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Markov processes without a finite invariant measure

by

F.H. Simons

Introduction

Spring 1975 at the Technological University of Eindhoven a group of people
studied the chapter on finite invariant measures in Foguel's book on the
ergodic theory of Markov processes [3]., This memorandum is a summary of the
discussed topics, and it contains known results, or slight extensions of
known results of which we were not able to discover them in literature.

The material is divided in two parts. The first part deals with properties

of Markov operators which do not admit a finite invariant measure, and the
second part gives some applications to the theory of measurable transforma-
tions,

The author is very much indebted to the members of the group: L. Groenewegen,
K. van Hee, K van Harn, A, Nijst, D. Overdijk, B. Schaaf and F, Steutel. With-

out the stimulating discussions these notes would not have been written.

Markov operators

We follow the terminology in Foguel [3]. A Markov process P is a quadruple
(X,Z,m,P), where (X,Z,m) is a probability space and P a positive linear opera-

tor in £ which satisfies P1 < | and which is o-additive, i.e.

P() £)= ) Pf,if £ eL (n=1,2,...) and ) £ e£
n n n o n o
n=| n=1 n=1

Such a Markov operator in £{_ is the adjoint operator of a positive linear
contraction in £1’ and conversely. We shall denote the £1-operator also by P,
but, in order to distinguish, in this situation we shall write the operator
symbol P to the right of the function symbol. The relationship is then given
by

<uP,f> = <u,Pf>, u e £1, o ?

where

fed .

1? o

<y, f> = f uP dm, ued

. . +
The domain of the operator P in £1 and £ can be extended to M", the class
of the nonnegative extended real valued measurable functions. For these ex—

tensions also the relation <uP,f> = <u,Pf>, u ¢ M+, f e M holds.



We say that the Markov process P admits a finite invariant measure if there

. . + .
exists a function u ¢ £! with u £ 0 such that uP = u,
The results of this section are collected in the next theorem:

Theorem |.1. Let P be a Markov process on (X,Z,m). The following statements

are equivalent:

a) there does not exista finite invariant measuyre.

b) for every € > 0 there exists a function h with 0 <h < 1 and <i,h> > 1-¢
such that '

lim inf <l,Pnh> =0,
n—r«
¢) for every ¢ > 0 there exists a function h with 0 < h < | and <l,h> > | -¢

=0 <n, <n, < ... such that

and a sequence of integers n, 1 9

i
d) for every € > O there exists a function h with 0 € h £ 1 and <1,h> > 1=~¢

such that

etk
lim.;' ! Ph=0 uniformly on X .
n>e k=0
If the process satisfies the nonsingularity condition 1P > 0, then each of

these statements is also equivalent to any of the following ones:

c') for every € > 0 there exists a function h with 0 <h < 1 and <l,h> > I -¢

and a sequence of integers n, = 0 <mn, < ... such that

d') for every € > O there exists a function h with 0 < h £ | and <l,h> > I-¢
such that
n-1 K

1im'l } Ph=0 uniformly on X .
ne k=0



Proof. We shall proceed along the following lines:

a) =b){ = c)=>d) =a)
= c') = d') = a) if 1P >0,

a) = b). The equivalence ofa) and b) is due to Neveu [9] and can also be
found in Foguel [3]. We shall give a sketch of the proof of the implication
a) =b),

Let L be a Banach limit (see e.g. [12], or [3], p. 33), and define

Ath) = L(<1,Pnh>) for all h ¢ £m. Then A(*) is a bounded positive linear
functional on £ satisfying X (Ph)

1

A(h), and therefore there exists a non-

negative charge A with AP = X and X << m such that

Ach) = f h d\ for all h e &

o °

Now we use a result due to Caldéron [1] which says that X =u+ XO’ where U is
the largest o-additive measure such that u(A) <€ A(A) for all A e I, and XO is
a pure charge.

From AP = X we conclude A = uP + XOP, and since WP is o-additive, we have
WP = u,

On the other hand, using AP = X and Pl £ 1, we have

wP(X) = u(Pl) = A(P1) - AO(PI) > A(l) - Ao(l) = u(l) = u(x) ,

and we obtain UP = p, Since P does not admit a finite invariant measure, we
have ¢ =2 0 and therefore A = AO. Now because of X << m and the fact that X
is a pure charge, there exists a partition (mod m) XI’XZ""’ of X such that
A(Xn) = 0 for all n. Let (an) be a .sequence with 0 < @ < 1.for all n and

a ¥ 0 if n > », and define

Note that 0 < h < 1, and that we can obtain <!,h> > 1 —= ¢ by choosing suffi-

ciently many a, 1. Since every step function f with 0 < £ < h is positive
on subsets of finitely many X » we have A(h) = 0, hence L(<1,Pnh>) = 0,

Statement b) now follows from the observation that

L(<1,P™h>) 2 lim inf <1,P"h> .

