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Sampled-data and discrete-time H, optimal control

H.L. Trentelman * A.A. Stoorvogel 1

December 2, 1992

Abstract

This paper deals with the sampled-data H, optimal control problem. Given a linear
time-invariant continuous-time system, the problem of minimizing the H; performance
over all sampled-data controllers with a fixed sampling period can be reduced to a pure
discrete-time Ho optimal control problem. This discrete-time Ho problem is always singu-
lar. Motivated by this, in this paper we give a treatment of the discrete-time Hy optimal
control problem in its full generality. The results we obtain are then applied to the singu-
lar discrete-time Hj problem arising from the sampled-data Hy problem. In particular, we
give conditions for the existence of optimal sampled data controllers. We also show that
the H, performance of a continuous-time controller can always be recovered asymptotical-
ly by choosing the sampling period sufficiently small. Finally, we show that the optimal
sampled-data H, performance converges to the continuous-time optimal Ha performance
as the sampling period converges to zero.

1 Introduction

Recently, much attention has been paid to H, and H, optimal control of linear systems using
sampled-data control (see [6], [7], [12], [2], [4], and [5], [11], [10], [1], (3], [18], [15]). For a
given a continuous-time plant, a sampled-data controller consists of the cascade connection of
an A/D converter, a discrete-time controller, and a D/A converter. The A/D device converts
the continuous-time measured plant output into a discrete-time signal, which is used as an
input for the discrete-time controller. The discrete-time controller generates a discrete-time
output signal, which, in turn, is converted into a continuous-time signal that is used as a
control input for the continuous-time plant.

Apart from a control input and a measurement output, the plant under consideration has
an exogenous input and an output to be controlled. The quality of a controller is given by
the performance of the corresponding closed-loop system. This performance measures the
influence of the exogenous input on the output to be controlled. In the present paper, we will
take as performance measure the H, performance of the closed loop system.

In contrast to the H, performance of a sampled-data control system, which in analogy with
the pure continuous-time context can simply be defined as the norm of the input/output
operator between the exogenous inputs and the outputs to be controlled, it is not clear from
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the outset how one should define the H performance of a sampled-data control system. One
definition was proposed in [6]: the H; performance of the closed-loop system is the number
obtained by applying at each input channel a Dirac distribution and by taking the sum of
integral squares of the resulting outputs. Of course, this definition exactly mimics the one
that is common in the pure continuous-time context.

An, in our opinion, more natural definition was given independently in [12] and [2]. In these
references, the crucial observation is that the closed-loop system resulting from a sampled
data controller, albeit time-varying, is in fact a periodic system, with period equal to the
sampling period. It is then argued that, instead of aplying impulsive inputs at time ¢ = 0,
one should in fact apply these inputs at all time instances between 0 and the sampling
period, and take the mean of the integral squares of the resulting outputs. This leads to an
H, performance measure that captures the essential features of a sampled-data closed-loop
system more satisfactorily. For a given continuous-time plant, the sampled-data H; optimal
control problem is then to minimize the H, performance of the closed-loop system over all
internally stabilizing sampled data controllers with a fixed sampling period. It is the latter
problem that will be studied in the present paper.

It was shown in [12] and [2] (see also [4]) that the sampled-data H, optimal control problem
can be reduced to a pure discrete-time H, optimal control problem in the following way.
First one defines an auxiliary time-invariant discrete-time system (involving the parameters
of the original continuous-time plant and the given sampling period). Next, one expresses
the sampled-data H, performance in terms of the ‘normal’ H, performance of the closed
loop system obtained by interconnecting the auxiliary discrete-time system and the discrete-
time controller defining the sampled data controller. Thus, the sampled data H, optimal
control problem under consideration is completely resolved once the auxiliary discrete-time
H, problem is. This procedure makes use of the so-called lifting technique (see [21], [1], [3])
Now, it turns out that the auxiliary discrete-time H5 problem obtained in this way is always a
singular problem: the direct feedthrough matrix from the exogenous input to the measurement
output is always equal to 0. Apart from this, in the auxiliary discrete-time system the direct
feedthrough matrix from the control input to the output to be controlled is in general not
injective. In [12], this difficulty is partly removed by introducing an additional noise on the
sampled measured output signal and by assuming the corresponding feedthrough matrix to
be surjective.

In the present paper we want to consider the completely general formulation of the sampled-
data H; problem. We will take as a starting point the auxiliary discrete-time H; problem
derived in [12] and [2]. As noted, this problem is inherently singular. To our best knowledge,
no resolution of the discrete-time singular H, optimal is known in the literature. Therefore, a
substantial part of this paper is devoted to a study of the completely general discrete-time H,
problem (no assumptions on the direct feedthrough matrices, no assumptions on the absence
of zeros on the unit circle). We will describe a complete resolution to this problem, including
a characterization of the optimal performance, and necessary and sufficient conditions for the
existence of optimal controllers. The expression for the optimal performance is different from
the one that might be expected in analogy with the continuous-time case (see [16]). Due to
the fact that the role of the imaginary axis is taken over by the unit circle, for the discrete-
time H, performance to be finite it is no longer required that the closed loop transfer matrix
is strictly proper. Intuitively, this enlarges the class of admissible controllers and yields a
smaller optimal performance.

We will apply our results on the discrete-time Hy optimal control problem to the sampled-



data H, problem by simply applying them to the auxiliary discrete-time system derived in [12]
and [2]. Our expression for the optimal sampled-data H; performance will be an immediate
consequence of these results. We will however also be interested in conditions guaranteeing
the existence of optimal sampled-data controllers. Our results on the general discrete-time
H, problem give such conditions in terms of the auxiliary discrete-time system, but we will
reformulate these conditions in terms of the original continuous-time plant. Preliminary
results in that direction were also found in [12].

Obviously, the sampled-data H, optimal performance is a function of the sampling period. An
important question is, what happens if the sampling period tends to zero. In particular, we will
answer the following two questions. Firstly, if we control the original continuous-time plant
by a ‘normal’ continuous-time compensator, is it then possible to recover this performance
asymptotically by using a sampled data controller with sufficiently small sampling period?
This question was also studied for the H., performance and for the H, performance a la
Chen and Francis in [6]. A second, related, question that we will answer is: does the optimal
sampled data H; performance converge to the optimal continuous-time H; performance as
the sampling period decreases to zero?

The outline of this paper is as follows. In section 2 we will define the sampled data H; opimal
control problem and recall the main results of [12] and [2]. We will also introduce some
notation and recall the notions of left-invertibility and right-invertibility of linear systems,
zeros, and their most important state space interpretations. In section 3 we deal with the
discrete-time H, optimal control problem. In this section we will not yet treat the completely
general case, but make some assumptions on the absence of zeros on the unit circle. In section
4, the results of section 3 will be extended to derive a resolution of the general discrete-time
H; optimal control problem. Then, in section 5, we return to the sampled-data context,
and apply the results of sections 3 and 4 to the sampled-data H, optimal control problem.
In particular, we will derive conditions in terms of the original continuous-time plant that
guarantee the existence of optimal controllers for the sampled-data H; problem. Finally, in
section 6 we study the afore-mentioned questions regarding the behaviour of the (optimal)
performance as the sampling period tends to zero.

2 Problem formulation

Consider a continuous-time, linear, time-invariant, finite-dimensional plant X. Let ¥ have
inputs d and u, and outputs z and y, where d is an exogenous input, u is a control input, z is
an output to be controlled, and y is a measured output. We want to control ¥ by means of
sampled data feedback control. We take a fixed A > 0, called the sampling period. From the
measured output y we obtain a discrete-time signal § = {yx} defined by yx := (Say)i, where
Sa denotes the sampling operator defined by (Say)r := y(kA). This discrete-time signal
is taken as input for a discrete-time, linear, time-invariant, finite-dimensional compensator
Tais. The latter compensator generates a discrete-time signal 4 = {u;} which, in turn, yields a
(piecewise constant) continuous-time input signal u for the plant by defining u(t) := (Ha#)(2),
where Hj is the hold operator defined by (Ha@)(t) := ux (t € [kA, (k + 1)A)). This type of



feedback control is depicted in the following diagram.

u | E Yy

]
@

Hp Tdis Sa

If we control the system ¥ by means of a sampled data controller with sampling period A,
then the resulting closed loop system will no longer be time-invariant. In [12] and [2] the
following definition of H, performance in the context of sampled data control is proposed.
First, it is observed that the closed loop system resulting from a sampled data controller with
sampling period A is always a time-varying, A-periodic system. Then, for A-periodic systems
the notion of Hy performance is defined as follows. Suppose we have a finite-dimensional,
time-varying, A-periodic system Y, described by

t
(1) = / G(t, s)d(s)ds. (2.1)
0
It is argued in [12] and [2] that a natural way to define the H; performance of 2.1 is
1 4 ®© T
ISperl = 1 / tr / G" (1, 5)G(1, s)dtds. (2.2)
0 s

Next, if T is a sampled data controller with sampling period A, the associated performance is
defined as Jg A(T) := || x I||3, the H; performance of the (A-periodic) closed loop system
¥ x I'. The sampled data H; problem is then to minimize, for a fixed sampling period A,
the performance criterion Jg aA(T') over all internally stabilizing sampled data controllers T'
with sampling period A. It was shown in [12] and [2] that this problem can be reduced to a
discrete-time ‘normal’ H, optimal control problem. To be specific, let the plant ¥ be given
by the equations

#(t) = Az(t)+ Bu(t)+ Ed(t),

y(t) = Cra(t), (23)

z(t) = Caz(t) + Dau(t),
with z(t) € R*, u(t) € R™, d(t) € R", y(t) € IR? and 2(t) € R?. It will be a standing
assumption in this paper that (A, B) is stabilizable and that (Cy, A) is detectable, both with
respect to C~ := {s € C | ®e s < 0}. Introduce a finite-dimensional linear time-invariant
discrete-time system Ya:

Zry1 = Aazr + Baup + Eady,

w = Cizg, (2.4)

zr  =Coazr + Daaug,

where we define

A
Ap:=eB4 By = / etAdtB,
0



where Fa is any matrix satisfying

A
EAEX = / eAEETe4" dt, (2.5)
4]

and where Cz A and D; o are matrices satisfying

A
(Con Dan )" (Con Dya )= /0 AT (Cy D) (C; Dy )etddt.  (26)

Here we have denoted

A:=('(‘)1 g) (2.7)

Let A denote the set of sampling periods for which either (A, Ba) is not stabilizable or
(C1,Ap) is not detectable, both with respect to the open unit disc {z € C | |z| < 1}.
It is well known ([13], [8]) that if (A, B) is stabilizable and (C4, A) is detectable, then every
bounded subset of R* contains only finitely many elements of A. We will restrict ourselves to
sampling periods that are not in A. The plant ¥ is controlled using sampled data controllers
I := HaT'4isSa, with Ty given by the equations

w41 = Kwp + Lyx, 2.8
up = Muwr+ Ny . (2:8)

Let us denote by Jg, (Tais) the discrete-time H, performance of the closed loop system XA X
Tgis, i.e., the value ), tr (GkG}), where {G:} denotes the pulse response of the closed loop
system. The main result of [12] and [2] is the following:

Theorem 2.1 : Assume that A ¢ A. Then there exists a sampled data controller T' with
sampling period A such that the closed loop system ¥. x ' is internally stable. The sampled
data controller T = HpTgisSa internally stabilizes ¥ if and only if the discrete time controller
Tais internally stabilizes ¥ 5. Furthermore, for every such controller we have:

N tA o1 tAT AT 1
Ba=7x [ [ w (Cre*EE™ Cl)dtds+z-JgA(I‘dis).

We shall use this theorem as a starting point and study in this paper the discrete-time H,
optimal control problem for the discrete-time system Xa given by (2.4). This H, problem is
inherently singular, due to the fact that the direct feedthrough matrix from the disturbance
input to the measured output is always equal to zero.

We conclude this section by introducing some notation and recalling some basic concepts. In
this paper, any given continuous-time system # = Az + Bu,y = Cz + Du or discrete-time
system ZTrp41 = AZg + Bug,yr = Czr + Duy will be denoted simply by (A, B,C, D). It will
be clear from the context which interpretation we have in mind. For any such system, the
system matriz is defined as the first order polynomial matrix

P(s) = ( SIEA ‘If)

If the underlying system is discrete-time, we will rather use the indeterminate z instead of
s. For a real rational matrix R, its normal rank, normrank R, is defined as the rank of



R as a matrix with entries in the field of real rational functions. It is well known that
normrank R = max, rank R(o). A zero of the system (A, B,C, D) is any complex number
A with the property that rank P(A) < normrank P. The system (A, B,C, D) is called left-
invertible (right-invertible) if its transfer matrix G(s) = C(sI— A)"! B + D is a left-invertible
(right-invertible) rational matrix. Assuming that A € R**", B € R™*", and C € IRP*" we
have that (A, B,C, D) is left-invertible (right-invertible) if and only if its system matrix has
normal rank n + m (n + p).

If M € IR**" and L is a subspace of IR", then < M | £ > will denote the smallest M-
invariant subspace containing £. The largest M-invariant subspace contained in £ will be
denoted by < £ | M >. In particular, given (4, B,C, D), the reachable subspace is equal to
< A|im B > and the unobservable subspace is equal to < kerC | 4 >.

Given the system (A, B,C, D), we define the weakly unobservable subspace V to be the smallest
subspace £ of IR™ with the property that there exists FF € R™*™ such that (A+ BF)L C L
and (C + DF)L = 0 (see [14]). In addition, the controllability subspace R of (A,B,C, D) is
defined as follows:

R:=<A+BF |VnBkerD >,

for any F such that (A+ BF)V CV and (C + DF)Y = 0 (any such F yields the same R). It
was shown in [14] that the system (A, B, C, D) s left-invertible if and only if ker Bnker D = 0
and VN Bker D = 0. Note that Vi Bker D = 0 if and only if R = 0.

Finally, the set of zeros of (A, B,C, D) can be shown to be equal to (A + BF | V/R), for
any F such that (A+ BF)V CV and (C + DF)V = 0. Here, A+ BF | V/R is the quotient
map of A+ BF |V modulo R. (see e.g.[20]).

3 The discrete-time H; problem: no zeros on the unit circle

In this section we shall consider the discrete-time H, problem. Consider the finite-dimensional,
linear, time-invariant, discrete-time system Yg;s given by the equations

Tiry1 = Az + Buy + Edp, :
e = Cizg + D1dy (3.1)
2k = Cgmk + DzUk .

There will be no assumptions on the direct feedthrough matrices D; and D,. In the present
section however we will have assumptions on the absence of system zeros on the unit circle
in the complex plane: it will be assumed that (A, B, C,, D3) and (A4, E,Cy, D;) do not have
zeros on the unit circle |z| = 1. In the next section we will drop these assumptions an treat the
completely general case. Of course, it will be a standing assumption that (A, B) is stabilizable
and that (Ci, A) is detectable, both with respect to the open unit disc.

We will consider discrete-time controllers Tgis given by (2.8). For any internally stabilizing
controller T'giq, let Jx,, (Tais) be its H, performance. Denote by J* the optimal performance,
i.e. the infimum over all internalily stabilizing controllers I'gis.

For a given matrix M, we will denote by Mt its Moore-Penrose inverse. The solution of the
discrete-time H, optimal control problem centers around the following two algebraic Riccati
equations:

P=A"PA+CICy - (CED, + ATPB)(DID, + B*PB)*(DIC, + BTPA),  (3.2)



Q = AQA™ + EE™ — (AQCT + EDT)(D1DT + C1QCT)* (DLE™ + C1QAT). (3.3)
For any real symmetric matrix P, we shall denote:

Dp := (DXD, + B*PB)3, (3.4)

Cp:= D;(D;CQ + BTPA). (3.5)
Note that, since for any matrix M > 0 we have (M2)* = (M"')%, we have DECp = (D} D2 +
BTPB)*(D3C; + B*PA). If, in addition, P is a real symmetric solution of (3.2), then
CiCp = ATPA — P 4 C}C;. Note also that Dp is symmetric by definition. Finally, since
im (D3C2 + B*PA) C im Dp, we have DpCp = D;C; + BTPA. (Note: it is a property of
the Moore-Penrose inverse that M M+ is the orthogonal projection onto im M.)

The following is a corrected and slightly extended version of a theorem from [14]. A proof
can be given along the lines of the proof of [14, theorem 18].

Theorem 3.1 : Consider the system (A, B,C,, D;) together with the algebraic Riccati equa-
tion (3.2). The following two statements are equivalent:

(i) (A,B) is stabilizable and (A, B, Cy, D;) has no zeros on the unit circle |z| = 1,

(i1) (3.2) has a real symmetric solution P with the following property: there exists a matriz
Fy such that

|o(A— BD}Cp + B(I — DpDp)Fy)| < 1. (3.6)

Furthermore, if P satisfies this condition, it is the unique real symmetric solution of (3.2) for
which this condition holds. In addition, P is positive semi-definite and is in fact the largest
real symmetric solution of (3.2).

Next we consider the dual algebraic Riccati equation (3.3). For any real symmetric matrix
@, denote

Dg := (D1DF + C1QCT)t, (3.7)
Eq := (AQCT + EDT)D}. (3.8)

By dualizing the previous theorem, the corresponding result on the Riccati equation (3.3) can
be found:

Theorem 3.2 : Consider the system (A, E,Cy, D,) together with the algebraic Riccati equa-
tion (3.3). The following two statements are equivalent:

() (C1,A) is detectable and (A, E,Cy, D1) has no zeros on the unit circle |z| = 1,

(#7) (3.3) has a real symmetric solution Q with the following property: there ezists a matriz
K, such that

|0(A - EqD}Cy + Ka(I - DgDE)Ch)| < 1. (3.9)



Furthermore, if Q satisfies this condition, it is the unique real symmetric solution of (3.3) for
which this condition holds. In addition, () is positive semi-definite and is in fact the largest
real symmetric solution of (3.3).

In the remainder of this section we will always denote by P and @ the largest real symmetric
solution of (3.2) and (3.3), respectively. We will now state the main result of this section:

Theorem 3.3 : Consider the system (8.1). Assume that (A, B) is stabilizable and (Cy, A)
is detectable. Assume that (A, B,C2, D) and (A, E,Cy, Dy) have no zeros on the unit circle.
Then we have:

(9 J* = tr (ETPE) + tr (CpQC}) — tr (DpN*Dq)(DpN*Dg)"), (3.10)
where N* is defined by
N*:= —(D})(DpCpQCT + B*PEDT)(D})*. (3.11)

(ii) There ezists an optimal controller, i.e. an internally stabilizing controller I'y;, such that
Jr g (Th,) = J*. One such optimal controller is given by the following ‘construction’:

(@) Choose a state feedback matriz F' such that |0(A+ BF)| < 1 and Cp+ DpF = 0.

(b) Choose an output injection matriz G such that |6(A+GC1)| < 1 and Eq+GDqg =
0.

(¢) Define T, = (K*,L*, M*,N*) by choosing N* given by (3.11), and by choosing
K*:= A+ BF +GCy - BN*Cy, L* := BN* - G, and M™ := F - N*C}.

