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Abstract

The constant 0 (or 8, nil) has different roles in process algebra: on the one hand, it serves
as the identity element of alternative composition, on the other hand, it stands for a blocked
atomic action or for livelock. When extensions with timing are considered, these roles diverge.
We argue that it is better to use two separate constants 0 and 0 for the different usages.

With respect to the termination constant 1 (or €, skip), the situation is comparable: on
the one hand, it serves as the identity element of sequential composition, on the other hand, it
serves as the identity element of parallel composition, and stands for a skipped atomic action.
We have separate constants 1 and 1 for the different usages.

1 Introduction

In the design of a process algebra, both operational intuition and the resulting set of laws play an
important role. On the one hand, the operational intuition gives us what is observable about a
behavior: the execution of a (visible) action, termination, or (in theories with quantitative time)
the passage of time. On the other hand, the resulting set of laws turn the theory into an algebra,
and we look for instance for identity elements for the basic operators.

In a process algebra without quantitative timing, consider a process that starts with the ex-
ecution of an atomic action a. This means we observe the execution of a at some moment, and
then, the process continues with the remainder. Interpreting this in a theory with timing, we say
a occurs at some unspecified moment of time, i.e. we may observe some passage of time first,
and then the execution of a. Stated differently, we interpret a as a delayable action. Besides this
delayable a, a theory with timing will also contain undelayable actions.

Next, consider choice, e.g. consider a process a.z + b.y that either starts with the execution of
a or with the execution of b. In the process algebra ACP or CCS, the intuition is that the choice
is made by the execution of an action, and not at any time before. Interpreted in a timed theory,
a and b occur at unspecified moments of time, maybe a occurs after 2 time units and b occurs
after 3 time units. Then, after 1 unit of time, the choice is not made, and both options are still
open. This is called time-determinism or time factorization in timed process algebra: passage of
time as such does not make a choice.

Now, some theories with timing use so-called strong time-determinism: if b happens to occur
later than a, then b cannot be chosen, and a has to occur. We feel this is not in accordance
with untimed theories: a choice not to do b cannot be taken before any action execution, as this
is opposed to time-determinism. But then, we arrive at so-called weak time-determinism: it is
possible to delay past the execution time of a, but then a choice is made not to do a, and b will be
executed. To repeat, adherence to weak time-determinism means that passage of time is possible
in a choice context as long as at least one component allows this delay. This means adding an
option with more delay adds more options in a choice context, and the identity element for choice
should not be delayable at all.

The identity element of choice in untimed process algebra is the inaction process 0 (also called
d or nil) that is characterized by no action execution and no termination. Interpreted in a timed



setting, the question is whether or not 0 allows passage of time. Since 0 stands for a blocked
atomic action (0 is the process a.z when execution of a is blocked), and a is delayable, we take
also 0 to be delayable. But on the other hand, we adopt weak time-determinism, and thus, the
identity element is a process that does not allow passage of time. We take a different constant 0
for this identity element. This was also done in [BB91, BMO02], where the notation § was used for
this purpose.

The empty process 1 (also called € or skip) denoting successful termination or skip has not
been studied nearly as well as the unsuccessful termination constant. The untimed theory was
investigated in [KV85, BG87, Vra97]. In the context of ACP-like process algebras the empty
process in a timed setting is mentioned in [Gro91, Ver97, BV97]. In [Ver97, BV97] a relative-
time, discrete-time process algebra has been extended with both a non-delayable and a delayable
successful termination constant. The hybrid process algebra HyPA from [CR05] contains a non-
delayable successful termination constant.

As is the case for 0 in the untimed theory, also the process 1 has more roles. On the one
hand, it serves as the identity element for sequential composition, on the other hand, it stands
for the process that executes no actions but terminates at some unspecified time, and as such
acts as the identity element of parallel composition. Assuming that we want the embedding of
untimed process algebra into timed process algebra where atomic actions and 0 are delayable timed
constants, it is impossible to use only one timed successful termination constant for both roles.
This is explained as follows. Suppose that we want to treat the untimed successful termination
constant as being non-delayable in the timed setting. Then, the timed interpretation of the
untimed identity 1 4+ 0 = 1 is not valid anymore as the left-hand side of the identity is delayable
and the right-hand side is not! Thus, the interpretation of 1 must be a delayable constant. Such a
delayable constant cannot act as an identity element for sequential composition: 1 followed by a
non-delayable a adds an arbitrary delay before the execution of a, so is not the same as the non-
delayable a. Hence, with timing, if 1 represents the successful termination constant that allows
passage of time, we introduce a new constant 1, called the terminated process, that is the identity
element for sequential composition. The delayable 1 can still act as the identity element of parallel
composition, as a delay can only occur in a parallel composition if all components allow this delay.

The process 1 denotes a terminated process: termination has taken place, so no parallel activity
can precede the termination. With this constant, we finally have a complete interpretation of the
constant process a of ACP in a timed setting: upon executing the action, what remains is 1.

In [Bae03], it was established that action constants make embedding of untimed into timed
theories difficult, and it was suggested to use action prefixing instead. This was subsequently
worked out in [BMRO5, BB05, BBR06]. We follow this approach here, so we start out from the
theory TCP.

Thus, we have separated out two different roles of the basic constants 0 and 1. By having 0
stand for a blocked atomic action, and having 0 for the identity element of alternative composition,
and at the same time having 1 as the identity element of parallel composition, and 1 as the identity
element of sequential composition, it becomes easier to define timed extensions in different ways:
discrete time or dense time, relative time or absolute time. In all of these cases, the four basic
constants 0, 0, 1, and 1 keep their respective roles. As an example, we work out the theory in the
case of relative discrete time. We also worked out the variants for dense time and absolute time,
but do not present these in the current paper.

In Section 2, we present the untimed process algebra TCP. In Section 3, a discrete relative
timing extension of TCP, called TCPgq,4, is presented. In Section 4, we sketch how absolute time
and dense time extensions of TCP can be obtained. Then, in Section 5, we introduce the extension
of TCP with the new constants 0 and 1. The resulting process algebra is called TCP®. In Section
6, a discrete relative timing extension of TCP® is given. It is called TCP,,.



2 Untimed Process Algebra

We start out from the Theory of Communicating Processes, TCP, of [BBRO06], see also [BB05,
BMRO5].

This process algebra is parameterized by a set A of (atomic) actions, and a communication
function v on A. The function ~ is a partial binary, commutative and associative function on A,
and when v(a,b) = ¢, then a and b are matching actions, that when they synchronize yield the
resulting action c¢. The signature of TCP contains the following elements:

e inaction 0. This is the process that cannot perform any action and cannot terminate.
Operationally, it is characterized by having no operational rules at all. Inaction is the
identity element of alternative composition. It is often called deadlock and denoted ¢ in
ACP-style process algebra, and nil in CCS.

e termination 1. This is the process that cannot perform any action, but can only terminate
successfully. Termination is the identity element of sequential composition and at the same
time of parallel composition. This process is called the empty process or skip, and denoted
€ in ACP-style process algebra, and SKIP in CSP.

e for each action a € A, the action prefiz operator a._. The process a.x executes action a and
next continues with the execution of x.

e alternative composition 4+. The process x + y executes either x or y, but not both. The
choice is resolved upon execution of the first action.

e sequential composition -. The process x -y first executes x, and upon termination of = starts
the execution of y.

e parallel composition ||. The process z || y interleaves the actions of processes x and y
(denoted by auxiliary operator || ) and synchronizes communicating actions and termination
(denoted by auxiliary operator | ).

e encapsulation 9y blocks the execution of actions from H C A, and is used to enforce com-
munication.

The axioms of TCP are presented in Table 1. Axioms A1-A10 are the axioms of the theory
TSP, Theory of Sequential Processes (see [BBR06]). Alternative composition is commutative,
associative, idempotent and has identity element 0. Sequential composition is associative and
has identity element 1. Sequential composition distributes over alternative composition from the
right, but not from the left. 0 is a left-zero for sequential composition, but not a right-zero. Action
prefixing always binds strongest, alternative composition always binds weakest. The subtheory
BSP of TSP is obtained by omitting sequential composition and the axioms involving it.

Axioms M, LM1-LM4 and CM1-CM6 axiomatize parallel composition. Parallel composition
is split up, using auxiliary operators left-merge (|| ) and communication merge (| ). The axioms
follow the structure of BSP-terms. Axioms SC1-SC8 are the axioms of Standard Concurrency:
they list useful properties of parallel operators, such as the commutativity and associativity of
parallel composition. 1 is the identity element of parallel composition.

Finally, D1-D5 axiomatize the encapsulation operator, again following the structure of BSP-
terms.

In [Bae03], by means of the operational rules of Table 2, an operational semantics is given for
closed TCP-terms defining binary relations - % _ (for a € A), and a unary relation (predicate)
_ |. Intuitively, these have the following meaning:

e = % 2/ means that z evolves into 2’ by executing atomic action a;
e 1z | means that x has an option to terminate successfully.

The axioms introduced before are meant to identify processes that are strongly bisimilar.



Table 1: Axioms of TCP (a,b,c € A, H C A)

r+y=y+zx Al | z40=2 A6
(x4+y)+z=z+ (y+=2) A2 | 0-2=0 A7
(x4y) z=z-2+y-z Ad | z-1=2x A9
(x-y)-z=x(y-=2) A5 | azx-y=a.(z-y) A10
zlly=zlly+yla+zly M| zly=ylaz SC1
z||l== SC2
0|lz=0 LMl | 1|z+1=1 SC3
1[z=0 IM2 | (z]ly) | z=2(y]2)  SC4
waly=aley) IM3 | (z]9)|2 =2 |(y]2) SC5
@+yllz==z]z+yl= LM4 | (z]ly)z=2| (¥ 2) SC6
(@ [yl z=z|(yl=2) SC7
0lz=0 CM1 | z|0=2z-0 SC8
(z4+y)lz=x|2z+yl=z CM2
1/1=1 CM3 | 95 (0) =0 D1
az|l=0 CM4 | 9x(1) =1 D2
azxlby=-c(z|y)ifvy(a,d)=c CM>5 | dy(a.x)=0ifac H D3
a.x | by = 0if y(a,b) not defined CM6 | Oy(a.x) = a.0n(x) otherwise D4
Op(z+y) = 0n(z) + ou(y) Db
Table 2: Deduction rules for TCP (a,b,c € A, H C A)
ar > x 1]
z = a! y =y z | yl
r+y S a Ty Sy r+yl r+yl
x> vl yoy ozl oyl
Ty Sy Ty Sy zoyl
z = a! y =y 52y By yab)=c zl yl
elly=a'lly ally=aly wlly =o'y vyl
x5 e b y Sy yab)=c x| yl
zlly = ||y zly > |y zlyl

T 2 ' a € H X l
Ou(z) % ou(z)  Om(x)




Definition 2.1 (Strong bisimilarity) A symmetric, binary relation R on processes is called a
strong bisimulation relation if for all process terms p and q such that (p,q) € R we have

o ifp| thenql;

o for all a € A and process terms p': if p — p', then there exists a process term q' such that
q>q and (p',q') € R.

Two processes p and q are strongly bisimilar, notation p=q, if there exists a strong bisimulation
relation R such that (p,q) € R.

The notion of strong bisimilarity on closed TCP-terms is both an equivalence and a congruence
for all the operators of the process algebra TCP. As we have used the standard definition of strong
bisimilarity, congruence is for free (follows from the format of the deduction rules).

Theorem 2.2 (Equivalence) Strong bisimilarity is an equivalence relation.

Theorem 2.3 (Congruence) Strong bisimilarity is a congruence for the operators of the process
algebra TCP.

Proof. The deduction system is in path format and hence strong bisimilarity is a congruence
[Ver95, Fok94]. X

We establish that the structure of transition systems modulo strong bisimilarity is a model for
our axioms, or, put differently, that our axioms are sound with respect to the set of closed terms
modulo strong bisimilarity. We also prove that the axiomatization is complete.

Theorem 2.4 (Soundness) The process algebra TCP is a sound aziomatization of strong bisim-
ilarity on closed TCP-terms.

Theorem 2.5 (Completeness) The process algebra TCP is a complete axiomatization of strong
bisimilarity on closed TCP-terms.

Proof. For a proof of this theorem we refer to [BBR06]. X

The process algebra TCP is generic, in the sense that most features of commonly used process
algebras can be embedded in it. For details of this, see [BB05].

3 Discrete relative timing

Let us now first consider the timing extension with relative, discrete timing. We take this version
of a timed theory, as it is the easiest one to explain. The following syntax elements are added:

e Current time slice inaction 0. This process cannot execute any action, cannot terminate,
and cannot let time pass to the next time slice. The process 0 can now be called any time
inaction; this process allows any passing of time.

e Current time slice termination 1. This process cannot execute any action, cannot let time
pass, but can terminate in the current time slice. The process 1 is any time termination,
and allows passing of time.

e Current time slice action prefiz a.. The process a.x executes a in the current time slice and
continues with x. It does not allow passing of time. The process a.z allows any passing of
time before the execution of a.



e Unit delay prefir g._. The process g.x can pass to the next time slice and there start the
execution of x.

e Unit time-out operator v'. This is an auxiliary operator used in the axiomatization. Process
v!(x) does not allow passage to the next time slice, and only allows an initial action or
termination of = in the current time slice.

Note that the unit delay prefix binds equally strong as action prefix.

The axioms of TCPq, are given in Table 3. The interpretation of alternative composition
with respect to timing is called weak time-determinism: in x + y, if both components can let
time pass, then the process can let time pass and no choice is made, this is expressed in axiom
DRTF (Discrete Relative Time Factorization); if one component can let time pass, but the other
component cannot, then the process can let time pass; doing this, the other component is discarded.
To give an example, the process 140 can either terminate in the current time slice, or let time pass
and turn into 0. This implies that 0 is no longer the identity element of alternative composition
(it is only so for processes that allow an arbitrary initial delay). This role is taken over by 0, see
axiom A6DR. a

The process 0 is a left-zero for sequential composition (ATDR). Although axiom A7 from TCP

that states that 0 is a left-zero for sequential composition is not present in TCPgy, it is derivable

from the other axioms: TCPqy b 0-2 2> (1-0)-2 2 1. (0-2) *B% 1.0 2% 0.

The interpretation of sequential composition is consistent with relative timing: -y will start
y in the time slice in which z terminates. 1 is no longer the identity element of sequential
composition, 1 -z can start x in an arbitrary time slice. This role is taken over by 1, see axioms
ASDR and A9DR. -

A parallel composition can let time pass if both components allow the delay. Termination of the
parallel composition only occurs in case both components can terminate successfully. Therefore,
1 still is the identity element.

The first 10 axioms A1-A5 and A6DR-A10DR now correspond to A1-A10 of TCP, substituting
double underlined elements for their untimed counterparts. Process 1 is characterized by the
recursive equation DT1: termination takes place in the current time slice, or a delay is executed
and we are back where we started. The process 1 in turn can be used to define the untimed
counterparts of 0 and a, see DT2 and DT3: 1.2 will add an arbitrary delay to the start of z. All the
axioms of TCP involving 0, 1, or a can now be derived, using just some axioms for 1. The axioms
for parallel composition M, LM1DR-LM3DR, LM4, CM1DR, CM2, CM3DR-CM6DR, SC1, SC2,
SC3DR, and SC4-SC7 are like their untimed counterparts. Axioms LM5DR-LM7DR describe a
delay of left-merge: this can happen when both sides allow the delay (LM6DR, discarding the
part on the right-hand side that has to start in the current time slice). If the right-hand side does
not allow a delay, nothing can happen (LM5DR). Finally, LM7DR is added. This axiom allows
to derive a.z|| y = a.(z || y) for untimed y (i.e. processes with an arbitrary initial delay, that can
be written in the form 1.4’ or even 1-v!(y’)). For communication merge, a delay is only possible
when both components allow this (CM7DR, CM8DR). Axiom CM9DR is needed to derive CM1
and CM3-CM6 of TCP for untimed processes.

Notice this approach to parallel composition with timing is slightly different from [BBO05,
BMRO5], but it is the same as in [BBRO6]. Here, we allow a delay of a parallel composition
precisely when both components allow this delay. As a consequence, the process 1 is the identity
element of parallel composition. This makes the intuition and the operational semantics of parallel
composition simpler, and separates out different roles of 1.

The axioms of encapsulation are straightforward, and the axioms of the unit time-out operator
block any initial delay (RTO5, RTOG6).

Definition 3.1 (Basic terms) Basic terms are defined inductively as follows:
e 0 and 1 are basic terms;

e 0 and 1 are basic terms;



Table 3: Axioms of TCPqy (a,b,c € A, H C A)

T+Y=y+x
(T+y)+z=z+y+2)
rTt+r=2x

(x4+y) z=x-2+y-2

Olz=0
1le=0
az|y=a(z|y)
(+ylz=2zlz+yl=
ol v'(y) = 0
ca| (v'(y) +22) =c.(z] 2)
1-2)(1-vi(y) =

=1 (z[ (1-v'(y)))
zly=ylx
z||l=2
llz+1=1
Glplz=z 2
(@ly)lz==[(y|>2)
() =0
oun(l)=1
8H(é.x) ;Qifa €eH
On(a.x) = a.0g(x) otherwise
Ou(r +y) = O0n(x) + 9u(y)
On(g.x) = a.0n(x)
8H(1~x):1-8H J?)
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o fora € A and basic term p, a.p and a.p are basic terms;
e for basic term p, g.p is a basic term;

e for basic terms p and q, p+ q is a basic term.