>



b) = c). Condition ¢) is also due to Neveu [9], The proof of the implication
b) = ¢) can for instance be found in Foguel [3], p. 40, 41, where the func-
tion f has to be chosen such that <1,f> > | - %-, and the constant c such
that 0 < ¢ < %-. The function g obtained in this proof then satisfies the
conditions,

b) = c'). The proof of Neveu for the implication b) = c) to which we have
referred in the book of Foguel [3], p. 40, 41 now needs a slight adaption.
For convenience of the reader we shall write out the proof in detail.

We start with some preliminaries.

+
Lemma 1.1, Let A ¢ £ and h ¢ £ be given. For every sequence n0:=0 <ny<m, <.,

the following statements are equivalent:

n,
such that {u > 0} = A and lim <u,P ‘h> = 0,

10

+
1

ii) for all functions u € £: with {u > 0} = A we have

i) there exists a function u ¢ £

n.
lim <u,P *h> = 0 .,
10

.. by e . . +
Proof. ii) == 1) is obvious. Suppose i) holds and take v ¢ £l such that

{v > 0} = A, Define By =1Nu < v}, then v < 1 v + Nu,
N

ni n. n.
<v,P 'h> < <vl, P h> + N<u,P ‘h>
N

n.
1> + N<u,P 'h>

IA

b, <vi_ ,
BN

n,
0 < lim sup <v,P ‘h> < Il . J v dm .
ise B
N
Since By ¥ @ if N > o, it follows that
n

lim <v,P *h> = 0 .
1+



Lemma !.2. Suppose IP > 0, If for some h € £: and some sequence

ng = 0 < n, < n, < .o¢ we have

oy
lim <1,P *h> = 0 ,
1-»00

then for all u ¢ £T and all n ¢ Z we have

ni+n n.+n
lim<u,P* h> =0 (put <u,P° h>=0 ifn, +n <0).
1o L

Proof. First assume n 2 0, From lemma 1.1 we conclude

a n, ni+n
lim <wP”,P *h> = lim <u,P © h> =0 .
i -0

Now assume n < 0. From

g 1yt n,
lim <1P ,P © h> = lim <1,P *h> = 0

1->® 1-»00
and the fact that IP © > 0 we conclude with lemma 1.1
n.+n

lim <u,P * h> = 0 for every u € £
1>

+
I .

Lemma !.3. Suppose IP > 0, If for some f ¢ f:, 0 <Ifll, £ 1, and some se-

n,
quence (ni) we have lim <1,P “f> = 0, then for every € > O there exists a
10
function h € £:, Il > 2, 0<£h<¢£, <I,f - h>>c¢€ and a subsequence (n;)
© n,
of (ni) such that Z P Jn < 1.

=0

Proof. The proof is practically idential to the proof of lemma C, chapter IV
as given in Foguel [3]. The function h we are looking for will be of the type
. * _n*
i Pnj+1 if)+
0 i=0

h = (f -

o~ 8

J

where the sequence (n;) still has to be chosen. Note that for any choice of

this sequence we have



. * *
@ n., ,~n,
osf-ns | ) patl oig
j=0 i=0
© n*_-k *_*
CF ] T
j=0 1i=0
and therefore
* * *

o n., "o i n.-n;
<l,f-h> s ) <u,,P 37 >, where u, = i ipd ot
. I i=0

j=0

Without loss of generality we may assume O < e <<1,f>, We shall construct

the subsequence (n;) such that <1,f-h> > €. Then necessarily we have h # 0,

* * *
Put n, = 0. Suppose Ny < ... < g have been constructed such that

€ . .
<ui_1,P > < - (1 =<1i<j3).

