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Asymptotic behaviour of injection and suction for
Hele-Shaw flow in R? with surface tension near balls

E. Vondenhoff

Dep. of Mathematics and Computer Science
Technische Universiteit Eindhoven
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Abstract

We discuss long-time behaviour of the Hele-Shaw flow in R® with surface tension and injection or suction
in the origin, for domains that are small perturbations of balls. After rescaling, radially symmetric
solutions become stationary. We study the stability of these solutions. In particular, we show that all
liquid can be removed by suction if the suction point and the geometric centre coincide and the ratio
of suction speed and surface tension is small enough. Any smaller amount of liquid can be removed
if the suction point is near the geometric centre. We use the principle of linearised stability and the
abstract theory of quasilinear parabolic equations.

1 Introduction

In the problem of Hele-Shaw flow with surface tension and injection or suction at a single point one
seeks both a family of domains t — Q(t) € RN, 0 € Q(t), parameterised by time ¢ and two functions
v(,,t): Q(t) — RY and p(-,t) : Q(t) — R such that

divv = pud in Q(t), (1)
v=-Vp inQ(), (2)
p=—yk onI(t):= 0N(¢). (3)

Here, k(-,t) : T'(t) — R stands for the mean curvature of the moving boundary ¢ — T'(¢) of the domain
(taken negative if (¢) is convex), u stands for the injection speed if p > 0 or the suction speed if pu < 0,
~ is a positive constant and ¢ is the delta distribution. The normal velocity v, of the moving boundary
I'(t) is given by

Vp =V -1 (4)

v, =V D

Figure 1: Hele-Shaw flow with surface tension where injection or suction takes place at a single point



From (1), (2) and (3) we get

Ap=—pud in Q(t), (5)
p=—yk onT(t) = d(t). (6)

Hence, we have a Dirichlet problem for any time ¢. On I'(t) we have

o
On’

Besides liquid flow in a Hele-Shaw cell, see Elliott and Ockendon [EO82], the model and variations of it
describe the growth of tumors and porous media flow.

For a similar problem, Escher and Simonett [ES97a] proved existence of short-time solutions ¢ — Q(¢).
Global existence in time and stability for the problem without surface tension and injection for small
perturbations of balls has been proved in [Von06]. For the suction problem, Tian [Tia95] proved that if
the geometric centre and the suction point do not coincide, then the solution breaks down before all the
fluid is sucked out or the domain becomes unbounded with zero area.

Let o be the area of the unit sphere S¥~1 in RY. We will assume that the initial domain ©(0) has a
volume equal to the volume of the unit ball BY in RN, which is equal to %¥. The volume 2(t) of the
domain satisfies

VUp =

ON

B(t) = 2+t 7)

because of A0
J = / vpdo = — Apdx = p.
dt r () (1)
Note that for negative u, our problem only makes sense if
ON
t<T, :=———.

By radial symmetry, if Q(0) = BY then Q(t) = sy, (t)BY, where

Nt
snult) = N,/“UT +1.

In order to prove stability of these solutions, we rescale by a factor sy ,(t) such that BY becomes a
stationary solution. Small star-shaped perturbations of this stationary solution are described by means of
a function 7(-,¢) : S¥~! — R. In Section 2 we derive and linearise a nonlinear non-local evolution equation
for 7, describing the motion of the domain ¢ — €(t). For N = 3 the evolution operator can be treated
as autonomous after introducing a new time variable. From Section 3 we restrict our attention to this
case. We use the principle of linearised stability to show existence of a unique global solution that decays
in little Holder spaces. In the case of injection, this means that the solution exists for all ¢ > 0. In the
case of suction, we find that all liquid can be removed under the conditions that suction takes place in the

el

geometric centre and the ratio is small enough. This gives a partial answer to an open problem posed

in 1993 [Hoh94]. In Section 4 we prove that any smaller amount can be removed if the geometric centre is
close enough to the suction point. Here we use the fact that the evolution induces a semiflow.

