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Phase transitions for the long-time behaviour
of interacting diffusions

A. Greven *
F. den Hollander T#

16th January 2005

Abstract

Let ({X;(t)}icz4)e>0 be the system of interacting diffusions on [0, 00) defined by the
following collection of coupled stochastic differential equations:

dXi(t) = Y ali, )X;(8) — Xi(0)] dt + \JbX2(t) dWit), i€ Z%t>0.

jez

Here, a(-, ) is an irreducible random walk transition kernel on Z% x Z<, b € (0, 00) is a dif-
fusion parameter, and ({W;(t)};cz4)¢>0 is a collection of independent standard Brownian
motions on R. The initial condition is chosen such that {X;(0)};cza is a shift-invariant and
shift-ergodic random field on [0, 00) with 1-st moment © € (0, c0) (during the evolution,
the 1-st moment is preserved). We show that the long-time behaviour of this system is
the result of a delicate interplay between a(-,-) and b, in contrast to systems where the
diffusion function is subquadratic. In particular, let a(i, j) = $[a(i,j) + a(j,4)], i,j € Z°,
denote the symmetrised transition kernel. We show that:

(A) If a(-,-) is recurrent, then for any b > 0 the system locally dies out.
(B) Ifa
(B1

-,+) is transient, then there exist b, > by > 0 such that:

The system converges to an equilibrium vg if 0 < b < b,.

(B2) The system locally dies out if b > b...

(B3) v has a finite 2-nd moment if and only if 0 < b < bs.

(B4) The 2-nd moment diverges exponentially fast if and only if b > bs.

o ~— e M~

For the case where a(-,-) is symmetric and transient we further show that:

(C) There exists a sequence by > by > by > --- > 0 such that:
(C1) ve has a finite m-th moment if and only if 0 < b < byy,.
(C2) The m-th moment diverges exponentially fast if and only if b > by,.
(C3) b < (m — )by, < 2.
(C4) limy, 00 (m — 1)by, exists.
The proof of these results is based on self-duality and on a representation formula through

which the moments of the components are related to exponential moments of the intersec-
tion local time of random walks. Via large deviation theory, the latter lead to variational
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expressions for b, and the b,,’s, from which sharp bounds are deduced. The critical value
b. arises from a representation formula for the Palm distribution of the system. The
equilibrium vg is shown to be associated and mixing for all 0 < b < b..

The special case where a(-,-) is simple random walk is commonly referred to as the
parabolic Anderson model with Brownian noise. This case was studied in the memoir by
Carmona and Molchanov [6], where some of our results were already established.

Keywords: Interacting diffusions, phase transitions, large deviations, intersection local
time of random walks, self-duality, representation formula, quasi-stationary distribution,
Palm distribution.

AMS 1991 subject classification: 60F10, 60J15, 60K35.

Acknowledgment: The authors thank Matthias Birkner (Berlin), Ted Cox (Syracuse) and
Frank Redig (Eindhoven) for valuable input during the preparation of this work.

Contents

1

3

Introduction and main results
1.1 Motivation and background . . . . . . .. ... oo oo
1.2 Openproblems . . . . . . . . e e e
1.3 Outline . . . . . . e
1.4 Themodel . . . . . . . . . . . e
1.5 Phase transitions . . . . . . .. L.
1.5.1 Recurrent case . . . . . . . . . ...
1.5.2  Transient case: regimes (I), (II) and (IIT) . .. .. ... ... ......
1.6 Finer analysis of the transient case . . . . . . . . . .. .. ... ... ... ..
1.6.1 Regime (I) . . . . . .. .
1.6.2 Regime (II) . . . . . . . .
1.6.3 Regime (III) . . . . . . .. .
1.6.4 Separation between regimes (IT) and (ITT) . . . .. ... ... ... ...

Moment calculations

2.1 Definition of by, by a0 By« « o o o e e
2.2 Representation formula and self-duality . . . ... ... ... ... ... ...
2.3 Representation of the m-th moment in terms of intersection local time . . . . .
2.4 Convergence to equilibrium and by, =bpy -« - v o o o oo
2.5 Properties of G and K(™) ...

Variational representations

3.1 Variational formula for b, . . . . . . . ...
3.2 The m-th moment at b="b,, . . . . . . o . i
3.3  Growth rate of the m-th moment and gm = b e
3.4 Analysisof m— by . ..o
3.5 Proof of Theorem 1.6.1 . . . . . . . . . . . . . .. . . ittt

10
11
12
14
15
15

16
16
16
18
20
27



4 Survival versus extinction 42

4.1 Proof of Theorem 1.5.3 . . . . . . . . . . . . . . e 42
4.1.1 Palm distribution and its stochastic representation . . . . .. ... ... 43
4.1.2 Identification of by, . . . . . . . . . . 47
4.1.3 Proof of Theorem 1.5.3 . . . . . . . . . .. .. ... .. ... ..... 48

4.2 Proof of Theorem 1.6.3 . . . . . . . . . . . . . . . . e 49

1 Introduction and main results

1.1 Motivation and background

This paper is concerned with the long-time behaviour of a particular class of systems with
interacting components. In this class, the components are interacting diffusions that take
values in [0, 00) and that are labelled by a countably infinite Abelian group I. The reason for
studying these systems is two-fold: new phenomena occur, and a number of methodological
problems can be tackled that are unresolved in the broader context of interacting systems
with non-compact components. We begin by describing in more detail the background of the
questions to be addressed.

A large class of interacting systems has the property that single components change ac-
cording to a certain random evolution, while the interaction between the components is linear
and can be interpreted as migration of mass, charge or particles. Examples are:

(1) interacting particle systems, e.g. voter model (Holley and Liggett [33]), branching ran-
dom walk (Kallenberg [35], Durrett [21]), generalised potlatch and smoothing process
(Holley and Liggett [34]), binary path process (Griffeath [30]), coupled branching pro-
cess (Greven [26], [27]), locally dependent branching process (Birkner [3]), catalytic
branching (Kesten and Sidoravicius [36], Gartner and den Hollander [25]).

(2) interacting diffusions, e.g. Fisher-Wright diffusion (Shiga [40], [41], Dawson and Greven
[13], [14], Cox and Greven [10], Fleischmann and Greven [23], [24], Cox, Fleischmann
and Greven [9], den Hollander and Swart [32], den Hollander [31], Swart [44]), critical
Ornstein-Uhlenbeck process (Deuschel [18], [19]), Feller’s branching diffusion (Shiga [41],
Dawson and Greven [15]), parabolic Anderson model with Brownian noise (Carmona and
Molchanov [6]).

(3) interacting measure-valued diffusions, e.g. Fleming-Viot process (Dawson, Greven and
Vaillancourt [16]), mutually catalytic diffusions (Dawson and Perkins [17]), catalytic
interacting diffusions (Greven, Klenke and Wakolbinger [29]).

Most of these systems display the following universality: independently of the nature of the
random evolution of single components, the ergodic behaviour of the system depends only
on recurrence vs. transience of the migration mechanism. More precisely, if the symmetrised
migration kernel is recurrent then the system approaches trivial equilibria (concentrated on
the “traps” of the system), whereas if the symmetrised migration kernel is transient then
nontrivial extremal equilibria exist that can be parametrised by the spatial density of the
components.



In this paper we study an example in a different universality class, one where the nature
of the random evolution of single components does influence in a crucial way the long-time
behaviour of the system. In particular, we consider a system where the components evolve as
diffusions on [0,00) with diffusion function bx? and interact linearly according to a random
walk transition kernel. Such a system is called the parabolic Anderson model with Brownian
noise in the special case where the random walk is simple. In the recurrent case the system, as
before, approaches a trivial equilibrium (concentrated on the “trap” with all components 0),
so local extinction prevails. However, in the transient case we find three regimes, separated
by critical thresholds b, > be > 0 (see Fig. 1):

(I) (“low noise”) 0 < b < by: equilibria with finite 2-nd moment.

(IT) (“moderate noise”) be < b < by: equilibria with finite 1-st moment and infinite 2-nd
moment.

(III) (“high noise”) b > b,: local extinction.

For the case where the random walk transition kernel is symmetric we do a finer analysis.
We show that in regime (I) there exists a sequence by > b3 > by > --- > 0 such that the
equilibria have a finite m-th moment if and only if 0 < b < b,,, while the m-th moment diverges
exponentially fast if and only if b > by, (see Fig. 1). Moreover, we show that by < (m—1)b,, < 2
and that lim,, oo (m — 1)by, exists. We show that in regimes (I) and (II) the equilibria are
associated and mixing. We show that the critical value b, separating regimes (II) and (III) is
linked to the Palm distribution of the system.

(1 o (1)

0 by b3 bo b

Fig. 1: Phase diagram for the transient case.

The reason for the above phase diagram is that there are two competing mechanisms: the
migration pushes the components towards the mean value of the initial configuration, while the
diffusion pushes them towards the boundary of the state space. Hence, there is a dichotomy in
that either the migration dominates (giving nontrivial equilibria) or the diffusion dominates
(giving local extinction). In the class of interacting diffusions we are concerned with here, the
migration and the diffusion have a strength of the same order of magnitude and therefore the
precise value of the diffusion parameter in relation to the migration kernel is crucial for the
ergodic behaviour of the system.

Our results are a completion and a generalization of the results in the memoir of Carmona,
and Molchanov [6]. In [6], Chapter III, the focus is on the annealed Lyapunov exponents
for simple random walk, i.e., on x,,(b), the exponential growth rate of the m-th moment of
Xo(t), for successive m. It is shown that for each m there is a critical value b,, where x,(b)
changes from being zero to being positive (see Fig. 2), and that the sequence (b,,) has the



qualitative properties established here, i.e., b,, = 0 for all m in d = 1,2 (recurrent case) and
by > b3 >by >--->0ind > 3 (transient case). No existence of and convergence to equilibria
is established below bo, nor is any information on the equilibria obtained. There is also no
analysis of what happens at the critical values. In our paper we are able to handle these
issues due to the fact that we have variational expressions for x,,(b) and b,,, which give us
better control. In addition, we are able to get sharp bounds on b, that are valid for arbitrary
symmetric random walk.

In [6], Chapter IV, an analysis is given of the quenched Lyapunov exponent for simple
random walk, i.e., on x.(b), the a.s. exponential growth rate of Xy (). It is shown x.(b) is
negative for all b > 0 in d = 1,2 (recurrent case), negative for b > b, and zero for 0 < b < b,
in d > 3 (transient case) for some b, > by (see Fig. 2). This corresponds to the crossover at
by, except for the proof that b, > by, which we establish here with the help of a variational
expression for b,. In [6], Chapter IV, it is further shown that x.(b) has a singular asymptotics
for b — oo. This asymptotics has been sharpened in a sequence of subsequent papers by
Carmona, Molchanov and Viens [7], Carmona, Koralov and Molchanov [5] and Cranston,
Mountford and Shiga [12].

Ly (D)

0 L S :—-/ b
N by by b b*\

X (D)

Fig. 2: Qualitative picture of b — Ly, (b) and b+ x.(b) for the transient case.

A scenario as described above is expected to hold for a number of interacting systems
where the components take values in a non-compact state space, e.g. generalised potlatch and
smoothing (Holley and Liggett [34]) and coupled branching (Greven [26], [27]). But for none
of these systems has the scenario actually been fully proved.

1.2 Open problems
We formulate a number of open problems that are not addressed in the present paper:

(A) Show that by > b3 > by > ... This property is claimed in [6], Chapter III, Section
1.6, but no proof is provided. We are able to show that by > b3 > ... > b,, for an



arbitrary symmetric random walk for which the average number of returns to the origin
is < 1/(m — 2). For m = 3, this includes simple random walk in d > 3.

(B) Show that the system locally dies out at the critical value b,.

(C) Show that x.(b) < 0 for b > b, i.e., show that there is no intermediate regime where
the system locally dies out but only subexponentially fast. Shiga [41] has shown that
the system locally dies out exponentially fast for b sufficiently large.

(D) Find out whether there exists a characterisation of b, in terms of the intersection local
time of random walks. This turns out to be a subtle problem, which has analogues in
other models (see Birkner [3]). We find that such a characterisation does exist for by,
and for a certain by, with b, > b,,.. We have a characterisation of b, in terms of the
Palm distribution of our process, but this is relatively inaccessible.

1.3 Outline

In Section 1.4 we define the model, formulate a theorem by Shiga and Shimizu [42] stating
that our system of interacting diffusions has a unique strong solution with the Feller property,
and introduce some key notions. In Section 1.5 we formulate two more theorems, due to Shiga
[41] and to Cox and Greven [10], stating that our system locally dies out in the recurrent case
and has associated mixing equilibria with finite 2-nd moment in the transient case in regime
(I). We complement these two theorems with two new results, stating that our system has
associated mixing equilibria with finite 1-st moment in the transient case in regime (II) and
no equilibria in the transient case in regime (III). In Section 1.6 we present our finer results
for regime (I), and have a closer look at regimes (IT) and (III) as well, although much less
detailed information is obtained for these regimes.

Sections 2-4 contain the proofs. Section 2 is devoted to moment calculations, which are
based on a (Feynman-Kac type) representation formula for the solution of our system due to
Shiga [41]. Through this representation formula, we express the moments of the components
of our system in terms of exponential moments of the intersection local time of random walks.
Through the latter we are able to establish convergence to a (possibly trivial) equilibrium
and to prove that this equilibrium is shift-invariant, ergodic and associated. In Section 3 we
study the exponential moments of the intersection local time with the help of large deviation
theory, which leads to a detailed analysis of the critical thresholds b, as a function of m in
regime (I), as well as to a description of the behaviour of the system at by,. Section 4 looks at
survival versus extinction and relates the critical threshold b, between regimes (II) and (III)
to the so-called Palm distribution of our system, where the law of the process is changed by
size-biasing with the value of the coordinate at the origin. There it is also shown that b, > bo,
the proof of which relies on an explicit representation formula for the Palm distribution.