2

Then because of lemma 1.2 we have

'ﬂ.i"l'l.’.c
lim <u,,P © > =0,
ivo J

. * x
hence there exists a nj+l > nj in the sequence (ni) such that

* *

-’ .
< > <
U.j,P f ;]r-ﬁ .
*
For the subsequence (n,) constructed in this way we indeed have

hj
<l,f=h> < ) —/—=c¢ ,

© q,
It remains to show z P Jh < 1. To this end it suffices to prove by induc-
j=0
tion on k that for every i 2 0 we have
itk ni-n:
PpJd *hse,

j=i

For k = O the statement is obvious. Suppose the formula holds for some k 2 0,



. * * * * ., * *
1+k+1 n.-n, n.+1-n. 1+k+1 n.-ni+l
P *h=nh+p2p*" ¥ J pJ h .
j=i =i+l

If h(x) = O, then*the statement follows from the induction hypothesis and

. -I.
the fact that Ilp **! YI'< 1. If h(x) > 0, then
N * *
o n'+l-ni
h(x) = £(x) -~ ) ﬂ p f(x) ,
j=0 i=0
hence
i+k+1 nf—nz i+k nf+]—n; i+k nf+l-n;
PJ "hx) =hx + )} pJ h(x) < h(x)+ ) P £(x)
j=i j=i ’ j=i
. * *
o Lo
<h(x) + | ) P f(x) = £(x) 1,

j=0 i=0.

We now continu the proof of.the implication b) = c¢'). Choose ¢ > 0, and

take some function h, with 0 <h_ < 1, <l,h.> > 1 = = , and a sequence
0 0 0 0 0 0 2

no =0 < nl < n, < ..+ such that
n?
lim <1,P 1h0> =0 .

1>

By lemma 1.3 there exists a function h! with 0 < h; < h, such that

1
<l,h0-hi> <<% and a subsequence (n;) of (ng) such that

w n;
! P st
i=0

0

Determine o such that 0 < a < 1, and <l,ah1> >1-¢e. Put h = ah;, then

l
n,

Pl

0

h] <a <1,

It~ 8

i
Define A] = {hl > 0}, Using lemma 1.3 we construct by an exhaustion procedure

a sequence of disjoint sets AZ’A yseey all also disjoint with A, and such the

3 1
X = U1 Ah’ a sequence of nonnegative functions hz,h3,... such that
{hk 2 0} = Ag and 0 < hy < h,, and a sequence of sequences (n?) such that for
all k = 2 (n?) is a subsequence of (nz_]) and
S n? l -«
I P'h s ——.



Without loss of generality we may assume that for every k 2 0

k k k+1 k+1
(n g e O k) = (n 0 serer ™o ) .

(Otherwise we add the missing terms and multiply hk by a suitable constant.)

then we have h > 0,

. . ot k
Finally, define h = kzl hk and no=no,

<l,h> 2 <1,h]> =1<-¢ and

: E Pnk

n=0

hs<1,

c) =d) and c") = d'). Both proofs are immediate consequences of the follow-

ing lemma of which the proof is taken from Foguel [3], p. 42, 43,

Lemma 1.4. If for a function h with O € h < 1 there exists a sequence (ni)
® o,

such that z P 'h o< 1, then
i=0
1 5o
lim — z Ph=0 uniformly on X .
oo =0
Proof.

1) In the usual product topology, the space [O,l]Z (i.e the set of all map-
pings from the o-algebra I into [0,1]) is a compact Hausdorff space and
therefore sequentially compact. In this space the class of all nonnegative
charges A with A(X) < 1 is closed, and therefore sequentially compact. In
fact, if By € [0,1]2 is not finitely additive, there exists sets

AO'Al-""An in I such that AO is the disjoint union of Al""’An’ and

n
uO(AO) # izl uO(Ai) .

Put

n
e = [uy(a) - .Z] uy (A |
1=

and consider

U= {nef0,11° | [ula) - uga)| < ==, 05isn).

The set U is an open neighborhood of Mo which does not contain a nonnega-

tive charge.