Theorem 3.2 (Elimination) For closed TCPqy-term p, there exists a basic term q such that
TCPart Fp = q.

Proof. For the proof of this statement we refer to Appendix A.1. X

The operational semantics of TCPq,¢ can be given by just adding to the rules of TCP. We add
one relation _ > _, executing a ‘tick’. Intuitively, there is the following meaning:

e z +5 2/ means that z delays to the next time slice and evolves into x’.

The rules are given in Table 4.

Table 4: Deduction rules for TCPgy, (@ € A and H C A)

g.xix 11 g.x»imv a.z s ax 151 050
1 p 1 ! 1 1
z—a yh y—y ke yey
Tty Tty y Ty +y

1 1 1 1 1 1 1
szl zea yh oz x| y—y s x| y—y

Ty oy xoyraloy Tyl oy +y Ty sy
PR y»iy' z s 2! yli>y’ z s 2! y»i>y’
vlya |y lly = |y vy al |y

x v 2 x5z T |
O (x) b op(z)  vi(@) Har vi(2)]

Theorem 3.3 (Congruence) Strong bisimilarity is a congruence for the operators of the process
algebra TCP gy .

Proof. The deduction system is stratifiable and in panth format and hence strong bisimilarity is
a congruence [Ver95]. X

Theorem 3.4 (Soundness) The process algebra TCPqyy is a sound aziomatization of strong
bisimilarity on closed TCP 4. -terms.

We establish that the structure of transition systems modulo strong bisimilarity is a model for
our axioms, or, put differently, that our axioms are sound with respect to the set of closed terms
modulo strong bisimilarity. We also prove that the axiomatization is complete.

Theorem 3.5 (Completeness) The process algebra TCPqy is a complete axiomatization of
strong bisimilarity on closed TCP gy -terms.



Proof. For a proof of this theorem we refer to Appendix A.2. X

Next, we compare the theories TCP and TCPq,t. TCPq4,¢ is not an equationally conservative
extension! of TCP since the axioms of TCP are not contained in the axioms of TCPq.¢. However,
it is an equationally conservative ground-extension (see [MRO5a] for a definition).

Theorem 3.6 (Equational Conservativity) TCPq4y is an equationally conservative ground-
extension of TCP, i.e., for all closed TCP-terms p and q, TCP + p = q if and only if TCPqy -

p=4q.

Proof. The proof is given using meta-theory from [MR05a] in Appendix A.3 X

4 Absolute timing and dense timing

We can set up a variant of the theory of the previous section for absolute timing instead of relative
timing. Instead of the relative timing syntax elements 0, 1, a._, and g._, we have absolute timing
elements:

e First time slice inaction 0. This process cannot execute any action, cannot terminate, and
cannot let time pass to the second time slice.

e First time slice termination 1. This process cannot execute any action, cannot let time pass,
but can terminate in the first time slice.

o First time slice action prefic a... The process a.r executes a in the first time slice and
continues with z in the first time slice.

o Unit time shift prefic o._. The process o.x will shift the time slices in x by 1. Thus, ¢.a.0.1
will execute a in the second time slice and terminate in the third time slice.

Many things will go as before, but there are some notable differences. Consider the term
the second time slice. The second component wants to execute b in the first time slice, but this
is impossible, as we cannot go back in time. We see that upon termination in the second time
slice, there is a time inconsistency. We will assume that a process will deadlock immediately upon
encountering a time inconsistency. Different from the undelayable deadlock constant 0 from the
relative time theory from Section 3 or the undelayable deadlock constant 0 from the absolute timing
theory, this immediately deadlock will not even allow undelayable actions in a parallel component.
In [BB91, BM02], the notation § is introduced for this deadlocked process. Adding this process to
the current theory will necessitate that it becomes the identity element of alternative composition,
not 0 or 0.

We can integrate relative and absolute timing by going to parametric timing. We refer to
[BB96, BB97, BM02] for more information on parametric timing. We omit giving axioms and
operational rules of the absolute and parametric time theories, as these are not essential for the
discussion of this paper.

Next, we can also set up a variant of the theory TCPq,¢ of the previous section by replacing
discrete timing by dense timing. Instead of the discrete timing syntax elements 0, 1, a._, and g._,
we have dense timing elements: - N

e Current time point inaction 6 This process cannot execute any action, cannot terminate,
and cannot let time progress beyond the current point of time. This process can be used as
the identity element of alternative composition in theories with dense time.

IFor a definition of this notion we refer to [Ver94].



o Current time point termination 1. This process cannot execute any action, cannot let time
progress beyond the current point of time, but can terminate at the current point of time.
This process can be used as the identity element of sequential composition in theories with
dense time.

e Current time point action prefiz @ ... This process must execute a at the current point of
time, and continues with the remainder at the current point of time.

e Relative delay prefiz 5. The process 5z will delay for ¢ time units beyond the current
point of time (¢ € R=?), and then continue with z.

Again, we omit giving axioms and operational rules of the relative time dense time theory.

Finally, we can set up a variant of the theory with dense timing for absolute timing instead of
relative timing. Instead of the relative timing syntax elements 0, 1, @._, and &._, we have absolute
timing elements:

e Inaction at time 0 (. This process cannot execute any action, cannot terminate, and does
not allow delay to a point of time after 0.

e Termination at time 0 1. This process cannot execute any action, cannot let time pass, but
can terminate at time 0.

e Action prefiz at time 0 d... The process G .r executes a at time 0 and continues with z at
time O.

e Time shift prefix &' ._. The process &' .z will shift the time points in = by t. Thus, 6.5 .1
will execute a at time t and terminate at time ¢ + s.

Again, timing inconsistencies can occur, as in the discrete time case. Embedding of the rel-
ative time theory into the absolute time theory can again be achieved by time parametrization.
Moreover, note that we can embed the discrete absolute time theory into the dense absolute time
theory:

l — 5_[071)':\['
~[0,1) ~
axr = O .a.x.

Here, the prefix operator 3[0’1).33 allows any delay ¢ with 0 <t < 1 before continuing with x.

Note that a similar embedding of the discrete relative time theory into the dense relative time
theory cannot be achieved because we do not know where the current point of time is within the
time slice, we do not know how far the end of the time slice is away. This embedding can only be
achieved by going via the parametric time theory. For further details, see [BMO02].

5 Inconsistent states

We see that in the untimed, discrete time and dense time theories, each time there is a different
constant for the identity element of alternative composition (resp. 0, 0, 0, 0, or 6) Besides this,
there is a need for an additional constant 0 denoting a timing inconsistency, the deadlocked process.
It turns out we can take O to be the identity element of alternative composition in all of the cases.

A similar situation occurs with the identity element of sequential composition. We get constants
1.1, 1, 1or 1 acting as this identity element in the untimed, discrete time and dense time theories.
It turns out we can take a new constant 1 to be this identity element in all of the cases.

In this section we show this can be achieved in the untimed process theory with the additional
constants 0 and 1. In the next section, we look at the discrete relative time process theory with
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these so-called inconsistent processes. As mentioned in the introduction, it is also possible to
develop absolute time and dense time variants, but we do not present these here.
Starting out from the syntax of TCP, we add two additional constants:

e The deadlocked process 0. Identity element of alternative composition. In contrast, the
constant 0 stands for a blocked or encapsulated action (Jf.}(a.7)), and for livelock (not
discussed here).

e The terminated process 1. Identity element of sequential composition. In contrast, the
constant 1 stands for a skipped or abstracted action, and the identity element of parallel
composition.

The axioms of TCP® are presented in Table 5.

Table 5: Axioms of TCP*(a,b,c€ A, H C A)

r+y=y+zx Al | z4+ 0=z AGe
(x4+y)+z=z+(y+=2) A2 | 0-2=0 ATe
T+r==x A3 | i-z=2 ASe
(x4y) z=z-2+y-z Ad | z-1=2z A9e
(x-y)-z=x(y-2) A5 | ax-y=a.(z-y) A10
1+i=1 DOTI | 1-1=1 DOT3
0=1-0 DOT2 | 1 ax=ax DOT4
l-(z4+y)=1l-z+1-y DOT5
zly=z|ly+ylztaly M| .
0 2 =0 LMle | 0]z =0 CMle
i|fz=0 LM2e | (z+y)|z=a|z+y]|=z CM2
azx|(1-y)=a(z| (1-y) LM3e | 1|i=1 CM3e
(x+y)lz==z|z+yl= LM4 | ax|1=0 CM4e
z|0=0 LM5e | a.x|by=c.(z|y)ify(a,d) =c CM5
| (y+1) ==y LM6e | a.z|by = 0if v(a,b) not defined  CM6
O (y+0)=0 LM7e | 1]i=1 CMTe
1 (y+0)=0 LMB8e | 0 (y+0)=0 CMla
zly=ylx SC1 | 0]i=0 CM1b
r||l==x SC2 [ 1|1=1 CM3
le+i=1 SC3e | a.x|1=0 CM4
@y llz=z[(yl =) SC4 | (z[Ly)llz==| (y | 2) SC6
(ly)lz =2 (y]2) SC5 | (w[y)z == | wl2) scr
Or(0) =0 Dle | dy(a.x)=0ifac H D3
om(l) =1 D2e | Opy(a.z) = a.0y(x) otherwise D4
9 (0) =0 D1 | Ou(z+y) = 0u(x)+ Ou(y) D5
O (1) =1 D2

Note that any term except 0, 1 can be written in the form x40 (see also Lemma B.3). Moreover,
any term that can be written without occurrence of 0 and 1 can be written in the form 1-z (see also
Lemma B.4). The difference is exhibited by the term of the form 0+ 1 that contains a 1 summand
that cannot be eliminated. Notice that in axiom LMG6e, any possibly occurring 1 summand on the
right is removed: the left-merge will execute an action from the left component, if possible; by
doing so, the possibility of having terminated already is removed.

We state and prove that any closed TCP®-term is derivably equal to a so-called basic term. A
basic term is a term with a more restricted syntax than allowed by the signature of TCP®. Typ-
ically, sequential and parallel composition (and the auxiliary operators for parallel composition)
and encapsulation do not occur.

11



Definition 5.1 (Basic terms) Basic terms are defined inductively as follows:
e 0 and 1 are basic terms;
e 0 and 1 are basic terms;
e for a € A and basic term p, a.p is a basic term;

e for basic terms p and q, p+ q is a basic term.

Theorem 5.2 (Elimination) For closed TCP®-term p, there exists a basic term q such that
TCP®* +p =gq.

Proof. For the proof of this statement we refer to Appendix B.1. X

In the operational semantics, the term 0 4+ 1 needs to be distinguished from the term 1 (it
is possible to equate these terms: the algebra becomes simpler, but the semantics of parallel
composition is changed and the axiom cannot be maintained in extensions with timing). Both
are consistent, and have a termination option. But for the first term, this termination option has
already materialized at the current point of time, and for the second term, this termination option
can take place at some arbitrary time in the future. As will be made explicit in the next section,
when we add timing, by delaying, the first term evolves to 0 and the second term evolves to 1. In
this section, we do not look at timing, and phrase things differently: the consistent part of 0 + 1
is 0, and the consistent part of 1 is 1. When this process is placed in a parallel composition with
a process that starts with the execution of an atomic action a, then upon execution of a only the
consistent part of the other component is kept, since any option of having terminated before, is
past.

Operationally, we make the difference by means of an additional predicate O o will
mean that z is consistent, and that z’ is the TCP-part of z, i.e., x =1 -2’ +x and 2’ = 1-2'.
Thus, the operational semantics is given by adding one extra relation to the operational semantics
of TCP: _ > .

The term deduction system for TCP*® consists of the deduction rules for TCP (from Table 2)
except for the first two rules of parallel composition and the first rule for left-merge and additionally
the deduction rules from Table 6. The deduction rules for merge and left-merge that have been
omitted are replaced by similar rules where the action execution only takes place if the other
component is consistent. Upon action execution the inconsistent part of the component that does
not execute the action is removed.

Theorem 5.3 (Congruence) Strong bisimilarity is a congruence for the operators of the process
algebra TCP®.

Proof. The deduction system is stratifiable and in panth format and hence strong bisimilarity is
a congruence [Ver95]. X

Theorem 5.4 (Soundness) The process algebra TCP® is a sound aziomatization of strong bisim-
tarity on closed TCP®-terms.

We establish that the structure of transition systems modulo strong bisimilarity is a model for
our axioms, or, put differently, that our axioms are sound with respect to the set of closed terms
modulo strong bisimilarity. We also prove that the axiomatization is complete.

Theorem 5.5 (Completeness) The process algebra TCP® is a complete axiomatization of strong
bisimilarity on closed TCP®-terms.
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Table 6: Additional deduction rules for TCP® (a,b,c € A, H C A)

a.x S ax 020 11 il
0 0 0 9 0 9
r—a y—y = oy y—y xh
Ty Yy Ty ! Tty oy

0 0 0 0 0 0 0
z—2 ) =2 yvb x| ye—y b oz y—y

Ty aly  xeyrsaly Ty a oy +y Ty y
a o o 4 a a7 0
r—a y—y =z y—y r—z ye—y
allySa|y allySa|y ally S|y
0 0 0 0 0 0
r—a y—y r—x y—y r—x y—y
zlly>a |y Ly 2|y x|y |y
Sz

Proof. For a proof of this theorem we refer to Appendix B.2. X

Next, we compare the theories TCP and TCP®. TCP® is not an equationally conservative
extension of TCP since the axioms of TCP are not contained in the axioms of TCP®. However, it
is an equationally conservative ground-extension.

Theorem 5.6 (Equational Conservativity) TCP® is an equationally conservative ground-ex-
tension of TCP, i.e., for all closed TCP-terms p and q, TCP + p = ¢ if and only if TCP® I p = q.

Proof. The proof is given in Appendix B.3. X

With the addition of the new constants, it also becomes possible to embed the process algebra
ACP of [BK84, BW9(0] into TCP in such a way that timed extensions can be done conservatively.
The crux is to interpret the constant atomic actions a of ACP by a.1l in TCP®. Thus we have
achieved a theory TCP® into which ACP with termination can be embedded, as suggested above,
and which can be extended with timing in a conservative way as shown in the next section.
Operationally, ACP has a deduction rule a % /. Here, we have an extension of ACP, where /
can be treated as a process (viz., 1).

6 Discrete relative timing with inconsistent state

TCP§,, now is a conservative extension of TCP® (not just a conservative ground-extension), we
add the axioms from Table 7 to the axioms of TCP®. Most of these axioms are similar to or simple
reformulations of the axioms of TCPq4,;. The use of axiom DR10 makes a lot of axioms derivable.
As an example, we have o.z| (v'(y) +0) = o.z| (v (y) + 0.0) = o.(z| 0) = ¢.0 = 0. Another
example: from DR1 we can derive 0 = ¢.0, so v'(0) = v'(g.0) = 0.0 = 0.

We state and prove that any closed TCP®-term is derivably equal to a so-called basic term. A
basic term is a term with a more restricted syntax than allowed by the signature of TCP®. Typ-
ically, sequential and parallel composition (and the auxiliary operators for parallel composition)
and encapsulation and unit time-out do not occur.
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Table 7: Additional axioms of TCPY,, (a,b,c € A, H C A)

l=1+gal DT1 | 1.-gx=0.(1 2) DR7e
0=1-0 DR2e | 1-1=1 DR8
é.x = l-ax DR3e | 1 -é.m =a.x DR9
1-1=1 DR4ae | 0= 0.0 DR10
1-1=1 DR4be | 1+i=1 DRI11
l-ox=o0x DR5e | a.z- Y :7Q.(x ) A10DR
i-(ix—&-y)i:l-m—i-l-y DRGe é.x-y:?g(awy) DRA10
c(z+y)=ca+ay DRTF | B
1 (z4+0) =0 LM2DRe | 1|1=1 CM3DR
az|(l-y)=a(z|(L-y)  LM3DRe | az|[l=0 CM4DR
ozl (vVi(y)+0.2) =o.(z| z2) LM6DR | azx|by=c(z|y)ify(a,b)=c CM5DR
I| z+1=1 B SC3DR | a.x | by =0if fy(a,b) not defined CM6DR
B S é.x | (v (y) + g.z) =o.(r|z2) CM7DRe
o) =1 RTO2 | 0]1=0 CM8DRe
v (ax) =ax RTO3 | ax|1=0 CM9DRe
vl(z +y) = vl(x) +vi(y) RTO4 | g.x|1=0 CM10DRe
vl(c.r) =0 RTO5 | dp(1) =1 D2DR
v1(0) =0 RTOle | dy(ax)=0ifac H D3DR
vi(l) =1 RTO2e | Jp(a.z) = a.0g(x) otherwise D4DR
Or(o.x) = 0.0n(x) D6DR

Definition 6.1 (Basic terms) Basic terms are defined inductively as follows:
e 0 and 1 are basic terms;
e 0 and 1 are basic terms;
e 0 and 1 are basic terms;
e for a € A and basic term p, a.p and a.p are basic terms;
e for basic term p, a.p is a basic term;

e for basic terms p and q, p+ q is a basic term.

Theorem 6.2 (Elimination) For closed TCPY, -term p, there exists a basic term q such that
TCP,  Fp=g¢.

Proof. For the proof of this statement we refer to Appendix C.2. X

Table 8: Additional reduction rules for TCP§,; (a € A)

0
0% 0 151 ar S ax cavs o :)x
ST T T T T T e @)
PR
Q»LO l>i>0 Qx|i>0
B B - vl(x) —0
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The term deduction system for TCP,, consists of the deduction rules for TCP®, the deduction
rules from Table 4, and additionally the deduction rules from Table 8. Note that, as in the case
of TCP®, the first two deduction rules for parallel composition and the first deduction rule for
left-merge from Table 2 are not part of the deduction rules of TCPg,,.