In the remainder of this section we shall prove this theorem. In addition to the system Xgs,
consider the system Xg; p given by the equations

Ti41 = Azp+ Bup+ FEdg,
e = Cizk + Dydy (3.12)
zr = Cpzx+ Dpug,

with P the largest real symmetric solution of the algebraic Riccati equation (3.2). The
following basic lemma can be proven by a standard completion-of-the-squares argument:

Lemma 3.4 : For every compensator I'g;s = (K, L, M, N) we have: T'g;s internally stabilizes
Ldis if and only if Tqis internally stabilizes X gis p. For any such compensator we have

Jsy, (Tais) = tr (E*PE) + 2tr (DYNTBTPE) + I g, p(Tais)- (3.13)
In addition to Xgis p We consider the system Xg4;s pg defined by

Try1 = Az + Bug + Egdi,
w = Cizg + Dqdy (3.14)
2z =Cpzr+ Dpug

with § the largest real symmetric solution of the dual algebraic Riccati equation (3.3). It is
clear that the H, performance of a given compensator I'gis applied to X4is is equal to the Hy
performance of the dual compensator I}, := (KT, MT,LT, NT) applied to the dual system
X3 By applying lemma 3.4 to the dual system IJ p and the dual compensator 'y, we
thus arrive at the following theorem:



Theorem 3.5 : For every compensator T'qis = (K,L,M,N) we have: T4 internally sta-
bilizes Xqis if and only if Tqis internally stabilizes Xgis pg. For any such compensator we
have

Iy, (Tais) = tr (ETPE) + tr (CpQCE) + 2tr (DINTBTPE)+
2tr (CPQC'erTD;’) + JEdis,P,Q (Tais)-

Now, note that in the above formula the first two terms do not depend on the compensator
Tais. The remaining three terms do depend on the compensator. Also note that in the
closed loop system Zgis p,g X I'qis the direct feedthrough matrix from the disturbance input
to the output to be controlled is equal to DpNDq. As a consequence, Jx,, po(Tais) >
tr (DpNDgq)(DpN D)), with equality if and only if the transfer matrix GpQry,(#) of the
closed loop system Ygis p,o X Tais is equal to the constant matrix DpNDg. It thus follows
immediately from theorem 3.5 that:

Lemma 3.6 : For every internally stabilizing compensator T'qis = (K, L, M, N) we have:
Jrg, (Lais) 2> tr (ETPE) + tr (CpQCF) + 2tr (DI NTB*PE)+
2tr (CPQCTN™ D}) + tr (DpN Dq)(DpN Dq)™),
with equality if and only if Gpgr,.(2) = DpNDg.

This lemma shows that, in order to minimize Jg,, (I'qis) over all internally stabilizing com-
pensators, we should do the following:

(¢) first minimize the quadratic matrix function
®(N):= 2tr (DINTBTPE) + 2tr (CpQCTNTD}) + tr (DpNDg)(DpN Dq)")(3.15)
yielding an optimal N*,

(#) next find a compensator I'};, described by the quadruple (K*, L*, M*, N*), which is
internally stabilizing and yields Gpg . (2) = DpN*Dg, i.e., the closed loop system
™" dis
L4ais, P, X T}, has the constant transfer matrix DpN*Dq.

Indeed, if N* minimizes ®(N) and if Gpo,rs. (2) = DpN*Dyg, then we have
Jz4a(Ths) = tr (B™PE) + tr (CPQCE) + 3(N*),
while for any internally stabilizing compensator T'g;s = (K, L, M, N) we have
Jz4, (Tdis) > tr (ETPE) + tr (CpQCE) + ®(N) > tr (ETPE) + tr (CpQCE) + B(N*).
This clearly implies that
J*=tr (ETPE) + tr (CpPQCE) + ®(N™)
and that
oy, (Ths) = J*.
We will first study the minimization of ®(N).

9



Lemma 3.7 : Let ®(N) be defined by 3.15. Define
R* := DY(DpCpQCT + B*PEDT)D}.

Then
®* := min{®(N)| N € R™*?} = —tr (R*R*").

N minimizes ®, i.e., ®(N) = ®*, if and only if N is a solution to the linear equation
DpNDg = —R*. One particular solution of this linear equation is given by N* = —D};R*Da’.
We have ®* = —tr ((DPN‘DQ)(DPN*DQ)T).

Proof : Using the facts that
kerDg C ker(DpCpQCY + BT PEDY),
imDp D im (DpCpQCT + B*PEDY),
it can be shown by straightforward calculation that
®(N)= ~tr (R*"R*") + tr (DpNDy + R*)(DpNDg + R*)").

The equation DpNDg = —R* has a solution since ker Do = ker D) = ker Ds C kerR*
and im Dp = im Dp = im D; D im R*. Clearly, one particular solution is then given by

N* = —D}R*D}. Finally, the expression for ®* can be checked in a straightforward manner.
0

Next we study the question whether, starting with N* above, it is possible to find K*, L*,
M?* such that the resulting compensator '}, = (K*, L*, M*, N*) yields a closed loop system
Yais,p,@ X T}, with constant transfer matrix DpN*Dg. We will first prove the following
lemma:

Lemma 3.8 : Assume that (A, B) is stabilizable and that (A, B,C2,D;) has no zeros on
the unit circle. Let P be the largest real symmetric solution of the algebraic Riccati equation
(3.2). There ezists a matriz F such that

(é) |o(A+ BF)| < 1,
(i) Cp + DpF = 0.

Proof : Let Fj be such that (3.6) holds and define F := ~D}Cp + (I — Dy Dp)Fy. Then
(i) above is satisfied. To prove (ii), note that im Cp C im Df; = im Dp. Consequently,
—DpD}Cp = —Cp, which proves (ii). O

We will also need the dual of this lemma, which reads as follows:

Lemma 3.9 : Assume that (Cy, A) is detectable and that (A, E,Cy, D1) has no zeros on the
unit circle. Let Q be the largest real symmetric solution of the dual algebraic Riccati equation
3.3. There ezists a matriz G such that

(7)) loe(A+ GCy)| < 1,
(it) Eg+GDg = 0.
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We now show that by suitable choice of compensator T'g;s, the transfer matrix of Xg;s pg X ais
can be made equal to any constant matrix product M; M-, as long as im Dp C im M; and
ker Dg C ker M.

Lemma 3.10 : Consider the system (3.1). Assume that (A, B) is stabilizable and (Cy, A) is
detectable. Assume that that (A, B,C,, D3) and (A, E,C1, D1) have no zeros on the unit circle.
Let P and Q be the largest real symmetric solution of the algebraic Riccati equation (3.2) and
(3.3), respectively. Then for any pair of matrices My, My such that the product My M, is
defined and such that im Dp C im M; and ker Dg C ker My there ezists an internally
stabilizing compensator Tg;s such that the transfer matriz of Lgs po X Tais s equal to the
constant M{ M,.

Specifically, for given M, and M, let F, be a solution of My = DpF, and G4 be a solution of
M; = —G3Dg, take F such that the conditions in lemma 3.8 are satisfied, and take G such
that the conditions of lemma 3.9 are satisfied. Then the compensator Iyis := (K,L,M,N)
with K := A+ BF+GC1+BF;G2Cy, L := —BF;G3—G, M := F+F,G3Cy, and N := —F2G,
satisfies the requirements.

Proof : The equations of the compensator are given by (2.8). Using the specifications
of K, L, M, and N given above, we find that the error e} := wy — zy satisfies ex4; =
(A + GCy)e. Thus, if wg = 0 and z¢ = 0, we have z = wy for all k. In particular, this
implies that uxy = Fry + FoMawg. The output of the closed loop system is then equal to
zy = Cpzr + Dpur = My Mowy. This implies that the closed loop transfer matrix is equal
to the constant matrix M;M,. Finally, the spectrum of the closed loop system matrix A,
is easily shown to be equal to 0(A + BF) U o(A + GC,). This implies that the closed loop
system is internally stable. ]

Clearly, if in this lemma we take M; = Dp and M; = N*Dg, we arrive at an internally
stabilizing compensator I'yg;s such that the closed loop transfer matrix is equal to the constant
matrix DpN*Dg. In the formulas for the compensator as given in the lemma, we should then
take F, = I and G = —N*. The result of theorem 3.3 follows immediately by combining the
above lemmas.

Remark 3.11 : For later use we note that lemma 3.8 also provide a resolution of the discrete-
time linear gquadratic problem for the case that (A, B,Cs, D;) has no zeros on the unit circle
(see also [14]). Given zg4y = Az + Buy, the problem is to minimize the cost-functional
J(zo,u) := 3, [[(Cazk + Daug||? over all inputs w = {uz} such that z; — 0. It was pointed
out in [14] that for each such input u we have the completion-of-the-squares formula J(zo, u) =
2§ Pzo + Jp(zo, ), with Jp(zo,u) := 3, ||Cpzx + Dpui||?. Thus, if we take F satisfying (i)
and (ii) of lemma 3.8 then the input uy = Fzj leads to the optimal cost J*(z¢) = z§ Pzo. Note
that we could also formulate the linear quadratic problem as a minimization over all internally
stabilizing feedback laws: minimize the cost-functional J(zo, F) := 3, [[(Cp+DpF)zi||? over
all ' € IR™*™ such that |6(A + BF)| < 1. By the above argument, any F satisfying (i) and
(ii) of lemma 3.8 is then optimal and the optimal cost is again given by z§ Pzq.

Remark 3.12 : An interesting question is under what conditions the Moore-Penrose inverse
(D3 D, + BT PB)* reduces to the inverse (DI Dy + BT PB)™!, equivalently, under what condi-
tions D] D2+ BT PB is positive definite. Using the ideas from [14] it can be shown that if P is
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a positive semi-definite solution of the algebraic Riccati equation 3.2, then D7 Do+ BTPB > 0
if and only if (4, B, Cs, D3) is a left-invertible system. Of course, dually, if @ is a positive
semi-definite solution of the algebraic Riccati equation 3.3, then D; DT + C1QCT > 0 if and
only if the system (A, E, Cy, Dy) is right-invertible.

