EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Steam injection into water-saturated porous rock

Citation for published version (APA):
Bruining, J., Marchesin, D., & Duijn, van, C. J. (2003). Steam injection into water-saturated porous rock.
Computational & Applied Mathematics, 22(3), 359-395.

Document status and date:
Published: 01/01/2003

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023


https://research.tue.nl/en/publications/2ebfcfc4-64f0-481a-b087-a28ee19ca5df

Computational & Applied Mathematics - Steam injection into water-saturated porous ... Page 1 of 27

7 r articles —| r articles SEEII’Ch
Dl I | lBﬂluJ‘.

atr s fore |

Computational & Applied Mathematics services
Print version ISSN 1807-0302

o X .
Comput. Appl. Math. vol.22 no.3 Petrépolis 2003 ﬂ custom services
",E Article in pdf format

Article in xml format

Steam injection into water-saturated porous rock 2 Article references
ﬁ Curriculum ScienTI

How to cite this article
I Access statistics

|1 cited by SCIELO
J. Bruining'; D. Marchesin''; C.J. Vn Duijn'"! |-l Cited by Sci

Similars in SciELO
Dietz Laboratory, Centre of Technical Geoscience, Mijnbouwstraat 120, 2628
RX Delft, The Netherlands, E-mail: J.Bruining@mp.tudelft.nl

Instituto Nacional de Matematica Pura e Aplicada, Estrada Dona Castorina @ Send this article by e-mail
110, 22460-320 Rio de Janeiro, RJ, Brazil, E-mail: marchesi@impa.br
Technische Universiteit Eindhoven, Den Dolech 2, 5600 MB Eindhoven, The
Netherlands, E-mail: c.j.v.duijn@tue.nl

*. | Automatic translation

ABSTRACT

We formulate conservation laws governing steam injection in a linear porous medium containing water. Heat
losses to the outside are neglected. We find a complete and systematic description of all solutions of the
Riemann problem for the injection of a mixture of steam and water into a water-saturated porous medium. For
ambient pressure, there are three kinds of solutions, depending on injection and reservoir conditions. We show
that the solution is unique for each initial data.

Mathematical subject classification: 76S05, 35L60, 35L67.

Key words: porous medium, steamflood, travelling waves, multiphase flow.

Introduction

Steam injection is an effective technique to restore groundwater aquifers contaminated with non-aqueous phase
liquids (NAPL's) such as hydrocarbon fuels and halogenated hydrocarbons [15]. It is also one of the most
effective methods to recover oil from medium to heavy oil reservoirs [13]. The main feature of steam injection
is the steam condensation front (SCF), which marks the boundary between the upstream zone at boiling
temperature and the downstream liquid zone below the boiling temperature. Depending on the situation there
may exist an isothermal steam-water shock at the boiling temperature (HISW) instead of the SCF. The main
result of this work is a complete and systematic classification of the structure of all possible cases of Riemann
solutions. As a first step we have ignored the presence of NAPL's in our model. The model has also applications
outside the use of steam for oil recovery or pollutant product recovery, for example in chemical engineering.
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There is an extensive literature on models of steam drive. Their main focus is the internal structure of the steam
condensation front and they are reviewed in [4], [5].

In this article we limit ourselves to the simple case of steam displacing water. Our aim is to investigate a unique
well posed solution of the Riemann problem for all possible values of the model parameters, providing
mathematical validation of our model. This is the first step towards solving the full problem of groundwater
NAPL removal.

In Section 1, the physical model is presented. It is described mathematically by balance equations of mass and
thermal energy, which are rewritten into a form suitable for analysis.

Section 2 presents the basic waves arising in the model; the main concern is to identify their speeds, so as to be
able to find the order in which they may appear in a linear steam injection experiment. In Section 3, we see that
for certain values of initial and boundary data, some of these speeds coincide, giving rise to bifurcation and
structural change in the Riemann solution. All solutions of the Riemann problem are in Section 4. Section 5
verifies that the SCF satisfies Lax's shock inequalities, but not strictly. Section 6 summarizes our results and
conclusions.

Appendix A describes notation and values for the physical quantities appearing in the model.

1 Physical and mathematical model
1.1 Physical model

We consider linear steam displacement in a homogeneous reservoir of constant permeability and porosity. The
reservoir is initially saturated with water. The pressure gradients op,,/0Xx, apg/ ox driving the fluids are small with

respect to the prevailing system pressure p divided by the length of the reservoir. In particular, within the short
steam condensation zone pressure variations are negligible. Hence we disregard the effect of pressure variation
on the density of the fluids and on their thermodynamic properties. The reservoir is horizontal, so gravitational
effects vanish.

A steam-water mixture is injected at constant rate u™ and constant steam/water injection ratio. Transverse
heat losses are disregarded. We neglect capillary forces after steam breakthrough at the production end of the
reservoir to avoid problems with the capillary end effect, which is outside the present scope of our interest.

The effects of temperature on the fluid properties, e.g. water viscosity p,,, steam viscosity Hys water density p,,
and steam density pg are taken into account. Darcy's Law determines the fluid motion. The temperature

dependence of heat capacities and of the evaporation heat are also taken into account. Capillary pressure as
well as an effective longitudinal heat conduction term are included.

We have chosen to describe condensation in terms of a steam mass condensation rate equation. The mass
condensation rate q is always positive when the temperature drops below the boiling temperature T? as long as
not all steam has condensed, thatis S, < 1.

The stated conditions can be considered representative of steam injection in the subsurface for remediation of
contaminated sites. As steam is injected the reservoir is heated. Depending on the proportions of steam and
water in the injected mixture, we can distinguish three regimes, which differ in the structure of Riemann
solutions. When pure steam is injected, there will be a decrease of the steam saturation in the hot zone away
from the injection point, described as a rarefaction wave, and then a SCF to the cold water, described as a
shock with a concentrated source term. This is called situation I. As the water injection rate is increased further
a zone in which the steam saturation is constant will develop preceding the rarefaction wave until the steam
saturation in the hot zone is constant. After this constant state there is a SCF and a cold water region. This will
be called situation Il. Finally when the water-steam injection ratio is increased further, the steam bank will not
be fast enough to reach the cooling front separating the hot and cold water zones; thus there is no SCF. This
and higher ratios originate in situation Ill. In all regimes, there is a hot zone and a cool zone, whose boundary
moves with constant speed, as shown in Fig. 1.
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Figure 1 — B: Condensation front or cooling front,

Each of the enthalpies per unit volume H (T), H.(T), Hg(T) ([3/m3]) is defined with respect to the enthalpy at

the initial reservoir temperature TO at the standard state. This means that they are all zero at the initial
temperature T°. The enthalpy of steam is subdivided in a sensible part H;: (T) and a latent part H;;(TO), i.e. Hg

(M) = H; (T) + H;: (T9. The sensible heat H; (T9) is zero at the initial reservoir temperature. The evaporation

heat or the latent heat per unit mass at the initial reservoir temperature T° is denoted by
I Oy — gl 0 0
A" = A(T") = H(T")/ pe(T"). (1)

In general A(T) is the evaporation heat per unit mass at temperature T. The enthalpies as a function of
temperature are summarized in Appendix A for convenience.
We assume Darcy's law for two-phase flow, water and steam respectively, without gravity terms:

Ky 8P kkre 3P,
-, Uy = ——=—=,
fw OX # Mg dx

(2)

Wy = —

The liguid water viscosity and the steam viscosity are temperature-dependent functions (see Appendix A).

