that. t.he 

o.lpko.bel: of:' o.. tra.a. .strw:.l::f.AJ'(L ~ins ~lCQe% t~ .S!::ft'll!.bols 

~ O<Xur in ~ t~CR. ~t of tke. tra.~ st~. .S....c.c.k G\ 

COII\VCII\tiol'l woc..~.lci.., howe>~e.r, de.stro.Y t.~e os.soc.io!ivity of the 
weaviro.g ope.ro.liOII\, as t,l.,e IOtL:>wil'l9 <é!l«:\w.pl.. áemot~~st.naw. 

({ba, E} '!!:! {Q.b, E}) ~ {a.b, €} 
= {E} ~ {Q.b, t} 
::' { Q. b 1 r.} 
~ {E:} 
= {bo., e:} !!!l {a.b, E} 
= {ba..., E} ~ ( {a. b, E } ~ {a. b, E} ) 

( W ot rtOte) 
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"ProP-e.rl:~~ 
for o.ll I and U 1 su.~ t"'o.t gl s: !a U ,~ wt ho.ve. 
I~ u = < { )( : x E. ~u A )(tg T E. !: T : x }, 9 u > 

'Proof 
-r~u 

= { d4tF. oF 1!!1! } 

<{lt: xE(g"TUgU)itA xtgletl A xtgUe~U: xL gTUgU> 
= {caTsgU} 

<{x: XE (gU)* A x.tgl E. t,T A x reu E. tU: x}. gU > 
= { xe(gU)'~~A xtgUe ~U :s xe.~U} 

<{)(: xe~UAx.tgTe.~T: x}, gU> 
(tV\d ot propert_y and pro~) 

'ProP-e.rtJ' i.13 
We.a"in3 i.s !MOnotonie. 

ProoF 

lbr all I i T 1 
i and U we. ho.ve 

,. E T' 
= { def. ot E} 

!;T s ~T' A gl = gl' 
a { c.o.lc.ulus } 

A (x : x EsT : )( E ~ T') A 9. -r = 9 T' 
= { ca.lculu.s } 

S.(y: ye{gTU gU}* A ytgTe!;T: ytgTE. sT') 
A gT:gT' 
~ { CQ..lculu.s J 
B{y~ y e (gTU gU)*,~~. ytgU e ~U "ytgTe ~T: yt9Te~T? 

A gT = gT1 

- { ca.lc.u(u..s } 
8.(y: jE (gTU gU)* A ytgUesU" ytgTe sT 

: y e ( 9 T'u 9 u)« A y~ 9 Ue ~U" _ytgT'e ~~· 
) A gT = g T 1 

= { deF. of ~} 
A('j: ~E.~("T~U): 'jE~(··~ U)) 1\ g\: gT' 
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= { co.lc.ulus } 

~CT lil~ U) S: ~ (T' ~ u) A g T = ~i' 
=t { def. of lot } 

~(T~U) ~ t(T''t/U) A g(T~U):g(T''!:LU) 
s { c!t& oF s= } 
I~ U s: T' ':!i U . 

(End of: propertj oYid prooç ) 

E'xa~lt 1.1'1-

0"' p~e 11 
tro.a.. strl.4d:M.n;r.r 

we kQ.vt de.fl"'e.d o pcutiQ.L 

~ 
Te.U sa ~ T s t. U " g i= aU 

Whe.~ l'Movi~ lh.t ta~ C.OI'\j~..tV\Ct. 1 or replc:lcill'\~ ·,1:. b~ !i!T s g U, 
wec:av;"" ·a.r "'o toV\3c.r a lllllonof:ovtic. opuc:ttioV\ 1 as .show"' b:t 

che. toUowi"'9 ~~wo.pl.a . 

Let:. T.) T' , Q~ U b2 s~ t~ 
..,. : < {e~~.}, {o.} )> I 

I' = < { a.., b } , { o.~ b J > , oftC.! 
U=< {abL {a.,b}'>. 

\Je tl"en hQ.ve 

.,. ~u= < {a.b}, {a., b}~ 
T' ~ u = < { l , { a.~ b 1 > • 

1-le.vu:.e. 

iT s; ~ T' A .., (~CT w U) = ~fT'~ U)) 
(E:nd ot 1/!l(OMplll) 

ihe next: èwo propelties de.sc.r'•be. t.he. distrlbuèio.., of 
projec.l:.iOt\ U.n:u .. u3'-' weo.vin9. 

'Prop~----l.:Ji 
for QlL Ï.. U, a"'d A w4! koV4! 
(T ~ U) t A s: T t A ~ Ut A . 

'R-oei 
Observ.& . t~o.t. bo~ thc Cltp~bc.t: o~ ( T lel U) t A ""'d oç 

11 



i~ A ~ UrA e.ct""o.Ls {eT u ~U) n A . H'"~ee. ·,t: 
SI.A Çfietu t.o prove i111dusio~ oJ:' ~'-'« l:.r-a.a set.s. "For a.LL x, 

SI.\C"' t~ak )( E: {(g T u e U) n A)*. we have 
x c !:. {{T ~ U)t A) 

• { c.o.Lc.uû.ts } 

~l y : y e HT !!'! U) : x= yt A) 
• { def. of ~} 

E(y: ye.lgTUgU)*,.ytgle.J:T ".YteUt:!iU: x=_ytA) 
~ {calculus} 
~(y: ytgTtA €~lTtA),., ytgUtAE.~(UtA): x:ytA) 

5 { pro~":f 1.'2. } 
~ { y : y t A t 9 T E. ~ (Tt A) A .Y t A t g u E. ~ l u t A) : )( = .Y t A) 

:s { CA.I.cc..dus } 

x~gT E ~{T~A) " xteU e ~(UtA) 
= {x=xtA} 

xt(gTn A) e t(TtA) "' xt(!U 1\ A) e ;(utA) 
5 { dt~. of 't! } 

x~ ~ (Tt A !d. Ut A) . 

(~nd o~ prope.rl:~ and prooÇ) 

'ProP-ert~;~ 1. 16 
h:.,r all T, U, Ql'\d A • .su.ck tha.l:. gl n g u s. A' wc hQVe 

{T ~ U) t A = T ~A ':::! U î A . 
'Proof 

Si~ tW! two Gt.lphQl.beés oF inter.eJ't ort obviot.A.s~ G~qu.c:û., 

wt o~ty prove l::he eq~AA~ oÇ thz tra.a sets. '"For ctll IC , 

SI.\.C.h f:k.Q.t x E: (( g,. u a u) n A ) * J we ~\1.::\Ve 
x e ~ ( Tt A '!! Ut A) 

= { dczf'. o~ '!:! } 
x t ( gl n A) e ~ ll ~A) "' x.t ( 9 U n A) e s l Ut A) 

• {x:xtA} 
xr gT e ~(ltA) "' xtgU ~ ~(UtA) 

!! { c.o.lc.ulu.s } 

~ { ~. u : ~ E ~ T 1\ ""' E. s u : x t 9 T = 1: t A A x t 9 u :: u t A) 
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= { property tS ~ eT n g U s: A } 
E(l:, u, y : l:. E ~ T A u E: ~u ,. :J e l~ T u ! U) .. 

: :J~A =x ,.. ytgT:I:: "'yt~U:,u 
) 

: { c.o.lc.ulus } 

~(y: ye(gTugUt,..,:~te.Te~T,.. ~tgUe~U 
{ deF'. of ~ } 

• 
g(':l: yr. ~(T~ U) :JtA:x) 

{ cc:J.culu~ J 
)( ~ ~ (( T !!! UH A) 

(~d oF prcpe~ o.r~d proof) 

w~ COI"''d.uda, tVtiS .Sectiol"'' wit.~ ti-lrecz propelties relcttctá 

to we.o.11i~ o.nd ~fluc dosure. 

'ProP-e.t~--1:.!1 
The weo.~~e ol=' ~tilC- c(osed ttUce stru.c:.tt.u"<.?f tr p~fi"(- d.oS!i!d. 

?rooF 
For o.ll prefix-c.lo.sed tro.C.lZ. st.ru..c.tiA'..ttS I o.nc:l U ~ c:l..u:l 

aU tn:tC:u x cat'l.d :1 • su..c.~ t.ka.l: x 1 e ( g T l1 !2-U) .-, wll. 

"'0.'14!, 

x y e ~ (T 'd U) 
• { deÇ. of '!:l } 

(x y)tg,T E: s_T " (x y)tgU € t,U 
5 { proptr~ 1.1 } 
(xtgT)(~t!:!T) E tT " (xt!:!U)(_yt~U) esU 

~ { I c::tl'\d U o.re pnrfix- c.lo.sed J 
xtgT E ~T Ä xtgU E ~u 

= { dcf. ot '!:l} 
xesLT'dU) I 

w~ic::.k pro~ th::ab T '!:l U it pref\x -c.losed . 
( ~d oF prope~ a~ proof) 
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'Pro~---.!:.jj 
"For o.ll T and U we. ha.ve 
'PRE F(T ~ U) s 'PRE F{T) ~ PREF( U) 

'Pro of 
true 

!!! { property 1.7} 

is PREF{T) ,.. Usl'REFlU) 
~ { wtaavin9 '1s- MOl'tOèoll\iC } 

. T !!:l u s: l'REF{T) ~u A PREF(T)~ u 5 l'REF(T) ~ 'PRE.F(U) 
a$ { bV~Jit:ivil!::J of incl<Asion } 

ï l!:l U s 'PREFlT) ':!! 'P'REF{U) 
~ { 'PReF is MOII\oCOII\ic J 

PREI=(T ~U) ~ 'PREF(PREF(T) '!:! 'PREFlU)) 
- { proper~ 1.11 } 

PREF tf !1:! U) s; PREF(T) ~ 'PREF( U) 

([;,nd of' propta~ al"'d proef) 

Propert:y 1.1<3 

k a.ll I and U ~ .ruc'-' thc:ll:. 9 In .~U = { J • we hctve 

'PREF{T ':!!U) = 'PREFlT) ~ 'PREF(U) . 
'Proof 

Agaill\., wc a.re COII\Cer"ed with 0::f~Ut~ o~ tl-te h~02. setr 

o"L:i. Tor o.ll tm.ce s x , su.c.l..t tW::d:. x e {g i U 9 U)" J we 1-ta.ve 

x t: ~ ('PREF(T '!i U)) 

~ { propert~ 1.18} 
x e se 'PREF(T) !:!! r>~eF( u)) 

= { d~f. oç 1!:{ } 

xt~T E ~ (PREF(T)) " xt9 U € ~(PREF(U)) 
- { dtÇ. a(: PREF } 

s(~,=!.: ye(~T)* A i.E(~U)* ~ (d~T)ye~T A (xt!!uh E ~U) 
: { gTileU=U} 
É(y,~: ye(~T)*A ~E(gU)~: (xyi)t~Te~T,.. (xy"~)t!!U~ ~U) 

e { def. of le! } 
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~(_y,~: ~E(gT)•,. -r.e(gU)*: X'j'f. E HT~U)) 
.. { c.o.lcuL..c.s 1 

E.l w: w El 9 T u g u)*: x w € ~ (T ~ u)} 
= { de+'. oF 'PREF} 

)C E È ( PREF (T lel U)) . 

(End o~ pro~rt:f al"\d proo~ ) 

lhir c.one.l..u.des our ;.,.v.e.seiga.tio" of W(!avins ca~ it.s 

· rela.t.io~ t:o projection and. prefix d.o.su.re. 
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In -l:his sed::.iol"' we d'!~i"'e tke op~o.tio"'s jylwsl2diçn Ql"'d 

!:;ir'Îo~ Ol"' tn::l.CQ.. str~I"Qs c::tV~d we invtrsti9a.te how wea.v·,~ 

di.stribuf:.es ~to~~ Utem. Tirst, we give t.he c~JiVIitioVIS. 'for 

o.tl tro.ctL strl.ol.d::u.r.e.r I o.ru::{ U we deçiVIe 

I o U = < ~ T n ~ U , g i n e U > o."d 

luU = < ~Tu ~U, gTu gU > 

'Pro~rt~ 1. 2 0 

for a.ll T Ql'lc:{ u I S\oo&Ck thol:. eT = g u I w~ ho.ve 
T!etU :TnU. 

'ProoÇ 

il:lU 
= { properl:._y 1. 12 } 

<{x:xe.~U"xtgTE:~T~ x}, aU> 
= { g T = 9 U , proper-~ 1. 3 } 

<{x: xetU "xe~T: x}, gTn gU> 
= { c.o..lcul~.ts } 

< ~Tn ~u, 9Tn 9 U> 
= { der. oF- n } 

In U 
( tnd of: propert~ a.nd proc*) 

"Pro~....11:1 
WeQvi"'S c:listributu t~ro~h ~.tnion anc:t ·,1'\ters.ec..liol"' oÇ 

~ro.a. .str~s with equc:U. al.phabe.ts. 
'ProoP 

tbr all T .. T', a."'d U , su~ l:ho.t g T = g T' , we ho.ve 
U l!l! (T u T•) 

: { deP. at U 1 g T = 9 T' } 
U ~ < ~TU ~T' J gT > 

= { def'. of !el } 

<{x: xe(~Tueu)* .... xtgUE:~U"xtgTe~Tu~T': x}, gTUgU> 
= { co.Lc.~.~lu.s } 
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<{lC: xe(gTU gU)*A xtgU e.~U A xtgTe!iT: x} 

U{x: XE{<!TU ~u)" .... )l.tgUE: ~u" xt~ie.!iT' :x} 
I gT u gU 

> 
= { d<!f::'. of u I aT= 9 T' } 

<{x: xe(gTU~U)~~" A xtgU,~U ""xtgTe.~T: x}, gTU ~U> 
U <{x: xe(gT'ugu)'~~'" xtgUE:SU"" xtg"T'eiT': x}. gT'u ~U> 

= { dii!t. oF ~} 
(U 'd T) U (U ~ I') , 

wl-lic.k pro'I«S t.kcd: WCQ.IIÎl'\3 c.{istribu.lli!s throu.gh ul'\io~ oÇ trc::uz 

structl.tr:es witk equca.L a.lpko.bets. Di.stribl.ltio"' -thro~ ·,"'ber--
~d:io"' M~ he pro11er1 .siMila.rL~. A prooÇ tkc:lt ·IS .spe.eific: 

io i~er.sed:.ior~, kowe.ver, is 

U ~ (T n T') 
= { prop~trt~ 1. 20} 

U ~ (T ~ T') 
::. { wec:l'"i"-«3 ·,.s- ide~poteltll, .J~-Met.ric:, cu,,d ~.s.roc:iQthte.} 

(U ~ T) ~(U ~ T'} 
~ t pro~~ 1.'20 l 

(U 'cl T) n (U ~ T') 

( EvtG~ of properb_j Q~ proo~) 

t:..XO.MP-le. 1.12 
We kQve, showr~ t.~l w~viW3 distr'•b~.JtG!S tL.lrouC3"' l.lnior~ 

Q~ it"'tersc.ctior~ of: -ln::lce strv.c.l:.wE's wi~ equClt o.lphc:tbet3'. 

Jnq followi""'S ClCc:;~.""flf show.r lhc::\t .. wke"' reM.OIIi~~ tl.w. l.cll.t:.l:er 

restric:.tior~, we lose t.ke d.ist.ributio"' prope.rtier. 

let: t.n:aa. .stru.c..t.u.r.u U, V .. W. X, Y, o.n.c:l 1 bt. s~k ~t 
u= <{Q,}, {Q.}) 1 

V = < { b}. { b l > , 
w : < { Q. b }, { Q., !, 1 > I 

}( = < l Q.. b}. {Cl, b} > , 

y = ( {} I { Q.l b J > 1 ~ 
z = <{L 0 >. 
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Ab.s.e.na ~ di.st.r\b~iol'l ~"'f'OU9h IAI'IÏOI'\ tollow.r froW\ : 
U IJ V= X A X !!! W = Y " U ~ W= W A V!!!. W = 'vJ ,.. Wu w = W 

he!f'\c:2 

(U u V) ~ W = Y :;: W = (U !!! W) u (V '!! W) . 

A.bs.e.ncc. of diltribvtliol"' thtougk intzc-.sed::iol'l .fOllows ~ : 
UnV:Z AZ !:l! W:Y A U!!:lW=W"V~W=\J" WnW=W 

he!f'\c.e 

(U n V) !:l! W = Y =f. W = ( U !!:l W) n (V :ft W) . 

(E~d ot ~+) 
UKiO!f'\ ot' b.to -b:o..ctL strw:W.r2.t is o. s~ c:o..s.ct of CO!f'\tiV~ued 

u111.ion: the u .... lo"' oP o. bo..~ of iero oe- WIO~ tro.oz. st.ru..c.l:.l.u'el". 

Frovn exa""plt. 1. '2. '2. QV\d prope.ri:'::i 1. '2.1 wil. kll\ow tkcl.t we. ""~ 
hop.e f'br diséributio!f'\ oP weavi"'9 t.hrough a ~ oF t~ot 
sl:.r~A.c:h.u-es w'tl:l.o. <Z'jual a.L.p~bd:.s Ol"'ly. la. I: B b<Z. C4 b~ 

o~ tr<=la. .st.I"!A.c.L...r·,zs GltM:l '-'et A blZ. Ql'l a.lpho.bl2-t 1 .su..c."'- t~a.ë 
B (T : T e. B : 9 T ".. A) . 

Give.., A O.l'l.d E> , c.o"'ti .... u<Zd I..(I'IÎOVI of tlfte -\:ro.CJL .:stri.A.t:b..t.rtls 

i"' 'B is de I'IOted b_y 
U (T : Te: IS : ï) 

o."d '•!:. is- for ~1'1- ew.p~ bas 'B detined o.s usu<=ll. For eMptJ' 
~ B ·.e. ~~.teW t"'-e tro.a sl:rt.A.C~ 

< {}.. A> 
i"' orc::le.r éo 9W:UaV\b2e 

9 ( U ( T : ï e B : T )) :: A 
ro-r QV\'::i bas B . As i!f'\ [s] I Qlfl opero.ÖOifl ··.s co.lled 
~llliv.e.r.so..U!d ~!::'~c~!:!! ·,ç ·,t di.:stribubu t.l-.ro~"'. th<Z I.A."''.tO~<'~ of: 
o.n~ bag ol=' tra.ee stru..d.r .. c.J'Il..r wi~ ti!9ue1L c:::U.pkc:tbe.ts. Si~ila.rL-;~ 

O.h oprz.ro,:lioVI i.r c.cU.I.lz..d ~ ~_!ë~i"'t ·.F' ·,t; distrib~s 
~roU<3'-' th4!. Îl'IWS.€d.io!f'\. of su.c.'h bags. 

"Pro~ 1.23 
Weo.vÏI'\':j '•.r Ul'l.tl/tarso.Uy di.rjutf\ct.Î'/e Ql'\d u!ll'•verso.~Lj c:o~jutf\Ctive. 

(EVId of prop12.rty) 



1.lt. Blendin<a 

Desit;:~ni~~ PI"''St'OIMS t~cû:. s~st: '•MpleW\enWions wil:~ a 

hit;:~~ de9ru of conc.urren~ require.r c:t ver~ c:a.reh.J. desi!.3n 

tecl-""i"ue" tor, a.r we le~ow, ull\conlrotL!d C.OII\C.W'rt!.ll\~ retuU:.r 
in UII\C.OII\t.ro~La.bt2 C.Oi/\1\pluH::~. Hiera.rc~ ic.o.l dq..si '3"' ·,.r Ql'l eff.ec.i:i'IH! 

-te.c.h"'ÎG!I..Ie fè.r c.o~o~ C.OIMpl.e.'l.it:J. Usin<3 t~is tec"'ni9'-At , l:kt 
desi911\ of: o. COIMpoll\ell\t QMOt.Ant.s to t.l-le. c.koiaz. of subco~Mpol"'ell\ts 

Qll\d reLo.tiot~-.t btLI:wezll\ -the"". -n.e re.lCI!.ioll\s ex:pM2SS how tl-te. 
pa.rts l é:h.e .subc..oiMpoVIents) C.OVIStib..c.te tke. wkole (t.kc. COMponeKt). 

D~ótsiCJniii\Cj t.he subc.omponents in a si~Mi.l.a.r fQ.sh.ion, we obtail'l 

~ie.rCU"chia:tl COIMponenl:.s. 11'\ order to brid.le tke c.omplex.i~ oP 
the design task iè is reqtAirtld -thal:. t.ln.e specitk:a.:lio~A oF a 

COIMPO~<'~elllt does VlOt roeHeet -the C.Om.fOII\e"'t's ÏII\WV~.a.l .st.rucl:.141'1!. 

Consaqwznt-.ly • t.l-te. spec.içic.o.tion COIMpTi.s.es the C.OMponent's rtet 
ef'P.ec.l onl~• i.e. ·,é; C.On.si~ of a.ll po.r.sible C:OMMIMÎta.tÎOVI 

po.t.lerns .btu:.w-'!0"\ t~e Collll\pol'lent QV'Id its env\ron.Wiell\t, We 
rep~i:. .StACk Q .spec.iH~w"' b~ o. traaz stri.A.d:.uJ"e. "Rel.t:::l.tions 

b&t.w12.en su.b:oi'\1\pone.nts will be ex.pnzs:sed as equo.t\oi'\S 

b.to!twt!b'l. S~i'\1\bols in. the o:.lp~be.ts of:: t.kcz b-c:u:.e. .strtA.C.tu.re.r 
o~ & su.bcoMpoll\l!nts. 

We ho.VtL propos.12d tko.t tke wea.ve of t.wo tra.c.e str-uc.tu..res 

de.scri~ thcr. joint. ope.n:d:io" of the two wtec.i-lall\iSIMt to w~ic::.lll 

t~e1;1 correspoll\d. ThiS" inclu.de~ -tkcr.ir mutua.L C0!'\1\WII.Aiflic:a:~ion, 

el<\1\boàiec:l b~ t.ke common .s~mhols. Û~~MH:.I;i~ tkes.e syl.Mbolr 

.çrom ol:.he w~ve we obta.il'\ -tke. i.ro.c.cz. st~we .speciÇY\"'9 
the ~et eff.rzc.t oP ~e c.o~poull\d 1111\~anism. W.e i"'ol:.rod""c.e. 

a. .seco"d COIN\positio"' -kAV'Id:ioll\ c::>vt tro..a. strc...c.c.l::.u..r.es., c:o...l..Vë!.d 

~~!'dit'\€J, w"'icl-t i&- w~vill\~ +oUo\AI4Gl b!::t -l:l\e eli.mi""a.{ioll\ of 
C.Oi'\1\mon s'::J""'bols. !he ~ oç t.wo lrC~.a. Str~.A.d.u.rJZs I 
a"'d U '1s d.ell'\oted b~ 'T 2 U , and i.r t\..e tf'a.CL stru.d:u.re 

(T ~ U) t ( g T + g U) 

INhttr~ .;. dei'\Otxs s~mm.etri::. s.e.l: di~vu:cz ... i.e. At B = (A u B)\ (A n B) . 

2.5' 



(S~mW\~èri<: set diffil.~ i.r .symW\etr\e ond a.s.roc.iQ.tive.) 
T\1\is ~posiE:iol'\ o~ion d.ifP.ers froW~ tkQ. ot~e in [21] , .... 
~ t.k~ ltltter op.en:::tt.ioV'I r.eple\CU etll'lo\il"''cû:.ed .S!jlllllbols bij 

11 si.le....l:: moves" . 

'Pro~M:~ 1. 2.lt 
Blending 'ts SljiM.l'lo\ei::.ric. . 

(End of property) 

'ProP-.tUt!:;f 1. 2.5 
For cül I we ha.ve 

!:T={} V T!_T::.<{e.}.{}> 
(G~ of prop2-1t~) . 

ProP-ert;~ 1. 2 6 
~r a.LL T Qv\C::l u . .Slooi.~ t.ka.t. ~ T n ~ u = { } I wtL l,a.,e 
TwU:TbU 

(!;nd ~ prop~) -

E.xa.JMP-IA. 1. '2.-.,: 
(<{o.bL {o.,b}> ~ <{o.c.},{a.,e}>) 2 .::{o.c.L\o.,c.J> 

= <{bc., c.b}. {b, c.} > ~ < {o.c.}.{c:t.,C.}> 
= <{o.b, ba.}, {a.. b} > 
:#<{o.b}, {a.,b}> 
=<{o.b}, {a..b}> 2 <{E.}. {}> 
=<{a. b}. {a., bJ > 2. {<{a. e}. {a., c.}> è< {a. c.},{o.,cJ>) 

(ti~ of I!XG\W\p!A.) 

As th.Q a.bovt.! e.x<aMplL s~ws... bleVlding ·,.r nat a.s..rocia.tive. 
We h.c:t'J!Z 1 howevrar, tl-te foLLowing pl"'peri::J. 

'Pre~ 1.2.8 

for a.ll T... U , Qnd V ... su.c:.h tka.l 
gT n g U n e V = {} ... 

we hc:tvre 

{T k U ) ~ V = T !e ( U !! V) . 
tfooF 
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Obser..,a. ~k'*- .~ 3inc.e aT n 9 U n a V= { } , we ha.11e 
g T-:- 9 U = ( g T u g U) n (( 9 1-t- g U) u g V) 

(T 2 U) kV 
= {de~. of 2} 
((T~ U) ~(gT-:-gU) ~ V)t((eT-:-eU)+gV) 

=- { obser11a.tio" above, proper~ 1.1 J 
({T ~U)t((gT+gU)UgV) ~ V)t(gT~gU+ 9 V) 

= { g V s: ( gT~ 9 U) U gV. prop.ert.ies 1.?. .. 1.3} 
((T ~ U)t (( gT + g U) u gV) ~ Vt (( 9 T-:- g U) UgV))t(~T~gU+g\J) 

:. · { propert':i 1.16" ( g T u g U) n g V s (~T -tg U) U gV } 
((T ~U)~ V)~((gT-;-gU)UgV)t(gT+gU+gV) 

= { prop~rt1;7 1.?., (gT + 9 U) U 9 V 2 gT ~ gU +~V } 
(T '!:JU~ V)~(gT..;. gU+aV) 

fhe lo.U:ar f6rMtAlct ·,s S~tMIIW!tt·k in T.~ U 
1 

ond V.~ whic.~. 
due t.o ~cz s~w.Mei:.r~ o~ blef'l.di"9J pro-RS th.e prope.~ . 
(E""ct oP prop~ and pro of) 

Wt,enev~a.r eMplo'::fi~ t.ke blendiV~.<J opua:tioV\.. we wHJ. su 
to it. -tka.t ea.dt .3~w.bot o::..CJ.J.rs in of. MOSt two a.lphab.ets 
of' ~e. COnSt.ib.A.t.iN3 -lra..c.a. st~t.CJ'l2S. Under ~l",i.r ~sbïicJ:ioVl.~ 
blendin<; is ctssoc.ia:l:.ive. 

A n~AMb.e.r oF' propetties of blendi~ CG\r'! ·,Mmedia.le~ be 
deri'lled froM -those of wec::wi~. We Li:st tlft!lW\ w'1éhout prooF. 

'ProP-ert:._y 1. 2 9 
"For all T we hc.ve. l ~ < {. E L { \ > = I . 

'Prop.ert~ 1.30 

Blendi"'9 i.s Monol:cm'lc:. . 

Pro~ 1.'31 

For all T ... U" al'ld A we ho.ve. 
(T 1:! U ) t A ~ T t A e U ~ A 

IF g T n 9 u s A !:.he~ 
(T!:!U)îA = TtA!!! UtA 
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H-or-ert.ld 1.~2 
ihe ble""d of prEf'ut- c.losed tr(Äa stnAc.b.l..rts i.r pref\JC-cl.os~. 

'ProP-.ut!g 1. 3'3 

"For a.ll I Q~ U we have 

'PI<EF(T ~U) s PREF(T) !a PREF{U) 
IP 9 T n 9 U = { } t-1e~ 

'PREF(T ~U) = 'PREF(T) e 'PRE.F(U) 
'Proeerty 1.'34:-

'For C\ll T. T 1
" Qrnd U , such th(Ät gl = eI '" wli! h!lve 

u 2 ( T u TI) - ( u !a I) u ( u !a TI ) QM~ 
u ~ (T n T ·) s < u e T ) n c u 2 -r•) 

'ProP-er~ 1.35 

Bl~a""dir~.9 is t...tlllivemAU':1 disjurnd:.ive. 

( E""d of list of pro~lt.ie..r) 

Dirtr·.butie>'l thto~A9h il'ltersec.t.ion, ancl 1 hence, Ul"'i\lersal 

co-:ju"ctivi~, doer not hol.d ~or blernc::ling ets 'rt:. do.e.s tor 

weavin9 . ïhe nt!ces..rit~ ei wea.ke""i"':3 ~'t~Ac:tli.t~ to ·,l'lciAAsiol"' 

il'l propert':j 1. 3'+ i.r i llustrQ.ted b~ the foU.Owil"l'j eXQMple. 

ExaM~le 1. 3 6 
Let T 1 T' , etnc:\ U b.e .ruc.h t~l:. 

i = < { ~ bj, { o.., b} ') 
I' = < { b a}, {a.., b J > 1 ar~.cl 
U ::. < {a b , ba } , { o.., b } > . 

We the"' ka.ve 
U ~ (T n T') 

: U ~ < {}, {CL, b} > 

= <{}, {}> 
c<{€}. U> 
= < {l:}. o) n <re}, o > 
:(U!:!T) n (Uel') 

wher€! c::::: de""ot:u propu incw.sion. 

(EnGt ot example) 
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We. c.o.-.c.lude. t:his se.d:.io.-. w'tf:l.\ éhe introduetio"' of: 
C.Or\tinued blendin13. Lek 1. bAt o. f:ir\il::e. .set of: trel.ce 

.sl:ruc..t:c..ul!s 1 suc.k thc:U: eo.ch .symbol occ.urs i"' a.t: most: two 
al.pho.b.etr of: tra.ce. strucb.A..res in Z . "lhe co ... t:i ... ued · ble""d 
oç the. ti"Q.CR .s'l:ruc.t:~.«.res il"' l is del'\ote.d by 

~(T: Te Z: T)-
Ql'\d i.r de.~ined by 

§(T: Te{}: T)' = 
§.(T: T~Zu{Uj:T) 

'ProP-e~ f. 31 

< {t.}, 0> 
= §. (T: TE z : T) !:! u . 

For o.ll fil'\it:e, disjoi"'l:: sets oF tra.c.te sl:ruc.t~.r.u Y Qnd l, 
..ruch 1:~1: e.a.c.L., s~mbol occurs i"' a.t ~o.sl:: two Qlpha..betr of 

tra.ce si:ruc.tu.ru in Y U 1.. .; we. have 
§ (T: Te '(u Z : T) .. ~ (T : Te Y : T ) ~ 6 (T: Te Z : T ) 

(EI'\d of: properéy) 
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A.s Mill!.ll\tionctd beFo~. we c::tre lnbtre.stec:l i"' the il'll\ple-
t<Me~b:d:.iorn ot pro9rt:lMS as chip. 'Pf"''O9rc::tM.S .s?JlCify tro.c..c. 
strc.u:.t~. Sit\CR.. chips o.re Hll\il:e M!lcko.ll\iSMS, o.n ÎIMple.-

m~~:ll\ta.tion <U' cltip is teosi bl.e Oll\t'::! ·,; tl-Ie trQ.ce stn"-c..t.u..re 
is ~~, wktr'2 Q trQc.tt .st.rv.d::u.re is co.lled r.e91.C.<a.r ·,ç- its 

tro.ca. .set i.r a. r03u..la.r set [ 1lt] . 

Lel T k a ho..a.. stri.Acl~..U"t . Coll'lsider r.ttlc~:tio"' f: 
deH~d on ~ (PREF(T)} by 

(~< E: y) = AC.~: -ct: (gT)* x"E e ~T a :1 z E tT) 

RelQ.tio" E ·IS ar1 eqt.A.i.Jo..(Jz~~~.ce. rqlo.t.ion. Iu ~Zquilla.lell\az c..la.sns, 

i.e. I::L,.e JÛtLW\1!.11\ts of t{PRE F'(T)) / E. , a.re c.o.lled tke ~1::?-t~t~ 
of: i . Thll .s~ ot whic.l-1 )C 'ts a w-e"""be.r ·,.r denoted 

b*::f [x] . A wtlU- k-I'IOWM prop.A2-rt'::l i.r 
T is n!<j~.o~.l.a.r a T has a till\ite ll\u.Mbl2.r of sf:Q.b!s 

~XOMP-IA. 1. 38 

Lcl; i bz ~ ~ s.l::n..c.c.t~.o~.r~ <{k: k~O: (v p)lc}. {", p}>. 
'Tken 'PREF(T)= SEM1 , SEM1 os deHI"'td ·,n exc::tMple 1.0 . 
"Rel.a.iioll\ E hc:.\s two eq~Ai\IO.Ûe"'ce clcls~s • vi~. tke e.leMell\t.r of 

SEH1 o~ ctll.t.rn tct"gtl, and t.kosct of oc:ld length. T 1-tc:ts, 
consG!qc..tenl::~, two sto.tes : [EJ a~~~.à .. [ v) . 
(i;ll\a 0~ ei(GHIIIpYt) 

In c.kc..pter t:.l,ree w..q, s~l.t prove ~o...t t.t-..e ci.Qs.r oP 
re9~A.lar l::ro..ctL ltrc.u:.t~A.res i.r c.lo.sed IA.l"\de.r w12o.vin9 a.i'\d blctndi~. 

W.e. do so bij c.onst.ri.A.cl:irn9 H111.ibt stcW! Mac:..ki111.e.r o.cce.ptil'l.~ t~ 

W~ve or bf.e~~~.d oJ:' two tro.c:e. st.r~.Ac!:IA.I'l1S; SiVevt éke -HY\ibi! Séo..te 
Ma.ckivte.r o.cctLptin'3 tke lo..f:.te.r two. 
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Ir\ l::his sectie~~ W4 discus.s .50WV2 properf:iu e* t~ree 
d.ct.SSJZ& oF' -l:ro.ce .sf:.ruc.l::.u.res th.cd:: """«!:f bt. a.ppreci~ as t.h.e 
sp.ta.c.iç;c.o.tio~ of:' Q syll\c.h.ro~itclt.io~ ~~V~ec.ha~ism [ 11»] . r~ tke 
c~a.pters l::.ha.l:. tollow éh.c~ will ~ can "uN,portc:tll\t role. An 
·,t~.W.~tst·,~ c.lo..r.s of su.c.h tro.C.Q. ..rt:ruc.tu.rcs.. c.o.lled S'( N ~ , 
is de Ril\ cd c:u .foUows. For r"~cd:.u.rc:t.l k Qf\d l, .s u.c.k l:~t 
k è 0 A l ~ 0 ~~o k + L > 0 ~ Qf\d disti."ct S~IMboL.s b tat~.c:l c ,~ 
l::.he tra.ce. st.r~,A.C..b.c.re (k ... l) SYN C ( b, c.) et::tucU& 

<{x: xE{b,c}*.,.. A(y,i..: X=:Jl.: -l~y,Mi:>-_yMc :s.k}: x}, {b ,c:}> 

where y~ .b der101:.ts ike nuMI:I.cr of occ.u.r~l'ta.r oÇ 6 ill"l :; • 

Notice. tko.t this b-acc. .st.ruc::.I::L.u"e. ir pntt\Jt-clond . It C.OVlto.iii\J" 

a.ll t:ro.c:4S Îll\ whic."' tke le~ at b'.s o~ c.1.s is bo~.AV~.c:i«d 

.by k , allld tke lcta.d o~ cl.s ovu b'.s i.t bour\Cled by l. 

ihe n~.tMber kt- l i.r c::c:dl.ed ~ ~ . Obv·,ou..s~ • 
(k. l) S'rNC ( b. c.) = l L .. k) S'1'NC ( c., b) 

A" ~la. ot o. tro.o~ .str~ ot:' ~i.r c.la.ss. i.r SE M 1 ~ 
i:he ti"Q.CI. ..stn.Ac.b.A.r~ t'n:::hY\ ~""PIA 1. 0 J .s inc:.e 

SE.M1 = (1,0)S'1'NC(v, p) . 

Proe!r~ 1. 19 
(Ie. l)SYNC. (b., c.) hcas k+l+1 sta.~.s, vit:. (bi. c: j} 

tor c::tLl ~ and j suc.k tko.t (j=O~'- ost.slc:)v(i..=O~'- O!jsl). 

(End J propc.rty) 

A'A ·,1111\portart: { proput:y is the f'oll.owi"'~ one ,. C:Q.U.ecl 
~he rule oP c::tddifio'A. 

lfoP-e.r9rJ 1. 4- 0 

"For disl::.incl: .S!;SMbol.r- a,. b,. and c:, Ql'\d no.t~A.ral 
t'I~..CtMb.ers k., l, n,, a"'d n , .suc.k th.c::tt:. k-+ l > 0 "' M+l't "> 0 ~ 
we hc::tve. 

(Ie, l)SYNC (o.. b} e lrn, n)SYNC(b, c) = (k+m, l..-"') SYt-IC (Q, c). 
'?roof 
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Lee AC CM.cl ABC be. -t.wo -é~at .st:rw:.t:~Ar.e..r dettl'\ed by 
ABC= 0:, l)SYt--IC(a.~ b) ~ (WI,n)SYNC(b,c.) ""d 
AC = (ku"'~ l+n) .SYt-JC(a., c..) . 

Wet provtt -l:ke proptart~ b~ first sbowi"'9 ABCt{c:\,c} !i: AC 
o~~~.d *-"'Cl'\ AC s ABC~ {o., c} . Not.ictt t~ tk~Z·,,. 
a.lpk.o.bR.I:.s O.f'.Q. !UlUO.t. 
"For ettl 1: , ..SI.A..C"' ~a.\: 1:: e { a., b, c} *, we hCAve 

t e. !;: ABC 
: {de~. oF ASC o.VId ~ } 

I:J{a.,b}E ~((lc:,l)SYWC(c:\,b))"' t~{b,c.je.~((~,l"l)SYNC(b,c.}) 

::. { dct. oÇ .SYNC J 
A(x,y: l:.t{o.~ bj:: xy : -l s x hl o.- x ~o s Ie.) 

"A(x,y: lt{.,,c.J::·xy: -ns x,Mb-xt!!c.~m) 
• { c.o.lc"'tus } 
~ (x, ')) : t ". - y : - l- n S x ~ c:\ - x tic S k+ m) 

a: { def. ~ .SYNC } 
t.t {a., c} E: ~AC 

bW'\ whiek. wc COVlc.lw:l.e A Be t {a., c.} s; Ac . 
I" order t.o pro"e AC ~ A BC t { a, c} we dew.onst:.r<4bz ÇOr 

all t , su.c.L. -~:.kat t e !: AC , t.hcz ttxi.ste"Cil. o~ o. tra..Ot. l' 
so.tisf::Ji\1\-:3 b~ 

tI ~ t 0., C 1 : t 
GlM:l 

A,(x,y: 1::':. 'I.Y: -l! x Ma- xMb s k "' -n s x.t:l b- x~c ~ m). 
The lo..ttru- is e<:JUivc:::~.lell\t l:o tI e. ~ A se ' w~ic.k iMplies 

t' t {ct, c} e s ( A8C. t { o., c 1) . U.s-,""'3 tke ~rrt eqi.A.~o~ we 
COII\C.l.u.de t e. ~ (ASC ~ {C\, c.J ) , wkic.~ COIMpltz.te.s tl.vt proor.:' 
ot o~.Ar propvt:fd. W.2 s"'-fp41 a. prooç of ~tl .uisbtll\oz. oÇ 

tI bij MO.thew.ciico.l i~du.d:iOVI 011\ éhte l.s2.+ ot t . 

~ 
w~ c.koose t.' = {. ~..u:~ \l(!rl~ both 

€ t { ct, c } : E 

= { c:le~. oÇ t J 
tru.e 
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ond 

d ( xJ :J : !. = x y : -l ~ 1t ~a - x ~ 6 ~ k " - 1'\ '- x N b - x ~c s m) 
= { c.o.lc.~.t lu..s } 

-lsOik ""-nsO~m 

i! { k, L, JM, Qnc::{ n are ncd:.u.r"-l J 
trtAe 

t= s 0. 

SiVICR. AC is preflx.- c.lo.red, 1:: E !: At ·,~pUR.s 

'B~ iY~diA.C~·,o"' h!::fp~is ti-lel1l tlxists o. t.I"Q..l s' 

(0) s' t { a., c} :: s 
GlYid 

s t: s AC . 
.so.tisf~i~ 

(1) B(x.,y: s'::xy: -l:$ x~Q-lf.~b sic" -r'l~x~b-x.}:!c.s.w.). 
\t,)hic:.k. iw.plàs 

(2.) -t s s'~Q- s'~b E k " -ns s't:P:.- s'ric:. ~ m • 

from s E: S: AC and sa E: ~ AC wil. c:.<>VIC.(Mde 
s~o.- s !::!,c. S k+wVI-1 

anc::\,. henc.e, ciWL to (o) • 

(1) s 1 ~ca - s 1 M. c. s k.-t- m- 1 

biv~V\ anlj SIA.Ck. 1:ro.ce s• " we. c.hoo:se for t. 1 .ei~l,.,.t'r s'ca 
or s' ba . As WR. onl~ want to drzWIOn.strc::û;e tJ.\e 

.ex.iste~~~.cc. o~ o. .su.il:.o.b\2 t.' w.rt nt'ed not spe.c.i~ t.k.e Q.C.~I.AQ..(. 

c.koiCL. We vrri~ bot!.. 
(s•a)t{n~c} = so. " (s• b<:\) ~ {Q., cl= so. 