1.4 The model
The models that we consider are systems of interacting diffusions X = (X (t))¢>0, where

X(t) = {Xi(t) }ies € [0,00)", (1.4.1)



with I a countably infinite Abelian group. The evolution is defined by the following system
of stochastic differential equations (SSDE):

dXi(t) = ali, /)X (t) — X;(0)] dt + \JbX2(t) dWi(t), i€ I,t>0. (1.4.2)
jerl

Here
(i) a(-,-) is a Markov transition kernel on I x I.
(ii) b € (0,00) is a parameter.
(iii) W = ({W;(t)}ier)e>o0 is a collection of independent standard Brownian motions on R.

As initial condition we take

X(0) € &, (1.4.3)
where
& = {(II = (xi)ig € [O,OO)I: Z'yixi < OO} C Ll(’y) (1.4.4)
el

for any v = (y;)ier satisfying the requirements
v >0 Viel,

> v < 00,
Z (1.4.5)

M <oo: Y ya(i,j) < Mvy; Vjel
i€l
We endow & with the product topology of [0,00) .

Since |I| = oo, it is not possible to define the process uniquely in the strong sense on
[0, 00)! without putting growth conditions on the initial configuration, as in (1.4.4). However,
the dependence of £ on 7y is not very serious. For example, every probability measure p on
[0, 00)! satisfying sup;c; E?(X;) < oo is concentrated on & regardless of the vy chosen (E”
denotes expectation with respect to p). We also need the space £ C L?(v), which is defined
as in (1.4.4) but with the condition >, yizi < oo replaced by 3, 7i(%)? < oo.

The most basic facts about the process (X (t));>o are summarized in the following result.
Theorem 1.4.1 (Shiga and Shimizu [42])

(a) The SSDE in (1.4.2) has a unique strong solution (X (t))i>0 on &1 with continuous paths.

(b) (X(t))i>o0 is the unique Markov process on 1 whose semigroup (S(t))i>o0 satisfies

S(t)f—f:/o S(s)Lf ds,  f € C2E), (1.4.6)

where CZ(&1) is the space of functions on & depending on finitely many components and
twice continuously differentiable in each component, and L is the pregenerator

(Lf)(z) :Z{Z (i,§)[z; xz]} a;:f. 221; z? g J; rek. (1.4.7)
' el

il jeI



(¢) Restricted to E, (X (t))i>0 is a diffusion process with the Feller property.
The model defined by (1.4.2) represents a special case of the SSDE

dXi(t) = ali, /)X (6) - Xi(1)] dt + \/g(Xi(8) dWi(t), i€ Lt >0, (1.4.8)

Jjel

with g: (—o00,00) — [0,00) some locally Lipschitz continuous function. This SSDE has, as
far as its long-time behaviour is concerned, four important classes:

(i) g(z) >0 on (0,1).
Examples: g(z) = z(1 — z) Fisher-Wright, g(z) = (z(1 — z))? Ohta-Kimura.
(

(ii) g(z) > 0 on (—o0,0) and g(z) = o(z?) as x — Fo0.
Example: g(z) = o? critical Ornstein-Uhlenbeck.

(iii) g(x) > 0 on (0,00) and g(x) = o(z?) as T — oo.
Example: g(z) = x Feller’s continuous-state branching diffusion.

(iv) g(z) > 0 on (0,00) and g(z) ~ bx? as x — oc.

Classes (i-iii) are well understood (Shiga [40], Deuschel [18], Shiga [41], Cox and Greven
[10], Deuschel [19], Fleischmann and Greven [23], Cox, Fleischmann and Greven [9]). The
qualitative properties of the process defined by (1.4.8) are similar for these three classes,
and the universality of the long-time behaviour as a function of g has been systematically
investigated via renormalisation methods (Dawson and Greven [13], [14], Baillon, Clément,
Greven and den Hollander [1], Dawson and Greven [15], Baillon, Clément, Greven and den
Hollander [2]). Class (iv), which is the subject of the current paper, is very different. For the
case where a(-,-) is simple random walk, this class was investigated in Shiga [41] and in the
memoir by Carmona and Molchanov [6], where some of our results were already established.

The long-time behaviour of the process defined by (1.4.2) is fairly complex. In order to
keep the exposition transparent, we restrict our analysis to a subclass of models given by the
following additional requirements:

I=74% d>1,

a(-,-) is homogeneous: a(i,j) = a(0,j —i) Vi,j €I, (1.4.9)
o0

a(-,-) is irreducible: Y [a"(i,7) + a™(4,7)] >0 Vi,j € I.
n=0

Moreover, we put a(0,0) = 0.
Before we start, let us fix some notation. We write P(&;) for the set of probability measures

on (£1,B(&1)), with B the Borel o-algebra. For p € P(&€1), we write E” to denote expectation
with respect to p. A measure p € P(&1) is called shift-invariant if

p((Xi)iEI S A) = p((Xi-i-j)iEI S A) Viel VYAe 8(51), (1.4.10)
is called mizing if
Jim B (Flgoa) = B°(F) BY(o) (1.4.11)



for all bounded f,g: £ — R that depend on finitely many coordinates, where o, is the k-shift
acting on [, and is called associated if

EP(f1f2) > E*(f1) E(f2) (1.4.12)

for all bounded f1, fo: & — R that depend on finitely many coordinates and that are non-
decreasing in each coordinate.

We further need

T = {pe€P(&): pis shift-invariant},
(1.4.13)
T' = {peT: Er(Xp) < oo},
and
To ={peT': pisshift-ergodic, E*(Xp) = 0},  © €[0,00). (1.4.14)

The set of extreme points of a convex set C' is written C,. The element (z;);c; with x; = ©
for all i € I is denoted by ©. The initial distribution of our system is denoted by p = £L(X (0))
and is assumed to be concentrated on £;. The symbols P, ' without index denote probability
and expectation with respect to x4 and the Brownian motion driving (1.4.2). The notation
w — lim means weak limit.

1.5 Phase transitions

In Theorems 1.5.1-1.5.4 below we state our main results on the long-time behaviour of
(X (t))t>0 and on the properties of its equilibria. Let

I={peP(&): pisinvariant} (1.5.1)

be the set of all equilibrium measures p of (1.4.2), i.e., pS(t) = p for all ¢ > 0. This set of
course depends on a(-,-) and b.

1.5.1 Recurrent case

The ergodic behaviour of our system is simple when a(-, -) defined by

1

a(i,g) = §[a(i,j) + a(y,1)], i,j €1, (1.5.2)

is recurrent. Namely, the process becomes extinct independently of the value of b.

Theorem 1.5.1 (Shiga [41]) If a(-,-) is recurrent, then for every b > 0 and every initial
distribution p € T*:
w — lim £(X(t)) = dp. (1.5.3)

t—o00 -

Consequently, there exists no equilibrium in T other than dy, i.e.,

NnT' =. (1.5.4)

Using the fact that if 4 € 73 then E(X;(t)) = © for all i € I and ¢ > 0, we conclude from
Theorem 1.5.1 that the system clusters, i.e., on only few sites there is a nontrivial mass but
at these sites the mass is very large (for ¢ large).



1.5.2 Transient case: regimes (I), (II) and (III)

In the case where a(-,-) is transient, the ergodic behaviour of our system depends on the
parameter b and we observe interesting phase transitions. There are three regimes, separated

by two critical values.

(I) Small b. Define the Green function
N o0
Gi,j) =Y a"(i,j), ijel,
n=0

and put

We first consider the regime
(I) a(-,-) transient, b € (0,by).
Theorem 1.5.2 (Shiga [41], Cox and Greven [10]) In regime (I):
(a) For = dg with © € [0,00) the following limit exists:

v = w — ltlim L(X(1)).

—00

(b) The measure vo satisfies

ve € (IN Tl)e,

ve s shift-invariant, mizing and associated,
EV®(Xy) = O; vg is not a point mass if © > 0,
B ([Xo]2) < .

(¢c) The set of shift-invariant extremal equilibria is given by
(ZNThe = {vo}oeo,)-

(d) For every u € Tg with © € [0,00):

w— lim £L(X(t)) = ve.

t—o00
(e) For every p € T with E*(Xy) = oo

w— lim £(X(t)) = 0.

t—o00

Consequently,

ZINT)e=(IZNTYe.
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(1.5.5)

(1.5.6)

(1.5.7)

(1.5.8)

(1.5.9)

(1.5.10)

(1.5.11)

(1.5.12)

(1.5.13)



Theorem 1.5.2 tells us that if b remains below an a(-, -)-dependent threshold, then the pro-
cess (X (t))¢>o0 exhibits persistent behaviour, in the sense that an equilibrium is approached
with a spatial density equal to the initial spatial density and with a one-dimensional marginal
that has a finite 2-nd moment. This equilibrium is nontrivial unless the initial state is iden-
tically 0. If, on the other hand, the initial spatial density is infinite, then every component
diverges in probability.

(IT) Moderate b. We next consider the regime
(IT) a(-,-) transient, b € [ba, by). (1.5.14)

In Section 4 we will obtain a variational expression for b,. This expression will turn out to be
somewhat delicate to analyse.

Theorem 1.5.3 In regime (II):
(a) The same properties hold as in Theorem 1.5.2(a) and (c—e).

(b) The measure vg satisfies

ve € (IN Tl)e,

ve s shift-invariant, mixzing and associated,
EV®(Xy) = O; vg is not a point mass if © > 0,
B ([Xo[2) = .

(1.5.15)

Theorem 1.5.3, which will be proved in Section 2, says that for moderate b the equilibria
continue to exist and to be well-behaved, but with a one-dimensional marginal having infinite
2-nd moment. The latter has important consequences for the fluctuations of the equilibrium
in large blocks. Indeed, in regime (I) we may expect Gaussian limits after suitable scaling (see
e.g. Zahle [46], [47] in a different context), while in regime (II) we may expect non-Gaussian
limits. In regime (II), the tail of Xy under vg is likely to be of stable law type, but a closer
investigation of this question is beyond the scope of the present paper.

(III) Large b. Finally, we consider the regime
(IIT) a(-,-) transient, b € [by,00). (1.5.16)
Theorem 1.5.4 In regime (III), for every p € T':
w — tlggo L(X(t)) = do. (1.5.17)
Consequently, TN T' = dy.

Theorem 1.5.4, which will be proved in Section 4, shows that for large b again clustering
occurs, i.e., the same situation as described in Theorem 1.5.1 for the case where af(-,-) is
recurrent.

1.6 Finer analysis of the transient case

In Section 1.5 we saw that different values of b lead to qualitatively different behaviour of the
process (X (t));>0. Therefore the question arises in which way the value of b influences the
properties of the process within one regime. For part of this finer analysis we need to assume
that a(-,-) is symmetric:

a(i,j) = a(j,i) Vi,j € 1. (1.6.1)

11



1.6.1 Regime (I)

Let & = (£(t))i>0 be the random walk on I with transition kernel a(-,-) and jump rate 1,
starting at 0. For m > 2, let f(m) = (&1,...,&m) be m independent copies of £, and define the
differences random walk 7™ = (n(™ (t));5¢ by putting

() = (&) = &1) 1cpeqem: (1.6.2)

This is a random walk on I(™), the subgroup of | ym(m=1) generated by all the possible pairwise
differences of m elements of I, with jump rate m and transition kernel a(™)(,-) that can be
formally written out as

a™(z,y) = a™(0,y — z)
m (1.6.3)
= Ya0)[E X UiD =y—a}|,  myerm,
jel r=1
where D, is the triangular array of —1,0, +1’s given by
D, = (51)7" - 5qr)1§p<q§m (1.6.4)

and jD, denotes the triangular array obtained from D, by multiplying all its elements with
the vector j. Note that a(™)(-,-) is symmetric because of our assumption in (1.6.1). Note that
ad(-,-) =a(-,-), the symmetrised transition kernel defined in (1.5.2), which is symmetric even
without (1.6.1). The differences random walk is to be seen as the evolution of the random
walks “relative to their center of mass”. This will serve us later on.

Define the Green function

o0

G (z,y) = [@"(z,y),  wy eI (1.6.5)

n=0

Also define the intersection function ™ : (™) — Ny as

H(m) (Z) = Z ]-{zpfzq:(]}a z= (zp - Zq)1§p<q§ma Zpy2q € I, (166)
1<p<g<m
and put
$m) = supp (™) c 1™, (1.6.7)
Define
K™ (z,y) = /1" (2) G (2,9) \ 1) (y), @,y € S (1.6.8)

Viewed as an operator acting on £2(S(™), K(™) is self-adjoint, positive and bounded. The
latter two properties will be proved in Section 2.

The following result shows that in regime (I) there is an infinite sequence of critical values
characterising the convergence of successive moments.
Theorem 1.6.1 Suppose that a(-,-) is symmetric. Then, in regime (I), there exists a sequence

by > b3 > by > ... such that:
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(a) If p = do with © € (0,00), then

. m y m < oo for b<bpy,
— ©
Jin BQG(0]") = (™) { S22 7 DS (16.9)
(b) If p = de with © € (0,00), then
1
lim —log E([Xo(t)]™) = xm/(b) (1.6.10)
t—oo t
exists with
=0 for b<bpy,
Xm (b) { >0 for b> by (1.6.11)
(c) The critical value by, has the representation
m
by = — 1.6.12
- (16.12)

with Ay € (0,00) the spectral radius of K™ in £2(S(™). This spectral radius is an
eigenvalue if and only if by—1 > by,

(d) The critical value by is given by (1.5.6), and

Moreover,
2 by < ( )by, < 2
e m—1)b, < ————
G@(0,0) G(m(0,0)

and limy, o (m — 1)b,, exists.