As discussed in [4], the water mass source term is taken as

QJJ(T - Tﬁ)(sw - l) for T = Tbe 0 = Sil.‘ = l;
q = (3)

0 otherwise.

This term is motivated by the idea that the condensation rate is determined by a "driving force" which is
proportional to its departure from equilibrium S =1 and T = Tb ( see also reference [11]). The value of q, is

considered very large.
1.2 The model equations

The mass balance equation of liquid water and steam read as follows:

(ppwsSy) _|_3(pi.;um] _

ot x 4 “)
A(@peSe) | ogug)
o T ax )

The rock porosity ¢ is assumed to be constant. We include longitudinal heat conduction, but neglect heat losses
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to the surrounding rock, in the energy balance equation given below. By our assumption of almost constant
pressure we ignore adiabatic compression and decompression effects. Thus the energy balance is (See reference
[2], Table 10.4-1):

] 9 d ( aT
5(}:} + @SuHy + S Hy) + a{umﬂ'ﬂ, +ug H,) = P (xa) ()]

Here « is the composite conductivity of the rock-fluid system [1]:
K =i+ @(Sw‘cw + Sgk‘g;)- (7)

Equations (4), (5), and (6) are the basic governing equations for the flow.

Equations (4) and (5) are combined with the heat balance equation (6), where we also use separation in
sensible and latent quantities, to obtain:

3 N N8 (8T
— (Hr + ¢SuH, + ¢S, H;) + o (uwHy + ugH;) — — ( )

at dx ”E
3 2 2 3
= =7 (0SeHe) = 5— (e Hp) = =2 (98P A7) — o (ugpe A”)

d il
= —A" (E (#Seps) + i {“3#’3)) .

Using Eq. (5), this yields

9 o \
a (JHi +¢S::1Hw + @SgHg) + a (”me + -'-ngg)

(8)

d aT

=gA' + —[k—).
q +3x(Kax)

Let us define the fractional flow functions for water and steam:

krw !{.u;w kr '!,# y
Juw= ; fe= s . 9
kru:/ﬂm + krgf#-g krw,'i#»m + krg /Hg
The capillary pressure
P, = P(Sy) = FPe = Pu (10)

which is given by Equation (83), is a strictly monotone decreasing function; it appears in the definition of the
capillary diffusion coefficient Q:

kg 4B,

Q=—fu = 0.
s

(11)

We notice that Q vanishes precisely at water saturations S, =S and S, = 1.

Using Darcy's law (2) (in the absence of gravitational effects) and the definition of P_ given in Eg. 10, one can
easily show from Egs. (2) and (11) that:

95, a5,

Uy = Ufy — 2 e = Ufp —
' dx § & ax’

(12)

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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where
u=it, +iu, (13)

is the total or Darcy velocity and Q acts as a saturation-dependent capillary diffusion coefficient.

Substituting (12) into Equations (4), (5) and (8) leads to

3 (ptﬂ Slﬂ] 3 (prﬂ'ufl”) 3 3 SI'J'J‘
g+ 2 pa2) 14
T ax 4+ 357 \ Py 19
3(peSe) B (poufe) 3 S,
: =g+ 2 (pa%%). 15
" T ax 9+ 55 \ Pt (15)

a ; d s
E {Hr + @stw + wHk'SR] + a(u (waw + Hﬂfg] )

a a8 i) aT
=gA’+ — [ (H, — H)Q— —e=.
1 +3x(( 3) Eix)—i_ﬂ.r(xax)

The governing system of equations is (14)-(16).

(16)

As to initial conditions, we assume that the reservoir is filled with water at saturation SW(x, t=0) = SE'J =1

with constant temperature T(x, t = 0) = T°. As to boundary conditions, the total injection rate u™ is specified
and constant (see Appendix A). The constant steam-water injection ratio is specified in terms of the water

saturation S, at the injection side.

Lemma 1. In a region where the temperature is constant (and noncritical), q = O.

Proof. If the temperature is constant, the enthalpies are constant, so Eq. (8) becomes

250 ops e g e s o a7
Pl gy TPy Ty T ey T4

We regroup Eg. (17) and use the mass balance equations (4) and (5). Since the temperature is constant the
densities are constant too, so Eq. (17) becomes

3s, ou 3S.  du,
Hm —_ - H —= —=£ = A{},
('par"'ax)+ S(’Pas+ax) 1

(18)

The term in parenthesis in Eq. (18) is minus the enthalpy per unit mass required to convert water into steam
and is therefore non-zero. Consequently we must have that q = 0. Summarizing, we can say that if the
temperature is constant in space and time then there is no source term.

Remark 1. It is easy to see that the source term g vanishes in regions where either (i) the temperature is
constant, (ii) the gas saturation is zero, (iii) the water saturation is zero.

2 The hyperbolic framework

By ignoring capillary pressure and heat conduction diffusive effects, we are in the framework of first order
hyperbolic conservation laws; this framework is useful to study the basic waves of the model. Throughout this
section we assume that all fluids are in thermodynamic equilibrium. Equations (14) and (15), the mass balance
equation of liquid water and steam combined with Darcy's law read as follows:

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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(@ owSw) +3(pwufw] _

, 19

ot ax 7 a9
DppeSy) . Dpeufy)

- = —{f. 20

3 T ax 7 20)

When we add these equations, we obtain the total water conservation:
d 0
Yo (pw3m+pg3-)+a—x u(pwfuw+pefe) | =0. (21)

Eq. (16) becomes

L b

d d
o7 (Hr + 9Hy Sy + 0HSe) + — (u(waw + H;fg)) =qA% (22

or equivalently, as in Eq. (6)
3 3 B .
5 {Hr +oH, Sy + @Hgsg] + a_x u(Hy fi + Hgfg:' = 0. (23)

Egs. (21) and (22) will be used for most of the analysis in this section.

Remark 2. Notice that all speeds defined by Equations (21) and (22) are proportional to u. Thus we can choose
any speed to parameterize all the other ones.

Let us consider all regions where the mass transfer term vanishes. The mass transfer can vanish because of
several reasons. Based on these reasons, we classify the regions in the following table. Because the mass
source term vanishes (Eq. (3)), we have the following zones in the reservoir:

SAT T=7T" T <TP
Sy < 1 | hot steam zone | XXXXXXXXXXXXX

Sy = 1 | hot water zone | cold water zone

Table 1 — Classification according to mass source term.

We call "hot steam-water region", or ""hot region", the hot steam zone together with hot water zone, where T =
Tb. We call "liquid water region" the hot water zone together with the cold water zone.

These regions overlap on the hot water zone.

Remark 3. There is no "cold steam zone" in Table 1 because at thermodynamical equilibrium steam cannot
exist at a temperature lower than TP.

As we will see, a configuration composed by sequential zones of hot steam, hot water and cold water is possible,
counting away from the injection point. At the first interface S, = 1 is reached, while at the second one T = TO

is reached.