: { d.~f. of:' t } 
s't{o.,.c.J=r ,.. s•t{Q.,..c.}:.s 

= { (o)} 
lrue 

Qnd 

8(<~.,y: s•a = xy: ·L!: x~a.-~~bsk. "-nsxt;lb-x~c !m) 
vA(x,y: s'boaxy: -ls xNa-x~b~k" -n!xNb-x~csm) 

= { c:.o.lc.ulus } 
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8lx,y:s'=xy: -l~JC.~Iïl-K,t!bs.k"" -n:sxt:{b-x,Mc.sM) 
A ((~l s (s'a.)Na.-!s'a.)t:lbsk A -n~{S'Iïl)Hb-(.s'a.)~c:~m) 

"(-l s (s'b) M o.- Ls'b} t! b s Ie: " - ns ls'b)N b- (stb) ~ c s m 

A-l s.(s'bo.)Na.-(.s1ba.)t! bs_ k A -ns(s'ba.)~b-(s1 1a.)_Mc: s. m 
)) 

{ c:o.lculus # ( 1 ) } 

(-L-1 ss'Na.-s'~bs k-1 "' -ns s'!ib-s'h!c. SI'\"\) 
v(-L+1S.S 1 ~a.-s'!:! b~ k:+1 " -n~1S.S't:lb-s'N,csm-1 

1\ -lss•~o.-s'Mbs k A -n-1ss'~b-s'~c~m-'\ 
) 

{ cc:U.culus } 

{-l-1s s'~o.-s:•~bs. k-1 A -ns s'Nb-s'~csm) 
v(-l+1!. s'!;!c:l-s't;!bs lt " -n-1s s'!:!b-s'Nc. s m-1) 

{ (~) } 
s'~a. -s'~ b :s lc:-1 v (-l-r1ss 1 hjQ-S 1 ~ b A s'Mb-s'~c ~ m-1) 

{ Ie+ l > 0 • h121'\ce k ~ - l +- 1 } 

s'!:!a.-s'~b s k-1 v s'fib-s'~c. s m-1 
5 { ('2.), (3)1 

-4:.rue . 
t:sc. 

Si~ilc:u·l~ . 

(1;"11\CJ oF prop-ter~ O.ll\d proot) 

Ne.xt. we. dtlfll'\12 a clQs..r or tro.aa strw::.tu.r-6 • c..ca.ll~d ill , 
WkÎc.k WIQy bil a..ppr.teio.tu:l QS .S~V\c."'-rol'\ièQ.tÎOV'I WI~ChOr.ll\iSt1fl.t wif::i-1 

Ul'\boiAI'\dcd s~. "For c:lis~i~ sy""'boLs b Ql'\d c. we d.rzÇil'\e 

DE:L(b, c.) = U(k: k~1: (kiO) S'<NC(b, c.)) 

Si"c.e.. for <l..U. lc: , s• .. u: .. h tl,.c:le Ie: !! 1 , 
( k1 0) SYNC. ( b# c.) S ( lc:+1, 0) JYNC ( b, c...) 

DEL(b, c.) W'IIIO.~ he viewe:d a:s ~"'-e. lttM"•t: of t.krz WIOVI..OWV\ÎC. 

SG!GjUel'\cR ( k, 0) SYNC ( b 1 c:) , Ie:~ 1 S"1nc.a.. DEL ho..r a""" 

illlÇil'\il.:c r!IA.t11l.btzr ~ ~b::û:.e.s, Îl::. 'u· ~ot "- r.e31A.La.r traefé!.. 

3tr'l4c.l::.c..c.te .. 
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Pro f-ll.d;~ 1. 41 

For di.stinct: .S~Ifl'\bol.s b all'l.d. c. w~ ho.ve 
DEL (b~ c) 

=<(x: xE{b,c( ..... ,Alj,"l: X=j"i: yMb~y!'!c): x}, {b,c.}>. 
(End of' pro~~) 

Notic:e thC2 Q.S~Wimel:.r'j of DEL ( b, c) : iE:: dou n.ot boul'ld 
t\....e leQ.d ol=' b1s owz.r c.•.s , wherea.s t.l-..fl Leo.d of c 1.r ov~r 

. b1.s i.r bound by 0 . 

'R-oP-ert!;1 1.42 
'For disti~~~.ct .Sij""'bols b, c., at\d. d we hQ.ve 

DEL(b, c.) e {1, 0) SYNC (c., d) 
:. DEL Lb, d) 
= (1, o)SYNC( b, c) ~ DEL (c, d) 

'Pro of:" 
D~l{b,c.) ~ (1,0) SYNC(c.,d) 

= { dflç. oç DE.L J 
U(k: Ie :!:1: (k,O)SYNC(b, c.)) ~ {1, O)SYNC(c., d) 

= { blt.~i~ is universc:lll~:j di.tji.A.vtc.tive } 

U (k: k~1: (k,o)SYNC.(b, c.) b (1,0)SYNC.(c, d )) 
= { prop.er(:~ 1.4-0 } 

U(lc:: k~1: (k:+1,0)SYNC.(b,d)) 

: { (1,0)SYNC.{b,d) E ('l,O)SYNC(b,d)} 
U (k: ki!:.O: (1.:::+1, 0) SYNC( b, d)) 

:. { r~no.""'i~ ~~t duw.""'..Y } 
U (k: k~1: {1::, O)SYNC( b,d.)) 

= { deP. of:' DEL J 
DEL(b, d) 

(EI'\G{ oç prop.e.rt~ Ql'\d proo·Ç) 

We. II\OW i~AtroduCJt. a ctass o~ ~ro.ca. ~tru.c..tu..l"ll.r wit\... o."' 

a.lplno.bllt ot' fou.r .S~tMbols tho.t, siMilar to SYlJC, mo.~ be. 

oppre~ as l\....e .:sp.!ZCiRcc.tion oç o. ..S':flll.ckro~Aito..J:\o"' 

Mecho.vtisM. lhis new da.s.s 1s c.o..ll.ed. gs'f tJ,.Ç . "For 
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r\otu.ra.l k ancl l 1 .su.c..l... t.kCl.t k ~ 0 "' l ~ 0 " k + l > 0 J 

o~d distind: .s~-bols' Q. 1 b; C 1 and d 1 t.he tra.c.e. 
.sltiA.d:.u..re l k, l )QSVt.JC (a, b, c. 1 d) f!GJI..u~.ls 

< { x : x € { a., b, c; d 1 if 
""'A(y,'l: X='jl.: -l~(~tia+ytib)-(y!ic.+_y!;:!d)=sk) 

x 
} 

' {a., b, c, d 1 
>. 

\Jit.kou.t:. proofs we Vll\f!~tiotn two INlO~ rt.A.IR..S o.f a.d.dition. 

~0~ 1.4-'3 

tor t'IO.t~t t'll.tMb.ers k, l, M, c::o~nd n, .su.c"' t.ka.t 

k+ L > 0 ,." M + n > 0 ; Qnd dist.il"\Ct .sylf'lllbols a., b1 C. 1 d 1 

e_. anc::l t ; we hove 
(k, l) QSYNC (a, b, c, d) !:! (M, "') QSYNC(c, d, e, +) 

= (k+ ""· l + n) QSYt..IC (a, b, e, f) 
(End ol=' property) 

"ProP-e.rl::y 1. '+4 

'For "'atM.ra.l ni.A~bers k, L, M, and n 1 su.ck t~t 

k+l>O " m+V'I>O, G\.., c::l diltin ct s~mbols Q.., b, c.; 

Q~nol d , wcz. ha.ve 
(k; l) Q.SYNC(c:t, b, c, d) 

= (k+m; l+n) SYNC (a., d) 
(E.r\d of proptl-rt!:j) 

J:a (Y\o\; n) SYNC.(c, b) 

ihi.r c.onclud.es t~ c.~o.pter o"" tm.ce. t:he.or~;t. U.sin'3 ê'-'E! 
r.e.su.U::s obtcl'u,,~ thus FO.r J we deve.lop ir~ thtë nut c.ha.pter 

a. CO!t\c.ise no~tion for (prefix- c.lo.sed) h01CCl .str~o.~.d:I.AI'es. 

Suc.h Q not:.a.tioVI is c.o.Ued a progro.ll\l\ ""o~tion. 
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2. A P-~rom not::atio"' 

In t~i.r cka.pl:er w.e. discl4.s.r a pro9raW\ "otc:ttlol"' for the 

rept12S~~tio"' oÇ ~P-2'\~"'I:.s. We ·.1'\t:rod~.A.c.t t:!.,is f'lOI::a.t.ion 

in tl."r((l.e strap.s. 'First w.Q co~sider C.Of>'\o\po"'e~t.s withOI.A.t 

..:S14bc.of>'\o\po"'e"'t.s. Next WIL disc~.A..s.s co~Mpo"'e"'t.r t.ha.t. COV\..tlst 

of. .s~A.bc:ow.povteYI.t.s c:tt'\d r.elcd::.io"'s betw.ee"' \:YletM. til"'"'-lllj 

we tu.r"' to the most ~t\ero..l f:or""" a. c.otMpo.-.el'\t CQ"" ln.Avt, 

w~icl.\ is o. co-bil'\.a.tion oÇ t~e two previo~.A.S forrv~..t. 

A coMpovu!!VIt. ~.o.Î•~ho~..~.t .l'14bc.o"""po"'e"'t::s d.eri-.1.es '•ts tro.ce 
.str~..~.c.tc.c.r.ct from a so- c.a.Lled cpWIIM<!\~· 11: ·,s repr.~!S.eVIt..«\ 

by a. progmM t~ o(:' the forrv~ 
~ C (A): S ~ 

whe.e. C is the 11'\ClMe. of' tke C.of>'\o\povtel'\t. A ·,.r Qll'\ 

o..Lpha.b.e.t I ct!'ld s ·,.r Q COW\W\"11'\d. Wit~ COMY\1\QI"\d s Q 

im-02. st.ru.cb.A.r-2. TR(S) is Cll.soeic:tled. A eom~l"'.d h«.r 
or~e oF P...,Gt possible forWIS : 

• A SljMbo( is- a. so-C.Q.lled c:ttomic COWIMc:ill~d. CoMmCII~d 
b has lra.CL .s.f:.rc.c.ctu.r.lt T R ( b) ..sa.ti.sf'Jil'\.'3 

TR ( b) "' < { b}. { b} > . 
• If 5 and T are COMW\c::\1'\d.S t.ke.VI S IT is a. c:.oW\W\~. 

TR (S IT) = TRlS) u TR(T) . 
• It S c:Md T ane C.OMMa...ds tk01 S j T is a c.OmMc:tnd. 

TR(S;T)= <{x.y: xE.~lR(s) ..... ~e.S:,TR(T): )l.y}. 9 SUg'T>. 
- It s ·,$ ct COW\WIQV\cl t:.he.lll s lt i.r Q COWIW\QI"'c:i • 

TR{Sit) = <ct TR(s))*, gTR(s)), 
whtl.re ( ~ TR(S))* c::le~otes f:.h.e set of c:tl.l .çi111i~ c.ol'\ca.t:.e~~-
tiom of i,.ero oe- wt.O.._ tro.oz.s 11'1 ~ T~ (S) . T~i.r i.s 
c:aUI2.c:i tke Kln111e dosure.. 

• I~ S ctl'l.d T are c:oMmaf'lcls é"e"' S" T is Q c.omW~c;:~~nd. 
TR(S, T) = TR(S) ~ TR(T) 
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'F't..artherMOr.t.,. pa.ret1the..stz.r are usad in -lke u..suo.l wo..y . The 
fir.st fou.r fcrm.s of C.OW\m~l'tds tt'\ake t..t.p the re9u.lar 

expr.e.ssions [1"'] . Ir. c.~ptar thf!Ze WtZ Show t:.I.,.Q.t tlil.e clQ.J'J' 

of regl.lta.r tra.aa stru.d:.~s 't.r clos.e.c::l \.tnder w.etllvi"9 • 

Con~l.lan~, lhe. c!A.ss ol= n:z~u.l.o.r tf'Q.Cta .str~AC.b..t.res repr.c!se"'t.ed 

~ COV\1\M<lnds- is the dcus of ~c..U.Q.r trQ.ce Jtru.ct~. 

Havi~ deHne.d thz t.rCI.OZ. sh~..t.d\.trt;!. associo.t.E.c::l w:-t~ a 
CO""'V\'I,C:UA.d .I ~ MQ~ II\OW d,e(:iVI« the ti"'Q.CIZ, Str!A.Ctu.!'e Ot Q. 

compo111e.nt. 111.ftl::hou.f. ;su.bcoMponevtt.S'J 

~ c (A): S ~ 
Component C hGts t.r~ st:r~A.C.tu.r~ TR {C) defi"'ed b!l 

TR(C):: 'PREF(TRLS)) 
We •""'pose t:.l-te S!::fntCI.c.tic. r~str i c.t."lon 

9 TR{S) = A 
Sïnc.e the ci.Q.ss of nagu.IA.c- woz. strl.o\.Ctt.c.nz.s is 1 obv iou.sly. 

do.s12.d c..Ll'tder 'PR. E F we. have t.he followi""'9 prop12.rty. 

"Prof!!=d!j.-.bQ 
A C.OV\1\ponent wichol.o\.f::. su.bcol'loll.ponent.s- ~ets o. rli!.9~ 

t~ strt.c.e.tu.re . 

(l:n.d of:' prop~rty) 

Ou.r rn.ech"nistic c..pprecio.tio"' of' trc:wt stru.c.t~A.rJ!.s i"'dv..ett.r 

a M~Zd-\Gtlf\istic. a.ppnzcia.tio"' ot:.' c.o.-...""'"""ds. lki..r co."" h.e. .tee"" 

Qs toUows. lke op.IU'I:::ltio"' oP Cl. vn12.Ó\c:t~A.is""' spli!.ciAed b~ a 
tro.az ~ru.c.t.....re correspo"'ds t.o t.he selecéio"' oF s:1~ols. Ol'\e 

o.~r t"'-e oth.ta.r1 ÎV'I suc:.k o. INCl.~ l~CI.t, o..t O.""«j ~>MOIME!\o\t, 
the tro.oz. seûz.d:.ed tkiAl fa.r ·,.r a"" li!.liz.IM.Il111.t of é~e tro..az. 

set. If th.e. Vc:.\.C.e. sl::.r~b.A.rl2. is <3iv12."' b~ Cl. COINI.fOV'1!211'1.t. the~~~.. 
cit.te to t'he. d.ef.:'ïn.,éio""" o~ TR(C) 1 ~12. se.tR.ctio"" oF S'::jr.1A.bots 

i.s: ..su.c.~ t.hc:U:. t"'-a t.ro..az. SQ.I.Q.c~ tkl.o\.J' fctr '•s o. ( pr~f.i x oF 
ct) .f::rc:teta. i"' TR(S), ~he. trc:\ce stn.Ac.bA.r.e. as.:soc.cled. w'tE:~ 
tJ..e cow.""'o."'d. I" <!:he c01...t.e. of:' a"' o..bo"""ic COIMMOlll\d tL...~ 
seLtc.tio"" is. .scro..i9~tforwcu-d si~A.ce tka trCI.CQ. strl.o\.C.t~.A.rcz 
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C.OY'b:::\ÎnS' OI'\~ one. tn:::u:e. If tke. COW'Imru-~d i..r of i:he f'or"" 
S IT tk.~"' eit~er o. tro.a froW'I ïR{S) or one. frorvt 
IR (I) 'ts sJZl.ed:.ed. We M.c::t~ c::U.so .sa.~ -l::ha.t .e.itk11.r S or 

I is se.Uz.c.ted. It t."'e. COII\I\WIGIII\d i.r oç t.~ torV\1\ S ~ T 
fir.st S is Stè.l.~Lcbed "'"'d the"' Î i.r seltct.ed. SiMi!ArL:f, 
Stt is t.he. .fi~~~.ite.llj- ra.~trz.d s-el.rz.d:.ion oç S . Fivu::t~ .. ïF' 
the COIMW\a"'d is oP tl-Ie .tèrwt S., T é.ke"' th~t l::,ro.ce. 

selec.t.11.d is c::t w~ of a. trQC.It fro""' TR(S) o.nd a. i:.rl'Aot 

fro"""' TR [T) . We Wiet~ s~'j t~",c:U:. bot.J" S and T a..r-Q 

.s.~ZIR.c.ted 0111.d tl.'l~ Wl1 ~t.ta S~lflc:JAI"Oni'!ed wit.~ M2.Jf4d: 

i:.o t.he O.toii'I<\ÎC. !>i:o..t2W'ICIII.b' é~ hc;~.'lltl. Îll\ C.01N1.,...,01'1, 

rl,e tl"'(;;.c..e str""c.tv.nr. oF a. c.o""'po"e"'t i.s de.fi"'ed c:u: t.he 

prej:'ix c.lo.su.re of -l::k~ '\:.I""Q.ett struc.t~ of 'tt.s c.ow.W\<;:~III.cl al'\d. 

c.o~~~.of:Gli"'s~ the.re!;,re, two t'.::Jpi2s ot tra.ce..r .l 'li~. lhe "complete" 

Or\eS .Sp2CÏÇ'ied b!:;j the. C.OII'i'\I'VIGIII'Id 1 G\11\a the. 11 
ili'ICOIMp{Lte. 

11 

OVlttS inb·odl.4cec:i b!;:i 4:.he prefix c.losw-e. Coll'lc.c\ée&Y'O.iloV'I of 
two tra.c.e.s i.r Olll.ll,:j of i"'terest. iP the. lec::u:ii"'<;J tra..c.e i.r 

C.OIMple.ttz. . Sil"''CJZ. we have de ti "'ed C.OVIca.f:.e. vu:~:tioll'\ of 

c.omma"'ds, we loo\o.ve sun to iE:: tL-..C~tt a. co""'Mal."'d1.s trc:a.ce 

struc.tw-e. C.O\'I.sist.r ct compleba t.~s 0111.Ly. "F1.41"t~UM.'IOI"e • 

.since a compo~e.,..l: 1s trc:a.ce strtAC:b.4'c mo.~ COV\tai"' iV~comple.t::e 

tra..c.es, we :sl.,a..U.. ll'lot itAf:.roduc.e COVIc.c\b~tAa.tion oF 
COMpoVle.lll.t.s. ~ [1'2.] lf\O di.stiVIctio"" is dra.w~A b(2èwee..,.. 

C.OmMa.,..c:{r a.VId c.o""'po"'e"t.s. As <;:~ c.o"'s;eque."'ce.:. t:.ro..au 
ho.\le to be rec:o9"'i'iQble as either co"""ple.~ or inco~Mpl..e.te 
t.ruc.es -to co.t.e.r for colf\a:::l.te.nc:û.io~A, 1ö lha.t e"'d.. [ i1] 
iV~t.roduc.e.s G\ U...mirta..tio"" .S'dVIIIbol1 de.l'l.obtd b_y ./ 1 

mo.rlt:i~ the C.O~Mpûe.te. t.ra.ce.s. FoU.owin9 0141" a.pproo.c.h. 
no .su.e.h .sld""'bot i.r re9utre.d. 
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(;_XO.VI'IP-fA. 2. 1 

coVI'I s em 1 ( v, p) : (V; p)*' MOC 

lht. t!"GG.c.e stru.d:w-e of sem1 is SEM 1 o.s deÇivted tn 

~~Wiple. 1. 0 . 

(End c* rtxampltL ) 

We. il'l-troduce. the rule lhctt 1 in C.OIN\Ma"'d.s., the. .sta..r 

hels the hiqhesf: bil'ldi~ power. ot t.he. b'1vta.r~ opero..tor:r, 
tke C:.OWIVI'IQ. has lke high~:sl:. b'tndi~<j , follow~d b~ the 

.se.m.ic.olol'\, Glll\d th~l'l the ba.r, i.e. the la.r9e.r sy""'-bol 
srtpa.rc:tte.s 0'\Crv. lhe. bc:u- ar~d com.VI'Io. o.r12 S':::jVI'IW\e.tric:. 

lke ba.r 1 C.OW\VI'Ia., a."'d s.e.Micolol'l o.re a.s.soc.io.tive. lne 
SeMicolon disl:ributes both al: the [.eÇt ar~d a.t t."'e ri:3ht 

throu.gh ba.r al'\d, C.OMWIC~.. As ·,ndic.o.ted by e.xo.Mple '\.'22, 

tke com.m.C\ doi2.S ·,"' c:J4.rtero.l nat di:stribute through the 
ba.r. Acc.ordi~Nj to propere~ 1.21 tl-Ie c.o""'mo. distributes 

&rou9h the bo.r iP the C.O~~V~~nds C:.OI'\I'Iec.bed b!::J the. ba.r 

have ho.aa .sf:.r~.AC.t~.e.re.s IA/•t:h e::t""~ c:üpha.be.t:.s. 

txaVI'IP.IL 2. 2 

com buf1 ( xO, x1, :;O, y 1) : 
(xO; yO I x1 i y1)* 

lhe tra,c.e. struciu.r-e oç buÇ1 rn~ be. described ÏY\ o. WO.;J 

siMila.r to SYN C . l:.ve"j iro.ce l: of buf1 Gll'l.d 1 

.since tke -E:.ro.ce stru.ctw-~ of a CO!Mponent is prefi't.- c.lo.s4.d. 1 

ever!; preÇix 1: o+ e\le.ry f:.ra.ce ot but 1 satistiU 

0 ~ ttixO-I:.Nyo .s 1 

1\0 ~ ttiK1 -t.N:Y1 S. 1 
1\ 0 s (eN xO + t~ xt) - (t.NyO + 1:~~1) s 1 . 

lhe c.oMponenè i.r co.lû2d Cl bufPer .Sit'lce" for ~ver':j ~race t. 
c:* buf1 H { yo, y1J is... apart troM renc:tMiii'\C3 

1 
a prefix 
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of t t { JCO, x1} . Sil'\ce tMere o.r~ two disi:inc.t x.'s o.nd 

iwo distir\ct y's I the~ C2.11\Code Or\ft b'•t or iVI.f'orwu:~:E:ion. 

Since t~e leo.d ot x.'.r over y's is at MOSt one ~ we 

a.Lso so.'::J t'-'Q..t the co~po"'e~ is o. Ol'\e- pla.~ one- bit 

buPFer. 

lhe t~ree ineGjua..t.i.t.l.es üsted o.bove. ~v~a.l t.ho.t t~i.r 
cow.por\eVtt mo.y a.lso be viewed as o. spW:. bi."o.r'j Sew.o.pkore 

[ 41 . !he last ÏVIeGJUO..W:I.:I S~OWS' tl-to..t. tl.ote. fow- S~~Mbolf 
~e.tl-ter form o. ~ir\a.ry SeWio.phore . Acc.ordiVI.CJ -l:o t.k.e al:.~er 

two irroet:t'-·IC".U.t.ies x 0 and yO c.or~st-.t:.~ a. bivu"·"Y SeMQ.ph~ 
a"'d x1 o."'d y1 too. 

(~d '* C2.XaMp(tl.) 

In the above e.JCO.V\1\ple. ~ a bit is encoded o..s- one of two 

.s':i-bol.s. Wil sl-to..ll oP.f.e." enco~.o~.nle.r t.l-tis eVIcoc:liVI..t:3 iVI t:h.e 

seqc.tel. 

t:xo.m P-(.Q 2 .3 

The parit':i 
2 oP' t.he bits. 

l e p1 

o+ o. se9ue."ce o+ bit:..r is t.,l."e StAm ~od«.A.lo 

A c:ow.pol'\ent tho.t proc::luc.es the pa.ribj of 

b'•ts has tro.ces of the torW~ 

for a..Ll t sucll tk~ t e. {bol b1}" " 
t. CO'I-t,Qi"'s QVI. e.ve.VI number of b1' s 
fOr all t. su~ tho..t: te { bo" b1}* " 
t COII\tcail'IS an odd nuw.ber of b1' s 

and prefix.as ~ereof. 1he s~Mbol. e m~ b.e. v·,ewec:l as 

indiCGlti~ Bie end of a ~ue."e,e oF' bits~ whe~o..r pO a"'d 
p1 de"'ot:e. e~"' and · odd po.rity resped:.ive~. 

IF we want to deri11e a progrum tot for t.his Co~Mpone"'t 
we mo..s.s~e tl-.e above specillc:d.io"'' into a. COMmc:lll\d. 1hi.r 

dir-ect:ly lea.ds to 
So ; e; pO I S1 : e ; p1 

whtZre gTR(So) = {b01 b1} ~d lOr eaÓ\ t: ~ i: E { bo~ b-cJ", 
t E ~ TR[So) : U { b1j kas ev12n lenglh . 
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S1 sa.tisties si~ila.r C.Oif\ditiol'l.s. N.ext we c.o..Lc.uLQ.Ce. IR (So) 
as tollows. 

IR(So)t {bo}=TR (bo*) "TR(So)t{b1]:TR((b1> b1)*) 

e. { de~. of ~ } 
TR[So)= TR(bo*) ~ TR((b1; b1)*) 

= {def.of.Jj 
IR (So) = TR( bo*. (b1; b1yt) 

for S1 we tinc:l 
IR (S1 )~ { bo }= TR(bo *) " TR ( S1) t { b1} = TR(( b1~ b1)*.> b1) 

= {deP. of: ~ } 
IR (S1) = TR ( bo *) ~ IR (( b1; b1 )* j b1) 

= { deP. of' ,1 } 

IR(S1)= T'R(bo*' ~ ((b1~ b1)*~ b1)) 

As Q resulf: tke p~ram t.e.l<t bea::>Mt!S' 

co~ pQrit~ ( bO, b1.,. e,; pO .. p1): 
bo"'~ (b1; b1)*; e.; po I bo-~tJ ((b1; bt)*; b1); e; p1 

(6nd of exc:t~) 

Exo.""P-le 2. 4 
A bilf\c::u·e:~ vario.ble is a co"""po""ent wi~ a"' o.l..pl-ta.bet oF' 

four SI::JMbol..s J xO J x 1, yO .. ond _y1 so.y , olf\d ev.er:; tl"'O.c.e t 

so.tistces-

A(s: t=s yO: E(u:: st{xo .. x1., _y1} =u xO}) 

"A(s: t=sy1: ~(u:: sf'{x1. xO,yOj: u x1)) , 
Qnd the tro.~ strud:.wtL i.r pre.Pt')(. - d.osed. !he. c.o""dH.ion on 
i: is equivoV!nt to 

~(s:: (1:= s yO " g(u:: st{xo .. x1 .. y1}= u xO)) 

" ( l= s y1 A É{u:: s~tx1, xO .. yO}= u x1)) 
v t = s xO 

v t. = s x1 
) 

V t:(, 
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1he Q:)~dil:.ion st{ xO. x1. y1} =u xO Met~ k wrif::ttó!n os 

s € ~ TR{U; xO.; .Yot-) " u c t TR{U) 

Hence, tke co~c:li~o"' on t Mc:t~ h.t. writ:ten c::.tt 

l E ~ TR (u j xO; yo•; yo 
I U; X1j y1'; y1 

I U; xO 

I U; x1 
) 

V t., E 

whic.h is e9ui11o.le~l;. to 
te. ~TR(U,; xo; yo•l ui x1.; y1*) V i:.::(. 

Due l:.o tke pre tilt- clos.edne.s.s ot tke trc:~.C.e struc.t~ • tke. coru::lit.iOl'l 

on u • vi'!.. 1..1 c -!:: TR(U) 1 ·IS e.<J"'i'vctte ... l: to tLte OM o... t , 

Ql'\d ~ tl-t.e:reiOre tke progrom btxt btteomii!!S' 

92!n var ( xO, M1, yO" y1) : 

( xO; ~0"" I iCi; :J1 '-)* 

lhe lro.ce .Strl.lct.c.u-e of tki..r c.o"""po"'e"'l:. htu I:.Ltree. sl:~;~.tGts : 

[E] I [ xo], Ql'\Q [K1} . "From a -ec:..katY\i.Sl::ic poi"'t ot view, 

~he lhrec sb:a.t:.u· sb:and .for "var(.Qb(R uni"'i~ia.ltud ~ ~ "vari,Qble 

hos vetW.e. 0 " " a"'d "varta.ble ho.s va.!.u.e 1 " . lhe ~""'bols 
xO and x1 -l~~ sf:and for "o.ssi~VIm~"'t of va.lw! 0 CUOI.d ~ " 

re.sp~ci~ ~ ar~d the .S~;:Jmbols yo al'\d y1 tor. "in.rpe.d:io"" 

of va.lue 0 a""d 1 • respecliveL;. Not.ic.e t.~t. U.e vctri o.ble 

is conti:.r~.ot<:.te:l i"' Sl.lch c:l wc::~.y l:.ha.t ·,~:; must bel il'litioU.le:::f 

b~for.e 'tl: can b.e in:sped:.ed. 

( J::~d ot lótlCaM~) 

E.xamele 2.5' 

A futl odder 1S Q. compone"'l: ~ha.t nl~t:.edl'::l ~;~.ccepts
three ot~~e- bil; nu-bus a"'d c;3b\erettes Ol'le two- bib rt~Amb.er 

-t.ha.l: is éhe su- oç tke oUuzr t.hree . Leé the n~.otmbar.s to b.r. 

odded b.e a. , b , a"'d c , SQ.t.i.sfyill\9 
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OSQ.<2. "' osb<2 "osc<2 

o.nd (ef: «:!".e .sum be repr.esenb&d b:f d and e .such !:.~!:. 

Osd<2. "Ose<2. "a.+b+C=2•d+e 
1be lt~rc:d;l.(.re oboul"'d.s with progn:ams obe~il'l<3 t"'-i..r spec;fic.ation 

QnQ .ShQrir'l.g thC propert':j of disturbin3 the symYM.I!.i:.rlj QWIO~ 

a; b" o.r~d c • ~is' ·,s c::tc:hievrèd b~ co.U.i"'S c the CG~.rr~- ir~, 
d tlte oar~ -out" ar~d b~ distill\c;Yiski"'<3 l:"'e carr!:f- kilt , 

CCU"Mj- propo.9a.t.e 1 o.nd c.arrCj- s.e.nera.te cor~diéions" i.e. o. + b = 0, 

CHb:1, o.nd GHb=2 re.rpctc:.til/e~. Here~ observill\g éJ.",at:. 

d e9ua.ls ihe m~oribj and e I:.L-..e oddit~ of: a, b, o.nd 

c" is Mor.<z. caétr<::td:hte. Gl.ltu::f y i.2.1d s the toUow; to~~.<;3 J .r':l''''u"'' e tri c. 

Pf'0<_3f'O.WI Wt . 

COM futl a.dder (o.O, a1, bo" b1" cO, c1, 
( aO, bO; 

I bO., cO; 

I cO" o.Oi 

I ai, bi; 

I b1, c.1; 

I ei, ai; 
)* 

moe 

(End of (ll(O.Mpla. ) 

Exo.Mele 2. E> 

dO, (cO; eO I c1:. e1) 
dO, (aO; eOia1 ~ e1) 
do, (bOi eOib1,; ei) 

di" { cOi eOI c1; e1) 

c:tt (o.O; eOia.1~ e1) 

di" ( bO; eO I b1 :1 e1) 

do, di., eO, e1) : 

Numbe.rJ MQ.Y b.e r.ep".s~te.d in vo..rious WI:UjS'. In t~is 

exo.JMple we con.sidcar t:.\ote conver.sior~ bt2.1:weeVI !:he bito~~.ary c:.ode 
ar~d. t:."'e G~ code. ~ boéh coc:le.s o. S<ZJque"'ce oj: bit.r 

is u.sed to reapresent o r\u""'b(lr. Wït:h tl-\(l bil'l.o.ry code, 

scquencct b{ i.: 0 s i. < n ) , n > 0 J represe.nt.s tke nu-ber 

S (i. : 0 s i.< n : bl i.) jf 2 i. ) 

whert.<ll!' tk(l Gnac_; code uses 9 { L : 0 <S ~ < n ) , t'l '> 0, t.o neprc.se~~ 

~( i. : 0 s i..<~ : ( ~ ( j : i.~ j < n : g(j )) mod 2.) 11- 2. i. ) . 
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for .se.9ua"'ces b(L: Osl.<:n) and g{i.: OSi.<n). n>O, 

rep~sen4:in~ t.llle .sa.~ ~"'"""'loer wc dec-ive fro""" t:li\t. G\bove. 
.forM~.tLCle 

A(i.: O~l.<V~: b(l.): ~(j: i.sj<n: glj}) Mod 2) 

end 
g(rt-1) = b(n-1) 

A A (i.: 0 s L< n-1: g{t) = ( b(i.) -r b(~·H)) ~ 2) . 

A di.si:i"'9c.&isl-li"~ t~QW~ oç tllle Gray code is tk.c::tt t.wo 

rÎ~.o~W\bers whos.e. dif+.erence ·,.s- 1 are re.pres.u"~t<Ui b~ two 

.staqu~aes of" bits !:.ha.!; diFft~.r ·," 1 bit. 1hi.r Mc::tl:es tke 

Grt.;l:t code particula.rly weful iV\ MiniM'ti!iW'l9 error:r in 

Ch'\<l'.lo<j- di9itc::t.l conver sions. 

Usi"9 b, C.; ar~d 

i. fOr se'lue"'c:e 9 , 
3- bit ~en ces cu-e 

d tor se.c:tu.ence b , c::~wd 'a; lot, and 

pro~n::tiN\S for conversiOV\ belwcze"' 

com biii'IQr:t to G~ (bo, b1, c.O, c1, do, d1, go, g1. hO, h1, i.O, i.:l.): 

(( bo, cO; gO I bo, c:t; g1 f b1, c:.O; q11 b1, c.1; gO) 

, ( c.O, dO; hO I c.D, d1; h1 l c1, dO; h1l c.1, d1; hO) 

• ( d 0 ; tO I d1 ; i.1) 
)* 

c.om Gra~ l:o binar~(bO, b1, cO, c:l., dO, d1, 90, g1, hO, h1, i.O, Li): 

((i.O; dO ll1:. d1) 

""'oe 

.,(ho, dO; cO I h1, d1; cO I h1, dO; c.1 l hO; d1; c1) 

J ( qo .. co) bO I 9'· c1 ~ bO I <31. co~ b1 I qo, c.1; b1) 
)* 
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We. now b..u-n ~ COWI(>Ofl.e.nt:.s t.'hC\.~ consist of: Q nu~N~bel"' 
of .:ru?co~r~~ and rvlo.tiOt'I.S' betwee.V'I tke.M. Suc.k a 

COII\I\pOt'lt.w'\1: is re.pr.u.c.rAte.d ~ a pr09rQ""' texl:. oÇ t.he forM 

~ C (A): 
sub So; Co' ... , Sn-1 : cn-1 

0 o = bo • ... , 0 m-1 = bm-1 
~ 

CoW~po"'li!.l'll:. C has n subc.owtpo"'eW'lt.r, naMed sl • o ! i. < n . 

the n nelMeS si. o.re disl:inc.l:. We ~ thC\.t subCDMponelllt 

St ÎS' of bjpC2. c~ . Where C;. is Q. C.OMpone.r'll:. w'•l::"'- Q 

e:Jiven tiQ.ce sl::ruc.tu.na TR (Ct) . Jo distivt~isk betweeV~- A 
o.nd tke a.lpkabe.tr o+ the Ct we ·,ntrod.w:'! c.o~eoun,S 

~~· A Col't'lpound s~..-.bol is Q S'j""'bol s.b in whi~ s 
is tke I'\CI.Wif! oÇ o. subc.oMponent QVI.d b ·,r Q syW\bol in t:he 

Qipho.bf.l: ot t'ha.t SUbC.oMponenl: 1S ~ijpe. S~W\ bolS t~Q.t ci.rtl 
nol: COMpound o.re c.a.lled ~e!:! . U: A i.r an. . c:ûp hQbet ot 
SiMpla S~Mbols ~en s. A c:lenof:.e.s t'he a.lpho.bf.t of CCW~pound 

~""'bols obta.inczd by c.hc:angi"'9 ec:a.c.h S~Mbol b.. b E A.~ i..-.to s.b. 
A tR:'.c.e , Q trace set, c:an.d a trcu::e st.r~.AC.t...tre CQl'\ be c.lno.~ed 

.Similo.r\y. 1ke alphc:abe.t of o. c.o..,.,ponent eoto\t.Clins siMple 

.S,!;Mbols only. 

for coMPonent C as c:lefi.....ed o.bove we dC2fl..-.C2 a.lpl...o.bC2.1: 
B QS f:'ollows . 

B = U( i.: 0 !i~< .... ; St. ( 9 11~ (C;.})) u A 
We i""'pose. ~ree s~n~tic. rvsb-ictioVI.S OVt 1::1-le m equ.o.U.t.ies 

oc:.<:.urri"3 ÎW' C • vi~ . 

• Qj € B "' bj E B for o.ll j : 0 Sj< m ~ 

- Oj Qnd bj belo"'9 io two diffet'C2n.t ( oÇ th~ n • 1 ) 

a.lphalxts 1 for o.Ll j : 0 s. j < m ; 

• e~ S'::JMbol ·..... B oo:.u.r.s ll.J(o.d:.~ onc.e in tkll! m 

~u.o.l~ti&S . 
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lhe trQ.CQ. .sl::.r~.A.etu.re oP CoMpo"'e""t C ..re~:bsf~;:ti"'-~ -tke. a.bove 

reS'I:.ricl:io".r is deline.d te b.l2 -t.W2 blel'l.c:l of: t.he. tra.ce ~cl:.141!..r 

of! ~e sr.AbeoMpo~l!\ts-. lwo s~wtbols occt.t.rrill\<3 ill'l OV\e 121:\UO..~ 

Q.l"e CO!o\sidere:l to b.2 -tke SQMe symbol. ïhis is r!o..U.tlld b~ 

StjSI:eMO..t:.ic.o.~ naplc:u;i~ , .11"\ ~e Wa .stri.A.c.b .. o~.~S, Ot'lli!. of' ~em 

b~ t~ otk.er. I-1= Q .SiWipla syt'll\bol ·\S equ.C:l.t:ed to Q CoMpound 

s~mbol, tke.. c.oMpou"'d s~Mbol is t.o be replo.cec:l b~:f t.ke .si~N~f* 

s:~MboL If: two COMpoulll.d .r~""'bol.5 Qre 12.9uc:W!d ·,(: i.r 

irrele~tc::~.ll\1: w~ic.h o"e replo.ces tke. of:ker. Due -te ~~ Lo.sl: 
5~1"\tc~.ct:ic nul::ric:tiol!\ each s':1~ol Îll'l ~\A ·,s, t.Lovllo\ 1 .eH:."'e.r 

equo.t.e.c:l to a .ty~Mbol ill\ A or Co~N~VI.I\01!\ to exc:l.C.I:.~ t.wo 
o.lpho.beb c* t.ke. tro.ce :sl:ruch.c.re.s of t.ka S~AbcoMpOI!\e"'t.s. 

Aceorc:li~ to pro?'Zrt:y 1.28 bl.ttlf\c:li!Nj Is t.l.\e"' c:\Ssoci&~.thle 1 

QI!\Q yU:ûds A c:n t.he o.lphQ.bet, i.e.. 

TR (C) = ~ ( t: os t. < n: s,. TR (ei.)) 
w"'-er..e 

e TR(C) = A 
Due to the QJ'SociCltivi~, Ute order in whieh t.ke. s~o~bco~e"'t.s 
occc..tr il!\ t.h~t c.oW~pol'le.r~.t ·,s irnelella\1!\t. ~e order ct t:he 

ect~o~Qt.io~s '•.r '•r-relevQII\t too. 'B~ properi::~ '1.32 this k.il!\d oF' 
c.oMpoV\ents preser'l.e preR~t- c.losedness of t.keir -l;.rQ.at strc..tC.t.tA.res. 

t\bt:.iaL Uu::tl TR ( C) dQ,penc:ls Or'\ 1::,k12, Sp2CiÇic:o:f::io"' oF ~e. 

subcoMponents,.. i.fl. t.ktL TR (CJ 's , a""c:l 111.oé on -liNt wC\.~ 
·,n whic.h tkose subcompone"!:s o..rtll COII\str~.A.c:.ted.. "'hi..s ·,". 

c.s.ser'\éial i"" cu:lMitl:.il'l9 h',ero..rchica.l de.risn. 

~XQ~\.e, 2..1 

Le.t- .sem1 be c:3iven Q& 11!\ C!Xc:\Mple 2. t . 

~ sem2 Cv~ p): 

.sub sO 1 s1 : Sen\ 1 

v : s 0. v J sO. p = st v, s1. p = p 
moe. 
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lhe. hG\ce. .'Stru..c.tc.A.re.s oF the. .f:wo ..subCOWipo~e.nt.r o.re 
(1, 0) SYNC ( sO. v1 sO. p) and (1, o) S't'NC (st v 1 st p) Q.s 

de..Çi\'\ed on ~ 31 . Th~ .f:n:tce str~.Ac::.l:.u.nt oF seM2. is 1 d"'e 
to tl-\e. e.qu~$1 the. bler!.d ot ( 1, 0) .SYNC ( v, ..sO. p) Qnd 
( 1, o) SYNC ( sO. p , p) 1 whic;.l, is, o.ccordi\1\9 .f:o prop.e.rl:~ 1. lt 01 

('l., 0) SYNC. (v, p) . ~i.r c;.o.,.pone.nt. i.r c.a.ll.e.d ~ te.rnQ.r~ 
se.mca.pl-\ore. 
(~~cl J .f •• vc:u"'plct) 

~XO.MP-le. 2.8 
\Je. c::.onsidctr o. Ie- plo.ct. one- bU:. b~.Attc.r . 'For k = 1 w.e 

us.e ~e. C.OV11.pone.n~ .froM exa""'pl.e 2. 2 . Fo.- k > 1 '&~;; 
consi.st.s oF o. co\1\c.c:d:.eno.tion ot two .Sfto\o.Ue.r buffers. 

C.Orw\ buJ:'1c ( xO, x1, yO. y1): 

sub l: buf1 , r: buf k-J 
xO = l. xO, x1 = l. l( 1 I 
l. yo = r. xO, l. y1 -= r. x1, 

r. yo = yo, r. y1 = y1 

(b.nd of eJCQW\ple.) 