2 The evolution equation for the domain

In this section we derive a nonlinear non-local evolution equation describing the motion of the domain,
in a similar way as we did in [Von06] for v = 0. Again we determine the linearisation of the evolution
operator in terms of the Dirichlet-to-Neumann mapping. Like in [Von06] we describe a domain Q(t) by a
continuous function R(-,t) : SN=1 — (=1, 00) satisfying

Qt) = Qe = {x cR¥\{0}:|x|<1+R <X>} u{o}.

x|

Introduce r(+,t) such that
Q) = snu(D) T Qri,s



which is equivalent to

1+ R(t)
14+7r(t) = ————=. 8
) = 0
We will often write r(t) instead of r(-,t). Define I';(. ;) = 8. 4). Introduce z(r, ) : SN2 — ', as

z(r,§) = (1+7(&1) €

and introduce n(r,-) as the function that maps an element £€ € SN¥~! to the exterior unit normal vector on
[+ at the point z(r,&). We will often write z(r) and n(r) instead of z(r,-) and n(r,-). For R we have
the evolution equation

OR . Vp(a(R.§)) -n(R,E)

SRS
o © TR
For this, see [Pro97] or [Von06]. Let ¥ : RY — R be defined by
- 2i In |x]| =2,
i
W(x) = ! (9)
> 3.
(V= Doype 77
Define U : Qr — R by
U=p—p¥
We get
AU =0 in Q(1),

U= —ykr —p¥ onI'(t).
Here kg : ' — R stands for the mean curvature of I'g. Analogously to [Von06] we can derive

a£ _ _VU(%(R,&)) : n(r,ﬁ) K
ot &) = n(r&) € onsN (Lt (€)1

Define u : Q. — R by

Then Au =0 and on T',.

U(X) = —yR(sx %) — 1 (s5,u%) =~y (6) — (%) =
- Wsiiﬁr(x) — p¥(x) + 2£ Insy, N =2
—731_\,,1/1/%( X) — usN N\I/( ) N > 3.

Let A, : Q. — R be the harmonic function that satisfies
A= on I,

and define G, : Q, — R as the harmonic function that satisfies
G, = Ky on I',.

We get
’YSQHG + plA, —|—2 Insg N =2,
—sz#GT—Fus?\,fAr N > 3.

For the derivative we have

VU(&(R)) = sy, Vu(z(r) = =75y, VG (a(r)) + psy . VA(2(r)).



By a calculation similar to [Von06] we get

O 7 VGGE) neE)  p [ IAGEE) n(E) L L)
ot (&) = snu(t)? n(r,€) - € +3N,/,1,<t)N < n(r,§) - & + on(1+r(€)N-1t g(]i,o) ) :

For any r define x(r,-) as the function that maps an element & of the unit sphere to the mean curvature
of T, at z(r,£). We will often use the notation x(r) instead of k(r,-).

From now on we will assume that r is in the little Holder space h**(SV~1). The little Holder spaces
hk2(K) on a compact manifold K are defined as the closure of C°°( ) with respect to the norm of
CH(K). Let (T;,Z;)M, be an atlas for the unit sphere, and define U; := =,;(7;). For any r € h**(SVN~1)
let A, denote the Laplace Beltrami operator on the manifold I',.. If a part of I', is parameterised by
z(r) o Z; ! then we have

=S e (V) el (1)

Here g%/ are the elements of the inverse G- of the matrix G, given by

. (a (z(r) ozll)>T 9 (a(r) o =)

Oow

and
gr = det G,

Lemma 2.1. The Laplace-Beltrami operator A, is symmetric on Lo(T,.).
Proof. This is a straightforward calculation. O

By [Pro97] Chapter 3 Lemma 8 we have

k(r) = (Arz(r)) - n(r), (12)
where A, acts on every component of z(r) separately.

Lemma 2.2. There exzists a neighborhood U of zero in C**(SN~1) such that k is analytic from U to
CQ,a(gN—l).

Proof. We use the same procedure as in [Pro97] was applied for Sobolev spaces. Choose a smooth partition
of unity (Xz) 1 subordlnate to the covering (T) . Define (1) = k¥(r,.) = k(r) o ;' and nlFl(r) =
nl¥l(r,-) =n(r) o ;! then we have

ZX (m )

We take x;(€)&ld(r,Z;(€)) = 0 if £ is not in 7;. It is sufficient to prove that x¥ : C4(SN=1) — C2*(U})
is analytic for all k. From equation (12) we get

= S (vt ) i

The mapping f +— fo E,:l is linear and bounded, hence analytic. Now we will use the fact that pointwise
multiplication and composition in a Banach algebra preserve analyticity. Because z is analytic from

Che (SN to (Cj’a(SN_l))N and C7*(SNV~1) is a Banach algebra for all j € Ny, r — G, is analytic from
Che(SN-1) to (ijl*o‘(SNfl))NXN for all j € No. The mappings 7 +— /g, and r G- 1 are analytic
around zero, because of Cramer’s rule and [Pro97] Chapter 3 Lemma 7. The mapping n*l : ¢2(SN-1) —

AN
(Cl*"‘(Uk)) is analytic around zero, see [Von06] Lemma 2.5, and C**(SN~1) — C%(SV~1), therefore

nlk : cho(sN-1) - (Cl’a(SN_l))N is analytic around zero and we get the desired result. O