<2, (1.6.14)

(e) The function b Lx,,(b) is convez on [0,00) and strictly increasing on [by,, 00), with

Tim o (b) = 5 (m — 1), (1.6.15)
Theorem 1.6.1 will be proved in Section 3. Part (a) tells us that equilibria with finite m-th
moment exist if and only if 0 < b < by,. Part (b) tells us that the m-th moment diverges
exponentially fast if and only if b > by,,. The limit x,,(b) is the m-th annealed Lyapunov
exponent. Part (c) gives a variational representation for b,,. Part (d) gives sharp bounds for
by, and shows that the tail of the one-dimensional marginal of vg decays algebraically with
a power that is a non-increasing function of b when b is small. It identifies the asymptotic
behaviour of this power as ~ Cst/b for b | 0. Part (e) shows that for large b the curve
b Lxm(b) has slope 1(m — 1).
By Hélder’s inequality, m +— % Xm(b) is non-decreasing. The system is called intermittent

of order n if
1 1 1
— b — b — b ... 1.6.16
an()<n+1Xn+1()<n+2Xn+2()< ( )
(It is shown in Carmona and Molchanov [6], Chapter III, that the first of these inequalities
implies all the subsequent ones.) Thus, for all n > 2 our system is intermittent of order n

precisely when b € (b1, by] (see also Fig. 2 in Section 1.1.)

We conjecture that by > b3 > by > ... (see open problem (A) in Section 1.2). A partial
result in this direction is the following:
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Corollary 1.6.2 Suppose that a(-,-) is symmetric.
(a) (m —1)b,, — 2 uniformly in m as G2 (0,0) — 1.
(b) by > b3 > ... > by, when G?(0,0) < (m —1)/(m —2).
Proof. (a) Obvious from (1.6.14).
(b) This follows from (1.6.14) and G(™(0,0) > 1. |

Claim (a) follows from (1.5.6) and (1.6.14), and corresponds to the limit when the random
walk becomes more and more transient. This includes simple random walk on Z? with d — oco.
Thus, in this limit all inequalities in (1.6.13) become strict. Claim (b) follows from (1.6.14).
This includes simple random walk on Z? with d > 3.

As we will see in Sections 2-3, the representation for b, in (1.6.12) comes from a link with
intersection local time of random walks. Indeed, let

T(f(m))Z/O Y Lgm—gmydt (1.6.17)

1<p<g<m

be the total intersection local time (in pairs) of the m independent copies of the random walk
&. Then we will show that

by, = sup {b >0: & (exp[bT(f(m))D < oo}. (1.6.18)

1.6.2 Regime (II)

Our next result ensures that regime (II) is non-empty and may be seen as an extension of
Theorem 1.6.1(d).

Theorem 1.6.3 b, > by when a(-,-) is transient.

Theorem 1.6.3, which will be proved in Section 4, tells us that equilibria with stable law
tails indeed occur in our system for moderate b (recall (1.5.15)). We conjecture that the
system locally dies out at b, (see open problem (B) in Section 1.2).

In view of (1.6.18), we may ask whether it is possible to obtain a variational characteri-
sation for b,. To that end, let £ = (£(t))s>0 and & = (¢'(t))i>0 be two independent copies of
the random walk on I with transition kernel a(-,-) and jump rate 1, both starting at 0. Let

T(f,f') = /0 1{§(t):§/(t)}dt (1.6.19)
be their total intersection local time. Define
bys = sup {b >0: Ef (exp[bT(f,f')]) <oo &— a.s.}, (1.6.20)

where we note that {E¢ (exp[bT'(£,¢)]) < oo} is a tail event for €. Since by is given by the
same formula as (1.6.20) but with the average taken over both & and &' (recall (1.6.18)), we
have b,, > by. The proof of Theorem 1.6.3 will be achieved by showing that

by > bux and bix > bo. (1.6.21)
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1.6.3 Regime (III)

The last result shows that in regime (III) the system gets extinct very rapidly.

Theorem 1.6.4 (Cranston, Mountford and Shiga [12]) In regime (III):

(a) If p = do with © € (0,00), then

1
lim n log Xo(t) = x«(b) (1.6.22)

t—00

exists and is constant a.s.

(b) There exists a by € [ba,00) such that

=0 for b < by,
x*(b){ <0 for b> b (1.6.23)

(c)
lim 1280 [X*(b) + %b] (1.6.24)

b—soco b

exists in (0, 00).

The limit . (b) is the quenched Lyapunov exponent. Theorem 1.6.4, states that the speed
of extinction is exponentially fast above a critical threshold by,,. Trivially,

Do > by (1.6.25)

We conjecture that equality holds (see open problem (C) in Section 1.2). See also Figs. 1 and
2 in Section 1.1.

1.6.4 Separation between regimes (II) and (III)

The key tool in the identification of b, is the notion of Palm distribution of our process X
at time ¢. This is the law of the process seen from a “randomly chosen mass” drawn at time
t. This concept was introduced by Kallenberg [35] in the study of branching particle systems
with migration. There the idea is to take a large box at time £, pick a particle at random from
this box (the “tagged particle”), shift the origin to the location of this particle, consider the
law of the shifted configuration, and let the box tend to infinity. Under suitable conditions,
a limiting law is obtained, which is called the Palm distribution. Similarly, in our system
the Palm distribution is a size-biasing of the original distribution according to the “mass” at
the origin. The criterion for survival vs. extinction of the original distribution translates into
tightness vs. divergence of the Palm distribution.

This criterion is useful for two reasons. First, the size-biasing is an easy operation. Second,
often it is possible to obtain a representation formula for the Palm distribution in terms of
a nice Markov process. For instance, for branching particle systems the Palm distribution is
obtained from an independent superposition of the original distribution and a realisation of the
so-called Palm canonical distribution. The latter can be identified as a branching random walk
with immigration of particles at rate 1 along the path of the tagged particle. Fortunately, we
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can give an explicit representation of the Palm distribution of our process X as well, namely,
as the solution of a system of biased stochastic differential equations (see Section 4 for details).
It turns out that the latter again has a (Feynman-Kac type) representation formula for the
single components as an expectation over an exponential functional of the Brownian motions,
the random walk, and an additional tagged random walk, with the expectation running over
the two random walks.

We will use the Palm distribution to identify b,. We will see that, within the interval
(bo, by), we can distinguish between a regime where the average of the Palm distribution over
the Brownian motions (i.e., the Palm distribution conditioned on the tagged path) is tight
as t — oo and a regime where it diverges. The separation between these two regimes is by..
Within the interval [b..,b.), we can separate further by conditioning the Palm distribution
also on the Brownian increments along the tagged path. However, we will not pursue this
point further, even though it is of interest for a better insight into what controls our system.
See Birkner [3], [4] for more background.

We will see in Section 4.1.2 that (1.6.19) plays an important role in the description of the
Palm distribution. Equation (4.1.38) in Section 4.1.2 identifies b,. However, this formula is
much harder than the one for b, in (1.6.20). It would be interesting to know whether there
exists a characterisation of b, in terms of the intersection local time of random walks (see
open problem (D) in Section 1.2), in the same way as for b, in (1.6.18) and for b, in (1.6.20).

2 Moment calculations

2.1 Definition of b,,, b,, and Em
For ©® > 0 and m > 2, let
by, = sup{b>0: E"®([X(]™) < oo},
b = sup {b>0: sup B([Xo(1)™ | X(0) = ©) < oo, 2.1.1)
b = sup {b > 0: tlggo%logE([Xo(t)]m | X(0) = @) - o}.
In these definitions the choice of © is irrelevant as long as © > 0, as is evident from Lemma,

2.2.1 below.

In Section 2.2 we derive a representation formula for the solution of (1.4.2), which is due
to Shiga [41] and which plays a key role in the present paper. We also derive as a self-duality
property, which is needed to obtain convergence to equilibrium. In Section 2.3 we express the
m~th moment of a single component of our system, at time £, in terms of the intersection local
time, up to time ¢, of m independent copies of our random walk. In Section 2.4 we prove that
vo exists and that by, = by,. In Section 2.5 we prove some basic properties of G and K (™)
defined in (1.6.5) and (1.6.8). The results in this section will be used in Sections 3-4 to prove
Theorems 1.5.3-1.5.4, 1.6.1 and 1.6.3-1.6.4.

2.2 Representation formula and self-duality

If our process starts in a constant initial configuration, then a nice representation formula is
available. This formula will play a key role throughout the paper.
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Lemma 2.2.1 The process (X (t))i>o starting in X (0) = © can be represented as the following
functional of the Brownian motions:

X,(t) = Oc™ thEf eXp \f/ 3 Le(ro)=gy W (s )D iel,t>0, (2.2.1)

jel

where & = (£(t))i>0 s the random walk on I with transition kernel a(-,-) and jump rate 1, and
the expectation is over & conditioned on £(0) =i (£ and W are independent).

Proof. This lemma appears in Shiga [41] without proof. We write out the proof here, because

it will serve us later on. The symbol 1 denotes the identity matrix. Note that © enters into
(2.2.1) only as a front factor.

Step 1: For all 7 and t:
=0 +\f/ Zat s(4,9) X;j(s)dW;(s)  with a; = explt(a — 1)]. (2.2.2)

Proof. Fix 1 and ¢. For 0 < s <t, let Yj(s) = >_; at—s(i, /) X;(s). Then

dY;(s) = [Z(]l—a)at J(i,7) X (s) ]ds—l—Zat J(i,5) dX; (s). (2.2.3)

J
From (1.4.2) we have

dXi(s) = > (a — 1)(i,§) X;(s) ds + Vb Xi(s) dWi(s), (2.2.4)
J

which after substitution into (2.2.3) and cancellation of two terms gives

\/_Zat 5(3,5) X;(s) dW;(s). (2.2.5)

Integrate both sides from 0 to ¢, and note that ¥;(0) = > ;a:(i,5)X;(0) = © and Y;(¢)
= >_ja0(1,7)X;(0) = X;(¢), to get the claim. |

Step 2: For all ¢:
1 t 1
exp [\/th(t) - §bt} =1+ \/5/ exp [\/l_)Zt(s) — 5bs] dzi(s) (2.2.6)
0

with Zt fO Z 1{§t r)= ]}dW( )

Proof. Fix t. For z € R and s > 0, let f(z,s) = eVb7=3bs and put g(s) = f(Zi(s),s). Ito’s
formula gives

dg(s) = J-(Z4(),) dZ4() + L fox(Z(5),5) (dZ0()? + Fo(Zals) ) ds, (2.2.7)
which after cancellation of two terms (because % f., + fs = 0 and (dZ(s))? = ds) gives
dg(s) = g(s)VbdZ(s). (2.2.8)
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Integrate both sides from 0 to ¢ and use that g(0) = f(Z:(0),0) = 1, to get the claim. n

Step 3: The proof of the representation formula in Lemma 2.2.1 is now completed as follows.

Let X;(t) denote the right-hand side of (2.2.1). Taking the expectation over ¢ conditioned on
£(0) =i on both sides of (2.2.6), we get

~ t ~
@_le'(t) = 1+ \/BfEf ( Z 1{§(t—s):j}®_1Xj (S) de (S))
0 1 N (2.2.9)
= 1+ \/Bofz ar—s(i,7) ©7 X (s) dW;(s),
J

where the first equality uses the Markov property of ¢ at time ¢ —s. Thus we see that
Xi(t) satisfies (2.2.2). Since X;(0) = © = X;(0) for all 4, we may therefore conclude that

X;(t) = X;(¢t) for all ¢ and ¢, by the strong uniqueness of the solution of our system (1.4.2)
(recall Theorem 1.4.1(a)). |

In addition to the representation formula in Lemma 2.2.1, we have another nice property:
our process is self-dual. Let
a*(i,7) = a(4,1), 11,7 €1, (2.2.10)

be the reflected transition kernel. Let (1.4.2*%) denote (1.4.2) with a(-,-) replaced by a*(,).
Abbreviate (z,z*) = >, ziz].

Lemma 2.2.2 Let X = (X(t))i>0 be the solution of (1.4.2) starting from any X(0) € &.
Let X* = (X*(t))i>0 be the solution of (1.4.2%) starting from any X*(0) € & such that
(1,X*(0)) < co. Then

EX (e*<X(t):X*(°)>) = gX° (e*<X(°>’X*(t)>) Vit > 0. (2.2.11)

Proof. See Cox, Klenke and Perkins [11]. ]

2.3 Representation of the m-th moment in terms of intersection local time

Let us abbreviate
W = ({Wi(t)}iel)tzo (2.3.1)

and write

E([Xo()]™ | X(0) = ©) = B*([Xo(t)]" | X(0) = ©) (23.2)

to display that (1.4.2) is driven by W. This subsection contains a moment calculation in which
we use the representation formula of Lemma 2.2.1 to express the right-hand side of (2.3.2)
as the expectation of the exponential of b times the intersection local time of m independent
copies of the random walk with transition kernel a(-,-) and jump rate 1, all starting at 0.
We begin by checking that the evolution is mean-preserving. This property is evident from
(2.2.2), but its proof will serve as a preparation for the calculation of the higher moments.

Lemma 2.3.1 EV (Xo(t) | X(0) = @) = O for all t > 0.
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Proof. Taking the expectation over W in (2.2.1) and using Fubini’s theorem, we have
t
_1
EY (Xo(t) | X(0) = @) = Qe 3RS (EW(eXp [\/5 /0 3 1{§(t_s):i}dW,~(s)D). (2.3.3)
el

Since the Brownian motions W are i.i.d. and have independent increments, it follows that for
any &:

/ D Le(—s)—iydWils) £ W'(1), (2.3.4)

el

where W' = (W'(t));>0 is a single Brownian motion and £ denotes equality in distribution.
Combining (2.3.3) and (2.3.4) we arrive at (the expectation over £ being irrelevant)

EW (Xo(t) | X(0) = @) = Qe 3t EV (exp[\/l_)W'(t)]). (2.3.5)

Now use that, by Ito’s formula, exp[VbW’(t) — $bt] is a martingale, to get that the r.h.s. of
(2.3.5) equals ©. |

A version of the above argument will produce the following expression for the moments of
order m > 2.

Lemma 2.3.2 Let £ = (&,...,&,) be m independent copies of the random walk with
transition kernel a(-,-) and jump rate 1, all starting at 0. Then

EY ([Xo()]™ | X(0) = ©) = "B (expltT™ (1)]), (2.3.6)
where
Tm(t) = > Tul(t),
1<k<I<m (2.3.7)
Tu(t) = fydsLig(s=a(s))ds,

is the intersection local time (in pairs) up to time t.