E.xa'"P-le. 2.. 9 

A di...,id!2- by- n C.OMf>Onent '•.r ca. oowtpo~~~.cnt:. wi~ c:<\1\ calph.c:tbe.t 
of t.wo SljMbols , x o."'d y .Sc:llj 1 wkoSJZ. tf'C:lCe stn.4d:.u.r..e. ir 

PREF ( <{~: ~l!:O: (xn y)l}. {x, y}>) . 
for n-= 1 ékis co""'f>ol'\e.nt 'ts o. binc:u-'::1 .seM.«aphore. '?.-ogrc:1ms 
ro... Q.ll greQ.t.er power.r of 2 I i.e. r\; 2. Ir:: " k. i!:, 1 1 (::.\f'e 

s'•ve.n . ~low . 

lbr b::: 1 

COWI divlc (X, y) : 
(xi x~ Y )*" 
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c.om div~c, (x., y) : 
~ d: divk-i , h: halve 
h.lx= x, h.rx = d. x, h.ly: d.y, h.ry = y 

c.om halve ( lx. rx., ly, r:J) : 
((rx; l)()•; ly) (rx; L)()•~ ly~ r':1)• 

MOC. 

(End of: exampl2) 



lhe MOSt q.enerCll ferm Q co""'povtent ca"' hC\vt i.r a 

combinc:a~ÎOl'\ of: ~e two for""'s discusslll!d,. v'11. Q. c.o"""poll"'l!l'\t:. 

~Aitf::h subc:DW~powtef'\ts 1 e9ua.U.ties, and Cl COW.MC\nd. Su.ch Q 

CCINlf»l'\&rAt ·,s napresenbe.d ~ o. progra...... U.xt of: the for...., 
com C (A) : 

sub s0 : C0 , ... , sn_1 : Cn_1 

QO: b0 1 ••• , QM-t: bM-1 

s 
~ 

Alp!.,abeé a is defivted o..r in the case ot=' o. c.ompoli\Cnt 

witkout C.OMmcatl\d, vil. 

S: U(~:OSi.<n: s,.(9TR(C))) U A 
We iMpose tkrec .s~nta.d:.ic resf:.rict.ions OL'\ the "" ~uo..l.i.ties 
occ.u.rri"'3 i~ C 1 "'~. 

- O.j E'. B A bj ' B ~f" o..ll j : 0 :: j < W\ .. 

• aj and bj bclo)\~ t.o two c:t:F'ferent ( oç tl-Ie. 1'\+1 ) 

o.lpko.b.e.f:.r , tor a.ll j : 0 s j < m ; 

ec::\c.h .S!:fMboL ·,.... '8 occ.yrs at mo'Sf: once \n the m 

ec:tuati.ties • 
m !:hese on~ l:he la.sl:. rest:ricHon diF'fttrs fro.-n tl-I.e. restr'tcJ:ioi'IS 

in tke co.se oç a COM.ponenl: w'•l:hout. coMMQnd. SiMilo..r t.o the 

cas12. of' o. COW~po"'enE:. without: subcoM.foneV\ts we impo.se the 

.s~nt.o.c.f:è re.stricl:::ion 

9 TR ($) = B '\ u ( j : 0 s: j < M : { O.j I bj} ) 
The hC\ce sE:r~..o~.d:~..o~.re ot COW\pon.t.nt C ir defi!l"'.ed to b12. 

TR(C) = ~(i.: Os~<n: si.TR(Ci.)) ~ PREF(TR(S)) 
Due to the resl:rid:.ions we hc::\ve 0..!3c::\i"' . 

9 TR(C) = A 
and t~ assoc.ic:a.ti"i~:t of the blell\diii'\Cj oper01.tiot'l '"" t.he 
de~iii'\Î~io"' oP' TR(C) . By prop.e.rtc; 1.32. tkis kind oF 

COMI\poll\ertts pre.s.erVc preF\Jc- clo.se.dness of ~~e·,r tra.ce strud:u.re.r. 

Conse.qu.Clll\l::ly, t~e ®02. .slm.u:.f:a..A.re.s oF a.U. COM.pon~W\ts o.re 
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prePi~ - c.lo.f.e.d. 

ExaMP-lrt 2 .10 

let .se1M1 bc c:u ~.... e~""'pltt 2.1 . 

GOM .rem 't ( \11 p) : . 

.ru b .rO 1 s1 : .rtm 1 

.sO. p = s1. v 

(v; sO.v)* 1 (st p; p)* 

1ht -lro.02 str.....c:.év.n2. CQ"" bc. ~lcû:ed o.s foU.Ow.s-. Mr.st w~ 
dtri~e 

PREF(TRl(v.> sO.v)•, (s1.p; p)*)) 

= { dcf. of ~ } 
P~EF(TR((v.j .sO.v)*) l:ï TR({s1.p.i p)*)) 

= { property 1.lb } 
PREF(TR((v) sO.v)*) 2_ TR((s1.p; p)~~:)) 

= { prop4.~ 1. 33} · 
PRE:F(TR{(vj .sO.v)")) !! PREF(TR((.r1.p; p)*}) 

::::. { .('.)(().Mpl_e 2.1 } . 

(1
1
0) SYt.JC (v, .sO.v) q (1,0)SYNC.(s1.p, p) 

<lr'lc:t 4:l.en 

TR(.sem4) 
= { de~. oP TR , sO.p = .s1."} 

'PREF(TR((v; .sO.v)*, ls1.pj p)oll-)) 

~ {1, 0) S't'NC (.sO. v, .sO. p) k lt, 0) SYNC (:sO. p, .'51. p) 
::::. { set tabove. J 

( 1, O) SVt-IC ( v · , sO. ·.,) 

g ( 1, 0) S't' NC ( S1. p 
1 

p ) 
~(1,0) SYNC(sO.v, s:O.p) 

!(1,0) SYNC(sO.p, st.p) 

::::. { proper~ 1.40 } 

(41 0) SYt.J C ( v, p} 

( b. .... d of tl.XClMplll.) 
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Stricê~J; .speQj:iiN3, U.i.r t\.,ir-d f!o,.M o. C.OW\povtc"'t co."' have 
ir ..s~pe.rÇll.lol.lS. Wee aan cLo.Ci\t~~.g.e. an~ component:- Îll\eo o111.e 
~o.t:: hca.s c.it:he.r no .subco""'pcment.r or- no COW\W\0.11'\c:\. We 

s'-'o.ll • howe.ver, r.eêain &e ~IIVI.I"CÛ for""" .siKC.e ·,~:; o.ll.ow..r 

Mon!. COW!p~ 011'\d ete,o.ll\t p~I"QIII"\S. 

t.xo.mele 1.11 

Let sem1 bc as "-' CJ<o.Mp(R. 2.1 Qll\d tet: k b.e o. 

J'IO.t.~.Aro.l nt.~l'll'lbc.r ..so.i:i.s~i"<3 k: ~ 2 . 

~ sem Ie ( v, p) : 
sub .t : sem lc-1 
((v l.s.p); (s.v \ p))* 

We pro~~c. tho.f: se""lc ho.s ( k, 0) S'HJC [ v, p) cu· it.r t.ro.c.e 

5b-u.c.b.Lt'1t, by Mo..t:heMo.tic::o.L ~u.c.l:ion 01'1 k . FDr Ie= 1 t"-i.r 
it c.ltt:u" ~ eX<::lMp{e 2.. f . lbr k > 1 it foUow..r troM 

PREF(TR(((v\ s.pL (s.v I p))*)) = (1,o)~SYNC(v,s.p,s.v, p), 
~e if'ldu.ct:iol'l hypot.ke.sis, avtd prop.e.~ 1.41t . 

Fr-om a mec.hc::tto~.t'St:ic. poivtl:: of view, t.he o..bove co"""po"'12"'t. 
i.s a bit: .s~.~sped::. ~e tro..ce st:ru.d:.u.re. of t.he C.OMpol'le.nt 

conE:.ains tro.ce.s o~ bound.ed leN3th tho..t 1'\1\.Gllj b.e. the t'1t.su.lt 

of' co"""bi"ivu3 o. tro.c.e +ro""" the subcompone""t al'l.à o. tro.ce' 
-k-oM the C.OM(lOI'I«nt.l.r COMmc::tvtd t'-'o.t o..r~ both oP 

un\,out~~.ded. l~. -rt'tis i""pliu ~ht:ll.é tor o. bo""""'ded 
o.mount of exterl'lo.l COW\I'IIIUI"\Ît::o.tio.., l:.he. Ql'\I\O!AII'\1::. oÇ' inte.rno.L 

COWIMYI'Iic.o.éion Wlo.!:1 he unbou..",de::l. ïhis phtr.tf'IOMeno"' ·,.r 
c.o.lled u':'~!;lnde:::l. . ~ho/hr. :k ~~~~erca.{ , i.tMbo~..e.",ded ct....~tter 
mo.kes ~e. i""pla.m.enta.E::ioY~ c* pro9ro.Ms Wll..tch MO~ dil='ficult. 

In c'-'opt;..rs ~~.er c:ll'ld Hve we. sf....a..U diseu..tr i"""pl.e.me~~'tca.tio.., 
i.s.suu. 

In order to rczM.O'l.e. thv. u..,bou.""drzd cho.ëbv w.e. Mi<3ké 

f:'irst rewrifa !I-te COM!M.ato~.d a.s foU.oWS"~ witkol.lt cho.IIICji""~ ·,E::s 
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ti"(2.CJt .sb-v.c.l:we. Di.stributio"' J seMicolon t:.Mrous~ ~r y\.elds 

(v:. s.v I v:. p I s.p; s..v I .s.p; p)"'" 
Obs.ervi~ tha.t saled:iOVI o~ t.he commo.\1\d 

s.p ~ .s.v 
ChG\V1~4S neit:her the .s~ oÇ t!Aca. c:.o-.po"'e"'t W'\or- t:!Ae .sta.b!. 

of: (;l,u:z. sv.bc:.oM,pon.enl: 1 we MGI.Y ow\•1:. '•1:: trom the c.ompone\'\l:.1.r 

C0\0\1\mG\W~.d. 1hi.r d.oes aW.e.cl: tke CoM""~...d's ha.ce. .sl::ru..c.t......r'e 

bu.t H:. cloe.s n.ot aÇÇed; tl-le toWlponent1.s t:~ sE:r~.A.Cti.A.Ïe. ïhe 

nesu.ltill\<3 C0\0\1\m.c:t"d i.r 

{V :. s. V I V; p I .s. p • p ) • . 
As ca"' ecuit:~ b2 s~eVI, tki.r version dots not exhibit unbou~ 
c.hattar. lnf:erW~.GI.l C.OMMI.ol"'-ic:o.tiot'l c:an even b.tt r.edu.c.e.d &rt her-

bij ob.sarvi""<3 t.ko.t selad:'10V1 of 
V j J". V 

felloweet by 
s.p • p 

is, in efFac.t, <2quiva..IR.nt to the ~c.tion. of 

v; P 
wh',lt, t.he lo.'tl:..r ill\duc.u no i"'terna.l COMMIMli~tiot'l. lo e~tc.l'-'de 
tht torOM.er seltd;io"' we c::.h<:an<aC. tl.,e COmMG\nd ill\tO 

{ ( V~ .r. V) * .i "; p I s. p ; p ) ... 
Wc. ""<:Uj, +'~.o~.rE:herMOre, e1<d..u.de cill tfQ.Ce.s .st;Q.rt,l.",9 wiE:\., ..s. p 

trom t:kc commca\l\d1s ti"'..! strv.d.u.ne witkout QrF.<Zd:i~ the 

C.OMponcll'lf:.1.s ~ .strud:W"""e .SÎli\C:.t. thou t.ra.c.u o:a"' Vlot be. 
C.OMbi~ WÎ~ Q .f:ruaa. troM i:,he. S'-lbCOMpOtolenl:. '"lt.i.r iJ;!oas 

1:.o the C.OIN\1'1.1\c:tll\d 

((v; .s.v)*.i v;. p;(.r.p;.p)*')"'" 

(t.-,.d of .exampllt) 

txo.mP-le 2.12. 
Tk"l.f e~p(a i.r o. bili\G\r~ sf:o.c.lc: o~ bO'-Inded dt.~h. A 

bir\c:tr~;:t sf:a.c.k ha.r G\ll\ cû.pko.be.t ot' tour s~Mbols : 'lwo ope"i"l3 
po.re"t:.!Ae.su 1 d<2\l\oatd by xO c:lll\d x1 , o.~~~.d t.wo c:.lo.si""~ 

pa.r.I.W\~.ses, de~ by yO Qll\c( y1 . 1ke followi~ i.r o. 
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.s~;:~"'b::l.c:.4::ic. deÇj"'i~io"' oÇ Q.ll .so- c.o.lled waU.- 11'\t.st:e.cl -te!9U~"'c.e.r o.ç 

~e.s«. pare~s. 

< s.e." > ::= ( xO <.reep yO I x1 < .raq > y1 ) * 
where ( ... } 'f d~"'otc.s 'UI"o or more il"stc:l"'c.e.r o1= the 

erv:::.ID.n!d. lhe T.ra.ce. .se!: oF e1 .st::a.ck is \-:~e set o~, ""ll preP~x.ts 

of ~ell- t'le3b!d .seque"'c.e.s. Our tXClMple ·,,r not o. ~ero..l st:a.c:.k 

but Q sto..clc oF ced:Cli"' dept~.. lts {:rQ.ce .sat: ·,.r G\ subs~ oP 

t~ct. ti"Q.ce. .sef: of o. ~erc::û. si:Ac.k Clnd. co"'tail'ls a.U. t::ho.se. 

trQ.c..eS in w~ic.k the leo.d of x'r o\fcr ':J'S ·IS o.l:: Mo.SI: ~he. 

sl::o.c.k • & d epl:h . 

E.a.Ö\ tro.c.c. t of thft t~ce .s.tLt l..ec:uis to o.. c.erf;c:lÎ"' 

~o."'t.e~ <?f f:he .stQ.clc , detil'\t2.d o.s foltow.r. 'Fro""' t .S~W\bol.t 
CU''IIt n&VII\ollcd in pClirs QS ~ Q..S t t { yo, y 1 } t (. . 1he 
-!:wo .syMbol.t reMOv.ed pc.r- .step are. tf..vr. LcdtW\Ost y 0 or y 1 , 

ancl -lhct. .syMbol dirtd:.~ pntcedin.g it. Fro""' tke drtP.nH:ioll'\,. 

of:: -lhe -l:ro.dt .se.l:: w«. conc.l..l..u:le ~~t o. pe1'tr oç S::J!Mbols 

raMo~ttd ·,.,. eithe.r xO yO or x1 y1 . ïke y- fru 

sec=tuc.nee. th~.t.r obto.ii'\Q.d i.s t.he. coll'\bents of! t:.ke .sto.c.k. 

Fro""' Q 'M.t~O.l'li.stlC poil'lt ot virtw I we MQ.'::I fQ.y tka.t xO 

a"'d. lC1 c.orrespol'\d to "pu'\... 0" a•u:i ''p~.t.th 1" nup~c:.li~te.ll;1. 

Îhe .symbol.s yO c:\l'\d y'\ c.orrc..rpond f:o "pop 0" and 

''pop 1 " resp«till~ . 

A sl:a.dc oF de pH" ontL ·,.r ca Ol'\rt- plo.ce. o"'e. ~bit:. b~.tfJ:.c2.r. 

c.om stc:ldc 1 (KO, x1, yo, y1) 
(><0; yO \ xt; yi)• 

moe 

Obsai"VV2. tho..l:. a ut'U:U'':J .sto.c:.lc: , i.e. o. .stQ.cl:: ·,11'\ 

distind:ion is mQ.de be.twee~ 0 Cl..tcl '\ 1 is o. 

kspirecl ~ thc. disc.u.s.siot\ oP ~rt seme~~.phore 
exa*P'a, w<t propose -For o. .sto..c.k ~ deFc'-' 
Q.ll k : k ~ 1 , ~:.he pro'aro.""' tut. 

whic.h no 

.se""'caphore. 
Ï\'\ t.'k..e. previow 

k + 1 , G:>r 



~ .sbckk+i (xo, 11.1, yO I y1) 
.sub ~. : si:D..clc: Ie: 

({ xO s.xO I x1 ; s. x1 )* 
• ( ll 0 
) i yO I lC-1 _y1 ) 
; ( s.yo ; yO I s.y1 ; ~1 )* 
) lf 

An iW"'vc:trio.l"t relQJ:.ion of e,Q.Ch o~ -l::he repe.t.it.iot'l.r ot ~'-tiJ' 
CO~MOit"d is 

tor o.ll tro.cu t 1 SU.~ .{::L,_o,.t t e {xO I xi, yo, 1} * y ' 
t:.h12. tn::a..az. selcc.tli!d thc..LS' fo..r , R>U.Owed b!; t' 
well-W"'e.sbzd .:50:fue.nce 

- tke contel'lb o~ t'-'e StC~.ck , 
~U. • W"'llSted .S~I.IIl.t"Ct 

(E~~~.d oF cxo.MplR) 

Ex G\ V\IIP.!:! 2 . 1 '3 

J:oLlowecl b~ t, I$ 

ÏS' 

Q 

Q 

In this exG\~pla.. wt diS"cu.f.s o. prosram ·,""'f>leMel'\t:.i"'9 mulu.o.l 

c.lCc:lu.sio.., i"' o. ri~ oP .sub:::o~~~~'~po..,ents. 1he e.xe~.tMpl.a ·,s tc:l.k:c."' 
tr-o~ [6] Q"'c:l [1i'} , wkere il:: is a;~~lle.d "perpel:uum mobile.". 

A rin«J ot n .rubco"""po"'e"t.s , n > 1 , col'\si.st.r of n-1 

.subc.oMpo"e"t.s oÇ type 

~ node ( l, r, u, v ) : 

( l· r ll· u· v· r)*' • I ,J ) 

a"'d ol'\e of:' t'='pe 

~ onode (l, r, u, v): 

r; ( l:. r I l~ u; v; r- )* 

~ 

Apo.rt from i"'itiaU"tca.tio..,, t.he.se two -tljf"Z.S of- .rt.tbc.o""""po"'ell\t.r 

Q.l"e e.quiv~t. ïhe n ..:subcoMponeM.t.r i"' -the. ri"'9 Q.~ 
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nuMbered 0 t.~rou9h n-1 

o.re to b12. -t:Q.ken Modulo n 

I"' this e.xalill\ple cül sub.scripl:s 
lhe Col'\l\pontlnt ·,s 

c.om ring ( Uo 1 "o 1 ... , un-1' "n-t) : 
sub s0 , ... 1 Sn-2.: node, Sn_ 1 :enode 

s,.r:: sc:+ 1 .l, u~:: si.. u, "i.~ si.:" for o.Ll "': Osi..c.n 

moe 

We .sl-!c-.ll rhow {:ho.t -lhe a.bo11e C.OMponeVIt hcu t.ro..ce 
stri.A.Ct~A.re 

PREF(TR((u0 ; v0 1 ... 1un_1 ; "n-t)"')) 
1. e. t.he rin~ provides mutuc:d. exclt.tsion . 

'First we prove, for di.s-tincl::: SCjWibols xi.. a"'d c.OW\W\O.""dS' 

Yi. • 0 ~ i. < n ~ .suc.h 1:.\t\o.t 

~lj: O~j<n : Xj t gTR(yi.) "(~=j V gTR(yi.) n ~TR(y)=O )) I 

~ei: v.te '-'o.ve 

(0) PREF (TR(Sn_1 )) = PREF(TR (( y0 ; ... ; Yn-t )* )) 
w~ere. sj , 0 sj < n I is a COW\n\Qnc;l tho.t so.-l.isRes 

PREF (TR ( Sj)) 

= §(i.: O~i.<nl\ i..~j: PRE.F(TR((xli 'it' xi.+
1

)*))) 
~ PREF(TR(( x j+1 ; xj; Yj )it )) 

'RemeMbtl.r thcat. §. denotes continued blendin~. Notice ~ko..l:. 
we ha11e for o.ll j 1 0 ~ j c: n 1 

(1) PREF ( TR ( ( xj+1; Yj-t-~ ; Xj-t2. )• )) 

e PREF ( 1 R ( ( x j+t ~ x j ; y j ) * ) ) 
:. PREF(TR(xj+1 ; 'Yjt 1 ; Xj+z.;(xjHi 'Yjt1i Xj+z.)ll")) 

~ P~EF(TR(xj+ 1 ; Xj; 'Yji (xj-.ti xj; Yj )~)) 
= PReF ( TR( Yj+ 1 ; xj,.z. j ( Xj-tt; Yj+t ~ Xju )* )) 
~PREF(TR(xj; :Jj; (xj_.1 ; xj; .Yj)•)) 

= PRëF(1R(~jHi (xjH; Xj_. 1 ; Jj-t 1 )*)) 

9 PREF(TR((xj.i Yj; Xjt 1 )4" )) 

As a consequen.ce , we L-\c;;tiiE! for c:t.l.L j 1 0 ~ j < r1 1 
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PREF(TR (Sj )) 

= { def'. c:k sj } 
~li.: O!~<n"' tpj: 1>REF(TR((xi.~ y~~ xê.-t•)*))) 

~ PReF( TR(( Xj.t1:. xj; Yi )• )) 
= { n'>1, t.he"' (1) } 

§_(~:OSLo'\ " ~#j+1: PRI:F(TR{(xê.; y;,; xi-t 1)*))) 

~ 'P~EF ( T~ ( Yj+1 ; ( Xj+l ; Xj-t1; Yj-t1) .. )) 

: { n> 1, ht.t'lc:e C~.U. xi. c::tre commot'l t:o two tro.ce Jcruct"'rtes J 
PREF ('TR ( Y;r1 ; Sjt1 )) · 

Applyi~ -lWl Clbove equQl.i.b; "' tim~s we ~t~~.d 
PREF(TR (Sn_ 1 )) = PREF(TR(y0 .i ... ; y,._,; Sn-1 )) 

troM IA)hi~ (0) tbllows. 

S~.o~bstiti.IE:.i~ .s:.:. L for x~ ~ Qnc::l { E. I ud Vi, ) tor ::Jt, 
0 s ~ < n , tlG]u<:lUt!::j (0) Shows 

TR (ri"'C3) 
= { dttf. of T'R(r'•ng) } 

~ ( L : o s i < n- 1 : se: . TR (node ) ) 
t?. sn_1 • TR(enodc) 

= { de.P. oP TR. (l'lOÓl) ""'d TR (e"'ocle) } 
~{i.: Os t< 1'\-1: 'PREF(TR(s,.l;(Eiu,;v,); sc:+1.l)" ))) 

~ 'PREF('TR((s0.l; sn_ 1.L; (t.l~.o~"_ 1 ; "n-1 ))*)) 
= { l 0) wrtl-a &l.ib.ttitut io~ 1 

PREF(TR(({t( u0 .; V0 ); ... ,; (tI u_,_1 ; Vn-'1 ))* )) 

= { CGllc.ulu.s- } 
PREF ( TR({ u0 ; v0 I ... I un-1; "n-1 )" )) · 

( E~ of exo.""pla) 



2.. 3. Rec.u.r.rion 

We. .SilJj thQ.t: Q. component C has COMPOnent: D a.r 
o. compo.:sil'l.<a part iP C hcu Q .subcoW\f)On!Z.Mt i:.ln.o..t e.it.ker 

'tt ot ~p.e. D or kQS "D a.r (À c.owt.posin9 peut. A 
co~Mpone.nt 'ts ~llctd !;JC.U~f!ve ·,r ·,t, hc:ts ·,t:..self QJ' c:t 
coMpo.si""'-9 pc:trt. ~e w~ ·,n w"'ic.k we have drz.fi\1'\ed 
COh.llpott~el'l.l:s excl.u..dos tke!M to bJè. rec.t.A.r.S"ive . We eo~Ld 

have Q.tlowlèld l'lt~r&iC~t~ but: in I:~ et:lSe. o""e hels to be 
mol"lf. caretlUl \ol.itf:l, t:he -#Or-ulo. dtitinil'\9 TR ( c) I whicJ., is 
the"' a r.ecc.mave t2Cfu.c:ltioll\. It MQ.~ ha.V"e .sev.ero.L solul:.ioll\.r . 

.Suc.h a soll.cE:io"" 'e.r net ne.c.es.sc:tri~ a re9tAIAr -l:.ro..ce strtA.<:.wre 

and ië nuc{ 1'\0C b.e. pref!~ -c:lo.s12d. '{.., -E:.!.I"•s MOII\ogn=:~.ph we 

r.e.stricl; our.selve.s to nonrec:ursilfe c.o~n~nt.r anc:l mere~ 

pre.seM-t 1 in ~his .sec~io"' 1 o. few 12xampl2s of ~ursio"'. For a 
disc.u.s.sioVI ot rec.ursion we rrzter to [2. 'f] • and we. follow 

~12 su.9ge.stion tho.e J in -t,hc on:ári"'9 o~ pa.9e. 11, t.he least. 
soC.ution conto.inir'l.9 thq. e.~ tro.ce. be. tht tro..c.12 strw::.l:M.re 

oÇ C . Wrt C"lll t.~is tkca le::ut 1 nonf:.rivic:û. .soluéio"' . 

~xo.wtp.lca 2.1tt-

c.om .S'IW\ { ""' p) : 
.sub .s: sem 
((..,> &.v)it'~ "~ p:. (s.p; p)* )lf 

Acc.ordi~ to [27] I:"'• -l:.ro.c.q. si:.N.ct.u.re o~ tl·l•s Co~Mpone.nt 
.satufies 

TR ( Se.n'\ ) = t> EL (V, p) 

wher:tl t>EL ·," as def'il"'.cd OI'\ po.<.:)~ 3lt. lhit ·,.r not surprisin9 
'tf we COW\FI"E éhe o.bove prograM 'b!l(.t w·~ t.he ult"• MO..te 

pro<jraM text g"even -k>r sem k ·,V\ eXaMple 2.11 on PClt31l s~ I 
o.nd H~ we reMCMblzr t.~c:d:: OE.L( v, p) ir tke Ll-i-t- a.ç 

TR ( sem k ) tor i~creo..ri"'9 kJ k ! 1 . 
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For eQ.C.~ preAv. t:. 
have thc::té t~~ lell\9~ 

len<3t~ of tt { v., p J • 

of a. ti"QC.t oç ~he. cowu'l•'a.""d we 

Ot ·f:.t { S. V" .S, p} ÎS' c::tt MO.Sf:. f:.he 
As .s~wn ÎVl [21] l:.his i"""pi.LI2s 

that the ·t,eQst, nontrivica.l solutioll'l oÇ -t:he !'12c.l..4.r.sive 

defi~'~i"~ TR(.sem) equo.l.s f:he grea.l:est .sol.u.tioll'l. 

c.hose"' to wrib.t .seM QS 

C::OWI Sli!M (v., p) : 

.sub s: .SG!WI 

( (V I s. p) ; ( s.v I p )) "' 
~oe. 

thel'l ~~e {eQ.Sé, ~<>~trivial solutie>~ woulei c::t.~a.iv. b.e DEL(v, p) 
bul 'rt would ditter trom the greca.test solulion, wl.ic.h '•n tirlis 

c.aSlt is < { v, p} "' .. { v, p } > . 
( Evtd ot UC\Wlp{Q. ) 

ExamP-le 2.15" 

IV\ this example w12. di.sc.uss a binC~.ry sort.er. A b'11•u:::m!J 

.sort:cr ·,s "' c.ompoll\enl:. tha.t mc::till\tc:\ ir~& a. b~ of b 'u•\ll\r!;1 valMes. 

At C\n~ time a va.IM.e ma.y b.e added te> t.he b~ . A v~t&.c.e 
mGUj b.e n~m.ovcd ol'\ly if:' it. oc.c.u.r-s ·,., th.e bG1.9. n....rt.herWiore, 

in order to re move a 1 froWI 1:-he bc:.\.9, t.he bc::t.~ shou.ld 

nol:: co~tait~ o. 0. We U-SJ! S~lilllbol.s xO "'""d x1 tor C\,C:ldinl3 

~ 0 or 1 to t.hc bc::tg re.sped.iv.ellj , a~d S~!AI\bol.s y 0 o,II\C( 

y1 ~ ïeW\OVII! a 0 or 1 re.:spac.tiv124J . 1C.e trc:u:c sl:.r~~Are 

of the bin~ .sor~r is prePix - cl.os.ed .. ~nd .czca.c.&, t.rca.ce t 
sa.:ti..rtier 

1:. N ~tO :?! t!! yo 
"' t H x1 ~ t N y1 
,.. A ( s : t = ~ y1 : s N xO = s N yo) . 

Il'\ ord~r to derive et program f:ext for t~ll .sort.er w.re +kst 
CCM.c~~ba on the tir.rl: t.wo inequc:dt.t~s. tc::t.c~ oP o(-;~czs.e. spec.içiE'S 

an unbotAV\ded .SC~phOn!_, to912.-t.h~r t~ .spRGi~ an Ul'\bo"'""dec( 

bi"ary ~· ~e progroM ted.: for l::ke b~ i.r 
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~ bag ( x0 1 JC1, y01 y1) : 
sub bo, b1 : .rem 

xO = bo. v ~ x1 = bi. v. yo = bO. p ~ ~i= b1. p 

If we wc.né ~ a.dd the. re.strid:.iOI'\ 

~ [.s: e = .s y1 : s N xO :: s N yO ) 
to t~e ~9 iY~ order to obta.î" t~e .sorter, t"-en we hQ.ve f:o 

di.sc:a.ble the ~lectio...- of y1 ·,ç, in the buetl. .se!Rd:I2Ó t'-'us 
ft.:u- 1 &e nult'lbR.r ot x.O 's excee:::b 1:ke nu"""ber of yO's, i.e. 

·,ç ilf'l th.e t.rctce. of ba .selt2d:ed t"'u.r fa.r, ~he nuwtbu of: 
v1.s elCceG!d.r -lhe nu11111ber of p'.s . ~ order to COI'\Uol t.he 

sels2d:ion of xO QIJ'\d y1 we rewrite bo.9 c.s feLlows. 

~ bc:a.s ( xO J x1. yo., y1) : 
.sub bo., b1 : .rem 
xi = b1. v.., yo = bO.p 
(xO; bO. v)* .. (bi. p; y1)* 

We hc:a.v.e. V\OW repto.ced ~wo eq\..I.O.ü.l:ies by blendilf'l.9.r wil:h 
b-c:a.c.Q. st.MAd:ufl2.s (1, O)S'fNC( x.O, bO. v) o.l'\d ('\,O)SY»C( b1.p,.yi). 
Ac.con:iing t:o prop-c2rt:1 1.4-2 this does not c.ka""~ TR (b~). 
Noeice ~t we o..re nat: ·,~t12.sbzd i" r.estrictin~ se.lec.tio"' 
of x.1 ~inc:e if: doA:?..s 11ot oc:::o..t.r in -t"-e r.equu·em.ent we o.rv 

about E:.o o.d.d. ~e. .S!::fl!'lllbol yO .. howeve.r1 do.u occ.u.r i" 
it. Yet we ~ee..d nol: restriet selection oP '::J 0 ..sinc:e OI.U" 

.fir.st inequo.li.tlj 

t !! xO ~ t. M y 0 
a.llows the requ"1rement we o.Nt clea.Li.n9 wi"" io bA wr'd::teiJ'\ c:a.r 

~ L s: t. = s y i : s .t! x.O ~ s ~ y 0) " 
Which ·u· not fa.lsi~ b~j se.lced:.ion of yO . 

Next; wc. .sl'-gW:.lJ; """odi~ bo by a.d.di"'~ to il.:. . c:a. .r~..-bot, 
e sa.-; 1 l:hcü; occ:.CA.t'.s ·,IJ'\ a tro.c.e ot: bo o~ ·,Ç' it i.r 

preceded ~ Gln e:,uc:Y. nuMb.er oF v'S" c::t~ p's. Wtt. do .ro 

6o 



~ C.~iN3 the ~pe t:l- bO fr-om .sem to .SOl"\ • 

~ Sam( v, p. e): 
.tub $ : .rom 
e*; ((vj.r.p); (s.vl p); (.s.e; e1t)*')* 

~ 

41'\ irl'lariant: ct l:he. outer- repetition of .start\ i.r tka.t ~,.. tke 
tro.ce thu.r ~ ~l.ec.blld , t S<:A'j , 

t_ ~V + t~ S. p = t. ~ S. V + t ~ p ; 
i.e. t ,, 

,;~"- t:;~ p = t N s. V - t bi .J. p ' 
i.e. 

(tMv=t~p) a(tN.s.v=tt4.s.p), 
whic.l-. ju..rf;iÇier tke possibili~':S of scûu:.tin~ e ·.ç s.e c.a." bf. 

sclec.btcl. AFtu .selet:.tioll'l of t~ C.Ot\1\mal'\d 
(V j .S. p) 

~ tht oul:.er rcpctif:.io"" we h4V& 1 .similD.r~, 

t,Mv ·t~p = 1+ i:~s.v-t~s.p 
ll.)~ic.k , o., a.ceou"'t of 

f:: t! s." ~ t t:! s. p , 
iMpÜA.l 

t~v). ~~p; 
wWc.h ju*ifles th~ iMpos.ribiHb:l of: selJ!d:i"''j e . "&i.r COI'Id.udes 

~e c.t,Qn9e.s oÇ bo . 

R"'a.ll~:~ ~ tr-a~lOrM bc:l9 i~ .sorter • 'Ivt order t.o 
gua.ro."'bee ti"'Q.t, il'\ tke t.rt::~.et~. t,!,u.s ~ .sel.ec.ted, -l:.l"'e l'\u~Mber oF 
xO 's aqua.L.s the nu....bar of yO's , f::ke .se~c.f:io., of. y1 is 

pr.ec.ed~ b~ .se~d:iol'l ~ bO.e . SelecéiCM ~ bo.e impUe..r 

equa.lt.b:J o/! tke nu""' bet" oF bO.v 's O.l'\cl bO. p's ; i.e. 

equQ.lt~ d lhe. l"'uMbv ot bO. v 1.r O.ll\d yO'.r . ~ order 

.f:o 9ua.ro.. .... t:ee equo..li.b:f oÇ ~ r-umbe.r of:' x0 1s o.ncl bO.v '.r 

~ s.elecéiot1..r r:J. x 0; bO. v afld bO. e. i b1. p ; y f Q.re Mc:tci( 

mut~.AD..~ exdusivc. We. Utus obt:Dit'\ 
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com sorl::er ( xO, xi1 yO, y1 ) : 
..:sub bO : som 1 b1 : sem 

x1 = b1.v I 'JO= bo. p 
(xoi bO.v I bO.e; b1. p; y1}* 

moe: 

lhi.s COlll.clude.r our di.sc:.u..r..rior1 o~ tl.-!e pro:3ra""' ~ot:.o..t:.ion. 
It is olten s~ t~Q.t 1 o.Lt\-lou.9h r~ui.D.r eKp".r.JiOVIS' W'l""'d be 

ustd tt> .s~if~ ca~ t=l.,ite proct~s.s, thelj ore Mol: Q.Lwo..'d.r Q.S 

CDr~c.i.se os owt n.i<3hl wo"'~ ( e.t3. (l] ) . Exo-puu of tl.-!e. 
lAtter lc.i"'d c:tnt c:ode coMversion, bu~, o"d divi cie. - b~- n 
COWOMpontn~s. 1, e.JtQW\fl..s 2..6, 2.8, a"d '2.9 we ho.11e s-kow"" 

t.\n.Q(: wllelvi~ and. blerv::iin~ , etpre.ssed b':f C:OMMO otl'l.d su.b

C0MponeMts1 admit:- COIII.c.ise progro11111S' for the sp.a.citica.f:ioll'\ or:' 
these. COMponent:.s- . 

62. 



In Üli.s' c.hc:tpbzr two indep~del"'t .subjec.ts ll.nl di.sc.~.~.s.r.ed. 
Bol:h oP i.kem o.re rebted to finite .s~l:2 machil"'U. "First, we 

.Show th::l.t: ~ clA..s.r o~ fe9ula.r- tre4Ce ..stn..Acl:we.r '•.r c.losed ~Jr~de.r 

weQvÏt'\9 Ot'\d blen.di"S. WIL do .ro by con.sl:rud:i~ appropriQ.I:e 

~it'\h .sto.be W~Gle.ki"'e.r. Se.col'ld I we dlscuss an c:t.l.<3oriti-lm tor t:"'e 
m'tnimi'!D.~ion of ~e nuMbt.l"' oP .stc:Ues oÇ fi"'il:.e .sb::U:.e mc:tc.l.tine.r. 

~ -lhe.te two .sed:.ions our W\GlnipuU:û:ive need.r Q.r"G! s~htllj 
di~.erent. and, h12.nc.e, w.e. .skotl u.se two .sliqhth:J diFFerent 

1'\d:atiot'\.S' f'or tinite sf:.ate mctchint'S. 

D: is ""ell- klllow"' tha.~ rc~uw e~tpre.s.s-ion.r ol'\d finiE:e sl::oJ:.e. 
mac.kine.r defïne -tk• .SOMe .set oç tro.a sh~.AC.t.u.re.r : tl-•t. r.e~ul.l:u-

~ .strl.4d:c ... c.re.r. "Rulta.s e.xist tor de.rivit'\~ a., pos.sib~ nOt'\• 

de.bumini.sf:.ic.,.. ~inibt .sta.l:.e Mc::tckine trol'\l\ o. ret3ula.r e.x.prt.ssion 

builk up trOMo'l .syWibol.s oç a certo.in a.lpha.b.el: ond l-.1-le opero.tio.\.r 

conco.bitncd:.iol"' 1 UI'\ÎO>'I 1 and Kleel'\e ciosure 1 suc..h tho.t: upre.r.rio111 

Oli'\d mQc.l.tili'\e deti"'e the. .rc:two.e tro..c:t. ..s~r..u:.ti.A.I"e. \J,a .s~a.U. .sl-\ow 

H'\c:t.t the c.lcu.r cG r.egu.!Jar ti"'O.C2 .sti"''....C.b.A.r.t.s i.r c.losed U.t'\d.et

wea.vi"U3 and blel'\dl""9 bij conStrUJ:.ti~ o fl"'i« stcû:e Mc:tcitil'lf 

accept.iwv:t tke wec:tve. or ble.Md ot two -lro...az.. ..sti"\A.C.ti.IJ"fts d.ef:l"'ed 

b~ reguw expre.s.rion.r. Wcz u.7e tke C.OW\~11\c:ls from .scd:'u::>n 

2..0 to deV\Ote re:3uttar (i!l(pnes.siol'\s. 

We duc..riba a fini~ .s!:a.bt ~ac.hilll• bt:t Q qu'tnb..tple 
< 8, Q I iq, fq I T > 

w~ere 

B I.S Qt\ a.lph<abel:: • 

Q is o fiftif;c set oç .sf::at:c.r, 

iq is a"' eleMent of Q, co.U.(ld t~e iftitical .sto.t.e 1 

fct IS Qll\ elttMCII\l:. oP Q 1 c.a.lle:;i ~he titi\Q.I. .Sf:l1te., o~d. 
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T IS' a fir~il:e .s.et: oF .sb:t.l:e t:rCi\"'s·,t:io"'" p ~ 9 , where 

pE:Q " 9eQ A (seB v s=f:) 

A t.ra.c.(! C1 tE 8:1!' 1 i.s a tra.c.e trom .sta.l:e 9 to sta..te r if: 

.s {i. : 0 ~ i.< "'} a ... d p{ i.: 0 s ~ < M 1) J n ~ 0" uist .sucil. t'-'c:U:. 

8(i.: Os~<r' p(i.) ~ pH+1) ~ T) 
A CONCAT {L: Osi.< n: S'(t)): t 

A p(O) = CJ 

"' p (n): r 

The trQC2 sl:rw:.tu.re acceptQd by Ci\ +1"'ite st:Qte ma.chi"'e cottl:a.i"'r 

pnaci.sel~ o.U tro.02s fro"" il'lil:ia.l .s~ ~ ti ..... a.l s-ta.te J a.111d it.r 

o.lpha.bJLt is the a.Lphabtl.t of .f:he .fi."'i~ stct.~ m~'-'i""e. 1-te"ce, 

the b-act st.ruc:b.n iS' 

< { t: : te 8 * A t: i.r o. -t:ra.ce F'rom i9 to f~ : t } , B > 

N~ we reca.U. t:he cla.s.sic coV~.str~.A.ctio"' rtA.LeS' for a. H""it:e 

.sta.tc2 mo.c..Mir\e, 9i11e"' o.. comMQI'Id. Jke c~sl:rl.lctio" i.r Gk!Ç; ..... ed 

rec.~.tr si VIL~ 011.er t:l.te C.OmMa..d 's struct\.AJ"e. 

A commca"'d consi.s.f:il'll3 oF Ci\ .si"'<3le s~;:~mbol 
b 

correspor\Cis l:o t~e ti ..... ite sl:cU:!e IMCi\.Chi""e 

< { b}, { tI F L ~- f I { L -4 i. , L -4 F' ç J...., F } > 

where i. a~~~,d f a.re fre.rlo, nam~s. Notice tha.t we have 

il'lcl.tA.ded ê- b·ansition' from fl..QC.h sta.M t:o '•!:.relt AU ti ..... ibz 

s~ mo.c.hi~~~es i111 thi.r .Mc±iol'l will hCitiiE! *.hi.r proper~. 

Co ..... ca.ter\o..t:.io"' J c.omMCit"'-d~ 
~::. F 

) 

whenL ~ c.orre-'po"'d.r -to -éhfl.. .fl"'ite .sta.bt W\Ci\.Ghi"'e 

< A" 'P" i.p, fp., S > 
on~ F corruponc:ls to 

< B1 Ql ic:j, fc:t~ T> .. 
Cit"d 'P aw::l Q are disjoi"t 1 c.orre.rponàs '=a 

< A u B.. P u Q , lp.. tq, S u T u { fp ~ i.9 } > . 



k tile .SO.M,Q ..,fillf\1 UlflÎOrt J COWII'III.Cll!flcl.s' 

E.IF 
c.or-respol'lds b) 

< A u 8, "P u Q u { i., r} I c., ç, 
~ S uT u { i.4~, ~J... i.p, ~~ i.q, fG'f.l...f, fp.l...t', t.i.. P} 
> 

where i. a"d f a.l1! ~.sh na Mes. 