4 The discrete-time H; problem: the general case

In this section we will extend the results of the previous section and treat the discrete-time
Hj problem in its full generality. This means that we will drop the assumption on the absence
of zeros on the unit circle that was made in the previous section. We will first prove that
also without the assumption that (A, B, (3, D;) has no zeros on the unit circle, the Riccati
equation (3.2) has a largest real symmetric solution. We will prove that this solution can
be obtained as the limit of solutions of algebraic Riccati equations associated with suitable
perturbations of the system (A, B, Cs, D,).

Theorem 4.1 : If (A, B) is stabilizable then the Riccati equation (3.2) has a largest real
symmetric solution, say P. P is positive semi-definite. We have P = lim.)o P., where for
€ > 0 P, is the largest real symmelric solution of the algebraic Riccati equation

ATP.A—P. + C;Cy + €21
—(A™P.B + CID;)(DID, + B*P.B)Y(B"P.A + DIC;) = 0. (4.1)

Remark 4.2 : Note that (4.1) is the Riccati equation associated with the perturbed system
(A, B, (f;), (%2) ). (Here, I denotes the n x n identity matrix, and 0 denotes the n x m

zero matrix). For € > 0, the perturbed system has no zeros. Consequently, the existence of
P, follows from theorem 3.1.

The idea of the proof of theorem 4.1 is to show first that the P. indeed converge to some
matrix P and next to show that P satisfies (3.2). The difficulty is that in the general case we
are considering, the term D D, + BT PB need not be invertible, so that we cannot conclude
that (D] D, + BT P.B)* converges to (D} D, + B* PB)*. We will show however that we can
get around this difficulty by considering the so-called linear matrix inequality. Our proof is
split up in three lemmas. In the following, let J(zg,u) be the cost-functional of the linear
quadratic problem, and let J*(zo) be the optimal cost (see remark 3.11).

Lemma 4.3 : Let P. be the largest real symmetric solution of (4.1). There ezxists a real
posilive semi-definite matriz P such that P. | P (¢ | 0). For all zo € R™ we have J*(zg) =
.’l:ngo.

Proof : Let J,(zo,u) := X} |Crzk + Dpug|? + £%||z«||?> and let JZ(zo) be the infimum of
Je(zo,u) over all u such that zx — 0. According to remark 3.11 we have J*(zo) = 2g PeZo.
From this interpretation it follows that P, is monotonically non-increasing as € | 0. Being
bounded from below by 0, this yields the existence of a limit P. Obviously, for all € > 0 we
have J*(z0) < JZ(z0) = z§ P-xo, so J*(z¢) < z5 Pzo. Conversely, for all € > 0 and for all »
we have J.(2q,u) > 2§ P.zo. Taking the limit on both sides this yields J(zo,u) > z§ Pzo for
all u. Taking the infimum over u then yields the converse inequality. o
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Lemma 4.4 : P is the largest real symmetric solution of the linear matriz inequality

i ATPA—P-{-C;Cz C;rDz‘FATPB #
M(P) = ( DICy+ B'PA  DID,+ BTPB ) 20.

Proof : Denote the lefthand-side of (4.1) by R.(P.). Also consider the linear matrix inequal-

ity associated with the perturbed system:

M.(P.):= ATP.A=P.+CjCy+ €’ C3D:+ A'RB \ |
s\tes T DIC;+ B™P.A DID,+ B*P.B '

We have M.(P.) > 0 if and only if R.(P.) > 0. This follows from the fact that the latter
is equal to the Schur complement of DJD; + BTP.B in M.(F.). The Schur complement
is defined here with matrix inverse replaced by Moore-Penrose inverse. This can be done
because of the fact that

ker(D] D2 + BT P.B) C ker(C3 D, + A*P.B).

Since R.(P.) = 0, we indeed have M,(P.) > 0. Taking the limit ¢ | 0 then yields M(P) > 0.
To show that P is the largest real symmetric solution, let P; be any real symmetric solution
of the linear matrix inequality. Using a standard completion-of-the-squares argument then
yields J(zo,u) > 2 Pizo for any zo and any u such that zy — 0. Taking the infimum over
all such u then yields 23 Pzo = J*(20) > zJ P1zo. O

We will now show that P in fact satisfies the algebraic Riccati equation (3.2). Denote
R(P):= ATPA- P+ C;C, - (C]D, + APB)(D} D, + B*PB)*(D3C; + B" P)

Again, by the fact that ker(D7 Dy + BTPB) C ker(C7D; + ATPB), R(P) is equal to the
Schur complement of D] D3 + BT PB in M(P). In particular this implies that

rank M(P) = rank (D3 D2 + B* PB) + rank R(P).

In order to prove that R(P) = 0 we should therefore prove that P has the property expressed
in the following lemma:

Lemma 4.5 : rank M(P) = rank (D] D, + B*PB)

Proof : Let C and D be matrices such that

MP)=(C €)' (C D)
Again using a standard completion-of-the-squares argument, for any initial state zo and for
any input sequence u such that z; — 0 we have:

J(2o,u) = 2§ Pz + Z |Czi + Dug|)® > 2320 + ”éP:co + ﬁu0||2 (4.2)
k

From lemma 4.3 we have that J*(z¢) = 2J Pzo. In particular this implies that the infimum of
[Cxo + D'ug||2 over all ug € IR™ is equal to 0. Consequently, for all zo there exists ug € R™
such that Czo 4+ Dug = 0. This implies im € C im D so

rank M(P) =rank ( C D )= rank D = rank (D} D; + BTPB).

13



o

8
Clearly, the proof of theorem 4.1 follows by combining these three lemmas. The fact that P
is the largest real symmetric solution of the algebraic Riccati equation follows by noting that
any real symmetric solution is also a solution of the linear matrix inequality and by applying
lemma 4.4.

Remark 4.6 : For later use, note that by combining the above results with remark 3.11
we obtain that also for the general case the optimal cost J*(zo) of the discrete-time linear
quadratic problem associated with the system (A, B,Cs, D;) is given by J*(zo) = z§ Pzo,
with P the largest real symmetric solution of the Riccati equation 3.2.

We will also need the dual result of theorem 4.1, which is stated below:

Theorem 4.7 : If (Cy, A) is detectable then the Riccati equation (3.3) has a largest real
symmetric solution, say Q. Q is positive semi-definite. We have Q = lim.joQ., where for
£ > 0 Q. is the largest real symmetric solution of the algebraic Riccati equation
AQ. AT — Q.+ EE™ +£I

—(AQ.CT + ED})(D1 DT + C1Q.CT)T(C1Q. AT + D1 E™) = 0. (4.3)
We are now in a position to state the main results of this section. It turns out that also for the
discrete-time Hj problem in its full generality, so without any assumptions on the zeros, the
optimal performance J* is given by (3.10), with P and @ the largest real symmetric solutions
of the respective Riccati equations. However, in general no optimal controller will exist.

We will however derive necessary and sufficient conditions for the existence of an optimal
controller. Qur first main result deals with the optimal performance.

Theorem 4.8 : Consider the system (3.1). Assume that (A, B) is stabilizable and (C1, A)
is detectable. Then the optimal performance J* is given by (3.10), where P and Q are the
largest real symmetric solutions of 3.2 and 3.3, respectively.

Proof : In addition to the system (3.1), consider its perturbation Xj; :

Thy1 = Azxp + Buy + (E SI)'vk s
e = Cizk + (D1 0)vg (4.4)

z = (S?)-’Bk + (132)‘% .
Let J);;is (T4is) denote the H, performance and let J; denote the optimal H; performance.
Since, for € > 0, neither (A, B, (3), (%2)) nor (A,(E €I),Cy,(D1 0)) have zeros, we can
apply theorem 3.3 to obtain
J! = tr((EET+e)P.) + tr (AP.A - P. + CIC2 + £21)Q.)
—tr ((Dp. N2 Dq.)(Dp.N;Dq,)"),

where P. and @, are the largest real symmetric solutions of 4.1 and 4.3, respectively, and
where Dp,, N} and Dg, are defined by (3.4), (3.11) and (3.7), with P and @ replaced by P,
and Q.. From lemma 3.7, recall that

—tr ((Dp.N; Do, )(Dp.N; Dq.)™) = ®(N;) = min &.(N),
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with
B.(N) := 2tr ( (%I)TNTBTPE(E el)) + 2tr (CR,Q.CTNTDp,)

+tr (Dp.N Dq.)(Dr. N Dq.)")
= 2tr (DTNTB"P,E) + 2tr (Q.CTN™(D1C; + B*P. A))
+t1' ((DpzNDQ¢)(DP¢N‘DQ¢)T)'

Since P, — P and Q. — @Q, we see that for every N we have ®,(N) — ®(N) (¢ | 0), where
®(N) is defined by (3.15). Since of course for all € > 0 we have J* < J we see that for all
€ > 0, for all N we have

J* < tr ((EE™ 4+ €*I)P.) + tr ((A*P.A - P. 4+ C3C2 4+ 21)Q.) + ®.(N)
Now, letting € | 0 on the left in this inequality, we find that for all N

J* <tr (EETP) +tr ((ATPA - P+ C7C2)Q) + ®(N)
Finally, taking the minimum over all N, this yields

J* < tr (EETP) + tr (CPCpQ) — tr (DpN*Dg)(DpN*Dg)").