Proof. Similarly as in (2.3.3) we may use (2.2.1) to write

2 (1% | X(0) = ©)
i (2.3.8)
— @me— bt gEt™ (EW(eXp[ j{: Ly (t-s)=iy dWi(s )])>

Next, let W™ = (W/,...,W/.) be m independent Brownian motions. Then the analogue of
(2.3.4) reads

t m p

[/ 30 STARSRIABE (5 3 SEFHITENS) SR IHENENCEY)
k=1 i€l p=1 j(») q=1

Here 1,0 (t — s) denotes the indicator of the event that at time ¢ — s the components of

¢m) = (&,,...,&,) coincide in p subgroups of sizes j®) = (4, ... Jjp) with 51 + ...+ jp, =m

The equality in (2.3.9) again follows from the fact that the Brownian motions W are i.i.d. and

have independent increments. The point to note here is that all j, random walks in the g-th
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coincidence group pick up the same increment of the Brownian motion in W at the site where
they coincide at time s, and this increment has the same distribution as dW(s). Next, define

t
T (1) =/ Li (t — s)ds. (2.3.10)
0
Then clearly we have
t
/0 Liw) (t — 8)dWq(s) £ Wy(Tjw (t))- (2.3.11)

Now combine (2.3.8-2.3.11) to get

BY ([Xo(8)]" | X(0) = ©)

_ @me— bt pE™ (EW(”‘) (exp [\/5 IPIBY JaWo(Tjw) (t))])) (2.3.12)

p=1 j(p) ¢=1

_ g bt ) (exp [b 5% T (t){ > %J}?}])-

p:lj(p) qg=1

Finally, absorb the term —%bt into the sum by writing %jq(jq — 1) instead of %jg (use that
P > Tjw (t) =t and ZZ:I jq = m). The resulting exponent is the same as b times the
intersection local time in (2.3.7). n

2.4 Convergence to equilibrium and b,, = b,,

The following important facts will be needed later on and will be derived via the representation
formula in Lemma 2.2.1 and the self-duality in Lemma 2.2.2.

Proposition 2.4.1 For all a(-,-) transient and all b > 0:

(a) vo = w — limy_,oo L(X(t) | X(0) = O) ewists, is shift-invariant and associated for all
© € [0,00).

(b) by = by, for all m > 2.
(¢) limy o0 E([Xo(£)]™ | X(0) = ©) = EY®([X]™) for all © € [0,00) and all m > 2.
(d) ve is mizing for all © € [0, 00).
Proof. (a) The proof of existence uses Lemma 2.2.2. If X(0) = © and X*(0) = f, then (2.2.11)

o BX (en X0 | X(0) = @) = BX (M | M(0) = (L, ) (2.4.1)

with
M(t) = (L, X*(¢)). (2.4.2)

Since (M (t))¢>0 is a non-negative martingale (as is obvious from (2.2.2) with the reflected
transition kernel), we have that lim; ,oo M(t) = M(oc0) < oo W-a.s. for every f (use that
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EX"(M(c0)) < M(0) = (1, f) < 00). Hence we conclude that X(t) converges in law to a
limit, which we call vg, given by

/ e~ @ yg(dz) = BX (e—@Moo | M(0) = (1, f>) for all f such that (1, f) < co. (2.4.3)

Because dg is shift-invariant, so is vg. The fact that vg is associated follows from Cox and
Greven [10]. There it is shown that for systems of the type in (1.4.2) — even with a general
diffusion term — the evolution preserves the associatedness. Since dg is associated, the system
is associated at time zero and hence at all later times, and the equilibrium inherits this

property.
(b) Fatou’s lemma in combination with part (a) shows that

lim infE([Xg(t)]m | X(0) = @) > Eve ([X]™). (2.4.4)

t— 00
Hence b,,, < b,,,. To prove the converse, we need to make an excursion into potential theory.

Step 1: Suppose that b < b,,. Define the m-point correlation function in equilibrium:

m
fGr-im) =B ([T X5 |0 dieesim €l (2.4.5)
p=1

(the indices need not be distinct). Since vg is shift-invariant, it follows from Holder’s inequality
that

Sup (1, sjm) < B ([Xo]™) = C < 0. (2.4.6)
JlyeesJm €I

Let a(™)® be the transition kernel on I"™ for m independent random walks, i.e.,

m

. . . . 1 .
A (s im)s G- ) ) = — D alips ) (2:4.7)

p=1

where a(-,-) is the transition kernel on I for a single random walk, and % comes from the fact
that the m random walks jump one at a time. Also let §(™:®: ["™ — Nj be the intersection
function

ﬁ(m),® (Giy-evsdm) = Z 1(j,=j.}- (2.4.8)

1<p<g<m
(The upper index ® is used in (2.4.7-2.4.8) to distinguish the quantities from those in (1.6.3)
and (1.6.6); in the latter the random walks are viewed “relative to their center of mass”, while
in the former they are not.)

Fact 2.4.2 [ is excessive, i.e., a™®@f < f.

Proof. Consider our SSDE in (1.4.2):

dXi(t) = 3 ali, j)[X;(t) - Xi(8)] dt + \/bX2(t) dW;(t), i€, t>0. (2.4.9)

Jjel
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By Ito’s formula we have

m m
11 x5, Z dX;, () H X5, ( Z dX;, ()dX;, () | [T X;. (0] - (24.10)
p=1

p,q=1 r=1
r#p PF#q r#p,q

If we start the system in the equilibrium vg, then the expectation of the L.h.s. is zero. For the
first term in the right-hand side we get, after substituting (2.4.9) and taking the expectation,

[m (@™ — 1) F1Gits - s jim) dt, (2.4.11)

For the second term in the r.h.s., on the other hand, we get

8™ F1(j1, - -, jim) dit. (2.4.12)

Thus, we have
0 = [m(a™® — 1) + b4™®] 1. (2.4.13)
Since §(™)® > 0, this proves the claim. n

Step 2: Because f is excessive, the Riesz decomposition theorem (see [43] Section 27) tells us
that

f=c+Gmey (2.4.14)

for some constant ¢ > 0 and some function ¢ > 0, where G(™)-® is the Green function on I™
associated with a(™):® ..,
GM® = (1 — o(mH®)~L (2.4.15)

and we use that bounded harmonic functions are constant (see [43] Section 24). With (2.4.14)
we have a representation for the m-point correlation function in equilibrium. We want to
compare the latter with the m-point correlation function at time ¢ when we start the system
from the constant configuration X (0) = ©:

ft(jla'-'ajm):E HX]p(t) |X(0):@ ) jla"'ajmel' (2416)

Fact 2.4.3 %t = [m(a™-® — 1) 4 p(m:®] f,.

Proof. The claim follows from the same argument as in the proof of Fact 2.4.2 leading to
(2.4.13). Note that f is the stationary solution. n

Step 3: Let & (m) — (&1, ...,&m) be m independent copies of the random walk with transition
kernel a(-,-) and jump rate 1. The solution of the equation in Fact 2.4.3 in terms of the
Feynman-Kac formula reads

t
i) = B (exp [b [ 42 )] Fo €™ () | €0) = (o)),

(2.4.17)
which is order preserving;:

fo < fo = fe < fl vt>0. (2.4.18)
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We will exploit (2.4.18) to show that b > b, leads to a contradiction, thereby obtaining that
b > by (because we assumed that b < b,,). Indeed, if b > b,,, then f; — co as t — oo on
the diagonal. Suppose that ¢ > 0. Pick © = ¢!/™. Then fy = ¢, while f > ¢ by (2.4.14). It
follows from (2.4.18) with f) = f that

fi<f Vt>0. (2.4.19)

Thus f = oo on the diagonal, which is a contradiction with (2.4.6). Therefore ¢ = 0. However,
if [jp — jq| — oo for all 1 < p < g < m, then (GU™24)(j1,...,jm) — 0 by the transience of
a(-,-) (see [43], Section 24), while f(j1,...,Jm) — ©™ by the mixing property of vg. This is
a contradiction with © > 0, as desired.

(c) We need to show that (2.4.4) is an equality. This is trivial when the right-hand side of
(2.4.4) is infinite. Recall (2.4.5). We need only consider the case where the right-hand side of
(2.4.4) is finite. In that case, f is bounded by (2.4.6). Using (2.4.17), but this time starting
from the equilibrium rg, we therefore have the relation

t
76 = B (exp [b [ (€ s ds] 1€ 0) [ €70 = 5). (2.4.20)
0
Because vg is associated, we have f(j) > O™ for all . Hence
t
fG) > em 1imsupEf(m)(exp [b / ﬁ(m%®(§<m>(s)ds] | €M) (0)) = j). (2.4.21)
t—o00 0

For j = 0 the Lh.s. equals E”®([X]™), while the expectation under the limit equals E ([ X (¢)]™
| X(0) = ©) by (2.4.17). Therefore we have the reverse of (2.4.4).

REMARK: Note that (2.4.17) implies Lemma, 2.3.2. We nevertheless find the proof of Lemma
2.3.2 via the representation formula in Lemma 2.2.1 as given in Section 2.3 instructive.

(d) For 0 < b < by the mixing property of the equilibrium vg was proved in Cox and Greven
[10] via a covariance argument. However, for by < b < b, covariances are infinite, and so we
must follow a different route.

The proof uses the exponential duality in Lemma 2.2.2. We will prove that, for all f,g € &
(recall (1.4.4)) with finite support,

lim e (e (XN (Xna) = pro (=N pro (=X (2.4.22)

l[E|l—o0

where o9 = g o o, with oy, the k-shift acting on . This implies the mixing property, because
the Laplace functional determines the distribution.

Step 1: In order to prove (2.4.22), we use the self-duality of our process and the fact that
ve = w — limy_,, d9S(t), as follows. Denote by

X = (X (1) im0 = (X (1) ieza)eo (2:4.23)

our process with reflected transition kernel a*(-,-) (recall (2.2.10)) starting from initial con-
figuration h € £ with finite support. Then

Eve (67<X,f>ef<X,g>> _ pve <6—<X,f+g>>

= 1i —(X(®),f+9) = = 1 —(©, X"/ t9(t))
—thmE<e |X(0)—@)—thmE(e )
(2.4.24)
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Observe that, by the linearity of the system, we may use the same Brownian motions for X*7/
and X ™9, which gives us in addition

Xoite & xol 4 x99, (2.4.25)
Hence, in order to verify (2.4.22), we must investigate the quantity

lim 7 (e (@ X 0RX" 70 (2.4.26)

t—o00

and show that it factorizes in the limit as ||k|| — oo.
Next, note that

(@, X5 (1) 0, and ({0, X"9(1))) (2.4.27)

>0

are (continuous-path square-integrable) non-negative martingales. In particular, their limit as
t — oo exists by the martingale convergence theorem. Their covariation over the time interval
[0,00) is given by

C(f,or9) :/00 ds (X7 (s), X*ok9( / ds Y X7 (s)X]7H(s). (2.4.28)

0 el

Due to these structural properties, we know that if
C(f,orkg) — 0 in probability as ||k|| — oo, (2.4.29)

then the two martingales in (2.4.27) become independent as ||k|| — oo. Consequently, the two
random variables

lim (8, X*/ (1)) and lim (6, X*7+9(t)) (2.4.30)

t—o00 t—o00

also become independent as ||k|| — oo, which proves (2.4.22) via (2.4.24-2.4.25). In order to
prove (2.4.29), observe that, by the linearity of the system, it suffices to verify (2.4.22) for the
special case where f and g are indicators of a single site in I, say, p and ¢, respectively.

Step 2: Let & and ¢’ be two independent random walks with transition kernel ¢*(+,-) and jump
rate 1, both starting in ¢« € I. Then, for f = 1y, and g = 1y, it follows from Lemma 2.2.1
that

X)X 0s) = e B (1{5(8) =p, &s) =a+ k)

(2.4.31)

X exp [\f/ du S [1{E(s —u) = m} + 1{€'(s — u) = m)] dWm(u)] )
mel

Reversing time, we may start & in p and ¢’ in ¢ + k, and give them transition kernel a(-,-) and
jump rate 1. Then

X7 () XP(s) = e BES, (1{6(8) =¢&'(s) =14}

(2.4.32)

X exp [\/ / du 1{§(u):m}—i-l{f'(u):m}]dWm(u)])
mel
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and so
(X (s), X279 (s)) = Y X () X7H9(s)
1€l
= E§§+k (1{5(3) =¢(s)}
X exp [\/l; /Os du Z[l{ﬁ(u) =m} + 1{¢'(u) = m}] dWm(u)]

mel

(2.4.33)
Next, for any s we have
(X (), X274 (s)) = 3 X () X779(s)
i€l
1 * 1 *,0
<5 TP+ 5 DX (s (2.4.34)
iel icl
= S Ma(s) + 5 Ma(s)
= 2 18 2 2($8),
where
S
M (s) = e_bsEg (exp [2\/1_)/ du Z 1{&(u) = m}dWm(u)]> ,
0
mel (2.4.35)
S
My(s) = e_bsE§+k (exp [2\/1_)/ du Z 1{&(u) = m}dWm(u)]> .
0 mel
Below we will show that
/ ds M;(s) <oo W —a.s. fori=1,2. (2.4.36)
0
Assuming (2.4.36), we pick 7" > 0 and estimate, with the help of (2.4.34),
Clfong) = [ ds (X1 (5), X" 70(5)
0 (2.4.37)

T 00
< [ s X e) + 5 | ) + e

By (2.4.36) and the fact that the law of (Ma(s))s>0 is independent of k, it now suffices to
show that

T
/ ds (X*7(s), X*%9(s)) = 0  in probability as ||k|| = co for any T > 0.  (2.4.38)
0
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Step 3: To prove (2.4.38), we return to (2.4.33). Write

Y [1{é(u) = m} + 1 (w) = m}] dWp, (u)

mel

=) 1{&(u) = & (u) = m} 2dWp (u)

mel
(2.4.39)
+ > 1{e(w) = m # &' (w)} AW (u)
mel
+ 37 1{E(u) #m =€ (u)} AW (u).
mel

Since the three terms in the right-hand side of (2.4.39) involve disjoint time intervals and the
Wp’s have independent increments, it follows from (2.4.39) that, for any &,

Vh / du S (1€ () = m} + 1€ (w) = m}] dW ()
mel (2.4.40)

£ Wi (40T (¢,€")) + Wa(b[s — Ts(¢,€N)]) + W3 (bls — T5(¢, 1)),

where Wy, Wy, W3 are three independent Brownian motions, and Ts(&,£’) fo du 1{&(u

&'(u)} is the intersection local time of ¢ and & up to time s. By combining (2.4.33) and
(2.4.40), taking the expectation over W (i.e., over Wy, Wy, W3) and using Fubini’s theorem,
we get

BV ( / " s (X*’f(s),X*"’kg(s))> = /0 B, (1e(s) = ()0

0 (2.4.41)

< ebTE§:§+k (TT(£7£,)) .