A configuration containing only the hot steam zone and the cold water zone is possible if we interpose the so
called SCF, where both saturation and temperature change abruptly.

Lemma 2. The source term in the hot region and in the liquid water region is zero. That the source term is zero
in the hot region follows from Remark 1. That the source term is zero in the liquid region follows from the

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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existence of a single phase and consequent absence of mass and energy transfer between phases.
2.1 The hot region

This region starts with the hot steam zone, where steam is injected at boiling temperature T°. We claim that the
Darcy velocity u (given by Eqg. (13)) in the hot region is independent of position. To prove this fact we use
equations (19), (20). As the temperature is TP, the source term (such as given in Eq. (3)) vanishes and the
densities are constant. We can divide Eqgs. (19), (20) by the densities and add the resulting equations and
obtain our claim.

Since the Darcy velocity u is a constant in space in the hot region and since in this work we also take that u™ is
constant in time, the temperature TP and the Darcy velocity uP are constant in this region. Thus Eq. (22) is
satisfied trivially, and both Egs. (19) and (20) reduce to any of the two equivalent forms of the Buckley-Leverett
problem for steam and water that follows:

a8 + gaﬁ:r —0, BSH _’_ub%

o TV T P T e

— 0. (24)

This equation governs propagation in the hot steam zone, as long as steam and water are both present. The
classical Oleinik construction [10], or equivalently, the fractional flow theory [12] describe waves in this zone.

We will denote by U;’ the speed of propagation of saturation waves in the hot steam zone. It is obtained from
Eq. (24) as the characteristic speed:

" afh
qad

v} = 0 (S u’) = Sw)- (25)

where T = T? and we use the nomenclature fi‘: (S, =Sy Tp)-

A particular Buckley-Leverett shock for (24) turns out to play a relevant role, separating a mixture of steam and
water from pure water, both at boiling temperature. We call it the hot isothermal steam-water shock or HISW
shock between the (—) state (S'I’,, TP, uP) containing steam and the (+) state (1, T°, u®) containing water at

boiling temperature. It has speed UE, w given by

Ub — (S ) ‘b fg”(S;’) — u_b u-( u')

. 26
g.m (ﬂ' Sg @ 1 — Si:, ( )

Notice that, because fg(Sg =0)=0and (afg/asg)(sg = 0) = 0 from Eq. (9) and from the quadratic behavior of
the steam relative permeabilities in the saturation given in Eq. (82), with ng = 2 we obtain:

b (S =1u")=0. (27)

Similarly, for Si’;‘_ <'s,,. from Egs. (82) and (9),

b u?

28
U_!,'.w ';p“_ w) l: )

]

Remark 4. It is easy to verify that [ in Eq. (25) is monotonously increasing in S{:_ when S::_ is less than Si"fl,

the inflection abscissa of f,,, and monotonously decreasing when S::_ is larger than S,

2.2 Liquid water region

We recall that the liquid water zone consists of the hot region, which is also part of the hot region examined in
Section 2.1, and of the cold water zone.

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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In the liquid water zone there is no steam, so there is no mass transfer between steam and water. So g = 0.
Also, in the liquid region S , = 1, so Egs. (21) and (22) reduce to

pw  O(upw)
at + x

i(H H,)+
3! r+§9 e

0, (29

duH,)

r 0. (30)

2.2.1 Cooling contact discontinuity

We will assume that p,, and C;’; are essentially constant in the pressure and temperature region of interest. A
more complete discussion can be found in [5].

Let us consider a temperature discontinuity from T° to T%, with speed vg;“ in the liquid water between the hot
left (or upstream) state (S, =1, T = Tb, uP) and the cold right (or downstream) state S, =1T= 79, u%. For
such a cooling contact discontinuity, from Egs. (29) and (30) one can obtain the following Rankine-Hugoniot

relation, where we denote by uP and u® the Darcy velocities at the discontinuity sides corresponding to T° and
TO:

o W8S —ubpl  WOHY b .
Y (el —pk)  (HY+@HY) — (HP + @Hp)'
where
HY = H,(TY, H!=H.@T", p}=p.T". (32)

We recall that our convention is that enthalpies vanish at T°; then the Rankine-Hugoniot condition can be
rewritten as

0.0 b B I
bﬂ_‘" Py — U pw_ b HI:

P = =u . (33)
" (el = ph) H! + H}
From the second equality in Eq. (33), we obtain that
] h
B HJ" + 'ngw N:D (34)
- ]
HYpl/ ol + o H)
which expresses the conservation of water mass.
From the last term in Eq. (33) and from Eq. (34):
HJ'J

,Uf.’.l] — ket 0 (35)

= i
w b 4k 0 ]

Hi- P;:,Pw + @Huz
Remark 5. Notice that the dependence of p, on temperature is often small. If p  were independent of
temperature (constant), then Eq. (34) would imply that u? = u°.

Remark 6. Since all speeds in this problem scale with u, and u'™ is constant in time, u® and u® are constant in
time.

Remark 7. In the hot water zone, both SW =land T=TP so g = 0. Since the temperature is constant, so is
p,» thus Eqg. (29) says that u is a constant, which has already been called uP in Section 2.1. Equation (30) says

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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that the characteristic speed (of temperature waves) in the hot water zone is

- cr (T}}) .

1!

.= .
w =TI + oCL(T?)

(36)

This is the propagation speed of small temperature perturbations near T = TP in the hot water zone.

Remark 8. Under the assumptions that p , and C:; are constant in pressure and temperature, the characteristic

speeds (36) evaluated at T?, and evaluated at T° coincide with the discontinuity speed (31). In gas dynamics,
discontinuities with this coincidence property are called contact discontinuities. Hence the name we gave to this
wave.

2.3 Steam condensation front
This is a discontinuity joining a state (=) containing steam and water at temperature TP to pure water at

temperature T°, a state (+); that is, it separates the hot steam zone from the cold water zone. It satisfies the
following Rankine-Hugoniot conditions with speed vSCF for Egs. (21), (23) between states (S::.-’ TP, uP) and (SE['J

=1, T° u®). From the water balance (21) we obtain:

u’ (puifw + fope)” — 0v° " (pwSuw + Sepg)”

= u® (pu fu + Fope) " — 00T (puSu + Sgpe) 7
and from the energy balance (23) we obtain:
u’ (Hy fu + He fe)” = 0" (H, + 9Hy Sy + 0H,S,)~
= u® (Hy fu + Ho fo) " — v (H, + @HuSy + 9H,S,) " 9
As no steam exists on the right of the SCF, we can say that Sy = fis = 1 and Sy = f, = 0 and thus Eq. (37)

becomes
u” (pu fuo + Pefe)” — 0V (pwSw + peSe) ™ = P (u® — 9v*F) . (39)

Under the same conditions we obtain for the heat balance equation (38):

u (Hy fu + Hy o)~ — 057 (Hy + 0Hy Sy + @H,S,)~

: (40)
= u"H) — %7 (H + pHJ) = 0.