Theorem 6.3 (Congruence) Strong bisimilarity is a congruence for the operators of the process
algebra TCPY,,.

Proof. The deduction system is stratifiable and in panth format and hence strong bisimilarity is
a congruence [Ver95]. X

Theorem 6.4 (Soundness) The process algebra TCPY,, is a sound aziomatization of strong
bisimilarity on closed TCPY,-terms.

We establish that the structure of transition systems modulo strong bisimilarity is a model for
our axioms, or, put differently, that our axioms are sound with respect to the set of closed terms
modulo strong bisimilarity. We also prove that the axiomatization is complete.

Theorem 6.5 (Completeness) The process algebra TCPY,, is a complete aziomatization of
strong bisimilarity on closed TCPY,,-terms.

Proof. For a proof of this theorem we refer to Appendix C.3. X

Theorem 6.6 (Equational Conservativity) TCP§,, is an equationally conservative extension
[Ver94] of TCP®, i.e., the azioms of TCP*® are contained in the azioms of TCPY,, and for all
closed TCP®-terms p and q, TCP® - p = ¢ if and only if TCP,, Fp=q.

Proof. The proof is given in Appendix C.4. X

Theorem 6.7 (Equational Conservativity) TCP3,, is an equationally conservative ground-
extension of TCPqy, i.e., for all closed TCPqy-terms p and q, TCPqry b p = q if and only if
TCPS,. Fp=g¢.

Proof. The proof is given in Appendix C.5. X

As was the case for the equation 1 = 0 + 1 in TCP®, an interesting additional equation for
TCPS,, is 1 = 0+ 1. If we add this equation, then we have to remove axiom LM®6e, so we change
the semantics of parallel composition. Also, further extensions of the theory, for instance with
dense timing, become more difficult. On the other hand, both the algebra and the operational
semantics become simpler. The axioms DR2e, DR4ae-DR6e, DRS8, DR11, CM3DR, CM4DR,
RTO2 and D2DR become derivable from the other axioms. Operationally, we do not need the

additional relation r>.
7 Concluding remarks
We have introduced process algebras TCP® and TCPg,, with both successful and unsuccessful

termination constants in which, on the one hand, the roles of the identity element for alternative
composition and livelock, and on the other hand the identity elements for sequential and parallel
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composition are separated. The different timed process algebras are now equationally conservative
ground-extensions of TCP.

The main difference between the process algebras presented in this paper and the ACP-like
process algebras from literature is that here explicit termination (i.e., action prefix) is used instead
of action constants.

The approach to parallel composition with timing is slightly different from [BB05, BMRO05], but
it is the same as in [BBRO06]. Here, we allow a delay of a parallel composition precisely when both
components allow this delay. As a consequence, the process 1 is the identity element of parallel
composition. This makes the intuition and the operational semantics of parallel composition
simpler, and separates out different roles of 1. This is also a major difference with the timed
ACP-like process algebras of [Ver97, BV97].
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A  Theorems for TCPy

A.1 Proof of elimination theorem for TCPg4,,

In this appendix we prove that any closed TCP4,¢-term is derivably equal to a basic term.

Theorem A.1 (Elimination of sequential composition) For basic terms p; and ps, there
exists a basic term q such that TCPqgy F p1-p2 = q.
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Proof. By induction on the structure of basic term p;.

1

2

3
4

. P1 EQ Then TCPdrt Fpl * P2 Egpg A7:DR Q
A8DR
. p1 =1 Then TCPyrt Fp1-p2=1-po 2 Pa.
. p1=0. Then TCPuy Fp1 -po =0 -py 27 (1‘9)'}72gl'(Q'PQ)A@Rl'QDZQO-

. p1 = 1. By induction on the structure of basic term p we prove that there exists a basic
term 7 such that TCPg F1-p=r.

(a) p=0. Then TCPqy |—1.p51.gD£20.

(b) pE; Then TCPdrt [ 1pE 1.£A9:DR 1.

(¢) p=0. Then TCPgu - 1-p=1-0"2*1.(1.0) 2 1-1). 0" 1.0 0

(d) p=1. Then TCP4 F1-p=1-1"2"1.

(e) p=a.p' for some a € A and basic term p’. Then TCPyq F1-p=1-ap DTS ..

(f) p = ap’ for some a € A and basic term p’. Then TCPqy F 1-p = 1 a.p/ DT3
L (Uap) E ) ap 21 ap 2 ap

(g) p=g.p for some basic term p’. By induction we have the existence of a basic term 7’
such that TCPqy = 1-p" =7r'. Then, TCPgq F1-p=1-a.p bT5 a(l-p)=ar'.

(h) p = p' + p” for some basic terms p’ and p”. By induction we have the existence of
basic terms 7’ and r” such that TCPgq F 1-p" = 7' and TCPqy - 1-p” = . Then

TCPar F1-p=1-(p +p") D£61.p’+1~p”gr'+r”.

Using this lemma we have the existence of a basic term r such that TCPgy F 1-py = 7.
lemma

Then TCPaqt Fp1-p2o=1-pay =
p1 = a.p) for some a € A and basic term p}. By induction we have the existence of a basic

term ¢’ such that TCPqy¢ F p-p2 = ¢/. Then TCPyy F p1-p2 = (a.p)) p2 ALODR a.(p}-p2) b

aq. -

. p1 = a.p} for some a € A and basic term p}. By induction we have the existence of a basic

term ¢ such that TCPqy¢ b p) - p2 = ¢’. Then TCPgyq F p1-p2 = a.pi - po bTs (1-a.py)-p2 45

1-(a.p) - p2) ALODR 4 -a.(p} - p2) by -a.q’ bIs a.q.

p1 = a.py for some basic term p}. By induction we have the existence of a basic term ¢’ such
DRA10 it

that TCPqy - p} - p2 = ¢. Then TCPay - p1-p2 = (a.p)) -p2 = a.(p) - p2) = a.q.

p1 = p} + pf for some basic terms pj and py. By induction we have the existence of

basic terms r’ and 7 such that TCPg, F p} - p2 = v’ and TCPqy F pf - p2 = r”. Then

A4
TCPaw - p1-p2 = (0 + 1) -2 = ph -p2 + ] - po =1 + 17",

Observe that in each of the above cases the last term in the derivation is indeed a basic term. X

We define || for basic terms p and ¢ as follows: [0] = [1] = [0] = [1] =1,

ap| = lap| =

la.p| = Ipl + 1, and [p+ q| = |p| + |g|. We define p < q as [p| < |g| and p < q as |p| < |q].

Lemma A.2 (Representation) For basic term p,

1

. TCPqy Fp = v (p) for some basic TCPgy-term p', or
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2. TCPay - p =v'(p') + a.p” for some basic TCPay-terms p’ and p” such that p” < p.

Proof. By induction on the structure of basic term p.

1. p=0. Then TCP4y F p =0 2" 01(0).

2. p=1 Then TCPgy Fp =122 01(1).

3.p =0 Then TCPa Fp=0"2 1.0 (1+51)-02 1.0+ g1.0 PRIMAL
0+0.(1-0) LT 01(0) + 0.0,

4 p=1. Then TCPuy Fp=1"2"14 0.1 """ y1(1) + 0.1

5. p=a.p for some a € A and basic term p’. Then TCPqyy - p = a.p’ RIO3 vl(g.p’).

6. p = a.p’ for some a € A and basic term p’. Then TCPg4y F p = a.p’ PIs ~a.p’ b1t
l+al)-ap 4 l-ap +al-ap ASDR.DRALO ap +o.(l-ap) O3S vHap) +o.ap.
7. p = g.p’ for some basic term p’. Then TCPqy -p = g.p’ AODRAL 0+ayp RIO v (0) +a.p.

8. p=p +p" for some basic term p’ + p”. By induction, for both p’ and p” we have two cases.
This results in the following four cases:

(a) TCPyy F p' = vi(p}) for some closed TCPyyi-term pj and TCPgyy - p” = v(pY) for
some closed TCPqy-term py. Then TCPq4y F p = p' + p” = 01 (p)) + v (p}) RLO4
o' (ph + 7).

it - p = vl p1) + o.p, for some close drt—term p an asic term p an

b) TCPq F p’ 4 5 f losed TCP I and b %, and

TCPqay F p” = v (p}) for some closed TCPgy¢-term pY. Then TCPy Fp=p +p" =
A1,A2 RTO4
(v'(p1) +aph) + ot (p]) =T (NP + 0 ) taph = vt L +p)) + b

(c) TCPqy - p' = v!(p)) for some closed TCPg,¢-term pl and TCPqy F p” = v (p))+o.ph

for some closed TCPg,¢-term pf and basic term p4. Then TCPqy Fp = p' +p” =

A2 RTO4
ol (ph) + (W (p)) + apy) = (V' (p)) + 0t () +apy =" NPl + i) + aph.

(d) TCPay F p' = v*(p}) + a.ph for some closed TCPqy-term p) and basic term py and

TCPar - p" = v (pf) + a.pfy for some closed TCPgy¢-term pf and basic term pfy. Then
ALA2

TCPa b p =p' +p" = (V' (ph) + 2ps) + (W' () + 2py) ~=" (V' (ph) + v (p))) +

(aph+apy) " OE T i+ p) + 0.(ph + p§) and mote that ph + pf < p

X

For the elimination of || , in the case where the left-hand side is delayable, we need a represen-
tation lemma. Note the subtle difference with the previous representation lemma where the term
following the delay operator was allowed to be of equal size. Here it is not!

Lemma A.3 (Representation) For basic term p,
1. TCPgy - p = v1(p') for some basic TCPq.-term p/,
2. TCPq Fp=v'(p)) + a.p” for some basic TCPqy-terms p’ and p" such that p” < p, or

3. TCPyy b p=1-v'(p') for some basic term p' such that p' < p.

Proof. By induction on the structure of basic term p.
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0. Then TCPuy Fp =0 " v1(0).

- P

. p=1 Then TCPyy Fp=1"2% (1)

Il
I

. p=0. Then TCPay Fp=0"21.0 """ 1. 41(0). Note that 0 < 0.

- D

_ 3

. p=1 Then TCPgy Fp=1"L% 1.1 "% 1. 41(1). Note that 1 < 1.
_ ’ : / — ; RTO3 4 ’
= a.p’ for some a € A and basic term p’. Then TCPq Fp=ap’ =" v'(ap’).
= a.p’ for some a € A and basic term p’. Then TCPqy F p = a.p’ PIs -a.p RLOs
-v'(a.p’). Note that a.p’ < a.p'.
. p = a.p’ for some basic term p’. Then TCPqy Fp = a.p AGDRAL 0+a.p' RTO1 v (0) +o.p’

Observe that indeed p’ < p.

. p=p +p” for some basic term p’ + p”’. By induction, for each of p’ and p” we have three
cases. This results in the following cases:

(a) TCPg4y F p' = v!(p)) for some closed TCP4yi-term p) and TCPqy - p” = vi(p}) for
some closed TCPyyi-term p//. Then TCPay F p = p/ + p" = vi(p)) + o' (p}) "=+
o' (P} + 7).

(b) TCPay F p' = v (p})+a.pj for some closed TCPqy-term pj and basic term p) such that
ph < p' and TCPq, F p” = v (p) for some closed TCP gy-term py. Then TCPqy F p =

A1,A2 RTO4
p+p" = (0 (ph) +aph) Hot () =T () +ot()) Haph = vt (ol +pY) +aph.
Note that p} < p.

(¢) TCPqy F p’ = 1-v1(p}) for some basic term p} such that pj < p’ and TCPqy F p” =

vl(p)) for some closed TCPqy-term pf. Then TCPyy - p = p' +p” = 1-0v(p}) +
DT1,A4,A8DR,DRA10 A1,A2,RTO4

vl (pY) = vl (ph) +a.(L-vt(p))) +ol(p]) T =TT ot +p) + (1

v(p))) = v*(p} + p{) + a.p’. Note that p’ < p.

(d) TCPqy b p' = v'(p}) for some closed TCPgy¢-term p} and TCPyay - p” = 0! (pf) +a.p§
for some closed TCPg,¢-term pf and basic term pf such that pj < p”. Similar to the
second case.

(e) TCPay b p' = v (p}) + o.ph for some closed TCPqy-term pj and basic term pj such

at py, < p’ an drt =v +o.pY for some close art-term pY and basic
that p < p' and TCPgy b p” = v'(p})+o.p4 f losed TCPgy-term p!! and basi
term p4 such that p§ < p”. Then TCPqay b p = p' + p” = (v (p}) + a.py) + (V' (pY) +
A1,A2 RTO4,DRTF
apy) =T (W) F o)) + (@ph Hapy) = el + i) + . (ph +ph) and
note that p + p§ < p.

(f) TCPgy F p' = 1-vl(p}) for some basic term p} such that pj < p’ and TCPqy +
p" = o' (pf) + a.py for some closed TCPgy-term p{ and basic term pj such that

p/2/ < p//. Then TCPqy + p= p/ +p// -1. Ul(p/l) + ,Ul(p/ll) +g-p,2, DTl,A4,A8:DR,DRA10

A1,A2,RTO4,DRTF
vl (ph) +a.(1-v' (p)) +0' (p]) + 2P = vt (ph i)+ (10! (ph) +p5) =
v (py +p7) + 2.(v" +py). Note that p’ + p§ < p.

(g) TCPyy - p’ = v1(p}) for some closed TCPyyi-term pj and TCPqy b p” = 1-v1(pY) for

some basic term p] such that p{ < p”. Similar to the third case.

(h) TCPay b p’ = v*(p}) + o.ph for some closed TCPqy-term pj and basic term pj such
that py < p’ and TCPqy F p” = 1-v!(p)) for some basic term p/ such that p/ < p”.
Similar to the sixth case.
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(i) TCPay F p' = 1-v'(p)) for some basic term p; such that pj < p’ and TCPgy F
p” = 1-v!(p!) for some basic term p{ such that p{ < p”. Then TCPgqy F p’ + p" =

DT6 RTO
Lol (ph)+1-0 (pf) ="1-(v' (p)) +0' (p])) L-v*(py +pY). Note that pj +p{ < p.
X

Theorem A.4 (Elimination of parallel composition operators) For basic terms p; and pa,
1. there exists a basic term q such that TCPay F p1| p2 = ¢;
2. there exists a basic term q such that TCPqy F p1 | p2 = ¢;
3. there exists a basic term q such that TCPqy F p1 || p2 = q.

Proof. These three statements are proven simultaneously using induction on the number of
symbols of basic terms p; and ps. When we apply an induction hypothesis we indicate to which
statement it refers.

First we give the proof for statement (1), the elimination of || . We use case distinction on the
structure of basic term p;.

LM1DR

L. p1=0. TCPuq Fpillp2=0[p2 "= 0.
LM2DR
2. pr=1 TCPa Fpillpa =1 p2 "2 0
3. p1 =0. According to Lemma A.3 we can distinguish three cases for ps. In the proofs below,
we may use TCPgq F 0 PIz . ODTl (1+a1) -Q¥i~g+ g OASDRQ+ 1 0A2A6DR
al QDRAlO (1-0) = bI2 a.0 ().

(a) TCPqy F p2 = v'(ph) for some basic term py. Then, TCPqy - pillp2 = 0 p2 =
*) LM5DR
Ol v*(ps) = 2.0 v'(ps) 0.

(b) TCPqrs F p2 = vi(ph) + o.py for some basic term p5 and basic term pj such that
phy < pa. By induction hypothesis (1) we have TCPq, F 0| p§ = ¢” for some basic term
LM6DR

¢". Then, TCPay + pi [ p2 = 0L p2 = O (' (p) + 2-p) = @pll (' () + 2.t ™2
o.(0Lp) " .
(c) TCPqy F p2 = 1-v(p)) for some basic term py. Then TCPqy F p1| p2 = 0| p2 =
OL(1- v () "= (1- 0L (101 (ph)) " 1 (Ol (1- 0 (ph)) = 10 P2 .
4. p1 = 1. According to Lemma A.3 we can distinguish three cases for ps.

(a) TCPqy = p2 = v'(ph) for some basic term ph. Then, TCPqy & p1| p2 = 1| p2 b1t

(L+a1)|lpe LM4 1 p2+ o1l po LMIDR,A6DR ollp =0 1] o' () LM5DR 0.
(b) TCPay F p2 = v'(ph) + a.py for some basic term pj and basic term pj such that

Py < pa. By induction hypothesis (1) we have TCPq4y F 0| p§ = ¢” for some basic term

¢". Then, TCPay b p1|lpo = 1 p2 = L+al)[pe e 1 po+ a1 pe LMIDE,AGDR
o1l p = 1L (v} (0h) + 2.p5) " (1Y) = 2.
(c) TCPqy F p2 = 1-v!(ph) for some basic term ph. Then TCPyy - p1| p2 = 1| p2 A

(1-Dlpe = (1- DL -0 h) 1L (10 (ph)) M2 1.0 E 0,

R
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5. p1 = a.p} for some a € A and basic term p}. By induction hypothesis (3) there exists a basic

term ¢’ such that TCPqy - py || p2 = ¢. Then, TCPqy - p1[ p2 = a.pi || po LMSDR a.(p} ||

ih(3
P2) 1) a.q'.