To prove the converse inequality note that by using the fact that P and @ satisfy (3.2) and
(3.3) we can apply a repeated completion-of-the-squares argument as in section 3 to obtain
that for any internally stabilizing compensator I'g;s we have

Jz4, (Tais) > tr (ETPE) +tr (CpQCH) + B(N™). (4.5)
Taking the infimum over all such I'g;s yields the desired inequality. O

Next we will study the question under what conditions there exists an optimal controller.
Again, let P and @ be the largest real symmetric solutions of the respective Riccati equations.
Define a system Xgais pg by (3.14). Again, for any internally stabilizing compensator I'g;s =
(K, L, M, N) we have the inequality (4.5). As noted in section 3, we have equality if N = N*
and I4;s has the property that the closed loop system Xg;s p,o X Iais has the constant transfer
matrix DpN*Dg. Of course, the latter statement only gives a sufficient condition for a
compensator to be optimal. In the following theorem we will give necessary and sufficient
conditions for optimality. Let R* be as defined in lemma 3.7.

Theorem 4.9 : A controller I'gis is optimal if and only if Xgis pg X Tais 15 internally stable
and has constant transfer matriz R*.

Proof : If T'gis = (K,L,M,N)is optimal then we have
Jrg, (Tais) = tr (ETPE) + tr (CEQCp) + @*.
By lemma 3.6 we also have
Iy, (Tais) > tr (ETPE) + tr (CEQCp) + ®(N).
This clearly yields ®(N) = ®*, i.e. N minimizes the function ®. Again by lemma 3.6 this

implies that Xgis pg X T'qis has the constant transfer matrix DpNDg. However, since N
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minimizes @, by lemma 3.7 we have DpNDg = —R*. The converse statement is also an
immediate consequence of lemma 3.6. m]

Our aim is to reformulate these conditions in terms of the original system Yg4is. For any given
matrix N € IR™*?, consider the system EQS, PQ that is obtained by applying to L4 pq the

static output feedback u = Ny + v. This system Eﬁs’ p is described by

Zrp1 = (A+BNCl)zk + Bu + (BNDq+EQ)dk s
Y = Cizy + Dqd (4.6)
zx =(Cp+ DpNCy)zi + Dpyg

Also, for a given compensator Tgis = (K, L, M, N),let TS, := (K, L, M,0) be the compensator
with direct feedthrough matrix N replaced by 0. It is clear that the closed loop system
Xais,P,Q X T'ais has constant transfer matrix DpN Dg if and only if Ef,vjs, PQ X I‘gis has transfer
matrix equal to 0. Consequently, an internally stabilizing compensator Igjs = (K, L, M, N)is
optimal if and only if DpNDg = — R* and Egs’ P X TY,, has transfer matrix 0. In other words,
in order to find necessary and sufficient conditions for the existence of an optimal controller, we
should study the problem of disturbance decoupling with internal stability. This problem has
been studied extensively in [17]. One of the main results of [17] gives necessary and sufficient
conditions for the existence of an internally stabilizing strictly proper compensator ', for
the system Xg;s given by 3.1. We will briefly recall this result here. Given Xg;, let V, denote
the largest subspace of IR™ for which there exists F € IR™*" such that (A + BF)V, C V,,
|o(A+BF | V,)| < 1 and (Ca+ D3 F)V, = 0. Dually, let S; be the smallest subspace of IR™ for
which there exists a matrix G € IR**? such that (A+GC1)S, C Sy, |0(A+GCy | IR™/S,)| < 1
and im (E + GD,;) C §,. It was shown in [17, theorem 2.4] that there exists an internally
stabilizing compensator I, = (K, L, M, 0) such that Zg;s x 'Y, has transfer matrix 0, if and
only if the following conditions hold: (i) (A, B) is stabilizable and (C1, A) is detectable, (ii)
the following four subspace inclusions hold: im E C V,, S; C kerCs, Sy C V,, and AS; C V,.
Here, we want to apply this result to the system Eﬁs, pg> With N any solution of DpNDq =
~R*. In the following, we will omit some of the details. Using the fact that im (Cp +
DpNCy) Cim Dp, it can be shown that the subspace V, associated with Eﬁs,P’Q is given by

V, = X;(A- BD}Cp)+ < A~ BDECp | Bker Dp >, (4.7)

where for a given matrix M, X;(M) is the sum of the generalized eigenspaces of M associated
with its eigenvalues in |z| < 1, and where < M | £ > is the smallest M-invariant subspace
contained in £. It can also be shown, using the fact that ker Dg C ker(BN Dg + Eg), that

Sy = X(A~ EqD}C1)N < Crlim Dq | A~ EQD}Cy >, (4.8)

where &3(M) is the sum of the generalized eigenspaces of M associated with its eigenvalues
in |z| > 1 and where < £ | M > is the largest M-invariant subspace containing £. Using the
fact that, from (4.7), Bker Dp C Vj, it can be shown that im (BNDg + Eg) C V, if and
only if

im (Eq — BD}R*) C V. (4.9)

Using the fact that, by (4.8), S; C Cy'im Dg, it can be shown that S, C ker(Cp + DpNC4)
if and only if

Sy C ker(Cp — R*D}Ch). (4.10)
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Finally, it can be shown that (A + BNC;)S, C V, if and only if
(A- BD};R"‘D&LCI)Sg CV,. (4.11)

Collecting the above facts, we then obtain the following necessary and sufficient conditions
for the existence of an optimal controller for the discrete-time H; optimal control problem
associated with the system Xg;s:

Theorem 4.10 : Consider the system (3.1). Assume that (A, B) is stabilizable and (Cy, A) is
detectable. Let P and Q be the largest real symmetric solution of (3.2) and (3.3), respectively.
Let V, and S, be given by (4.7) and (4.8). Then we have: there exists an optimal controller,
i.e. an internally stabilizing controller Ty, = (K*,L*, M*,N*) such that Js, (T%,) = J*, if
and only if the four subspace inclusions S; C V,, (4.9), (4.10), and (4.11) are satisfied.

5 The sampled data H; problem

We now return to the sampled data H; problem. Consider the continuous-time system X
given by (2.3), and let A ¢ A be a given sampling period. Let the discrete-time system Xa
be given by (2.4). According to theorem 2.1, the optimal sampled data Hj performance J3, 4
is equal to

1

Jia = : A-str CieAEE™etAT CT) dtds +
A — A o A 1 1 A

s (5.1)
where J§A is the optimal discrete-time H, performance associated with ¥A. According to
theorem 4.8, the optimal performance J3, can be found in terms of two algebraic Riccati
equations associated with ¥a. According to theorem 4.10, an optimal compensator I'gisa
exists if and only if four subspace inclusions involving subspaces associated with the sys-
tem X are satisfied. According to theorem 3.3, if the systems (Aa, Ba,C24,D2,4) and
(Aa, Ea,C4,0) have no zeros on the unit circle, then an optimal compensator I'gis A exists
and can be calculated using the ‘construction’ in the statement of theorem 3.3. The sampled
data controller T' := HaAT'gis A Sa is then optimal for the sampled data H; problem under
consideration.

In this section we study the following question: what are conditions in terms of the original
system X that guarantee that there exists an optimal compensator for the sampled data
H; problem? Instead of being completely general, we will study the following question:
what are necessary and sufficient conditions in terms of the original system X such that
(Aa,Ba,C2,a,D3,4) and (Aa, Ea,Cy,0) have no zeros on the unit circle? In the following,
let R be the controllability subspace of the system (A, B, C,, D;) (see section 2). The main
results of this section are the following;:

Theorem 5.1 : Consider the system ¥. Let A > 0.

(¢) Let A be a zero of (Aa,Ba,C2.4,D24), X # 0. Then there ezists a unobservable
eigenvalue p of (Ca, A) such that A = e*4.

(#) If (A, B,C2, D,) is left-invertible then also the converse of (i) holds: if u is an unob-
servable eigenvalue of (Cy, A), then e*® is a zero of (Aa,Ba,C2,a,Daa).
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(#5i) 1 is a zero of (Aa,Ba,Ca2.a,D2) if and only if at least one of the following two
conditions hold:
(@) 0 is a zero of (A, B,C3, D3),
(b) Rg<kerCy|A>. (5.2)

(iv) If (A, B,Cy, D3) is left-invertible then 1 is a zero of (Aa, Ba,Ca,a, D2,a) if and only if
0 is a zero of (A, B,C2, D3).

Corollary 5.2 : Consider the system ¥. Let A > 0.

(i) If (Ca, A) has no unobservable eigenvalues on the imaginary azis, 0 is not a zero of
(A,B,C3,D,), and R C< kerCy | A >, then (Aa,Ba,C2.a,D2,) has no zeros on the
unit circle.

(i) If (A, B,Cy, Dy) is left-invertible then (Aa,Ba,Ca,a,D2,n) has no zeros on the unit
circle if and only if (C2, A) has no unobservable eigenvalues on the imaginary azis and
0 is not a zero of (A, B,Cy, D,).

Theorem 5.3 : Consider the system X. Let A > 0.

(¢) Let X be a zero of (Aa, Ea,Ch,0). Then there ezists an uncontrollable eigenvalue p of
(A, E) such that X = e#2,

(i1) If (A, E,C4,0) is right-invertible then also the converse of (i) holds. i.e., if p is an
uncontrollable eigenvalue of (A, E) then e*® is a zero of (Aa, Ea, C1,0).

Corollary 5.4 : Consider the system X. Let A > 0. If (A, E) has no uncontrollable eigen-
values on the imaginary azis, then (Aa, Ea,C1,0) has no zeros on the unit circle. If, in
addition, (A, E,C4,0) is right-invertible then also the converse holds: (Aa,Ea,C1,0) has
no zeros on the unit circle if and only if (A, E) has no uncontrollable eigenvalues on the
imaginary azxis.