KleCI.Y~e c.l.osu.r« 

E* 
corre.sportds to 

< A , 'P, lp.. Fp , S u { tp ~ çp, fp ~ .lf} > 

!he weave of' C.OMMcand.t 

E.~ F 
i.r .sli9h~ MOfl2 ela.bora.te. It c.orrespo..u:b -to 

< Au 8,. 'P x Q, <ip, iep, <tp, fc:r> 
1 { pi., pj ~ Cfk, 9l 1 $ 

> 

: pi. E p A pj E 'P A qk E Q " Cfl E Q 

"(sE' AuB .., s= a:) 
" pi. ~ pj e S " qk st8-. t.tl eT 

} 
< pt, qlc > --L...e. < pj, ql> 

ïhe cortQCl:rt12.ss of: ~his consl:.ru~iOrt follows dine.~ F'rowt ~ 
deÇirtil:ions o~ weo.vi~ and oj:: the -b-c1ce .st.ru.d:.u.re a.cc&pt.ecf b~ 

Q f1 nite .sba.l:.e Mcac:.hine . 

T"'e ireclu.sion oP trai"'SitÎOf\.J p....!.... p for- a..U :sto.t:.es p in 

the tinibt sb:abz. M~ac.hiY~es as de.sc:.ribed o.bove i.r u..sertf::io.l .for 

i.he COII\cise cho.ra.cl.erita:l:.ion of o. wii!.Q.~Je1J Çi"'iE:e. sf:a..ée 

MO.c::.t.ir\CI!.. 1ha ... k.s io these (- trt:art:sitiol"'s wtt coule<\ ~avoid. t!A~t 

di.sl:itotctiCY~ betweb\ t:!.tre.t. ~.as I VÎ'!. s E. A n B " .r = E " 

s e A \ B , a\0\d .s E B \ A . 'ReW\OIIÎtotC3 ct.U. E:- tto.r\.sil:iont 

.fr-on.. a An\te sta.te W~C~.c:.kine. is .ri:ra&C3ht forwa.rd ~ ntMOVilfl9 f::kem 
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troM &e a.bol/fl. de.sc.ript:iorl.r i.r net si:.ra.i9ktforwQ.rd . 

""fhe a.bove. COI'\.StrucE:ion shows tt..cû: tkc. cle1ss oF r.e.13ula.r 

tn::lC.e. stru.cl:u..nu iJ" c.lo.s<!d unáer- w~vi"~· Blc.ndill'\9 c:c::l.l'\ ~ 

dec:\ U: wil:h i~ a. .similAr WCU:::f. In order to obtain a. ~iri1te 
sb:aJ.:c. ma.d.ine thca.t a.c.ce.pt.i tl-te. bleV~d " the. Oll\ly Gl~\~~e 

raquirc.d in the. Qbove COI'\.strl..ld::ion is t.l-te c.ha"'3e c* ~e .sCa.l:ra 

.f:n::msi tic"' s ill'l.l:o 
< pl, qk > S~(A+ 8) < pj, ql > 

anc:l oP tl.,e c:tlphab..t i"'to 

A+ B . 
from ll-.e di!Fill'l.i~ion o"' fXÄ-9e '2.5' it tollows tha.l: t.hi.r chQII'I.'jt 

yüUds a. +il"'.i.f::e .sb:û;e IWI.Q<:kine c:u::c.epti""<3 t.IAe ble"'d. He.V~Cil" 
nt~ufar tro.ce sl::n.u:.t~A.RJ" arsz al..so c.lo.red under blendi"':J. 
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3.1. Minimi'lGid:.ion of tinil:e .rl:ob! mc:tc.hiii\U 

In this .sed::ion we pr1!~ c:t beautifCA.L o.~ribk"" for t,.ke. 

Minim;!:c:~.tion óf' tlnif:.e sb:ate W\<ae.ki.ne.t1 al'\C:I a proof of it..r 

corre.c..tne.s..r. MiniMi~c:ttion of c:1 ( pos.Jibly noll\dtal:ermil"'iSt:ic.) 

tivli~ sb:ûz Mc:tc.kine is t:kc! co ... .sf:rc..t.cl;iO\I\ of a. dt.termiVlisl:ic. 

+i""il::.t. .sf::ate WtClc.hine o.cce.pt:i~ f:he sa~e trc:t.c.e. stru.c.f:t.4re while 

hovin<:J tl,e. MU'ItVMUWI 1'\umb.ec- oP sb::U:.es. 1ke ~oril:l<,WI ·,s 

li.f:l:.le. ~\'\ despite its overwkelmi111.3 .siW~plic.i~ . Wc. hc:a.ve seen 
il: in f:ke U~b.c.te onU;J tor lhe c.o.J:tl. ot c:a. dete.rWtini.séic. tl"'il::e. 
~te ma.c.kiAt. c:tnd wiE:houc proo~ oF correc.l::nes.r [0]. ïhe. 
pr-ooF E::ho.f: we gi~e here '•.s es.serttia.llA::t du.e to [2.2] . 

We. l'\OW pnz.se.nE: t:he G\l:3oril:hm. 1ke rever.se R M of a 

fifii\Îte sb::i.e WIO.C.hine. M ·,.s obl::c:tined trotM M bij fir.st. 

reversin9 a.ll .sta.te tron.sif:ions Qnd imen::.kc:tll'\gil'\<3 fill'\c:a.l al'\c:l 

inif:ic:a.l ·.sb::Wzs. by neltt a.pplyirt9 ~he welL- ktr\own s~..tb.s(l.t COI'l

s:'trud:ion to metlet il: determini.stic [141 1 all'\d b~;~ tino.lL.j 

omil:l::in<:J a.U. unreo.cka.biJ! sba.l:e.r. Wcz .shClU. show th.a.t 

R ( R M) i.s Hut mil'lima.L tinite .sb:;û:.e MQ.c.ki""e o..ccep4;-in.<3 the 

same. ti'Q.Ce stru.cl:u.r~ a..s H . Wc do .so b~;~ .Skowin.9 t.kc:U: 

.ij..,e f:~"Q.Ces c:tcce.pte::l b~ R M Qre the r.e.ver-se. c*' t.ra.c.e.s 

a.cce.pb2d b~ M from whic.i-1 'AM!. conc.Lc.c.de t.h~t R ( R M ) 
and M o.cce.p~ t;~e SaMe ti"QCes-. Fuct.kerW\Onl. 1 we. .sl"ow t.ha.é, 

tor d<ttUMin.ist.ic H , R M ·,, mifll\iMa.l. Sinc.e. lèr c:tn1;1 H , 
R M i.t determi"isf:ic, R ( R. M) is mi"iWictl. 

first. wc reca.ll soMe .sl:a.nd.a.rd de~il"'iéions. A det:e.rMifll\istic. 

finite. sl:o.te MQchine i.s a. quil"f:t.Aple 

< B, Q , qo.. F, d '> 

. \.JI"ere 
?'t·,, \' 

B is G\V\ Qlpko.bel:, 
Q ··s a H111.il1l .set oÇ sta.l:.e.r, 

qO is a.r~ element of! Q 1 ~U.ed i:he it~~.itia.l .:sl:a.f:e, 
F '!.r Q subset: or Q I ca.lled t~e sctt of .Avta..l .st:.a.ttu-1 CltW.{ 
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d iS' ~e. .sb::lba f:I"ClU'\Sif:io~ h.t"d:io"". d : Q x B -+ Q . 
FroM d Cl f'...w:kio~ , o:a.ll.ed .f::ke. d.o3~ o~ cl a""'d a.lso 
de~oted by d " d : Q x B * _.., Q , 'as de.rhted i::l.-ta.t. .sctt:.isHe.r 

d ( q 1 l. ) : 9 for a. U. 9 : q E. Q 
d(q, ~ca)= d(dlct, x), a) tor a.ll q. x, o.: 

9 e. Q " x eB •" ae B . 
ObviousLj 

d (q~ x y) = d (d(qJ x), ~) 
f:Or C4.ll q. x, y : q e. Q " x e. 8* " 
lro.c.e sl:r~.tch..u-~ T M o.c.eepted b~j 

< { x : x E B * "' d ( qO I x) E F : 
~ !he sequ.el 'al::. \.r QS.St.tW\e.d th:l.E: 
on~, i.e. 

'jE. B* . 
H i.r 

x}. B > 
H hcts ~cu:.L\Cil.bl2 sl::.c::t.W' 

~( q : q E. Q : ~(x: x G B ~ : 9 = d (90. IC))) 

b:,uivc.U&IIICe re~f:ion E T Or\ ( ta ï) • il'\d~.tced bl::j a. r~~.tiClr 
.Cre1c::.e. .sl:ru.d:ur.ll T i.s 

x.{e.-r> 'i = d(~: ~.e.(gT)*: x1. e. sT s ':1'", t.T) 
.for all x, ':i: x E (gT)* " y '(gT)•. E. T i.r ri(jht. 
Îl'\VQI"ÎCU\t, i.e. 

x(ET)y .5:$ xz(eT)yl 
for a.Q x, y J l. : x 'j 1. E ( g T) • . lke C!.CfUÎva.le~c:.e clCilJ'S 

~l:aini~ x is de.~obed by (x) . 

Nof:.e 

l:quivc:a.lal'l.c:.e. ral.ca.tio" E T diffcr.r Or\~ .slight~ ti"OW\ tkc. 
Ol'l.l2 irtérod~.Accd it~t c.hcapteA- Ofte,, pcv;.e 30 . E T ·,s d12fil'le.d 
ot~t ( g T) ~ a~d f:ke rela.éio~ tro~ c.hcaptc.r o~e. o~ t PRE F(.T). 

'U: t PRSF(T) = l ~ T)'• the f:wo equi"a.lenc:e re.la.f:ions a.c-e. tkc. 
.so.~, Qll\d of:herwi~ E T hqs OM.e equ.iv~ce c.LA.u W\1\.Cnt; 

~ o:>tutst.l of (g T) * \ ~ l>R.E F {ï) , while. a.lL ~r cll:lss.e..r 

oÇ éhc. two ezt:tuivct.lerw::e refAtiol'IS' ctr.e t.he SQme . 
(Gnc:t <k- nof:e) 

D.tl::ermi~i.stic:. Çinite sf:Qte mo.Gk·,ne D T 1.r, Por Qn~ 
i:.f'Q.ce. .st~ TI 

68 



<gT, (gT}*/(ET), [t}, {x: XE~T~ [x]}, d 1
) 

w~ere 

d'([x], a)= [lla] tor eaU. x, a : x e (9T)•,., ae qT. 
Notice t.~l: d' ·,s well- deFivw.d si~c.e. E. T '•.s ri9ht 'u•wa.riQiflt. 

for f:et3u.lcu· tra.ctL str~A.C.tu.rJZ. I .. ( g T)"' / ( E I) i.s knowVI 

1:o be fiVIi!:e.. 

'ProeerS!-J___bQ 

Th.e miV~iW\«., dete.rtMi~istlc. fiVI.~ lt~e Mcachi\1\e 
a.c.c.epf:.i~ T i.s, a.pa.rt. -11-o"" r.e.~a.IMi"'-'3 of t.h.e sto..te.r, 
unique a~d is 9'"'12.1'1 b':l D T . 
( I:V~d. of proptz.rt~) 

So Ml.lcl. tor the Stalf'c::lcud deÇinitiCW~.r. 

Next; we introduce f:he nof:io!l'l.s 0~ t.ke re11erse ... ,. ""' oF a 
of et f:.rQ.Ce .sér~, anc::l otQ t1"ite sb:û:e W\4ChiVIe. 

wa.r~ t~e. reader tht:.tt:. , J:ill\ce th.ey are closelij r.el.o.k: ed 1 

~o..ll Îl'\diCAl:e e.a.e~ 0~ t:l-lese tkree with the lel:.l:e.r 'R.. 

-\:.ro.ce, 

We 
we 

lhe reverse of' o. tro.ee 
a.l'\d .s:o..tisR.e.s 

will b.e dc.t'\ol::ed by 'R x 

R a = Q t:or a.U. .sy-""'bols a , 
R (x:;) = {R y)lR x) For c::UL t.m.ees 1. and y . 

Obviou.s~ R { R x ) = x . 

1he revers.e of. Q trc:v:e strud::~.A.r4. T wi lL be de~e.c:l 
b~ R T a."'c:l. equca.l..s 

<{x: x E ;T: 'R x}, gT> 
Ob"iou.sly R ( R T) = T . 

CoMbini"'S thes.e .Cwo notioi'\S leOI.d.s to é~e tollowir~-9 properl:y. 

Pr-oP-ert\d_l_l 
'For ~ll ho.c11s x G\nd -tra.a strt.tcb...c.res 'T we ha.\le 

x E !: ( R T) e ( R x) E !: T . 

( !;"'d oP property) 
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Fbr o. deterW'ivtirl~ fivtibl s.ta.tc mo.c.t...ivte 
M = < BI Q, qO, F, d ) I 

~Wi ~ver-Je '1.r denOted by R H and e.<::tuo.ls 
< BI R Q, F, R qo, b > 

wher4!. b is c:letivted .luc.h t.h~ 

M, 

q E b(V, a): d(q,a) E V ter ca. U. q I a. , V 

9 e. Q " ae. 'B " V e Q , 
a"d R Q is del=ined .suc.h t~ 

V E R Q s ~(x : ~< E B • : b ( F, x) = V ) 
for o.LL V : V S: Q , 

ond R qo ï.r 

V e R t:tO = V e. R Q 

An imporb:ant: properéy r.el.o.ti~ tke .st:a.t.e transition fi.A.~Ac.tioii\.S" 
o~ M an d R M ·.s Ute followi""~ . 

'ProP._!:rt~__g 
fol" a.ll q. V,. x : q c Q "' V E R Q ,.. x e B * we have 

9 e. b ( VJ x) e: d l q. ~ x) e. V . 
'Pr"'OF by Ma.tl-letMa.tic.o.l hnduc.l:.io"" 011\ thll le~ oç x . 

q E b (V, () 
!!: { deF. ot c.losuN } 

q e. V 
5 { de~. of c.lo.sur.e} 

d(Cf,!) E V 
!!: { L='Rt} 

d(q, ~t) e V 

for o.U "' : a E B we hQ.Ve 
q e. b (V. a x) 

5 { prope.rt~ oF c.losurG! } 

9 E b ( b (V, <A). x) 
;;; { indud:io\1'\ h~jpotl-te$·1s j 

d(q, R )t) e. b(V, a) 

- { def. oÇ b} 
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d ( d ( q I R x) I a ) e V 
5 { deJ: . oF c.lo.su.r-e. } 

d(q, (Rx)a)eV 
!!! { dQ~. oÇ R} 

d ( q~ R (<A x)) E V . 

(~"'d of propertij or~d prooç) 

Îl-vz ne1et prope.rt~ skowS' 4::.1-\o.t tke ~naCR. stn.o~.c.tc.A.~ 
o.~ptru:l b~ R 1-'1 is i:.he re11er.s:a oç t~ tra.~ stri.Ad:~ 

a.cc.e.pted by M . 

'Prop~_!:! 
For c::t"'~ datermiV~.i.rl:ic ~"'ite .sb:U:e mc:te.ki"'e M we "'Qve 
T(RH): R(TM). 

'ProoP 

For o.ll x : x e Bllt , we ~ve 

XE.~(T(RM)) 
.. { deF. ot T(~ M)} 

b ( F~ x) E R '10 

= { deF. of 'R ~o} 
9o e b ( F~ x) 

5 { properi:lj 3.2. J 
d(<:JO~ "R. x.) e F 

- { def. of. T M } 
(R x.) E S; (TM) 

= { propertij 3.1} 
x E !; ( R ( T t1 )) 

(En à oç prope.rty GlV~à proo~ ) 

Accordi~ to Ol..lr plan it remQinJ' to sl...ow tl-tc:tt. 1 .for Q 

àE.terM"mirtic. tinit:rl .stohe mQc.JAine M) R M '\.S' mÎI'\tW\QL. 

A<:0:1rdi""9 ie propertt;~ 3. 3 w.lt. kn.ow i:.ko.t:. R M Q.CC.epts 
tnac.e sf:r~.A.cture R ( T M) 1 and froM prop.e.rt~ 3. C wsz lcKow 

-lh.o.t N 
1 

N = D ( R ( T H )) 1 ·,s t.h.e. ~i"''nN\O.l +i.."itll stol:e 



M~i-.i"'e a.cc.ept:\"'9 t.ka.t: tf'Q.C.e SE=!"U.ctu.R!. i-lenc.e, w;e o.f"'4t 

-H..,ishctd jÇ w;e .show f::htd: · N o.nc:l Ja M are equo.l up tb 

"""' isomorphi.sM, i.e. a renQMi~ o(! tl-Ie J'f:Q.tes. 

Sub.stif:uf::in<j the detinition oF D iv- N = D ( R ( T M )) 
lea.c:ts to 

N = < B, B * / l E. lR (T M))}, (E] , G, e > , 
where. 

G = { x : x € ~ ( R ( T M )} : [x] } 

c ( [x] , o. ) = [x ca] For o.ll x. a : x 11! B * " o.. 6 B , 
tll\ c:l [x 1 is the fb::J~.otiiiAlenc.e c.lca.:s.s oF E { R ( T t-1 ) ) 
COl\tQinin<J x • 

'Prope.rt:!:f~ 
[x]=(y] _ b(F:x)= b(F,y) for Q.ll x, y: xye s*. 

'Proof · 
[x]:[~} 

: { de~. oÇ E ( R ( T N )} } 

d(a:: x(~'i)e.~(R(TM))- y(Rt.)E ~(R(TM))} 
= { pmp.erty 3.1 } 

,d (-e:: 't(R x) E t(T M) 5 f.(R y) e ~(TM)) 
: { deP. oç T M } 
~(~:: d(qO, !.lRx))e F:. d(90, f.(l<y)) e F) 

e: { pro~ of closu..r.a J 
d('1! :: dld (qOI z), R x) e F : d (d(q0 1 ~). 'R y) e F) 

~ { ccalc.uw.s } 
Alq,~: q=d(qO, ~): dlq, R x) e F = d(9, R y)e F) 

= . { pro~ 3. 2. } 

A(q.~: q=dlqO,f.): qe b(F)x): qe b(F, y)) 

• { M hos rea.~a.bl& sl::oJ:.es onl.y } 
A(Gj:: qeb(FJx) = c:reb(F:y)} 

a { Ot::l.Lc.ulus } 
b(F1 ,c):.b(F, y) 

(End oÇ prt>perf:y Qnd proo+) 
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Ïhis properl:y p.ermiés -tke introduetion oF Q .fu.nd:ion 9 
.sati.s fy in<,3 

q ([x 1) = b ( F J )() tor a.U. x : x e 8 * . 
w~ Sh"-ll .sl-tow -1:.\.v:::û: s is Ql'\ isoMOrphiSM wtQ.ppin~ tJ 
into R M . S'inc.e <3 ~naMe.S' t~~t s~ o~ N il'l.tO 

sWes oP R M 1 we he»JtZ. to .s~ow -ll-to..t it. l"eii\QW\li!S' ~ke. 

Îl'l.i-ti a.l a"'c::{ Rlf'la.l ~ of. N i~ t.he initi~ a~d .RVIC:Û. 
.sl::c::û:u ot R M re.spllGtive.ly' 1 c:tnd ~h.a.t 'd:: Fr:rt.r..e.rves- t.!Ae 
.sf::Q.te tmnsil::ion ~1'\cbOl'\. 

'ProP.e.rl:~ ~ 
9 ( (&1) = F 

'Proof 
-9 ( [E]) 

= { d.ef. of 9 } 
b(F,E:) 

= { def.. of c.losu.ne J 
F 

(!;1'\c:l of property and proot:) 

'ProP.e.r~__±! 
'Fbr c::tll x : x e 8 • 1 we hQIIft 
[x} e. G _ ~ ( [x1) E 'R qo . 

'Pn>o~ 
[)(1 € c;. 

a { det. of G J 
x € ~ ( R ( T M )) 

_ { propeM:~:~ 3.1 } 

(R~t)€ t(TM) 

:: { def. of T M } 
d (qo, 'R x) € F 

e { pi"'pe.rty 3. 2 J 
qo e b ( F, x) 

;; { det. of R qo} 
b(F" x) E 'R 90 

13 



a { deF. oF 9 J 
g ( [x] ) E 'R qo 

( l:nd of=' property 121'\c::l proof ) 

'PrcP.eri:!j~ 
For a.U.. x. a : x e B * " Q e B , we kc:we 
«J(c( [x], ~n ; b(q([l(l), ~) 

'Prco~ 
g(c.([xJ, Q)) 

= { deF. of c } 
9 ([x a]) 

= { def:. oç t:t } 
b(F" xa) 

::. { de~. oP c.los1..1.re} 

b(b(F"x), Q) 

= { det. c* 9 } 
bl<:j([xl), a) 

(End of propert~ ar\GI pr-ooç ) 

'Pro~ _ti 
N Qnd R H are i.tomorpkic:. 

'Proof 

From tke deHnition '•t. follow.s -lhc:r:t c;3 MQ.p..t 
B*/(E (R(T t1))) ~to R Q. 

FroM propert~ 3.4 it fotlow.s ~t 9 '•.r a one-to-one m.t.\ppi~. 
FroM propzrty 3.5' 'tf:. foUows ~~al:; 9 Wt"f>S [E] owto F . 
FroM prope~ 3.b it foll.o\AI.$ éha.t 9 Maps G Oll\to R qo . 
F ro...., prop~ 3. i '.t. follows thAI:. 9 preser~~es l:.ke sto..te 

W..sitio"' k.""d:ion. 
(End of.' pro~ and prcof::) 

11-b.r properiy con.c.l.w:::W.s oCA.r- proof obli.~tiol'\..t and" ker~ce1 
thi.r c.hapf:er. 
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4. VLSI desig~ 

4. 0. lnl::rodud::ion 

V L SI is a tec.h"ique oç c.onstruc:.ti"S semiconc:lu.c.tor-

chip.s c.ontainins a la.n:ae. nuM.ber of adive, eled::rol'lic. e.le.mel'\tr. 

Since. these el.eme.r'lts opero.l::e. concwre."'t~, VLS I nic.e.~ 
mQtc.ke.s the. C.OI'\c.urre"'ty st.t99e.sted b~ Ute. pft>91"Q'm nob.::ltion 
ill'ltrodu~d i" du:lpbu two. A chip <:or'lsi.s'ts of pa.ds 1 

-lro.r'lsistors, and wir-es c.o""'ecéi""9 !::heM. 1he. pQQ.s a.re 

points via whici-1 tke. ir'lberc::t.d:.iOI'\ wif:.h i\.te circuit• s e.nll'iror'l

Mel'lt tabs pla.ce. the. wir:e.s pr-opQ.Cja.f:.e e.lec.triCQ.l .siqna.L.s 1 

OV\d the. ti"Qr'l.Sislors eiE:.her hl.od: or propa.~G\.te ele.c.tricc:û. 

.si9nQJ.s. ~he. po.ds, b-o.nsi.stor.r, a"d wiru G\.r:e l.o.iel Ol.lt in 
the plane. ne.sicani~ a VLSI c.irc.~..~it:. t.hus c.onsi.st..s of 

de.sisnin9 b~ an il'\berconl'le.cl:.ion s~e.me., ~Nhic\., is 
c.a.Lle.d o. sd,el'lll.a.tic. 1 C\nd a la.youf:.. thereo~. 

Over the 'jea.rs, inCet:3rc::û:ed circ.uits ho.ve bc.coMe. .SIMQ.ller 

1n .s .. ,~e. Il:: is inte.re.sti~ to .st:.u.dy o c.it"C...lit1.s opero.t.ion 

whe~~~. 'tl ·,s- sca.l~ dow~~~.. 1he tiMe r.equ'u·e.d for e.l12c.tri~l 

.sis"'a.ls to pro~ via wiru is co"'t.roll.ed b~ two 
distill\ct processes. One. process is drift ·,n Glll\ eled:r•c. +lald. 
Drij:t is the. n.e.l= e~~ tl-l.o.t o.n e.lec.tdc field ho..r o"' the. 

~er~~na.l MotiOII'I of d,a.rgCi!. c:a.rrie.rs. Îl-le. olhe.r process is 

ca.lle.d di~fu.'Sion . Diftu.rion. d~abermine.s the rQ.t.e a.t wl-l.ic.k 

*kQ. vo~e. drive.n o""to Q. wire. at on.e. po'1nt 2t:i'··u::4li.te.r 
ac.ross t.he len~h oP ~ke. w'1re. ; '•t '•s c.ontroU.e.d b~ t.he. 
produc.l: o~ t.he re:s',.sE:ivit~ oç the wire. c:tl'\d its pa.rQ..sitic. 

CQ.po.c.il::o."ce. 1" short Wll"eS Ute de~ indu.c.e.d bcj driÇf:.. 

doMina.tes O.l'l.d ÎV~ lo~ wir-es dirtU.sion. doV~~~ir'\QteS. 

Sco.U.."~ dowr'l the .s'•u oç Q VLSI circuit attttc..t.r t.he. 

de.\.a.lj oP wh·tts oç c::li~j:e.renl: leln9UI in a dil='fe.reV~t Wc:t<;:j· Îhi.r 

CQV~ b.e. .se.e..n a.r tollows-. As ÏV~ [ 18}, Vl.f El<.O.I'I'I.Ïr'l€ 
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by divid;n~ !:.hem 

etec.l:ric: fle.lds 

by 0(. 

t.he efF'ed:s of sc:o.li~ down o.ll dimetU'Îon~ 
~ Q ~eter oe . Ill\ order to l::eep o.ll 

c.on.sh:ll~"~t., thE. v~e. is Ukewi.re divicled 

ïhe del~ in o short wire i.r del:er-.,...in~ 

the. c:.har~e c:ar-ri~r.r in Oll\ elec.l:ric field. 

len~tk l , and elec.tric field E. , the 

b~;; t::he dri~t: oÇ 

For o · vitre. of:' 

delcu; 'tJ' propor-

tiono.l to 

l/ E 
When sc:a.Lin<3 down, l is dhtide.d by t1. , cand. E: ·u· not 

QÇPec:.é~. Hencca, thCl de~ of Q. .short wire ir divided by 
oe . An exc::U\1\ple ot suc.k a wire ·,s the c:.hc:u\nel of o"" MOS 
trQnsistor. "TI,e, tran..ril: time -f:.hereoF '•.s, l:hend'ore, a.lso 

divided b!:J oe . 
The d.etJ:t.1;1 in o loii\C3 wire i.r deterMincd b!f ciiffusiol'\. tor 

o. wire. of le~'-' l , w iék re.sistonce 'R Clnd CApclcitan<:.e 

C per t.mit lengt:h, the. d2~ i.r proporl:iono..l t:o 
R.c.ra. 

\Jhen sco..lin<3 down 1 'R ir 1'\1\ultipüed b~ ct1 , C i.r nol:: 

ctfFe.c.bed 1 ctnd l '1!" di"ided b~ er . Covtrequently, 1:1-te 
d.e.ta.y ir U~"~o.~Fe.c.ted. W.e. mo.1;;1 o..lso · ..so.~ 4::.hat the cie.~ 
in lon~ wires incrl2ct.ses relo.4::.ive to lhe d.tl..lct~ in short: 

wints. If o. circuil:'.r operc:U:.ion clepends on 4::.hose r<ilo.thte 

d.e.l~s, *:-ke ..rco.lttcl- down circuit M~ not fi....rtc4::.io~ Qf\~IM~. 

Fmm t:he a.bove we c:onclude l:ho.l: ·,l: i.r o.tl::ro.cl:ivQ. to 

de.si9n .so- cc:a.llild d~- in~~s,il:ive circuit-s , i. 12.. circuits 

who..rc. c:orrecé ope.rat; ion does nol: depc.nd on an~ reloJ:.Ion 

be.l:wa.n de.!.oys, nol: e.ve.n bc.t:.ween dela.yJ' in wiru oF equo.l 

t.e+ or betwCMr> de~.s of .succusi'le t.rannnission.r 'lict 

owte wire. Al!h~h Çor ct .s~tm<.:ltic va.rious l.o.~outs mQ.~ 
e1ti.s~ tkcat diWc.r in re.{.Q.I:ive wire. bln~ 

1 
t~ese diÇFerc.ncu 

ctre irrelevant in the CQSe of delt:ty- inS"ensitive. circ.uit..r: de.lCU::i

~S4.n.sil:illc. c.kc.uits C.l'l.o.bla t:.h'2 sc.pa..rctf:ion of ~he. t.wo desi9n 

f:o.slc:s. A consc.que.nc.<i is t:ho.l: .sc.a.lirl~ down doe.s not o.ffed:. 
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lhe C.OI""nnl.d: hJI'\CI:iOW1Ît'\9 of Q Chip. 

Duc to the possibili~ of separat:iW'\~ l:.h.e t:.wo de.ri91'1 

task.r, ·,t will b.t. simpler to desi~n del~- in~.sH:.ive 

c.ircuib.r f:han ol:::her circ.uit:.s. .Sil'\c.C there. c::tr.e: no a.s.sump

-f:ions on re.btive. speeds, all s:i"chroV\Î'!.o.tion mu.st be. do"'e 

expltc.itllj J ÏVIsl:ea.d oF tÏinplic.iHc; b'::l some c.lod::il'l.~ mec.ha

nism. 1his leQ.ds to a redud::Îol'\ oF proof obl\<aCI.I:ion.r 

o.nd to a c..le.a.rer demo.rc.atio"' oF layoc..d: treedom. 

l-\owe11e.r a\:l:.ra.cl:.ive deLos:s- in.sansH::ivC!. drcuit:s may be, 
the.re is a h..c.N:{amenl:.a.l problem ! it i.r not: kl'lOWI'l how f:o 

C.OW'\SI:ruc.l:. purelc; del.a.y- insen.sit.ive circuits trom wirq.r a"d 

bunsistors o..Lo"e. It ~ well b.e: impos.sible. In [2.51, 
C. L. Seil:z proposes the. followi"'3 mel::hocl of c.ircuM 11e.nt:ing 

t\.otis probl€m. !he chip ·,.r clivic::led into ..5'0- cQ.UI;!d !soshroW1ic 

or !.9~~mia.l ~9io"'~. lhe r-e9ionr a..nz .so .CW'IO.Ll tka:t, 

wi*:hil'\ ca. re9ion, tke diFfu.sio"' delo.y ·,"' wires ·,.r nctc;lis'•ble 

co\\1\p.:::tred to -the. del~ ·,"' tro.n.r'a..st.ors. Exploiti"5 .f::L-l'•s 

ki'\Owled~.e about: ralGt.t:ive. d.e.l.C~.fdS one 11\11~ construct a numbe.r 

of SW\a.ll buildi"'9 blodc:s. !hcaJe build.i~ bloc.lc.s ar~ \r\ter-
C.On\1\e.c.ted b;; wir.ra.t wil;l, de~s Q.bout w\,.ic.h 1'\0 QJ'StAMptiol'l& 

o.re Ma.de. 1he. circ:.u.iE::.s 4;hu.s obl::a.il'\!i!.d <are. .st: i ll called 
d.elc:ty- iii'I.Seii\Sitille. c.irwit.r. Si~e there is no lcnown tlxed set. 
oP buildi"'C3 blodts froi'VI which Q. sut:'fic.iet'\tl~j lel.r~.e. clCI.ss o~ 

cir<:uits CQ.II\ b.e c.on.st:ruc..l:.e.d, èhere ·,s o. tenden~ to inl:.roduce 

new buildi"~ block:s When.e:11er con11enie!.l'\t. Sirtee tker-e i.r 

no known desi9n m.el:kod .f;l-\,.r '•.r a.ttended w'•f:~ a. ten.dency 
to Choose ~IL isockroll\\e recaions c.overin<3 these buitdil'\'3 

blodc:s. 5CD.li"'~ dowll\ the .sif;e of' o. chip hc:ts repe.rc:.u.s..rio\"\S" 

o" -the Mc:tl(.,Mum nulMb-er ct t\"QnSistors p.ll.r ·,.toc.h.ronic 

rtlgion. As we. hc:tlle seen before , dividi""'3 o_Ll dim.ell\.s·,o.,.r 

~ o1. c:U..so dio~ide.r .f:.he 1:.rans·,t:, time. of: tral'\sistor-s b~ Of • 

Sinc.e. diFfu.s'ton dela.~ ·," a. ~~ohre. of leN3t.h L ·,r propor
tiona.( to 
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R.(.L 2 

Qll\c;l 'R is muH:ipliti!.d biJ ot
1

1 Che le"-<3th of Q wir~ 1 whose 
dij:fu.sioll\ de~ ~ucal.s '=htt t.ran.sil::. -E:ime 

1 
·,.s divided by rxl/2. 

He.ll\cll, t~cz. Qrli!Q oç Cl~'\ isochronie n29Îo11 i.r dhtide.d by cc 3 • 

Sii"\C.At thcz. ~~ oF c:tll 1:.n=-nsi.stors i.s divided. by ot 1 
1 

t.he 

MQXÎM~..tM 1'\ui'MbCZ.r oJ: -én=-n.si.stor-s per- \.rochronic. tt>C]iOn is 

divided by cC • Foc- t;~Q.t. reo.son we would preF.er to 

c.h.oose. t~e '•sochtoV'iÎC ~ions a.s .smot.ll a..s po.ssible . 1n l:~i.r 

r'\'I.On09rQph, howe.v&l"1 We Shot.ll MQice Q c.amprOI'II\ÎJ't QII\Q 

c.hoo.srz. tke i.roc.hronic n!!.9ÎOnS' 11 te<AsOnQbly J"mot.LL •. Îhe.ir-

.si'les all\d contentr will de.pe.ll\d on tke procaram bein9 
iMp<R.mentE!d. 

A.s w.t hc:we. SUil\ •"' t-(".e pnLvious c:.ha.pt::er-, '•l: ·,.r 
pos.sible to derive troM o. Pf"'9~"", writl:eVt in th.e. 11\0t:a.tion 

oP c.ha.pt:er- t.wo, Q detetWtinist.ic fi"''al:e .sta.te. mQch;"'e wko.re. 

tra.02. .struc:.b.A.nl. equa.l$ l:.ke progrGU\I\ 1
S trQc.e .stru.c.tu.re. 

Hence., ·,{:' we. hc:a.ve. a W\f2éhod of- ÎW1plemell\l:.\n1:3 Sc.Ach mc:\chine.s 

~0.11\ we o.Lso hc:we o me.l:hod of implRM~II\tin<a protjrO.MS. 

Suc.h Oll\ ÎMplR.mtnWion ha.s the. Cl.él:.ro..d::'tll'!l properl:.~j i:.k.COI.-t it: 

is, poto.t'l.tic:U.ly, extrem.ely .fctst. FroM the "c:.urr.ent st""t~" 
Qr~c:l tkcz. "c~..t.rnliAt:. Sljmbol" t.h~ "new st::a.te." follow..t witl"ouf:: 

o.~ compui:Cl..tions, merety b~j t.o.bl~- looku.p, so to sa.Cj. 
AN)ther Qf:tra.d:'"'e prop4rt:J oF .suc.h an impl~Me"t"'-tÎoll'\ is 

tht obsel'\ce of' On!:j probleM rela.ttd to unbounde.d cho.H:er 
(c~. eiCGlMple 2.11) . Ur~bounded ehQI:;ter ManiÇesl::s itseU~ 

Îll\ ~he. fir~ibt ~be M~c.hine.r COII\Struc.te.d ill'l std:ioll'l 3. 0 o.s 

a. c:.c.Uc po.t:h ot (.- tra~A.sitionr. SiiAC:til. ta.ll E- trQI'\.SitiOII'IS 

cca"' eCl.sily b.v. removcd, un.bounded cho.l:l::er is e~si~ 

rtii.MO\Ied. 1he ntvcr.r.se c* the mt~~.da.l is tke potell'ltia.Ll~ 
gi9a."éic .site. cf o" i"""Plerner~èa.tion. 1he ckip otea. re::tuired 

~ iMpUtMttr~t Q ti~Aite .st.a.t:e ma.chine is, ir~ the. worst co..r.e., 
proporl:ion.o.l to the nuMb.e.r- oF .stQ.f:es of ike tr-Q.e.e 

.sl:ruc:b.tr.c. [?1 . 1ke nu""~r of st:Qtes oF tke. btt~~.nd of: 



..romt. b-a.cc .sl:rud:ure.r i.r, IV~ tlotCl. worst co..se, t.he. produc.t ol! 

the. V~u~Mbe.rs of sb:û:.e.s of the co""'po.sil'l.c:J ha..c.e. .d;ru.c.t::~.e.re.r. 

He.W\C.fl., ~12. c.kip we.a 'elrows ex.pone.n\:\a.lly with the. nu*b~r of 

c.ompon.e.t.'l.b.s in t.hcr. pro9row. 1 which '•.t nat ve.r:f a.tl::.ra.d:ive. 

We. 1 ~~e.rcr.l!ore., pur.s1..1ct l:;lte. followi"''3 .scr<l\.tegl.;i: a. pro<_3rc:::\m 

'3i~tcs rise to a. tinibl .st:a.be ma~.ch;ne per COt'll'\pone"t " pw.r 
interc..onl'\&c.l:ions betwca12.11\ i:ke.s:e. ~a~.c::.kiner b~ whic:.IA .eh~ 

C..OIMMI..41'1ic::.Q.á!, "lhe. l.c:ujoul: o+ a. cin::.u.\t iW!pl.e*e.""l:in' a. prosmwt 
t.he."' consi.sts ot two pa.rt..r : one pa.rt for the Hnil:e .rl::oJ;e. 

ma.c:.i.line.r whiclt elChibits Lir~.~.a.c:- growl::h wil:h -the. nc.tlll"'ber of' 

eo~on&t'\b, Q.n.d Oll\12. po.rt for- t.he. il'\te.rcDnV~e:.E::ionJ' whic.h i.r 

cut:.imo.ted to .ex,l-\ibil: q\AQc:lra:E:.ic:. srowt.h, Îl'\ t.he worst c.o.se.. 
Wil:k t.lnis implem.evtt.o!::ion M.e.thod the ~ve.rs12 ~ t~e Me.do.L 

\s, oP C:.o~.tr.se., t"-a.t Q si~l12 ext:ern.o..l commu~Aico,~ion ma.~ 

le..a.d to a. lot o{:: inbl.rnc:U. COMW'Iu"ica:E:Ion : ir'l -!:.he ca.se oP 
IÄVI bo~.otnc:{ttc:l cka.E:blf.r ct\IC!II\ f:.o Q.fl'\ c.tlf\bO~.end~ ClMOUn-t of 

Îr'léerrval COMMUfl'li~ion. In tl-te se.qucr.L we .sho.ll V\E?c:llec.l:. 

l:!,."e problc.m or: 1.4n~nde.d chC»..I;.ter b~ a.nd lo.rcae.. a.n.d wet 

slna.tl in.troduce. C.OV\c~rre.ncy to redvu:e the tii'VIe. re9uin2d 

~ inte.rno.L C.OmM~.CV~ÎCP.tions. Îh.e '•sockroi'\ÎC re~ioM reharr.ed 

to Q.bovcz., will b.tl c.l-\o.rcz.n. .sc.~.ch tho.t eou:..h cil"C...4i.é i"""ple..
mclllti"'., Cl l='ini~e sta.« mQ.c"'i"e i.r e""'bedd~ w'•thi.... Olf\ 

i.roc~ron.ie r.e.~ion. 1he ór-e~.eits olii.Ci tht cov.,.u,.,~.e"i~t,'on.s 
b.e.tween them wilt bc .r~..~eh t:ha..t t.h~ '; ie.ld Cl. del~ -
ÎV\Se.n..sit.ive circ:.u\4::.. 

We. l-.a.ve. definttd tkCl b-a.c.e sh~Ac.tc..U"U de.rcrib.e.d b::l 

P1"'0<3ra.m.s. u.si~ blenc:li~, Q c:.ompositioV~ opera.tio"' ba.se.c.l Ol"' 

the simui.E;Q."e.ous pa..r-E:ic.ipo.tion ct i:.wo COWIWIUrtiCOI.ti!f\Cj 

med'c:a""'..rms. .Sucln a. forM oÇ comllt'\unico!:iol"' CQ.fl'lnot: be 

iMpi.Jamc"'btd dii"'E!dly b~ physkal mec.hoi'\ÎJ'WIJ" .since the~ i.r 

c:û.wcays a. de.loy b.d::.w.ectl'\ s.en.dill\9 onc:f ~ccpéion. In -t(...e 
c.Q.Set of ele.cl:ri~l circuits thi.r meons thaJ: voU::a.~.e. t.ro.n.

.sit:ioll'l.s prop~Q.f:R, Q.t some I='\V~ite. spe.e.d o.lo11'1.<3 a. wire. 
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n: we shi"e for de~- insen.si(;i"e circuits ~~~~~ m~ 1'\0I:: 

o...s.suWie ~ a.lL volta.c;,.e. -l:rt::t"'.sll:io111.S propc:~.'3o..te Q.t e9u"-l 

s~ed. As o.. c.o"'s.eque"'ce, w~ WilASt .see to it l:.h.o..t o..t 

~osE:. o"'e 11olk:Cle3.e. trc:IV\.Silion is """'der w~ per wire j." 

order to pre11enl Q volb::l~ll. t~nsiéion from ir'll::(.rÇe.ri>'\'3 

with aV\Otker ot'\e propGIJ3o...i:ÏV\'3 o.lon~ tiNt .SO.Mta wire.. 