By [Lun95] Theorem 0.3.2 there exists an extension operator E € £(C**(SN—1), ¢k (BN)) for k € {0,1,2}
and « € [0;1), such that
E(r)lgn- =1 (13)

___\N
Define z : C>*(SV—1) — (CQ’Q(BN)) by
z(r,x) = (1+ E(r, x)) x,

where z(r,-) = z(r) and E(r,-) = E(r). In [Von06] we saw that there exists a neighborhood U of 0 in

_ _ _ ___\N
C%(SN=1) and two mappings A : U — L(C>*(BN),CO%(BN)) and Q : U — L <C2*O‘(IBEN), (Cl’a(EN)> >
such that

and

Q(ryu= (V(uoz(r)~")) oz(r).
Let P :U — L(C>*(BN),C%*BN) x >*(SN1)) be defined by

Plr)u = ( Alr)u ) . (14)
Let ¢ : U — C*>*(SV~1) be
o(r,x) = @((1 + r(x))x), (15)

where U is a subset of the unit ball in C%*(SV~1), again ¢(r,-) = ¢(r) and ® : RY — R is the fundamental
solution
- % In |x]| N =2,
D(x) := 1 (16)

1
— N > 3.
(N —2)on|x|N=2 (N —2)opn -

Note that ¥ from (9) differs from ® only by a constant, so their derivatives are equal. Now we can write

R R e
with
[ o -
e (Qm [P@«) ;([ g@E H) (€) -n(r.&)
and ) O -
Fa(r)(§) = " (Q(T) [P(r) H(L ?)(7;) ”> ()0 &) + on(1 +11“(€))N*1 = J;;(S)

3
Lemma 2.3. The operators Fy : h**(SVN=1) — hLe(SN=1) and Fp : h4(SN-1) — pLo(SN1) are
analytic in a neighborhood U of zero in h**(SN—1).

Proof. Analyticity of F5 follows from [Von06] Lemma 2.10 in combination with the fact that
h4’a(§N_1) N h2,a (SN_1>.
Using Lemma 2.2, analyticity of F; can be proven in a similar way as was done for F5 in [Von06]. O

In [Von06] we saw that

FYO)Ih] = ———Nh — 2

—h, 17
p p. (17)

where N is the Dirichlet-to-Neumann operator on S¥~1. We want to derive an expression for F/(0) as
well.



Lemma 2.4. The linearisation around zero of the curvature operator K is given by
k' (0)[h] = Agh + (N — 1)h
where Ag denotes the Laplace-Beltrami operator on the unit sphere.
Proof. See Chapter 6 of [Pro97]. O
From [Miil66] we have the following expression for the Laplace-Beltrami operator on the unit sphere:
Agr = —N?r — (N — 2)Nr. (18)
Lemma 2.5. We have
F1(0)[h] =N (K (0)[h]) =N (Aogr + (N = 1)r) =N (—Nzr — (N =2)Nr+ (N — 1)r) . (19)

Proof. Introduce

Because K(0) is constant, Q(0)K(0), (Q'(0)[k])K(0) and (A'(0)[h])K(0) vanish. From A(r)K(r) =0 we
get
0= (A(0)[A)E(0) + A0)K'(0)[n] = AK'(0)[R].

Because TrK'(0)[h] = £’(0)[h] we have

The linearisation of F; follows:

F1(0)[h] = ﬁQ(O)rll((/O()O.)[zh] 20 _ N (&' (0)[h]) = N(Agh+(N—1)h) = N(~=N?h—(N-2)Nh+(N—1)h),

where 7 stands for the identity. O
From now on we consider the case N = 3. We get

5~ s () ). (20)

Introduce a new time variable 7 = 7(¢) such that 7(0) = 0 and

dr 1

ar _ , 21
dt  s3,(t)3 1)
This means that 7(t) = g—z ln(% + 1). We get the autonomous equation
or _
or Foyu(F), (22)

where 7(7) = r(t) and
Foyu(F) = yF1(7) + uFa (7).

Note that for the suction problem, ¢ = T}, is equivalent with 7 = co. From now on we write r instead of
7. From (17) and (19) we have

FL(0)[h] = 4N (=N2h — N'h + 2h) — ﬁwh + 3h). (23)



3 The spectrum of the linearisation and stability for N = 3

In this section we apply the principle of linearised stability, see [Lun95], to the evolution equation (22) for
the three-dimensional problem in order to derive a stability result for the injection case. For the suction
case we will find stability if the suction point is in the geometric centre of the initial domain and the
quotient of suction speed and + is small enough. We need to study the spectral properties of the operator
FL(0) : k2 (S?) — h1>(S?) given in (23).