6. p1 = a.p) for some a € A and basic term p}. According to Lemma A.3 we can distinguish
three cases for ps. In the proofs below, we may use TCPdrt Fap) DT3 ap, DT1 (1 o )
DT3

a.p) = l-ap)+ol-ap) AR ap)+a.l-ap) PRAIO

)
(a) TCPgy - p2 = vi(ph) for some basic term p). By induction hypothesis (3) we have

the existence of basic term ¢’ such that TCPqy b p} || p2 = ¢/. Then, TCPq, F

™) LM4 LM3DR
pillpe = ap’llpz = (ap) +aap)|pe = apillp: +aapillp: = a(p) |

LM5DR A6DR
(P2) :

(3)
pz)+0ap1Mz =" a.q +o.api|p:=ad +aap| v aq +0"="aq"

(b) TCPay F p2 = v'(ph) + g.py for some basic term pj and basic term pj such that
Py < pa. By induction hypothesis (1) we have the existence of basic term ¢ such that
TCPay b p1| p§ = ¢”. By induction hypothesis (3) we have the existence of basic

*

term ¢’ such that TCPqy F pj || p2 = ¢. Then, TCPyqyx F p1| p2 = a.pi| p2 ©
LM4 LM3DR ih(3)

(@p) + cap))lpe = apillp: +capilp: = a@ | p2) +capillp =

LM6DR
a.q +gapillp = aqd +aapi|| (vV'(ph) +apy) "= aqd +a(api|py) = aq +

ih(1
a.(p1|lpy) o a.q +4q".

(¢) TCPyay F p2 = 1-v'(ph) for some basic term pj such that p) < py. By induction

hypothesis (3) we have the existence of basic term ¢’ such that TCPqy b p} || ph = ¢.
Then TCPaw - p1lLpz = apilp = (1-aph)lp = (1 aph) (10 () "2
L @ph L (10 () = 1+ (@pipo) 2 0 p2) " 1 ag P g
7. p1 = a.p) for some basic term pj. According to Lemma A.2 we can distinguish two cases for
D2.

(a) TCPyy F pa = vi(ph) for some basic term ph. Then TCPqyy F p1| p2 = apilp =
LM5DR
Upl [LU (r3) 0.

(b) TCPay F pz = v'(ph) + o.py for some basic terms py and pj such that py < ps. By
induction hypothesis (1) we have the existence of basic term ¢’ such that TCPq, F

pilps = ¢. Then TCPuy F pilpe = api|pe = api| (0 (h) + apy) T
o) " o
8. p1 = p} + p{. By induction hypothesis (1) there exist basic terms ¢’ and ¢” such that
TCPau b p) | p2 = ¢ and TCPqy b pY|| p2 = ¢". Then TCPqy F p1| p2 = (0, +0) | p2 ="
Py p2 + ! p2 ) qd +q".

Then we prove statement (2), the elimination of |. We use case distinction on the structure
of basic terms p;.

CMI1DR
L. pr=0. TCPa Fp1[p2=0|p2 = 0.
2. p1 = 1. We use case distinction on the structure of basic term p.
CMI1DR
(a) o = g TCPgy - p1 |p2 b1 ‘ 0 0 |p1 = Q
(b) p2 =L TCPau b py [po=1]1 M 1L
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DC1 DT2 DT1 A4
() pp=0. TCPgu Fp1|p2=1|0 "= 0|1 1-0)]1 (L+a1)-0)]1=
1-0+01-0) 1Y CcM2 (1-0)]1+ (c.1-0) |%A8DRDRAIOQ‘%+2.(1 0) |£CM1D2R 02
0+2.(1-0) | () “EF0+0
(d) po = 1. TCPuy - p1 | po = ylszl 1‘;D:1 (1+ol) ‘lC:2l|é+gl‘;CM3DRRTO2
1+ol]o'(1 )CM7DR1+9A6;3R;
(e) p2 = a.p) for some a € A and basic term py. TCPyy F p1|p2 = 1|a.ph Sl aph|l CM4DR
0
_ / . " / _ ’ Sgl
= . . rt = 1 . —
(f) po a.py for some a € A and basic term p). TCPay F p1 | p2 1| apy
apy |1 TIENONE gy |14 (21 aph) |1 TR g 14 0.1
apy) LR 00 (1) [01() P 040

(g) p2 = ph + ph for some basic terms p, and p,. By induction we have the existence of
basic terms ¢’ and ¢ such that TCPqy - p1 | p5 = ¢’ and TCPdrt F p1 | vy =4q". Then

SC1 CM2 ih(2)
TCPar b p1[p2 = p1 | (0 +5) "= (Wh+08) o1 = Py o1 +04 o1 "= pr [ph+pr |pf =
q/ _‘_q//.
3. p1 = 0. According to Lemma A.3 we can distinguish three cases for p;. In the proofs below,
we may use TCP 0 "2 1.0 (14 0.1) 02 1.0401-0*C% 04010 2"

DRAlO DT2

a.1-0 0.(1-0) "=° .0 (DD).

(a) TCP4y F pa = vi(ph) for some basic term py. Then, TCPqy F p1 | p2 = 0| p2 -
L (ph) CMTDR.
2 0

(b) TCPay F p2 = v'(ph)+o.py for some basic term ph and basic term p4 such that p4 < ps.
By induction hypothesis (2) we have the existence of basic term ¢ such that TCPq,¢ F

DD SC1,CM2,SC1

p1|py =¢". Then, TCPqy b p1|p2 = 0|p2 = 0.0|p2 = a.0|(v*(ph) +a.ph) =
C C ih(2
0.0 v (ph) + 0.0 apy MTPEMPR 0 L5 (0] ) = 0+ . (m1 | 95) "L 0+ 0.

(c) TCPqy F pa = 1-vi(ph) for some basic term p) such that ph < ps. Then TCPqy

Pl pe=0]ps = (1-0)|p=(1- o>|< vl(py)) MER L (0] (1- v1<pg>>+<1-

0)|v! (py)) MTEPT 10400 (ph) 2 10400 (ph)) NPT 1 s

O—H)) 2 1. 0 0.
4. p;1 = 1. We use case distinction on the structure of basic term py. We omit the cases where
p2 is of the form 0, 1, 0, or ph + p since these are symmetrical to previous cases.

N2

g.0|ps=a.0]v

(a) p2 = 1. We already have shown before that TCPq¢ - 1|1 =1 (*). TCPyy b p1|p2 =

A9DR CMIDR | SC1,A3 A9DR
L1 (-1 L-@Af@-D)+@0-1[1) 1-@](-1) "=
TAEVEER O R g §

(b) p2 = a.ph for some a € A and basic term py. TCPqy b p1|p2 = 1] a.ph PTLOMY
" SC1,CM4DR,AGDR " RTO3,CM7DR
llapy,+ol]a. alla. 0.

(¢) p2 = a.py for some a € A and basic term p). We already have shown before that
TCPart = 1| a.py =0 (*) and TCPqy = 1| a.py = 0 (**). Then, TCPqyy = p1 [ p2 =

A9DR,DT3 CM9DR DT3,A9DR
Uap, “PEP2 (1 ) apy) M2 @ (1 aph) + (- 1) |ap) D2
L-(Llaph+ 1 apy) L7 10+ 0) M2 0.

(d) p2 = g.py for some basic term p,. We already have shown before that TCPgy F
1|g.ph =0 (*). By induction hypothesis (2) we have the existence of basic term ¢’ such

23



—~
*
N2

that TCPyy F 1]py = ¢'. Then, TCPqyt - p1|p2 = 1]|apy =~ lla.py+o.1]
A6DR,ih(2
0+a.(1]pp) " EN

iQ

3

R
[

a.q.

5. p1 = a.p} for some a € A and basic term pj. We use case distinction on the structure of
basic term py. We omit the cases where py is of the form 0, 1, 0, 1 or p5 + py since these are
symmetrical to previous cases.

(a) p2 = b.py for some b € A and basic term p,. By the induction hypothesis for statement
( ) we have the existence of basic term ¢’ such that TCPqy F 9 || pb = ¢’. In case

v(a,b) is not defined, TCPqy, F p1 | p2 = apl | byl CM6DR

CM5DR h(3)
TCPar F p1 | p2 = apy [ bph = c(py | ) = cq-

0. In case y(a,b) = c,

. DT3,DT1,A4,ASDR,DRA
(b) p2 = b.p, for some b € A and basic term py. We use TCPq, F a.z $DTLALAS 10

a.x + g.a.x (DAP). By the induction hypothesis for statement (3) we have the exis-
tence of basic term ¢ such that TCPqy F p} || p5 = ¢’. In case v(a,b) is not de-

DAP,SC1,CM2 CM6DR,A6DR
fined, TCPqyt b p1 | p2 = a.p) | b.ph = a.py | b.py +a.pi | a.b.ph =

SC1,RTO3 CM7DR
a.py | a.b.py = " g.b.ph | vt (a.p) 0. In case y(a,b) = ¢, TCPy F p1 | po =
DAP,SC1,CM2 CM5DR ih(3)
a.pi | b.py = apy | bpy +api [ abpy =" () [l po) + api [ 2bpy =
cq' +api|a.b.ph SCI’};TOB cq' +abpy|v'(ap)) CMzDR ¢ +0 B ey
(c) p2 = a.ph for some basic term p;. TCPyy = p1 [ p2 = a.p) | o.ph SCl a.py | a.p) RLO3
/1 1,y CM7DR
a.pPa | v (apy) =0

6. p1 = a.p] for some a € A and basic term p}. We use case distinction on the structure of
basic term p,. We omit the cases where ps is of the form 0, 1, 0, 1, b.p5 or p5 + p} since
p p 2 = 9.pp Or Py + Pa
these are symmetrical to previous cases.

(a) pa = b.p, for some b € A and basic term p5. In case y(a,b) is not defined, we have
already proved before that TCPqy - a.p) [ b.py = 0 (*) and TCPqyyr & a.py [ bph =0

DT3 CM9DR
(**). Then, TCPqyt = p1 [ p2 = apy [bpy =" (1-ap))|(1-bpy) = "1-(apy|(1
A3, DT2

bph) + (1 aph) | o) "2 1+ (@t [ by + aph [ bay) %10 4+0) V20

In case v(a,b) = ¢, we have already proved before that TCPqy F a.p) |b.p5 = c.(p] || ph)
(*) and TCPqy F a.py | b.phy = c.(p) || ph) (**). By the induction hypothesis for
statement (3) we have the existence of basic term ¢’ such that TCPqy F p} || pb = ¢'.

D 3 CM9DR
Then, TCPayt Fp1 [ p2 = a.py [b.py =" (1-a.p))|[(1-bph) = "1-(apy|(1-bpy)+
h(3) ; DT3

DT3 (%),(**),A3 i
(1-aph)|bph) =" 1-(api|bph+ap)|bpy) =" L-c(pf | ph) "= 1-cqd = eq.
(b) p2 = a.py for some basic term py. By induction hypothesis (2) there exists a basic

term ¢’ such that TCPg, F p1 | ph = ¢'. We have already proved before that TCP g4t F
, , o, , DT3,DT1,A4,CM2, ASDR, DRA10

a.p) | a.py =0. TCPqay - p1 | p2 = a.py | a.py =

, (* )-AGDR , , CM8DR AR LIC) R

gapylapy, =" g.(apy|py) = a4

1] apy +

g.a.py | a.p}

7. p1 = g.p) for some basic term p}. We use case distinction on the structure of basic term ps.
We omit the cases where ps is of the form 0, 1, 0, 1, a.py, a.ph or py + ph since these are
symmetrical to previous cases.

(a) p2 = g.ph for some basic term ph. By induction hypothesis (2) we have the existence of

basic term q such that TCPay - p) [ph = ¢'. Then TCPyy - p1|p2 = o.p' |a.ph CMEPR

ih(2)
)’

a.(py|py) =" a.q.
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8. p1 = p) + pY for some basic terms pj and p}. By the induction hypothesis for statement

(2), we have the existence of basic terms ¢’ and ¢” such that TCPqy b p} | p2 = 7’ and
CcM2 ih(2)

TCPar Fpi |p2 = 1". Then TCPar b p1|p2 = (1 +1) [p2 = pilp2+pi[p2 =" 1" +r".

Finally, statement (3) follows straightforwardly from the previous statements: By induc-
tion on statements (1) and (2) we have the existence of basic terms ¢, g2, and ¢3 such that
TCPart = p1ll p2 = q1, TCPaxt - p2|l p1 = 2, and TCPayt & p1 [ p2 = g3. Then TCPqy - p1 ||

M ih(1),ih(2
p2:P1[Lp2+p2[Lp1+p1|p2l():1()111+Q2+Q3- X

Theorem A.5 (Elimination of encapsulation) For basic terms p and H C A, there exists a
basic term q such that TCPqy b O (p) = q.

Proof. Trivial, by induction on the structure of basic term p and the derivable equalities 0 = 1-0,
1=1-1,andax =1-g.z. X

Theorem A.6 (Elimination of time-out operator) For basic terms p, there exists a basic
term q such that TCPqy - v'(p) = q.

Proof. Trivial, by induction on the structure of basic term p and the derivable equalities 0 = 10,
1=1-1,andax=1-g.z. X

A.2 Completeness of TCPg,

Note that the term deduction system for TCPgq, is such that all action and time transitions that
can be derived starting from a basic term always result in a basic term. We do not prove this
statement formally, and will use it silently in the remainder.

Lemma A.7 (Towards completeness) For arbitrary basic TCP4y-terms p and p’ and arbi-
trary action a € A

1. if p |, then TCPqy b p =1+ p;

2. if p>p', then TCPgy Fp = a.p’ +p;
3. ifp»ip’, then p' =p orp’ < p;

4. if p ER p', then TCPyy b p = a.p' + p;
5. if p+s p, then TCPgu Fp=1-p.

Proof. Easy; by induction on the structure of basic TCPg,¢-term p. X

Theorem A.8 The process algebra TCPqyt is a complete axiomatization of strong bisimilarity on
closed TCP g, -terms.

Proof. By the elimination theorem for TCPq, it suffices to prove this theorem for basic terms
only. We use induction on the structure of basic terms p and ¢ and use case analysis on the
structure of basic term p to prove that p 4+ q<¢q implies TCPg,t Fp+ ¢ =g.

25



1. p=0. Then TCPay Fp+q=0+q "2 g
2. p=1. Then p+q |, and since p+q«q also ¢ |. By Lemma A.7.1, we have TCPq, F ¢ = 1+q.
Then, TCPqwFp+qg=1+qg=gq.

3. p=0. Then p R p, and therefore also p + ¢ 5 and since P+ qe=q also g N By Lemma
A.7.3, we can distinguish two cases:

(a) ¢ N q. By Lemma A.7.5 we have TCPg,; F ¢ =1-¢q. Then TCPgqt Fp+¢=0+g¢ bL?

1-0+¢=1-0+1-¢"2°1.(0+¢) "= 1.4=0¢.

(b) ¢ ER q' for some ¢’ < gq. Then p + ¢ 5 p + ¢ and therefore, since p + qe=¢, we need
to have p + ¢’=¢’. By induction we then have TCPyy F p+ ¢ = ¢. By Lemma

A.7.4 we have TCPqyy F q = g.q' 4+ ¢q. Then TCPgy F p+q =0+¢q 2D a0+q=
A2,
00+aqd +¢" " 0 (0+q) ta=a(p+d)+a=cd +a=1q.

4. p=1. From p | we have q |. Therefore, by Lemma A.7.1, we have TCPqy; F ¢ = 1 +¢.

Then p R p, and therefore also p + ¢ 5 and since P+ ge=q also g =N By Lemma A.7.3, we
can distinguish two cases:

(a) ¢q 5 ¢. By Lemma A.7.5 we have TCPqy - ¢ = 1-q. Then TCPay Fp+q = 1+¢ ADR

L-l+g=1-1+1-¢ ="1-L+q)=1-q=q.
(b) ¢ N ¢ for some ¢’ < q. Then p+ q — p + ¢’ and therefore, since p + ge=q, we need to

have p + ¢'<=¢’. By induction we then have TCPqy - p+ ¢ = ¢/. By Lemma A.7.4

we have TCPyy - ¢ = 0.¢' + ¢. Then TCPq Fp+qg=1+¢ AR Lo+ q Aup2

A2, DRTF -~
oltq+l=cl4+q=cl+aqd+q "= ao(+q¢)+q=a(p+d)+q=0ad+q=q

5. p = a.p’ for some a € A and basic term p’. Then p + ¢ 2 ¢, and since p + geq we have
q % ¢ for some ¢ such that p’<¢q’. Then due to soundness of axiom A3 and congruence
of bisimilarity w.r.t. alternative composition we also have p’ + ¢’<=q’ and ¢’ + p'<=p’. By
induction we then have TCPgy - p' + g = ¢/ and TCPqy b ¢’ + p’ = p’. Therefore, we also
have TCPa Fp' = ¢ +p' =9 +¢ = ¢. By Lemma A.7.2, we have TCPqy - ¢ = a.¢' +¢.

Then, TCPqt Fp+q=ap' +q b aq +q=q.

6. p = a.p’ for some a € A and basic term p’. Then p + ¢ — p/, and since p + ¢ we have
q % ¢ for some ¢ such that p’<q’. Then due to soundness of axiom A3 and congruence
of bisimilarity w.r.t. alternative composition we also have p’ + ¢’<=q’ and ¢’ + p'<=p’. By
induction we then have TCPqy - p' + ¢ = ¢/ and TCPq, F ¢’ + p’ = p’. Therefore, we also
have TCPa Fp' = ¢ +p' =p' + ¢ = ¢'. By Lemma A.7.2, we have TCPgq, - ¢ = a.¢' +q.