Ill'lterftUet'\C.(. fW\igh.t leo..d to ~\."e c:tb.sorpE:ion oP o"'e or both 
tro.l'l.sitio~ or ~ the ·,ntroduc.t:ioV\ oF ne.w Ol'les. Ab.sorpE:ioll'l 

of. tro."'.si~ion.r eqiA.Ol.r o.n in+iV\i(:e delo..c; o.nd W\~ c.c:tu.se 

a <3ri1"1di"'C3 hc:~.ll:: 1 wh.e.reGlS .e.xl::ro.. ~ra"".sH:ion.s ma.':1 cGlu..re 

~o..lf~A"'ccioll\in.~. 1"' th.e set:tuel we sh""ll rll.FAr to ~he 
boundi~ 0~ tlfte 1'\IAMbll.r ol= ti'QII'ISÏtÏOV\S OV\ 0. wire QS th.t 

e.xcl.IA.sio"' oÇ tra"'.s"':'i.ssion inl::erferll.!'t.!· Whe"' C.OII\sl:c-""'c.l:ill\9 

elec.tric.a.l circu.its w.e. .sha.ll .seq. to it ého.t trans 1'11\.ÏSSion 

i"'~rf:ereV~.C2 is uclud.ed. We ma.~ l~en. o..rsc.tme ~ha.t o. 
volto..~ trall'l.siE:ioV\, trO.V\.SMilted b'j one circ.u'•t:, will e>JeV~-tUAU~ 

o..rri"e o..t a.V~-~e.r circuié. IF, a.9Qill'l, we mo..lce no a.SSIA.Mf

~ion.s on t~e speed o+ circui~.s Q~ trQn.SMi.r.rioVI.S 1 a. voLt~ 

trc:~V~-.sH:iOV~-S' MQ'j a.rri"e o..t Q. cin:.uit. b.,eÇor.e. tha.t circuit. ;,s 
~Q.d'=' Ûl re.cei".e it. We sha.lL seq. oo it th.o..t .S~Ac.h o. premc.-

-b..c.re i"'put .signQl does "'ot ·,l'll:erf.e.re w'•th the coW~pu.éo.tion 

tkQ.t gofû 0\1\ b2k>r.e Hvz c.ircuit ·,s r~o..d':1 For tl.trz .si~r~.a.l~ 

~ceptior~-. I"' t~e se.c:,ue.l. w.e. .shQ.U.. retll.r to t11i.r o..s ~!.te 

~KcW.sio"' of c.om~ta.ti~n it~tet"Çe,r(i!.nce. 

As Wil. he\.~ .sac"" o..bo'lle, ~l-.e da.si~"' ot ca VLSI circ.u-.1~ 
COI'\si.rt.s oF the de.si~n o~ Q .sch.emo:t.ic a"'d t~e dq.ri9n. oÇ a 

loyout. We hQ'Ife .sl:a.l:.e.d. the\.~ i"' the C"'-Se of delcu~-inteVI.riti'lle 

circ.uit.r the. -two c:le.si«3n tcuks ma.':::l b..e. sepQro.l:.c.d , with tht 

exc.epeion of. .some n~*.rid:iovts on ~~e ~o~t wi~hin ·,.roc.~roW'lic 

r~ions. 1"" -tl.ti.r Monoc:3ra.ph w..e OV\~ di.rcu.s..r th~ cleJi~n oç 
.seheM~ics a.V~-d ~h~ i.roc.hrol'\ic. region..s re:=tV:,red for lh~ir 

corred:nes.r, aV~-d we .sha.Ll i91'\0re the ~out probltm. Sill\c:e 

-H.te scltem~ic.s will p~.sc.ri~ da(.Q.y- in.s~n.si~i'lle circuits, ""'!:! 
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~yout sa.i:.idyil'lS t.h~ CCII\st:~int:.s ct tW2 ·lroc.\l,tonic: r~ions wi ll 

le~ to Q. corr«t~ ti..U'\cl:ionin9 c.hip. Since we do r'l.oé 
inbt.~d co t3o i~ tW! cup.g.cbr oP VLS1 de....,ice. pk~tia he~, 

wc. botdlc; st:o.be '*:."'cd:. any .se.heWla.t.ic 1 thQ.t \,r ~w:=-.rantuc:t to 
tZKd.c..tdtl b~ -éron.s~i.s-.S'ion and COMp!.A.tcû::ion interPer.ence 

without:. rn~•I'I.S Cl..f.rtA\111\pt\ons on de.IQ.~s: ( with t.k.e uceptio"' 

ck- clear~ de.Mc:trccû:.~ isoc.kror~ic 1"CZf3ÏOr'I.S) 1 p~.rc.ri b.e..s a 
de.fA<;- in.s.el'l.siti"e. circuit. By doi"-9 so we do not intend to 

Sut3<3.e.st f::hc:tf: the problem of Wtc:tki"'~ ~ ~oW:. is~ ·,n a.ny 
wcay 1 Q Vivia.l probleM. 'Part Ot de.si9nirt<3 Q. l~OU~ '1S the 
plo.c~"'c of: t.ke. ~s Q.l'ld han.si.séor.s ~ c:tl'lcl !he. rouéiii'\C:" o~ 

w wil'12s. U.sua.~ lhe. si~e o~ éhe. pcub ·,s tiKe.d ~ bu~ éhe 
.si~ of '="ll. trc:tl'lsi.st:or.r c:tnd t.he. width. oÇ ehll. wi~s de.pe"'ds 
on t.he ~out c:l.-.ol, hczrtc.e~ de.êer&'I'\ÎnÎrtc:3 tho.s:A!. s\us c:tnd ,,,,.,cihs 
is pc:u·t ot the. lQ.yOUt desi9"' b:ask. Al.so the 1'\~A.WIW oÇ 

QMpl.iHc.r.s (" ret.Ays ") ill'l.tll.ri.e.d i"' wiru depll.nd.S OV\ the 

l~out. lhis I'IUWib&r depe"'ds, fot ex.QMp~1 OI'\ tl,o"e W\rrt1.S 

le.l'l~h. ln.serE:io"' oç ClWipl.i~iers in lon9 wints or 1 tVtll\ betl::.ll.f', 

i~" front oç lon9 winu [ 19] 1 do102s ll'lot o!l'llaj !'Yld<.A.C:e t~12 de.~ 
ÎW'\ .suc.h c:l w"n·e, iE: a.l&o reduc.es thl2 ho'ISIOZ sensit:i"iÓd. 1he. 
la.H:.e.r Cc:tlll btz .sun Q..S FoUows. If c::;~ vo~ 'IS dr·.~en Oll\tO a. 
wirc. at one poinl:, the vol.l:oqt will, d~.te to t.hll ciiÇfv..sioll'\ 

proce..s.s, cho.n<je OI'\L:1 slowl'::l Ol'\ c:l di.sb:al'l.f: polnl:: on -4:1.\a.t. wire. 

S~.o~c.h o. volh::t~e ""'i<"ht b.e. used ~ COl'\l::.rol tke .swib:.hin~ o~ 
a. tral'l.sistor bll.tw.e,ell\ t.he co~u.c.l:ii'I.CO and tke bloc.k.i1"1.13 séo.f:e. 
Sinc.e a. ti"Qnsi.st:or is an c:t.t'l.o.~I.Ni! device., -the .s~ 'a.r !l'loe a. 
discre~ but:. a contil'\uo~A.S, tho1111;3h h~tp, +v."'c.f:ion of lke 
C..0\1\trol 'IIOU:Q.9'&. If.' thctt volko.!:JIL cho.""«,312S t.oo slow~ ·,~:: MQ!j 

sto.~ toa ~~ Îll\ Bw . .s(:.e.ep f'I29ÎOV\ 1 c:tl'ld SW'Ia.ll f:luc.~I.A.ationr 

at:' t.'he '110U:.a<3e 1 a..s i~" tW! ca..s12. of II'IOisc, ""c::t.lj th.e.h c.o..u.rt. a. 
trQnsistor 1:o Sl.olitc.h *-o anc:l +'re b.e.bAJee"' the. C.OII'\dt .. ld:in9 and 
-lL-uz, btoc:.bn9 .sE:a.te.. îe;i$' w i tl,.. in ~ll.nera.l, l.~a.d to Mc:t..L-

~"'el::.ioll\i~. He~"c«, ·.p o. tQ.~ut spe..cities a. loll\9 wire, 

O.Mplif:ïers nec..d -to bil inserted. 1ho~"'- tl."i.r will chc:ln9e t:.he 
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wire.1.s c:.l~l~, it: does not c::a.Ptec.~ tke correct hAli\C:.ttoni"'~ of 
~e c..'u·c.uit. 

'We. '-'c::a.'/.11!. f:~IAJ' elttend.ce.d -éke. ~t. -to.sk: .sli~l-\l:.Lj be.!;ond 

wka.t i.s cY.St:ow.::::~.r!::l. Wtë. ha.v.~t d.oll\~ so deü.b.ero..tell:t since. we. 

h~"e. now .sv.cate.ded in .se~ro.éi~ tke dieiW and QnC\.LO<j\AE 

c.onc.~rns. Suc.k a .sepc:a.ra.éion i.r vil:o..l in rtë!.d.l.l.c.i~ the 
<:.oMplexi~ of at'\!:f VLSI desi~n. As o. re.s1.1U:., t.h12 

C.OW\I"'II.~..tt'\'•c.o.tions between i.roc:.hronic regioii\S m~ b.rt él.,.o~hf: 

oç Q.r di.sc.nod:2 si~nc:\Ls. 

Wil!. h~ve. propo.red uc.LIA.s\on oP t.raV\SMÎ..T.s~on o."'d 

C.OW\put:Q.tion inbt.rferencA. QJ a. m~o.ns of: reAlii'il'l.c:l d.e.Lt:u;-
ÎnS"e.ns\tive. cif'C.I..Iil:...s. De.l~- '•n.s:e.n.sitive drc..uH:.r an. (too) 

ltttl& known in -tk~t l.U::e.rc:::d:M..re. 1key ~re .SO"""-eé\""'u 

rehr.rr:e.d. éo b':1 on12 of the Çollowi~ o.dje.c.tivczs, c:t.ll:"'-o~h 
.(!Q.c.k oÇ the.N ho...s c::Wo bee.., u.sed for a wid.er c.lcus oF 

c.ircuits : .st.lF- tir~~t.ed, dele\.~ -in.sel'l.sit:ive, .Sj:~eed- ii<\CI.e.pende.n.l:, 

0\n.d Cll'!:f V~.dtronou.s. 
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I"' orde.r t:o n!A.s'OVI GtboW: rKe.c.~iSMS wko.se. COI'II\rKU~Î a\

t:.ion.r tG.lce. G\ ~OMne9li9ible Cllmounl: of: ti""e, we. fïrst e.xpctnd 

ow- trace theo~. We do so ~ inf:.rodu.ci""-«3 ~a third C:.OI'IIIpo-

.sition hAnd:.ion, c.c:::~.U.e.d ~lt.d:i.,o.tion . A9<3L.A.f:ivu:d:.ion ·,". $ÎI'II\il.ca.r 

to bl.eMdi"'9, but ·,~.::; e.xprer.ror unbol.4nded J ~~w,·,t;e. de~ c:;~~nc:l 

overE:.Akin9. ( Overf::a.l:i~ i.1 the phe.noMe.~"' tiAClt ordec- i"' ti-c 

bet:.wee.n ~nClls ··s not pNZ.rerV"ed b~j -t.ke.ir -tn::~.nSMiJ'..r\o~ i ié i.r 

Q c:.li~ co~u.cncc o&: .f:.l.\e. indepertdence. of de.~s.) "fkerc. 

ÏS" a dic-e.cf::io"" in d.ca~ : a si<3nQ.L1 s .rendi~ p~ce.du its 

rece.pE:ion. fo expre.ss J'~ o.n a.s~""metr-~, Q trClc.t .st.ru..e.l;u.r.a'.s 

dlphG.be~ is po.rtitioned il'\to c:tW'I i"'put. QW'\Q Qn out:puf: aJ.ph.:tloel::., 

botk oP' wl-'lic.k M~ be. e~. 1ke result ·,s co..UJtd. o.. çlirec.teè 

i~ ~flfcl:.u.re. A direc.bd. tro.ce. sl:rt.A.cl:u.t..t. I tr Q triple 
< !:T .. !:T, g_T> 

wkere. 

~ T is t:ke !!2'-!.t::. cû.el-'l~~e.l:, 
e. T is th.e. ?u.ffi~~. ~~, ~T Gmd 'eT a" di.sjoi ... l:., Q.,d 

!: T i& t:.ke lc:-afe -~~ , ~ T s. l ~ T u e. T) * . 
Wtt .sho.tl t.tse eT to dtVIobe !:. T u 2 T . ~-bot.s Îl"' !:. Î 
a.re CCo\lle.d inpul: s~mbots 1 or sc;""bol.s of: ~pe. iW'Iput. 

S13mbol.s i1111 9 T are co...ll4td output s~""bol.r, or S~W\bols oç 
typa Oc...ltput. Whe.W'I o..ppropriat.e, w.e reter to t!All. ~rcu::e 

stn...c.&u.re.r deÇine.d. in ci-tafhr Oln.t QS .!é!:\.9-Jre<:b!.d SI'Qet.,..s,!:ri.A.ct~!!· 
IF l i.r Q dired:.ed tn:let. l1:rr..c.c.b..A.n2. tMn < !: T 1 9 T > 1.r Qn 
unc::lirectec:l trClc.e. .st:.ru.d::t..cre ; ie witi btt d12.n~d ~ !::! I . 

SoMttiW\e.J WA. .,rL"o.(L not upüc.i4:ly di.sti~uish be.tw.t.cl'\ dil"~~ 

alllid ~..tt'ldire.c.btc::l &o.a. strud:CAJt.S" . 

two dired:ed tro.at. strud::.u.res, I a"'d U .r~, will be 
COW!pOSc.d on~ ( usin<3 tke blendi~ or ~'3l.M.éinc.U:Io"' optU"Ctl1Dt"1) 
~Nha.~ bot:Lo" !-T n i u Glll\d 2 T n S! u Ql"1i 12-IIW\pbd I i.e.. for 
eo.ch .s~""bol tk~'::f hc::t\l.e in COI'\I\MO!o'\1 iés t';;p.e. i"' T d;ff.er..r 
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fr-om '1f:s t:yp<2. in U . Tie ~ of T a""d U , de~obzcl 
~ T !:!. U , i.r the · dircc.ted t.rcu:.e strt.A.C.tt.A.re 

< È(!:!T ~ ~U) 
~ (~T\gU) u (~U \eT) 
, (q T \ ~U) u ( 5!U \ ~ T) 
> 

Nobice lhA.t 

( ~ T \ 2 U) U l ~U\ eT) = ( ~ T u ~U) \ ( 2 T u e U) 
.si~e ~ T n g T =- {} = ~ U n 2 U 

'Prof-!:M:!:f~ 
; Fot"' o.U. di~cted t.ro.ct strw:.tu.rcr T Ql"\d U , s~.o~.ch tha.é 

~Tn i:,U = {} = gT n S!U, we ho.11e 

!:! (T ~ U) = !:! T ! !:! U . 

(E.If\d oÇ' pro~rbj) 

ln order to disf:ingui.sk bd:wan J'dW\bol b a..r an out:p~.A.t:. 
.S~IMbol Ql"\d _syW\bOl b QJ' Q~ il"'pu.t: .JYtMbol W4i!. W\.c:llj po.sttilf. 

tke s!1""'bol wif::h ! oc- ? 1 ~iLI.dil"\9 M OI"' b? r.llspec.ti vet~. 
!he S«j~Mbols b, b~, a.l"\d b? a.~ tkru clistlnc:.f: SfdW\bol.r. 
Wa. sho..ll u...se ! tor posl:{:iJ<:Ïll\'3 output syW\bolr a.n.t.A. ~ ço, 
pcml=ilci"''3 input .r.;IMèol.t. 

le~; Ao aN:l At b.tL disjoint Cllpha.b~at:s. If: B ·~.r on 
a.lphabet chen S 1! { Ao, At) i.r t.he c:Uph~ obto.i~.e.d fro""' 

'& ~ rt.plo.ci~ eQ.ch S~Mbol b # b E B n Ao I b~ -t:he posf:-
fï~ed ~Mbol b~ I c::tnc::l eeii.C.k ''::1""'bol b , b € B n A i , by 
~t po.sH'ixf!.d S!:fMbol b~ . IR:Ilce stt or trc:u:e .Sti"'I.A.c..I:~.A.I"'~ 
-rn l Ao, A1) ·u· si~Mila.r4:J obt.Clir'led froiM trCl.Ce .set o... t;I'Q.Ct 

.stt"'.tCf:.t.e.r.e. I . 

IÇ A is' a.n o.l.pl·u~be!: t.hen I:Wt. d\red:cd trO..CII. 3f:rö . .&c.I:W'4i!. 

G ( A 2 is ~n.!td suc:.h ~hcd; 
G(A): ,a(b: bEA: < ~ DELlb!. b?>, {b!}, {bl} >) 

wl.er.t ~ dc&r~obu cord-.in.ued - bl~di"-9 ( c.t. ~ 2 9) . Hotice 



~a.l:. this blel'ldi~~ op.era.tiol'l ·," Qf>pUed to tra.c:.e .shv..ct.u.r~.r 
thc:-.J:. hQ.VIa, 1'10 .S'::jMiool.s Ïl'l GOMMOI'\ Ql'\d

1 
hei'\C.C 1 QINI.0\411\t.r to 

ÏVI\:.e.rle.Qv'u•\.g. k the .seqv..el G(A) w'1Ll 1 froM ~ W~-12d\Q-

I'Iistic poi"'lt of view, c.orrespond to "-he COMW\1.\11\ÏCC\.tio"' 

c..~o."'nel a.lo~ wkic.h th.e .s~""'bols fr-oM A Ql"e. tt'GlVI.SMit.i:ed. 

I~ is I there.fo~~ nof:. aw\C::l.l:\11\~ th.a.f: for a.U. b 1 b e A, b! i.r 

QVI input al'ld bT Qn outpul: .syiMboL oÇ tkl.S tro.ce .shl.4c:..tc..t.re .. 

. U.si~~~.~ *-he o.bove d.e~iVIibOVI..s we. m~ now iV~trod~.~.c:.e éhe 

~,elutili\C\.te of .Cwo dired:e.d tra.CQ. Strw:.b.A.res .. T o. .... d. U 
s~ I t'-'~t sa.ti~ ~ T n ~ U ",_ {} = g T n 2 U . (We 
.shQ.{! nol: nz.pec::U:. thi.r r.est:.rid:lon Qny11111ore ~ ·,t i.r a.SS(.AW\e.d to 
b.2 .so..ti.s?ied tor a.LL direc.ted tro.c:e .str~A.CbA.r.es beill\~ C.OMfo.Rd.) 
1he ~lul:il'la.te oç Î o.nd U 1 denote.d b'::l T 5! U "•.r 
t"'-e. directe.d trQ.CL .sl:.ru.c.b.c .. re 

I?!(~Tn9U1 9Tn ~U)~ G{9Tn9U)! U?!U,Un~T, .2U n1:T). 

lhe o.lp\•u:lb.e.l:.r o~ I al'lc:l U are Mcu:ie. di.sjoiV~t b'::l po.sl:-

f'ixi~ a..ll c..om-on .s~mbol.s.. tn12'::1 a.r.e then C.OVInect~ 
b~ G ( g T n g U ) 1 1:1.-.e ~lc.c.e., so to sa.y. !"' o~.o~.r mec:.hct-
niséic o.pprec:.ia.tioll\ 1 the t~a strl.4d:.u.re.r DEL( b! 1 b?) 
C.OI'IltH:uti~ f:.ke <ai...Ae, expre.ss tt.te dela.~j betw.eell\ the 
.sell\di~~~.g b! o(: s'::lmbol b and t.he. receptie"' b? o~ b1 

i.e.. Utrz~ for""' -the. S«jV~c:..hrol'lii.o.éioVI mechQII\Ï.SIIIIIS oç ull\bounded 

.slad: COV~I:.rolli~ t.he. c.o""'""u."'ic.o.t.io."$. 'ReW\tl.Mbe.r -!:ho.t 
DEL ·,.s QS!;jWIW\~tric : it does n.ot boull\d t.~12. leo.d oF b! 
over b ~ 1 ~Nherea.r the leo.d o~ b? ov..er b t '1.s c:tt MOSE: 

0 . 1he disjoill\tn.e.r.s ot the a.Lpha.bttt.r oÇ th.e va.riov.s DELs 

constH:utilll.~ the 9L..c.e expruse.s the iV~dQptlVI.de"'c:.e oÇ the 
va.riou.r delays, the~b~ a.dM.iH:it\~ the pos.sibilLI::.Ij oP 
over!:o.killl.~. 

Ûbvio~.ts~ I o.U. u.re.VI~ic:U. properties o~ blen.di~ 
1 

cu 
disc..u..s.sl2.d. Ïll\ cha.pter 01'112 1 Qre ~l;o.ined ill\ the CQ!Il oç 

dire2.c.tcu::t i.raC4. struc:.b..t.~S. I"' q.en12.n::U.. 1 ~«3L.c..éil'l..cû:.ioVI hc:l.r 
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.rimilo.r pro{>'trtie.s. We Ment:iort U\C~I: t.h-12. Gl<3<;3lu.êi11'1.~t. oP 
pt'll ~Îlt - closed ti'C\at .stru.cl.IJ.fU is pn2fi.JC- c.lcsed. A I'\Q.Lo9ou..r 

to blal'\di"'9, w.e sha.tl Oo'3c:ilc..û:.i""o..te c::t 1'\tAmb.er- oÇ t.ra.Ql 
Stn.A.cb..c.r.er Oll\~ iÇ' <2a.c:.k s~""'bol occc.~.rS' in c:~.t W\Ost two o~ 

-the.m. U"'de.r ~·IS ~stricl:.io"' 1 Gl9<31J.A.kinc=-.tio"' 'u· o..r.rocia.1:ive. 

Exam~ 4.1 
Let. T o."d. U 
\ = < {o.bc}. 
U: <{dbe}. 

b.te. dired:ed tf'Q.c:e .sl::l"l.oi.CJ:v..re..r, J't.A.ck ~Lv::U:. 

{ G\}, { b 1 c.l ) Cll'\d. 

{ bi d}, \el ) . 
We 4:.kert \-IQ.".ft 

T ~U: <{aclce, o.dec, clace 1 do.e.c}, {a., cl}, {c 1 eJ '> 1 

r i u= < {o.dcel c::tdecl do..ce, da.ecl acde}, {a.lclJ, {c.,e.}>. 
Noeice -tha.t, du.e. t:o t:he c:u~MIM.ebli6, d.ea c ·,.r not a. 1:rucJL 

or: tkt. ~glr.Aki~. 
(t;~ of ~ample.) 

ExaMP.\:! 4.2 
I"" thi.r e*'mpla. SYNC Q""d. DE.L sb:lru:! för dif'Qcted 

.f::C"Q.C.fl. .strv..c.f:u.ru. 1ke (lr.lt Q.rtaYMI211'1.t ·,.r 1:-h~"' o.rt i"'p.A-

.S«jmbol Clrtd tl-t.t. righc ~u~~M.eni: ir c:\~ ouéput syMbot. 
tor f:.hnlll di3l:i~ .s~~bols et, b 1 a,..d c we. ho.ve 

(1, 0) SYNC(Gl, b) ~ (1, 0) SYNC (b, c) 
= { de.f!.'. of !j. o.nd. b } 

(1.o) SYNC(Gl., b!) ~ DEL{bt b?) 2 (1,0)SYNC(b? 1 c.) 
= { property 1.42} 

DEL (a, c) 
Qnd 

{1, o) SYNC {a, b) b, ( 1, o) SYNC ( 6, c) 
= { property 1. 't 0 } 

(2, 0) SYNC (a, c) 

(End oF CXO..MpUL) 

A99~i"'o.tion i.r a C.OMpMi~io"' tuncl:-ion e.xpre.r.ri"'9 
.sylr\Cl.,rot~tit.o.t.io"' wif::h u"'bou"'de.d .s~lc. A .spe.c.ial. co.se 
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~c.reof i.r .s'jr\(:.kroni i.Qéion wil::l-1 sbck 0. ïhe l.c:U:f:er 

c.orrespords to blending. ïhe follovJÎII\.::1 properéld ·,,r, tl-le..re~re, 
not ctnt:i~4-J uneltpec.btd. 

Pro~~ 
lbr o.U. dire.cbk:J t.mc.c. ..sêr!A.cl:W"U I and U we have 

I~U s.IJJ.U 
Proot 

Lc.l:: T I <'ll'ld u I bc. S'I.Acil. t:.h~ 

T' = T ? ! ( ~ T n 9 U 1 2 T n ~ U ) artd 
U'= U?!{~U n 2T, 2U n bT) 

lbr a.ll x , such tho.t x E ( 9 T + g U ) * , we. have 
x E ~ (T! u) 

s { deF. oF t! J 
~(y: ':J€ É,(yT~ ~U): ~tlgT+gU)~x) 

::: { det. oF '!:!} 

s(y: ye(gTu 9 U)* .... yte Te~!:! TA ytgUE ;l::! u: yHeT+gU):x) 
=t { re pl.ace eclci-. occurne/1\ce o~ b, b e ~ T n 9 U 1 Î'l\ y b~ b ~ b? } 

~(y: ye(~T' u gU')*" ytgT 1
E Ê.T' A yl'g U' et U' 

"~(b: be gTngU: yt{b!, b?J Et DEL(b!, b?>) 
: yt(gT+9U):x 
) 

e {det. o~ GJ 
~(y: y~(gT'u glJ')* A y~gT1 E sT'" ytgU 1 e ~U' 

"yt(9Tn 9 u) e:!: G(gTn eU) 
: y1'(9T+~U): x 
) 

s { det. of: ~ } 
x E S (T ~U) . 

(EII\d ot prcpert:y o""d prooF) 

ExaMpiA. 4-.l skows tha.t f:..W2. c.lo.u oJ: r~u.LG\.r tra.c.c. 
strucl~.r ·,.r not d.ose.d I..U'\CÎQr a.gc;3Lutina.tion. !kis .skould not:. 
boti-ter us now. In th.e 11\.tbc.t .f:.wo sec:.tioi'\S W.t. .SkQ.U. develop 
ll2.Strid:.ions -tka.t 1 en po..ssotfl.t.. iMp4:f f'4?9Ularity. 
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4. l. T rtaf'l.rmi.r.rion inte.rFere.ndl. 

~ t.l-.e if'ltr-oduc.tion of t~i.r chcapter we. hc:~.ll.e. di.sCMs.red 
bot~ traN"mis.rion Qnd c.ompl.llntion if'lterFe.renc.e. In tki.r 

Sttc:.tion w.tt in11esli'3o.te compositions oF ti"Q.OL .stru.c:.tu..re.r tko.t 

c::u-e free. trom trc:lnsm',s.sion intAe.rÇere.r"'ce. Comfi'At'lilon 
if'lte.rPerence. is not disc.us.r.ed Qn~ fwther j.., tl-ti.r cho.pte.r; il:. 

will o~ be. encount.ered wh<~."' deG\lin9 witk elec.trica.L 

circuits in t.ke. nexl:. cha.pf:er-. 

A welt- known tec:.hniqu.e of e;cclu.ding -tran.rMÎJ'Jion 'mter

ference i.r c.o.~d ~1'\á- shalc:in.~. W'ith this tec.~ni<::jue a trons

mis.rlor~ via one. w·,re is a.clc:nowled<3e.d b':1 a tro.nsMi.S.tiol"' via 

anothe.r- wire ir~ the opposi~ <:iired:ion. 1he.se QCknowle.dtje
mel'!ts neod not pc:t'ar individua.L wir-u; ·,t, i.r mor-e COMMOn 

te have tl-Ie tran.smi.r..rio., via one w'u·<l. troM a .set. of: wires 

o.clcnowled9f.d h~ the transMiJ'SÎOl"' via Oll\e wire fro""' o.not.her 

.set. SuÓI .set.r of wir~s a.re CAlled port:.s. Il"' t.he. CQSJ2 ot two 

COMWlU.l"'ÎCQ.tiru:J co~mponen~ 1 botk hc::winc.3 one inp~At c:lll\d ene. 
output port, w~ere tWI input port of each C.Ot'lllponet~t ·,,s 
COI'Inecbzd wi~h the otker- compo.,e.rd:;'s Ol.ltput port~ transMi.Ssioll\ 

int.Ae.rf.ercnc.e. a.lons iho.se conr~ections 'ar .exc.lMde.d by leH;in9 

~ i:ransW~is.sions via one. connec.tion c:no\d via thct ot.her alter-

t'\Obt. O~Ne t~C2 a.sldM~'~'~etr~ b.e.twull\ ~ 1:.wo coMpól'\el'\ts 

eauseed b~ t.he tcac.l: tha.t on~ one. oP t""-tm 'a.r a.U.ow.ed to do 

tke tir.st ti'Qnsmission. L, tl-te ectse oP MOill! po~s vQri O~.AS 

hand~ sh4king prof::oc.ol.r WI"Y be. el"'vi.ro.g.e.d. o+ which we sh4ll 
disc.uss Ol'\fl. Wca do .so in our te.rl'\0\inolota'::l oF (dircc.ted) trac.e 

.sl:ru.clu.re.r. 

We de~ine Qn ~~~ ... eo1 to b.e. Q nol'\tmpty set of i\1'\pl.lf:: 

.symbols ~ a"' ~eut P.<?~ ·,s o. noneMf>b:t .se.t ot o~..tcp!Al: 

.s~~ol.t. We sha.U. a.s.suMe of dircc:bad tra.ce. .sl:ruc.t~.s tho..l: 
-&eir Q{pkClbd:s blz. pc::u-tif:ioW\.e.d il'lt.o di.sjoint input. and Ol.lep.At 

ports. Hencttforth, ~ o.l.fo make t:h.e ·IMportant a.s.st.Amptiol"' 

BB 



~o.t t.he port.s Qf"e the. .fif\e.st camit'l of 'n•'\terc:o .... rted:iort , i.e.. iÇ 

two t!UCQ. st.ruc.t.u.f'es a.re C0"1JJs.t.d f::he!:1 hG\ve for eve"::S port 
è1the.r o.ll or rtone. oP -E:hcz port1.r s!:1"'bcls i"' COII\IIMOY'. A pod: 
oÇ tke. ccmpo.sit:e is C::Û$0 <2. port oF o~~te ot t:he compo.si""3 tm.ce 

~~.r. Co~e.V~tly, polts Qr.e neit:her ''.spUE:" nor "Me~~ 
1,./e hQve, in fo.ct, dcztinczd o. rtew kind of imu .Str~.A.Cl:.LC.re. ]:; 

·,.r, howe.ve.r, t'IC>t wofth while te 40ri'W\Q.UU '.t Q.S Q~~tothe.r ~ 

with vQ.riov.s properties. 

Let T Qnd U b.e. two dinzc.b!d ti'Q.c.e. str~.otcl:I.A..f':f2J' • Lhe.rt 

tmc:.2 .strc .. u:.b .. A.Ot 1" U , 
TU= !:!T?!(~TneU, 2Tn ~U)!!:! «:!U?!{iU02T, gUtl~T), 

c.orre.sportd.s i:o tke. 11 irtdcptU"de~t. Yr\.S!:1V\chronited. opero.E:ion " . o~ 
I c::!nd U . Not.ice t~t the. w~11inC3 opuc:d:ioV~ 'as a.ppl.ied to 
trt:I.Ctl .sérw::.éi..U'es wit:k di.S"joit'd:. QJ.phg,bets . "'rc:ta2 stn.td:u.r.ll l G U , 

IGU = TU !! !:! G(9T n 9 U) , 
c.orrespol'l.dS to tl-lrt c::1.99lutii'\C\.te of= I a"'d U iV\ whic.h the.ir 
irtte.rno.l COmWtunicnt:ion.r c::~.re. r.eé:oined. We hG\ve. 

îG U ~ ( 9 T + 9 U) :. !:! ( T ~ U ) . 
Tke COt\l'iposi(;io"' ot tra.ce .str""-ct~A.r.e..s . I cu~.d U is definec:l t:o 

be. fr .. e~ f'rolll!\ ·b:~"'s':"'is~{qn jr~~te.re.n~ ·,ç tor e.~ port: 'P 
ihe!::f heo\ve iv- COMW\On 

· "TG U t ( P! u P?) s (1, o) SYNC ('P!, "P?) 
l..)ke.re 

(k, l) .SYNC ( B, C) :. 
<{x: xe(BUC)*,., ~(!:;1 ~: x:::.'iz: -l~_yMB-y!!Csk): xJ, SuC>, 

y ~ B : §.(b: bE B: J!i b), ai'ICI 
'P! ail\d 'P? 01'4! obtc::~i"'ed +roM 'P ~ po.stfh.it\9 e!hc.h 
.S~W'Ibol 'en 'P with ! QII\C:l ? respe.céi'll~~ . 

~rt obove. is 13.e.~erc::llt?:.ed 'éo tlne. c.osll. ot mor-e tra.c.e st.ruc.
t~.Anu· by n2pla.ei"':) TG U b!; t.k.e weo.'lle oP c::~..ll tk.e.se ttQCtt 
.strc..u:.l:.u.ru av-d. their caLAe ( w'léh postÇix.ed S~Mbol;s) I Ql'\d 

b':; l2ct::iii'\.Cj "P mll'\.g.e oiJQ.r a.U. ports i"' C.OIM.MOl'\ -t:.o two o~ 
the. trOCJ2. ,sl;r~..t.c.b..c.re.r. 
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~GIMP.(e lt. lf. 
Let I Clnd U be ..n.tcl-1 tha.t:. 
T = < ~TR((a; c:~ d; b)*), 
U = < i TR ( ( c; e; f; d ) 'lt ), 

{ Q., d 1' { b, G} ) 1 

{c, f:}, {d, e} >, 

a~d e~c.h .s~"""bol cond:it:t .... te.r ~ port . followill\3 tl-te. o.bove 

hOMCh'\clo!tA.rct we hav~ 

Ql'\d 

IGU = TR((a.) c!; d?; b)*) 
~TR((c?; e~ f; d!)*) 
~ DE.L ( c.! 1 d} 
!t:l DEL ( d!~ d?) 

::. TR((ai c:!; c?J e; f; d!; d? .i b) 'lf) 

TGU r{c!, c.?j ::. TR((c!.; d)lt) = (1. o) SYNC(c!, d) 
TGU t{d!, d?J ::. TR((d!; d?)*) = l1,o) .s'tNC.(d\, cl?) 

from wkic'-' we c.o~u:.wde tha.~ l:he C.O!Mfo.riélo"' o~ T c""cl 
U is frQe fro""" .t:r<a~smi.rsiol'l i"b!rher~II\C:E!. 
(E~~'~d oF rzxample) 

Ir o. C.OI'll\fOSitio" i.r free Çrom t.r<ar'I$\1\1\ÎUÎol'\ interf:~"c.~ 
.f:.he"' thètr ·c;,lu.e" i.r use.d Îl'\ o. UW\it:ed wa.:~ • i.e.. ten· eo.~ 
.s~:f""bol b comMOn to two of -êke tn;ACII. rl.rCACE:I4n!.t 1 011~ a. 

.subsa.t of DEL(b!, b?) is u.se.d, vi~. Q .sub.s:û oÇ 

(1,0)SYNC(b!, J:>l). W~t M<=~.~, therePor~t, repiAc.ct. DEL(btbU 

b~ (1,0)SYNC(bl, b?) witkout a.ffec:éi"'S tkt ~glu.l:ii'\Ca.te. 

Sif\Ce (1, O}SYNC ( b!, b?) ir re9ula.r, this i""pües t:ko.~ the 

~caL. .. d::il"'.o.be. ol= r~u.l.a.r tn:t.ce sf:.r~AC.b ... res 1 w"'os~ COINI.posiE:io"' if" 

tre~ froW\ Wr'ISI'IoliJ..rion il"tterfe.rv.l'\c:e, is recaulctr. 

We cXtlr\G Q :.!9.~elli"'~-!.!!: t.o b-Cl Q set of port.r I contoüni"S 
Cl(: l4!G1.sl: 0111e. input aV~d o111e ouf:.pul:; port . We. s~o.ll o.sstAme oÇ 

im.e2 .sl::rucl:u.res CkQ.t lheir .Nf:. of portos be pClrtiéionfl.d il"tto 

di.sjoint .rit;3nQtlit'\9 .se.t.r. If V is a. si<3no.llin9 $Û. Cll'\d .s 
l3' a s12quen<:A! of' s~Mbots, ~:hen s 't..r co.U~d Q f!.st'\a.lL("'.!ä 

aGJ~~~ w. r. t. V ·,p .s COI'II:.c::\ti'\S' ex.a.c.t.ty ON! S!::fiN\bol 0~ 

ENer~ porl: ir~ V a.nd ~ of;htr JY""'bol.s 1 Ql'\c:l '*:"'e tirst 
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s~wtbot a111d .f:ke l,o.,sé S'<jMbol Q.rt oF diÇfena"'t type. A 

sisvto..U.i"'9 .se::yue"'ce i.s- c.cllled ~ ·,f ibs ~irrt s~-bol is 

~ +yp.t. output. I O.tl\d ec:a.s~illtl oé~CTWiJ"e. N~ WIL «te."'d 
ihe~ defill\it:ion.r -l::o tro.c:e .stru.c.b.A.res: o. -tro..ce stru.c.tu.r.c. T 

is c.o.Lled po.s.sive w. r.t. .signo.U.i~ set: V ·,ç e~~er~ t.ro.ca i"' 

T tV ·,s o. pretix of o. c.onc.a.teV\o.tio111 ot po..rsivtt ..sig~o..ll.i"''9 
.se.que"'c:es w. r. t. V ; Q.c.tiv4:. ·,s c:le.ti"'ed .siwti la.-ty. Notice 
tl.u:!.é. i"' t.kG. CQ..ste oF Q. .s-i<3vto.Llil'\tj ..n!.t wi~ two port.r we obto.irn 
~e tcriM. oç ~o."'d- ..sko..kill'l<3 infor-Mo.ll.:f c:::li.s~.s-ed o.bo11e. ïht. 
O..SI:JI'\0\M&tr-~ bel:wu"' the ho.rnd- .shc:~.lc:i"'«3 C.OMpone.nt.r 'a.r 

e)(pressed b~ t:\.\eir- b.e.in~ Gld:i11e or- pclS'SlVt.. -rç.e V\otiorn 

of. sigl'\a.llivvg sets was, ivt o. resl.ric:.ted forwt, tirst i"'tro

duced '" [ag] . 

ExaW~ple 4.5 
Co11.sidcu· the. full o.dder oç CZXO.Mple 2..5' Gw\d pQ.rti~iotl\ 

its Cllpkabet ir~to ti-tree i~Aput port.s, vi~. 

{ao, Q.i} , { bo, b1}, {co, c.1}, 
Q.I'IGI two output port:s, viT.. 

{ cfo, d1J, { eO, ei}, 
o.Vtd. tel: these five. ports forM ome si9no..lli"'<3 .set. E:a.c.h 
..se.lt2.cl:io"' oÇ the. re.petitillf2 <:.OWimo.l'\c:l yield.r o. pQ..rsive 

..si9"'o..lli!A<3 se9ue""ce. l1ence, ê'-'e COI'\IIpol'\ent ·,.r ~.s-.sive. 

w. r. t. t."'is .si~VIo.lll~ .set. 
( E.l'\d of example) 

I~.spil"led b~ our informo..l disc.u.ssion oF hQl'ld- s'-'o.lc:iY~.g 
we. ma.y .expuJ: tha.t i:hll. COMposit.ion of lwo trQ.e& Stl'w:..

-lures 'r.r frec. h-oM iran.rmiss'te>l1 inte.rH!I'evtc.e ·,p t.l,t:u- C.OIMwtOVI 

ports tor-M a ..si'3vto.lli.r!.g set O.f'ld one oÇ t.he.wt \s G\ct:-\ve QW'\d 

~« ot.he.r po..s.rive w. r. t.. thi.s sisna.lling .stat.. ,..:;,".. tr 'tndee.d 
tl..'\f2. CQ..t4. QS witL be .shOWVI below. ""fki.r C:.lQS.S' Ot COMposi{:iOII\S 

""'"'!::! b.e c:J.&II\&("Q.U.t.e.d a.s tollow.s. Imo.si111e tho.J:. the po.ssive 

COMpovtel'\t:: is "split" into two pcu.tiv.e. COMpo"'ent.r ~ O.VI.d thca.t 

if: co."' b.f. .show"' thcU: t.he a.gg!M.t.i~~ of one. oç t.hem o.rnd 
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~- o.c.tiVl2 coMponent looks Ui« ca .s-in~(.Q Q.C.cive coMpo'l'\evtt 1 Qnd 
~1:. 1:he û:a.~bar co~siiion '~.t ffiae trom tf"Qnsm\sJion Îr'\W

.feretf'\Ct. We ma.~ tkcn C0111c.IMde th.o.l: ~c C.O~Mpo.siéiolll oP t.hc 
~~rvzc t.ro.cJ2 st~res is al.s'o +ree. f:ro"' tr<::~III.SWIÎS.s-io,.. ·,,..t:ertGtr.eii\Cf/2. 

Hence, an~ coMpositio"' o+ fXl'.S.Sive tm.a. stn.c.cb.A.r.e.r with 0.111 

~d::hte one ir free I'To""" tmP~sWiission ·,,..terf.'.t~ce ·,ç ~ra pQ.rslvc 

tra.a. s~res ca~ ~ order-ed *o QdmH: Mc:t.f:.hetMt:lticc:U. 

i111duc.t i o"'. A lt~ou<3" m~t:.t:.err a.~ 111o!: l:;.kQ.t si mp(e 1 ti-l i..r is t:"e 
9Ui111bl.S.:re."'ce of t:he fi.Q.Ss • CL c:o ...... position.r discu..rsed below. 

All COI/II\positioll\r t.k.c::d; WJt con.sid.e.r in the .r.eqwtl are oç t:hir 

clcts~. tor Ql'\ iW"~Pcrwu:U. disc.u.ssio"' of c:..lct.ss CL COI'\IIpo.sif:io'l'\.r 
w~ rver to [25] . 