Let 6% be the vector space of spherical harmonics that are restrictions to the unit sphere of harmonic
homogeneous polynomials of three variables of degree k. From [Miil66] it is known that the point spectrum
of N is given by the natural numbers including zero and the eigenspace corresponding to k € Ny is &3.
Together with (23) this implies that the eigenvalues of 7 (0) are given by

gr = Yk(=E* =k +2) (k +3)

_ K
47
and the corresponding eigenspace is given by 6%. In the case p > 0 all g are negative. Take now p < 0.
In this case, gg and g; are positive. If
32
lul _ w321
v Y o5
then all other eigenvalues are negative. This follows from the fact that for k > 2 the sequence (gx) decreases
and g < 0. We summarize these results in the following lemma.

(24)

Lemma 3.1. The point spectrum of F., ,(0) : k**(S?) — h"*(S?) is

Tr(ffly,,u(o)) = {QOaglag% s } :

The eigenspace for eigenvalue gy is &. If u > 0 then all eigenvalues of F., ,(0) : h%e(S?) — hb2(S?) are
negative. If u < 0 then the eigenvalues go and g1 are positive. All other eigenvalues are negative if (24)
holds.

For two Banach spaces X and Y such that X — Y we define H(X,Y) as the collection of operators
A € L(X,Y) for which —A is the infinitesimal generator of a strongly continuous analytic semigroup.
We shall prove that —F, (0) € H (h**(S?), h1%(S?)). For this we need the two following lemmas.

Lemma 3.2. Let X and Y be Banach spaces, such that X — Y and X dense in Y. Suppose that
F:X —>Y and K : X =Y are bounded linear operators such that F' € H(X,Y) and suppose that K is
compact. Then F+ K € H(X,Y).

Proof. See [CHA187] Theorem 5.6. O
Lemma 3.3. The mapping N : h*+1(S?) — h¥(S?) is continuous for all k € N.

Proof. Define the Banach space X by
X = {s € C¥*1(BN) : Ay = 0}.

Let it inherit the norm of C¥*1:%(BY). Because of the maximum principle, the mapping Tr : X —
Ck+Le(SN-1) is injective. We shall prove that it is surjective as well. Let g be an element of Ck+1(SVN—1).
Let f : [0,1] — [0, 1] be a smooth function such that f(z) = O forallz € [0, 4] and f(z) = 1forallz € [Z,1].
Define §(x) = f(|x|)g(Z). Then § € C**1*(BN). By [GT77] Corollary 4.14 we have a u € C>*(BY), such

[x _
that u is harmonic and equal to § on the boundary. By [GT77] Theorem 6.19 we have u € C¥+1(BY).
Therefore the bounded operator Tr : X — CkT19(SN=1) is surjective and by the Open Mapping Theorem
it has a bounded inverse. From

0
N=—"—oTr!
on °
and the boundedness of % we get the desired result. O

Lemma 3.4. We have —F), ,(0) € H (h**(S?), h1*(S?)).



Proof. The structure of this proof is as follows. We relate N3 to a Fourier multiplier operator N 3 on R2.
The operator —N@ generates an analytic semigroup. Using techniques from [ES97b], [ES97a] and [EP03]
together with additional perturbation arguments we see that N'* € H (h**(S?), h*(S?)). Since —F, ,(0)
is in highest order equal to A/® the lemma follows from Lemma 3.2.

1. Let (7;,Z;)M, be an atlas of S?, with Z;(7;) = U; and 0 € U;. Define

Ui:ﬁi X (Oag)a
for some p < %,
Wi:{xeﬁ:lfg<\x|<l,|%|€’]§}
and Xi : VVz — Ul by
X
x|
Let A; : h2*(U;) — h%*(U;) and Q; : h>*(U;) — h'*(U;) be
Ap=A(poX;)o a7t
R 0 4 0
o 2 XY oXx 11— _ 2
Qp =5 (podi)od; v

where n is the normal on S? and

hR(U;) = C(U;)

From now on we restrict our attention to one chart and omit the index ¢ in le-, Ui, fll and Ql There
exist functions a;x, a; € C*°(U;) such that

3
0
Z ik 8xj8:13k ; Jaxj

7,k=1

Define
92

= —1"’ Z ajk 6x amk

7,k=1

Note that a33(0) = 1 and G13(0) = a23(0) = G31(0) = a32(0) = 0. Let Tr denote the trace operator
for functions on the halfspace R} = {x € R® : z3 > 0)}. Define R : h*(R? x {0}) — hV*(RY) as

the solution operator R g = u, of the problem

~Aou =0 in R?
Tru =g in R? x {0}.