2) Let X be a charge with A(X)

3)

4)

1, and suppose X is invariant, i.e, AP = A,

[T

Then for every r we have

r n.
12A() P 'n)

= (r + DA) ,

i=0
hence A(h) = 0.
Fix 6§ > 0 and define

P ko

o = {= ] Pnzs},
k .
1=0

Suppose there exists a sequence (ki) such that m(Ak ) > 0 for every i.
Define :

m(Ak n B)
i
Ui(B) = -—mk—s__ ’

i

then My is a probability with support Ak . Put
i

1
M
1

then Ai is a measure with Xi(X) <1, and

ki-l
- I j -
A ) = <u, = 1 PThe oz eu (4 ) =6
i 3=0 i
Let A be a limit point in [O,l]Z of the sequence (ki), then A is a nonne-
gative finitely additive set function. Without loss of generality we may
assume Ai + A if i > », which implies Ai(B) -+ A(B) for all B € L, and
therefore A, (£) > A(f) for all £ ¢ £, It follows that A(h) 2 8,
If we can show that AP = A, then the results in 2) and 3) give a contra-
diction, and therefore the assumption that m(Ak) > 0 for infinitely many
k will be wrong. This implies that
1

th + 0 uniformly on X .
0 :

n

o~11

1
oy

In order to prove AP = A, note that for all B € L

k.
1 i 2
lki(B) - >\ip(B)l = E; lui(B) - uiP (B), < EI .
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Now let i + «, then we obtain AP(B) = X(B) for all B ¢ I,

d) = a) and d') = a). Since obviously d') = d) it remains to show that uP = u

for some u € 37 implies u = 0 if condition d) holds. Put A = {u > 0} and sup-
pose m(A) = o > O, Take a function h which satisfies condition c) with € = a

then <u,h> > 0. On the other hand we have
_ n-1 n-1 _
<u,h> = % z qu,h> = <u, .'E]l- 2 th> + 0 ifn->o,
k=0 k=0

Contradiction, hence a = 0, u = 0,

Measurable transformations

In this section we want to apply the previous results on the Markov process
induced by a measurable transformation. We shall also discuss a recent exten-—
sion of Jones and Krengel [8] of the weakly wandering set theorem of Hajian-
Kakutani (4],

Let T be a nonsingular transformation on a probability space (X,Z,m), i.e. T
is a mapping of (almost all of) X into itself such that for all A ¢ I we have
T 'A ¢ £, and m(A) = 0 iff m(T '4) = O.

For every f ¢ £ we can define Pf by

PE=f oT,

It is easily verified that P is a Markov process on (X,I,m) satisfying Pl = 1
and 1P > 0,
A finite measure y << m is said to be invariant under T if u(T_lA) = u(aA) for
all A € Z.

.. d . .
Let y << m be a finite measure, and put u = E% . Then u 1s invariant under T

if and only if
u(T—]A) = J u(lA o T)dm = f u lAdm = n(A) for all A e I ,
hence if and only if

f (uP)dm = j udm for all Ae X ,
A A

uP = u .,



- 11 -

Now let the transformation T have the property that there exists no positive

. . . . . + .

invariant finite measure P << m, Then there is no u € £1 with uP = u, and

u # 0, and by theorem 1,1 there exists a function h with 0 < h < | such that
n—1

% Y th +~ 0 uniformly .
k=0

Define A = {x | h(x) > 6}, then it follows

p og! K
- Z 1, eT" -+ 0 uniformly .
n 20 A

By choosing § sufficiently small, we can get A arbitrary close to X. Since

obviously for any set B c A we also have

o Tk + 0 uniformly

B

n-)-: )

1
k=0 ©°
we completed the proof in one direction of the following theorem which is a

slight extension of a theorem of Dowker [2]. (See also Foguel [ 3], chapter
1V, theorem E).

Theorem 2.1. Let T be a nonsingular measurable transformation on a probabi-
lity space (X,IZ,m). Then there exists no positive finite invariant measure

u << mif and only if the class of sets A ¢ I for which

n-1

1, o Tk + 0 uniformly on X

1
n A

Nt~ |

k=0

is dense in .

The proof of this theorem in the other direction is an immediate consequence

of the ergodic theorem (cf. [5], p. 18) or of theorem 1.1,

o]

Definition 2,1, A set E ¢ T is said to be a sweep-out set if 2 T E = X,
n=0

o]
. . . -k - .
Note that if E is a sweep-out set, then since X = u T “E, also T "E is a
k=n
sweep~out set for every n., For later reference we state the following lemma

here.



- Lemma 2,1, If T admits no positive finite invariant measure u << m, then for

every € > O and every p there exists a sweep-out set E such that E,

-1 - . e s
T Ejese,T PE are disjoint and

P
m{u T kE) <€ .
k=0

Proof. Since on the periodic part of X there exists a positive finite inva-
riant measure (cf. [7]), it follows that T is aperiodic. Hence, by [7], theo~
rem 2.] there exists a sweep-out set A such that A,T-IA,...,T-QA are dis-
joint, where & is chosen such that £ > B—E—l .
Then it follows that for at least one n < & - p we must have

n+p

m( u T-kA) < E .
k=n

-n . ..
The set E = T A now satisfies the conditions.