Note that the conditions on ¥ obtained in these theorems are independent of the sampling
period. In the remainder of this section we shall prove these results.

In order to study the zeros of (A, B,C3, D;) and (Aa, Ba,Ca,a, D2,a), consider the system
matrices of these systems. Let

[ 2I-As -Ba _(sI-A -B
pA(z)._( o DM), p(s)._( P )

Recall that A is a zero of (Aa, Ba,C2,a, D2 a) if and only if the rank of the complex matrix
Pa(A) is less than the normal rank of Pa (see section 2). In order to find out in which points
A this happens, we will study for A € C the subspace

V) := ker PA(A) C C™H™,

Clearly, for all A we have dim V) = n + m — rank Pa()\). Consequently, for all but finitely
many A we have dim V), = d, where

d := n + m — normrank Pa
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Hence, A is a zero of (Aa, Ba,C2,a, D2,4) if and only if dim Vy > d. In the following lemma
we will calculate for each A the subspace V), its dimension dim V), and the number d. Denote
the unobservable subspace < kerC; | A > by N. Define a subspace W as follows:

W := BN nker D,. (5.3)
Lemma 5.5 : For every A € C, A # 1 we have

W=WxW)n(AX[-A4x Ba), (5.4)

dim V) = dim N + dim W - dim((AI — Ap)N + BaW). (5.5)

For all but finitely many A we have dimV) = d = dim W, equivalently, normrank Py =
n+m — dim W. In addition we have

-A -B
V1 = ker ( 02 D2 ) . (56)
Proof : We wil first prove (5.4). We know (ﬁz) € V, if and only if
Aazo+ Baug = Azg (5.7)
C2,az0+ D2aue = 0 (5.8)

Consider the differential equation #(t) = Ax(t) + Bug, z(0) = 2o, and define 2(t) := Caz(t) +
Dug. Clearly, 2(A) = Aazo + Bauo so (5.7) is equivalent to z(A) = Azg. In turn, this is
equivalent to

A
(A= 1)z0 = / eA(Azo + Buo)dt. (5.9)
1]

Using the definition (2.6) of C2,a and D; 5, we see that (5.8)is equivalent to (Cz D)e4 (zz) =
0 for all ¢ € [0, A] which, in turn, is equivalent to 2(¢) = 0 for all ¢ € [0, A]. Obviously,

2(t) = Coetzg + [Cg /Ot e**Bds + D2] Ug.
Since 2(t) = 0 for all ¢t € [0, A] is satisfied if and only if z2(0) = 0 and 3(¢) = 0 for all ¢ € [0, A],
we find that (5.8) is equivalent to

C2z0 + Daup = 0 and Coe?*(Azo + Buo) = 0, € [0, Al.
In other words (5.8) is satisfied if and only if

Cazo + Daup = 0 and Azo+ Bup €N (5.10)

Now assume that A # 1. Then (5.9) and (5.10) imply that z9 € M C ker C; so ug € ker Ds.
Also it follows that Azo € M so Bug € N, so in fact ug € W. We conclude that, for A # 1,
VW CNVNxW)n( A -—Aa Ba ). To prove the converse inclusion, note that up € W
implies that Daug = 0 and Bug € N. If, in addition, z¢ € A then we have Cozo + Daup =0
and Az + Bup € N. By the above this is equivalent to (5.8). This completes the proof of
(5.4).
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To prove (5.5), note that, in general, if £ is a subspace of some finite-dimensional linear space
X and if T is a linear map acting on X, then we have dim(£L NkerT) = dim £ — dimTL.
Applying this to the situation at hand, we find that for any A # 1 we have

dim V) = dim(N x W) —dim(A] — Aa Ba)(N x W),
which immediately yields (5.5).
Next, we will prove the statement on the dimension of V). First note that, since N is A-
invariant, it is also eA4%-invariant, for any ¢. In particular, this implies that A is Aa-invariant
and invariant under fOA eAtdt. Now, assume that A € 0(Aa). Then we have (AT~ Ap)N = N.
Also, since BW C N, we have BAW C A. This implies that (Al — Ap)N + BaW = N If,
in addition, we assume that A # 1, then (5.5) yields dim Vy = dim W.
Finally, to prove (5.6), recall that (5.7) is equivalent to (5.9). Note that for all A > 0,
fOA eAtdt is a non-singular matrix (this can be shown using the Jordan form of A). Thus, for
the case that A = 1 (5.9) is equivalent to Azo + Bug = 0. Together with the fact that (5.8)
is equivalent to (5.10), this proves (5.6). o

By applying this lemma, we are now able to prove the statements (i) and (ii) in theorem 5.1:

Proof of theorem 5.1, (i) and (ii): (i) Assume that A # 1is azero of (Aa, Ba,Ca,a, D2,a).
Then we must have dim V) > dim W. Using (5.5) this implies

dim N > dim((A] — ApA)N + BaW). (5.11)
As noted in the proof of lemma 5.5, A is Aa-invariant and BAW C N. Consequently,
(AT - AA)N-i- BAW C N.

Together with the inequality (5.11), this implies that (A] — AA)N is a strict subspace of V.
This implies that the map (Al — A ) restricted to N is singular. Thus, ker(AI - Aa)NN # 0.
Clearly, this intersection is A-invariant, so the restriction of A to this intersection has an
eigenvalue, say p, with corresponding eigenvector p. This eigenvector satisfies Aap = Ap.
Also, since Ap = up, we have App = e#p, so A = e*. Finally, p € N C kerCy, so pu is an
unobservable eigenvalue of (C3, A).

(ii) We claim that if (A, B, C,, D;) is left-invertible, then dim W = 0. Indeed, left-invertibility
is equivalent to the conditions (52) is injective and V N B ker D, = 0, where V denotes the
weakly unobservable subspace associated with (A4, B,Cj, D3) (see section 2). Assume that
ug € W. then we have Dup = 0 and Buy € N. Since N C V this yields Bug = 0.
Combining this with Dyup = 0 then leads to ug = 0. This proves our claim. Now, let i be a
unobservable eigenvalue of (Cy, A). There exists zo # 0 such that Azg = pzo and Crz = 0.
This yields Apzg = Azg, with ) := e#2. From the definition of Cy,4 it is also easily seen that
Ca,az0 = 0. Consequently, ("3’) € V), s0 dim V) > 0 = dim W. This implies that A is a zero

of (AA, BA’ C2,A’ Dz,A)‘ -

In order to prove statements (iii) and (iv) in theorem 5.1, we need the following lemma.
Lemma 5.6 : Let A > 0. Then we have
normrank Pa > normrank P, (5.12)

with equality if and only if R C N.
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Proof : For each A ¢ 0(A) define a subspace £y by
Ly = (zg) | up € W,z = (A — A)~'Buo}.

Clearly, £y C ker P()), and dim £y = dimW. Consequently, for each A ¢ o(A) we have
dim W < dim ker P()). This implies normrank P < n + m — dim W. The inequality (5.12)
then follows from lemma 5.5.

Of course, normrank Pp = normrank P if and only if dimker P(A) = dim W for all but
finitely many A, which, in turn, is equivalent to ker P(A) = Ly for all but finitely many A,
A € d(A). We will prove that the latter statement is equivalent to R C V.

Let k := dimR and let )\;,..., s be distinct complex numbers, A; ¢ o(A), such that
ker P(X\;) = L);. There exists F € R™*" such that (A+ BF)R C R, (C2+ D:F)R =0
and o(A+ BF | R) = {A1,...,Ax}. Let z4,...,2x € R be corresponding eigenvectors of
A+ BF | R. Then {z;,...,2%} is a basis of R. We will prove that z; € N. Indeed,
define u; := —Fz;. Then (i:) € ker P(\;) = L),. Since u; € W, we have Bu; € N, so

z; = (M = A)"1Bu; € N by A-invariance of A'. We conclude that z; € N so R C N.
Conversely, assume that R C A. It suffices to show that ker P(A) C £y for all but finitely
many A. Let A be arbitrary, A € 0(A), and A not a zero of (4, B, Cy, D3). Let (ﬁg) € ker P(A).

We will prove that 2o € R, so 2o € N. Assume that zo # 0. Let F' € JR™*™ be such that
Fzo = up. Then we have (A+ BF)zg = Azp and (Cy+ D2 F)zo = 0. This implies 2o € V, the
weakly unobservable subspace associated with the system (A4, B,Cy, D;). We may assume
that (A+ BF)V C V and (C2+ D;F)V =0,s0 A € 0(A+ BF | V). We have assumed that
A is not a zero. This implies A € 0(A 4+ BF | V/ R). But then we must have zo € R. This
implies that zo € A. Now, (Al — A)zg — Bug = 0, so Bug € N. This implies that ug € W.
For A € o(A) this then yields 29 € £). This completes the proof of the lemma. o

Proof of theorem 5.1, (iii) and (iv): (iii) We will prove that 1 is not a zero of the
system (Aa, Ba,Cz,a, D2 a) if and only if 0 is not a zero of (A4, B, C3, D2) 4nd normrank P =
normrank Pp. Clearly, 1 is not a zero of (Aa, Ba,C2.a,D2,4) if and only if dimV; =
n+ m —normrank Ps. By (5.6) we have dim Vy = n+ m —rank P(0) > n + m — normrank P,
with strict inequality if and only if 0 is a zero of (A, B, C3, D). Combining these facts proves
our claim. The proof of (iii) is then completed by applying lemma 5.6.

(iv) If (A, B,C3, D;) is left-invertible, then R = 0. In that case condition (5.2) is never
satisfied. m]

In order to study the zeros of (Aa, Ea, Cy,0), consider the system matrix of this system. Let

QA(Z) — ( zI EIAA “gA ) .