The RHS term of Eq. (40) vanishes in the absence of steam because of our convention for enthalpies, as far as
rock and water are concerned. For the SCF velocity it follows from Egs. (39), (40) that

0_ b pf; b Po SCF p:‘:} b, Po
_ h w by g 2 b w ook
we=u —pgfg-l-—pgﬁ” P —p,]Sg+—pUSu, [ I C )]

[0 I

Hyfo+HE

SCF b w
v =u , (42)
HP + @Hb S :pHgBSé’
where we used the nomenclature that follows from Eq. (1):
H} = H(T") = H{(T") + H., = H? + A%p). (43)

http://www.scielo.br/scielo.php?script=sci_arttext&pid=S0101-82052003000300004&... 25-5-2010
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Because S;f =1- Sﬁ,, f:j =1- fl':‘: and flﬁ depends only on the water saturation in the constant temperature

steam zone, we observe that u® depends only on the water saturation and the Darcy velocity at the left of the
SCF as well as on the velocity of the SCF.

From Egs. (41) and (42), we can write u° in terms of u®:

pl

g B
—f
Py E

0 b
B [Pugh
Al v
B ogh B b (44)
H; —f—Hg fg

LR

b f
Pugh 4 Pogb 4 .
[ A H} +oH)Sh + @ HES?

Egs. (42) and (44) represent the speeds vS¢F and u® in terms of uP. Eq. (44) easily allows to read u® in terms of

u® (see Figure 2). We can use the expression of [n“:| given by Eq. (44) in Eq. (42) to obtain vSCF in terms of u®:
I

USCF — u{)[u;“]_l H$f£ + Hﬂﬂfﬁ.{? (45)
ub| HP +@HLSh + pHPSE
[ ub
u?

I
|
|
|
| I |
I | |
| I |

L I [ 1t 'L

1 2

54 S S

Figure 2 — Speed u” versus S;':, for fixed TY, u?, obtained from Eq. (44). The curve is
almost horizontal at S.; if pg and Hf could be neglected, and p,, were independent of

temperature, tangency of the left and right curves at S, would be exact (using Eq. (47)).

Finally, we replace Hgﬂ in Eq. (45) by its definition given in Eq. (43).

Remark 9. In principle, (+) states with temperature T different from T° could be considered, but because C;ﬁ
was assumed to be constant such condensation discontinuities do not appear in the Riemann solution.

2.4 Cold water zone

In the cold water zone, S, = 1, so q = 0. Since T = TO is constant, so is P+ Thus Eqg. (29) says that u is a

constant that has been called u®. Equation (30) says that the characteristic speed (of temperature waves) in the
cold water zone is

0 CH(T?) 0

7l

=TT +eCh

(46)
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3 Wave bifurcation analysis

Let us consider the situation where the hot steam zone is followed by a cold water zone. For such a situation to
occur, there must be a steam condensation discontinuity in between. Let us first examine the critical case (*)
when the speed of the condensation discontinuity is the same as the characteristic speed in the cold water zone.

3.1 The hot-cold bifurcation

Because speed equality of different waves typically represents resonance and generates bifurcations, let us
consider the case when the SCF speed is so large that it equals the cooling contact discontinuity speed. We
expect this bifurcation to represent the boundary between configurations containing either SCF shocks or cooling
discontinuities. Equating the cooling discontinuity speed vﬁ;ﬂ' (from Eqg. (33) or equivalently from (35)) with vSCF

given by Eqg. (45). Using Eq. (26), we conclude that we have the following remarkable speed equalities.

Theorem 1. Fix T% and T? (or equivalently T® and the reservoir pressure). Consider the following three shocks:
HISW shock between (Sb.-' TP, uP), (1, TP, uP), cooling shock between (1, T2, uP), (1, T°, u®), SCF between (S'I’,,

o, ub), (Sg ,T%,u®), with speeds U:w’ uﬁ? and vSCF respectively. If any two of their wave speeds coincide at a

certain S::_ = S, then their three speeds coincide at this S..

Proof. The proof consists of three parts. The velocities are given in Eqgs. (26), (35) and (42).

1) Assume that at §f = S_ we have y? = 5,0,
( ) 'Su-' U.F.',"? van

From the equality in speeds, Egs. (26) and Egs. (33) we have for S;f =1-S.,:
u® f; ub1— fb ) HP

E T wo_ 1 . 47
oSt p1-5, " Hi+yH} @0

u

Multiplying numerator and denominator of the second fraction in Eq. (47) by !‘.I'r‘;j

w and subtracting the results to
the corresponding terms in the third fraction, we obtain:

!
¢ Sy HY+eH)Sh

Multiplying numerator and denominator of the first fraction in Eq. (48) by Hgﬁ and adding the results to the
corresponding terms in the second equation, we obtain:

Wiy o Hufo+ HOSY
Bl _y . (49)
Y HY + oH} S, + 9HZS;

From Egs. (26) and (42), we see that v;'_’ w = V.

= vSCF implies p? =

(2) Performing the above calculation in reverse order, we can prove that o e

fr

g2,
SCF — b0

v =V

(3) Assume that at S, we have ‘uﬁ;{} = vSCF,

From Egs. (35) and (42), and assuming that p;’r = pl?,, i.e. the density of water is independent of temperature,
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:; b b B rb
b0 _ ”.'.a ‘Hujr — b Hl!ﬂfw + Hg fg

v —_— =l .
1 H_,h-i-:;ﬂH"’ Hf—i—gﬂHbSF’ +§GH§S§

e ww

(50)

b

I S::, =1- S;f in the numerator and denominator of the last fraction in Eq. (50) we

Substituting flf, =1-
obtain:

B Hb — HYfP + HE f?

b
h0 = ub Hujr = ub )
w HP + oHE HP +@Hb — oH)SE + pHES?

v

(51)

Subtracting the numerator and denominator of the first fraction from the corresponding terms in the last
fraction we obtain:

b ol b B
20 — ifg (—H, +HS)
v Ty SH—HL + HE)’

(52)

or, from Eq. (26), vﬁ;c' = UE.’,,H, and the proof is complete.

O

The speed y ) is the Buckley-Leverett speed of propagation of a hot steam shock from S-‘J to S, =1 (pure hot
e

b
g
water, or no steam) governed by Eq. (24). Thus, each pair of states of this one-parameter family of
discontinuities (S., T?, uP), (1, T°, u®) acts as an organizing center in the space of all solutions of the Riemann
problem; the first member (S.., T?, uP) of each such pair is denoted by *. This family of discontinuities is

parameterized by u® for instance, as explained in Remark 2.

Theorem 1 provides information related to the structure at the left of the temperature discontinuities. In Figure
3, S.. corresponds to the saturation of a state *. See also Figure 4. The * state separates two different

configurations; in one of them, there is a hot steam zone and a cold water zone separated by a SCF, while in the
other there is a hot steam zone, a hot water zone and a cold water zone.

| speed
SCF
v cold water zone
A V'
hot steam-water zone Vv b hot water

a,.w Zone

1 L 1
b
51.. Sﬂ- ! SW

water saturation

Figure 3 — Schematic bifurcation diagram near S. (for fixed 1%, T%) versus S%, the
saturation on the left of the H 1 SW shock or of the SCF.
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fw
1
#3
P
i
’f
rd
ri .
f* _______ ;f_ ff
i
VA |
£ £
Ay
/ oy 1
s VA
5*1. 5 i ! Sw

Figure 4 - Finding S. from second equality in Eq. (47), by a solid line with slope
gaHé", J(H? + oH li’.}; dashed bounding lines through {0, 0) and (S,+, 0).