Remark. There also exist some results related to theorem 2.1. In [11] it is

shown that there exists a sweep—out set B with

n-1 Kk

IB o TW + 0 (not necessarily uniformly)

1

" k=0
if and only if T does not admit a positive finite invariant measure u << m.
It is also shown in [11] that in this case the sweep—out set B may be chosen
arbitrary small, and it follows that for every A ¢ I for every a ¢ [0,1] and

for every e > 0, there exists a set A' ¢ I with m(AAA') < ¢ such that
1 k
ey z lA,OT > o .

We now turnto the Hajian-Kakutani theorem.

Definition 2.2, A set W e I is said to be weakly wandering if there exists a

-n
sequence ny = 0 < n, <n, < ... such that W,T 1w,... are disjoint,

Theorem 2.2 (Hajian—-Kakutani [4]). Let T be a nonsingular measurable transfor-
mation on a probability space (X,Z,m). Then there exists no positive finite
invariant measure u << m if and only if the class of weakly wandering sets

is dense in I.



Proof. Since every subset of a weakly wandering set again is weakly wandering,
it suffices to show that there exist weakly wandering sets arbitrary close
to X.

By theorem I.] there exists a function h with 0 < h £ | and a sequence (ni)

hod n.
such that )} P "h < 1. Put A = {x | h(x) >'%}, then 1, < %-h, and
i=0
ot n. «© n.
i i _ 3
Z Pl = Z 1, oT = < e,
i=o A 20 A 2
I it e i .0
Since Z 1A o T ~ is integer valued, it follows that Z ]A oT © = {] on X,
i=0 -n i=0

and therefore the sets A,T lA,... are disjoint, A is weakly wandering. Since
the function h can be chosen arbitrary close to 1, it follows that the set A
can be constructed arbitrary close to X.

Conversely, let B be an invariant set on which a positive finite invariant
measure U # m (on B) exists. Then because of the finiteness of M every weakly
wandering subset A of B has p~measure, and therefore m-measure 0. Since the

wandering sets are dense in I it follows m(B) = 0, hence u(B) = O.

Definition 2.3. A set W ¢ £ is said to be exhaustive weakly wandering if
-n -n

there exists a sequence ny = 0 < n, < n, < ++s such that W,T ]W,T Zw,...
are disjoint and

©  -n,

u T 'W=X.
i=0
o0
. . -n

Lemma 2.2, For every exhaustive weakly wandering set Wwe have W e n T I,

n=0

Proof. Let W be an exhaustive weakly wandering set, Then it follows from the
R - -n
1

n
definition that W ¢ T lZ, i.e. there exists a set W, such that W =T 'W,.

Hence
®  -n, ® =-n o, -n, *® n.
X= u T W= y T T Wy =T uoT W,
i=0 i=0 i=0
® -n. _ni
Since T is nonsingular, it follows that X = u T W , and the sets T "W

1
are disjoint (i = 0,1,...).



The set Wl is therefore exhaustive weakly wandering under the same sequence

n, = O,nl,nz,... . Repeating this argumentation, we construct a sequence

-n
W ,W,,ees of exhaustive weakly wandering sets such that W =T "W for
1272 e i k-1 k

k=1,2,... . Hence W = T lwk e T lZ for all k. Since the sequence (T—nZ)
is a decreasing sequence of 0-algebra's it follows that

© —knl 0 _

We n T L= n T%%.
k=0 n=0

Recently, Jones and Krengel [8] have shown that, under the condition that T
is invertible, there exists no positive finite invariant measure u << m if
and only if the class of exhaustive weakly wandering sets is dense in I.

We shall show that we can replace the condition that T is invertible by the
condition T—]Z = I (which is hardly a weakening). Since by the previous lemma

exhaustive weakly wandering sets are elements of the tail ¢ algebra

o0

-n . . . .

L,= n T "I, there exist arbitrary large exhaustive weakly wandering sets
n=0

if and only if the transformation T does not admit a finite invariant measure

. . -1
on the measure space (X,I_,m). Obviously on (X,I ,m) the condition T I = I_
is satisfied.
In [10] an example is given of a dissipative transformation with a trivial
tail o-algebra, hence of a transformation without a finite invariant measure

for which no exhaustive weakly wandering sets exist,
We shall now give a modified proof of the theorem of Jones and Krengel.