Also p N p, and therefore also p + ¢ 5 and since P+ qe=q also ¢ . By Lemma A.7.3, we
can distinguish two cases:

(a) ¢ =N g. By Lemma A.7.5 we have TCPg,s - ¢ = 1-q. Then TCPgy F p+q = a.p’+q bIs

Loap +q=1-ap +1:¢ =1 (ap +q)=1-(aqd +9)=1-g=q

(b) ¢ 5 ¢ for some ¢” < g. Then p+q > p+ ¢" and therefore, since p+ geq, we need to
have p+¢”<¢"”. By induction we then have TCPg4y; F p+q” = ¢’. By Lemma A.7.4 we
have TCPqy - ¢ = 0.¢' +¢. Then TCPyy Fp+q = a.p’' +q PI3 a.p’ +q PTLALASDR

DRA10,DT3 DRTF

ap' +o.l-ap'+q ap' +o.ap+q=ap +optq=ap+ap+aq’+q
ap' +a(p+q’)+q=ap +aqd" +q=ap' +q=0aqd +q=q
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7. p = g.p’ for some basic term p’. From p R p’, and the fact that p+ g q it follows that there

is some ¢’ such that ¢ ER ¢ and p’ +¢'<=¢q’. By induction we then have TCPq, - p'+¢' = ¢'.
Also, by Lemma A.7.4 we have TCPqy ¢ = 0.¢' +¢. Then TCPy Fp+qg=0gp' +q=

DRTF
ap'+aq+q = a(@+d)teq=ad+q=q

8. p = p’ +p” for some basic terms p’ and p”. From p+ g« q it follows that both p’ + ge=q and
p"” + qe=q. Then, by induction it follows that TCPgy. - p' + ¢ = ¢ and TCPgy - p”" +q = q.

Then, TCPax Fp+q= 0/ +p") +q =/ + (' +q) Zp/ +q 2 q.

X

A.3 Proof of conservativity of TCPg4,; w.r.t. TCP

We cannot apply the meta-theorems for equational conservativity from the literature that rely on
the operational conservativity of the term deduction systems (see [Ver94, FV98, AFV01, Mid01])
since there is a new transition relation that can be derived for some old terms.

Using Theorem 6 of [MRO5b] (or [Mou05, Theorem 6.51]), to conclude that TCPgq is an
equationally conservative ground-extension of TCP in case we already know that both TCP and
TCPgqy are sound and complete, it suffices to prove that the term deduction system for TCPg,¢ is
an orthogonal extension of the term deduction system for TCP.

For the term deduction system for TCPq,¢ to be an orthogonal extension of the term deduc-
tion system of TCP, we need to prove that (1)the derivability of all old transition relations and
predicates for old terms in the two term deduction systems coincides, and (2) that bisimilarity on
old terms in the two term deduction systems coincides.

For the first proof obligation we have the following reasoning. All derivations in the term
deduction system for TCP are also derivations in the term deduction system for TCPg,¢ since the
deduction rules of the first are contained in the latter. For the other implication, note that all
new deduction rules are either about the new transition relation + or about new syntax. Hence
these can also not contribute to new facts about old terms and transition relations or predicates.

For the second proof obligation we have the following reasoning. First, note that with respect
to the old transition relations and predicates, i.e. the action transitions and termination relation,
the two term deduction systems coincide as reasoned before. Thus it remains to prove that also
the new time transitions cannot discriminate between old terms.

We can prove (but won’t do so explicitly) the following facts: (1) every closed TCP-term has

a time transition, (2) for any time transition p R p’ of an old term p, it holds that pe=p’ w.r.t.
the term deduction system for TCPq,. For this latter statement we need to prove the statement
that p | implies pep + 1 for closed TCP-terms.

B Theorems for TCP®

B.1 Proof of elimination theorem for TCP*®

In this appendix we prove that any closed TCP®-term is derivably equal to a so-called basic term.
A basic term is a term with a more restricted syntax than allowed by the signature of TCP®.
Typically, sequential composition, parallel composition (and the auxiliary operators for parallel
composition) and encapsulation do not occur in such basic terms.

Definition B.1 (Basic terms) Basic terms are defined inductively as follows:
1. 0 and 1 are basic terms;

2. 0 and 1 are basic terms;
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3. for a € A and basic term p, a.p is a basic term;

4. for basic terms p and q, p+ q is a basic term.

Theorem B.2 (Elimination of sequential composition) For basic terms p; and p2, there ex-
ists a basic term q such that TCP® F py - p2 = q.

Proof. By induction on the structure of basic term p;.

1. p; = 0. Then TCP® F py -py = 0 - py = 0.

9. pr=1. Then TCP* F py -py =1 - pa "=° po.

3. p1=0. Then TCP* Fpy pa=0-py "2 2 (1-0) - pa 2 1-(0-po) =100,

4. p1 = 1. By induction on the structure of basic term p we prove that there exists a basic
term 7 such that TCP*+1-p=r.

DOT2

e) p=a.p’ for some a € A and basic term p’. Then TCP*+1-p=1-a.p bata a.p.

(a) p=0. Then TCP*F1-p=1-0 0.
(b) p=1i. Then TCP*F1-p=1-1 1.
() p=0. Then TCP*F1-p=1-0"L?1.(1.0) 2 (1-1)-0 "L 1.0 "L 20,
(d) p=1. Then TCP* - 1-p=1-1"L? 1,
)
)

f) p = p' + p” for some basic terms p’ and p”’. By induction we have the existence of
basic terms 7’ and r” such that TCP®* - 1-p' =’ and TCP®* - 1-p” = 7”. Then

TCP.l_].'pE]_’(p/+p//)DO:T51.p/+1.p//gf)ﬂl-’-r”'

Using this lemma we have the existence of a basic term r such that TCP® F 1-py = r. Then
° lemma,
TCP*Fpy-po=1-py =1

5. p1 = a.p} for some € A and basic term p}. By induction we have the existence of a basic

term ¢’ such that TCP® - p} - po = ¢’. Then TCP® F p; - ps = a.p] - p2 48 a.(p} - p2) 2 a.q'.

6. p1 = p} + p{ for some basic terms pj and py. By induction we have the existence of
basic terms 7’ and r” such that TCP® + p} - p2 = v’ and TCP®  pf - ps = 7. Then

TCP* Fpi-po= @) +p7)p 2—p1 po +pf -pe=1"+1".

Observe that in each of the above cases the last term in the derivation is indeed a basic term. X

Lemma B.3 (Representation 1) For basic term p, TCP®* p =0, TCP* Fp =1, or TCP® I
p=p+0.

Proof. By induction on the structure of basic term p.
1. p=0. Trivial.
2. p=1. Trivial.

3. p=0. ThenTCP'I—pEOA:“O’O—i—OEp—i—O.

4. p=1 Then TCP* Fp=1"2"1.1 2 1.(1+0) "L 1.i+1.0 2* 1410 "L 140 = p+0.
5. p = a.p’ for some a € A and basic term p’. Then TCP®* F p = a.p/ PO a.p Abe
1. ap+O)DOT51 D1 0P 1022 0 0= p 0.
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6. p=p’ +p” for some basic terms p" and p”. By induction we have TQP' Fp' =0, TCP' F
p' =1, or TCP* - p’ = p’ + 0. By induction we have TCP*  p” =0, TCP* p” =1, or
TCP® F p” = p” + 0. Obviously, the following cases are to be considered:

(a) TCP®F p' =0 and TCP® Fp” = 0. ThenTCP'I—pEp’+p":O+O¥O

(b) TCP* F o/ = 0 and TCP® F p” = i. Then TCP* p=p +p" =0+ 1 *'2% 1.

(¢) TCP® I p’ = 0 and TCP® F p” = p” + 0. Then TCP* Fp=p' +p" =p' + (p" +0) 2
(P +p")+0=p+0.
TCP® + p/ =1 and TCP® F p” = 0. Similar to case 2.

)
e) TCP* Fp' =1 and TCP® +- p” = 1. Then TCP*® I—pEp’—i—p”:i—i—igi.
) TCP® - p' = 1 and TCP® F p” = p’ + 0. Similar to case 3.

)

A1,A2

TCP® I p’ = p'+0. Then TCP®* Fp = p'+p” = (p'+0)+p” AZ,Al (' +p")+0 = p+0.

X

We define |p| for basic terms p as follows: [0] = |i| = 10| = |1| = 1 and |a.p| = |p| +1. We
define p < q as |p| < |q|.

Lemma B.4 (Representation II) For basic term p, TCP*® - p = 0, TCP* p =1, TCP®
p=1-p, or TCP*Fp=q+ 1 for some basic term q such that q < p.

Proof. By induction on the structure of basic term p.
1. p=0. Trivial.
2. p=1. Trivial.

DOT2 DOTS (

3. p=0. Then TCP* p=0 1-0 1-1)-0%

4. p=1. Then TCP® F p—lDOTgl-lzl-p.

5. p=a.p’ for some € A and basic term p’. Then TCP®* Fp = a.p Dot . ap =1-p.

6. p = p' +p” for some basic terms p’ and p”’. Then, by induction we have TCP® + p’ = 0,
TCP*Fp/ =1, TCP*Fp/ =1-p' or TCP® + p/ = ¢’ + 1 for some ¢ such that ¢’ < p'.
Also by induction we have TCP® + p” = 0, TCP® - p” = 1, TCP* F p” = 1.p”, or
TCP® + p” = ¢’ +1 for some ¢’ such that ¢” < p”. The following cases can be distinguished

1 TCP* F p' =0 and TCP® I p” = 0. Then TCP* +- p = p—&—p”lhO—l—OAdO.
2 TCP*F p/ = 0 and TCP® I p” = 1. Then TCP* Fp=p' +p" 20+ 1221 40 {.
3 TCP* - p/ = 0 and TCP® F p” = 1-p”. Then TCP* F p = p/ +p” D41 “Azl

i

1-p/ +02 1 L@ +0)Z1-(0+p) 21 +p") =1-p.
4 TCP®* I p' = 0 and TCP® F p” = ¢’ + 1 for some ¢ such that ¢’ < p”. Then TCP® F

=p+p 20+ (¢" +1) ALAZ (0+q¢") +1 ALAGe ¢" +1. Observe that ¢” < p follows
from q" <p’.

AGe
2
: p

5 TCP®* F p' =1 and TCP® I p” = 0. Similar to case (2).
6 TCP*F p/ =1 and TCP® - p” = 1. Then TCP® Fp=p +p" 21 +1 21,
7 TCP* - p' = 1 and TCP* F p" = 1-p. Then TCP* Fp=p/ +p" 21 4+1.p" &

1-p” +1=p"+1. Observe that p” < p.

29



8 TCP* - p/ =1 and TCP® + p” = ¢” + 1 for some ¢” such that ¢’ < p”. Then TCP®
p=p +p" by (¢" +1) ALAS ¢" + 1. Observe that ¢” < p follows from ¢’ < p”.

9 TCP*+ p/ =1-p' and TCP® I p” = 0. Similar to case (3).

10 TCP*+ p/ = 1-p' and TCP® - p” = 1. Similar to case (7).

11 TCP*Fp = 1-p' and TCP® F p” = 1-p”. Then TCP* Fp=p/+p" =1-p/ +1.p" °<L?

L-(p+p")=1-p.
12 TCP*F p' =1-p and TCP® I p” "4 i for some basic term ¢’ such that ¢” < r”.

Then TCP*® }—p p +p'=p + (q”—i—l) (p +¢") + 1. Note that p/ +¢” < p’ —|—p”
follows from ¢ < p”.

13-16 TCP® I p/ = ¢/ + 1 for some basic term ¢’ such that ¢’ < p/. Then TCP® ' p =
P4y = +1)+p” ALAZ (¢ +p") + 1. Note that ¢’ + p” < p' 4+ p” follows from

q <p.
X

Theorem B.5 (Elimination of parallel composition operators) For basic terms p; and pa,

1.

there exists a basic term q such that TCP® = p1| p2 = q;

2. there exists a basic term q such that TCP® b py | pa = q;

3. there exists a basic term q such that TCP® I py || p2 = q.

Proof. These three statements are proven simultaneously using induction on the number of
symbols of basic terms p; and ps. When we apply an induction hypothesis we indicate to which
statement it refers.

First we give the proof for statement (1), the elimination of | . We use case distinction on the
structure of basic term p;.

1.

2.

b= 0. TCP" F pullp = 0 pa 0,

p1=1. TCP* F pi| p2 = 1| po LA g,

. p1 = 0. According to Lemma B.3 we can distinguish three cases for po:

(a) TCP® I py = 0. Then TCP® F p1|| po = p1|| 0 “2° 0.

(b) TCP®  py = i. Then TCP* F py | p2 = pull 1 *°=* pr| 0+ 1) "X py | 0 "2 0.
(¢) TCP® F py = po + 0. Then TCP® F py || po = 0| p2 = 0| (p2 +0) “2° 0.

. p1 = 1. According to Lemma B.3 we can distinguish three cases for ps:
(a) TCP® I py = 0. Then TCP® F p1|| po = p1[| 0 “2° 0.
(b) TCP® I py = i. Then TCP® F py|| p2 = pr |1 %2 pu| (0 + 1) "2 py | 0 "% 0.
(¢) TCP®* F pa = pa+ 0. Then TCP® F p1| p2 = 1| p2 = 1| (p2 + 0) LMSe

. p1 = a.p] for some a € A and basic term p]. According to Lemma B.4 we can distinguish

four cases for ps:

(a) TCP® I py = 0. Then TCP® I p;|| po = p1| 0 e .

AGO Al

(b) TCP® - py = 1. Then TCP* F p, |p2= pﬂLl 1&(0 +1) = p1 [LO Me g,
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(¢) TCP®* I pa = 1- py. By induction there exists a basic term ¢’ such that TCP® I p] ||
. LM3e
p2 =¢q. Then TCP® Fpi| po = apypo = apy [ (1-p2) "=" a.(p} [| (1-p2)) = a.(p |
ih(3)
p2) 1 a.q'.
(d) TCP® F py = ply+1 for some basic term pl, such that pl, < po. By induction there exists
a basic term ¢’ such that TCP® & p1 || py = ¢’. Then TCP® F py || p2 = p1|| (ph+1) LM6e
ih(1)
iy ="q

I.
6. p1 = pj+pY. By induction there exist basic terms ¢’ and ¢” such that TCP®  p] [L p2 = ¢’ and
L] ) M 1
TCP* b pf[L po = ¢". Then TCP* b pi | po = (0h + ) Lp2 "' piLpo + 00 lps = ¢/ +".

Then we prove statement (2), the elimination of |. We use case distinction on the structure
of basic terms p;.

. . . CMle .
1.pr=0. TCP* Fpy|[p2=0|ps ="0.

2. p1 = 1. We use case distinction on the structure of basic term Pa.

(a) p2=0. TCP* Fpy [ p2 =p1 |0 °E" 0| py “E'* 0.

)
(b) p2—1 TCP"*p1|p2_1‘ICM3Qi'
(c) p2=0. TCP"—pl|p2_1‘05010|1CM1b0
(d) p2=1. TCP'Fp1|p2_1‘1Sglllch7.-
) p2 = a.ph for some a € A and basic term pb. TCP'}—p1|p2Ei\a.p/2 Gy 2|1CM4. 0.
)

f) pe = p, + ph for some basic terms p, and pfy. By induction we have the ex1stence of
basic terms ¢’ and ¢ such that TCP® I p;y | p) = ¢/ and TCP*® I— p1 |y = ¢"”. Then
scC1 2)

ih
TCP* b p1 [p2 = p | (W +9%) "2 (0 +99) 11 X2 b pa+05 191 = |9 41 |98
q/_’_q//.
3. p1 =0. By Lemma B.3 we can distinguish three cases for ps.
(a) TCP* b py =0. TCP* Fpy |pa=0]py=0]0°2" 00 “E" 0.
(b) TCP® F py = 1. TCP* - py [p2=0]p2 =01 0.
. . CMla
(¢c) TCP*Fpa=ps+0. TCP*Fpy|p2=0|ps=0](ps+0) ="0.

4. p;1 = 1. We use case distinction on the structure of basic term ps.

. . C ° -

(a) pQEOTCP |_p1|p2 p1|0_0‘ Ml 0.

(b) p=1. TCP* Fpy |pp=1]1 "1,

(¢) p2 = 0. We may use TCP® - 140 22° 1.1 40 "< 1.141.0 "L 1. (1+0) 22 1.1 221
(*). TCP* Fpy [p2=1]0° 011 20| (1 + )Chél‘“‘o.

(d) pp=1. TCP* Fpy [pa=1]1 2 1.

(e) p2 = a.p for some a € A and basic term p,. TCP® & py |p2 = 1] a.p) 5Ly 2|IC£/I40

(f) p2 = ph + phy for some basic terms p) and p4. By induction we have the existence of
basic terms ¢’ and ¢ such that TCP® I py | p, = ¢’ and TCP*® l— p1 |y = ¢”. Then
B SC1 CM2 ih(2)
TCP* b pi[pa = p1 | (o +94) = (5 +05) |1 = ph |1 +04 |1 = pr|ph+p [pf =
/ 1
q+q.
5. p1 = a.p] for some a € A and basic term pj. We use case distinction on the structure of
basic term ps.
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(a) po=0. TCP* Fpy [pa=p1 | 0°E 0| py X 0.

(b) po = 1. TCP'|—p1|p2—aP1|1CM4.0

(c) p2=0. We can derive TCP® I a.z °Z" 1axA—6°1( z+0) DOT5 | )y 1.0 POTLPOT?
a.z + 0 (*). Then, TCP* I py | p2 = a.p, | 0°2 0] a.p, :0|(ap1+0)CM1a0.