3.2 The steam-water bifurcation

Let us fix TC and TP (or equivalently TO and the reservoir pressure). Let us now examine the critical case () when

the speed of the steam condensation discontinuity is so high that it becomes the same as the characteristic
speed of saturation waves in the hot region given in Eqg. (25), so the SCF overtakes the cooling discontinuity.
One can expect that the SCF cannot exist with higher speed. At S;, the SCF becomes a left-contact. At such a

state (S, T, u) = (S, TP, uP), we have:

b b

VP (Si; 1) = =008, = oS, (53)
b Q aSu.l

It is easy to find numerically or graphically (see Fig. 5) the solution of Eq. (53) using Eq. (42) and solve for S.
Notice that u® cancels out. Subsequently we can use Equation (44) to calculate the downstream velocity u® in
terms of vSCF. Equivalently, we can use Egs. (44), (45) to obtain u® and vS°F in terms of u®.

f“’.
1
b +———————
ffT "/’f i
-~ 1
-~ i
e !
fa’f :
P i
Sy s
- it
(St,11) .~ S §"s,5,' S
f" ’

Figure 5 — Graphical solution of Egs. (53) and (42) for steam-water bifurcation. See
Eq. (54). The solid line represents the $CF shock.
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Remark 10. If Figure 5 were drawn to scale for the actual data nothing would be visible. The drawing is for
illustrative purposes. In the numerical example studied in detail, we find the following values: S = —-1.32449, f =
—0.00471, S = 0.884747, S = 0.308042, S = 0.991435, and S, = 0.983167.

; SCF i ; i B — 1 _ b =1 i
Equating v given by Eqg. (53) with Eq. (42), making fg 1 fui Sg 1-S,,. we obtain

afh . fhsy -t
35, (8:) = S—5 (54)
where
HJ’J + HB HB
R 2 i S S S (55)
HP — HD HP — H}

and all quantities are evaluated at the boiling temperature T?. The physics of water at normal pressure dictates
that at the boiling temperature, Hgﬂ < .!"."“"I thus S < 0 and

i <o. (56)

Remark 11. Since for steam-water (S, T) satisfies the inequalities (56), there is another solution point (S, fTbT)

for Eq. (53) closer to (1,1) as shown in Fig. 5. However, it does not play any role in the Riemann solution of the
current problem because it exceeds S,., according to Remark 10.

The contact bifurcation S separates different wave structures in the steam-water zone as can be seen in Fig. 6.

speed
VSC,‘F VSCF
T constant + /
rarefaction / | Vb
| I g,w
: constant :
| | |
I
vy o | ounoom i
. inf
S, S, 1 s,

Figure 6 — Structure of the steam-water zone below solid curve marked by uf, u?c"",

vSCF,ub | givenin Bgs. (25), (42) with S,=S5:, Eq. (42) with S < Si¥ < S., and Eg.

{26) respectively. The figure is not drawn to scale.

In Figures 11 and 2, we show the characteristic speed vS°F and uP for each S::.-’ at temperature TP for fixed u®.

As we shall see in Section 4.2, the diagram in Fig. 11 determines the structure of the Riemann solution in the
steam zone.
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I 111

|

|

J :
S, S. T gk

Figure 7 — Speed u? for fixed 7%, u'®/, obtained from Eq. (7) and Fig. 2.

case |

1.0
= 0.8 1
§ 06
E 0.4
w

0.2

ﬂ|a T T T T 1

0.00 0.05 0.10 0.15 0.20 0.25
{distance / time)'™
casel

400 -
=
2 350 4
=
g
= 300 -
£
Z

250 1 : r v )

o.00 0.05 .10 0.15 0.20 0.25
{distance / time)'™

Figure 8 — Two cases of steam injection: at connate water saturation 5, or at a low water
saturation. With injection at Sy, there is a rarefaction wave and a SC F. With injection

of low water saturation above S, there is a constant state before the rarefaction.
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casell

1.0 1
=
=
g
®
[
0.8 T T T T )
0.00 0.05 a.10 015 0.20 025
(distance/time)'™
casell
400
=
2 350 -
g
E. 300 4
=2
250 r - . - 3
0.00 0.05 0.10 015 0.20 0.25
(distance / time)™*

Figure 9 — Steam injection at intermediate water saturation.

We get a constant state

upstream and the steam condensation front. The SCF moves faster than in Figure 8.

case lll
1.00 - —
g 095 -
k]
@
a.gﬂ I ¥ L] 1 L}
.00 0.05 0.10 215 0.20 0.25
(distance / time)"*
case lll
400 -
£ 350
B
=
£ 300 -
]
250 T T T T L)
0.00 0.05 .10 0.15 0.20 0.25

{distance / time)'™

Figure 10— Steam injection at a high water saturation. We get a constant state upstream,

the Buckley-Leverett-saturation shock and the cooling discontinuity. These two waves

have distinct speeds; they are both faster than the SCF in Figure 9.
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Figure 11 — Wave speed diagram for left states (52, T, u®) reachable from the right
state (1, 79, uﬂj\; for this right state the curve marked v3¢7 is the Rankine-Hugoniot
curve projected onto the (S, v} plane. The velocity of the SCF is v5C¥ (Eq. (42)), v?
is the hot region saturation characteristic speed (Eq. (25)), and v#:? is the velocity of the
cooling contact discontinuity (Eq. (35)).

Remark 12. By inspection of Figure 5, we see that slightly above S there exist S, and slightly below S there
exist S_, such that in the limit as S, = S_ we have v5¢F(S,) = vS°F(S_) larger than vS¢F(S), satisfying as well

) b

(84 — SOVSCF(S,) = %(fﬁ(&) -
b

(S = SvSEr(s) = %(frf’,(Su) - £

Subtracting these two equations, dividing by (S, — S_) and taking the limitas S,, S_ — S we recover that

u® aft .
— 2 (8) = v5F, 59
P asu,[ 7)=v (39)

and obtain that S maximizes vS°F, as illustrated in Figures 3, 6 and 11. An analogous argument holds at S.

Remark 13. The SCF shocks are represented in Figure 5 as segments with slope (vS¢F/uP) between (S, f) and
(S, f) for 0 < S < S. We see that as S increases vSCF decreases and the shock amplitude S-S increases.

Remark 14. We have shown that (vS°F/uP) has an extremum at S; the Figure 5 shows that this slope has an
extremum at S. Thus (vSCF/uP) also has an extremum at S.