Define the operator /\70 by ) L
No = 9QR,.
From [ES97a] we get .
FM)F_l = Mf(.@), (25)

where F denotes Fourier transform, f : R? x R — R is defined by

2

fy) = |2+ > an(0)z;mx.

J,k=1

and M. 1) stands for multiplication with the function f(-, }) Because (f(x,y))? is positively homo-
geneous and its derivatives are bounded on [x|? + y* = 1, N§§ € H (h**(R? x {0}), h"*(R? x {0})),
see [ES95] Theorem A.2. In [ES97a] Corollary 5.2, the same strategy is used for a different operator.



2. The next step is relating /\75" to N2 if the chart domains are small. The following statement holds

true. For any ¢ > 0, ¢ € (0,a) there is a ¢ > 0, an atlas (7;,=Z;)M,, a partition of unity (¢;)M,;

subordinate to (W;)M,, and a C' > 0 such that for [ € {1,2,3} and Nj constructed from the atlas
as described above we have for all p € h!+1:(S2)

X (YND) — NoXe (¥p)lleta(rzy < el|Xe(¥0p)leira(mey + Cllpller+cs2)- (26)

To see this, we argue as in the proof of Theorem B.4 in [EP03] and choose g sufficiently small,
depending on ¢. Here and in the sequel we identify C»*(R?) and C"*(R? x {0}). Functions X, (¢p)
can be extended to the entire R? because of the smoothness of the partition of unity. Recall that

Xof = folX.

We want to show that for fixed ¢ € (0,«) and € > 0, we can derive from (26) that there is a C > 0
such that for all p € h*<(S?)

16, (NP p) — NG Xe () oo (r2) < ell X (D) lles.e @2) + Cllpllcac s2)- (27)
In the sequel, we will often use the fact that for each kK € N
Ny € L(hFF12(S?), hFo(s?)).
First we show that there exists a constant C’ independent of p such that

[ X (YN D) [le3.0 2y < C" (| X (90p) los.er 2y + [Pl cac(s2y) (28)
and
1€ (DN 2p) ez 2y < C" (| Xu(¥p)lcra gy + [Pllcac(s2) - (29)
Let us start with the first estimate. Apply (26) with e = 1 and [ = 3. We get

[ (YND) [ cs.arey < || X (YND) — NoXs (¥p) |lcs.arey + [NoXu(10D) || coe (2
<X (Wp)llea.a @2y + Cllplleac sy + CllX(¥p)ll e (m2)-

Estimate (28) follows. Replace p by A'p in (26) and take ¢ = 1 and [ = 2. Using (28) we get
X (YND) 2 r2) < |1 Xu(YN?D) = NoXu(WND) e, 2) + [NoXu(WND) 2.0 (r2)
< X (WND)lca.a ey + ClINPlles.cs2) + Cll X (YN D)oo (r2)
< Ol X (¥p)llcaa @2y + Clipllcacs2)-

Now we can prove estimate (27). Let ¢ > 0. Let 7 > 0 be a small number to be chosen later. We
have

| X (GNP p) = NG X (p) 012y < | X (GNP D) = NoXe (N[0 m2) +
N0 X (YN?p) — NG X (PN D) 1.0 m2) +
HING X (PN D) — NG X, (¥p)ler.a r2)-

We will estimate the three terms on the right separately, denoting by C,, constants depending on 7
while C' denotes constants independent of 7. Applying (26) to N?p with [ = 1 and (29) we get

X (BNZp) — NoXs (BN?p)l|cr.0m2) < Ml| X (YNZD)le2.0(r2) + ColN?pllcac (s2)
< nC (1 X (¢p) s ey + lIpllcac(s2y) + Crllpllesc sz
< nC|| X (¥p)|lcaa @2y + Cpllplleac(s2y-
Applying (26) with | = 2, replacing p by N'p we get
INo X (BN?p) — NGX,(BND)lerarey < C| X (YN ?p) — No X (WND)]| 2. ()
< O X (YND) | 3.0 (r2) + CIN Dl 5. (52)
< nC|| X (YN )|l e3.a r2y + Cyllpllcanc (s2)-



From (28) we get
INoXs (WN?p) = NG Xu (¥ ND) 1.2y < nCI| X (D) lles.o r2) + Collpllcac s2)-
Analogously,
ING X ($NP) = NG Xe (¢p)ller.o 2y < Cl| X (WD) = NoXe () o5 (r2)
<O Xu(¥p) llea.e 2y + Collpllescs2y-

Finally, R
(| X (YN ?p) — NG X (¥p) [ler.o (r2) < nC| X (¥0p) l|ca.o 2y + Chpllpllcac (s2)-
We take n = & and get the desired result (27).