CM
(d) py=1. TCP* F py | po = apf |1 X0,

e) po = b.p, for some b € A and basic term p5. By the induction hypothesis for statement
2 2
(3) we have the existence of basic term ¢’ such that TCP®  p} || p5 = ¢/. In case
v(a,b) is not deﬁned TCP' Fp1|p2 = a.p)|b.ph M9 0. In case ~v(a,b) = ¢, TCP*® +

ih(3)
p1 | p2 = a.py | b.ph M c.(p1 || p5) e c.q.

(f) p2 = ph + pY for some basic terms pf and pj. By induction we have the existence of
basic terms ¢ and ¢’ such that TCP® I p; | p, = ¢’ and TCP*® l— p1 |y = ¢q"”. Then
SC1 CM2 ih(2)
TCP* b pi|p = p1 | (b +94) = (o +04) o1 = v |p1+05 o1 = pulph+pi[pf =
/ /!
q+q.

6. p1 = p) + pY for some basic terms p} and py. By the induction hypothesis for statement
(2), we have the existence of basic terms ¢’ and ¢” such that TCP® + p} \pg = ¢/ and

. . M2 ih(2)
TCP |—p ‘p =7r". Then TCP |_p1|p2 (p'l—i-p/l)\pg = p1|p2+p |p2 - T/+T”.

Finally, statement (3) follows straightforwardly from the previous statements: By induc-
tion on statements (1) and (2) we have the existence of basic terms ¢, g2, and g3 such that

[ ] [ ] [ ] [ ] M

TCP® - p1| p2 = ¢1, TCP® F pso| p1 = g2, and TCP® I py | p2 = ¢g3. Then TCP® - py || p2 =
ih(1),ih(2)

pillpe +p2llpi +p1lpe = @+ g2+ s X

Theorem B.6 (Elimination of encapsulation) For basic terms p and H C A, there exists a
basic term q such that TCP® F 0y (p) = q.

Proof. Trivial, by induction on the structure of basic term p. X

B.2 Completeness of TCP*®

Note that the term deduction system for TCP® is such that all action and consistency transitions
that can be derived starting from a basic term always result in a basic term. We do not prove this
statement formally, and will use it silently in the remainder.

Lemma B.7 (Towards completeness) For arbitrary closed TCP®-terms p and p’ and arbitrary
action a € A

1. ifp |, then TCP*Fp=1+p;
2. if p=p', then TCP®* Fp = a.p’ + p;
3. ifp»gp’, then p’ =p or p’ < p;
4. ifp»gp’, then TCP* Fp=1-p +p.

Proof. Easy; by induction on the structure of basic TCP®-term p. X
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Theorem B.8 The process algebra TCP® is a complete aziomatization of strong bisimilarity on
closed TCP®-terms.

Proof. By the elimination theorem for TCP*® it suffices to prove this theorem for basic terms only.
We use induction on the structure of basic term p to prove that p+ g« q implies TCP®  p+¢q = q.

1. p=0. ThenTCP'l—p—i—qz(.)—i—qulq—i-OA:G.q,

2. p=1. Then p+q |, and since p+g¢«<=gq also ¢ |. By Lemma B.7.1, we have TCP® + ¢ = 1+q.
Then, TCP*Fp+q¢=1+qg=gq.

3. p=0. Then p+gq ,2,7 and since p+ q<q also q A ¢ for some basic term ¢’. By Lemma B.7.4
we have TCP®* g =1-¢’+q. Then, TCP* F p+q=0+¢q paTs 1-04¢=1-0+1-¢' +¢ pars

1-(0+q’)+qA:6'1-q’+q:q.

4. p=1. Then p+q |, and since p+q<q also ¢ |. By Lemma B.7.1, we have TCP® I ¢ = 1 +¢.

Also, p+q ,ﬂ), and since p+q<q also g +%. Based on Lemma B.7.3 we distinguish the following
two cases.

(a) qngq. By Lemma B.7.4 we have TCP*Fg=1-q+¢q. Then TCP*Fp+qg=1+qg=
DOT5

1+41g+¢™21-14+1.-q+¢"% 1-(i+q)+qg=1-q+qg=q.
(b) ¢ 9, q' for some basic term ¢’ < q. We have p + ¢'<=¢’ and by induction we therefore

obtain TCP®*  p+ ¢ = ¢'. Also, by Lemma B.7.4, we have TCP* ¢ =1 ¢ +q.
Then, TCP* Fp+g=14¢ = 1-14+¢g=1-1+1-¢ +¢ " E°1-(1+¢)+q=

L-(p+d)+a=1-d+q=q
Then,TCP'l—p—f—qzl—kqulq—ﬁ—lzq.

5. p = a.p’ for some a € A and basic term p’. Then p + ¢ > p/, and since p + ge2q we have
q % ¢ for some ¢’ such that p’<¢’. Then due to soundness of axiom A3 and congruence
of bisimilarity w.r.t. alternative composition we also have p’ + ¢’<=q’ and ¢’ + p’<=p’. By
induction we then have TCP® + p’ + ¢ = ¢’ and TCP® | ¢’ + p’ = p’. Therefore, we also
have TCP* +p' = ¢ +p' = p' +¢ = ¢'. By Lemma B.7.2, we have TCP® - ¢ = a.¢' + q.
Then, TCP* Fp+g=ap +q=a.qd +q=q.

6. p=p +p” for some basic terms p’ and p”’. From p+ geq it follows that both p’ + ¢e=¢q and
p" 4+ q=q. Then, by induction it follows that TCP® F p’ + ¢ = ¢ and TCP®* F p” + q = q.

i ih

. _ A2 h
Then, TCP* Fp+q= @' +p")+q¢=p +@"+q) =1 +q=q

X

B.3 Proof of conservativity of TCP®* w.r.t. TCP

Again, using Theorem 6 of [MRO05b] (or [Mou05, Theorem 6.51]), to conclude that TCP® is an
equationally conservative ground-extension of TCP in case we already know that both TCP and
TCP*® are sound and complete, it suffices to prove that the term deduction system for TCP® is an
orthogonal extension of the term deduction system for TCP.

For the term deduction system for TCP® to be an orthogonal extension of the term deduction
system of TCP, we need to prove that (1)the derivability of all old transition relations and predi-
cates for old terms in the two term deduction systems coincides, and (2) that bisimilarity on old
terms in the two term deduction systems coincides.

For the first proof obligation we have the following reasoning. First, all derivations in the term
deduction system for TCP are also derivations in the term deduction system for TCP®. This can
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be seen as follows: We can easily prove that for any closed TCP-term p there is some term p’ such

that p A p’ is derivable in the term deduction system for TCP®. As a consequence, the deduction
rules defining action transitions in Table 6 reduce to the deduction rules that were omitted from
the term deduction system of TCP. Thus all derivations from the term deduction system of TCP
can be mimicked in the term deduction system for TCP®.

For the other implication, note that all new deduction rules are either about the new transition
relation > or about new syntax or for closed TCP-terms reduce to rules from the term deduction
system for TCP. Hence these can also not contribute to new facts about old terms and transition
relations or predicates.

For the second proof obligation we have the following reasoning. First, note that with respect
to the old transition relations and predicates, i.e. the action transitions and termination relation,
the two term deduction systems coincide as reasoned before. Thus it remains to prove that also
the new consistency transitions cannot discriminate between old terms.

We can prove (but won’t do so explicitly) the following facts: (1) every closed TCP-term has
a consistency transition, (2) for any consistency transition p A p’ of an old term p, it holds that
pep’ w.r.t. the term deduction system for TCP®. For this latter statement we need to prove the
statement that p | implies p=p + 1 for closed TCP-terms.

C Theorems for TCP],
C.1 Useful identities for TCP},,

Lemma C.1 The following identities are derivable from TCPY,,.

1. TCPY, F0-z=0 (LUL);

2. TCPS, F0-2 =0 (LU2);

5. TCPY, F1=1+0 (U1);

4. TCPY Fax=ax+0 (U2);

5. TCPS, 0 =00 (DD);

6. TCP Fazx=azx+o.axzx (DAP);

7. TCPY Faox|ocy=o.(z|y) (CMT7DRe’);

Proof.

1 TCPY, F0-2 "2 (1-0)-221-(0-2) L 1.0"F* 0

2. TCPY, F 0227 (1-0)-221-(0-2) 2 1.0°Z0;

3 TCPdrtl_lDRélboé éA:.é (1+O) Diﬁ.% é—Fé Ongboé_'_é 0D§2.;+9;

4. TCPY, - a.x Dgg.l ngz. 1-(a.xz+0) Dzﬁ'l ar+1 ODI;B'Q:E—&—é-OD:%gx—i—O,

5. TCP4, FO0 "L 1.0 2 (14+01)- 02 1.04+0.1-0 2 04010 "2 0.0 +0.1.0 Y
00+ o.1- O)DRTFg((H_l O)Aléfiog(l O)D():ng07

6. TCPq,, F a.x PRY L g.p P2 1l+gl) ax 2 l-ar+ol-ax DR3e ar+gl-a DRALO
ar+o.(l-ax) DBgaJU—Foaa:

7. TCP Faox|ay AdeAL oz |(0+ay) ROt oz | (v(0)+a.y) CMIDRe a.(z|y);



Lemma C.2 The following identity is derivable from TCPY,, for basic terms p
1. TCPY, F1-v'(p) =v'(1-p) (TN).

Proof. The statement is proven by induction on the structure of basic term p. X

C.2 Proof of elimination theorem for TCPj,,
In this appendix we prove that any closed TCP, . -term is derivably equal to a basic term.

Theorem C.3 (Elimination of sequential composition) For basic terms p; and p2, there ex-
ists a basic term q such that TCPg,, F p1 - p2 = q.

Proof. By induction on the structure of basic term p;.

1. p1 =0. Then TCPS, Fp1-p2 =0 py AT .

2. py = 1. Then TCPY,, Fp1-pa=1-po 2 1.

3. p1 =0. Then TCPY, Fp1-p2=0-po Lot 0.

4. p1 = 1. By induction on the structure of basic term p we prove that there exists a basic
term 7 such that TCPy,  F1-p=r.
a) p=0. Then TCPS,, F1-p=1-0"%"0
( ) p drt = p = =
b) p=1. Then TCPS F1- El-iAé'l
( ) p drt = p = =
(¢) p=0. Then TCPS,, F1-p=1-0"%"1.(1-0)2 (1-1)- 0¥ 1.0 %
d) p=1. Then TCPy, F1-p=1-1"2"1
( ) p = drt = p Y =
(€) p=0. Then TCP4, F1-p=1-0"<21.(1.0) 2 (1-1)-0"2* 1.0 "L 0
f) p=1. Then TCPS, F1-p=1-1"%"1
( ) p drt ' = p =
g) p=a.p for some a € A and basic term p’. Then TCPJ, F1-p=1-(ap DR3e a.p’
= drt = = \&
(h) p = a.p’ for some a € A and basic term p’. Then TCP§, F 1-p = 1-ayp DRo
1-(1-ap) 48 (1-1)-ap DRdae 4 -a.p’ DR a.p.
i) p = o.p’ for some basic term p’. Then, TCP, F1-p=1-0.p/ DR5e o.p.
= drt = = = =z

(G) p = p + p” for some basic terms p’ and p”. By induction we have the existence of
basic terms 7' and 7" such that TCP3,  F 1-p' =+ and TCPg,, - 1-p"” = 7". Then

TCPo FLlop=1-(p' +p") "E L-p +1-p" 20/ 41",

Using this lemma we have the existence of a basic term r such that TCP§, = 1-p» = r.
Then TCP,  Fp1-p2=1-p2 lemma.

5. pp =0. Then TCP§,; Fp1-p2=0-p2 LUz
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6. p1 = 1. By induction on the structure of basic term p we prove that there exists a basic
term r such that TCPg, F1-p=r.

(a)pz Then TCPS, F1-p=1-0 ="0

=1 en p=1-1"= 1.
(b) p=1. Then TCPS, F1-p=1-12°1
(¢) p=0. Then TCPS, F1-p=1-0"2"1.(1-0)22 (1. 1)- 0™ 1.0"L™0

=1. en l-p=1-1 =1
(d) p=1. Then TCPY, F1-p=1-1"2°
() p=0. Then TCPS, F1-p=1-0"L?1.(1-0)2 (1-1)-0"<L?1.0"L0

=1 en p=1-1"="1.
(f) p=1. Then TCP%,, - 1-p 1 P2
(g) p=ap for some a € A and basic term p’. Then TCPy F1-p=1-a.p’ PR o
(h) = a.p’ for some a € A and basic term p’. Then TCPy F1-p=1-a.p/ paT4 a.p'.

i =g p’ for some basic term p’. By induction we have the existence of a basic term r’
f b By ind h h fab
such that TCPg,  F1-p" =7'. Then, TCP{ F1-p=1-a.p' DRre a.(l-p)=ar'

(j) p = p' + p” for some basic terms p’ and p”. By induction we have the existence of
basic terms r’ and 7 such that TCP3, F 1-p' =" and TCP§,, - 1-p” = r”. Then

TCPC'MI—1-pEl-(p’+p’)DOT51 p+1- p”—hr + 7.

Using this lemma we have the existence of a basic term r such that TCPg, F 1-ps = 7.
lemma

Then TCP,  Fp1-p2=1-p2 =

7. p1 = a.p) for some a € A and basic term p}. By induction we have the existence of a basic

term ¢’ such that TCPY,, F p}-ps = ¢’. Then TCP® I p1-ps = a.p} -po AIODR a.(pp2) 2 ag.

8. p1 = a.p) for some a € A and basic term p}. By induction we have the existence of a basic

term ¢’ such that TCPg,, F p}-p2 = ¢/. Then TCPY,, F p1-p2 = a.p} -p2 AL0 a.(p} -p2) Doag.

9. p1 = g.p} for some basic term pj. By induction we have the existence of a basic term ¢’ such

that TCPg, - p} - p2 = ¢'. Then TCP* I p1 - po = o.p} - p2 DRALO a.(py pg) =0.q.

10. p1 = p} + p{ for some basic terms p; and p}. By induction we have the existence of
basic terms r’ and r” such that TCP:lrt Fpl-pe =7 and TCPY,, F Y - p2 = r”. Then

. h
TCPdrtl_pl'p2 (p1 +p1) D2 _pl 2+Pl1l'p21=7“'+r”.

Observe that in each of the above cases the last term in the derivation is indeed a basic term. X

Lemma C.4 (Representation) For basic term p,
1. TCPY, Fp =0,
2. TCPY, Fp=1,
3. TCPy Fp=1-p, or
4. TCP, Fp=1-p+1.

Proof. Trivial, by induction on the structure of basic term p. X
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Lemma C.5 (Representation) For basic term p,
1. TCPS,, Fp=0,
2. TCPS, Fp=1, or
3. TCPy, Fp=p+0.
Proof. According to Lemma C.4 we can distinguish four cases for basic term p.
1. TCP,, - p = 0. Trivial.
2. TCPY, Fp = 1. trivial.
3. TCPq, Fp=1-p. Then TCPY Fp=1p =" 1-(p+0
4. TCPS Fp=1-p+1i. Then TCPY, Fp=1-p+1 1. (p+0)+1 "2 1.p+1.041 "%
1p+0+i "2 1 p+iv0=p+o0.

We define || for basic terms p and ¢ as follows: |0] = |[i| = [0| = |1| = [0] = [1] = 1,
’g.p‘ = |a.p| = ’g.p‘ = |p| + 1, and |p+¢q| = |p| + |g|- We define p < g as |p| < |¢| and p < ¢ as
Pl < gl

Lemma C.6 (Representation) For basic term p,

1. TCPS,, Fp=0,

2. TCPS, Fp=1, or

8. TCPY Fp=v'(p') + a.p” for some basic TCPY,-terms p’ and p" such that p” < p.
Proof. By induction on the structure of basic term p.

1. p= 0. Trivial.

2. p=1. Trivial.

RTOleDRI0 4
= v

3. p=0. Then TCPy, Fp=0"="0+0 (0) + g.0. Note that 0 < 0.

4. p=1 Then TCPY Fp=1 = 1+0 HFOLDRIO v!(1) + ¢.0. Note that 0 < 1.

5.p=0. Then TCPS, Fp=0"2" 1.0 14+01)- 02 1.0+ g1.0 "W
0+0.(1-0) RTO5,DOT2 v!(g.0) + ¢.0. Observe that 0 < 0.

6. p=1. Then TCP3,,Fp=1 oI 1+o1 RLo? v'(1) + ¢.1. Observe that 1 < 1.

7. p = a.p’ for some a € A and basic term p’. Then TCPy, F p = a.p’ Z ap +0 RECEDRI
vl a.p’) —|—g.0. Observe that 0 < ap'.

8. p = a.p’ for some a € A and basic term p’. Then TCPJ,, F p = a.p’ DEF ap +ag.ap RLO3
v (a.p’) + g.a.p’. Note that a.p’ < a.p'.

9. p=g.p/ for some basic term p’. Then TCPY, - p = a.p’ AbeALG 4 a.p RID1e v (0) +a.p'.

Note that p’ < a.p.
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10. p = p'+p” for some basic term p’ +p”. By induction, for both p’ and p” we have three cases.
In case TCPg,, F p' = 0 or TCP§,, F p” = 0, the proof is trivial and therefore omitted. The
following are the remaining cases:

(a) TCPS, Fp' =1 and TCPS,, Fp” = 1. Then TCPS, Fp=p +p" =1+1 434,
(b) TCP, F p’ = v'(p}) + g.ph for some basic TCPg,¢-terms p} and ph such that ph < p’

and TCPY,, - p” = 1. Then TCPg,, Fp =p'+p" = (v'(p})+a.ph)+]1 RIQz2e (vi(ph)+

- Al,A2 . .
a.ph) + o' (1) V= (0 (ph) + ot (1) +aph T 0 (0 4+ 1) + @b = 0 (0 + ") + @b
Note that p} < p.