Clearly, the r.h.s. tends to zero as ||k|| — oo, because Tr(&,¢') < T and Tr(£,€') — 0 in
probability w.r.t. £,&" as ||k|| — oo for any fixed T.

Step 4: It remains to prove (2.4.36), which goes as follows. Let
(M(s))s>0  with  M(s) = (L, X"/ (s)). (2.4.42)

This is a (continuous-path square-integrable) non-negative martingale starting from a strictly
positive and finite value (because f = 1y, has finite support). From the dual of (1.4.2) (recall
Lemma 2.2.2), we have

=D dXP(s) = D 0" L)X (s) = X7 ()] ds + D \/BX] ()2 dWis)

icl ijel iel
(2.4.43)
The first term in the right-hand side is zero because a*(-,-) is doubly stochastic (being a
random walk transition kernel (recall (1.4.9)) and (1, X*/(s)) < co. Hence

—

M(s) & W(1(s)) (2.4.44)

with

/ du b [X; (2.4.45)

el
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and W a Brownian motion adapted to the filtration of X*/. By the martingale convergence
theorem, we have

lim M(s) = M(c0) < oo W —a.s. (2.4.46)

S§— 00

(use that EX*’f(M(oo)) < M(0) = (L, f) < o0). Combining this with (2.4.44), we conclude
that

lim 7(s) = 7(00) <00 W —a.s. (2.4.47)
§—00
This completes the proof of (2.4.36), hence of (2.4.29), and therefore also of (2.4.22). n

2.5 Properties of G™ and K™

Recall (1.6.5) and (1.6.8). We begin with the following statement:

Lemma 2.5.1 If a(-,-) is symmetric and transient, then GU™(...) is strongly transient for
all m >3, i.e.,

sup Z Q"™ (2, 2)G™ (2,) < oo, m > 3. (2.5.1)
xz,ycI(m) 2eI(m)
Proof. Let
m (m), (m m m
P (z,y) = P" (™M () = y [ n™(0) =), my eI, t>0, (2.5.2)

be the transition probabilities of the differences random walk 7™ = (n(™)());5¢ defined in
(1.6.2). We have

G (z,y) = m/ dtPt(m) (z,y), z,y € 1. (2.5.3)
0

Compute

= Z G(m)(I, z y / dsl/ d82 Ps(in)(ajaz)Ps(;n)(z?y)

zel(m) I(m)

/ dsl/ dso PlJrS2 x,Y)
(2.5.4)
:/ dttP( )(w,y)

000
< / dtt P{™(0,0).
0

Note that
PI™(0,0) = ST [R(0,0)]™ (2.5.5)
el
with Py(i,7), 4,5 € I, t > 0, the transition probabilities of a single random walk. Because the
single random walk is symmetric and has exponential jump times (with mean 1), we have

(i) Pili,f) < Pi(0,0) Vi,jel, t>0,

2.5.6
(1) ¢+~ P;(0,0) is non-increasing, ( )
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as is easily seen from the Fourier representation of P;(i,7), i.e.,

Ping) =Y el (om) / dk cos(i — j, k) [A()"
n=0 ' [=mm) (2.5.7)

= (27r)d/ dk cos(i — j, k) e AR
[77r’7r)d

with A(k) = 3,7 a(0,4) cos(i,k) < 1, k € [-m,m)%, and (-,-) the inner product on R?. Via
(2.5.6)(i), (2.5.5) gives

P™(0,0) < [P(0,0)]™ 23" PBi(0,0)P(3,0) = [P,(0,0)]™ * Px(0,0), (2.5.8)
i€l

which via (2.5.5)(ii) yields

00 (m) 1 00 2t
/ dtt P,"™(0,0) < 5/ dt [Pt(o,())]mZ/ ds P,(0,0)
0 0 0

% (/000 dt [P,(0, 0)]m2> (/000 ds P, (0, 0)) .

The right-hand side is finite by the transience of the single random walk. |

(2.5.9)

IN

We next look at K™ defined in (1.6.9).

Proposition 2.5.2 Suppose that a(-,-) is symmetric and transient. Then, for all m > 2,
K™ is a self-adjoint, positive and bounded operator on 62(5’(’”)).

Proof. The symmetry of K™ follows from the symmetry of G(™. Since K™ is defined
everywhere on ¢2(S(™)), it therefore is self-adjoint. The Fourier representation of G(™ reads

oo

G (z,y) = 2}[a(m’]”(w,y) = (2m) 7 /[ oy dk VR [1— A ()7L, e 10,
(2.5.10)
with A (k) =3, _om) a™(0,2) cos(z,k) < 1, k € [-m, m)% It follows that
2
(, K™y = (2m) ™4 /[ y dk[1— A (E)] T Y e @R () /407 () (2.5.11)

with (-,-) the inner product on £2(S(™)), which proves the positivity of K(™). To prove the
boundedness of K™ we consider the relation

IVE®|? = sup (u, K™ p) (2.5.12)
pet2(s(m))
(k,m)=1
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with || - | denoting the operator norm on ¢2(S™)). Apply Cauchy-Schwarz twice, to obtain

(i, K™ )
= Y ul@) 1 (@) G (@)1 /1) () uly)
z,yeS(m)
< 3 | Y @6 @yt | | Y 12 @6 (@)™ ()
zeS(m) | yesim) yesm) (2513)
<| Y M@ @yt | > B@E™ (@)™ (y)
| z,yeS(m) z,yes(m)
< Z p?(z)|  sup Z G(m)($ay)ﬁ(m)(y)a
[ sestm) €S yesm

where in the last line we use the symmetry of G{"™). The last sum is equal to the average total
intersection local time (in pairs) of the m walks when their differences start in z. Clearly, the
supremum is taken at z = 0, and equals (™ (0)G(®)(0,0), because G(*)(0,0) is the average
intersection local time for each pair. Hence

VK2 <™ (0)G?(0,0) < co. (2.5.14)

But, by the self-adjointness and positivity of K™ we have (see Rudin [38], Chapter 12)

VK2 = |[K™]|'/™ = spec(K™)  VneN (2.5.15)
with spec(-) denoting the spectral radius in £2(S(™). n

3 Variational representations

In Section 3.1 we identify b,, in terms of a variational problem. In Section 3.2 we prove that
the m-th moment diverges at b = b,,. In Section 3.3 we calculate the exponential growth rate
of the m-th moment and prove that Zm = b,,,. In Section 3.4 we study the m-dependence of
bm- In Section 3.5 we collect the results and prove Theorem 1.6.1.

3.1 Variational formula for b,,

Proposition 3.1.1 Suppose that a(-,-) is symmetric and transient. Then by, = m/\;, with

- (m))2
Am = sup % (3.1.1)

¢,
ceel(s(m)) (Ca
¢#0

Proof. The proof comes in several steps. Throughout the proof we assume that b§(™ (0) < m.
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Step 1: Recall the definition of by, in (2.1.1) as well as the identity in (2.3.6). We begin by
deriving a criterion for the property E(exp[bT(™ (c0)]) < oo in terms of the discrete-time

random walk
™ = (n™9 (7)) ien, (3.1.2)

underlying the continuous-time random walk (™ = (n(™)(¢));>0 defined in (1.6.2). To that
end we perform the expectation over the jump times of n(m), which are independent of n(m)@.
Indeed, let

(0i)ien, (3.1.3)

be the successive discrete times at which n(")-® visits S(™) (put og = 0), and let M be the
total number of visits to S(™ (which is random but finite a.s. by transience). Each visit to
S(m) lasts a time 7 that is exponentially distributed with mean % Define

Omb () = E(exp[b]i(m) () T]) e stm). (3.1.4)

Then we have u
E(exp[b:r(m)(oo)]) - E(Hdm)’b(n(m%@(m))). (3.1.5)

=0

Step 2: In order to analyse the right-hand side of (3.1.5), we introduce the transition kernel

of the Markov chain on S™) obtained by observing 1(")® only when it visits S, which we
denote by P(™)(.,.). Since a(-,-) is symmetric, so is P("™)(-,-). By transience, this transition
kernel is defective:

=1 otherwise.

yes(m)

(The first line says that escape from S (m) is possible only when all walks are disjoint except
one pair. This is because only one walk moves at a time.) In terms of P("™)(...) we can write

B ( [ 06 (@)

=55 e [P ,m) - PO e, O] 1000 @)).
n=0 g0, ....n €5 (M) i=1 i=0
(3.1.7)
Define the matrix

QU (5,y) = \JOMN(z) P, y) JOMR(y),  wye s, (318)

With this notation we can write, combining (3.1.5) and (3.1.7-3.1.8),
E(expbT™ (00)]) = Cp Y (00, [Q" Ry ) (3.1.9)

n=0

with Cpp = m/+/(m —b40™(0))(m —b) and Ry (-) = [1 — PO (-, S™)]1 0 91y The
front factor, which arises from the endpoints in the second sum in (3.1.7), is harmless.

Step 3: Note the following:
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Lemma 3.1.2 QU™ s an irreducible, aperiodic, non-negative and symmetric matriz. As an
operator acting on €2(S™) it is self-adjoint and bounded.

Proof. Obvious. The aperiodicity follows from the fact that P™ (z,z) > 0 for some z € S(™)
with ™) (z) = 1. N

Define )
Xm(b) = lim —1og[Q" " (z,y),  w,y € S™. (3.1.10)

n—oo n

Under the properties stated in Lemma 3.1.2, this limit exists, is in R and is the same for all
z,y € S (Vere-Jones [45]). Moreover,

oo

Z[Q(m)’b]n(oao) < 00 — Z (z,y) < oo Vz,ye€ S(m) (3.1.11)
n=0
This leads to -
Xm(b) >0 = > [Q™*]"(0,0) =
"L (3.1.12)
Xm(0) <0 = 3 [QMM*]"(0,0) < oo

n=0

From (2.1.1), (2.3.6), (3.1.5), (3.1.9) and (3.1.12) we see that by, is the solution of the equation
Xm(b) = 0. At the end of Section 3.2 the case b = by, will be included in the top line of (3.1.12).

Step 4: Next, at b = b,, we have the following:

Lemma 3.1.3

(m),bm
sup Y (3.1.13)
veel(sm)) (v,v)
v#0

Proof. Since QU™ is a bounded operator on ¢2(S(™), the function v — (v, QU™M:Im ) ig
continuous on £2(S™)). Since £1(S(™) C £2(S(™)) is dense, it suffices to prove that

sup (v, QUPmyy = 1. (3.1.14)
ver2(s(m))
(v,v)=1

[< 1]: First consider v with finite support. Suppose that (v, Q(m)’gm v) > 1+ € for some € > 0.
Then, by the spectral theorem and Jensen’s inequality,

2n
qQUMImnyy — [ \2ap, (6 >< AdE,,l,A>
(v, [QUM P20 /R ,(>_/R ey
= (1,QUbm )" > (146  VneN

(3.1.15)

with E,, the spectral measure associated with v. Clearly this contradicts (3.1.10) with
Xm(bm) = 0, and so (v, QU™Pmy) < 1 for v with finite support. Since the v’s with finite
support are dense in £2(S(™)), it follows that the supremum is < 1.
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[> 1]: Suppose that the supremum is < 1 — € for some € > 0. Then the spectrum of Q(m)j’m
is contained in (—oo, 1 — €]. Estimate

_ 1—e€
0 < (do, [QUM:Pm2ntlgy) = / N d By, 5, (M)
—0oQ

- (3.1.16)
< / A dEs 5,(A) < (1—e)?" T ¥neN
0
But again this contradicts (3.1.10) with ¥, (by) = 0. Hence the supremum is > 1. n
Step 5: Putting p = VO(M)bmy, we may rewrite (3.1.13) as (recall (3.1.4))
p(m) - _ p(m)
peet(stmy (s (AEEm) =Ny epistmyy () — 22 (pa, 07 )
n#0 p#0
Therefore (m)
m
b = —  with Ay = sup (O (“2 : (3.1.18)
Am petl(s(m)y (p, (1= P™))p)
w#0
where the denominator is strictly positive because P™ is irreducible. Let
N o
G = "[pme = (1 — pim)~L, (3.1.19)
n=0

Because P(™ has spectral radius < 1 (due to the fact that S (T) is a uniformly transient set),
we know that 1 — P(™) is one-to-one on £'(S(™) and that G("™ is a bounded operator on
¢(8(™)). Therefore we can transform (3.1.18) via the change of variables y = G p:

. A(m) )2 y(m)
= sup  HETALET) (3.1.20)
pecl(5m) (p, G(™)p)
p#0

Finally, putting p = /4™ ¢ and using that G™ (z,y) = G™)(z,y) for all z,y € S(™ by the
definition of P(™) we get the formula in Proposition 3.1.1. |

3.2 The m-th moment at b = b,,

The case b = by, can be included in the top line of (3.1.12) when 1 is the largest ¢!-eigenvalue
of QU™):bm  Therefore we next consider the eigenvalue equation

pQm)bm — o, ve (S, v>o. (3.2.1)

Lemma 3.2.1 Suppose that a(-,-) is symmetric and transient. If by,_1 > by, then (3.2.1)
has a solution.