3.3 Waves in the liquid water region

Because the initial reservoir temperature is T°, the liquid water region must always contain a cold water zone at
temperature TO far away from the place where hot steam is injected. If the liquid water region receives water at
temperature T° from the steam zone, the liquid water region consists of a hot liquid water zone at temperature
Tb and a cold water zone at temperature T?, separated by a cooling discontinuity that moves with speed vz;ﬂ'

given by Eqg. (35). This cooling discontinuity exists provided vﬂ;o > U';;,,,, from Eq. (26) i.e. the hot isothermal

steam-water shock velocity (HISW). In this case the HISW shock at which the steam saturation becomes zero
and the cooling shock where the temperature jumps to the ambient temperature are separated. See region S >
S, in Fig. 3.
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On the other hand, if vh0 > UE.', w were to be violated, there would be no hot water zone and no cooling

i
discontinuity. See region S < S, in Fig. 3, where there is a steam condensation front instead of a cooling

discontinuity.
3.4 Waves in the hot steam zone

The waves in this zone can be found by a pure Buckley-Leverett or Olenik analysis of Eq. (24), with one caveat.
In the sequence of zones starting at the injection well, the first zone is a steam zone, and the last one is a cold
water zone, with heat flow governed by the system (29)-(30). The cold water zone is reached either via a steam
condensation shock or via a cooling shock. In the latter case, if there is no other shock between the steam zone
and the cold water zone, all waves in the steam zone must have speeds that do not exceed the cooling shock

speed vb’{} given by Eq. (34). In particular, if there is a HISW shock with speed given by U;‘;m in Eq. (26), we

w

must have UL’, w =< v:f;{}. Similarly, if there is a saturation rarefaction wave with speed given by UI:’ in Eq. (25),

we must have ¥ < v0

, the cooling contact discontinuity velocity.

Because of Theorem 1, we see that the restrictions above are satisfied precisely for saturation S::, in the hot
water zone with values between [S,, 1], see Figure 11. For steam-water at the conditions considered in this
work, one can verify that the steam water bifurcation water saturation S is smaller than S, in Fig. 5. Because S

< S., there are no Buckley-Leverett shocks between [S, ., S.]. This is so because below S there are no shocks

we?
as rarefaction wave velocities increase monotonically frorcn S, 10 S. At S the velocity is equal to the SCF
velocity. Between S and S, there are no shocks as the rarefaction wave velocities are larger than the SCF
velocity.

Another case of interest occurs if pure steam is injected, i.e. S, = S, the connate water saturation. In this
case, a saturation rarefaction wave starts at x = 0 in the steam zone. A mixture of steam and water can also be
injected. As long as S:I:,’-" < S, at x = 0 there is a constant state followed by a saturation rarefaction wave. Of

course, in the Buckley-Leverett solution for the steam zone the rarefaction wave containing a saturation value
S,, satisfies the geometric compatibility condition:

uinj ol S )
fm( rl'.') ‘:USCF

o 35, (%0)

4 Construction of the Riemann solution

Here we describe a systematic way of constructing the Riemann solution through a wave curve. Then we
summarize the resulting Riemann solution.

4.1 The wave curve

Let us fix the initial state of the reservoir as Sg =1, T=T9 u = u° which is necessarily the rightmost constant

state in the Riemann solution. It turns out to be convenient for the discussion to imagine that an arbitrary value
for uy has been specified. Let us decrease the injection saturation S::,U (at the boiling temperature) from S, =1

to S, = S,.; in our case this corresponds to changing S::_, the water saturation at the HISW shock with speed

given in Eq. (26). For each S,":,”', we construct the sequence of elementary waves (and constant states) with
decreasing speeds from right to left, that is from SE, to S::,. There is a constant state to the left of S::,, so there
is no other wave to the left of S::,, the steam shock. For each S::,, we mark its wave speed, forming the solid
curves in Fig. 11. This sequence, parameterized by S{:.-' is called a backward wave curve from (S, = 1, T, u%).

It combines all information needed for describing the structure of the Riemann solution, and for verifying
necessary speed relations for the admissibility of the shocks involved. On rarefaction segments of this backward
wave curve, the characteristic speed decreases, while on shock segments of this wave curve, the shock speed
increases [8], [14]. We refer to Fig. 11.

When SI"!:U' lies between S, and 1, the wave with fastest possible speed is the cooling shock in the liquid water
region (see Section 3.4), so the backward wave curve corresponds to such a shock wave, with speed given by

U::;O in Eq. (35). There is a hot steam-water region and a cold water zone. In the hot steam-water region,
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generically there is a Buckley-Leverett rarefaction-shock and a constant state. The hot steam-water region
terminates with the HISW shock.

The analysis from now on relies on the fact that for steam-water in the actual reservaoir, sinfl < 5. For SI"!:”'
within (S, S..) , the wave with slowest speed is the SCF, with speed vSCF. At the left of the SCF, characteristic
speed u;’ exceeds vSCF, so there can be no rarefactions nor shocks to the left of the SCF. Thus, for SI':‘-" in such
range, the solution (from left to right) consists of a constant state of steam and water at temperature T°, a SCF
jumping from S,"ff-" to 1.0, and a constant cold water zone.

Recall that S < Sl Therefore, from SI"!:’-" within (S

speed U?' which is smaller than vSCF (“? and vSF coincide at the left state S), so there are rarefactions to the

wer O), the slowest speed is a hot steam-water rarefaction

left of the SCF. Thus the solution consists of a constant state with saturation 3,7 as in the previous case (this
constant state disappears if S::’-’I = S,,0). a rarefaction wave from S:'!’jf-f to S, a SCF from S to 1, and a constant

cold water zone.

Let us explain how the Darcy velocity u® is constructed for each value of S:!’,‘j. If SI"!:”' lies in the interval (S., 1),
u® is given by Eq. (34), and the speed v::;ﬂ' of the cooling shock is given by Eq. (35) (Case Ill). (As explained in
Section 2.1, the velocity u is constant in the hot region and equals ub.) If Sl"!’,’-" lies in the interval S and S,., uP is
given by Eq. (44). The speed of the SCF is given by Eq. (45), (Case II).

If SI':’-" lies in the interval (S, S) (Case I, since u® has to match at the boundary of Cases I and 11, u is given

by Eq. (45) with S, replaced by S. Thus uP is independent of Sl"!’,’-" in Case |I.

A summary of the behavior of ub(Sl"!’j’-") is presented in Fig. 2. Here ub(Sl"!:'-") is the value of uP calculated in the

previous paragraphs for a fixed u®.

We are ready to abandon the assumption that u® is known. This is impractical, since normally one specifies uiM
rather than u®. We take advantage of the fact that all speeds are proportional to find the actual speed in the
cold water zone uo(Sl'!‘j’-’) for specified u', as follows:

uh(si;ij] ui‘uj

S )

(61)

From this equation we recover uo(Sl"!‘j’-"), essentially by inverting the variable represented in the ordinate in Fig.
2. Thus we obtain Fig. 7.

4.2 Summary of the Riemann solution

The solution consists of three parts, viz. a hot region (A) at constant boiling temperature, an infinitesimally thin
cooling front (B) or discontinuity, where all possible steam condensation occurs, and a cold liquid water region
downstream (C). See Figure 1.

As we have seen, the nature of the solution changes and there are three possible cases (1), (11), and (l11),

depending on the injected steam quality .S;,“"f =1- S,i,’,’j. Cases (11) and (I11) are separated by the hot-cold

bifurcation, while Cases (1) and (Il) are separated by the steam-water bifurcation.