Lat T QW'Id si. ' 0 s. i.< n , be n-t-t direc.ted tro.c.e. 
.sl:ru.d:u.res I n ~ 1 . We .SQ.~ u,c:U; éi-le C01MpO.Sitioll\ ol= -E:he.re 

rH·1 b·Q.C.R. .s-trucb..l.res i.r of c.lass CL ·,ç ~he toUowin<o 

co"ditionS' are .rat:isÇie.d : 
• thC 1"1 ti"Gle& .sf:rucb.t.Tes $i. OJ'E' S\.ol.ci-1 th~ tMÎI"' COnll\ed:iolt'IS 

.forW\ r'\0 c~cUc pca.tkr ( {hQ.rtl i.r Q conned::iol"' froWI Si. to 

Sj ·,ç Qr\ output port. oÇ St. is <::1111 input poet oÇ Sj ) ; 
• -lOr eca~ S;. t:he ports tkoJ:. a.n2 a.l.ro a port o~ T or of 

So~ sj forWI Q .ri~V\C\ll.i"':S u.l: I aro.d si. 'l.r pa.rs i ve 
vJ.r.t. it: 

- tk.r. port:..r of T tkcU: CU'4 c:t.l.to o. pott oç soMe. Si torw. 

a .si9V~Cli.LÎ.n<; set 1 a"'d 'I i..r 01.d:ive. w. 1". 1:.. '11: • 

'ProP-e.rl:!:j 4 . 6 
A coMpo.sit-io"" of da..r.r CL i.r f'ree Çro"" trQI"'S"""issio"" 

1V~terl1z.r.el'\ce. . 

'Proof 
We lint prese.nf: .roMe. nof:iom thQl: c:u-e iii\Str\.oi.MentQ.l i"' ~.:-

proo~. Leé f: be. ca ti"Q.Cf. { t ·,.s fixed -lkroc.a.g~ul:. t.hi.s pCU'c:..-

9rCilfh) , x Q 54t ot port.f 1 c:~ll\.d i. a. no.lw-o.L nu.~ber . lke." 
mi"' t (x) denoba.s tke. W\ini""u.'" lcrt9f.:h o~ 0.1'\!:j pntf:'ix ~ l:. tk.ca.t 

c.o~r~s ~ OC'.C.I.A.I"re,~s of symbols oF some porf: o~ x ~ 
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men i. ()I.) d~otes ~lo!e minimuM le~l:h. oF' a~ pnef.'i~ oç t tkQt 
c.ont;.Qill\.5' i. oo:urrell\ces ot syw.bol.r of ~c:k port of x , 

•.e. 
mil"'i.(x.): MIN(r,s: l:ars "~(P: 'P.::x: jrt'Pl: i): (r\), 

MG\lc~(x)= MlN(r1 ~: hr.s .... A('P: Pe.x: lrtPI= i.): lrl), 
w~ere lrl de~l:e.s l::h.e (tt.,.gl:.h oÇ tn::u:e r . ·lOr SOrll\e vo.Lu.es 

of i. ca"'d x , mint (x) al'ld mc:u<t,(x) are d.efill\ecl a.s tke 

minil'l'\\AIM le ... ~ oP an~ tro.CQ. ill\ 1:.he eMpty .s~t. We sl::ipulo..te 

th.o.t tkis i.r a .si~I.L, lQ."34 "'"'~'~~~bu,. exceedi"''3 Clll ot.l."'er 
"""~'~~~blus ir\ ques!:.ion. We shcaU. we tke toU.Owi"\c; properties 

(ol=' wkic.k II>Ul do l'\ot s~.C.pp~ a proof.:) : 

tor aU. sets oç ports x, 'Y, o"'d '! , c:tl'ld o.U. "'catu.ra.l. i. 1 

(0) Mln~ (x) :5 m\n~ (y) ~ Wli"'i. (x U z) ~ m·u,,~ ( y U z) , 

(1) mt::txi. (x) ~ max~ ( y} :5'> m"x~ (x U -z) S mc:urt, ( y U 11) 1 

(2) mil'! i ( x U y ) ~ mini. (x) 
(3) MrAX(. ( )(.) !S mQX l ( l<. U .,Y) 
Not.ice thQf: ina::tuoLit::ies like theN ar.e invaria"'t t.t...der weavi"'e:l , 
i.e. ·,ç -they hold tor tn:lce t thzV\ thE!'~ a.l.so ho\d for any 

i:.raaz. u .sat.isfYi"''3 u ~A = t J:'or ..rom.e o.lphc:lbet A t"""E:. 
COI'It:QÎt'IS" a.U s~mbol.s troto\.0\ ports occurrir'lC3 in the ineq~GtLitiEs. 

lke notiOI'IS' fl'!in c:lri.Q m QX d~ri"e U!eir si~nih'c.o.""c.e 
troM the fc:lc:.t thQ.t.. for C:t~!:f port "P Qi'\d t.ro.c.e. t 1 t.h.e. 

co"'dH::io"' 
lt { P! uP?} ~ t ((1,0) SYKC ('P!, 'P!)) 

wkich exprtl.SSRS c:tbsena2 ol=' tf'QnS'MÎ.rsior\ iV\t.e.rÇere"'c:.e a.lo""'CJ 
port. "P , is eq'-!ivc:~.l~"'t to 

Wlt;\Xi ( {"Pl} ) S minc:+ 1 ( { "P!}) +or a.U. ~t.!A..I'O.L i.. 

IÇ x ir a s«t oF poft:s an.d t. a. tro.ce of G (x) , w~ 

ha.ve, for a.lt no.t~.~.ro.l ~ 1 

(+) mir..L (x!) ~ mi"'i. (x?) ,.. Mc:>.X~ (x!) s MGI.X~ (x?) 

I"' ord~r 1:o show the. absell\ce oç: tron!I'IÀtS.rion ·,~rÇerelf\ce. o..-

o.ll potts o~ x , ·,t t.he.YI suffrees 
1 

OI'\ c:tccoull\t of. [2.) cai'\.cl {3)1 

-t.o skow 1 tor a.U l'lc:t.f:.u.ra..l l. 1 
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.-n~i (x?) s. mini-t 1 ( x! ) 

Lel:. x a~d y b.e. noneMp~ Jltts of inpc.Lt Clll1.d oc.Lt:pul: 

ports I"E!.Sp4ctively 1 tal'\d let 1: bAa Q. si9na.llill\'3 s~~.tence t:ha.t. 
is pa.s.rive w. r. -1:. x? U y! . 'From éhe deFi~it;ion -.t. FoU.Ow.s 

.(;~a.t of ea.c:h port in x.? U y! one s~mbol occc.L.rs ·,"" t. 1 

tka.t ~e Çirsf: s~mbol oÇ t is 01n ÏV\put s~""'bol , hence 
."·,"' 1 (x~) ~ min1 ( y!) 

ancl tho.l: f;he last: .s~IMbol oP t. 1.r Oll'\ Oc.L.tpc.L.t .s~"""bol, he~c.t 

mQ.lC1 (x?) ~ mQ.x1 ( ~!) , 
JÇ ~ ·,.s ~ COIII.~eV\Gltion of two pQ.SsÎ\1~ si~na.lLil'\~ .s.lll9ue""ce.s 

~ t,l,e LAst syMbol. oP t;-~e .Arst .S12Cj~-tena precedq.s t:kCil tirsl: 

.Si;:iW\bol of ~e Lul: s49uence, hen~ 

Ma.x1 ( y!) s mir"' 1 {x?) 

JÇ t i.r o.. preÇilc, of o. co~co.tena.~ion oF pcassi"2 .si9na.Lli~ 
.S~c.l.enc.es, t.ke Q.bovc cacznero.Uie.r to 

(*) mint (x?) ~ tr~in ~ ( y!) " mQ.Xi (x U~ mQ.xt {~!) ~ mÏr"'i1"1 (x?) 

for all nQ:lw-a.l t . 

W.e sha.Ll l'lOW provrz propettij Lt-.6 for t:he ():).~ r'l= 2. . 

Lel: 

y, 
Tl U, ar~.d V ~ -1:.1-.ret. trQ.CQ .sl:r~c.f:c.L.res, ar~.d 

c:ll'l.d 'l. fil.1e. disjoint setr oç ports , 

~· s. x U z 

s 11 

!:,V~ wUy 
~T n ~U= vU x, 
~U n ~V: w, 

gVn gT: yU'l, 

gl 5 vUy~ 

gUSëwUx. 
2 V s. -z.l 

T IS' ad:ive w. r. t. vU x U y U l. 1 

U is prusive w. r. t. vU w U x, 
V i.s po.s.rillf.. w. r. t. w U ':J U 1 . 

sucl!\ t~t. 

v, w, x, 

From g u n 9 V= w w~ ~ COI'\c.lucle ~hAt. -t.~e COI'\YICZC.t:ioi'\S 

aÇ U Qnd V torW\ ~o G.I:Jclic po.~hs. We. obbai"' C\ COMpo~ 
sil;io"' oF class CL ·,ç we c.hoo..re 5 0 : U and S1 =V . 



By o.ppi"'prio.tll SIAbsl:ib . .-.t:.ioW'\S in ( +) Clrid ( *) W2 ~ 
COY~.c.l..u • .de t:ho.t tor e:ac.h tro.a. t oç 

i?! (xUz, vUy) ~ U?Uv, wUx} ':ti V?!(wUy,&) ~G(vUwUxUyUt) 
lhv. k>Uowi~ COI'\dit.ioi'\S 1-tol..d tor o.tl r\a.tui'Q..(. ~ : 

(T) mo.xdx?Ut.?l ~ mi"'~i' 1 (v!Uy!) , 

(U) m;r~ i. ( v?) i m''"'t (w! U x!) " mca.x~ ( v ?) ~ mO.Xt { w! U x!) , 
(V) m·,~~~~(w?Uy?) ~ ~i.,i.(l.!}" Wlt11Xi.{w?U:y0 s wH>,xc:('a!) 1 

(G) min~ (u!)~ millli.(u?) ,... M~xdu!) s WIO.XC: (u?) 

-h,r o.U. u : u 5 v U w U x U y U '! . 
Observ~t tk.ot wil. ha.v.t to.lc~" o"'Uj t~e Leut iii'IC2.Ci~.AA.Lit:y J' (*) 

in (T) <lll\d th~t Wti ho.V.Il OVIII'd:ted t-ha:l ÏI<'IC!'Gl~ti~lj i"' (U) 
c::tnd (V) . W.e hGt>Je 1110 U.Sil tor tWI o.dditioli\Q.l tern~.$'. 
Fi r.st we derive F'or o.U I'\ o.b..! ral L 

Mo.xè (v?u y?) 
:: { (U) I (1) 1 

mo.x i. ( w! U x! U y?) 
s { (G), (1)} 

moxi. (w? U x! U y?} 
s { lV) I (f) } 

I'Y\OXi, (x! u 'l.!) 
.s { ( G) J 

r~~~a x i. ( x? U l?} 
{ (T) } 

min ~"'1 ( v! U y!) 
{ ( G) } 

. ( 1 1) 
ri'\IV'I l't'i V. U y. 

~ f (U), ( o) J 
min i. Ti ( W! U X! U y?) 

~ { (G-), (2), (o) l 
m\1"1 l+i ( w? U y?) 

!5 { {V)J 

(Ho) 

( M 1) 

(M2) 

(M3) 

( M~+) 

( Ms) 

( M6) 

( Ms) 

1'1'\in i."'" ( 'l!) (M9) 
Usir~'l (2) and (3} we. C.Ovtclud.e !:h.e. absence ot trnnS· 

mission it'\terfe~nc.e on o.Ll porl:s oç 
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" fr-om (M o) a nel (M S') 
w fi"'m ( M :2.) Cll'lc:l (M 1) 

I 

x fi"''m ( M4) Q!J'Id (M 1) 
y f'roM CM o) Ql'ld CM s} I 

'2. f'rom ( M 4-) Cl!J'Ic:l (M 9) . 
As o. consequcnce l:he C:OINipo.siélo~ oÇ 1". U. ond V ·,.". 
f.r.u froW~ trar~S'Missiolf\ intert'ere~ce. Sinee ~e abollll holds 

if: 11 = w • x = { } , ~!.,is property Cll.so hold.r tor t.Wz. CAS'.C. 

n = 1 . In o~r- to .sk.ow .f::(.,ca.f:. ·,f:: hold.s for- the aasQ n > 2 

cu well we show t.hAt. 1 ind.epe.ndent oP. V, 'I i- U Jcal:.i.rFier 

C\ pi"''pttrb:J .siMiiAr to tke. only prope~ oC:: T t~é we ha.ve 
u.sEd i!J'I the @ove ca.l..c.ula.tio.u, vil.. {T) . Since f:.he. a..r-nan~

me.l'\1:: oç. the pas.r\ve tm.c.e str~.A.c:.b.Lre.r i.r "Cf.dc.Uc" pmperb;::j 
4. 6 twin t'ollows b!1 Mc:\.lhet'lo!At.iCi:'l i"'dud:ioV'I. 1"'Wl. .n!..t of: 
ports t:ho.t flj. U has i" cowuW\on wiéh V be.i"'9 wU y U 1., 

wUy output a~ 'I "•nput, Wil show for c;UL no.tu.rQL i 

MGII.l(~ ( '2.?) 
s { (3) } 

~Q."i. { l( ~ u ! n 
s { (l)} 

min i+1 { v! U y!) 
s { {G), (o) J 

m\"'iH (v~ U y!) 
s { (u), ( o) l 

~~"' i.+t ( w! U :~t\ U yU 
:s { (2.) } 

min~H {w~ U yD , 
whic.h co....clude..s OLU" p~ oltlicp:t:io"'.r. 

(l:nc:t oP prope.~ a"d proot ) 
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4. 3. Slack- indeP-endenee 

We ho.v~ d~Pin~d t~e. f:.rGlCA. sf:r~A.C.I:.~ de.sc.rib~d b~ 
p~r<a""s u.sil'lg blel'ldi~, a compo.si~iol'l f~.tl'lc.tion ~t 

c.orrespowods to a .r~nckroni~<atiol'l W\e~ani.s"M witk .s'LGlCk. ~em. 

ïki.r W\O.Ic4S blendin'3 al:l::rad:ille from a pro<3rc::uo"'W1er-1s point. 

of view, and ha.rd to implemel'lt. A13glutint:ltion ha.r bun 

intr-oduced a.r Gl coMpo.siéion (.W,.c.éiol'l i.ho.t rec.osni.~es delay 

problems. A9C3Lu~inc:ation, e.spec.ia.l.l.cj ol=' tro..CA. .stru.c .. bo~.rQ.r 
who.se composition i.r tree trom tn::tn.SINii.rsion interj:'erence, seeiMS 

to be .si""'pler to implemenl than blending. lt "1s, therefore, 
C\l:l::rQ.CJ:ive to .strive .fOr- compo.ritions o~ trace strc.AC.b .. • .. r.e..r 

w"'-ose bl.Q..nd o.nd ~wtina.l::e are <211u.a.L : pf09ram.r defin~d 

with blendin<3 may éhen be imple~Mentlu:l wiéh a~glu.tina.tio"' 

wiiltout. o~i111<3 the r~ult. !he composH:ion of a IIIUW\ber 

of t.ro.c.e .structu.ru who.se blen.d a"'d Q.Cjglutina.bl a.re eqw:U. 
is- co.U.ed .s-ladc:- indeP-e.v\dent. 

E xam~le 4. 1 

Lel: T, U, and V ~ .suc:.h thGlt 

I = < { Q. b c. ~ Jl { Ql F }, {bi c.} > I 

U = < { d b e f}, ( bi d}, { e, ç} > , and 

V: <{d c}, {c}, {d} >. 
We -lhen have. (cF". ~aW~pl..e Lt-. 1 ) 

I~ U = < {adce, adec, dace, daec}, {a., d}l {c, el> I 

I ~ U = < {adc.e 1 Qdec., do.ce, dGleC1 o.cde}. {a, d}, {c~e} >, 

ï ~ u e V = < { Q e} I { Q } , { e} > I Ql'ld 

T ~ U ~ V = < {a e} 1 {aJ1 { e} > . 
Observe t.ka.t 

T ~ U ::/: T 5J U o.nd T !:! U e V = T § U ~ V 
C\1'\d 

T~V:T~V~ V~U:V~U, an.d TeU:;&I~U 

( ~"'d oç exG\""ple) 
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lhe o.bo"e. t.U\Mple skows tka.t. P"'ir wis~ .sla.ck-ir"~.de.pe.,~!I\C& 
ie not. r\e.c,usa.r~ to qua.ro."'tee t.ka.t. t:h.e. C'OW\positioll'l oç a. 
li'IUMbe.r oP hC.\02. str-l.u:b..c.res "ts stad:- ind~4!nt . It a.l.so 

sh.ows t.hc:U: stad:.- inde~e.n~ i.r not tran.ritive. Wt~. ht::lvt~., 
how.eve.r, the. tcllowin9 pr-opert~. 

'ProP.e.r9d.....!:t:..l 
'PC~tirwise. .rLQ.c.~- inde.~enc.e iMpUe..r th.t slo.cl::- ind.epende.r~-c:e. 

oç t.he. CDMpo.sit.io"' oP a nt..tMber oF=' dir.eetled t~e strw:.tu.r.e.r. 
'Preof' 

let: T.. U , all'ld V be. *:.h.re.a. direc:te:::l t~"C~.Ce st-rr..~.c.b\.AJ"'t.s 
sca.ti.rfY i "'1 
I~U:T~U" U~V:U~V" V!T=V!}T. 

In tke. toUowin.«3 pree* we. trECfUe."tllj us-e -tke. Q.J"Su"""ptiOII"' 

g T n 9 U n g V = {} whid" 9c...u:.:trc.\ntce.r tke. a....r.J"ocia.éi"i~ of: 
bot.h the ct.gglulination and tk4! ble.,v::Uns ope.l"'::l.-È:io"'. Ié 
iMplies &"'t.. wh.ile ~glutina.ti"'9, ea.c.h s~Mbol '1r postAJted 
at. most ol'lce in eo.ck trc:tee s~ru.d;ure. In tke. prooÇ tl-ti:

will b.e. relèn-cd t:o as "distribution oP post.Çi.lC.iiM3 '' . Usillltj 
lU , TU= T 12. U, we. have 

-r~u'?rv 
= { a.s.soc:ia.tivity , T !j. U = T b U J 

(T 2 U) ~V 
:. { de~. of % } 

(Te U)?l(!:_TU n 9.V, 2TU n ir.V) 
,! G ( ~ ïU n g V ) 
e V?H 1Vn 2TU, 2V n ~TU) 

= { dist.ribution oF po.sttl1ti""9 } 
T ?! ( b T n 2 V, 2 T n !:. V) 

e U?! ( i U n 9-V, 2 U n 1 V) 
2V?!(~Vn 9TU, 9 Vn!:.TU) 
2 G ( 9 TU n g V) 

= { G(AuS) = GlA) 2 G(B) for di.sjoint A o"'d B, 
gTngUn gV:U 1 
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T ?! ( h T n 2 V , 9 T n b V) 
bU?!(~Un~!V, 9UilkV) 
~ V ? ! ( b V n 2 TU , Q V n ~TU ) 
l:!G(gTngV) 
~ G ( g.U n 9o V) 

= { di.sl:6butio"' oF posé·fix.ir'l9 } 
(T?! ( ~ Tn 2 V, gTn h_V) 

~ G(~Tn g.V) 
! V?! ( ~V n 2 T, 2 V n ~ T) 
} ?!( ~V n 2 U. 2 V n ~U) 

~ U?! (~u 11 ~V, 2 U n ~V) 
~ G (~U o 9: V) 

= { d~. r.f Sj. } 
(T 3 V)?!(~ Vn9U1 2Vn ~U} ~ U?!(~U ng\11 gUn i V) ~G(gUn9V) 

=- {T~V:T~V} · 
(TE VH!(~Vn2U; e.Vn ~U) e U~!(~URgV, gUn~V)~G(gUngV} 

= { c:list:ribution t:.* postFïxi111.<(3 } 

1" ~ V~!{~Vn 2U,gV n iU)! U?!(~UngV,gUn~V)2Gl~Un!'l) 
:. { c:Aef. of id 

I e_ (U s, V) 
= { U g V"' U ! V 1 as.rod~ivit.y } 
-reu ev. 

(tnd ot" prope~ and prooP) 

"Rec.onsic:ler exomplA. "-· 7 aru::! let: eocl\ .symbol consl:iE:ut.e 

o port . The porb t.hCAt I Qr\d U ~ve ·." common +orm 

one .ri9nalling .rt.t, vÎ!L {{ b}, U' }} 1 w. r. t:. which T i.r 
Qc:.tive and U is pa.r.si~. ïke compo.sif:.iOYI of.' I cand U 
is , therefonït; of.' cla.r.r C L but: 1 e:u tke ~,,ccu .. \ple. .shows, ·,t; 

·IS not .sla.d:-indepe."'denl:. Compo.sltions tk().(: a.re both 
.fru trom tmnsmi.rsion i111.be.r1:'erence Ql'\d slack- indepe.ndel"lé 

are., howe~~e.r, eca.sil:J de.rived froM a.rbif:.ra.r~ composi~lon.r 

b!; the introduc.tio~ of:' F'resh symbols. 
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Lel:: I at'ld U be1. two direc.te.d trnce sE::ruc.t:urC!..r, avtd 

lel:: b al'ld c b.t. t.wo Fre..rh .S!;1mbol..s. T' a.,d U' a.re two 

di re1.c.éed tra..c:.e. sl:rud.u.re.r , 

I I ... < ~ T' i i. T u { b L 2 T u { c} ) , 
u• = < ~u·. ku u te:}, gU u {b} > , 

whe.r.e ti T' Qt'ld ~U' ar.e obf:air\ed from t_ T a~Ad t U 
raspe.cl:ive~ , btJ re.plAci~ i"' e.ve.r!::J t.ro.ce e.o.c:.h oc:c.urre."'c:e 

~ -th.e. lijmboL d b!:f t.l.t.e. s.ec::rue.l'\c.e b d tor CllL d 
sucl-1 tho.t: d E g T n i:. U , ond by t.he. .re.9~.o~efj'\c.e d c. for 
o.U d S(.((:.h thaé d e ~ T n 2 U . All coW~moll'l .ry""'bol.s ot 
I 1 

QI'IQ U 1 
( ir\G.ludi1119 b Qll\d c. ) artZ 9 rouped to9et.her 

Ïll'l one. inpul: Glll'ld one. out.puê porl:. ïhes.e two ports for~~~"~ 

one. sisvta.IU~ .s.e.t:.... vi~. { !:,. T 1 n 2 U', 2 T' n hU' } . T~e 
trQn.sform.af.ioll'l oP T o"'d U is cc::ûl.e.d èhe. introduetion of 

... " ,. • ..... .. x. 

g.lée.r"'.t*.ioY.' ,; T' ·,s c.o.IL.qc( t:he pC1.r.riva.b2d T i a"'d U' is 
thv activated U . Not.ic.e E:ha.t. \:.he ii'IE:roduct:io~A of o.Lter
natiol'l doubl.as tl-Ie anotOI.lll\t oF il'lte.rl'lal c.omnot~.otll\ic.ation 

be.~ T or\Cf U Îl'l .St.~c.h a w~ tha.t tra"'smis.rioll\.r in 

or\4! direc:éiol'l Ql'lc:l t.he. oéhe.r all:.e.r"'a~. 

'ProP-~~ 
"For T' ai'IC! u· as de.Pil'le.d QboVt; t.he compo.sitiOII'I IS 

free from i;rQn.rmi.rsiort il'ltA!:.rF.ere"'c:e. 

'Proof 
'T 1 is pc:l.t.rive Qr\d 

.rigll'lc::ûl.i~ .se.t . ~c:e, 

on Clc.c.ou"'t of prop~ 
.f.e re l'lce.. 

U1 is aC.tÎVf. w. r. t.. U\e·11· COW\.....,OY\ 

f:.l1e c:.omposition is of c:..La..ss CL QIAQ, 

4.6, .f'ree trom trofj'\fmi..r.riort il'lter-

(Et"u~ oF prope~ a~d proof) 

'ProP.~rl:y 4. 10 

tor trc::lc:A .struc:.tu.res T, U, i', o~d U' cu detill\ed 

above we. hav-e. 

I ~ U = T 1 ~ U 1 = T 1 !i- U 1 
ond 

PRE.F(T) 9 PREF(U) = ?REF{T') 2 PRéF(U'): 'PREF(T1
) ~ PRE.FlU~. 
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"Re.mo.rk. 
ïhe proof of this propert:y i.s om i tte.d., 11ot 011 o.ccou..,t 

ot:' t'\011- .e.xistel1c.l2. but: b..ec.a.us.e. its le.fN.3t:.h dou noc cont: rib
l.rt2 to lhe r.etio.bllil::.y of t.his property. 
(E'..,c:l o.P property and remark) 

Notice. tho.t .f:he ·,..,.f:toduc.éion of alf:e.rnQ..f:Îon preserves 
r~ulo.ri~ ot troce st:ruc.b....re.s. 

'Fro"" prop.e.réies 4. g Qt'ld 4. 10 w.ct. derht.tl. ~<::~.t:. arbi
tro.r.Y ~ro.c.e -Strud:.tde.r Cl::::lt'\ bil. i:.ro.nsl'ormed i.-. .suc:.h a wo.y 
tho..f: theil" ble.-.d i.r Ull\o.ffected a..,d ~é ike compo.ri~ion 

& the ira.-.sformed t.ro.c..e. .sl:.ruc.t~.t.res ·,, .slCld::.- i..,d.epell\de.-.t 
and free troM tran.smi.r.sioll\ interference. 

Exa~Mfle 4.11 

Lee I and U be qs Ï\1\ elC.o.~Mplte 4.1. ~~rod~.o~c.i"9 
alf:erno.tion b_y fresl., ..syll\llbols p and Gj yie.ld.r 

T' = < { Cl p b c. f 9J, { a., f, p J, {b, c, cf} > and 
u• = <{d p bet.:'q}. {b, d, c:rL fe, f.', p} ~ 

We ~12.11\ have 
T ~U = T' ~ u• = T' $ U' 

= <{etdce1 adec., dace, do.ec}, {Cl, cl}. {c,ej~ 

(End ot exan'\p(e) 

Wi~ t.his exa"""plt. w.e. coii\Cwde 01.o1r ex:ploraéiovt.r of the 
probltlms as.roc.io.t:ed wiE:h de~.r. In the 11ext: c.hapter we 

~P ~e truits he reoF in t:he ferm oP a sho.te9'::1 tor
iMplemell\ti~~tg pro9ra1Ms qs delo.yM ir.~nsiéive VLSI circuits. 
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Now w12 b..trn t:o the impiAm12n~l::ion oF' progrc::tm..s as 
siliccl"'' chips. A progi"Qm; as def:'ir'led il"' chop~ two, 
CCII'\.Sist:.s oF a ..,umber oF coMpor~e.nt.s 1 each hc.\vi"'S ibi ow"" 

prefix- c.los4d Wee si::Nct:urt . 'vJe QS.rume tha.t eo.c."'- tl"Q.<:e 

.si:Tuc:l:14re'.r ol.phabeè hc:a.r been pa.rtU:ioned il"''l:o an i""pul:: 

Ctnd a" output a.lphctb« , the.se t:.wo Cllpha.bel:.s i""l:o ~.r, 

al"'d ~ese porf:.f intD .sign<a.U.inca .set.!. twrl:hermOI"'c I we 

a.s.ruMe that: none of: t.he tr<a.c.e .sef:.r i.r eMpl:\1. Tke lo.l::.l;.e.r 

a..r..rumpl:.ion fou.ow.r H-orM our mec.hc::tni.st:ic Clpprec.io.l::iol"'' whlc.h 

.sf:o.te.r thClt:, initio.ll~ 1 the tr'QCI2 .seled:.ed thus War i.r t:he 

e""pE:t; l:.ra.ce . We propo.se to follow the .rl::ru~ of:: a 
progi"Qm to derive Ql'\ impl.2rMento.t: ion. A c.omponen t C.0\"1-

.rist..r of a C.OIIII\mQII\d and a nuMbe.r oF .rubcoVI"!ponel"'t.s, 

eoc"' hClvi"'~ il:::.s OWl"' trt:l.~ .sér ..... ct~.A.re. It the compo.s il::iol"' 
of t:httse tra.c.e .s~rud:t..e.ni!.r i.r noc oF c.lo.s.r CL or i~ it ·,s 
sla.ck- dependel"'l::, t::hen o.LL the.rt tf'Q.CC! sl:rucl::......na.r a.re 
pairwi.se ti"Qn.sfè>rmed ~ t:he il"''troducl:.iol"' of O.lte.ri'\CI.t::ion 1 

and b~;; o.ddi"'<3 a.tl prefüce.r oÇ trt:l.C.U il"'' order to wu:11.ke 

the transformed trQ.Q2 sti"\A.cb..c..res pre fit.- do.se.d ~i..,. 

Aa::ordil'V3 to prope~ 4.10 the t::rc:tl"''.sforMc::ttion does nol: 

aft eet. l:.he ho.ce .sf:rl..lc.l::u.re of f:ke. COIIII\poslt:e. 1he progrc::tM 
thu.s leo.cb to a. tru o~ t:ra.ce. sl::r~.o~.c.tw-e.r,. vi~. ol'\e ~c

COIMW\a"'d, whose a:>mposil::ion i.r bol:."' .sla.ck- il"'depe.ndcl"'t 
( prop.e.rtie.s 4.8, 4.10) o.nc:l f'ree f'rom -«:ral"''.rwti.s.riol"'' inte.r-

+e.reW"lc.a ( properties 4. 61 4. 9) . "For eo.c.h of f:hese tro..ce 
.si::ruc.l::u.res, or commcal"'ds, a. circuit: mcay be. COI"''Strl..lc.te.á. 
Since li.Qc.h o~ ~e Pro;JI"G\M1.r CO"lst\t~.o~.tin5 COmMands i.r 

ex~chtd te be .SMo.ll 1 ea.c.h of Hu! corre.rpondiW"l~ circuit..r 

is exp~ to ~ .smalt. lheretorc, wt o..ltow 014r..relve.r 
*:.he Çreedom of: Mo..ki"'9 circu.if:.s ulf\de.r th.e o...r.r~.o~.mpt:.ion 
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tka.l: f.Q.c:h c.irc.uif: For a C.OWlmo."'d i.r «!Wlbedde.d '"' "'"' 

i.roc..hronic re~ion. IF we .see. t.o ·,~ t.ka.t. c:omputc::~.éio"' 

interhtre"'ce is ~Ududed. t:"'e. tree. oÇ' c.irc.uit.s i.r o. del~
in.:Se.l'l.sH:hte. cir-c:.u'é f'or the coWlple.te progro.M (c.f. se.c.tiol'\ '+. 0) . 

ïkere a.re t.he.n, ~r et.ample, 1'\0 restricl:ioi'I:S: Olol\ the relcd:ive 

ptAcemeVII: ot t.hesca circ.uits a"'d E:.he ÛZI'\gth.r ol=' w ires Hla.t 

COI'\I'\I2C.t f:lolem. 

If. we want to inc.orpoi"Q.I::e the.. Glbove impl.12.Wll21'\tc::~.l:.ion 

.sl:rGlb29':i Îl'\ on ~oril:.hm for c::\erhti~ circuit:..s f:rom progi"QI'\'IS', 

o. .so- c:caLLecl .silicot'l compiler 1 we ho..\le. lo cir-c:.umve"t t~-~4 

nee.d tor mQ•·\ap'-~IA:a.ti~ f:!"Q.ce struc.tw-e.s .si"ce. th~ mo.:1 

have a" infit"'il:e ~oe .se!::. As we ha.ve .scutl"\ in cho..pter 

~ree. tor 1211f!O:J commo.~Ad Q Anitll. .s~ile m.c;~~.ekil"'e. CO.Iol\ be 
co"'sl:rucl::ed. 1he trQn.stormo.tions mel"'tioned o..bove. , vi't. 

introdl.lcf:iol'l of o.lterno.t:ion anc:l Q.c:l dition of prefix es of' 

trc::~.c12S 1 Cc:ll'l be. defin~rd on fil'litc sto..te. mo.c:hirtt.r a..r we.ll. 

( De.Çinin9 them on the. progral'l'\ text: i.r much mort C.uMbe.r-

som!ll. ) A progrn.M t:hu.s leads to o. tree or: Hrtil:e S'b:a.bl 

machines. In ~he nex.t .rediort o. .st.ro.b!g'::f for def'i."il'lg o. 
circuit from o. tlrtite. 3t:c:W! mQ.Chine is cli.sCI..Is.sed. 

We ha'Jtt to decide how the .s~mbols Ol'\d tr-o..c.es o..rv 

re.Wed to de.cl:;.r-ic:o.l .sigl'\a.ls o.l'\d t.heir- orderi"'S il'l t:iWlct 1 i.e. 

wft ho.ve .f:.o dec.ide O!l\ a meckG\.1'\istic. a.pprc.eia.éio~A. We 
shc:a.U. tirst di.scu.s.s o. J"Qther .st:ro.ighttorwo..rd mec.hanistic 

o.ppneeia.l:ion and thert we sha.ll retine it. 

Le.l: 
Mti!rtl:il'\9 
.s~rucl:~.12. 

M be a Wlec:ho~i.s""', O.l'l eled:dc:a.l c.ircuit:, imple

o. C.OmW\artcl or tinil:.t sbo.l:e mo.~i~ne wi~ tnac.e 

I a.s follows. M ho..s ca nu"""'ber oF ct.lec-

-\:.rico.L b!rmitAol.s t.o wkic.h wires CO. V\ be co"'"'ec:tec:l; i:.he.re i.r 

one. irtpul: t.er""'i"'c:tl ~r input symbol oJ:' I and one 0'-léput 

termino.l pc.r output .s~mbol of I , ( W.e. .sho..ll i 911\0nl. 

C:OI'\1"\td:.ion.s with ~ke 11 power supp~". ) A .s~m.bol' .s 
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OCC(Arntne« is repre.tenf:ed b!; a vo~~c tran.sif:iol'\ c::~.t ié.f 
corre.spondit~~.l3 f::ermil"'~l , wkic.h tor Ql'\ ir\put or O(Af::p<.lt 

.symbol i""'plics t.ka.l:: M receivu or 9-12nt.ra.tes re.sped:::ive~ 
tha.f:: volta.<3e i:.r<:tr\.SÎtÎOI'\. Tke relo.éio.,. betw12e.,. M o..."d T 
i.r .ruc.k ~at Q SCt)UC2r\Ce i"' i:iMe of volt<:U3.f. t:.I'Qr\.silioli\S" Q.é 

tke i:.t.rMÎI'\cUS ot M IJ', tor f:\.,.e correJpondiVll3 J'~:j""'bol.s, o. 

tro..ce oP I 

We ma.ke t.wo rel't'\o.rk.s on the o.bove Me.c.hO.t'li.St:ic; c:a.ppre

eic::ltiol'\. "Flr.sl:., ·,ç tht. te.rMÎI'\a.lS oF' t-'1 o.rrz, bt; v.>'•res, COI'\-

1'\ec..tA!.d i:.o other t:erminal.s then the. d.ela.1;:1s ot tke .12led::ri

co.t .signa.ls i.,. t.ke. wires mca.y b« .ru.c.h tho..t t.ke. voU:o..se. 

ti"QI'\.sitiol'\& at tko.s..e ot.ker terMÏ'I'\o..l.s occ.ur in o. sequenc.e 

-tkctt dirf..ers trom the one o.t the termi111o.I.S of M " i.e. t.he 
ordcri111~ j.." time of elecf:ric:aL si9ncd.s i.r not pre.seNed b~j 

wires. It. is, t.k.e.refore, '1'\0t neces.ro.r~ t.o ntl::\u"u·e. of M 
ti.,Q.é i(:; reca.li"Ms ex.o..c:.t:ly f::he orderi~ prilscribed b1;1 I ; iE: 

m~ be 11\1\0nt libero..l. .Sec.o~. the ierminctls oF M QI"E' 

loc:Ated a.t di.stinc~ poinl:.r in .rpa.ce and , hence, we mu.sé 

bt. ca.reh..tl wh.ell\ orderÎI'\<j in i:.ime f::he evli"-U OCC.t • .~r·ri"'~ o..t 

tf..u).se U:rmil"\ctl.t. ~- -C::herek>~, reHl'\12 our mec.ha.n'•.stic 

c:tpprec.i a.tiol"l cu follow.r. I"' a"'c; CoiMplá eircc.i•l: t:.he t.e.r-
MÎl"'o..l.s of. M 01.rc, b~ wire.r, con"'ec.ted to ol:her t:ermilllt:tl.s: 

thcr.e i.r tor C2Q.Ch s~mbol orvz w ir~ COnl"lli!C:f:.i~ thll -éwo ter-
MÏ\1'\o..lS corresponcliV~~ i:.o é~o..i:. .syM.bol . Il"' order t.o deJ'c.ribe 

-lhe reltAf::io"' bet~ M Clt'ld T we bcnd t;hes.e wiru .suc.lo, 

~o..t t::h.ey all j'QJ'J' tkrou.9J.. ~ ver:s JW'I"'U. 1"1!9ion 1 so SMctll 

-l:.h.c:.\t we Mc:t:l ordtè.r Îl"' time ihe .12vet11:.s" oc.c~.o~rri~ in ié. We. 
~ t.'-'Q.é M i.r an impi.Aemcl'\f::.ctéion o.P T ·,ç ~ se"u.e.nce 

i111 til'lll.e of vo~.e. trGIIl"'.SiE:ions caé t.""e wire.s Îl"l t'-'i.r SWic::tU 

!"e9ÎOn i.s, for f::l\c corn!Spor\dl~ .symbol.s, a. t.ro..c:.e oF F'(T). 
F (T) Ï.S a. -êt"Q.ot. Stru.c:.tw''! -t"'ca.f::; ·,W~ ~glu.éil"\atÎOr\S1 ha..r 

~~ .so."'e eFfect: Q.r I . 1"' tk.e nut sec.t:iolf'l wil shca.U. 
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drc.uic ÎS' de!Ay- ·1ns.en.sil:.\ve 1 ·,n a"" <ad:~ ~ouc éMis 
btz.,..diKCj of t:~e w·u·es is s~perfluou..s. D: oKly serves 
to c::lesc..ribe the. Me~o."'istic Cil.pprec.ia.ticm . 
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Ilf\ -1::.1-.i.r .s:ecl::.io\'\ o Method 'ts discu.s..sed for deri11i~ Q 

CÎrCuÎe f:roM a fl\'\\tc2. .S~te ~ÎI'\f2.. w~ S~U. Hrst f"l.Shict. 

our .s:elvcu to ~ .strw:t:....c.res wit.h o"'~ one .ri<3n~""S sel:: 

a.~ .f:.ke~ o:re ass~.~w.tld to bil. pa..s.ri11e w. r. t. lhi.r ..set. 

Sil"'ce t.he trace sl:rt.A.d:l.4re we. cons-ide.r- is preFix- closed1 

-!::.he uniqu.e, mir~iMc:tl f:il'\ibë .sl:a.l::e MO.chine c.orrespondi"'<3 to 
this ~<::4. s~rw:::.f:M.re ho..r a.t. mo.sf: one SeQ.~ w~ich ·,.r nel: o. 

tina.t sWe. WJa .sha.ll derive o. circu'1t froM the. finAl 
sl::a.t::Aas a\'\d we, therefone, Q..S.lt.4me t:ka.è non- fiV\o..l sta..ta 

to hQ.IIe b12en reW~oved. ihe ~mQil'\in~ ~s c.orre.spol'\d 
to tke ~uivalenc.e c.lcuses oF .f:.ra.ce.s a.s de.finlild in SE.ctiol"' 

1.5. Amo"'<3 t:he~ .sb::=-.bz..r arq so- called à~~ sb:~.é~.r, 
S~ chat C:Ue, .f2.cJUiva..le.nce. clo..s.s.a.s of: tkO.Ie ti"Q.CU tkQ.f:. 

are con~n~iorts of .si~V\.Q.I.lil'\«_3 .se.qUGnce.r. All otke.r stCI.f:e..s 
corre.rpond to p~ pre.till:"l.S of .su.c:.h conc:.ot;qr~Q.ttor~.r. A 
-l:.ro.n.siéioll'l. trom one SÎt:;31"1o.I.Uns kte -to onother corrupót"!.ct.S 

to a .si9Na.tlit"!.9 SI2Gf~~n.ce o.nd i.r co.U.ed Q ':!!.<3~1:1-in~. ft::pj.e 
~.si~. We c:l~ri"e a circuit from. -l:.he .sïc;,nc::~.IJ;I"\3 .sto.tu 
a.nd t"'e si91"\0J.li~ .sb.:lbe. tr'Qf\sition.r wiehout c.on.sid.eri~ tke 
oE:h.er st:Ate.s . 

In e~ec2p(:ioii'\Q.l co.scs o. .sf:o.t.e m~ uisl; t.lou:U: c:oV\t'Q.in.r 

boE:k -èi"Q.ou ~ o..re c.on~nQ.tiort.s ot .s\srta.Ui~ .sequell'ltll.r 

0\'\d trace.s thQ.t Q.re proper p~tilc.c.r of:. such COII'\co..tenC!.éi CIWIS. 

We QJ'.SYMe tha.l: .SUGk a .sb:tte is ~pre.scnt.ed. bld 1:wo 

~s Ïl"\ the til'1.iét. Jf:;Q.t;.e mo.chi.-,e irt su.c.k o.. wo.~ t:L\o..t éWt 
notion o~ sigrta.tlin<3 ~s ·,, wetl- d.efil"\c.d. 