(¢) TCPY Fp' =1 and TCPY,, - p” = v'(p}) + g.py for some basic TCPqy-terms p and
ph such thatpl < p”. Similar to the previous case.

(d) TCPY, Fp = v'(p}) + g.ph for some basic TCPg,-terms p} and p such that ph < p/
and TCPY,, F p” = v'(p}) + a.p§ for some basicTCPq-terms p{ and pj such that

° AlA
py < p’. Then TCPY, + p = p/ +p" = (0 (p)) + apb) + (V') + apy) "=

RTO4,DRTF
(W' (p)) + 0 ()) + (@ph +apy) = 0P +pY) + a.(ph + py) and note that
/ 1/
Py +p2 < p.
X

Lemma C.7 (Representation) For basic term p,
1. TCPS, Fp=0,
2. TCPS, Fp=1,

8. TCPY,, F p = v'(p) + ap” for some basic TCPY, -terms p' and p” such that p" < p or

"

p" =0, or
4. TCPS,. Fp=1-v(p") for some basic term p’ such that p' < p.
Proof. By induction on the structure of basic term p.
1. p=0. Trivial.

2. p=1. Trivial.

3. p=0. Then TCPY, Fp=0""" 040 =M 410) £ 0.0

4. p=1 Then TCPY, Fp=12Z 140" LM y1(1) 4 5.0,

5. p=0. Then TCP3, Fp=0 POI2y M2ty v'(0). Note that (0 < 0.

6. p=1. Then TCPY, Fp=1"2"1.1"?1.41(1). Note that 1 < 1.

7. p = a.p for some a € A and basic term p’. Then TCPY, - p = a.p’ R ap +0 RTOZDRIO
vl (a.p') + c.0.

8. p = a.p/ for some a € A and basic term p’. Then TCPg,, F p = a.p PI8 -a.p RTO3
1-v'(a.p’). Note that a.p’ < a.p'.

9. p=g.p’ for some basic term p’. Then TCP3, Fp=ga.p’ Ae,Al 0+ a.p' RIOLe v (0) + o.p

Observe that indeed p’ < p.
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10. p = p'+p” for some basic term p’ +p”. By induction, for both p’ and p” we have four cases.
In case TCPg,, F p' = 0 or TCP§,, F p” = 0, the proof is trivial and therefore omitted. The
following are the remaining cases:

(a) TCPS,, - p' =1 and TCPS,, F p” = 1. Then TCPS, Fp=p +p" =1+1 2 1.
(b) TCPg, F p’ = v'(p}) + g.ph for some basic TCPgy¢-terms p} and ph such that py < p’

or py = 0 and TCPY, F p” = 1. Then TCPY, Fp =p' +p” = (v'(p)) + a.ph) +

- RTO2e -y Al,A2 . RT O4 .
17="" (0 (p)) + aph) + 0t (1) "= (0 (ph) + o' (1) +apy = v'(pl+1)+aph=

v (p] +p"") + a.ph. Note that ph < p or ph = 0.
(c) TCPS,, Fp’ = 1-v'(p}) for some basic term p) such that pj < p’ and TCPS,, - p” = 1.
DT1,A4,DRA10 .
Then TCPg, Fp=p'+p" =1-v'(p}) +1 10l (p)) +a (-0t (p)) +1 =
RTO1le,RTO3 .
ol ph) F (Lot () +17 =TT 0 ) + 1) + e (10 () = o'+ ) + g
Note that p’ < p.
d) TCPS, Fp =1and TCPS,, F p” = v (p}) +c.p4 for some basic TCP gy -terms p! and
drt drt 1 Z P2 1
I such thatply < p” or pj = 0. Similar to the second case.

(e) TCPY,: F'p/ = v!(p}) + o.p} for some basic TCPg,-terms pj and ph such that py < p/
or py = 0 and TCPY,, F p” = v (p}) + o.py for some basicTCPg-terms py and py
such that pj < p” or p§ = 0. Here we only consider the case where p) < p’ and

° Al1,A2
py < p’. Then TCPL, F p =/ +p" = (v (p1) + 2ph) + (V' (p)) + 2py) ~=
10/ 1/, iy RTO4.DRTF 4, /1 /
(i) + ot (P)) + (@pe +aps) = vi(py +pY) + (s + ph) and note that
Py +py <p.

(f) TCPS, F p' = 1-vl(p)) for some basic term p} such that pj; < p’ and TCPY,, +

p’ = v'(p!) + g.py for some basic TCPay-terms p{ and p§ such that p§ < p” or
p = 0. Here we only consider the case that pj < p”. Then TCPS,, Fp=p +p"

DT1,A4,DRA10 TN

1-v(p1)+v(p1)+g-p’2’ = 1-0Yph) + o.(1- 0 (p))) + v (P )+0p’2'—
RTO3DRTF

ol (ph) +a.(1-v'(p))) + o' (PY) + a.pb o (ph + )+ a.(1- 0 (ph) +ph) =

vt (py +pY) + o.(p + p5). Note that p’ + p§ < p.

(g) TCPS,, F p' = 1 and TCPS,, F p” = 1-v'(p}) for some basic TCPg,-term p// such
that p] < p”. Similar to the third case.
p = v (py)+c.ps for some basic art-terms p; and p, such that p; < p’ or
h) TCP§, F o L(ph)+a.ph | basic TCP { and p} such that p) /
phy =0 and TCPS,, - p” = 1-0v'(p}) for some basic TCPgy-term p} such that py < p”.
Similar to the sixth case.

(i) TCPY,, Fp = 1-v'(p)) for some basic term p} such that p} S p’ and TCP,, F p” =
1 - vi(py) for some basic TCPgy-term py such that p/ < p”. Then TCPS, F p =

P’ =10t ) + 10 ) "L 1 (0 () + 0t (0h) TR 10l (ph + pY). Note
that py + pf <p.

X

Lemma C.8 (Representation) For basic term p,
1. TCPS,, Fp=0,
2. TCPS, Fp=1,

3. TCP b p = v'(p) + ap” for some basic TCPY, -terms p' and p” such that p" < p or
p”" =0, or
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4. TCPS,,Fp=p+0.
Proof. By Lemma C.7, we can distinguish four cases:
1. TCPS,, F p = 0. Trivial.
2. TCPS,, F p = 1. Trivial.
3. TCPY,, F p = v'(p') + a.p” for some basic TCPY,-terms p’ and p” such that p” < p or
p” = 0. Trivial.

4. TCPS, F p = 1-v(p’) for some basic term p’ such that p’ < p. Then TCPS, F p =

1ol () 22 1 () +0) "L 10l ) +1-0=p+1-0"L?p+0.

Theorem C.9 (Elimination of parallel composition operators) For basic terms p; and ps,
1. there exists a basic term q such that TCPq, F p1|.p2 = q;
2. there exists a basic term q such that TCPq,, F p1|p2 = ¢;
3. there exists a basic term q such that TCPg, F p1 || p2 = ¢.

Proof. These three statements are proven simultaneously using induction on the number of
symbols of basic terms p; and ps. When we apply an induction hypothesis we indicate to which
statement it refers.

First we give the proof for statement (1), the elimination of || . We use case distinction on the
structure of basic term p;.

L. p=0. TCP F p1llp2 = O[LPQ LMle 5

. . . LM2e -
2. pr=1. TCPY Fpillp2 =1| p2 "= 0.

3. pr =0. TCPY,; - p1] p2 = 0[| p2. Based on Lemma C.6, we can distinguish three cases for

basic term ps.

(a) TCPY, F p2 = 0. Then TCPS, F p1| p2 = p1| 0 M,

(b) TCPS,, F p2 = 1. Then TCPS, F pillp2 = plul AGeAL [L(O + 1) LMGe ﬂLO LMSe

(c) TCPY,, F p2 = v1(ph) + g p2 for some basic terms pj and pj such that pj < ps. Then

. LM6DR LMle
TCPY, b pilpe = 0 pe "= 20p2 = 2Ol (0! (0h) + apf) "2 (0] p5) "=
a.0.
4. p;1 = 1. According to Lemma C.5 we can distinguish three cases for po:

(a) TCPS,, F p2 = 0. Then TCPS,, b p1|l po = 1| 0 “2° 0.

AG JA1

(b) TCPY, Fp2 = i. Then TCP& - p1l p2 = pﬂLl 1[L(O + 1) LM6e 1u0 LM5e
LM2DRe

(¢) TCPY Fp2 =p2+0. Then TCPY, Fpilpo =1 p2 =1 (p2+0) "= " 0.
5. p1 = 0. According to Lemma C.8 we can distinguish four cases for po:
LMS. 0
AGe,A2

(a) TCP, Fp2 = 0. Then TCP& F D1l p2 =11 [LO

(b) TCPS,, F p2 = 1. Then TCPS,, F p1| p2 = p1| 1 Pl (0+1) "2 p 0 2 0.
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(¢c) TCPY, F p2 = v'(ph) + a.p§ for some basic terms p5 and pf such that p§ < py or

p§ = 0. Then, TCPY, F pillp2 = OLp2 F 2.0 po = g 0| (v (ph) + gpf) "E"

o.(0p4). In case pj = 0 we have TCPY,, F o.(0| p4) = o.(0] 0) M5 5.0, In case

Pl < pa, by induction hypothesis (1) we have the existence of basic term ¢ such that
TCPg,, F 0|l p5 = ¢”. So in this case we have TCP, - a.(0[ py) = o.¢".

) LM?.

(d) TCP§,: b p2 = p2 + 0. Then TCPY,, F p1| p2 = 0| p2 = 0| (p2 +0 0.

6. p1 = 1. According to Lemma C.8 we can distinguish four cases for pa:

(a) TCPY, F p2 = 0. Then TCPY, F p1| p2 = p1| 0 Mg,

A6 JA2 LM6. LM5.
p|L0

(b) TCPS,, F pa = 1. Then TCPS,, F p1l p2 = p1| 1 pi|l (0+1) 0.
(c) TCP, F p2 = v'(ph) + g.py for some basic terms py and pf such that py < ps or

p4 = 0. According to the fourth case we have the existence of basic term ¢’ such that

DT1,LM4
TCPY - 1 p2 = ¢. Then, TCPY F pillpe = 1lpo = 1ps+o.l|p =

¢ + a.1[ (v'(ph) + a.p¥) R + o.(1] p§). In case p§ = 0 we have TCPY, +
LM5.

¢ +a(llpy) =¢ +a (1] 0) ¢ +o. () In case pj < po, by induction hypothesis

(1) we have the ex1stence of basic term q" such that TCP3,, F 1| p§ = ¢”. so then
ih(1)

TCPS, Fq +o.(1Lpy) = ¢ +a.q"

(d) TCP%, F po = pa + 0. Then TCPY, F pr|p2 = 1| p2 = 1| (p2 +0) “2£°

0.

7. p1 = g.p’l for some a € A and basic term p). According to Lemma C.4 we can distinguish
four cases for ps:

(a) TCPS., F py = 0. Then TCPS,, F p1| p2 = pr | 0 "2 0.

Abe,Al LM6e LMse
p1| 0

(b) TCPY, F p2 = 1. Then TCPY,, F p1|l p2 = pu| 1 pi| (0+1) 0.
(c) TCP,; F p2 = 1-po. By induction hypothesis (3) there exists a basic term ¢’ such

that TCPY,, F p) || p2 = ¢'. Then TCPY, F pi| p2 = a.pi[[p2 = api| (1 - p2) LM3DRe

ih(3)
a.(py |l (L-p2)) =a(py [ p2) = ad’.

(d) TCPg, - p2 = 1-po + 1. By induction hypothesis (3) there exists a basic term ¢’ such

that TCP3,; F p} || p2 = ¢’. Then TCPY,, F p1| p2 = apl[Lpg =a. plm(l P2+ 1) LMGe
LM3DRe ih(3)

apiL@-p2) =" (ph | (Lep2)) =a(pi I p2) = ad
8. p1 = a.p} for some a € A and basic term p}. According to Lemma C.7 we can distinguish
four cases for ps:

(a) TCPS,; - p2 = 0. Then TCPS,, F p1| p2 = p1|| 0 LAMBe .
(b) TCPY, b ps = 1. Then TCPY, F pilLpo = pulL 1 = pal (0+ 1) "2 py L 0 "2 0.
(¢) TCPY - p2 = v!(ph)+0.p4 for some basic terms ph and p4 such that p§ < ps or p§ = 0.

By the previous case we have the existence of a basic term ¢’ such that TCP3,, F
DAP,LM4

a.pi|lp2 = ¢. Then TCPY, + pi| p2 = a.pil p2 = apilp +aapip: =
LM6DR .
¢ +oapillp: = ¢ +api| (W) +apy) =" ¢ +o.(pilpy). In case py =

we have TCPY,, - ¢ + a.(p1[| p5) = ¢ + @ (pl[LO) M® 4+ 0. In case Py < pa2, by

induction hypothesis (3) there exists a basic term ¢ such that TCP&, Fpallps =¢".
Then TCPY, F ¢ +a.(m|Lp§) 2 ¢ +a.q".
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(d) TCPg, F p2 = 1-v'(phy) for some basic term p, such that p) < ps. By induction
hypothesis (3) there exists a basic term ¢’ such that TCPg,, F p} || v = ¢’. Then
° _ LM3e
TCPg, b prllpe = apillpe = PiL(L-v'(@h)) “=" a(p || (1-0'(#)) = a.(} |
ih(3)
p2) = a.q.
9. TCP§,; - p1 = a.p for some basic term p}. Based on Lemma C.6, we can distinguish three
cases for basic term po.

(a) TCPg, Fp2 = 0. Then TCPY,: F p1ll p2 = m {LO LM5e .

A6e,AL LM6e LMse
p1ll 0

(b) TCPS,, F p2 = 1. Then TCPS,, F p1| p2 =1l 1 pr| (0+1) 0.

(c) TCPg, F p2 = v'(ph) + o.p§ for some basic terms ph and pf such that p§ < ps. By in-
duction hypothesis (1) we have the existence of basic term ¢” such that TCPg,, F
. LM6DR
pilps = ¢". Then TCPG, + pillps = apilp: = apill (V' (ph) + aps) =
ih(1)
a.(pillpz) = aq".

10. p1 = p} +pY. By induction there exist basic terms ¢’ and ¢” such that TCPg,, - p | p2 = ¢
LM4 ih(1)
and TCPdrt Fp{Lp2 = ¢". Then TCPg, - pi| p2 = (py +pY)Lp2 = pPillp2 +pilp2 =

q+q"

Then we prove statement (2), the elimination of |. We use case distinction on the structure
of basic term py.

L p=0. TCPS, Fp1|p2 = 0 | po CMle

2. p1 =0. By Lemma C.6 we can distinguish three cases for p.
(a) TCPS,, - p2 = 0. Similar to case (1) using SCI.

(b) TCPY, b py = 1. Then TCPY,, F py | pp =01 N

0.
(¢) TCPg, F p2 = v'(ph) +a.pfy for some basic TCPY,-terms pj and pf§ such that p4 < ps.
DR10 CM7DRe CMle
Then TCPg, - pilp2 =01p2 "= g.0lp2 =2 0[(v'(ph)+aps) = c.(0]pf) =
a.0.
3. p1 =0. By Lemma C.8 we can distinguish four cases for ps.
(a) TCPS,, I p2 = 0. Similar to case (1) using SC1.
(b) TCPY,, F p2 = 1. Then TCPS, Fp1|p2=0|p2=0]1 0.
(¢) TCPg, F p2 = v'(ph)+a.ph for some basic TCPY,-terms ph and p such that py < ps or

CMlb

p = 0. Then TCPS,, F p1|p2 = 0[p2 e 0.0|p2 = 0.0|(v*(ph)+a.p5) = a.(0|p5). In case
py =0, we have ¢.(0|py) = ¢.(0]0) = 2! a.(0]p) ML 5.0, In case Pl < pa, by induction
hypothesis (2) we have the existence of basic term q"" such that TCPS,, F 0| py = ¢".
Then TCPY,, - a.(0 | py) b a.q".

) CM1'1 0.

(d) TCPS,4 F p2 =p2+0. Then TCP,  Fp1|p2=0|p2=0](p2+0

4. p; = p} + p{ for some basic terms p}] and p{. By the induction hypothesis for statement
(2), we have the existence of basic terms ¢’ and ¢” such that TCP,, F p} \pg = r’ and
. . CM2 ih(2)
TCPi b p{ |p2 = 7. Then TCPY, b pr|pz = 0y +97) [p2 "= pilp2+p{|p2 = '+
5. p1 = 1. We use case distinction on the structure of basic term ps.

(a) py = 0. Similar to case (1) using axiom SCI.

42



CM.'
(b) po=1. TCPS, Fpi|po=1]1 1.

(c) p2 = 0. Similar to case (2b) using axiom SC1.