Proof. The idea is to use the notion of a quasi-stationary distribution.
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Step 1: Consider the matrix

1 — —
— QUMb (z,y),  Npp, = sup Y QMIr(zy). (322)
b 2eSt™ | g(m)

QUM (5 y) =

This is an 1rreduc1ble defective probability kernel. By 1ntr0ducmg a cemetery state 0, we can
extend Q(™)Pm:® {6 a non-defective probability kernel on $(™ U {8}. Let (Zn)nen, denote
the corresponding Markov chain starting in 0, and let

vp = L(Zn | Zn #9), neN. (3.2.3)

If we manage to show that (P denotes the set of probability measures)

lim v, = vy in P(S™), (3.2.4)
n—o00
then, because
Q bm,®
Upt1 = ( Q( ) bm,® > s (325)
we get that )
Voo QUMIms® — X 1 Ao > 0, Voo > 0, (3.2.6)

With Ae = (1aeQM)Im:® 1) = 1/N,, 5, the probability of no defection to O (per step) in the
quasi-stationary distribution vs,. Hence vo, solves (3.2.1).

Step 2: To prove (3.2.4), we use a criterion in Ferrari, Kesten and Martinez [22], Theorem 1,
according to which it is enough to prove that there exist § > 0 and D < oo (depending on m)
such that

Py(m9 >n | 19 >n) < De™" Vn € Ny (3.2.7)

with Py the law of (Z,)nen, given Zy = 0, and 79, 79 the first hitting times of 0,0 (time zero
excluded).

For K C {1,...,m} with 0 < |K| < m, let

Vi ={z € S™: insite z there exist i € K,j € K¢

2.
such that walks i and j coincide} (3:28)

with K¢ = {1,...,m} \ K. We will prove that there exist § > 0 and Dg < oo such that

Py(rve > n |79 >n) < Dxe™™  Vn €N, (3.2.9)
Since
N Vi ={0}, (3.2.10)
0<|K|<m

we have {19 > n} C Uy |<miTvx > n}, and so (3.2.9) implies (3.2.7) with D = > Dk.
To prove (3.2.9), write
Py(rv,e >n| 19 >n)
g gmestmnvge QU (0,51) QUM (y 1 o) x - x QUM gy ) (3.2.11)
Zyl,...,ynes(m) Q(m),bm,®(0,yl)Q(M),bm,®(y1,y2) X+ X Q(m)’bm’®(yn717yn)
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We may drop the ® because the normalisation factor in (3.2.2) cancels out. After that the
denominator in (3.2.11) equals

(B0, [QU™ P ]"1) > (5, [QU " 1"54) = [Xum (bim) + 0(1)]" = explo(n)] (3.2.12)

because X, (bm) = 0. It therefore suffices to prove that the numerator in (3.2.11) satisfies the
exponential bound.

Now, on S(™) \ Vi we have
T (o) = T™K (5,) + T K (5,)  VneN (3.2.13)

with o, the time of the n-th visit to S(™ (recall (3.1.3)) and 70K (g,,) the total intersection
local time (in pairs) up to time o, of the walks indexed by K, and similarly for K¢. Therefore,
retracing the calculations in Steps 1 and 2 of the proof of Proposition 3.1.1, we find that

numerator (3.2.11) < Ej (exp [(_)m {T(m)’K(O'n) + (M) K (Un)H 1{0n<oo}) . (3.2.14)

The inequality comes from using (3.2.13) and afterwards dropping the restriction to S™) \ Vi.
Next, apply Holder’s inequality to get, for € > 0,

numerator (3.2.11)

< E, (exp [Em {T(m)’K(oo) + T(m)’KC(OO)}] l{an<oo})

1/(1+€
t )P()(O'n < o00)¢/(1+e),

(3.2.15)
The expectation in the right-hand side factors because T(™)X (00) and T(™)5°(00) are inde-
pendent, and each factor is finite when € is picked so small that (1 4 €)b,, < /b\m_l, because
|K|,|K¢] < m — 1. On the other hand, the probability in the right-hand side tends to zero
exponentially fast with n because S(™) is a uniformly transient set. |

< E (exp [(1 +€)bm {T(m)’K(OO) + T(m)’KC(OO)}D

By (2.1.1) and Proposition 2.4.1, we have E®([X(]™) < oo for b < by, and EY®([X,]™) =
oo for b > by,. With the help of Lemma 3.2.1 we can now include b = by,.

Lemma 3.2.2 E"®([X]") = 00 at b = byy,.

Proof. By Proposition 2.4.1(b), we have b, = b,,. Suppose first that b,,_1 > by,. Then, by
Lemma 3.2.1,

pQmibm — e 01 (S, b > 0, (3.2.16)

and hence - -
S S @M y) =S uy) =00 Wy e S, (3.2.17)

n=0zcg(m) n=0

By the irreducibility of Q(™)P= this implies that

o0

> [QUMm1™(0,0) = oo, (3.2.18)

n=0
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which shows, via (3.1.5) and (3.1.9), that
B (exp[me<m>(oo)]) = . (3.2.19)

Now use Proposition 2.4.1(c) to obtain from (3.2.19) that E®([X(]™) = co at b = by,.

Suppose next that b,_1 = by, but b, _1 > by for some m' < m. We may assume
that m' is the largest such index. Then by, —; > by, and so the above argument tells us that
E”e([XO]m') = oo at b = byy. But b,y = by, and m’ < m, and so we again get £V ([X]™) = oo
at b=0b,,.

Finally, if b,y = by, for all m’ < m, then by = b,,. However, at b = by we have E® ([X(]?) =
00, as is easily seen from Lemma 2.3.2, Proposition 2.4.1(c) and (3.1.9), because S?) = {0}.
Therefore once again EV® ([ X(]™) = oo at b = by,. ]

3.3 Growth rate of the m-th moment and b,, = b,,

In this section we show that
lim L log 7€ (exp[bT<m> (t)]) = (D) (3.3.1)
t—oo m

exists and can be expressed in terms of a variational problem. We will analyse this variational
problem and show that

by, = sup{b > 0: xm(b) =0} (3.3.2)

(recall (2.1.1) and (2.3.6)) coincides with b,,. Together with Proposition 2.4.1(b) this will
show that all three critical values in (2.1.1) coincide.

In order to pose the problem in a form suitable for a large deviation analysis, we recall the
definition of the differences random walk (7™ (£));>0 in (1.6.2) and the intersection function
#(m) in (1.6.6). Using (2.3.7), we have the identity

T (1) = / "y (1™ (s)) ds. (3.3.3)
0

Next, we define the empirical measure
(m) _ 1 !
Lt — Z/O 5n(m)(s)d8. (334:)

Lemma 3.3.1 Suppose that a(-,-) is symmetric. Then (Lgm))tz[) satisfies the weak large
deviation principle on P(I™)) with rate function

Jm (1) = <y%,m(n - a<m>)u%>, v e P(Im), (3.3.5)

where a\™(-,-) is the transition kernel defined in (1.6.3). J™) is bounded on (*(I'™) and
when restricted to ' (I(m)) is continuous in the ¢'-topology.

Proof. See Deuschel and Stroock [20], Section 4.2. The rate function is given by (3.3.5) because

m(a™ —1) is the generator of the Markov process (7™ (t));>0 and a(™)(-,-) is symmetric (re-
call (1.6.1)). The latter is crucial for having the explicit formula in (3.3.5). The boundedness
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of J(™) is obvious. The continuity of J™ follows from the fact that m(1—a(™) is a bounded

operator from ¢2(I(™) into £'(I(™), in combination with the fact that if v, — v as n — oo
1

. i 1. .
in #'-norm, then v2 — v2 in #%>-norm. To see the latter, write

||Vn% - V%H2 = Z (\/ vn(z) — /v(z) )2 =2- ZZ Vn(z)v(z). (3.3.6)

x

If v, — v in ¢*-norm, then Fatou’s lemma gives liminf, oo >, v/vn(2)v(z) > > v(z) = 1.

1
Hence lim;, ;o [|v7 — % 12 =0. n

Lemma 3.3.1 leads us to the following identification:

Lemma 3.3.2

Xm(b) = sup {b(l/,]j(m)> — J(m)(u)}. (3.3.7)
veP(1m))

Proof. For ease of notation we drop the superscript (m). We cannot apply Varadhan’s lemma
directly to (3.3.1-3.3.4), since we only have a weak large deviation principle. This problem
can be handled via a standard compactification argument, as follows.

Let (0% (t))i>0. (ny (£))e>0 be the differences random walks obtained by wrapping (1(t)):>0
around the torus Ay = ([-N, N)?n I)%m(mfl) (recall that I = Z%), respectively, by killing it
when it hits Ay, the boundary of Ay. Let Ty (t), Ty () be the quantities corresponding to
T'(t) in (3.3.3) for these two processes. Then, by the large deviation principle in Lemma 3.3.1
restricted to Ay, we have for every N:

1 1 _ _
Jim ZlogE(exp[bTR}(t)]) =5%,  Jim ZlogE(exp[bTN(t)D = Sy, (3.3.8)
with
st= sw {pwwp-Jdvom}  Sy= s {bn - Jdvew} (339
vNEP(AN) VN(%?(A)NE
VN N)=

Here, Jy is the analogue of J in (3.3.5) restricted to Ay, i.e.,

1

In(vy) = <V§V,m(n —an)vi), v € P(A), (3.3.10)

with an (-, ) the periodised transition kernel

an(z,y) = Z a(z,y + 2), z,y € Ay. (3.3.11)
2€(2N)I1(m)
Now, obviously
Ty () > T(t) > Ty (1), (3.3.12)

because the interesection local time increases by wrapping and decreases by killing. Conse-

quently,
Sy >8>Sy (3.3.13)
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with S the right-hand side of (3.3.7). Hence, to prove (3.3.1) and (3.3.7) it suffices to show
that
liminf Sy > S, limsup SF; < S. (3.3.14)

N—o0 N—oo

Lower bound: It suffices to show that for every v € P(I(™)) there exists a sequence (vy), with
vy € P(Ay) and vy (OAN) = 0 for each N, such that

w— lim vy =v, lim Jy(vy)=J(). (3.3.15)
N—o0 N—o0

Indeed, with the help of Fatou’s lemma this gives
lim inf Sy, > liminf{b(yN, ) — JN(I/N)} > b (v, t) — J(v), (3.3.16)
N—oo N—oo

and so we get the first half of (3.3.14) after taking the supremum over v afterwards.

For the given v, the sequence (vy) is chosen as follows. Put vy(z) = v(z) for all z €
An \ (0AN U{0}) and vn(0) = v(0) + D> ¢puon, ¥(2). Then the first half of (3.3.15) is
obvious. For the second half, since J is continuous in the ¢;-topology it suffices to show that
limy_oo[Jn(vN) — J(vn)] = 0. To that end, we estimate

0 S J(VN)—JN(I/N)

1 1
= m(”]%fa(aN_a)V]%»

< m ) vn(@)(ay —a)(z,y)

zyEAN (3.3.17)
< msup ) (ay —a)(z,y)

TEAN yEAN
< m sup E G(JT,y) :5]\77

TEAN  yer(m)
ly—zlloo =N
where in the third line we use the Cauchy-Schwarz inequality and the symmetry of ay and a,
and in the fifth line we use (3.3.11) and the shift-invariance of a(-, -) (note that on the sublattice
with spacing 2N containing y € Ay, the site closest to z is captured by the supremum over
z € Ay and the sum over y € I(M) with ly — z||oo < N). Obviously, limy_,~ dx = 0, which
completes the proof of the first half of (3.3.14).

Upper bound: Estimate, with the help of (3.3.17),

Sk = s {blw.t) — Inw)}
vNEP(AN)
< sup {b () — J(VN)} N (3.3.18)
vNEP(AN)
< S+n.
Let N — oo to obtain the second half of (3.3.14). n

It follows from (3.3.7) that b +— X;,(b) is nondecreasing and convex on [0,00). Since it is
finite, it is also continuous on [0, 00). Obviously, x,,(0) = 0. The critical value b,, is given by
(3.3.2). It further follows from (3.3.7) that

D™ (0) — T (5) < xm(b) < bE™(0), (3.3.19)
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where J(™(55) = m(1 — a(™(0,0)) = m (use (3.3.5) and (1.6.3), and recall that a(0,0) = 0
as assumed below (1.4.9)).

Proposition 3.3.3 Suppose that a(-,-) is symmetric and transient. Then Em =b,,.

Proof. Changing variables in (3.3.7) by putting v = pu?, we get

Xm(b) = sup F™(p) (3.3.20)
pee2(1(m))y
(=1
with

FO () = b (i, 8)) = m{u, (1 = a™)p). (3.3.21)

Define ) o)

X (w2, ™)
Am = sup , (3.3.22)

" pee2(r(m))y (/1" (]1 - a(m))ﬂ'>
w#0

where the denominator is strictly positive because a(™)(-,-) is irreducible. It follows from
(3.3.20-3.3.21) that
bAm >m = xm(b) >0,

z 3.3.23
bAm <m = xm(b) =0. ( )

Hence by, = m/Xm Change variables in (3.3.22) by putting = G(™p. Then, because
G = (1—al™)" 1, we get

~ (m) ;)2 4(m)
%> sup (G™p)" ™)
petl(s(m)) (p, G(m)p>

p#0

(3.3.24)

Here the inequality arises because we restrict the support of p to S): G("™p does not run
through all of £2(S(™)). Note here that, because G(™ is strongly transient by Lemma 2.5.1,
p € £1(S™) implies that u = G™p € ¢2(1(™),
Putting p = /(™) ¢ with ¢ € £1(S™)), we obtain
5 (¢, [K™P¢)
)

Am > sup . (3.3.25)

¢,
ceel(s(m)y (C’K(m C
¢#0

Comparing with (3.1.1), we have thus found that Xm > :)\\m Consequently, Em < b,,. However,

it is obvious from (2.1.1) that by, > b,,. Hence we get by, = by, and Ay = A |

3.4 Analysis of m +— b,

The remaining steps in this section are the following three propositions.