3. The next step is proving that for all A > 0,
M+ N3 hh(S?) — b (S?)
is an isomorphism. Note that
AT + N3 = (VAT + N) (VA FT + NY(Vhe™ 5T + N). (30)

Parallel to the proof of Lemma 3.13 in [Von06] we can derive surjectivity of uZ + N : hRFT1o(S2) —
hk(S?), for p € C\ —Ng and for all k € N. Surjectivity of AXZ + N3 : h*(S?) — h1(S?) follows if
we apply this result for k =1,2,3 and u = VA, \3[\62?”, Ve ¥,

4. There exist C > 0 and A\, > 0 such that for all » € h**(S?) and A € C with Re A > A\, we have
M7l g2y + Irllnsagsz) < CIAL +N)rllpese).- (31)

This can be obtained from (27) via exactly the same procedure that is used in [EP03] in the proof
of Theorem B.4. The estimate (31) and the fact that

AT+ N2 hb(S?) — b (S?)

is an isomorphism imply that N® € H (h**(S?), h1*(S?)), see [Ama95] Remark 1.1.2.1.(a).

Lemma 3.5. The spectrum of F., ,(0) : h**(S?) — h1(S?) consists entirely of eigenvalues and
Yoh
U(]:;,u(o)) = {90,91792, . }

The resolvent (AT — F, (O))i1 : hb(S?) — hh(S?) is compact for all X & o(F, ,(0)).

aT

Proof. For every A € R define the polynomial
PAX) = 7(X* + X7 —2X) + (X +3) + A

Note that px(N) = A\ — F. ,(0). Take \* large, such that py- has one negative zero ¢; and two zeros (y

and (3 = ( in C \ R. Then

1

NZ=F,0) ===(GIT-N)"(GQI-N)" (GIT-N).

1
5
Because ; ¢ Ny for i € {1,2,3} we see from [Von06], Lemma 3.13 that (G;Z —N) ™' : h12(S2) — hLo(S?)
is compact. Therefore (A\*Z — .7-',’%#(0))71 : h1e(S?) — h12(S?) is a compact mapping as well. From the

Hille-Yosida Theorem and Lemma 3.4 we see that F/ ,(0) is a closed operator on h'*(S?) with domain
h*(S?). Applying [Kat95] Theorem II1.6.29 we see that the spectrum of F/ ,(0) : h**(S?*) — hb*(S?)

consists entirely of eigenvalues and the resolvent (AZ — F7, M(O))_1 : hbe(S?) — hb2(S?) is compact for
all A ¢ o(F,, ,(0)). We determined the eigenvalues in Lemma 3.1. O

10



Theorem 3.6. Let ;1 >0 and 0 < Mg < %. There exists a 6 > 0 and a M > 0 such that the problem

or

or }—%#(T)

with r(0) = ro € h**(S?) and ITollc.as2) < 6, has a solutionr € C ([O, 00), h4’0‘(S2))mC1 ([0’ ), hl,a(S2))
satisfying
HT(T)HC“’O‘(SZ) < Me—>‘07||7”0||c4,a(52).

Proof. Combining Lemma 3.4 with [RR93] Theorem 11.31 we see that 77 ,(0) is sectorial. Note that —3u
is the largest eigenvalue of F!  (0). The theorem follows from Lemma 2.3, Lemma 3.4, Lemma 3.5 and
[Lun95] Theorem 9.1.2. O

If we combine this estimate with (21) we get for the non-autonomous problem (20),

3ut

—¢
IrOlleseiesy < 3 (241) s,

for ¢ = é—;)\o.

The case p < 0 is more complicated. We need some extra conditions for certain Richardson moments
of the initial domain in order to get results similar to Theorem 3.6. Define

4
ms = {r € hb(S?) : / dx = i,/ zjdx =0, j € {1,2,3}},
Q. 3 Ja,
where z; denotes the j-th component of x. Note that r € 93 if and only if the corresponding domain (2,
has the volume of the unit ball and its geometric centre is at the origin.

Lemma 3.7. Suppose that r satisfies (22). If ro € M3 then r(t) € M3, for all t > 0.

Proof. Tt is easy to check that if €, ) has the volume of the unit ball, then €2, has the volume of the
unit ball for all t. By Green’s second identity, (2), (3), (5) and Lemma 2.1 we have

d / dp
— x;dx = x'(v,n)dx:/ —x;——dx
dt Jopq, ’ 0 ’ Lrey " On

oy
:/ prjdx—/ xjApdx—/ pﬁdx
Q1) QR(t) Tr on

ox.;
Tret) n Cret) Tret)

The lemma follows from this. O

Now we prove a theorem about global existence for the suction case for domains for which the zeroth and
first moments vanish.