Case (1) occurs when the saturation wave velocity ui’ (S.i:,:‘j; uiM) < vSCF (see Eq. (25)); it consists of a sequence

of a constant state at the injection end, a rarefaction wave in the hot steam zone (A) ending with saturation S at
the SCF (B) with speed vS°F defined by saturations S and S, = 1, and a cold water constant state in (C). The

constant state in (A) disappears if the injection saturation is S, that is, pure steam is injected. See Fig. 8. The

rarefaction disappears for u:’ (Sli:,‘-"; uiM) = vSCF | as in this case SI"!:'-" =s.

Case (I1) oceurs for p? (S, ') < vSF < yb (SinF; u); see Eqs. (25), (26) and (27). This case consists of

a hot constant steam-water state in (A), the SCF (B) with speed vS°F defined by left and right saturations SI"!:'-"

and 1 (see Eq. (45)), and a constant cold water state in (C). See Fig. 9.
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Case (I11) occurs for a typically small region for the cooling contact discontinuity velocity v (given in Eq. (35))

with vbﬂ > ui_’ w (ui_’ w’ uny (see Eq. (26)), i.e. the hot isothermal steam-water shock velocity. In this case,

there is no SCF. In the hot region (A) there is a constant state with steam-water, then another constant state of
pure hot water at the same boiling temperature, separated by a Buckley-Leverett shock. Then there is a cooling
shock with speed ug‘;”‘, where the saturation of water is constant (S, = 1) and the temperature changes from TP

w

to the reservoir temperature T°. (See Fig. 10.)

Figure 6 illustrates the saturation dependence of the various velocities that are the basis of the steam-water
zone structure, for Cases (1), (11), (I11).

5 Lax conditions for the steam condensation front

Despite the fact that our system does not satisfy Lax's theorem hypotheses, we will compare the SCF speed to
the left and right characteristic speeds. We will conclude that from the point of view of Lax's inequalities, the
SCF is a 2-shock or a limit of such shocks.

We introduce the heat capacities Cp(T) as the temperature derivatives of the enthalpies [J/m?] at constant

pressure, i.e. C,f, (T) is the heat capacity of water and C;;J (T) is the heat capacity of steam. In the same way we
define the thermal expansivity of water and steam o, (T) and ocg(T) as minus the temperature derivative of the
density divided by the density (see Appendix A).

Egs. (21)-(22) may be written in quasilinear form as:

du o7
B a(ﬂmfw + pefe) = _@[(Smpmarr.' + Sgpgﬂg]ﬁ
25,
+ (:og - pw}?] - It[{furpuaam + ngs:"-'s (62)
aT afu.- BSHJ
: — Pw)dfu /0T )— — w =Pl ax I’
+ (P = Pu)dfu/ )31 (("’ ‘Dﬁ)asu,) Bx]

d ct ar
qﬁ”—.j(ﬂwfw+ﬂgfg) =g¢|| =+ S,C +S,CP
dx © ar

+ {Hw _ Ha) a:m:| +u I:(frnc + fgch (’63}

aT 0 tr aSm
+(HW-H;}afwfﬁT]g+((H - B, )a"sIr ) ox ]

We restrict our attention to regions where du/ox = 0 and g = O, that is, away from any kind of shocks. Thus, the
LHS terms of Eqgs. (62), (63) vanish.

We let

I

Cr
A[ = _+SwC +SHC;;""
@ (64)

A = furC£+fgC£+(HuJ —H;)wa."IHT-

Multiplying the RHS of Eq. (62) by -(H,, - H;) and of Eq. (63) by (p,, — pg) and adding leads to a new equation,
which will be used instead of Eq. (63):
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a7
@[{Hw - H';)(Su:pmaw + Sgpgug) + (pw - p,l;) A!} E

+ H[(Hm - H}j}(ﬁa:ﬂmﬁ'm + f,l,'pll,'all; + {;05; - Pus}ﬁﬁi:f'a?) (’65}

oT
+ ':Pu.l - Pg}AH]E =0,
We let
A = [Hu.l = H;) (Sur.ﬂwffw + Sgﬂgag) + [.Om - Pg) Ap, (66}

d‘l_fi/ - ((Hm - H;) (ﬂupp:JJarJJ + .f_quag + (pg - pu?)aﬁﬂ,‘ar>

(67)
+ (pm - pg} AH)-

Thus in regions where ou/ox = 0 and q = O, that is, away from any kind of shocks (see Remarks 1 and 2), Egs.
(62)-(65) may be written in matrix form as:

3 3\ (s
(Aa + BE) (T) =0. (68)

Let u be a characteristic speed. Then the determinant of the following matrix must vanish:

(Pg - Pm} (Swpwow + Sgﬂgﬂ'gl
—H¢
0 Aprr
(69)

+u ([Px - pur) afw,‘rﬁsw fmpw‘xur + fs'pga_q + (Pg - Pw){afwfaf))
0 Ary ‘

Since the matrix above is upper triangular, the characteristic speeds are easily read from the diagonals:

d A
o= d : fu and g = 24w (70)
@dsw @AIH

(It is easy to check that A, never vanishes.)

Now, in the liquid water region on the right of the SCF, Sg =0, fg = 0, ifwr = 0, the characteristic speeds are

':}S!i:l
0 ChH(T) 0
w=>0 and V= Tt (71)
(T + 9Cu(TY)
The latter speed has already been calculated in Eq. (46).
On the other hand, in the hot steam zone the characteristic speeds are
[; ] I ]
W=l g p LAY (72)
s ' T = :
T @ 38, @ Ap(TP)

The first speed has already been calculated in Eq. (45). The second speed of thermal waves is shown in Figure
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11 as a function of S, at T = T°.

For a (-) state for the SCF with S in (S., S;) we have that the thermal characteristic speed in the steam zone

satisfies 0 < v0 < vSCF, and the steamfront velocity satisfies u:}’. < vSCF < ui’, so the SCF would be called a 2-

shock in Lax's classification scheme. However, Lax's theorem only applies to shocks with small amplitude, while
the SCF is a large shock, and only if the governing equations were a system of conservation laws satisfying
appropriate technical hypotheses, such as genuine nonlinearity, which is actually violated at the inflection S"fl.
Moreover, even the Lax inequalities are violated starting at the steam-water bifurcation; there is no conclusive
mathematical evidence that the SCF shock needed to complete the Riemann solution is physically admissible.
This is the issue left open.

6 Summary and conclusions

A complete and systematic description of all possible solutions of the Riemann problem for the injection of a
mixture of steam and water into a water-saturated porous medium, for all possible reservoir temperatures and
pressures below the water critical point. For each Riemann data, we found a unique solution.