Proposition 3.4.1 Suppose that a(-,-) is symmetric and transient. Then by, = by, = b, =
o with A, the spectral radius of K jn 02(8(m),
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Proof. It follows from Propositions 2.4.1(b), 3.1.1 and 3.3.3 that b,, = b, = by = 1o with
Am given by the right-hand side of (3.1.1). We saw in the proof of Lemma 3.1.3 that the

supremum may be taken over v € ¢2(S(™). Putting p = VK™y in (3.1.1), we see that
A = [[VK (™) |2, Now recall (2.5.15). |

Proposition 3.4.2 Suppose that a(-,-) is symmetric and transient. Then the spectral radius
of K™ is an eigenvalue if and only if by_1 > by,.

Proof. The fact that by,_; > by, implies that the spectral radius of K(™ is an eigenvalue
follows from Lemma 3.2.1 via the change of variables in Step 5 in the proof of Proposition
3.1.1. Indeed, Lemma 3.2.1 shows that the supremum in (3.1.1) is then actually attained.

To get the reverse, we use Lemma 3.2.1 and Proposition 3.4.1. The idea is to imbed
the variational problem with label m — 1 into the one with label m. To that end, consider
m random walks but ignore the intersection local time the m-th random walk has with the
others. By repeating the large deviation analysis in Section 3.3, we get a formula for X,,,—1 ()
of the same form as in (3.3.7) but with the first term (v, (™)) replaced by

(v, bl =1y, (3.4.1)

where (compare with (1.6.6))

Ii(’ﬂ’b),(’ﬂ’bfl) (Z) — Z 1{Zp*Zq:0}7 z = (zp — Zq)1§p<q§m, Zp, Zq S I (342)
1<p<g<m—1

In this way we can represent X, (b) and x,,—1(b) via a variational problem on the same space:

xm® = s {blgm) — gm)l,

vePut™) (3.4.3)
Xm_1(b) =  sup {b<,,,ﬁ(m>,(m—1>>_ J<m>(y)},

veP(Itm))

Now consider these two variational problems at b = b,,,. Suppose that K™ has a maximal
eigenvalue. Then this eigenvalue is unique, and so is its corresponding eigenvector. Con-
sequently, the first variational problem has a unique maximiser, say 7 € P(I (m)), which is
strictly positive. For e € (0,7(0)), put

U= {v e PI™): [v(0) — 2(0)] < e}, (3.4.4)
and let
A = s Aba D) — gm
veP(IM)\U. (345)
Be = sup {by (v, 4 0) — Jm (1)},
vEU,
Since 7 is the unique maximiser, we have
0= Xm(bm) > sup {bm (v, ﬁ(m)> - J(m)(y)} > A (3.4.6)
veP(Im))\Ue
Since (™ (0) > §0™):(m=1)(0), we have
0 = X (br) > sup {bm (v, )y — J<m>(y)} > B.. (3.4.7)

VGZ/[E
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Combining (3.4.6-3.4.7) with the observation that x;,—1(bm) = AV Be, we find that x,,—1(bm)
< 0 and hence that b,,_1 > by,. [ |

Proposition 3.4.3 Suppose that a(-,-) is transient. Then
(a) by = 2/G2)(0,0).

Suppose that a(-,-) is symmetric and transient. Then

(b) by > b3 > by > --->0.

(¢) by < (m — 1)by, < 2/G™(0,0) < 2.

(d) limy, o0 (m — 1)by, exists.

Proof. (a) The formula for by is obvious because S = {0} and §(®(0) = 1, giving Xy =
G2(0,0).

(b) The fact that m + by, is nonincreasing is trivial from (2.1.1) and Lemma 2.3.2. The fact
that b, > 0 for all m follows from (c).

(c) We prove that
1 (0)G"™(0,0) < A < £ (0GP (0,0), (3-48)

which implies the claim. The lower bound is obtained by picking u = g in (2.5.12) and using
(2.5.15). The upper bound follows from (2.5.14-2.5.15).

(d) The proof is an adaptation of the argument in Carmona and Molchanov [6], Chapter III,
Section 1.3. The key is the following inequality:

Lemma 3.4.4 If

r
m:Znimi with n;,m; € N and m; > 2 fori=1,...,r, (3.4.9)
i=1
then
b < i b Vb >0 (3.4.10)
Xm m_1 _i:1 i X'my; -
Proof. Let P denote the collection of all partitions of {1,...,m} into n; groups of m; integers

fori=1,...,r. For P € P, write

P = (Pij)i=t1,..rj=1,..n; (3.4.11)
to label these groups, so that
{L,...,m} =Uj_; UL, P (3.4.12)
with
|Pijl =m;, i=1,...,r,j=1,...,n; (3.4.13)
The cardinality of P is
|
Pl =N = ™ (3.4.14)

[Tizy it m;

40



Moreover,

with

Now, let

Then, by (3.4.9),

n;
>N > 1=N, i=1,...m

PcP j=1 klEP;;
1<k<I<m

m(m — 1)
-11
=
m; —1 N

2": 0iN; = 1.
=1

Using (3.4.15) and (3.4.18), we may write

t
T (t) = > /Ol{ms):a(s)}ds

1<k<I<m

r n; ¢
=D D6y Y /Ol{sk(w:s,(s)}d&

PePi=1 j=1 kleP;
1<k<i<m

With the help of (3.4.19), we may estimate

g5 (exp [bT(m) (t)} )

r i t
=B | T exe |00 >, /0 Lgn(s)=61(s)y 05
J

PePi=1 j=1 kleP;

< H Eg(m)

PeP

r n; t
= [T TI &< | exp | N0 >~ 3 /0 Ligy (s)=61(s)} 45

PePi=1

r n; t
[Tew |Nosi Y~ > /0 Ly (s)=¢(s)} 48
=1

L 1<k<I<m

j=1 kileP;
L 1<k<i<m i

j=1 k,l€P;;
L 1<k<I<m -

r n; t
(m)
zl_IE£ exp | NbJ; E E /0 Leus)=i(spyds | |
i1

y — *
j=1 k,l€P;
1<k<I<m

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

(3.4.19)

1/N

(3.4.20)
1/N

where P* is any representative partition. Here, the third line uses Holder’s inequality, the
fourth line uses that the factors labelled by i are independent, and the fifth line uses that the
expectations for given P do not depend on the choice of P. Taking logarithms, dividing by ¢
and letting ¢ — oo on both sides of (3.4.20), we obtain

Xm(b) < Z i Xm; (Nb(sz)
=1
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(recall (3.3.1) and (3.4.13)). Inserting (3.4.17) and replacing b by b/(m — 1), we arrive at
(3.4.10). n

We now show why Lemma 3.4.4 implies the claim in Proposition 3.4.3(d). An immediate
consequence of Lemma 3.4.4 and the definition of b,,,

by, = sup{b > 0: xn(b) =0} (3.4.22)
(recall (3.3.2) and use that by, = by,), is that, subject to (3.4.9),

(m —1)by, > min (m; — 1)by, (3.4.23)

=
Let ¢ = limsup,,,_, o, (m — 1)by,. Pick € > 0 arbitrary, and pick m; = mq(e) such that
(my —1)bp, >c—ce. (3.4.24)

For m > my, let ny = [m/m1]. Since m < nym; < m + m, we may estimate

m—1

(m = 1bp > (m = 1)bpym, = (nim1 = 1)bnym,

(c—e).

nimiy — 1

m—1 m—1
(ml—l)bml >

(3.4.25)
“nimp—1 m+m; —1

Here, the first inequality uses that m — b, is non-increasing, while the second inequality uses
(3.4.23) for r = 1. Let m — oo to obtain that liminf,, ,(m — 1)b,, > ¢ — €. Let € L 0 to get
limyy— 00 (m — 1)bym = ¢. Note that ¢ = sup,,>o(m — 1)by,. n

3.5 Proof of Theorem 1.6.1
Proof. (a) Combine (2.1.1), Proposition 2.4.1(c) and Lemma 3.2.2.

(b) Combine (2.3.6), (3.3.1), (3.3.2), Propositions 2.4.1(b) and 3.3.3, and the fact that b —
Xm(b) is continuous.

(c—d) Combine Propositions 3.4.2-3.4.3.

(e) Use Lemma 3.3.2 and (3.3.19). n

4 Survival versus extinction

In Section 4.1 we prove Theorem 1.5.3. In Section 4.2 we prove Theorem 1.6.3.

4.1 Proof of Theorem 1.5.3

In Section 4.1.1 we introduce the Palm distribution of our process X = (X (t));>0. In Section
4.1.2 we use the Palm distribution to identify b,. In Section 4.1.3 we prove Theorem 1.5.3.
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4.1.1 Palm distribution and its stochastic representation

By size-biasing our process

X = (X(5)io (4.1.1)
at the origin at time 7', we obtain a process
X" = (X"(t)o<s<r (4.1.2)
satisfying
~ 1
dP((X"(t))o<t<T €-) = 5 Xo(T)dP((X())osi<r € ). (4.1.3)

In what follows we construct a stochastic representation of XT in terms of a random walk
and an SSDE, leading to a stochastic representation of the Palm distribution of X, i.e., the
law of XT(T).

Step 1: Fix T' > 0. Let { = (¢(t))s>0 be the random walk on I with transition kernel af(-,-)
and jump rate 1, starting at the origin and independent of W. Given (, let

XT(t) = {X5T (D Yier (4.1.4)

be the solution of the SSDE

dXPI(t) = ali, HIXTT () = XU @] de + /X (8) dWi(t)
I, (4.1.5)

+oXSTW) (T —t) =i}dt, iel, t>0.
Here, the difference with the SSDE in (1.4.2) is the presence of the last term, which produces
a (-dependent random potential. Like (1.4.2), if XZ-C’T(O) € &1 (the space of configurations

defined in (1.4.4)), then (4.1.5) has a unique strong solution on &£ with continuous paths
(compare with Theorem 1.4.1(a)). Let

P(-) = law of ¢ on T, Q%T() = law of X" (T) on [0, 00)! for given (. (4.1.6)
Then
QT () = /Qg’T(-)P(dC) = law of X7 (T) on [0, 00)’ (4.1.7)

is the Palm distribution of X.

Similarly as in Lemma 2.2.1, we have a representation formula:

Lemma 4.1.1 Given a realisation of the random walk (, the process ()?C’T(T))TZO starting
from XST(0) = © can be represented as the following functional of the Brownian motions:

T T
X1 (1) = 03" B} | exp |V /0 > Y=} dW;(s) +b /0 Lgr—s=cr-ds| |
Jjel
(4.1.8)
where § = (£(t))¢>0 is the random walk on I with transition kernel a(-,-) and jump rate 1, and
the expectation is over & conditioned on £(0) =i (£ and W are independent).
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Proof. The proof uses Ito-calculus and is similar to that of Lemma 2.2.1. [ |

Step 2: The link between X (T) and X7 (T) is given by the following identity, which expresses
the size-biasing at the origin at time 7" as required in (4.1.3):

Proposition 4.1.2 For all measurable finite f: [0,00)] — R that depend on finitely many
coordinates,

B (F(RET(T)) = BV (Xo(T)F (X(T)). (4.19)

Proof. For polynomial f, the identity easily follows from (4.1.8) via a calculation of the type
presented in Section 2.3. It turns out, however, that for fixed time the m-th moment grows too
fast with m to be distribution determining. Therefore we need an argument to show that the
identity holds in the generality stated. This goes via an approximation argument, as follows.

Let 7 = ({ni(n)}icr)nen, be the discrete-time Markov chain on [0,00)! defined by the
recursion formula,

ni(n+1) =Y ali,j)Vi(n)ni(n), i€l neN, (4.1.10)
jel
where
V = ({Vi(n) }ier)nen, (4.1.11)

are independent copies of an i.i.d. random field on [0, o0)! whose components are equal in
distribution to the random variable

Vo = eYP273"  with Z standard normal. (4.1.12)

As initial configuration we take n(0) € £;. Note that iteration of the recursion formula in
(4.1.10) gives us a representation similar to (2.2.1), with V replacing W and the average
running over the discrete-time random walk with transition kernel a(-,-). This will be useful
later on for the approximation argument.

To construct the stochastic representation of the Palm distribution of , let ¢ = ({(n))nen,
be the discrete-time random walk on I with transition kernel a(-,-) starting at 0, and let 170
be the size-biased version of the random variable Vj:

E(f(Vo)) = EVof (Vo)) Vf: [0,00) — R measurable with bounded support. (4.1.13)

Fix N € Ny. Given (, let

{75 (m)ier (4.1.14)
be given by the recursion formula
75N (n+ 1)
. PS ¢ : 4.1.15
= 3" aliy) [Vimlieor mey + Bimlggor mepy] 75V 0), i€ Lneny, (411)
jel
where R R
V = ({Vi(n) }ier)nen, (4.1.16)
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are independent copies of an i.i.d. random field on [0,00)! whose components are equal in
distribution to the random variable V. Note that iteration of the recursion formula in (4.1.15)
gives us a representation similar to (4.1.8). Let

QSN () = law of 7SN (V) on [0, 00)?. (4.1.17)
Then
QN (") z/QC’N(-)P(dg) = law of 7V (N) on [0, 00)’ (4.1.18)

is the law of the size-biasing of i at then origin at time N. Indeed:

Lemma 4.1.3 For all measurable finite f: [0,00)! — R that depend on finitely many coordi-
nates,

1

ESY(f([N (V) = 6Ev(no(N)f(77(N)))- (4.1.19)

Proof. This claim, which is the discrete-time analogue of the claim in Proposition 4.1.2, can
be proved with the help of Birkner [4], Lemma 1. There the recursion formula (4.1.15) for
7SN (N) is derived in terms of Vp, the size-biased version of Vj (recall (4.1.12-4.1.13)). n

In order to prove Proposition 4.1.2 via Lemma (4.1.1), what we need to check first is that
Vo = eVP2+3%  with Z standard normal, (4.1.20)

since this implies that the discrete version of Lemma (4.1.1) is satisfied by 7. Comparing
(4.1.12) with (4.1.20), we see that the size-biasing changes —3b to b in the exponent. To see
why this is so, we note that by size-biasing the diffusion

dY (1) = VJoY2() dW (1),  Y(0) =1, (4.1.21)

with respect to the time horizon T', we get the diffusion

dY (t) = bY () dt + \/bY2(t) dW (t), Y (0) =1, (4.1.22)

observed at time 7. Indeed, h(z) = x is harmonic for the diffusion in (4.1.21). The h-transform
of a diffusion with generator G' has generator

G"(f) = %G(hf). (4.1.23)
Since o2
_ 1, 5 07

G = be 907 (4.1.24)

G" =br — + ~ba® —— (4.1.25)
X

which is the generator of the diffusion in (4.1.22). Now observe that ¥y £ Y(1) and Vo 2 17(1),
to get the claim in (4.1.20).
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To complete the proof of Proposition 4.1.2, all we need to do is to show that a speeded
up version of the pair (n,7") converges to the pair (X, X7T), so that (4.1.19) implies (4.1.9).
This goes as follows.