Theorem 3.8. Let p < 0 be such that (24) holds and let 0 < Ao < %u + 8v. There exists a § > 0 and a

M > 0 such that the problem
ar
o = Fuulr) (32)

with r(0) = ro € h**(S*)NMF and ||ro|ca.(s2) < 6, has asolution r € C ([0, 00), A**(S?))NC* ([0, 00), h1*(S?))
satisfying
[7(7)[lca.oszy < Me 2T |[rollea.a(s2)-
Proof. Define for all L € Ny the subspaces h-"*(S2) by
hf’a(Sz) = {7" c hL’a(S2) : (7’, S)H_,Q(Sz) = O,VS c 68 D G%} s
Introduce

G17.m = Fryu |h‘f*"‘(§2) :

11



We get
gi,'y,ﬂ(o) = *7:';,;1,(0) |h‘f'°‘(§2) .

Because F ,(0) is invariant with respect to the decomposition h**(S?) = Ry (S?) @ &3 @ &% we have
Gl .u0) [H(D)] < AP (82),

Combining Lemma 3.4 and Lemma 3.5 with [Von06] Lemma 4.2 we get the following results:
e The operator G| . ,(0) : hy*(S?) — hy*(S?) with D(G; , ,(0)) = h{*(S?) is closed.

e The spectrum
J(gi,fy,u(o)) = {923 93,94, - - - }

consists of negative real numbers. The largest element is f% nw— 8.

e The operator Gj . ,(0) is sectorial because F ,(0) is sectorial. To see this, combine Lemma 3.4 and
[RR93] Theorem 11.31.

Define f; : h**(S?) — R x R? by
_ (o, dx—5F
hlr) = < fﬂr xdx '
Let Py : h4(S2) — h{*(S?) be the orthogonal projection on hi**(S?) with respect to the Lo(S?)-inner
product. Let ¢; : hB4*(S?) — R x R3 x h*(S?) be defined by

an= (%)

Like in [Von06] we can prove that ¢; is invertible in a neighborhood U of zero. There exists a V C h1*(S?)
such that {0} x {0} x V C ¢1(U). Define the analytic mapping ¥ : V — 93 by

U1(7) = ¢71(0,0,7).
It has been proved that for h € h}*(S?) we have
$1(0)[h] = h. (33)
Assume for the moment that r is a solution to (32) and r(t) € 95 NU. Then P;r satisfies

(9(7)1 T)
or

We will discuss the solvability of (34) first. Because of (33) and the chain rule of differentiation, the
linearisation around zero of the evolution operator on the right-hand side is

(ProFypuotn) (0) =G, ,(0).

= (P10 Fyuotn) (Pir). (34)

Applying [Lun95] Theorem 9.1.2, we get a § > 0 such that if 7o = Pyro € h7*(S?) with [70lc.e(s2) < 9,
then the problem
or -
E = (Pl oF. 7How1)’ra
with 7(0) = 7y has a unique solution 7 € C ([O7 00), h;l’a(SQ)) nct <[07 00), h}’a(SQ)). Furthermore there
exists a M’ > 0 independent of 7y such that
[7(7)[|ca.os2y) < M'e 207 ||Fo| o s2).-

Take
T = ¢1 (7:)
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We get
8T ]/~ 67: ! [~ /
o Yy (7) ar | = Uy (7) [PrFyu(r)] = L (Pur) [PrFy u(r)].
Because 1 (Py7) = r for all r € M3 NU, we have
1 (P17)[P1h] = h,
for all h € T,.93. Because of Lemma 3.7 we have F, ,(r) € 7,9} and therefore

or
E = '7:77”(71)'

There exists a 6 > 0 such that for ro € 93 with [[ro||ca.e(s2) < § we have
[7(T)llese(s2) = (b1 0 PL)r(7)llet.0(s2) < ClIPrr(7)lleso(s2) <
< Ce T |[Prrollesaszy < Ce 7 ||rgllcan g2y
This proves the theorem. O

If we combine this estimate with (21) we get for the non-autonomous problem (20),

3ut

¢
Ir@leseon < 1 (22 1) roleseo,

for ¢ = —%)\0 and t € [0,T},).

4 Stability for perturbations of the suction point

If the suction point is not in the geometric centre of the initial domain we can not derive a result like
Theorem 3.8. The solution either becomes unbounded or breaks down before all liquid is sucked out.
However, in this section we show that an arbitrarily large portion of the liquid can be removed. More
precisely, for every € > 0 there exists a neighborhood of the suction point, such that if the geometric centre
is in this neighborhood and the conditions of Theorem 3.8 are satisfied except for ro € M3, then a solution
on (0,7, —¢) exists.