As before, A is a zero of (Aa, Ea, Cy,0) if and only if the rank of the complex matrix Qa(A)
is less than the normal rank of Q@ (see section 2). In order to find out in which points A this
happens, we will study for A € C the subspace

W, = (im QA(A))l c crte,

For all A we have dim W) = n + p — rank Qa(2). Consequently, for all but finitely many A
we have dim W), = d;, where

d; := n+ p — normrank Q4
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Hence, A is a zero of (Aa, Ea,C1,0) if and only if dim Wy > d;. The following lemma
calculates for each A the subspace W), its dimension dim W), and the number d;. Let
M :=< A|im E >, the reachable subspace of (4, E).

Lemma 5.7 : Let A > 0. Then we have

Wy = (M*x (CF)M*) nker (AT - 4% CF )

dim Wy, = dim M* + dim(CT)"*M* — dim((A] — AZ)M* + CT(CT) ML),  (5.13)
For all but finitely many A we have dim Wy = d; = dim(CT)"1 M, equivalently,

normrank Qa = n + p — dim(CT) ML
Proof : By definition, (7°) € W if and only if

(M — AR)zo+ CTyo =0, and z3 Ea = 0. (5.14)

Since, by definition, im Ep = M, we see that it suffices to show that (5.14) implies that
Yo € (CT)"1M*. From the fact that M* is AT-invariant it follows that M* is A} -invariant,
so CTyo € M*. The statement (5.13) on the dimension of W) follows in the same way as the
corresponding statement in the previous lemma.

Now let A be any complex number such that A ¢ o(A%). Since M* is A} -invariant, we then
have (A] — AL )M+ = M. Also we have CT(CT)"1M* C M* (no equality!). Thus, for such
A we have dim W) = dim(CT)~'M*L. o

‘We are now ready to prove theorem 5.3:

Proof of theorem 5.3: Let A be a zero of (A, Ea,C1,0). Then we have dim W) >
dim(CT)"*M*. Consequently, by (5.13), dim M+ > dim((A] — AR)M* + CT(CT) 1 M1L).
In particular this implies that (A] — A} )M is a strict subspace of M, so ker(AI — AZ) N
ML £ 0. This subspace is A™-invariant, so there exist g and 7o € M*, 2o # 0, such that
ATzo = pzo, ARTo = Azg, and 7o € ML. Obviously, this implies A = €A, and p is an
uncontrollable eigenvalue of (A, E).

Assume that (A, E, C},0) is right-invertible. Let

o= (154 F)

be the system matrix. We have normrank @ = n + p. We claim that also normrank Qa =
n + p. Indeed, assume that yo # 0 is an element of (CT)"!M+. For A ¢ o(AT), define
2o 1= —(A — AT)"1CTyo. Then zo € M* and we have (z3 ¥3)Q()\) = (0 0). Thus, for
all but finitely many A we have rank @Q(A) < n + p, which is a contradiction. Hence we must
have (CT)"'M* = 0.

It follows that A is a zero if ard only if W) # 0. Assume that p is an uncontrollable eigenvalue
of (A,E). Then there exists 2o # 0, 2o € M*, such that 2T AT = pzo. define A := e*4.
Then we have z3 EX = 0 and zJ(Al — Aa) = 0. It follows that (":)“) € W), so A is a zero of

(AA9EA7 Cl, O) 0
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6 Performance recovery and convergence of optimal perfor-
mance

In this section we study the connection between the ‘ordinary’ continuous-time Hy problem
and the sampled data H; problem. In particular, we are interested in the following questions:

e Suppose that we control the system X by means of an internally stabilizing continuous-
time compensator I'¢op, yielding continuous-time H, performance Jx(I'con). Is it possi-
ble to recover this performance asymptotically by using a sampled data controller with
sufficiently small sampling period? More precisely, is it true that for all € > 0 there ex-
ists A > 0 and an internally stabilizing sampled data controller I" with sampling period
A such that |Jg(Tcon) — J5,a(T)| < €?

¢ Does the optimal sampled data H; performance converge to the optimal continuous-time
H, performance as the sampling period A decreases to zero? More precisely, suppose
that J3 ., is the optimal continuous-time H, performance associated with the system
T and, as before, denote the optimal sampled data H, performance by Jg 5. Is it true
that limAlo J§,A = Ji,con?

The first question above was studied before in [6, theorem 4] using a different definition of
H, performance, and for the Hy, performance criterion ([6, theorem 5]). In this section we
will show that both questions have an affirmative answer.

Let ¥ be given by (2.2). If the system X is controlled by a continuous-time compensator Icon
given by the equations

w(t) = Kw(t) + Ly(t),
u(t) = Mw(t) + Nz(t) , (6.1)

with w(t) € IR, then the associated closed-loop system X X I,y is given by

Te(l) = Aeze(t) + E.y(t),
2(t) = Cez(t),
with

A - ( A+BNC, BM

E _ _
LCy } 7 )7Ee:=( )vCe:=(Cz+D2NC'1 DzM).

0

I T'con is internally stabilizing, i.e., 0(A.) C C~, then the H, performance of the closed loop
system X X I'con is equal to

J(Teon) = tr (E P ET),
where P, is the unique solution of the Lyapunov equation
AiP.+ P.A.+CIC.=0. (6.2)

On the other hand, if the system ¥ is controlled by the sampled data controller I' = HaT'gisSa,
with T'gis given by (2.8), then the discrete-time closed loop system Xa X Igis is given by the
equations

Zek+1 = Ae,aTek Eeals
2k = CeAZek »
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with

AA+ BANCy BaM ] Ea
Ae,A = LCl K y Ee,A = 0 ’

Ce

4

a=(Coa+D3aNCy DypM ).

If T is internally stabilizing, equivalently |o(Aea)| < 1, then the Hy performance of the
closed-loop system X x T’ is given by

L e tA T _tAT AT 1 T
ma=3x [ [ w (Cre“EEe cl)dtds+Ktr(Ee,APe,AEe,A), (6.3)

where P, A is the unique solution of the Lyapunov equation
A:APE,AAe,A - Pe,A + C:ACe,A =0. (64)
The following theorem shows that our first question above indeed has an affirmative answer:

Theorem 6.1 : Let T,y be an internally stabilizing continuous-time compensator. For any
A > 0 define a discrete-time controller Ugis by Tais := SaTconHa, and let Tp := HaTqisSa be
the corresponding sampled data controller with sampling period A. Then we have: there ezists
A; > 0 such that for all A € A with 0 < A < Ay, Tp is internally stabilizing. Furthermore,

JE,A(FA) - JE(rcon) (A l 0)
Proof : It is easily verifified that T'g;s := SaTconHa is described by the equations

wi+1 = Kawi + Lays ,
u, = Mwy+ Ny,

with Ka := K2 and Lp := OA eKtdtL. Thus we have

A _ Aa + BANCy BaM
@A = LaCy Kan J°

Note that A, o — I, the (n+£) X (n+£) identity matrix, and that 1(A.a—T1) — A, (A | 0).
We will now first show that for A sufficiently small we have |6(A4,,a)| < 1. Since A, is stable,
there exists @ > 0 such that ATQ + @A, < 0. Now, note that

1 1
S (A72QAcs - Q) = £ (ATa ~ Qer + Q5 (Ao = D)

Since the righthand term converges to ATQ + QA. < 0, for A sufficiently small we have
Ag, a@Aea — Q@ < 0. This implies that for A sufficiently small A, 4 is stable.

Next we show the convergence of the H; performance. For A sufficiently small we have
{o(Ae,a)| < 1 so the Hy performance is given by (6.3), with P, s given by the Lyapunov
equation (6.4). We shall prove that P. o — P., the unique solution of (6.2). For any A
sufficiently small define a linear map mp : R**" — IR™*™ by

ma(X):= %A:AXAC,A - %X.
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Also define a linear map m : IR™"*" — IR"*™ by
m(X):= Al X + X A..

Note that m and ma are all bijections. We can rewrite ma as
1 1
ma(X) = 'A'(A;P,A —I)XAca+ XZ(Ae’A -1

Recall that A, o — I and -&—(Ae,A —I) - A.. Thus we see that ma — m (A | 0). Con-
sequently, also mzl — m~! (A | 0). Obviously, P.a = le(—%C;‘: ACe,a). In addition, it
follows from (2.6) that %C;ACG,A — CTC,. This implies that P. o — m~(CTC,), which,in
turn, is equal to P.. By (2.5) we see that 'A—Ee'AE: a — E.E7. Combining these facts we
find that

%tr (EoaEZAPon) — tr (E.ETF.).

Finally, it is immediate that
1 A pA-s T
el / / tr (Cle‘AEETetA CIT) dtds -0 A ] 0,
AJo Jo
which completes the proof of the theorem. o

We now turn to the second question posed above. In order to be able to answer this question,
it is useful to consider this question first for the linear quadratic problem.