Theorem 2.3 (Jones-Krengel [8]). Let T be a nonsingular measurable transfor-
mation on a probability space (X,Z,m) such that T-IZ = I, Then there exists
no positive finite invariant measure # << m if and only if the class of ex—

haustive weakly wandering sets is dense in I,

Proof. Since exhaustive weakly wandering sets are weakly wandering, one di-
rection of the proof is immediate.

For the proof in the other direction we need some preliminaries.



_15_

From T—]Z = Z and the nomsingularity of T we conclude that for every A e I
there exists a (mod m) unique set B ¢ ¥ such that A = T—IB. We shall denote
this set by TA. Note that, while T—]A is the set of all points which are
mapped by T into A, the set TA is 1in general not the set of all images of
points of A.

The following properties are easily verified:

iy T 'a=1"TA=A for all A e 3

ii) if AI’AZ"" are disjoint, then TAI,TA are disjoint and

2,--.

o0 (oo}
T(C u An) = u TAn .
n=1 n=1

It follows that if we define the operator P-] on £oo by
P 1, =1 for all Ae 2 ,

then P_l induces a Markov process on (X,I,m) satisfying

Actually, P is the forward process and P—l is the backward process associated

with the transformation T, cf [6].

The proof of theorem 2.3 is based on the existence of arbitrary small sweep-

out sets, with arbitrary many disjoint preimages (lemma 2.1), and the follow-

ing result.

Lemma 2.3. If T 'y = 3 and there does not exist a positive finite invariant
measure j << m, then for every ¢ > 0 there exist a set A ¢ ¢ and an integer

p such that A, TPA and T PA are disjoint and m(A) > 1 - ¢.

. . -1
Proof. From the fact that uP = u implies u = 0, we conclude that also P

2 . - .. . . . -1
and P do not admit positive finite invariant measures. In fact, if uP = u,

-1 .
uP P = uP, hence u = 0, and if uP2 = u, then (u + uP)P = uP + u,

"

then u
u+uwP =0, u=0.

Hence by theorem 1.l there exist functions h, > 0, h

I >0, h

> 0 such that

2 3
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Lk
- 2 P hl -+ 0 uniformly
" k=0

n-1
L ] P kh > 0 wuniformly
n 2

k=0

n-1
1 2 szn + 0 wuniformly .
n 3

k=0

Put h = min(hl,hz,h3), then h > 0 and

n-1
J @*h + P "+ P?*h) > 0 uniformly .
k=0

Bi—

Define A'

{x | h(x) > 8}, where & is chosen such that 6§ > 0 and m(4) > 1 -%-.
It follows that

n—1
I ) )
- (r _ + 1 + 1 _ > > 0 uniformly
Do T KA TRp 72Ky
n-1 ] _
% 7@ A" + m(T®a") + m(r *a") + 0 .
k=0

Hence there exists an integer p such that

n(T PAa') + m(TPA") + m(T 2PA') < % .

Put B =T Pa" u TPA' u T ?PA', and A = A' \ B, then m(a) > I - €.
Since TPA « B and T PA ¢ B, we have A n TPA = ¢ and A n T P

#. Finally
from T P(TPA 0 TPA) =An T PAc AnB=¢ we conclude TPA n T P4 = ¢,

since T and therefore TP is nonsingular.

The rest of the proof of theorem 2.3 is rather technical. We first give a
rough scetch before writing the proof out in detail. In this scetch the no-
tation A ~ A' will stand for A and A' differ as little as we want.

. L _-n
Start with some set A ¢ I, fix an integer L > 0 and consider u T "A. In
n=0
step 2, using a technical result given in step 1, and lemma 2.3, a set A'~A

is obtained and an integer p > L such that

L L L
u T nA', ™y T nA'), T P( u T nA') are disjoint ,
n=0 n=0 n=0



Lo Lo Lo I
U TPA'~ u T, TP(u T A" ~@, TP(u T A"Y) ~¢ .
n=0 n=0 n=0 n=0

This enables us by means of an exchange procedure (step 3) to construct a set

| My

A" ~ A' and a sequence n, = 0 < np < <m such that A", T "A",.7.,T A"
are disjoint and
L -n L -n k -n,
u T A~ u T A"~ ¢y T A" .
n=0 n=0 i=0

Because of the sweep-out set lemma 2.1 we may suppose that A" thus obtained

is a sweep-out set (step 4), and therefore
L'
U T TA" ~ X

n=0

if L' is chosen sufficiently large. Repeating the construction from A to A",

-n Nk
but now starting with A", yields a set A1 ~ A such that AI’T lAl,...,T ]Al
ki -n.
are disjoint and z m(T lAl) > 1 - e. In step 5 finally this construction
i=0

is extended to the construction of an exhaustive weakly wandering set B ~ A.