(d) pp=1 TCPY Fpi|po=1|1° 5 1)1 P2 (14 1) (1 B2 1 i4+1)1 ¥ 1i+1 %
1 | 1 + 1 SC3. 1
(e) p2 =0. Similar to case (3b) using axiom SCI.
sC1 CMTe
(f) pp=1. TCPS, Fpi |po=1]1°C 1] i.
(8) p2 = a.ph for some a € A and basic term py. TCPg, F p1|p2 = 1|a.ph ~C a.ph|i CMEDRe
0.
(h) p2 = a.p for some a € A and basic term p). TCPS,, F p1|p2 = 1]a.pl Ly Ph|1 it g,
(i) p2 = a.ph for some basic term py. TCP§, Fp1 |p2 = i | o.pf 5, Py |1 CMLIDRe
(j) p2 = ph + ph for some basic terms p5 and pj. Similar to case (4) usmg axiom SCI.

6. p1 = 1. We use case distinction on the structure of basic term p. We omit the cases that
are similar to a previous case using axiom SCI.

M3DR

(a) p2 = 1 TCPdrt Fpilp2 = ;I; l

(b) pr = 1. TCPY, F pi [pp=1]1 sC1 |;DT1,CM2;E+gl |;CMiDR;+gl QAIﬁCl
1ol +1 SC3DR L

(c) P2 =g pj for some a € A and basic term p5. TCP,; = p1|p2 = 1]a.p gl a.py|l CMAPR
0.

(d) p2 = a.ph for some a € A and basic term py. TCPS,, b p1|p2 = 1|a.p) Sgt a.py|l DAP
(aph+caph) |1 aph |1+ c.aps |1 TR0+ gap) 17920+ cap) v} (1) =
0+ g.apy|(v(l)+c.0) CMIDRe () 0+0.

(e) p2 = a.ph for some basic term p). TCPY, F p1|p2 = 1| a.ph ey apy |1l 7=

Py v (D) = a.ph | (01 (1) + a.0) V0.

7. p1r = 1. We use case distinction on the structure of basic term p;. We omit the cases that
are similar to a previous case using axiom SCI.

IS

C
(a) po=1. TCPY,, Fp1|p2=1]1 2 1.

: . C
(b) p2 = a.ph for some a € A and basic term py. TCP{, F p1|p2 = 1| po PTLONE

CMDRRTO
1pe+ol|p ™ py|l4al|p=aph|l+ol|apy Y0401 v (aph) =

0+0.1|(vi(a.ph) +a.0) OMIDRe 0+0.

Cl

(¢) p2 = a.p) for some a € A and basic term py. TCPg,, F p1|p2 = 1]a.ph = CMe

ph|1 0.
(d) p2 = a.p for some basic term p,. By induction hypothesis (2) we have the existence
of basic term ¢’ such that TCP3, F 1|py = ¢/. Then TCPY, F p1 [ p2 = 1] a.pt S

b=
DT1 RTO2 CM7DRe sc1 ih(2)
aph|l = aph|(l+al) =" aphl(v'(D)+a.1) a.(pa]1) = a.( '

5[1) = a.(1py) = a4

8. p1 = a.p; for some a € A and basic term pj. We use case distinction on the structure of
basic term ps. We omit the cases that are similar to a previous case using axiom SC1.

(a) pa = b.ph for some b € A and basic term p). By induction hypothesis (3) we have the
existence of basic term ¢’ such that TCPS,, - p} || pb = ¢’. Then, TCP3,, - p1 | p2 =

a.py | b.p5. In case y(a,b) = c we have TCPg, F a.py | b.ph OMEPR c.(py |l p2) =cq. In

. CMGDR

case y(a, b) is not defined, we have TCPg,; - a.p) | b.p 0.
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(b) pa = b.p, for some b € A and basic term p). According to the previous item we have the
existence of a basic term ¢’ such that TCP, - a.p |b.p5 = ¢'. Then, TCP§ F p1|p2 =

SC1 DAP CM2,SC1
a.py |bpy = bpylap; = (bpy+abpy)lap = api|bpy+abpy|ap; =
RTO3 -y CM7DR
¢ +obpylap) =" ¢ +abpylvi(ap) =¢+abphy| (W (ap)+al) =" +0.

(c) p2 = g.ph for some basic term p5. Then TCPg, F p1 | p2 G, |p1 = a.ph | a.p) RT3

+y CM7DRe

aph|vi(ap)) =g | (vi(api) +2.0) =0

9. p1 = a.p} for some a € A and basic term pj. We use case distinction on the structure of
basic term ps. We omit the cases that are similar to a previous case using axiom SC1.

(a) p2 = b.p, for some b € A and basic term p,. By induction hypothesis (3) we have

the existence of basic term ¢’ such that TCPg,, F p} || pb = ¢’. In case v(a,b) is not

defined, TCP3,; b p1 | p2 = a.p} | b.ph 00, In case v(a,b) = ¢, TCPg,, F p1 | p2 =

CMs5 ih(3)
a.py | b.ph =" c.(py || ph) = cq'.
(b) p2 = g.p; for some basic term p,. By induction hypothesis (2) there exists a basic term

. ° SC1 DAP
q' such that TCP3 F p1 |py = ¢/. Then TCPY  Fp1|p2 "= p2|p1 = aph|ap; =

RTO3 CM7DRe SC1
ops|(epi+aap) =" aps| (Wi ap)taapy) =" o lapl) = o |p1) =
;i)
a(pilp) = .
10. p; = g.p} for some basic term p}. We use case distinction on the structure of basic term ps.
We omit the cases that are similar to a previous case using axiom SCI.

(a) po = g.ph for some basic term p,. By induction hypothesis (2) there exists a basic

term ¢’ such that TCP, F p} | p5 = ¢. then, TCPy,  F p1 [ p2 = a.p} | a.p CMTDRe

ih(2)
a.(py|py) ="adq.

Finally, statement (3) follows straightforwardly from the previous statements: By induc-
tion on statements (1) and (2) we have the existence of basic terms ¢, g2, and ¢3 such that
TCPS,: F pill p2 = ¢, TCPY F p2| p1 = g2, and TCPY,, - p1 | p2 = g3. Then TCPY,; F p1 ||

M ih(1),ih(2
P2=P1[LP2+P2[LP1+P1|P21()Zl()(I1+fI2+CI3- X

Theorem C.10 (Elimination of encapsulation) For basic terms p and H C A, there exists a
basic term q such that TCPg,, F 0u(p) = q.

Proof. Trivial, by induction on the structure of basic term p. X

Theorem C.11 (Elimination of time-out operator) For basic terms p, there exists a basic
term q such that TCPY,, - vt(p) = q.

Proof. Trivial, by induction on the structure of basic term p. X

C.3 Completeness of TCPy,

Note that the term deduction system for TCPJ,; is such that all action and time transitions that
can be derived starting from a basic term always result in a basic term. We do not prove this
statement formally, and will use it silently in the remainder.
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Lemma C.12 (Towards completeness) For arbitrary basic TCPq,-terms p and p’ and arbi-
trary action a € A

1. ifp |, then TCPS  Fp=1+p;

2. ifp 59, then TCPS, Fp= a.p’ +p;
3. ifp»i»p’, then p' =p or p’ < p;

4. ifp s p', then TCPY, Fp=a.p' +p;
5. ifp R p, then TCP Fp=1-p;

6. ifp»g , then TCPY Fp=1-p+p.

Proof. Easy; by induction on the structure of basic TCP§,,-term p. X

Theorem C.13 The process algebra TCPY,; is a complete axiomatization of strong bisimilarity
on closed TCPY,-terms.

Proof. By the elimination theorem for TCPg,, it suffices to prove this theorem for basic terms
only. We use induction on the structure of basic terms p and ¢ and use case analysis on the
structure of basic term p to prove that p 4+ ge=¢q implies TCPS,, Fp+ ¢ =gq.
1. p=0. Then TCPS, Fp+q=0+gq ALAGe
2.p= 1. Then p + ¢ |, and since P+ gqeqalso ¢ |. By Lemma C.12.1, we have TCP,  Fq=
1+g¢. Then, TCPi,Fp+g=1+qg=gq.

3. p=0. Then p R 0, and therefore also p + ¢ 2 and since p + qeq also g =N By Lemma

C.12.4 we have TCP3,; - ¢ = g.¢" +¢. Then TCP§,; F p+q¢ =0+gq DR2e g.() +q =

. . Al,A6e
a.0+a.¢ +qDl§Fg.(0+q’) +q¢ = 0d+q=q

4. p=1. Then p+q |, and since p + g=q also ¢ |. By Lemma C.12.1, we have TCP§,, ¢ =
14 ¢q. Also, p A , and therefore also p + ¢ 2 and since p + qeq also g A By Lemma
C.12.6, we have TCPS,, F ¢ = 1-q+¢q. Then, TCPS, Fp+q=1+q¢ 2 1-i4¢=

1 i41-g+¢" 2 1-(i+9)+9=1-g+q¢=gq

5. p=0. Then p R p, and therefore also p + ¢ 5 and since p+ ge=q also ¢ N By Lemma
C.12.3, we can distinguish two cases:

(a) ¢+% ¢. By Lemma C.12.5 we have TCP%,, I ¢ = 1-q. Then TCP%,, F p+q = 0+¢ * <>
1-04qg=1-041-¢"L1. (049 "2 1.4=¢

(b) ¢ ER ¢ for some ¢’ < q. Then p + ¢ o p + ¢’ and therefore, since p + g=¢, we need

to have p + ¢'=¢’. By induction we then have TCPg,, F p + ¢ = ¢’. By Lemma
C.12.4 we have TCP%,, F ¢ = 0.¢ +¢. Then TCPS, F p+q¢=0+¢ 2 0.0+q =

g.O—i—g.q’—i—qugFg.(O—kq/)+q=g.(p+q')+q:g.q’+q=q.

6. p=1. From p | we have ¢ |. Therefore, by Lemma C.12.1, we have TCPS,, - ¢ =1+ ¢.

Then p R p, and therefore also p+ ¢ 5 and since P+ qe=q also g N By Lemma C.12.3, we
can distinguish two cases:
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(a) ¢ 5 . By Lemma C.12.5 we have TCP§,.Fq¢=1-q. Then TCP,, Fp+q=1+g¢g e

1-itg=1-1+1-¢"E" 1. (1+¢9=1-q=¢

(b) ¢ ER q' for some ¢’ < gq. Then p+ ¢ N p + ¢ and therefore, since p + g=¢q, we need to

have p+ ¢'<=¢’. By induction we then have TCPg,, - p+¢ = ¢’. By Lemma C.12.4 we
have TCP,; F ¢ = g.¢'+q. Then TCP§, F p+q = 1+¢ PI 1+o.1+q ALAZ l+q+o. =

q+g1ggl+q=gl+g¢+qD§Fgﬁ+ﬂﬂ+q=g@+@ﬂ+q=g¢+q=q

7. p = a.p’ for some a € A and basic term p’. Then p + ¢ 2 p/, and since p + q=q we have

q % ¢ for some ¢’ such that p’<¢’. Then due to soundness of axiom A3 and congruence
of bisimilarity w.r.t. alternative composition we also have p’ + ¢’<=q’ and ¢’ + p’=p’. By
induction we then have TCP§,, F p' 4+ ¢ = ¢’ and TCP,, F ¢’ + p’ = p’. Therefore, we also
have TCPY, - p' = ¢ +p' = p'+¢ = ¢. By Lemma C.12.2, we have TCP§,, F ¢ = a.¢' +q.

Then, TCPS, Fp+q=ap +q2aqd +q=q

8. p = a.p’ for some a € A and basic term p’. Then p + ¢ = p/, and since p + g=q we have
q % ¢ for some ¢’ such that p’<¢’. Then due to soundness of axiom A3 and congruence
of bisimilarity w.r.t. alternative composition we also have p’ + ¢’<=q’ and ¢’ + p’=p’. By
induction we then have TCP3,, F p' 4+ ¢ = ¢’ and TCP,, F ¢’ + p’ = p’. Therefore, we also
have TCP3,, - p' = ¢ +p' =p'+¢ = ¢. By Lemma C.12.2, we have TCP, I ¢ = a.¢' +q¢.

Also p N p, and therefore also p + ¢ L and since P+ geq also g s By Lemma C.12.3, we
can distinguish two cases:

(a) ¢q 5 ¢. By Lemma C.12.5 we have TCPS, F g =1-q. Then TCP3,, - p+4q =

a.p’+qD§91'g.p’+q:1~g.p’+1~qD%T5l-(g.p’+q):1'(g.q'+q):1‘q:q.

(b) ¢ N q" for some ¢"” < q. Then p+q N p+¢” and therefore, since p + ge=¢, we need to
have p 4+ ¢"<=¢q"”. By induction we then have TCPg,, - p+ ¢” = ¢’. By Lemma C.12.4
we have TCP§,; F ¢ = g.¢' +¢. Then TCP§,  Fp+q=a.p’ +¢q DAP ap +o.ap +q=
ap toptq=ap +optod +q = ap +op+q)ta=ap +oq +q=
ap'+q=aq +q=q

9. p = g.p’ for some basic term p'. From p R p’, and the fact that p+ ¢ ¢ it follows that there
is some ¢’ such that ¢ R ¢ and p'+¢'<4q'. By induction we then have TCP§,, Fp' +4' = ¢'.
Also, by Lemma C.12.4 we have TCP§,, F ¢ = g.¢' + ¢. Then TCP§, Fp+qg=ap +q=

DRTF
op +oqd+q = a@+d)+e=cd+q=q

10. p = p' +p” for some basic terms p’ and p”. From p+ g=q it follows that both p’ + g=¢q and
p" 4+ g=q. Then, by induction it follows that TCP§,, F p' +¢ = q and TCP,, F p" +q = ¢.

1

Then, TCPg,, Fp+g= (' +p") +¢=p + (0" +9) 29 +q= ¢

X

C.4 Proof of conservativity of TCPj,, w.r.t. TCP®
We cannot apply the meta-theorems for equational conservativity from the literature that rely on
the operational conservativity of the term deduction systems (see [Ver94, FV98, AFV01, Mid01])

since there is a new transition relation that can be derived for some old terms; e.g. a.x L a..
Using Theorem 6 of [MRO5b] (or [Mou05, Theorem 6.51]), to conclude that TCPy,, is an
equationally conservative ground-extension of TCP® in case we already know that both TCP*® and
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TCP§,; are sound and complete, it suffices to prove that the term deduction system for TCPy,, is
an orthogonal extension of the term deduction system for TCP®.

For the term deduction system for TCPY,, to be an orthogonal extension of the term deduction
system of TCP®, we need to prove that (1)the derivability of all old transition relations and
predicates for old terms in the two term deduction systems coincides, and (2) that bisimilarity on
old terms in the two term deduction systems coincides.

For the first proof obligation we have the following reasoning. All derivations in the term
deduction system for TCP® are also derivations in the term deduction system for TCP§,, since
the deduction rules of the first are contained in the latter. For the other implication, note that all

new deduction rules are either about the new transition relation + or about new syntax. Hence
these can also not contribute to new facts about old terms and transition relations or predicates.
For the second proof obligation we have the following reasoning. First, note that with respect
to the old transition relations and predicates, i.e. the action transitions and termination relation,
the two term deduction systems coincide as reasoned before. Thus it remains to prove that also
the new time transitions cannot discriminate between old terms.
We can prove (but won’t do so explicitly) the following facts: (1) for any closed TCP®-term

p we have p O iff D i», (2) for any time transition p R p’ of an old term p, it holds that
TCPS,. F p = p/. For this latter statement we need to prove the statement that p | implies
TCPg4y F p=p+ 1 for closed TCP-terms.

Since we have shown that TCP,, is an equationally conservative ground-extension of TCP*®
and the axioms of TCP® are contained in the axioms of TCPY,,, it follows that TCPJ,, is an
equationally conservative extension of TCP® as well.

C.5 Proof of conservativity of TCPj,, w.r.t. TCP gy

For the proof of this theorem we cannot even use the notion of orthogonal extension of [MRO5b]
since the term deduction system for TCP§,, allows for the derivation of action transitions between
old terms that the term deduction system for TCPq,; does not allow to derive: a.1 || (1-1) %1 ||
(1-1+1). -

~ However, a weaker statement about the relation between the term deduction systems at hand
is possible: for all closed TCPg,4-terms p and ¢

1. if p % ¢ can be derived from the term deduction system for TCPg., then p = ¢’ can be
derived from the term deduction system for TCP§,, for some closed TCPq-term ¢’ such
that ge=¢';

2. if p % ¢ can be derived from the term deduction system for TCPS,,, then p % ¢’ can be
derived from the term deduction system for TCPq,4 for some closed TCPgq.i-term ¢’ such
that g=¢’;

For time transitions between closed TCPq,¢-terms and termination predicates on closed TCPg,-
terms the term deduction systems coincide.

Hence we can say that the derivability of all old transition relations and predicates for old
terms in the two term deduction systems coincides upto bisimilarity in the right-hand side of
action transitions.

Next we need to consider whether bisimilarity on old terms in the two term deduction systems
coincides. As mentioned before, for the old transition relations and predicates on old terms this is

not a problem. So, what about the new transition relation % and about time transitions between

an old and a new term (e.g., 0 N 0)?
We can prove (but won’t do so explicitly) the following facts: (1) every closed TCPg4,¢-term

has a consistency transition, (2) for any consistency transition p A p’ of an old term p, it holds

that pep’. Therefore, the new transition relation 2 does not change bisimilarity on closed
TCP g, ¢-terms.
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We can (but won’t) prove that (1) for any closed TCPgy-term p we have p 5 from the term
deduction system for TCPy,,, and (2) for any closed TCPgy,-term p and any closed TCP,,-term
q such that we can derive p ER g from the term deduction system for TCPg,, that g=0. Hence,
also these transitions do not change bisimilarity.

From the above observations and the completeness of the theories TCP g4, and TCPY,, it follows
that TCP,, is an equationally conservative ground-extension of TCPgyy.

48