We CQn only hop-t to C.Ol'ld:r~.Ad:. a ph~.sico.l reQ.lÏiQ.tioll'l fèr 

del:ermil'list.:ic firtibt .sb:d:2 l'Nl.ekine.r. A tiniêti!. .sWe m~d.ine i.r . ... -·· "' 
CAU.ed dete.rmil\i.stic if! ÎV\ ea<:k ~ tke input s~mbols unic)uc.~ 

de.l::.umi"e bo\:.h \:.he nt"'= sWe anci t:1-..e output s~MI\bol' . In 
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order êo de.rc.r\b.12. ~hi.r ~uit'emel'\t WL i"'èroclt.A.C.të Q. + ..... ~éioW'I 
c.<a.Lle.c:l t . 'Fbr ho.ca ..rl::ttA.G~t.e. I t.he. boolea" ~1'\c.éÎOf\ 
t is , .fo-; G\W'I~j .si9"'c:~.lLiW'1.3 sta.~ [s] , set of Ïl"'put: s~-bols V, 
G\1'\d ouf:pu.t S~l'lllbol c c:lefinec:l b_y 

.f: ( (s] , V, c ) 
= s ( t: s te E ~ T "" l:. c i.r 01 prefix oF G\ sig"'c:tWW'I.~ .sequence. 

: l:t,i:T e V• 
) 

r.,ro .... Mo.ll~ w.ca ~ SG~.y t.hQ.è .ç ( [s], V, c) ··.r equi"a.le"'l: 

t:o: 1'YI .s~ (s] ·,111putr V CldMit output c • 'For .si9no.l-

li"9 sb:U:.e ( s] Ql'\d t fUCil. l we ccdi t a... f;. tr~ ·,.., [s] 

·,~ t. c.ol'\l:ail'\s di.rtinc.t .rywtbals only G\1'\d 

A ( c, V: c € g T ,.. c oc.curs i"' t. 
" V ·,s tke .se.t of ·,.,put S~Mbols pre.cdin~ c in 1:. 

V COI'\tain.r o.f: mo.sf:. one s~""'bol r:k eQ.C.h input port 
.,.. f{[s], V, c) 
) 

Notice · thG"U:. f i.r a mol"'otcmic:. ~1'\d:.iov-. ... i.e. ·,ç Vo s V1 
th~n F ( [sl, Vo, c) ~ t ([sl V1, c) . 
fro..CJZ. .sl:n.u::hA.ï.4 T , or t"'cz. miniMc~.l fir~ite.. st~te me~.c.~Îl'\E. 
wi~ tro.c.e .stn.A.c.tw".IL 1" , is Ct::a.tl.R.d c:leeen"'il"'i.séic ·,p t.h.~t. 

~Uowi"'9 t.wo co..,ditions hold tor ea.ch .sigl'\o.Lling sb::l.tll (.rl 

anà eo.c.h tro..CL t. thc::~.t i.r c:tn t- trCI.Cil. iv-o [ s 1 : 
• t. CQn be. obb::\i"'ed .from o. tra.CQ u , suc.h. éhQ.t su e!: i, 

b.:1 shiR:i"'3 it~ u ·,_,put: S~jmbols .f:o !:.he IJ2Çf: a"'c::l oul:pué 

s~ mlool.s to t:he. ri9hl: , a"'d 
• c:tll .suc.t-a u LLCII..d te th.e. SClMe. .sb:::~J:e [s u 1 of T 

Not:ica. tha.l:: t:~ -Rrst: oP th~sa. .f:wo COI'\d iE:ions i....._pU.e..r tka.t:. 
• o.ll s':IWiboCs i., t: care .ffo..... disti~c.t ports , 
- ·,F t contQil'\.1" G\ s':l-bol H-om ac:~.ch outpu.t port t:h.l!l'\ .f: 

a.lso ccnb:ai"'s a s~-bol .Pro""' e.o.ch input port, and 

- iP 1:. C.OI'\~·,11\s Gt .S:fMbol trom e.o.ch port the."' t: ·,., a 

pclSSÏvG!. SÏ91'\a.lU~ J'~Cj'Ul!l'\CE. 
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Le.t. F (T) bAt deH~ o..r the. trQ.CL .st:ru.d:W".e 

< { s. t: 
: [s] i.r a .ri9nqlli~ s~ote of:: T " t: ·," an f- f:ro.<:.e 'tn [ s] 
: st 
} 

~ j. T 

~ gT 

> i 

F(T) o.N:i T have. tht:t saMe ports and si9"'Q.U.i~ set. Not:ic.E! 
tL,o.t1 tor d~Z.ttlrmi ... istk. T " F (T) is pcusi~ w. r. t. this 

..si~no.lli~ .scz.t 1 a""d I ar~.a F (T) kav"l. ~he SO.M.e s;9nc:.:lU.Ï""~ 

..sto..tes. För a.ll T we hc:.:lve T s; F (T) 

E:'xo.mP.Lz. 5. 0 

for t.ro.ce .shucbo~.rllS T Q.nd U , ..ruc."' tho.l: 

T = PREF(c{abcd, o.dcbl, {o., c}, fb, dj>) , 
U: PREF(<fo.cbd}. {Q.. 1 C}, {b,d}>), 

and llQ.Ch .syW'Ibol con.stil:u~s a port. 1 we hO.I/4. 

I is not: del:ermil'\i.stic, 

U is del:.ermini.stic 1 

F(T):: 'PREF(<{o.bcd, ctbdc, acbd 1 o.cdb 

, o.d bc., o.dc b, co.bd, e.o. cl b 
J 

, {al c } 
, { b, d} 
>) o.nd 

f(U):: PREF(<{o.c.bd, o.cdb, co.bd, co.àb}, {o.,c}, {b,dj>). 

(End of.' exo.~pltl) 

'ProP-er~__iJ 
Lel: U h.t. o. trQ.Ce .st.r~c.b.A.re f:h.o..l: hQ.S 1 amon3 its s\91'\cd.

Li~ .te.ts, th12. .s:i<3no.Wn9 ..set of I . Let U be o.dive w.t. t. tki.r 

.sigt'l.o.tli~ set. lt,r d.ebtrMini.sl;ic. T we ho.ve 

U g T = U g F{T) . 
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Pro of 
Since Is F (T) ie rernt:ti".r ~ Show U 3 F (T) s U ~ T . 

No-!:ice t~~ 9 T s 9 U . lör all x : x E ( g U \ e T) ilt ~ we 

have , inÇor-tMa.lL:;, , 

x E t{U 5j. F(T)) 
s { dflP. oP .g. , g F(T) =eT s e U } 

x E t (U?! (gT, h T) ! G ( gT) ! F(T)?![ bT, 2 T )) 
sr { def'. ot ~ J 

§ ( b., y, 'l: 'j f!. ~ U?! (QT, ~T) A 'j t(2T? u 1T!). ~.t l2T~ u .!: T!) 
1\ e e: s FlT)?!(bT, gT) ,. f:.= 1.t l~T? U 2T!) 1\ 1.~ ~GlgT) 
: yt(gU\gT):x) 

=t { def. of.' FlT), T Î.t" de.terministic J 
€ (t, u, y, ~: 'jE~ U?!l2T, ~ T} ""yt(gT? U hT~):rtlcaT? U !:_T!) 

1\ uc ~T?!(iT, ~T) 1\ t=~.tl~T?ugTn" ~.esGleT) 
" t '~.r obto.ined from u ~ shi~in~ in u .S!::Jmbols t'ro""' 

~ T? to ch12. l~t Gll'\d ..s~~ols froM ,gT! !.o the ri~hl: 

y~ (gU\eT) =x) 
3 { c<l.lc.t..J.us J 
~(t,u,y, i!: ye~U?!(caT, 1T)" yt{eT?U~T\):~I"(gT?u~T!) 

" ue. tT?UtT, oT) " t:-ztlLT?uoTI.) 1\ z~a tGCQT) - -- -- --
,. u is obt:c:tined f:rom t b!j sl·Mti~ · • ., t. S!::j""'bols fro..., 

i T? 1:o the ri3hl:. ahd s~notbols troM g T! l:.o t.he Lelt 
yU eU \eT):: x ) 

s { ir·Jormal. d.ef. of G } 

E (l:., u, y, i!: 'jE~ U?! (gT, ~T) 1\ yt(QT? u ~T!):~t(2T? u ~T!} 
A 1.1 E ~ T?! ( bT, Q T) 1\ U: 'lt(~T? u ~T!) 1\ 'i.E ~ G(gT) 
: y t ( 9 U \ g T) = x ) 

s { d~F. of:: h} 
x E. ~(U?! (gT, bT) ~ G( 9 T) h T?!{~T, 2T)) 

!! { det'. ot' Sj. J 
xe~(U~T) 

( EVId ot proper~ ahd prooç ) 
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We hGI.ve. SGI.id ekCo\1: Gl. S~jii\O\bOl 1 s oc:c..u.r~~e. is re.pnasar~I;Q.d 

by Gl.. vo~ ti"Qnsition . S~.~.ch Gl. voU:a.gtt tmnsiéion WIGI..Ij 

o.rrive Gl..t o. circuit b.e.Fo~ tke circ..ui~ ·IS reCo\d~ for it..r 

reception, Gl. pi-lenomenon t.i-IGI..t we hQ.v.Q. CQ.Ued compu.to.éion 

inte.rFerence (ct. secl:~ lf.. 0 ) . We elCclM.de comp~tCo\tio.., 

interP.e.rence b'=' holding ~.o~p vo~.e trGI.nsii.ions Gl.l: t~ receiving 

circ.~it 1 s inp~.o~l: ~.o~ntil f:he circ.~.o~'•t i.r rtlQ.c:l':1 f:or their rec.eption. 

~is hold~.o~p co.n, from the cut:side so to SGI..I;; 1 not bil distin-

9~.o~ished ttoi'V\ wire delt:..':J and, henc.e, l;he protocol tho.t 

g~GI.rcantees the Gl.bsen~ ot ti"QnsMission inter~erel'lc:.e wiLL 

delcu; l;l...e transmission of s~.o~b.sequent:. Vc>LI:a.c.:~12. l:ransitionr o.t 

the sendin9 circuiE:s. 

VoL~ trG~.nsiéions are Gl..lterno.tR.~ high- 9oi.,c.:l and Low-

goin'3 tran.sition.r. If a circ~.o~il: hcas held u.p Gl. voLto..~ tran-

sition at il:.r ,·VI.put " ·,t mGI.y 1 upo"' bec.omi"'9 rea.d~ fbr 

rlWlption" reconstr~.~c.t tha.t vol.tGI..ge trar~sition trom the 

vol~ Level o.t its inp~.o~t. ..ri~nce in the m~n time. no ~More 

volta.f3e transit.ion.r hc:we bee.n sent. "lkir provid.~.r I.IS' with 

an~her reason for not a.llowi"'9 n'lul.tiple transiéiort.r on o. 

wire.. 'Rec.ortstr~.~.cl:ins tl-lc:d:. vol~ trc:tVI.sif:io"' ""'~ b.e. doV~-e 

bj com~rin9 of:he p~sent: vo~/l level w'1él-. é!-1.12 volt~ l2vel 

as ·,-~: WGI.S -.rivv:.e B-Ie tast precCi!din9 traW"~sitioVI.. lkis r.ectu.iru 

Q slo~e eleMent pe.r input termirta.l and ·,s ol='éen cca.Ued 

2- cyde .si9"'o.llin9. I"' order ~o ecoV~oiiY'ile. OW'I the o.mount ol=' 

circ.uitr~ , however, 4-- cyc.le siC3rtaU.i"'9 is preç:Q.rre.d. Trt l:hca.é 

cca..se OV~ll:f Q hi«3h- 9oiV~9 voLta.gQ. i.rat~sitiort f'llpre..rents a 

s~mbol1s occu.rrence. îke low- goinf3 trCo\1'1-!i~ioV~.r Q.re the.rt 

irrelevant o.s fa.r Q.t the S':jiiY'bol.s a.re conCCi! r ned. Wiih 

respect to inbufizrence." howttve.r, thCi!~;J a.re not irre.Le.vQnt. 

We .s"'o..ll den~ o. hi9h- f30Ï~ or low-caoing voU:a.~ trar.si-

-l:.iolfl ~to.ted to s~mbol h h1;1 bt and b{i re.rpe.d'tve~. 

SiMilcv·{y , a tra. Ct. M.GI..Y bQ postR.xczd w ié'-' t or -l- to 

eKpre.ss tha.t ea.Ó\ oP tkCi! S«;:jmbol.s iV~ thtt tro..c~ '1.r to b.e 
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post:fix,qd o..ccordi""~. WE propoS4 tha.:t: a. p~s..riv.lt si~V~c:\.lli"9 
se9•-vaV~ce. r lei!OI.ds f:.o a. voU:.c::uya ironsifion sequ.evtce 
(s ') ( t t) whe.re t is a pcusivct .ri9V\o.llii'\Cj .SIZ.Cf~A.eii\Ct ~nc:~ 
a permu~ion o~ s . A conc.o.te.V\o.tion ot ..ri<anQ.lJ.ÎI'\<:) .r~-
quei"'<:U leads to o. con~bno..tion of volt~.c! tra"siiio"' .sq,. 

que.V~Ce.r ÎV\ wl-lic.~ high· going and low-qoil'\'3 Jub..re.~enc.e.r 

c:U.tcarno..te. .Sinc<é! e.ac.h S!:JW~bol b occu.r.r o.E: IIV\Olt OV\Cct in 

eo.c.h siqvto.lli"'<j S<2Gj'u<é!nce.. bt a"'d b+ albarvto.be.. 

We sl-lo.ll 1"\ow di.rcc.l.r.s how o. circc.lit M ma.:; be. dcriv~ 
trom tn::~.ce str~A.cl:.cAre. T . Wi~ tke Mechc:u'\ÎStic. o..ppr.ec.io.

tio"' di..rcusJed i"' .red:io"' 5'.0 1 ("41'\der.rf:ood witl-l du.e. 

ob.rerva"'c.e. oF the n.~les .rla.te.d o.bove for high- ~oin.~ a"'cl 
low- soinc:3 volto.glè. tro.V\sitions I M will ~ Qlo'\ ÎW\ ple.Mt.ll\ta.tioll\ 

oÇ' T . It i.r o.ssuMed t.ho..t M is embcadded i"" a"" 't.ro-

chrol"'ic re~ion, whid-1 a.Llows u.r t.o order i"" thMil ~INt rtlltll\ts 

O<:.c.urrin9 in M 

Circ~..üt. M consists oÇ Q nuMb~~tr oJ:' bloc.ks, one bl.oclc 

per .ri9r~o.llinB s~~e 1 pi.t.tJ .rome addihor~~t cin::uit~. Bloei:: (s] 

corresponds -lo sigr~o.W"'9 .sto..te [s] a"'d har o. 1"\u~b.e.r o~ 

Îl'\p("4t a.nd out:.puf:. terMino.Ls 1 vi~. 
Ol"'e inpul::: termiru:A.l. [s]. b 
one output. terminal [ .s] . c 
one input t:Q.rMi~l [s]. N 

pef" ·,"'put ~mbol b 1 

per output s,ymbol <:. , 

one. i"'p("41:. terl'\;li na.t (sJ. 'P 1 a nel 

one output. l:ermi"'o.L [s]. X {[tJ) pu s'•gno.lli"'~ .l'bu [t.] 

tor whi<.:.h Q .si<j""'o.llin<j sto.bz transition trom [s] t.o [t] caxist.r. 

Blod::$ CQV\ hc:we Q er i IIÎ l~9!.· At o.n:~ MOMent one blod:: 

ha.s ehe privilege, i"'dicatÎV\9 t"'C\.1: E:he c.ircu'•t: is i"" the 

correspol'ldi~ sig"'a.lli~ sl:a.E:e 1 or t.ho.t it. i.r Matin~ Q si9"'c:ü
lin'9 .rb::lte ironsition trom that. sto.b!. At"' unpri11ile9~ blode: 

cy&nerates no volt~ transition.r. A privile«3ild btoc.k [s] iJ' 

Q pcul:ia.t impleMel'\to.tion of T in u ... e senset ~o.t ··es traces 
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o.re the f. woa.s ·.,"1 [s]. lnis mu.sE: b.e u.ndersb:::>od wit~ 

dl.lt! observo.nc.12. of th.!l. rul.u sf:~d o.bove for hi9h-ejOÏW'\<3 

and low-goin<j vo~4. tf'Qnsi~iOV'lS, wiE:.h t.he foLLowin<j 

e.Kcept:.ion. A Si<j~"~~lli~ .:se9uenc.e t.L Leo.ds to o. voLto.~e. 
tran-siE:iol'\ stequ.enc:.e (u 1' )( v •) as befere, wif::.h t.h~ <Lxception 

thca.t: v is net nec.e..r..ro.riU; a si9n~"'-S s.equer~ce : v i.r ct 

p.erwu..ab::d:.ÎOI'\ ot u 
1 

v stc::trl:s witl.t G\n. inpl.d:. S!jlN\bol , buf: v 

l'leed not:. end w'léh Qn output ~""'bol. 1he o.dditiol"lo.l 

circ. .... lit.r~ t~ co ...... bi"'-I2S' the bloc~.s into c.i.rcuit M deal,r 

wit.h tl-ti,r exceptiol"', a.nd '•t routes th12 ~iviLe9.e Jl.lc:.h tho.é 

-i:he pct.rè~o.l l...,.plemento.tiol"'s- of: 1" togJLther tof'WI a 

complete ÏW~plemer~b:~:t.iol"' of! I . W.t shca.lt flr.st desc.ribe 

-the constn..td:ion of: th.e blod:.r and t.hen how they cue 
COMbined.. 

'Prescnce or absence of: the privile~ is, per blode: Csl, 
rec.orded in Q tlip- flop [.s]. p . I~ Q bloc.lc" [s] so.'j, 
has th.e privilege., it inspec.ts the '•~~"pu.t.s for hi~k- ~oi."g 

ot~n.siéioi'I.S, Cj41"\Era.l:e.r . hi<3h· <;:)Oir\<j output trc::ti"'Si~ions.. keq,ps 

tMm high uvrtil tke '•~'~puts go low 1 c:;,e.ne.ro.tes low- 90 il'\<3 

outputs, ar~d tl"'o.lly ·,ç.- a.ll i..,put:s c:~~re low c:ts in.dic.o.t~d bij 

[s]. N , i(:. invert.s its privilege flip- Çlop and qllne.rc::ttes a 
vo~ t.ra..,sitiOI'I at terW~inc::~.l [s]. X ( [t]) for- tW [tl to 

whic:L." a si<j"'c::tlliVVj sWe tra..,.siE:.io"' hQ.r b~n co~pl.ef:ed. !kis 

.sto.t.e [t] clczpel'lds 01'1 wh.ic.h ÏW~pW go high { a..,d. o" [s] 1 oF 
course) and, hence, is te b2. COMpul:ed Q~ -l!Aose. ·,l'lp~.o~l::s c::trtl 
recqived 1 Cll'ld to he .stored u ...til -tl-le .st:;,Q.t:.e tro...,sitio"' i.s 
COMpûtted. O.,c flip- Aop [s]. x ( (t.]) per pc:i'tr of:' s~c::~.t:~..r 
[.s] Ql'ld [t. J , fo.- wkiclt a .si<j~c::û.li~ .sE:o.te ti"QI'I.SitiOV"~ tro"''' [s] 
t.o [t.] ctJCists, is use.c::{ for tl11s purpo.se. A lso th~ 11olta.g.es 

~o ~ gtl!l'lerof:ed for out:.pul:: symbols depend on the i""pu.t.r. 
'The~ anz t.o ~ 1ctp«; lotigh bc; -tke bloc~ Ol'lly as lo"'-~ ca.s t:h.e 
ÎW~put.s are high and~ theref.'or.e, VlO .storo.C3.e: .el~me.l"'t..r c:~~ne 

necde.d. "R"'o.lly1 a blode: CsJ l'lot hc:.vin9 ~~e privile~ 
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~ner-<::tf:e.r 1'\0 voLt:~ tral'\.sitions arld does"'' t cka"'9.12. st:o..te 

Ul"'til it receives t~e rrivile~ h~ Q VO~ ~îQI'\Sif:ioVI a:t Îé.r 

Îl'\put terw\i 1'\etl [s J . 'P . 

I"' order -l:o desc.ri~ electricetl circ.uit.s W.ll write boo(.eQ~"'~ 
exprllssion.r anc:l a.r..ri~nment. st:a.t.eMel'\ts. High and Low "olt~ 
corrupond to t.ke booleAn vatue$ t.r~.o~e and fo..ls.e respecf:ivelij. 

A"' assi9nmenl:. v:= e denoi:Ls tho.t v is c.onsl::antly 

c:tssi9ned a ve~.~ su.c.h thaf: v: e ·,.r t.rue . Exi.ste"'tie~.l and 

u"'iverse~.l qt..ca"'tiÇ'iCC~.-éions are compt.d:R.d wit!, a rtt..cl'\1\be.r o~ 

OR and AND elemeVIts resp.rè.ctively. A flip- flop tt has 

two irtput termirta.l.s ~ tf. R and ff. S ~ and. two output 
tertl'linal.s ~ tf. Q and f:f:. Q . The'•r vctluu wiU bil J'~.o~c.h thet!: 

.., ff. R v ..., ff. S anc;( Pç:, Q 5 .., Ff. Q . As.si9ni111.9 fc~.LSle 
te both f~. 'R and fP. S dou not <:tFf12d: the ÇUp· tlop'.s outputs 

whu .12.a s 

f~. R . - tri.Ae yield.s ...,ff. Q ,. FF. Q 

fF. S := b-ue fF. Q " --. ÇF. Q 

The. c:tbsence or pnzsew:::e o~ -!:.he privi~Q. ·,s r.ecorded suc.h 

:\::~at 

[s]. p. Q 5 block [sJ i.r privll~ed 

for eac.h C~.~tpuf:: .symbol c. " c 6 g T , tke vc:..lu.e of output 

'krminal [s]. c i.r cow.pubad by 
[s].c := [s].p. Q" t([sL V, c.) 

lf.)kc.r.c V is the se.t of iVIpu.t syll\llbol.s wkOS.Q. 'n•'\pu.t term i nQ.L..r 

have vc:U.u.e tru.e . Sub.stH:.u~ins -!:he deF'irtH:ion oÇ f and V , 

and distribut.inc:} t~e. cortjund:ion t.hrou3h elCÎSl:.el'ltio.( 9uant:iÇi

co.tion w.e. may rewricq, this Q.J'sigY\me.l"\t as 
[s]. c. := E (1:: sf:c. ~ ~T 

A. t. c ·,s a preFix of o. sis"'o.Llin<j se'fc..te.W"Ce 

: [s]. p. Q A ,8(b: b occu.rs Îrt UbT: [s]. b) 
) . 

1ke. st<:tbe trar~s·1tion .flip-tlops are drilftZ.n simibrl.lj, vit. 
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[s].x([t.]).S:: ~(u: suE ~T "[su]:[t] 
" u '•s a .si9"'o.lLiV~.~ se.9uence 
: [s].p.Q"' Alb: b oc.c.urs i"' u~~T: [sJ.b) 
) . 

~cir otke.r- i"'put ·as controlled ~ 
[s]. x([tl). 'R ~= [s]. p. Q 

~e pnvile9e. tlip· Rop [s]. p is co11t:.rolle.d by 
[s]. p. S := (s]. '"P 

[s]. P· "R := [s]. N " ~ ( t:: [.t]. x([t.]). Q) 
T~e. re.mo.inil'\9 outpu~ WMil'lc:ds Clf"(t col>'l.tr-oll.e.d by 

[s]. X (U:l) :• [s]. p. Q A (s]. x([t]). Q 
fro""' Cll'l opera.~ioi'IOL poi~ of v\o.w we MQ.~ C.OI"\C:.I..I.lde l='r-o""' the 

o.bo\lf. \:no.t, lf bloc.k [s] doe.s nol:: ~alle lhe pr: vil ese, we na lle 

..,[sJ.p. Q 
a.rw::l, con.re'f'""e"'l-:ly , 

-. [s]. c 
... (s]. x ([l]). S 

w~ .shc:a.ll .see to i~ ~hc:a.l:. 
... [&]. )( ((t:]). Q 

tro~ whic.lot we c.ot'lc:.wcl.t 
..., [s]. X ( [ t:]) 

tor o.ll c. 

for a.ll l: . 

for a.ll t • 

-. [sl. p. R 
lhu.r a"' u"'privite,-.d bloc.k [s] has outputs w\~ vQ.lu.ct FQ.la 

only G\t'ld '•f: i$ rc20.d~ tor rru:ei"i"-9 the privlle<JC2 viQ. [s]. "P . 
Upon ~pbon or the privil~ (s]. "P b.u.oMes tru.e Ol'ld, 

henee •. 
[s]. p. S ~= tr-ue 

whic.h, tha"k.s to .... [•]. p. R , yi.e.ld..r 
[s]. p. Q " -. [sl. p. Q . 

Ne~tt thci OCA~pul: terw.i\1\o.l.s (s]. c o.rt' as.si9ntd ve\we.r i"' 
a.c.c.ordc:a."cc wU::h tl-te vo.wes tha.f: t.he input terW~i~l..r [s]. b 

re.c:.e.ill&. Due to tl1e de.t:Aarminism ot t:he t:n::u::e st.rl.4c.tu.rc bei~ 
itovlpleme.nbtd, Qt mo&t:- one s~:~~bol'.s f:e.r~i\1\Q.l oP 12o.ck output 
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por~ b.ec.omes true. IF lhe i"'pué voh..ut.r are ..ruc.h t.hc:a.t the.~ 

repre.sc.l'\1: t.he. i"'puf: s':J""'bols oP a .s~V\().u.ii'\Cj .re9uenc:.e u the.ll'l 
[s1. x ( [s u]) . S := l:rv.e 

wh;c.h ~i.elcis 

[s]. x( [s u]). Q 
Due to the del::er-""'ini.sW~ Q~ ~Mo.s!: o~ .sto.-b2 tro.l'\.sitioll"l -ÇLip~ f:top 

chans~s v~e. 'F1 . .trf:.hermore, of ea.c.h output port:- one S!::IWI'lbol1s 

iermin.cJ. has t.he... been as.siqnecl the va.IM.e. ~1"\lt.. "F'row. tke. 

.si91'\a.U.in.9 set protocol it td.low.r f:hco.l: l:henaa.H;er the. ilflput.r 

[s]. b · becoMe f.:'co.lse a.gail"''. As soo"" a.s -4::he~ a.re fa.L.s~ we 

hG~.ve 

[s]. N 
.., [.s]. c fo.- Q.ll, c ' 

-.[s].x([t]).S roro.LL 1::. 

( [s]. N i.s G\1'1. i"'pu.t o~ blodr.: [s) G\MQ 't\:..1:" b.c.comil'\'3 4::ru..li!. Ol.l'\."ot, 

bq, covtc.lu.dctd from t~ o.bovct ~b ~ we ref:yrn -l:o tkis lQ.te.r.) 

Notic.e -l:ho.t: si9nc::ûli~ sqquel"\c:.e u lll.ads, b,:; tke ~bove. ~e.me, 
t.o o. vo~ t.ro.l"\sition SJ29~..te.n.c.e (ut)(vt) wlAe.re v 't.r a 

permu.t:Q.tiovt of' u tlAGlt .sl:c::ut:s wiE:k. G\11'1 i"'put s~mbol b~Aé 

need t1of: en.d o~ en\ output s~Mbol . ïke Me~kod of c.o""'

pYt.il'l.~ the outputs i"' uf givu v-t for- frecz.. 
Nflx.l:: we kave 

(.s]. p. 'R := t:r~..~.e 

whiGh yLeld.s 

-,[s]. p. Q "' [s]. p. Q 
foUowed · by 

[.s]. X ([su]} := true 
[ .s] • x ( [ s u]) . 'R :.,. t rue 

Nfl~tt: tollows 

., [s]. x{[su]).Q 
and thet1 

[s]. X ([su]) :,.- false 
[ .s). p. "R ! .,.. fa.l.se 

the tQ.c.l: t~Q.t 
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[.r]. X ([.r u]) :=trut 
p~edes 

.., (.s). x ( [s u]). Q 
is not G\ COI"'S'lqU.Cvt<:.~ oP -l:hz a.bova a.s.rigl"'ment:.r G\11"\d must bc 

C.OI"'l::rolltl.c:l hy 1 for QXa.m.plc!, W\a.kil'l.~ tl-te x Çlip- tl.op.s ~tcd:ivelij 

slow. 

Tne. bloc.k.s thu.s obtc:li"'~ are co~bi"'~d to yield i:.tl~ c.irc.uil:. 
thc:lt IW\pleMents a tn::u:a .st:ru.c.f:.ure. 1he il"'put: terM i no.l.s oP éht 

circuit a.re COnY\c.ef::e::l t:o t~ co~.spondi"9 input terminl.'lll.S o(: the 

bloek.s: try 
[.sl b :: b 

Co"'t:..otli"«3 th~ c.irc:uié1.r outputs i.r more co~"Mple.!r. .s:ilo\C.ct 1 c::~..r we 

have SCII.ic:l ~ for.ca, tkcz l~>w- <30i1"113 vo~c tron.sH:io"' J'Rque"'c.e 

.sb:4rt.r wi~ a"' il"'pul:: but net.d nat enc::l wiek Ol"' output. Tl: 

doc:z.r ell'\d witk 0.11'\ oulput i~ -t::W!.rc i.r o"'Lij OII'\C il"'put:. port. IP 
thane. is mone. thO.I"' one il"'pul port, some oul:.puf:. must: be 

c::k~d in bt2c.omi~ low u~il all inputs are low. 'lo l'li!Q.Ü.t.c!. 

ihi.r del~ , Muller C elemeli\U a.~ um [2.0] . (A HuUer C 
ei.AtM.call'\~ i.r all'\ <ZtemQnb wil:h a l"'l»"lbe- of il"'put:r aWI.CI ontt output:. 

If a.Ll inputs ho.ve. tll\ct .n:uM.e va.I.M.e thc output wiU. a.l.so I"Ji!.C:Ii!.i\IIZ 

~<::\t vt:A.lu.e. • aw:.l ot~erwisa. tl-\rz output does""'t chan<iJCl va.lu.e. ) 
TWlnl Q.r:R i wo ~.s of computi""S Ül.t. c.'arcuil:.'.r outputs: tl-\e 

iwuncdiabë! output 

c :: sls: : [s]. c.) 
a"'d thel dell::tytl.d out:pu.~ 

c := ~(s :: [s]. c) ~ É(b: bE i,_T: b) 
where x Ç y . deno~..s tWl. output oÇ a. Muller C eleii'\'\CII'\é 

witi-I i"'puts x anc:l ::J • 1kqpz a.nt. two o::ttes: i~ the.re i.r 
O"tltj o~e i""p~t. port 1 c.ll outputs a.rc i""~d!Q.te . lt Here i.r 

mo~ t::~n ont. input: port, c:u·oi~n:u·ify O!At. oÇ th.~ output pofts 

Ï$ al.ecl:ed. to have ctela.y.e.c:i ou.t:put:.r tor a.U. .symbol~ i~ thc.\t 
porl:: , anc:l all oE:Lcr- outputs are ~"'le.dÎc:lbe . 

fbr evru~ blod: (s] input berMinal (s]. N i""diet:l.te.s t:.kQ.t Q.ll 

116 



'krmino.l.s corre.spondil"'l3 -ba "•npu.f: .S':f"""lool.s ko.ve vo.lu.c fo.l.tcz. 

lnenr.tol'll we i"c:.Wd.e 
[s].N:-= -.§(b: be.i.T: b) 

Tke pri11ile~ po.s.si~ is, for eo.ck bloc.lc: (:ll 1 controU.ed b1;1 

[I::]."P:= s(.s:: [.s]. X(UJ)) 
Tke Îl<'litio.Üiel.tion of E:l-va dro...if:. IN'!U.sf: bit NC.k t.~ Q.U. inpu.t cwd 

output; i:errv~inab haVI2. vaL.le bl.se. , tho.t:. a.U. ÇLip- S::(ops 1.\Q.V~ 

ouf:put.s Q " ., Q , wltk excepbon o~ tkcz pri11i~ ~lip- Plop 

o~ '=.~e. inil::icd.. sto.te. w\.to.s.t2. ou.tpul: MU.at be. (E.]. p. Q " -. (t:l p. Q . 
Tnis c:oll'r\p~s tW2. circ.uiE:'s COI"lstru.ction. 

Wi~k respl2d: ·-~::o t:l-\e lcayou.f: we. rtaco.U. the a.ssum.ptiovt 

tho.t t:he. cin::.u.it iMp!eml2.rlti.,q a fi"'iba .sb::a.~ ""'Q.C."'i"'e. ·,.r ei'll\bl2d

ded i" GIV\ iso~ronic r"'9Îon. lhi.r c:as..rum.ptio"' is e.r.re.l'ltio.t '"' 
order to express f'll9u'•rements on rela.tive spe~td.r. We. ho.V'e 

Qlreo.Q; said thQ.t the x flip-Çiop.t mu.st ~ r~ala:tiV'eL,; slow. 

lke oéhe.r r129u'•r<21'11\tt.nts an. thaf: tk12 blocl:.r rece.htt. thzir 
lnpth ol:;. Clbou.t the. .ra""'e ti~ 1 a"'d t:kQ.C tk.e P"s.rin~ oP 

privi ~e.s is nof:: exces.ri'lt.ly slow com.pQ.I'led to l\.te. hal"'dÜII\3 or 
inputs Glrld output.S'. ïhe la.tter require.Mel'll::. boils dowl"' to t:ke. 

n!.GfuireMt211\f:. t:.ko.t hi<3h- <30i~ Îrlpu.ts oP the n!Ut .ri~111.a.lU~ 

.SI2CjU&VI.CCZ. a.rriV'& a.R:G.r tl-te. CLA.rr'Qnl:.l~ pri\lil~d blocl:. ha.r 

<jÎVC.n up the. prhtiiR9ll, f:hou9h ~ot r~.ece.S'.ro.r~ o.lter E:l.,.e. 
succ..e.s..ror bloc:.lc: hcu re.ceivqcf f:"'e. prlviûase.. Notic.e. t.Lo\a.C, '" 

the. t.af::b2.r cc:ue, t.Lte. co~und [.s]. P· Q i"' t.ke. C.OWI.puto..tion 
oP (.sJ. c anc:l [ .s l x ( (t:]). 5 't..t f'a.l.s:tl and re.prU&V\t s t h~ 

holdup oÇ inpul::. tl"Qn.titloi'IS un-éil th~Z Clt"OAil::, IMOf'.t! .rpec.iFico.~ 

hlock: [.s] , is reQC{~ tor their re.c.eption. 1ku..s1 t"'-e. pri'li!R.~es 
O.rti. !A.Se.ci to ttJc.c:L.i..ude. coM'\puta.t:.ion ii'\berFt2n2nCe. 

Not.ice .f:hcû: the. va..IM2s a.t inputs oÇ OR ond AN D 

elerl'u~.l"\t.S C:::.OW!.put\""3 t~ circui.t1s ou.tputr do V\ot cho~e. tn 

oppo$ibt dinte.tions. As o. conSf.9!Ae.l"'c.e, the cirGJ.A\t does 
not W\oMe."ta.rH~;:f 9e.nera.te. erroneou.r va.l.u.u : the. c.ir<:.u1t ir 

f'recz troW\ ~êo.rd.s-. 
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We. men~ion o. f.zw opt:imitc:U:.ion.s l:~ca.t wiU. b.e. o-pplie.d lo 

the. exQmples we pre.seV\t:. "'Privil~l2. po.ssin~ l='ro""' Q blocl:: to 
Î~.NlJ:, i.e.. a.loV\9 [sJ. X ( [.s]) 1 CQII\ biL OWt'tt:ted ·,~ Ï111 thc:~.t 

co.stL o.Lso -lh12 c:usi9"'ment [s]. p. 'R := true ·,s om',tted. IF Q 

c.'•I"'CUit c..on.si.st.r of Oll\e blod:: on~ Qnd th.cd: blod:: o-lwo.~s 

hcu t~~ priviltlge, the prtwzncCil Uu2.reof need no~ b.e. rtZcorded 

(illl Q nip- Hop). "lke circuits oi='UzV\ COV'It.O.ill\ OR Qnd. AND 
e~ments' w'•t"' eitl-vtr only 011\e. ·,"pul: or two ·,V'Ipl..lt.r o~ whkh 

one ir COII\S~I'\t. -rhe~ co.n be reMoved bu~ we hQV/L n~ done. 

so in ev-er~ CQSGI. 1ke circu·,t;r *" compuf:tl booleo.n VQ.LIA.2r 
described b~ Qn expn!s..rioll\ oP thrl ror-Wt Eo V ( ~0 A E1) . 

This expn!S'.rio" m~ ~ redl..lced ~ t:o. 

We u.r.e the tollowil'l9 nof:Q.tions when dro.wi~ circ.uits. 

Y v w~A x 

lhe~e. pic.t~s r~rese"'t c::tn '•nvert:e.r , .so..ti.sF!:fiV\~ 
'1/:• --,u 

G\ncl Cln AN·D de.IM~II\t, saéi.rfyin.g 
U 5 V G\nQ X :: U A. 'V A W 

An OR or C eleWie.V'It is c:li"'C\wn similo..rl~ . 

ExamP.!:e 5.2 

Co"'.sider ~he tull Qdder of. el(QIMP~ 2.5' c::tncl ~~e 
p01.rt1t:ioni"'~ o~ it:s a.lphab.et: of GXClmple 4. S . 1he fuU 

o.dder i..r pQ.rsil/12 w. r. t. the signo.lllrllj se.!: lhct.t con.si.st.r o~ 
o.U. it.r port..r. ik12 i::I"'ce st:rd~Lre is det:erministic. Ql'\d, 

hence., wil:houl: trQI'\s-Formc:~.t.ion..r ~ht. sb-o-~13~ .for der'•vill\<3 Q 

circuil:: c:u· described c::tbo\ltl i..r a.pplic~ble . 

Lt tl-le proc:Jrt:lm teltt ~l-lc:ll:: 

part H:iovtin~ of the G\lphQbe.t: 

.formc::tli~ing the .S,Ynt~x . 

tollow.s we iV'Idicc::tt:e tl-te 

but we mcalce no Glttempé o.t 
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c.om full o.dc:ier ( in {caO, a1}, { bo, b1}, {~o, c.1}, 

out:. {dO, d1}. { eO, e1} ) : 

( aO" bO; dO" (cO; eO I c1,; et) 

I bo, c.O; dO, ( a.O; e.O I a.t .; et) 

I c.O, aO; dO, ( bO; eO I bt; e1) 

I a.1, bt; dt" (co~ eo I ei ; e1) 
I o1, ei; di, ( a.O; eO I o.t j ei) 

I ct, ai; dt, ( bO; e.OI bt .i et) 
)* 

moe. 

The f'i~i~ sl:c:U:e mac:.hi~t ha.s on~a si~t~o..U.tn<3 .rl:c:l~, vi1.. [El, 
OY'Id." heV\Ce1 -l::he2. c'trcl.lil: CoY'I.sists oF o~e block whic.h ·,.r 
~fmo.~eY'Itly prilfil~ed. 1~-~e~~r:e no privile9t is recorded. 
We. sh.cül avoid éo draw ~ diGt5f'OWI oF the f'iY'Iitrl 3t~ 
mQ.C.l.,ir~~a , Gl~d w.12. wvaf'fll':1 ob.s.e.rlf.e. that, tor examplt, '"' 

-ll.o\e.. 36 sic;l'lallin'3 .sb:a.te tran.sitions in whic::h symbol do 
oc.ct..t.r.r do is preceded b1j eithe.r 

aO and bO ( plus, pos.sibl'::l, cO or- c1) 

or 

or 
cO a"'d a.O ( pLus, po.rs'tbly, bo or b1) 

A~c:.ordiii'\:J to t:lo,.e COI'\S'trucl:io"" IM.ti!khoc:l, output dO \.r 

controtl2d b!:l thG! <:U.SÎ<3rw111tl'\~ 
d 0 ~;: ( o.O ,.. b 0) V ( bO 1\ c 0) V ( c.O " o.O) 

In -3.en.ttral, the output..s- ~ controlitLd by suc~ an AND- OR 

circ.t.ité. "Tkis ttJPI' oP o.. órc~o.ilé. is oPt:en co...l.l.ed a 'PLA Q,ll'\d 
con b.e imple.me,..Ce,d ePÇiciently [ 1B] . 
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1 0 0 0 0 

(\ I 
y 

1\ y 
A IA 

V 

H-
1\ y 
.1\ IA 

la. '" 
V 

,.-
V 

r-- A- i-- A-'r--1\ uv !.t lt "- V 
IA " H'· " y 
IA tv. " V 

- A- r--1\ la. 

la. y .. .. y 
IA ... .. 

V 
IA 1\- i-- 1\ 1\'" 

V 

0 " V- V-~- V- V I" c c 
i 1 

ao a1 bO b1 co c:1 dO d1 tO e1 

1k. port: { eO, e 1} is c.hOSQ.r\ to h~ve Muller C etewtll.r'tt.r. 
Wil:h resp..ecl: t.o corred: Oper"Q~ioV'I thi.r c.ho'tc.e. i.r ·,rre.le.vc::u .. t:. 

w~ respu:t to spaed, howe.ve.r, ij,js c.kok.e. is the. preJe.rrGtd 

ON: 'tl::. a.lJ.ows MQ.JCÎMUW\ C::Or'\CUI"n!ncy Îl"' tke l.IWOtd.OÎr'\'3 of 

c.carry- propca~c:a.t:ion ÏV'I t:.h.e. Low- goi"'9 vo~IL trcansiE:io"' 

.SA2'fl-l4t'\ce. i~ ti.&U o.dcier.r o.~ eo..s-c.a.ded . 

( tr\d of ex<aMple) 
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E XQMP-le. 5.3 

Th~ pro9rams f:'rom exaMpl2 2.. Et can ~ d~actU: wi~i-1 j." a 
~ siMil<l.r to -tl-la. previou.r e..xaMpte. "lnQ.retore 

C.OM binar~ to Gra~ ( in { bo, b1}, {co, c.1}, {do, d1}, 

~ields 

1 

1--

0 

A-

1 .. 