We shall now perform each of these steps in detail. Throughout, we shall assum
~1 . .. .
T £ =1 and T does not admit a finite positive measure p << m.

Step 1. Let the set A' ¢ I and the integer L be given. Then for every e > 0
there exists a § > 0 such that for every B ¢ I with m(B) < & there exists a
L
set A' ¢ Awithm(A \ A") <egand u T "A' A B = @.
n=0
L n-n L
Proof. Put A' = A\ u T (T "An B), thenwe have u T A' n B = §.
n=0 n=0

, . . n . .. .
Since T 1s nonsingular, the measures m and mT are equivalent. This implies

that for every € > 0 there exists a Gn > 0 such that if m(B) < Gn’ we have

n €
mT (B) < T

Take § = min(éo,...,GL), then m(A \ A") < ¢ if m(B) < 6.
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Step 2. Let A ¢ I and the integer L be given. Then for every e¢ > 0 there

exists a set A' ¢ A and an integer p such that m(A \ A') < g,

L L
U T—nA', Tp( ) T-nA') and T_p( U TnnA') are disjoint
n=0 n=0 n=0
and
L . L
mTP(u T PA') < e, mT P(u T "A') < ¢ .
n=0 n=0

Proof. Take € > 0, and determine § > 0 as in step l. We may assume § < . By
lemma 2.3 there exists a set E and an integer p such that m(E) > 1 - §, and
E,TPE,T_pE are disjoint.

L

Put B = v T—nA\E, then m(B) < 8. Finally let A' be as in step 1, then A'
n=0
satisfies the conditionms.

Step 3 (Exchange procedure). Let there be given a set A ¢ I, integers

n, = 0 < D < eee <D, 0 < m< ... < mg, and sets Al,...,A2 all contained
in A, and real numbers GgseeesOys Bl""’BQ such that
-n, o, Cm -m,
i) AT "A,...,T TA,T Al,...,T A2 are disjoint
~n,
ii) m(T ~A) > &y 0<1<k

~m.
i .
T . . < < .
m{ Al) > 81, 1 i L

Then for every € > 0 there exists a set A' ¢ I with m(A A A') < ¢ and an in-

teger LI > o such that
-n -n -m -m -
- +
iy a',t 'ar,...,t Far,r I(A] nAY,. .., T * I(AE_1 nA'),T S Tat are
disjoint.

-n,
ii') m(T “A") > a5 0<1i=<k

-m

m(T 1(Ai nA") > 6., 0s1ist-]

m(T nk+lA') > 82 .
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Proof, Fix L 2 n o+ m. Because of step 2 and the equivalency of the measures
-n, -m.
€

m,mT »and mT ' there exists a set A0 c A with m(A\AO) < E-such that the

conditions i) and ii) hold with A replaced by Ay, and moreover

L L

u T "A . Py T A ), T—p( U T A ) are disjoint ,
- 0 - 0 - 0
n=0 n=0 n=0
L, L
m(Tp( u T A))) < E-, m(T p( u T A)) <= for some p > L .
0 2 0 2
n=0 n=0
p-mz p~m£ L -
Then define A' = Aj u T (A, 0 Ay). From T (A, n &) < ™(uy T Ay) we
p-m n=0
conclude mT 2(AﬂnAO) < %-, hence m(A'AA) < ¢.
Since A2 c A, we obtain the following survey:
p-m p=m_~n p-m,—n,
L L 1 2ok
a) T (A2 n AO),T (AR n AO),...,T (A2 n AO)
L n
are disjoint subsets of TP( u T AO).
n=0
-n -n
1 k
g) AT TAgsee,T A,
-m ~m
1 -1 ~pP,.p~mgR
T (A] n AO),...,T (AR—I n AO),T (T (Al n AO))
L -n
are disjoint subsets of uy T AO.
n=0
Y) T Pa is a subset of T p( u T "A)) .
0 0
n=0
Now using Ai n A= Ai n AO for | £ 1 < g and the fact that condition ii)