Let X be a metric space and let T7 : X — (0,00) U {cc} be some mapping. Define
Vi={(z,7) € X x[0,00) : 7 < T"(2)}.
A mapping f: V — X is called a semiflow on X if
1. V is open in X x (0, 00);
2. feC(V,X);
3. f(-,0)=1T;

4. ifz € X and 7 € [0,T"(x)), and if 7* € [0,T(f(z,7))) then 7+ 7* < TT(x) and f(z,7 +7%) =
f(f(@,7),7%).
Define £ : U — L(C%*(S?),C1*(S?)) and I : U — C>*(S?) by

v (Q(r) {Pml [ . D (€)-n(r.€)

E(r =—
() © o
and 1 L+
T
Z(T)_ O’N(l—l-T)N*l ON
where U is a suitable neighborhood of zero in C%%(S?). We have

O E () — HE)O) + pllr).
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Lemma 4.1. The mapping & is analytic around zero from U to L(C**(S?),C1(S?))

Proof. The analyticity of P, Q and n around zero is proved in [Von06]. The mapping r +— P(r)~! is
analytic around zero as well because inversion is an analytic mapping, see [Pro97] Chapter 3 Lemma 7,
and compositions of analytic mapping are analytic. Analyticity of £ around zero follows from this. O

Lemma 4.2. Let 4 <0, oy € (0,), 8 € (o, 1) and assume that (24) holds. There exists a neighborhood

U of 0 in h>P(S?) such that the problem
or
or =S (T)

has for each r(0) = 79 € U N h**1(S?) a unique maximal solution

r € C([0, T (ro)), A1 (%)) N C*"([0, T (r0)), h"(S?)),

a—Q

-2 The mapping (ro,7) — r(7) is a semiflow on U N h**1(S?).

where n =1 —

Proof. Let 8 € (o, 1). According to [ES97a] Lemma 3.1, there exists a neighborhood U of 0 in h>?#(S?),
k1 € CY(U, L(W*(S?),h1(8%)))

and R
Ky € C¥(U, hHP(S?))

such that
k(r) = k1 (r)r + Ka(r).

From (12), we see that k1 is a quasilinear differential operator of second order and ks is of first order.
Therefore there exists a small neighborhood of zero U C U in h*P(S?) such that

K1 € C(U, LWV (S?), h2*(S?)))

and
ko € C* (U, hQ’ﬁ(SQ)).

Combining this with Lemma 4.1 we can choose U such that
r i E(r)r(r) € C¥ U, L(KY*(S?), R (S?))).
Because of [ES97a] Remark 3.3 we have
£(0)k1(0) = A* + p(N),
where p is a polynomial of degree 2 and therefore we get from Lemma 3.2 and Lemma 3.4
E(0)k1(0) € H(hH(S?), 1 (S?)).

By [Ama95] Theorem 1.1.3.1, H(h**(S?), h1*(S?)) is open in L£(h%(S?), h1*(S?)). This implies that we
can choose U such that
r = AE(r)ri(r) € C¥(U, H(hM*(S?), hb(S?))). (35)

From Lemma 4.1, [Von06] Lemma 2.4 and the proof of Lemma 2.9, we see that £, ¢ and [ are analytic
around zero. We can choose U such that

1= YE(r)Ra(r) + pE(r)g(r) + pl(r) € C¥ (U, h 7 (S?)). (36)
The little Holder spaces satisfy

4,0 e 0 _ pdan
(h5(8%),hM(S?)) | _azay = hH1(S?).

3 )

For more information about continuous interpolation of Holder spaces, see [Lun95] Chapter 1. The result
follows from (35), (36) and [Ama93] Theorem 12.1. O
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Theorem 4.3. Let T >0 and let n € (0,1). Let pp < 0, such that (24) holds. Define
a;=a+3(n-1).
There exists a 6 > 0 such that the problem

ar
or Fyou(r)

with 7(0) = ro € h**1(S?) and ||ro[|ca.e1 (s2) < 6, has asolution r € C ([0, T), A+ (S%))NC*7 ([0, T), h1(S?)).
Proof. From the semiflow property proved in Lemma 4.2 we see that the set

V ={(ro,7) €U x (0,00) : 7 < T*(2)}

is open in h*1(S?) x (0, 00). Because of
T%(0) = oo,

the point (0,7) is an interior point of V. Therefore there exists a neighborhood U of zero in K41 (S?)
such that for all ro € U we have
T+ (7"0) Z T.
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