As determined by the dissipative effects of capillary porous forces combined with the mass source term given in
Eq. 3, the internal structure of the SCF is consistent with the Riemann solution in this work. This fact is
demonstrated in a companion paper [4].
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Appendix A - Physical quantities; symbols and values

In this Appendix we summarize the values and units of the various quantities used in the computation and
empirical expressions for the various parameter functions. For convenience we express the heat capacity of the
rock Cf in terms of energy per unit volume of porous medium per unit temperature i.e. the factor 1 — ¢ is
already included in the rock density. All other densities are expressed in terms of mass per unit volume of the
phase.
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Physical guantity Symbol Value Unit
Water, steam fractional

functions fu fo Eq. (9). [m3/m3]
Water-steam frac. flow,

hot region fo. £2 [mHm2s)]
Porous rock permeability k 1.0 x 10~12 [mg]
Water, sleam relative

permeabilities krw. krg Eq. (82), (82). [-]
Pressure p 1.0135 x 10° [Pa]
Mass condensation rate g Eq. (3). [kg J’(m3s)]
Mass condensation

rate coefficient qp 0.01 [ke /(m*sK)]
Steam injection rate wlind 9,52 x 1074 [m3Hm2s)]
Water, sleam phase velocity Hw. U Eq. (2). [m3f(mgs)]
Total Darcy velocity u tty + g, Bq. (13). (mPAm2s)]
Flow rate in hot region ub Eq. (24), (34). [msf{mzs)]
Flow rate in cold water zone u? Eq. (31). [m3f{mgs]]
SCF velocity pSCF Eq. (42). [m/s]
Cooling contact disc. speed,

hot water zone uﬁ, Eq. (306). [m/fs]
Thermal characteristic speed,

cold water zone vl Eq. (46). [m/s]
Saturation characteristic speed,

hot region v? Eq. (25). [m/s]
Hot isothermal stcam-water

shock velocity vl Eq. (26). [m/s]
Cooling contact

discontinuity velocity vﬂ;ﬂ Eq. (35). [m/s]
Water, sleam heat capacity * ch. C} dHyp/dT,dHS (dT [IHm*K)]
Effective rock heat capacity cr 2.029 x 106 UMK
Steam enthalpy Hg pe(T)(hg(T) = 1y (T9)) [rm?]
Steam sensible heat H§ Eq. (77). [Im3]
Steam latent heat Hs't Pel(T) Al [me3]
Rock enthalpy Hy o CH(T =T [im?]
Water enthalpy Hy, P (TY{frw(T) = .-'Jw{?'ﬂj} [Im3]
Water, rock enthalpy

at boiling temperature HE HE | Hu (TP, H(TP) [J/m3]
Stearn total, sensible enthalpy

at boil. temp. HB, H} | Eq 43. [im?]
Water, rock enthalpy,

Teservoir [emperature HY HY | Hy(™Y, H(TY) [/m?]
Water, steam salurations Sw, Sg Dependent variables. [m31m3]
Connale water saturation Swe 0.15 [m3Im3]
Water injection saturation Si,fj See Section 4. [m31m3]
Hot-cold bifurcation

water saturation Sw Theorem 1. [m3fm3]
Steam-water bifurcation

water saturation M3 Eq. (53). [m3fm3]
Steam-water bifureation

ghost saturation e See Remark 11. [m3/m3]
Water saturation at inflection ginft Frac. flow infl. sat. [m3/m3]
Temperature T Dependent variable. [K]
Reservoir temperature 70 203, [K]
Boiling point of water—steam Th Eq. (73). [K]
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A.1 Temperature dependent properties of steam and water
We use reference [16] to obtain all the temperature dependent properties below. The water and steam densities

used to obtain the enthalpies are defined at the bottom. First we obtain the boiling point TP at the given
pressure p, i.e.

TP = 280.034 + £(14.0856 + £(1.38075 + £(—0.101806 + 0.019017£))), (73)

where € = log(p) and p is the pressure in [k Pa]. The evaporation heat [J/kg] is given as a function of the
temperature T at which the evaporation occurs. We use atmospheric pressure (p = 101.325 [k Pa]) in our
computations, to make the example representative of subsurface contaminant cleaning.

The liquid water enthalpy h,,(T) [J/kg] as a function of temperature is approximated by

By (T) = 2.36652 x 107 — 3.66232 x 10°T + 2.26952 x 10°T?
—7.30365T7 + 1.30241 x 10727% — 1.22103 x 107373 (74)
+4.70878 x 107°71°,

The steam enthalpy hg [3/kg] as a function of temperature is approximated by

he = —2.20269 x 10 4 3.65317 x 10°T — 2.25837 x 10°T?
+7.3742T73 — 1.33437 x 1072T* + 1.26913 x 107°T? (75)
— 4.9688 x 107278,

For the latent heat hi, [J/kg] or evaporation heat A(T) we obtain

Ry, = (7.1845 x 10" + 1.10486 x 10'°T — 8.8405 x 107T*

5003 e (76)
+ 1.6256 x 10°T" — 121.377T }5.
The sensible heat of steam H; (T) in [J/m3] is given as
HI(T) = pg (hy (T) — by (T%) — A (T7)). (77)

We also use the temperature dependent steam viscosity

e = — 546807 x 107* + 6.89490 x 107°T — 3.39999 x 107572
+8.29842 % 10777 = 9.97060 x 107474 (78)
+4.71914 x 107773,

The temperature dependent water viscosity p, is approximated by

27.1038  23527.5 1.01425 x 107

o = = 00123274+ = — - ==+ ——
(79)
217342 x 10°  1.86935 x 10"
-+ s

For the steam density tion of temperature T[K] we use a different expression than [16] because our interest is a
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steam density at constant pressure, which is not necessarily in equilibrium with liquid water.

M
pe(T) = p Z;’;T‘f (80)

where p is the total pressure at which the steam displacement is carried out, R=8.31 [J/mol K] and Z is the Z-
factor (see e.g. Dake [6]) and M.Hzo = 0.018 kg/mole is the molar weight of water. For the atmospheric

pressures of interest here the Z-factor is close to unity. The liquid water density as a function of the
temperature T[K] is given as

puw(T) = 3786.31 — 37.2487T + 0.196246T% — 5.04708 x 1074713

81
+ 6.29368 x 107774 — 3.08480 % 1071073, (D

A.2 Constitutive relations

We use a porosity ¢ that is representative for unconsolidated sand. The relative permeability functions k , and
krg are considered to be power functions of their respective effective saturations [7], i.e.

Swe = (Sy = Syd/(1 = 8,0, Sy = Sy /(1 — S,

we

The effective saturations require knowing the connate water saturation S . In all our examples we use a fourth

power of the effective saturation for the relative water permeability and a quadratic dependence for the steam
relative permeability.

The relative permeability functions k_, and krg are considered to be power functions of their respective
saturations [7], i.e.

1— Sue B
0 for 0<8, < S, (82)

Sl np
k”‘. B (] _Sill.'l:‘) '

For the computations we take n,, = 4, ng = 2. The connate water saturation S is given in the table.

S — Swe )™
(_u) for Sm = Smc 3

krw =

The capillary pressure is of the Brooks-Corey type based on the dimensionless capillary pressure from P (S, =
0.5)/(GWQ fqp}k) = 0.5. The capillary pressure between steam and water is given by the empirical expression

which combines Leverett's approach to non-dimensionalize the capillary pressure [9] with the semi-empirically
determined saturation dependence suggested by Brooks [3]:

1
l_Sh". g Sr.rJ_ch _ﬁ
e ff(55) (B52)7. @

where y is a parameter that in many cases assumes values between 0.3 and 0.7. We use y = 0.5 and A, = 'i:'

Finally Opg = 0.058 is the water-vapor interfacial tension. We disregard its temperature dependence and use the
value at the boiling point (see [17], p- F-45).
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