holds for A replaced by AO’ the verification of the condition i') and ii')
for A' with p = n + 1 is straightforward.
I Ty
Step 4. Let A ¢ I and suppose A,T A,...,T A are disjoint. Fix L > n .
-n, L
If m(T lA) > ay (0 <i=<k)and m(uT nA) > B, then for every ¢ > 0 there
Q

exists a sweep-out set A' with m(AAA') < ¢ and integers nk+l""’nk+p such

that

- -n -
T nkA’,T k+]A',...,T nk+pA' are disjoint
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-0, k+p -n.
m(T “A") > o, (0<i<k)and ) m(T *A") > 8.
i=0

Proof. It is easy to verify that for a suitable choice of the subsets

A],...,Ap of A and the integers m ,...,mp we have

1

L -n -n, -y ~m, -m
U T A=AUT 'AUu...UT “AUT ‘A, U...uT Pa
n=0 l P

where the sets on the right hand side are disjoint.
1f we apply the exchange procedure p times, we obtain a set A" with

" € .
m(AAA") < 5 and integers Dygpree s oMy such that

-n

=N
A”’T ]A”,...,T k+pAll

are disjoint ,

-n. k+p -0y
m(T ~A") > o, for 0 < 1 < k, and 2 m(T “A") > 8 .
i=0

The only thing we still have to show is the sweep—out property.
-n

By step | and the equivalence of the measures m,mT ],...,mT there exists

a § > 0 such that if m(B) < §, there exists a set A"' c A" with

-n -1
m(A"A"") <-§- avt,T lamr LLr KYPant B disjoint

“ng k+p I,
m(T *A"') >a, (0<isk), ) mT <PA"') >8,
* i=0
: ~1 —nk+p

By lemma 2,1 there exists a sweep-out set E such that E,T E,...,T E are

Tetp Mebp
disjoint and m( u T nE) < min(¢ ,%J. If we define B = U T "E and

n=0 n=0
A' = A"' y E, then A' satisfies the conditions.

Step 5. Choose Ae¢ % and ¢ > 0, Let EO be a sweep-out set with m(EO) < %-,

and put AO = AU EO’ then AO is a sweep-out set. Put ng = 0.

We now proceed by induction. Suppose after step p (p 2 0) we have found a
£

sweep—-out set Ap with m(ApAAp_l) < ;E:T (A_l = A), fzd a sequence
ng = 0 < (ua < mo < eee <omp such that the sets T 1Ap are disjoint for

1 P
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k.

% m(T
i=0

Ty 1
A)Y>1=-= forl<jc<p.
> ; i<p

Then by 4) there exists a sweep-out set Ap+1 and integers M peeeesDy

- P p+l
such that m(Ap+]AAp) < —é%z , the sets T lAp+1 are disjoint for 0 < i < k
2

and

-n,
m(T *A PP R ;- for 1 s js<sp+1.
0 P J

It~

i
Finally we shall show that the set

@ [¢+]
B= n U A
q=! p=q

is an exhaustive weakly wandering set under the sequence n, = O,nl,...,n

O -k ’..
k geee With m(AAB) < £, p
p+l

OCi’n

From AAB © u A AA

we conclude m(AAB) < e,

Fix p. Then for all q 2 p we have

k
E Yy I
m(T *A)>1 -=,
i=0 d P

and therefore for all q > p

k

-1
mT (
0 pP=q

i ®

I ~10

A)>l—lo
i P p

Hence, if q > «

k

-,
§ m(T 'B)
i=0

v
i
g l—

It follows that

m(T ~B)

W t~18

i=0
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-n, -n,
It remains to show that T "B n T JB = ¢ if i # j. Choose € > 0, and take

§ > 0 such that if m(E) < §, we have

-ni -n,
m(T *EuT JE) <e.

Since

(A AB) ¢ u (A .AA)
+1 ’
P q=p q q
there exists an integer p such that m(ApAB) < §, Hence
-n -n. - -

. n. n.
m((T YBAT }Ap) u (T JBAT JAp)) <e,

-ni -1Nn.
and because of T Ap nT JAp

f#, we conclude

-1, -n.
m(T BnT JB) <e.

Since € is arbitrary, we have

—ni -1n.
m(T "BnT JB)=0.

This completes theproof of the theorem.
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