For L € N, let a(")(-,.) and VO(L) be given by

a4, 5) = %a(i,j) + (1 - %) 6(4,7),

(4.1.26)
L b 16
Follow the same construction as in (4.1.10-4.1.18) to obtain a pair (n*), 7 V(1)) satisfying the
analogue of (4.1.19):
~ 1 L
B (GNP = 5BV (m7 () F P (). (4.1.27)
The key is now the observation that
(L)
(n ([Lﬂ))ogtg — (X())o<t<r  as L — o0 (4.1.28)
and
A ILt(L) X
@ ([Lt]))ogtg — (X(®))ocicr a5 L — oo, (4.1.29)
Clearly, (4.1.27-4.1.29) imply (4.1.9).
To see why (4.1.28) is true, we iterate (4.1.10):
ni(m) = Z a(i,gi1) X -+ X a(fm—1,Jm) Vj, X -+ X V. (4.1.30)

j1a~~~ajm

Replace a(-,-), Vi by alP)(-,-), V(L), and note that that

)

() (1) 2 b 1D : :
V. xex Vi £ exp z(Zl_|_...+Zm)—§zm for all ji,...,jm €1 (4.1.31)
with Z, ~ N (0,1), k =1,...,m, iid.
For m = [Lt] we get weak convergence, as L — 0o, to
1
exp [\/&Z - §bt] with Z ~ N(0,1) (4.1.32)
(note that the mean is fixed at 1). Further note that
[Lt]
(a(L>(-, -)) ettt as L oo (4.1.33)

pointwise on I xI. Applying (4.1.31-4.1.33) to the L-version of (4.1.30), we get the convergence
in (4.1.28) for fixed ¢ with the help of the discrete analogue of (4.1.8). Since both the limiting
process and the L-approximant processes are Markov, it follows that the convergence holds
for the processes as well.
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To see why (4.1.29) is true, note that

s%pE ({néL)([Lﬂ)r> < 0. (4.1.34)

Indeed, the square of (4.1.31) converges to the square of (4.1.32), and hence the expectation
of the square of the exponential in the right-hand side of the L-version of (4.1.30) is bounded,

uniformly in L, by a constant times exp[3bt]. By (4.1.34), n((]L)([Lﬂ) is uniformly integrable,
and hence (4.1.28) yields (4.1.29). n

Step 3: The reason why the Palm distribution is convenient is the following important fact,
which is immediate from Proposition 4.1.2:

Lemma 4.1.4 X(T) = g as T — oo if and only if XT(T) = doo as T — 0.

Proof. For a proof we refer to Kallenberg [35]. The intuition is the following. First note that,
by translation invariance and irreducibility, the statement is equivalent to Xo(7) = o if
and only if )/(\'g (T') = 0c0- Next, if X locally dies out, then (because the mean is preserved)
it clusters, i.e., it develops high peaks at rare sites. After size-biasing, as in Proposition 4.1.2,
these peaks cause explosion, which is why X diverges. Conversely, if X locally survives, then
it does not cluster. The size-biasing therefore does not cause explosion, which is why X does
not diverge. |

From Lemma 4.1.4 we obtain the following criterion for survival vs. extinction of X.

Lemma 4.1.5 Let PT(-) denote the law of X(T) on [0,00)! (recall (4.1.6-4.1.7)). Then

(PT)r>o survives <= (QT)rso is tight <= (Q%T)7>o is tight ( —a.s. (4.1.35)

In Section 4.1.2 we use Lemma 4.1.5 to identify b,.

4.1.2 Identification of b,
Abbreviate

T
Mg(T) = @efébT exp \/(;/0 Zl{ﬁ(Tfs):j}de(s) . (4.1.36)
Jel

This is a martingale in W for every fixed £, with M £(0) = ©. In terms of this quantity, the
representation formulas for X (in (2.2.1)) and X (in (4.1.8)) read

Xi(T) = Bf(MY(T)),
RET (1) = B (Mg(T)est,C(T)> , (4.1.37)
where T¢¢(T) is the intersection local time of ¢ and ¢ up to time 7.
Proposition 4.1.6 X survives for 0 < b < b, and locally dies out for b > b, where
b, = sup{b > 0: (QC’T)TZO is tight ( — a.s.}. (4.1.38)
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Proof. This follows from (4.1.6) and (4.1.35). Note that tightness is tail trivial. n

Equation (4.1.38) is to be compared with the formulas for b, and b, given in (1.6.18)
and (1.6.20). However, (4.1.38) is more difficult to analyse. For one, since b appears with
both signs in (4.1.36), it is not a priori obvious that b, defines a unique transition: for this
we need to show that if (QC’T)TZO is tight (-a.s. for some b > 0, then the same is true for
all smaller values of b. Fortunately, the latter property can be shown to hold with the help
of a coupling technique put forward in Cox, Fleischmann and Greven [9]. There it is shown
that, for processes with fixed mean (© in our case), “more noise causes the process to be
more spread out and hence to be more prone to extinction”. More precisely, it is proved that
two systems of the type in (1.4.8), with diffusion functions gi, g2 satisfying g; > go, have the
property

EXo (e*Axo(ﬂ) > g (e*Axo(ﬂ) YA > 0, (4.1.39)

where EX+9 is expection over X driven by g. Therefore, if the right-hand side converges to 1 as
t — 00, then so does the left-hand side and, conversely, if the left-hand side remains bounded
away from 1 as t — oo, then so does the right-hand side. Applying this to ¢i(z) = byz? and
ga(x) = bew?, we get the required monotonicity.

Our next observation is the following:
Lemma 4.1.7 b, > b,..

Proof. Take the expectation over W in the second line of (4.1.37), use Fubini and the fact that
(4.1.36) is a martingale in W, to obtain

EV(XST(T)) = Ef (ebT5’<<T>) . (4.1.40)

Let b < by, Then, according to (1.6.20), the right-hand side is (-a.s. bounded in T'. Conse-
quently, (XZ-C’T (T))r>0 is a tight family of random variables (-a.s. Thus, by (4.1.6), (Q%T)r>o
is tight (-a.s. Therefore, by Lemma 4.1.5, b < b,. |

In Section 4.2 we will prove that b,, > bs. Together with Lemma 4.1.7 this will imply that
b, > by, which is the claim in Theorem 1.6.3.

4.1.3 Proof of Theorem 1.5.3

Proof. We look at the corresponding parts of Theorem 1.5.2.

(a—b) Combine Proposition 2.4.1(a) with Proposition 4.1.6.

(c-d) These follow from Lemma 2.2.2 along the lines of Cox, Klenke and Perkins [11]. The
key property is the self-duality expressed in Lemma 2.2.2. Indeed, self-duality translates
convergence of the process into convergence of the process starting from a configuration with
finite mass. For the latter, martingale convergence arguments can be applied to get (d). After
that, (c) follows from (b) and (d).

(e) This follows from (d) and the representation formula in Lemma 2.2.1, which show that vg
tends to doe as © — 0o because of the presence of the prefactor © in (2.2.1). n

48



4.2 Proof of Theorem 1.6.3

Proof. We derive a variational expression for b,, and prove that b, > bs.

Step 1: According to (1.6.19-1.6.20), we have

byx = sup {b >0: Ef (exp [b/ooo l{g(t):g(t)}dt]) <oo ¢ — a.s.}. (4.2.1)

Expand the expectation in powers of b to write

B (eXP [bfo Lew= s’@)}dtD

= NX_:O bN [ dsy ... [y  dsn Lisi<<sn}

x P& (&(s1) =& (s1),...,&(sn) =& (sn)) (4.2.2)

o0
= NZ_O bN f()oo dsy... f()oo dsy 1{51§---§sN}

Xpsl(oa5(31))1)82—81(5(31)’5(32)) Xoeee X pSN—SN—l(g(SN—l)’g(SN))

with p(i,7) = PE(€'(t) = j | €(0) = i), i,j € I, the transition kernel of the random walk.
We will show that % times the logarithm of the N-fold integral in (4.2.2) converges £-a.s. to
a constant C' as N — oo. By (4.2.1), this will imply that b,, = exp[—C].

Step 2: Let (7,)nen be ii.d. positive random variables with probability law

p2t(0a 0)

P(Tl S dt) =S
3G(0,0)

dt. (4.2.3)

Then the N-fold integral in the last line of (4.2.2) can be rewritten as

[%G(0,0)] ET ’TN( 1;; n> (4.2.4)

where py(j — i) = pi(4, ) and

An:g(im)—g(nim), neN, (4.2.5)
m=1 m=1

with 79 = 0. The expectation in (4.2.4) seems well suited for a large deviation analysis, but
the problem is that the A, are correlated because ¢ is fixed. In order to circumvent this
problem, we introduce i.i.d. copies of ¢ (independent of {7, }nen):

{Eatnen  with & = (&())io, (4.2.6)
and define B B
An = fn(Tn)a n € N. (4.2.7)

Since ¢ has i.i.d. increments over disjoint time intervals, the probability law of (zn)neN as a
function of (§,)nen is the same as the probability law of (A, ),en as a function of €. Therefore,
if we consider

B ’TN( ’;; ) (4.2.8)
Tn
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and manage to prove that this expectation has a (an)neN—a.s. constant growth rate in IV,
then this growth rate is also the &-a.s. growth rate of the expectation in (4.2.4). Indeed, the
two expectations in (4.2.4) and (4.2.8), viewed as sequences labelled by N, have the same
probability law and so the a.s. convergence carries over.

Step 3: Let us introduce the empirical process

- N
{gn}neN _ i _
RN - N Zl 6(Tm:§m)n§m<N+n’ N e N’ (429)
n=
with periodic boundary conditions on 1,...,N. This is a random element of P([(0,00) X

110291V} " the set of shift-invariant probability measures on [(0, 00) x TN, In terms of this
quantity the expectation in (4.2.8) can be written as

ETTN (exp [N / / (m REIY) (dr, dE) log p;%g)))})’ (4.2.10)

where 71 Q is the projection of @ onto (0,00) X I10,20)

According to Deuschel and Stroock [20] Theorem 5.4.27, (RJ{\?"}%N)NGN satisfies the large
deviation principle on P([(0, 00) x I0)|N) with rate function h(- | (u x v)V), i.e., the specific
relative entropy with respect to (u x )Y, where

is the law of 7 given in (4.2.3),
a e (4.2.3) (4.2.11)
v is the law of &;.

Therefore, applying Varadhan’s lemma in combination with the ergodic theorem for 5, we
obtain

J\P—r)noo % log (4.2.10) = S (4.2.12)
with
= 100 PE) N
S = oS [ / / (m@)(dr, d€)log =" == ~ h(Q | (1 x v) )], (4.2.13)
rl@=yN

where 7+Q is the projection of ) onto [I [O’w)]N. I Note that Varadhan’s lemma applies because
(t,x) — pi(z)/p2:(0) is continuous and bounded from above (see Deuschel and Stroock [20]
Theorem 2.1.10).

Since the integral in (4.2.13) depends on m @ only, the variational problem reduces to
Q=q"

= B log ErEM)
o= qu((o,i;gﬂo,oo)) [//q(dT’ @) log p2r(0) hig | xv)l, (4.2.14)

Tvq=v

'For details on how the restriction 7¢Q = v arises from the ergodic theorem, see e.g. Comets [8], Greven

and den Hollander [28], Seppéldinen [39]. These papers derive large deviation principles for random processes
in quenched random media, showing that an average may be taken over the random medium, but subject to
the restriction that all cylinders have the correct frequency as dictated by the ergodic theorem.
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where mtq is the projection of ¢ onto I, Collecting (4.2.1-4.2.2), (4.2.4), (4.2.8), (4.2.10~
4.2.12) and (4.2.14), we arrive at

bys = exp[—log{3G(0,0)} — 5] = bye™ (4.2.15)
(recall (1.5.6)). This completes the derivation of a variational expression for b...

Step 4: To prove that by, > by, we must show that S < 0. For any ¢ with 7t¢ = v, we have

bl | xv) = [ v(d€) blag | 1) (42.16)

with qz the probability law on (0, 00) obtained from ¢ by conditioning on E Writing pu(dt) =
p(7)dr and Qg(d’r) = Qg(T)dT, we therefore have

J [ aldr, dé)log 22 hiq | x v)
= [ (d€) [ dr qg(r)log | LG M
= [v(d€) [dr qz(7) log [pTG(f(gO)) ng)]
<log [ v(d€) [ dr b ite (()73; (4.2.17)
=log [,° dt Z :’(5)2])

=log [,° dt lpét(g

=logl =0,

)
0)

where we use Jensen’s inequality and (4.2.11). Hence, S < 0. However, the inequality in
(4.2.17) is strict because it is not possible that

ge(7) = Cpr(E(r))  w(df)g(r)dr — a.s. (4.2.18)
Indeed, [ q 7)dT = 1 v-a.s. while [ pT 7))d7 is not constant v-a.s. Consequently, S < 0,
which completes the proof of Theorem 1. 6 3. |
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