For this, consider the system #(t) = Az(t) + Bu(t), 2(t) = Caz(t) + Dau(t). Assume that
(A, B) is stabilizable. For a given static state feedback control law u = Fz and initial state
To, the output function is denoted by 2p.,. The linear quadratic problem is to minimize
for each zo the cost-functional J(zo, F) := [;° ||2Fz,(t)||?dt over all F € R™*™ such that
0(A+ BF) Cc C™. It is well-known (see [9], [19]) that for each z¢ the optimal cost

J*(zo) := inf{J(zo, F) | F s.t. 6(A+ BF) C C"} = z3 Pxo,
where P is the largest real symmetric solution of the linear matrix inequality

( ATP + PAT + C7Cy PB+C}D; ) >0

B"P + D}C, DID, (6:5)

We want to compare this ‘normal’ linear quadratic problem with its sampled data version.
In the following, take a fixed sampling period A > 0. The sampled data version of the linear
quadratic problem is to do the minimization over all stabilizing sampled data static state
feedback laws. More precisely, For a given F' € IR™*" define the sampled data state feedback
control law u = Faz by u(t) := Fz(kA), (¢t € [kA,(k+ 1)A), k = 0,1,2,..., or with a
slight abuse of notation: Fo = HaFSa. For a given F and initial state zo, denote the
output by zr, z,. Define the sampled data cost functional in the obvious way and denote it
by J(zg,Fa). The control law F, is called internally stabilizing if for each initial state the
controlled state trajectory z(t) converges to 0 as ¢ — oo. The sampled data linear quadratic
problem is to minimize for each zo J(zo,Fa) over all internally stabilizing control laws Fa.
Let

JA(zo) := inf{J (20, Fa) | Fa is internally stabilizing }
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be the optimal cost. If no internally stabilizing F exists, we define J (zo) := oo for all zo.
We will briefly explain here how the sampled data linear quadratic can be resolved. Firstly,
note that for any Fpo = HAFSaA we have

(k+1)A

o0

HeoFa)= Y [ llmaslOlPar
k=0 /KA

Secondly, note that for all ¢ € [kA,(k + 1)A) we have 2(t) = Az(t) + Bu(t), 25, (1) =

Caz(t) + Dau(t), with u(t) = Fz(kA). Hence, on the interval [kA, (k+ 1)A), z and u satisfy

t\ _(A B z
(i)-(3 9)(0)

with u(kA) = Fz(kA). Consequently, (3() = eAlt=k8) (OO ) for ¢ € [kA, (k+1)A), with
A defined by (2.7). Using this, it follows immediately from (2.6) that for ¢ € (kA,(k+1)A) we
have |[27, z(1)||? = ||C2,a2(kA) + Dz aFz(kA)|?>. Obviously, z(kA)) evoluates according to
z((k+1)A) = Aaz(kA)+ BaFz(kA). Hence we see that if Fo = HaoFSa, then J(zo,Fa) =
Soreoll(C2,a + D2 aF)zi|)?, with 7443 = (Aa + BaF)zy. It is also easily seen that Fa is
internally stabilizing if and only if |¢(Aa + BaF)| < 1. Hence, J}(20) < oo for all 20 if and
only if (Aa, Ba) is stabilizable.
Consequently, we can make the following conclusion: the sampled data linear quadratic pro-
blem under consideration is equivalent to the ‘normal’ discrete-time linear quadratic pro-
blem of minimizing for the system x4y = Aazk + Bauk) the cost functional Jais(zo, F) :=
Yoreo l(Ca,azi + Dy pu||® over all F € IR™™ such that |c(Aa + BAF)| < 1. The latter
problem was discussed in section 2, remark (3.11) and section 3, remark (4.6). By applying
these results to the situation under consideration we can find a characterization of the optimal
cost JA (zo) of the sampled data linear quadratic problem:

Lemma 6.2 : Let A > 0 be such that (Aa, Ba) is stabilizable. Then for each xo we have
JA(zg) = z§ Pazo,
where Pp is the largest real symmetric solution of the algebraic Riccati equation
AAPAAN — Pa + C3ACo -
(C3aD2,8 + AAPaABA) D3 aDsa + BAPABA)Y (D3 AC2,a + BAPaAA) = 0.(6.6)

We will now show that as A | 0, the largest real symmetric solution Pa of 6.6 converges to
P, the largest real symmetric solution of (6.5). We will prove this by proving that for each
zo we have JX(xo) — J*(zo). Note that if (A4, B) is stabilizable, then for A > 0 sufficienly
small we have that (4,4, Ba) is stabilizable.

Lemma 6.3 : Assume that (A, B) is stabilizable. Then there ezists Ay > 0 such that for all
0 < A < Ay, for all zo we have J}(zo) < 00. For all 2o we have lima o JX(z0) = J*(0).
Also, for all 0 < A < Ay, Pa exzists and we have limpa o Pa = P.

Proof : First of all note that for each sampling period A we have J}(zo) > J*(zo) for all
zg. This can be shown using that, in fact, for each zg,

J*(zo) = inf{/ |C2z(t) + Du(t)||?dt | u is such that Jlim z(t) = 0}.
0 el
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Hence, by taking u to be generated by the internally stabilizing sampled data control law Fja,
it follows from this that J(zo, Fa) > J*(2z0)-

Now, let § > 0. Let F be such that o(A + BF) C C~ and J(zo, F) < J*(20) + £. Clearly,
J(zo, F) = z§ Lzo, where L is the unique solution of the Lyapunov equation

(A+ BF)"L + L(A+ BF) + (C2 + DyF)*(C2 + DoF) = 0.

Consider now the sampled data control law Fa = Ha FSa. By previous arguments, J(zo, Fa) =
x5 Lazo, where Lp is the unique solution of the Lyapunov equation

(Aa + BAF)TLa(Aa + BAF) ~ Lo + (Caa + D2 aF)T(Cya + D2 o F) = 0.

Note that A+ BAF — I, 2(Aa+BaF ~1I) — A, and 3(C2,a+ D2,aF)*(Co,a+ D2 o F) —
(C2 + D2F)™(Cy + D2F) as A | 0. Using a completely similar argument as in the proof
of theorem (6.1) we derive from this that Ln — L, which implies J(zg,Fa) — J(zo, F).
of course, we also have J*(z0) < Ji(zo) < J((l?o,]:A) Combining this with J(zo, F) <
J*(z0) + 2, we find that for § sufficiently small we have J*(zo) < JA(z0) < J*(z0) + 6.
Since § was arbitrary, this proves the claim. The second statement in the formulation of the
theorem is then immediate. O

Let J3 .., be the optimal continuous-time H; performance, i.e., the infimum of Jg(Tcon) over
all internally stabilizing continuous-time compensators (6.1). It was shown in [16] that if
(A, B) is stabilizable and (Cj, A) is detectable, then

3 con = t1 (EETP) + tr (ATP + PA + CFC2)Q), (6.7)

where P is the largest real symmetric solution of the linear matrix inequality (6.5), and where
@ is the largest real symmetric solution of the dual linear matrix inequality

( AQ+%ACI+ EET C}T)Q ) > 0. (65)

Let J3 5 be the optimal sampled data H; performance. Our next theorem gives an affirmative
answer to the second question posed in the introduction to this section.

Theorem 6.4 : Let (A, B) be stabilizable and (C1, A) be detectable. Then there ezists A,
such that for all 0 < A < Ay, Jg 5 < 0o. We have limayoJ3 ao = I3 con-

In the remainder of this section we will prove this theorem. First, recall the expression (5.1)
for Jg 5. Denote the first term in (5.1) by 7(A). Then, under the conditions that (A, B) is
stabilizable and (Ch, A) is detectable, we know that for A gA

Jia=1(A)+ Ztr (EAEXPA) + Ztr ((AAPaAp — Pp + C{ACQ,A)QA)
1 * *®
—Ztr ((DPANA‘DQA)(DPANADQA)T)’ (6'9)

where P is the largest real symmetric solution of (6.6), where Q4 is the largest real symmetric
solution of the dual Riccati equation

AAQaAL - Qa + EAEX + AAQACT(C1QACT)TC1QaAA = 0, (6.10)
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and where
Na= _DPA(DzA )2DPACPAQACir(D$A)2DQA'

Here, Cp,, Dp, and Dg, are defined by (3.5), (3.4) and (3.7) respectively, with P = Pp and
Q@ = Qa. We will prove that J; 5 — J3 ., by analyzing the asymptotic behavior of the four
terms appearing in (6.9) seperately:

o 1t is immediate that the first term, J(A), converges to 0 as A | 0.

s From (2.5) it follows that X EAE} — EET. Since also P — P, we conclude that the
second term, xtr (Ea E} Pa), converges to tr (EETP).

e To prove convergence of the third term, first note that @a — @. This follows immedi-
ately by dualizing lemma 6.3. Next, as before, rewrite

1
A (AAPAAA — PA + C37C0)Qn)
1 1 1
= Z(AR ~ DPads + Pax(4a - )+ 1 CPaCra. (6.11)

Since i—(AA —I)—> A, Ap — I, and %C{ACZA — (C7C3, we conclude that the third
term in (6.9) converges to tr (ATP + PA + C]C>).

¢ In order to complete the proof of theorem 6.4, we should hence prove that the fourth
term in (6.9) converges to 0 as A | 0. This is done in the following lemma:
Lemma 6.5 : xtr ((Dp,NADg,)(Dp,NxDg,)*) = 0as A | 0.

Proof : Rewrite the fourth term in (6.9) as +||Dp, N3 Dg,||?, where for any matrix M,
|[M]| denotes the Frobenius norm tr (M MT). Note that if M is a given matrix, then M+ M
and MM are orthogonal projectors, so consequently |[MM*|| = ||[MM?*|| = rank (M). In
particular this implies that if M is n X n matrix, then ||MM*|| = ||MM*| < n. Now make
the following estimates:

1 x
X"DPA NADQA"2

1
< Z'I(DPAD;A )(D;ADPA)CPAQAC’er&SA(DsADQA)“z
4

mip?
x ICP,QaCT D}, |2

mip?
L |ICralIQaCT DS, 1%

As noted before, C5, Cp, = AR PAAA~Pa+C3 5Ca,a, 50 +|ICp, |2 = tr (ATP+PA+CTCs)

On the other hand, by noting that Q4 satisfies the Riccati equation (6.10), where Ap = e44

is invertible, we see that

llQaCT DE, II?
= tr (QAC?(C]QACI)-*CIQA)
=tr (Qa — AZIQAAZT + AZIEAEXAZT).
Since Q5 — Q, Azl — I and EAE} — 0, the latter converges to zero as A | 0. o

<

<
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