.. 

oul: { qo, g1J, {hO, h1}, { i.O, L1} ) : 

({ bo, cO; go I bo, c.1; 91 I b1, cO~ g1 I b1, c1; go) 
1 (cO, dO; ho I co, d1; h1 I c1, dO~ h1 I c.1,d1j ho) 

,(doj tol d1j i.1) 

)* 

0 0 0 0 0 0 

1--(\ I 
y 

A VI 
la 

IA 1\ 
y 

tt 
V 

f\- 1--f\ 
V 

(\- 1--1\ 
V 

" 1\ V 
1\-" '\/ 

V 
A 

V 

V-fv- v- v-v c c 
' 1 1 

bo b1 cO c:.1 dO d1 gO g1 ho h1 i.O L1 

( El'\d of Q.xaMp{e) 
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Exo.mele 5".'+ 
In eJCo.~ple 2..'+ a bil'lo.r~ vc:ariabl~ i.r discu.rs~. lf xO 

Qnd x1 area i111pul::s1 ond yo and y1 outputs 1 1110 po.d:.\~ion

i""9 oP t:ht alphabets mcJcts -4:h.t variabie po..rsive or ac.l:ive. 

~e~~~ee, '•I: is to bA2. -~::n::~..,sf'ormtd b.!:f f:he i111trodud:ion oç aU:.e.rna ~ 
tion. We QSSume. ie to blz. pc:a.ssiva.t:.r2d. UsinB t!ll.sh ~1'11\bols 
x and y lhe resull: o~ the tre1111.sformo.tion m'uaht. b.12. 
duc:.rib~d b~;:~ the prosrt:l""' t:ext 

c.om var ( i" {x, xO, x1}, out { 'J 1 yO, y1 J ) : 
(xO; y; (x; yo)• I xt; y; (x.i yt)* )• 

~ 

lWt tro.c.e sf:ruc.tu.c-e hc:ts t:l-tree .si~no.W~ ~s as ~ be 
illu.rtro.f:e:::l by the. tollowin9 dio.gn::tm . 

xo y Q 0xyo 
~([xO yJ] 

[E] x1 y xO 'j · 

~ 
/'[x: .Y] '\ 

x1 y \.._} \._} x yt 

Con.se.quently, f:he circuit: haJ thre.e blocl::s. 8!::1 opeimito.tion, 

iwo pr\vi~ pas.sin9 r:lip- rlop.s a~ omif:te.d 1 t.hu.s le.o.di~ to 
the circ.uit o"" tke n.e.xt p~. ïhe blocl:.r [E.] 1 [xo y] 1 

and [x1 y] Qrt drawn, Îll'l t.ha.t order, A-om top -to boE:.tom. 
At the bof:kom tke compub:lt.ion ol=' N ÏJ" di'Qwn, o.nd to f:he 
ri9ht ot ecliC.h bloc\:: [sJ l:he COMp •• d:G\i:.(o...,. oÇ (sl. 'P is drawl"'. 

Wil:J.ti"' 0:>.c:.h blode we ti111d, f:'ro~M lett l:.o righl:., t:he i" puts, 

-t:he ou~t:.s , ~~ x tûp- flops, N , Q"'cl the p flip- Çlop • 
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0 0 0 0 0 

I I 
I ~ll 

0 

V 'i/ 

V V 

u 
-----;:' 

'V 

- ! 0 

.".. 

EE 
,iJ,:-

i= -V -
V 

0 

-,. tl 
~" 

0 0 

~ ·~ 
'V 

0 

V 'i/ 

""""' 
A-- I 

0 
0 

...,_ 

x xO lC1 y yO y1 

lee us., by w~ of txperim.el'\1::., colo'lsf::.rt.~.c.t: o. c:.ir'C.I..I.,f::. fo- ih.ll .ra~ 
vo.rio.bl!i! in t:"'ll CD.Sll oç o. dit:Çere.l'\t pcareiéionit~<:J of it.r o.lpho.bet-r, 

v'r't. tour ports o.nd 1:.wo si<:)l'\o.u.ins sets {{x}. {:to, y1}l a....d 
{{ xO, x1}, { IJH . lhis ·,s a vo.rio.ble tho.t a.llow.r it..r vo..lu.e. -to be 

ir~spec.ée:{ ~ a"'ot~er compone.nE.: -éhalf'l the one t:.ho.t o.ssisr~s iE: o.. 

va.We. We. sho.U. ma.ke no o.tterl'lpt o.t d12.Çendil'\9 t:.~e. circ.uil:.1.r 

ccrn?.ctne.rs. lhrl vario.ble i.r pa..r.rive. w. r.t. both sigl'\a.tLi~ .s~ts. 
In the .sto.bu- [xo y] and [x1 'i] 'tE: \s pos.ri bie. , due to thtt two 

.sigi'\Q.(Li"'9 sets, tha.t bol::h >< and one. of xO a"'d x.1 b.e.come. 

t.rue, ilf'l wl-tic:.~ c.o.a a selection mechani.rWI. ·,.r ni!qu'u·Ed.. We. 

po.sb.tlo.te the. avaü.elbility of OV\ <?-rbié""tiol'\ ç.ircui~ wH::h n+~ 

inputs an.d n outputs, n ~ 1, w ~ic.h we draw as tollows. 
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z 

ll-le va.lu.es of tke i"put.r and outputs' a.re suc.h t:ha.l: 
(zA b[(i.: Osi.<n: C:fi) ~1) 

v (-,zA N(t: ostcl"'': qi..) = o) 

whG.re. til L : 0 s. L < n : 'I~ ) de"otes the l"''umbttr of:' va.luczs oç i.. 

in the. ra."'912 0 ~ t < n t:or whic:.h 'I i. i.r trc.A.e. "FurthE'rMorc., 

iP 'ft i.r tru.e ~e.., Pi. ha.s ~e"' tru.e o.t .roMC. moment si"'c.e 

'l. lc:ut<y be.cawv:z. .f:rue. No p '•npt.d:: c.ha.V'\~U from tr~.o~.e. to 
.JQ.ls.e bttf'or~ some Cf ha.s bccom12 hu.C!.. No 9 outp'"'t 
c.ha"'<312.s trom t.rue to f:Qt.se a.s loV~.~ GilJ" ~ reMal"'s t:rue. 

Noticr.l éha.é W i! a"'d a.t (Qa,st. t:wo p input:..r are t r~AE. a 
choic:e wu..&.rl be ma.de regan::fiV~.Cj to wki<:h 9 '1s t.o be true . 

It i..r nol; .spR.C.ifted whick one i.r ckosen, a.U:.hou.c;,h éhe 

c.hoic.e does not c.ha.ngc as lo~ c:~s z hotd.r. Not.iaa c:M..ro 
1:ha.t we. do net rteq~.A.irc. t:hc!. a.rbiber to • (mmedia.te.ly" rv~a.ke. 

Q. choic.e : ié. ~Gily take GïtV'\ cu-bit.ra.rij a.mount oç time to 

do .s-o. Dra.wi""5 ol'l(y one of t.hce three. bl.o<:kr 1 [xO y J s~ 1 

inc:L..tdill\9 the <DW\ptA~Ho"' ot ~e. two N inputs (one. pe.r 
signo.Lli nc:3 se.t ) 1 W.tl obtd•"' i:.he. followin<a pic.f:.c..a.n! • 

0 

0 

I 

-Y 

I 

1"'. " 

0 0 0 0 0 

l 
1 r v y 
lA I V V 

V 

1 

0 -· vJe ~[ 

A 

A 

- l\ A I 
I' "r I 

....__!,. 

l 
i ;r " ~ 

- X.([!tO y]) 

- X(Ót1 yl) 

..,_ 

., 
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Not.ia. tha.t the.re. Qt"Q. thre.e. modi~K::atioV\S. '"First 1 th~ Cllrbit:er 
ho.s bee.~r~ a.dde.d. S.econc:l, U..e.. .sta.te. éMn.sitio.-, Clip-rlop 
thot corresporu::l.r to the tro.nsH:ion f'roW\ [xo _yl to [xO .Y 1 
kas 1'\ol:: bee"" reMoved .si""ce tke. Ra.l.tit':l ol=' [xo ,Y]. P· Q i.r 
used to "re.scd:. ~ i:h12. a.rbi!::er. 1kird." thcn:e i..r CAn i""'p~o~.é 
[xo y]. N ~r sisna.lli~ Nb. 

!.." -thi..r circ.c ... ict, ~.si~lf'llld lOr the casa o~ two · si9nQLJ..i~ 
sets, t:ke po..r..ribili.tc; o~ compc.tta.tion inte.rhe.renc.e. i..r W\~.o~.c.&, 

m~ pr-ol'\.Ot.Anc:.2d l:L,a"" i"' tL-te ca.se of' o""~ o~ .si9na.U..in9 

se.t. lé is i111 thi.r exe~Mple e.rp«cia.U,y the Glrbibar !:""'t i.r 
u..se.c:l tor eKc.ludins this fonM of i""te.rf'erevce. 

(E:"'d oç e.KaJMple) 

Ne.Kt we Me""tio"" the dto~.er i"' the case oF Ql'\ 

od:.ive. ho.c.e stru.d:ure . Only ~I-Ie .lèllowi~S as.ri91"11'M.I"'t:.r Gl~ 
diN'e.n2""t tr-oM tl-Ie po.s.sive ca.se : 

[s]. x([~]). 'R .- (s]. N ,.. [.t]. x([~]). Q 
[s]. P· R := §(1:.:: [s]. x ([t]). Q) o.nd 
[s]. X([t]) .- [s].N ,. [.s]. Y-([I:.]).Q 

~xa!!'P.le 5.5 

Cor~sider C:.0!'\1\pone""t bur1 f=roM e.xo""'ple 2.'2. u.red i., 

U\e col'\l\po111e.r'lé. bul\: from exGtmple 2. 6 . lke I,.Q.f:l:er 
c.ompone""t i.r i., f',Qc::.f::- a. se.quence of=' Ie: COW\ponel"'t:..r buÇ1 
f'ollowi"'9 our séra.t~':i ea.ch oF these i.r ~ransF'ormed twic.e 
b~;:~ t.he i""troduc.tiOYI at aH:o.rnal:iOt"' : onc.e t:oge.eher witLot tL-te 
compoi"'E!.nf:. '' éo the l.eté" a"'d onc.e t:ogll.l::her wif:.h t.he cowtpo
nent "to the right" . 1ke. re.ruU: is a. COW\fOI"'e""t with two 
si~YIQ!Li"""9 .setr; ·,f: i.r pcusive w. r .. t. {{ xO, x1 J, { '::1} J o.""'d 
ocl:ivt. w. r.t. {{ ~0, ~:~1}, {x}}. The. progi"Qm texl i.r 

corn buf..'f ( i111 { xO, x1} 1 out { y} , 
out { -yo, y1J, 1n {x} ) 

(xO; y .i yO; x ( x1; y ~ y1; x)"' 
11\1\0C. 
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0 0 0 0 0 

I I 
I ~ 

V I-VI- 0 

I V V 

'i/ l_,-e' 
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~ 

0 V ..., 

SJ--I 
I 'i/ T"~" 

........... 

......... -

I _r.: ·r 
[_,.. V 

,.~r:-- 1\ 
~ 

0 -V ., 

xxOxl y,Oy1 

lhe c:tbovct. c.ii"C...i.t:. cOVI.ri.st.r of one block~ vitt. [t L cor~stru.c:.te.c:l 
Qccordi"''3 t.o the rules for a pcusi ve troca .sf:.ructv.re , and two 

blocl:s, vi'!. (xO y] c:tnd [x 1 .Y]. constru.c.tzd o.ccordi""9 to the 
ruiA.r For Qn c:tclive t.~ .struc:.tu.re. 1he blod::s Qr-~t drawn ir~ 

t"'e order me...d:ioned from top -t:o bottom. Sir~ce the.re Qf'e 

iwo .si9nQ.l1in9 .set.r, the~ a.~ -t.wo diC:Çe.rent N •.r . 

I"' tl-\is circuit ~ u.re oF' privH~9e.s to exc.Wde co""pu.

-t:a.t\oV~ iV~te.rF'o.nince i.r MO~ pror~out'\ce.d t~a.r~ ·,"' the C.Q.S.Q ot' 

on~ ene si9"'a.Lli""9 ..ret. 

N~ice t:l-!Qf: we Wl~ 'tnc.fl!Qse t!Ae. o.mouV~t ~ conc.u.r~nc~ 
ÏV~ t:.hrt f:Ollowi'"9 wcay. A privi~ block t'-'ok. hQS COWI-
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plebad l:he high- soir~g volt:oge i:mn.ritior~ seque.nc:.e wtighl: 

a.lr.e.o.dy give. a privile9e t.o -(;h.e. .suc.c.e.r.ror .bloc.k. ar'ld kee.p 

ibs own privile~ ut~~.til it. hGl.r coMpte.te.d. t:ke. low- <;30ÏII'\Cj 

voltagll. transition sequence. Sit"\ce t:he suc:.ce..r.sor bleek 

d.e.a.L.s wiE:~ a. di~re.nt .siqll'\a.Llil'\g se.t no i;rQI'\.SMiJ.rion irate.r

br~c.e resull:.r, al'\d since low-c;,oi"'5 trt:'tr'lsif:ion.s do 1'\0C 

represE.~~~.t: a. syM~~bol's occ.u.rreV\ce '•E: does net a.f'fe.cl:: the 
m1tc.hani.rl:ic a.ppre.cia.l:ion. 

( E V\d ct: excunple.) 

We. havcz i.U.u-st:ra.I:41.Ci the c.on.si:n.Ad:ion ct a. circ.ui~ for a 

.f:.ro.c.e~ .sl::r"'...\.C.twe w'sl:h ~onll. l:.hQII\ one .ri9r~o.llil"'g J'et b~ 

e.xa~plczs. "Îhu.e circuits c:u-q mo~ C.OMpleJC !.ha~" Çor t.ke c~a.re 

of Ol"'t. s~""o.ltil<'\-3 .:rel:. 'Procee.dil<'\t3 a.lo"'9 -l::he Lines sk.etc.hed 
a.bove, we obt:t:lil"' cin:.uil::s Îr'l which, in q~nero.l, More. tha"" 

OWl bl.oc:.k CQn b..rt privib29Ld, v·r~. 1.1pto ~he nt.tmber of si<jr~Q.l

li~ sets . Arbiter.s W~.~ bq require.d i111 SOI'I'\e oF t:.l-.o.N bloc.ks. 
Îhou<3h arbiters ma~ r.lt'f~,.~ire ar~ ur~bounded omouL'It of t.i ..... e 

tor a.rbiho.t:i.on [2., l't, lS] l:.hi.r cloe.r, du~t t.o the c::leLo.y
inse""sitivif:.y, net o..rfect the. c.orre.cl: ope.ra..tioVI. oç. the 

circuits. 

Ol"'t. l'li\O..Y WOr'IQf.r why we hc:t~ cl-tose.n o.Ll ttl'\c.odi""C3.r 

o.s '1 wG:tsb!F'ul 11 a.s pcs.riblll., 1/Îl:. a. w··~ pu sytMbol, o.. 

+'Lip· Çlop pe.r si<3r~G:tlliJ'\q stcili2 , a"'d o. Çlip- flop pctr sig J'\c:tlli"9 

.sto..f:e traJ'\sit:io"'. 1his ··s the. so- ca.lled "ol'\e- hd::. 11 o..s.riejn-
""'e"'t. lt wc::ls chose"" here in order r'lot t:o c.o""'-f>L.ico.tE 

the. deoscription UJ'\n.e.c.essa..rC:.~A.:~, to QQS4 the. o.'llo\dal"'ce of: 

ho:i!.o.rds, a"'d t:o a.llow ~V\erc:tUtto.tion +.o -b-a.ce struc:.b.A.re.r 

wit.h More t:~o."' on.e SÎ9r'1a.lli~ .sd:.. In (1'3] 'tt i.r Q.rgued 

t\..\o.é t'h.e ovua- ho~ o.s.signme""t i.r net i"'effidenf: for ~he 
411\c.odi~ ot s~tes and s!:o.bt trC\n.sitions. Due tJ:> our wo..lj 
oJ: tZ~td.udi"";; t.rar~SI'Io1ÎSJ'ÏOr'l ir~~rHar-ence , vi'!.. pq.r pod: and 

not p-er S!;:tmbol, we mi:~ht:. r.e.dc.A.ce th!Z r~u~b.e.r of:: wi"ls per 

port Clr'ld Ul'Jè. a. k- hot as..rignmené ~ k > 1 . 
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I"' ~"'i.r cha.p-t"-r an iw.plt.meMt:o.f::io" mtthod for- dett.rm'rl'l

i.s*:ic tra.« si:ru.c.t:u.t'lt.r ho..s bet.n propo.sc.d.. In t:he pn~vious 

c.k<:lptcr- Q. tmnsformat:ion ha.r b.ilen ducri~d1 vi'r.. th"-

i"lrodud:ion oP a.LI;:Qrno.t:iovt, t"'a(:; dou nol:. co\0'\.sid..cr.r clete.r-

no.iVIiSm. In [oz.&] a. protocol '•.r propos.ed thCi\t t.xploits tV.e 

~ÎerCi\.rchiCAI. ..stru.cb.A.r4 to rcso\.ull tk.cr. non- de.blrmi"'•.rm. 

-rh.e circuits disc.u..rs.ed in -t'Ais cha.pte.- di.rp~!:J o. Modest 

a.mou"t oç c.onc.c..c..rr.enc.c; 1 whic.k incr.cr..a.re.r in t.he c.cu:rz o~ 

monz. éhc:..'l'l Of'\ll .si9na.U.in~ .re.t. LargtL-.rca.le concurri2V\C:.~ 
result..s From combinin~ éhe.s4 c\rc.uit.s ·,VIto the imp!RmentQ.-

*.ion o~ a. pro~m. 5ince ~ Ci\Ciditiovta.l c.:irc.uihy \.r nee.ded 

QU thc.stL c'u·c.uit.r ope.t'Q.te concurrent~. One. mighl: SO.Ij t:.hCi\t 

t:he elimino.tion oÇ s~w.bols QS prescrib.e..d by tke blendi~ 

OpiLI"O.tÎOW'\ i.r p4-rtormt.d COI'ICUrrt.nt~. 
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6. On wha.l;; we ha.ve. re.jed:~d 

~~ p~ceding c.~a.pte.r.s o.re the rt2sult: of tke 'n25112c:u·c.h we 
hQ'Ie. done. OJ: course, they RtFIRct il"' no ~ the histoty 

of Ü\12 conside.n::û:ion.s leo.dins to the resull::s' reporl:ed. In 
'Ü\is c.hapbe.r w.e. shorl:ly disc.u.s.r .rome oç the con.sidero.tiovt.r 

LQO.ding ~ -t~e. rejed::ion oÇ proposals I"'It me.ntioned Îl"' t!.tt 
prec.edinc:J chopl:ers. 

lt.te Qc:\rU; phaSAi!. of o~.o~r 1"è.S<I2c:\rc.h was m.Qinly inspirtd by 
the with of writing progi"Qms such t,kQ.t; thelj expru..r 
.S~U~uenti<:~.l orderin9 of ~teme.na on(y whe.n requirc.d, i.e. 

prograMs .shou.ld I'\OE: bQ. ove~ spu.iAc. and upre.rs o. totcal 
ordcarin9 o~ their sl::c:\tements but .should expre.s.s a. pa.rtia.L 
ord.erinS· 1"o tha.t end w.e. inéroduc.ed the. c.ommQ QS c:\ 
.sta.l:::etM.ent CC>nnec.tive, where 12xec.ution oÇ So, S1 .sf:.aV~c:ls 

tor éhe execut.ion oj:' So Ql'IQ S1 11 Îl'l eithe.r orc:le.r ". Th is 

connecbve turned out:. to bc. ro.t:her it~~COV~II'enient 1 for exc:\""'flt, 

it is 1'\0t c.ts.sociclf:i~e, and it. wa.s repl..c:latd by " cany iV~ter-

l..eavirtg '' . At.E:eW\pb at c.haro.d:eritin~ 1Ïrlte.rleavi n<3 le.d u.s to 
~ u.se oJ: tro.ces. 

AnoE:ke.r itM.poM:o.nl:. .sourcl! oF ÏI"'Spiro.t.ion was the program 

notG\tion C S 'P [ 11] ,j up.e.c.ia.ll~:t th12 input o.nd output 

COl'W\1'11\c:\V.dl. W~en duigni\'\<3 es 'P prograMS ~~~~~ oH:e~ 
encoul"'l:ent.d l:.ha n4t.e.c:l tor .ri9na.l C.OMm~.o~nic.cû:.ion, i.e. 

C.OlNimu.tl\ica.tion of a .sl:ru.c.~d va.lu.e. wit.h VlO c.ompol"\!21'\ts. 

I.-. tki.r co..sc. commu..,ic.o.tiol'l r.e.dua.s to S:fV\dtroV'Ii"W.tion Ol'l.c:l 
i!: i.r Ute" a nui.rc:t~ iÇ ~ oÇ t:Wt pn:>cUJ'(U" m~.tst b~ .rp.ec
Ltied as the .:Se\1\dcr O.l"'d t"e ot:.he.r proce.s.r o.s ~e ~c.eiver : 

tt"an.smitti"''tj no vall.ce. is a J'~mtM.etric. re.lo..tiol'\ betw02"' f::.ht 
two proauses. ~hen w.e noE:.ic.e.d that .si9\'\c:tls could b.e. US«! 
te. transmit: inF'ormGltio\1\, llit.. by .seled:·i~ O\'\C! out of s,z>~e.r~ 
.sigV~.a.l.s, we o.ba""doned the otke.r +orm of inpt.tt c:tl'\d out~t 

CDmnAa.-.ds, o.l'\d CC>I'IC.ei'\CI"Cll.tcd on f:he properties ot u\1\dired::ed 
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si~ncû.s CU' tkt. .sole. comMuVIÎC.Q.tÎOII\ ~echaV~iJ'M. As Q. 

CO\"'.seque.V~cE 1 we. coul.d i~\1\0nt .suc.h ill- UW'\der.:t:ood noéions 
as v<:4lu e a ~'\Cl t!:jpe. 

Weo.viW'Itj <'lVId .btendi~ were ori9iV1aLL<:t d.eÇiVIed wiE:.h 
~c.ur.sive. pr-edic.al:es. F"or ex.of'IAple, f:.he predic«.e: x. (t ~ u), 

expr-e.r.si~ thG\1:. ti"O.Oi. x C.G\"" b.e blt.VIded trot'IA trac<es t 
G\l'ld u, xe.(9T..:;.gU)*"' ~e(gT)*;.. ue:(gU)* was 

defirvzd by 
x(~9,u) 

!! ( X::::l. A t::.l. " 1.1: t:.) 
v §(a, i:O, xO:: l:::a 1:.0 ,.. x:a ~<0,.. oe.~T,~U" '1.0(1:0 2 u)) 

v~(",uO,x.O:: 1.4::::QU0"' X'=O.X.O"' OE~U,91"" xO(t~uO)) 
v ~(a, tO, uO:: t::. a t.o ,.. u :a uO" ae: aT n aU"' x(~ 9. uo)). 

lhe bltai'\Cl o~ trace .strucl:unas T c:~l'ld U i.r 

<{x, t. u: x~(gT+~U)*,., te~TA ye_ÇUA x(t!u): x} 

, gT+ eU 
> 

A de.fiV~ition ot tkis lci""d is Vlot: \/ery QMenoble t.o t:ormcal 

mcanipula.tion. B.z.sides bei~ t:oo (ow:3J ·re invites casJZ.
QVIQ(ysi.r and proof.r b~ m<i\E:kt.f'IAQf:ic:al ind""c.éioVI over " 

tr'QU1s COMstrucl:ioVI. 1he u.se of projed:io"" hos grec:t.l:.l~ 
naduc.ed tke W'\!i!ec::l tor- suc.h proofs. 

A torer~Anncr ~~ a~glutiV~a.tioVI was dcfi""ed with a 
.sin.ilar predia::tE:e, vi'!. 

x ( t. g u) 

:: ( x=l " t=€. " U::S) 

v s( a, tO, xO :: l:.c a 1:.0 A x= ca xO A cu::~T\!U,... xO(tO g 1.1)) 

v É(a, u0,l(0 :: u•auO "l(:axO "«::le~U\!"TA xO(t,Q.uO)) 

" s(G\, to, uDI u1 :: f:::" l:O " u:: uO Q u1 " oegTn.!:,U A x(toi uO u1» 

v ~(a, t.o, t:1, uo:: l: toa 1:.1" u=a uO A aEh"Tn~UA x(!ot.13 uO)} 
whic.M ~ield.s a Co~~Mposition fu~d:ion 4:kQt c:lou not p112serv.e 
prct.X.•dokc::fv.u.s-. B. W<lS, tl,ee"4!f.ont., naje:E:.eci i~ f:'Qvour of= 
"<3'3û.&E:.ino.~ deti~ed w~ DEL . 

130 



We. h.~ve done scme u:periments wiêh. tke. COmt\1\Q ir'l 

c.om~Ma.,ds reprc.sCN~ti"'1 bleW'\Gli"q i~d oP we"vi~ . "lhouBh. 
som.e "ice pro~f'QW\S coul.d t~l"\ be devi.sed [23] w.tt have 
r.2jed:::ed énis c.koia OI"\ o.cc.ou...t oF the weo.vir191s bei111.'9 

.slic.3kt.~ ..simpler thal"\ bltü~.ding, as exempllA4.CI by t:h.e 
a.ssccio.tivit~ QI"\Q cc".)uY'Ic.tivity . SiVlc.e the tîMt. of wrH::i~ 
ch.o.pte.r t:.wo we ho.ve become Wtor.e fluel"\c irt de.r'rvin:t 
pro9ra1MS trom t:.'heir ..rp.tLc.if=ic.~tiol"\s. 'Rec.onsiderin~ ~mple. 

2. .2. we would now derive the p~mm by joini"'9 (wit~ 
C:.oMmQS) *:!..ree c:ommand.r, one comiMand pu co~unc:t ol=' 

the spec.il='ioocion . ~is ~ields 

com buf1 ( xO, x1, yo, y1) : 
(xO; yO)* 

~ (x1; y1)* 
J ((xOl x1); (y0ly1))* 

Tnis beQ~-AtîFul o.nd. ccmma • rule. re·, nforeu the preJere.nce 

for we.c:>.vi"9. "'lki.r n.~IR is tht ~dua.l" of t:he. or- ~r- rule 

t.l"o.{: we have u S'E.d w'1tkoué mentton . 

Il"\ tke lil:era.ture. various method.s oÇ b-QI"\Slo.till\q 

regt..llctr e.xpr:e.ssions ·,rd::;.o e.ted:rico.l c.ircuit.s Qfla known. A 
very e.I.~Q"f; mel:.hod ~.o~.s.t.s ..rc-c.o.U.~ programmo.ble buildill\s

blocks [8] . We wtetr~, hcwever, l.IY'Io.ble. t:o ~l(tel"\d ie wit~ 

Q buildi~- blode for the weavill\13 ope.rQtio.,. We seriou.slJ.; 

do\..lbt l::.he tl.Jti.s'tenett of suc.h a. buildin~- bloc.k. Wtet found it 

Q.[So di,::fk.uU:. t:o e.xt:Qnd thtet circ.uit..r suc.h tha.t the'j produce 

oul:puts ÏI'\Steo.d of mt rel'::f QC.Cepti W"l-::1 or rejec.t i 11\c::l o. t I"Q.<:e. 

As c::.. nu-ult. w~ resorl:ed t;o él-l.e u..r..e o~ de.E:..e.rwtir'li.stic.. tiV~i(:e 

.sf:o.l:.e Wla.c.hi"es· a.r an inl::erm~dia.ry i"" the trar~slAtio...,. 
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We hove. propo.sed o pro9ram not.a.tiol'\ thQt su<ac3e.st.s 
an ÎMpleMe.nf:o.i:ion wil::h Q hig~ deg ree of C::.Otflc.t..trr.en~. A 
theorlj oP' ti'Qces ond tra.c.e st:r~re,s has bee" dev12lope.d 
t:o Fo.c.U.i.ta.t.e a de.f:itflitiOVI oP t.(.,e pro9ram V~ot.a.i:ion Qnc:i to 
assist in the. duign of: programs. We. hQve studtcd the 
problems f:.(.,a,t ~ bil. enc::.ou..,tered whe.n impleMeY\ti ..,.9 
progrol'lll.s a.r silicon chips. 

No a.tl::e.""'Pl:: hQ.s been mQde to inc.orpo~e cOV\c.t.A.rrl211'10j 

'" the F'orMQ.liJ'W\ ~.~..sec:l to deRn12 the program nob::<~.f:.ior'\ 

..rince. wc. c.onsider COr\c.L4rrenc.~ os b.elo"c;:,in9 to Qn ÎMple-
mer'\i:a.tion. Other.s ho.v.ll .sugca.t~.sted to repla.c.12.r ho.ces 

b~ ve.c.l:or.r of: tre1ce.s [15] . Co"c.urrene':f the" c:tivu ri.se 

to s~mbols oceurri"3 in dif:~rent:. eleMent.s ( trc:lCU) ol'= 
the same ve.c.tor. 1h.e le";,t:.h ol=' t:.he vec.l:ors i.r the 
MQ.XÎWI~Am dec;:,ree. oP' c.onc.c.~.rrell\cy wil:.h willic.lil the c.oMpo-

neM.è n-~o~ b.e. e..xec.u~ec:L 1here are two ~cuo.,.s wh~ we 
ho.vtt not o.dof*e.d t.he v.ed:or opproc.c.h. Hr.sl::, the. vec.tor-J 
reHec.l:: ~he ill'lterncd. nruc.tu.rc! oF a compone.ll\1::. Second, i:he 

ved:or.r do r\Of:. ltt"'d the.mse.l'le.r w.lllt to the definition oç 
r>ecur.shua COmj)Or'\121'\t.s'. Our tVC.peri~CIII ir tl.-tc::tt o~.o~.r tr'Qc.e.r 

Qt'\c;( trru:e s~ru.c.tc.tre.s C:Qt~. bet e.L.egt:lnt.l~ us~d Ïl'\ tke detiV~i-

i:.ion of rec.c..~.r.s'•ve c.oMponent.s [2.1] . 

'&roc:.lc ar\d Ac.kerMQr'\ [1] de.Monsl:ro.te t.~a.t co~M.po
neii'I~.S .sh.ould not: b.e deÇJne.d wif::h. tc..tt"'cl:io~.r f'rolM. ir\put 

tro.ces to se.t.s ot: outpuE: trc:~.ces. 1ke r•"-.SOII\ is ~a.t: 

..suc.h Q torMQ.lism doc.s r\ot e.xprcls.r order betwetln 

occ.c..trre.""-c:.e.r of i"'put c::m.d oul:pu.t .r!:1"'"bolr. O~Ar approQ.C.~ 

doe.r nol: nQve t.hir de.Fec.t:. 

'Tne. V'IOb~.tion tol" dinec:.ted trQCC stn..tcf:CA.r<ZJ' Qnd t.keir 

ope.ro!ion: i.r- f\Ot yttû:. ..,e~ .srati.cfQ.d:or_y. lt>r exc::u""ple, the 
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prooJ:: oÇ prope~ Jt..t i.s ~ore. o. .sl:r~.A~lt wi~ i:.he 

1'\ol::aJ:.io"s t:han with th~ propert). 

~.si~nin«3 c.led:.rica.l c.irc.uit..r witkout wu::tlciW'\~ a.s..ru-p

tion.s on wir-c. de.lcu.:l.s b..c.rr\ed oul: to be. 'ler':i c:.l-\a.U.enlji~ . 
We. ho.11e propo.rll.d c.ircuits t.ha.f: C.OI'\.Sist oF rmCA.lle.r c:.in:.uit:.s 

~b:zddtld in i.rockr-ol'!ic regiot"'.S, No globo.l or LoCQ.t doek 
is us.ed. not ev.c."' a pausetb!Q doek. A h..ndc:lme.nl:a.l 
ph.enoMenon oç arbièflr and S:fncl,.,roni-aer circu\l:.r, vi'è . 

.r~~c.hroni~t:.iolfl failur.e, doe..r l'\ot: a.f:'f.'~c:.t c.ci"'M!.c.l: c.irc.uit 

op.e.I"'Ca.t:ion. 1, the. lol'\9 ru."' thi.r c:.ta..r..r of cin::.t.tih wi ll, 

th.c.r41~. b4. C011.ridenad .siMplt2.r tha.n th.a 1'\0w- populAr 

.s~"'c.kr-ol'\ou.r c.ircuits. 
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In dit- proe~sc.hri~l: wordt ~n me.thod~ besprokett om 

pro91'Q""'Wia1s Q.ls c:.hip te iMpleme.r\teret'l. Er wordt: een 
prograMmanot::al:ie voorge.sl:.eld waa.rb.!j prosi"'Clwuw:a's SaM~n

werki"'S voorschrijven VQn cotM.pone.nte.n die in eel"\ 

l-liërarc:.hisc.he .struc:.tf.4ur g.eran9.schilc:t 'I.Ü"" . Deu hiëi'C:\rc.hi.rc.he. 

sl::n •. u:tuur helpl:: b!j hef: bel:.euge.len van de. complexitetf:: vcan 

programmaoVItwerp e.ll\ sugg•reert een impleWie.ll\to.ti~ Met 

een 9rote male vQVI qeüjlctUdigkeid . 

V L SI i.s ee."" uc.hnie.lc: die het: m09elijlc: maa.lc:.t o~~r~ ee."" 

groei: aantCll ad:ieve e.leme.nte"" in een chip onder tE. 
bre""gen . DClQ.rdoor sluit VL SI goed aan b~ de greb!. 
mo.l:e vcan gelijld:.~digh.e.id die door de programWiano~éie 
gJUu<agere•rd wordt . Ee" probleeM bjj hel: o!l\twe.rpen vcan 

chips is dat b~ Qtne.MeVIde ofmeti"'Se.n de trClnSporl:sne.lhe.id 

VQII\ e.leld::risc.he .signo.len relcatief a.f.:l'\eenott. Door c;3eschikte 

c.ommunicatieprotocoUen . at te .spreken leidt de voon"e.ste..ld.e 

implemerd:a.tie.me.t:hode tot chip.r WOQrvo.l'\ de correcte werlc::lll\<3 

onGlfhcal'lk.el~k is van de tf'"Ql1Sportsnelhe.id. 

Om de implementatie VQ\1'\ progn:1rnmCl1.s als chip te 
b1.2..rc:.hrUve111 wor-dl; een t:.keorie VQVI symboolrUen eV'I 
ve.ri.aMelinge."' .s~wtboolrUe"' iVIgevoerd. De. betelc:ei"'ÎS 

von programmCl1S, de vertrQ9ing die optre.e.df: blj 

t.rc::notsporl:ert, e111 de comiMul'\iCCl~ie protocolten worden met: 

bel-tulp VQI'\ de1!e tkeorie 9edel=inieerd. Er wordevt 

operQties inc:Je."OErd die bU tw.ee ve~aMelivts.e.n .S'::JmbooL
rUe"' ee"' derde bepCllel'l. H~rmet wordt de &ol'll'eVI

werking van COII\Itporte"l:en bescl-lreven. E:e.... be.LansrUk 
deel vca11 het proeÇschrift i.r g.ewUd oo"' eige.I'I!C.hc::t.pper~ 

var~ de.l.e opero.ties, o. Cl. i\1'\ CO~MbiV\Cltie Wle..t verenic:;i~"~g, 

door..rn{jdi~oo~g e"' projed:ie . "Re9uliere i:.o.lcan blUken 
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~loten te l.U~"~ ol'ld~r deu. op4!raties. I"' dil:. v~rbal'ld wordt. 

aandacht. ~schol'l!.:er~ aa"' eiVIdige aul:omo.l:eVI eVI, 1!1"1 passal'lt, 

QQI"' het mil'lirnali.sere"' ervan. BU de verto.Ung val"' 

proc;~ram""'a's 1'\0!Qr chips word~" die aul:oMc:tte"' o.l.r 

tus.sel'l.sl:.ap gebruikt. 
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De schrUv•r vo.n diE:. proefsc.hrift werd op 12 .september 
1953 gctbona"' te Oo.stcu·hout" Noord~ BI"G\b"nt. Na hel: 

ei~dex:o.me~ HBS- B in 1970 o.o."' hel: VQ~ de&r "Put::l: Lyceum 

ie. E:i~dhove~ volgde de .studie elektrotechniek o.o.n de 

lec.hl"'i.Sc.ke Hogeschool Eindhoven. NQ he.t: o.Fstc.ldeerw&rlc:. 

~der leidi"'g van prof. dr. F. E. J. Krusemo.~ A relt. werd ir~ 
o.prü. 1911' het. diptomQ ele.ktrot.e.chnl.rc.h i"'senieur beho.o.ld. 

Va"' 1 november 1914 tot 1 Mei 1971 we.rdel"\ wer,I:'I.QQm~ 

hede"' verric:h~ bi~~e~ net relc::er-.cer-.t.rum va~ de ho9.e..sc.hool. 

Do.Qrl"'a we.rd ol"\de.r leiding VQn drs. C. Bror-. o~der~oelc:. 

verriekt ir-. de v~roep ~formo.tic.Q VQI'\ c:le led'"'i.rc.he 

Ho9esc.l;,oo(. lwe"'bt. Si~ds 1S september 19l8 werd o.ls 

wete"'sc.hQppel!jk c:usi.ste"'t e" lAter o.ts wef:411'\sc.hQppelUk 
Medew.ed:er o.o."' de. Ord12ro.fdeli"'9 der Wislc:unde e"' lnforW~QticQ 

vo.n de 1êc:.l'l"'is&C2 Hoge.sckool Ei"'dhove"' g.ewe.rlc::l:: i"' d.e 

vQic::<jroep I~formo.tica OVIde.r leidin9 van p~. dr. M. 'Rem . 



0. In hooPd.st:uk 2 "~ die proef:'schrift- wordé ee"' 
prosn:::UMWI~I"'OtO.tit i~evoerd. w~l"\W"'fler t"eCUrSÏCVC! 

COMpol"'el"'ttl'\ wordtl'\ t.oe9cal<::l..t.er~ ZUl'\ ~lle btrelc:t.nbQ.I'E' 

t...nd:it.s te prosM...,...,eren. 

1. 14td::. ve~ijlcer~ vo.l"' de pre.stAtiu "~"' reke..,auto""'~"' 
op 9roi'\CI ~Qt'\ het ~iddelde VQI'I q.e1101'Mflerde 
relc:.efl'l'tijde"" leidé tot:; O.l"'IW~o.l.ieën , 

2. Hei:. vtrschil -l::u.s.sen de be9ripper~ INIQ.Cro upQnded code", 
11threod_ed code" Cl!\ " i11terpreted code 11 ÏS' ZO 9eri ~'~Cj 

dat t.Y r~o.uwelU~.s a~rl:e r~amen verdienen . 

3. lype- conhole 'll'<:an "Pasc<ll pro~mmmo.1s wordt 

bemoei.l9kt door de expru.siu [ ] en W"'ll . 

lt-. Eer~ voordeel vat'\ o.pplicatieve prcxaramm.c:ll"'~ies t.el"' 

Op't.ic.htra var~ irMpen::d::itve ·,f dot te. ë.ic'-' no9 Wlil"'der 

leii'IE!I'\ voor hQI1dSiWtulat:ie. 

S: Voor auto's ~et etn c.ol"'ver~tio~"ele LPG - il"'.s=llQ.tie i.r MlZC 

.betrekl:e{~k eenvoudi9'?- l"'''iddelen 12en vu.l bett.re verbrar~-

dir~q te reo.liseren. Do.o.rdoor kal"' het brQ..,dsl::otverbruik 

met een derdedeel gereduceerd worden. 

6. ~"9 hel verschil t~.&.Ssel"' sb::ttic en dy""Qmic ho.~o.rds 
niet Glll\ders ~formuleerd. kar~ wordet'l daw<~ Met voor
beelden1 verdi~w<~t het Glaw<~beveliw<~g om het oV~der-scheid 
l"'iet GlQII\ i:.e brell\gel"' . 



7. HeJ:: vierlcleure"'probleem i.r r~iet oP9elo.sf:. 

lil:. K. Appel, W. 1-{oken, 

El/ery ~l'\a.r m~ is four colorG:~.ble . 
Illinoi.s J. Mo.~ .• vol. 21, 1':H'l, PP· 419-567. 

8. 11e~ L!jk.l: onversb:all\di9 OW\ te proberel"l het vierklel4en

probleem op te Lo.tse"' door vier 9roepen vc::411\ 150 

wisku"'d~të.ll\ te forwuer.el"' ell\ elke c:3roep één kiLu.r -(:O(t te 
wui!ell\. Het Ot'ltWerpelll V<:ln sro~e pro9f'OMW\Q1.S '3"-beuri: 
vo.o.k wel op t.o'n manier, ol. i.s he.t eVCII\ uitt.ic.ht.loos. 

9. I-lel:: ver.rc.hil in e.tftec.tiviteit tu.rJell\ WQ.\:en.rdt<::~.ppel~k 

geb-<:linde progr-<::~.""'mel.A.I"' e"' door dCi!. pm.ld:.illc ~vorWtde 
progro~MW\eur.s wordl: ""'et de. dt:ltj 9reker. DQ.t lto~Mé 
iOwel door- de Jnelle lc:wQ.Ut:o.tieve groet i"' de ·,.,{örMo.HCQ 

c:ûs door de Sl'\elle k.wo.ntito.i:.ieve. 9roei. in onvoldoend 

ges~oo(de pf09ro.""'""'eur.r. 

10. Da ontwild~:elin9 VQII\ C!.Q(euli wordc op grote .sc:.hQO..t 
verono.c.hhaal"lf\d . 

11. 'Prosrc:::unMeren is meer dan het O.O.II\WCII\den ~"' 
.sto"'do.QrcK:e::.hniRen; het meer-der.e. i.r l::aro.kteri.sf=iek 

voor het. vc:alc:. Dido.d&elc vo.., de i"'formo.f.icQ hoort 

~roM b~ de intoi'W\aE:ico. . 

JGllll\ L. A VGlln de Snepscheut 
l::il'leikoven 1983101/t 


