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Abstract 

In usual type theory, if a function f is of type (T -+ (j' and an argument a is of type 
CT, then the type of fa is immediately given to be (7' and no mention is made of the fact 
that what has happened is a form of ,B-conversion. A similar observation holds for the 
generalized Cartesian product types, IIx;(T.T. In fact, many versions of type theory assume 
that f3 holds of both types and terms, yet only a few attempt to study the theory where 
terms and types are really treated equally and where .B-cOllversion is used for both. 

A unified treatment however, of types and terms is becoming illdispensible especially 
in the approaches which try to generalise lllany systems under a unique one. For example, 
[Barendregt 91J provides the Barendregt cube and the Pure Type Systems (PTSs) which 
are a generalisation of many type theories. Yet even such a generalisation does not use 
,a-conversion for both types and tenllS. This is unattractive, in a calculus where types 
have the same syntax as terms (such as the calculi of the cube or the PTSs). For example, 
in those systems, even though compatibility holds for the typing of abstraction, it does 
not hold for the typing of application. That is, even though 

M : N =} Ay,p.M : ITy,p.N 

holds, the following does not hold: 

M: N =} MP: NP. 

Based on this observation, we present a A-calculus in which the conversion rules apply 
to types as well as tenus. Abstraction and application, moreover, range over both types 
and terms. We extend the calculus with a canonical type operator T in order to associate 
types to terms. The type of fa will then be Fa, where F is the type of f and the 
statement r ~ t : (T from usual type theory is split in two statements in our system: 
f f- t and rtf, t) = (T. Such a splitting enables us to discuss the two questions of the 
typability of a term and of what is its type separately. Again we believe that this splitting 
is important and should be usually considered. 

As a demonstration of what we can do with our calculus, we interpret Church's ..\_ 
in our calculus. This enables us to view our approach as an attempt to extend A-+ with a 
unified treatment for type and term substitution and conversion and at splitting r ~ t : (T 

in the two statements: f f- t and rtf, t) =1' (T. Such an approach should eventually be 
used to deal with the Barendregt cube and the Pure Type Systems. 

Keywords: A-Calculus, Type Theo/'y. Chu/'('h HOBse/' Them'CIII, Types as 7e,''''8, A_. 
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1 Introduction 

At the end of t.he nineteenth century, type's did not play (l. role in mathellla.tics or logic, unless 
at the meta-level, in order to distinguish hetween different 'classes' of objects. Frege's formal­
ization of logical reasoning, as explained ill the Begri!.fBsch,·ijt ([Frege 1879]), was untyped. 
Only after the discovery of Rllssell's paradox, Ilndennilling Frege's work, one may observe var­
ious formulations of typed theories. Types Oil tIle other ha.nd, could expla.in away the paradox­
ical instances. The first t.heory which aimed at. doing so, wa.s that of Russell and Whitehead, 
as exposed in their famous P,·incipio. Mathemo.iica ([Whit.ehead and Russell 1910]). Their 
'ramified t.heory of types' l,as lat.er beell ada.pt.ed and silllplilied by Hilbert. and Ackermann 
([Hilbert and Ackermann 1928]). 

Church was the first to define a t.ype t.heory 'as such', almost. a decade after he developed 
a theory of functionals which is nowa.da.ys called A-ca!t:u.lu., ([Church 1932]). This calculus 
Was used for defining a. notion of cOIll]l1It.ability t.hat. turned out t.o be of the sa.me power as 
Turing-computability or general recursivelleso. However, the origina.l, untyped version did 
not work a.s a. foundat.ion fo], mathemat.ics. In order t.o come round the inconsistencies in his 
proposaJ for logic, Church developed the 'simple theory of types' ([Church 1940]). 

From then till the present day, research all the arca. ha.s grown and one can find various 
reforlllulatiolls of type theories. A t.axonomy of type syst.ems ha.s recent.ly been given by 
Barendregt ([Barendregt. 92]). A version of Church's sirnple theory of types can be found in 
t.his ta.xonomy under 1;]lC name A_ or A_ CIIlJrch. This A_ ha.s, apa.rt. from type vm·iables, 
so-called arrow-types of t.he form a ~ u', for each pa.ir of types a and a'. In higher type 
theories, arrow-types are replaced by dependent products nY;(7.a', where the type (1' may 
cont.ain y a.s a free variahle, and thus may depend on y. This means tha.t abstract.ion can be 
over types, similarly to the usua.l a.bstraction over tcrmH: /\y:u.t.. 

But, once we allow abstraction over types, it. would he nice to discuss the conversion 
rules which govern these t.ypes. \Ve propose rOllversioll rules which act similarly to those 
for terms. For example, if t., I.' a.re terms, a, a' arc types, and if A a.nd 11 a.re used for 
abstraction over terms and types respectively, t.hen 1I0t only ('\y,".I.)I.' --7fi try := 1'], but. also 
(ITy, •. a')/.' -7~ cr'[y := t'J. 

This stra.tegy of permitting li-applicrili(JIt (ITy, •. u' )t' in t.erm construction and using an 
extended version of ,6-redudion for s1Ich a ll-a.pplicatiolJ, however, is not commonly used. Yet, 
it is desirable. Especially now in t.he Jlew lora.dit.ion which attempt.s to unify a.nd generaJise the 
t.ype systems. See for example t.he Da.rcndregt. cnbe in [Barendregt. 92J and t.he fine structure 
of the A-calculus in [KN 9yJ. 

Moreover, one ma.y sa.y that j3-reduction ha.s heeH invented as an expedient in order to 
forebode a possible substitution. So why does one llse a. direct substit.ution a.s ill equa.tion 1 
below, (which is used a.lmoB!. everywhere) if j3-redllc1.ioll ca.n be used to do the job, as shown 
in equation 2'? (\iVc omit the contex1.s 1 ror t.he sa.ke of sinlp1ic,it.y): 

If .r : II", •. cr' and (J. : cr, t.hen .fa: "'[.'I := oj (1) 

If /: l1y , •• cr' and (J.: a, tlwn /0.: (ll",".a')o. (which (i-converts to.fa.: a'[y:= a]). (2) 

In fact, it is more elegant and 1111ifo1'111 to nse the second nota.tion instead of the first one. 
The fOfmuIa,tioll of the theories and the proofs becomes ea.sier. Furthermore, with the second 
notation, one Inailltains a cornpalib£l£ty ]Jl'o]Jc7'ly for the typillg of all applications: 

M : N =} MP : N P. 



This is in line with the compatibility property for the typing of abstractions, which does hold 
in general: 

As an example, we give a simple derivation with the ahove-descrihed compatible application 
rule and with conversion on IT-a.pplicat.ion: 

A:',b:A,a:A I- a:A 
A: .,b: A I- (A.'A.a): (IT.,A.A) 
A: ',b: A I- (A.,A.lt)b: (Tl.,A.A)b 
A: ',b: A I- (A.,A.a)b: i\ 

(start) 
(abstraction) 
(application) 
(conversion) 

It. is oUI belief that it is simpler to treat terms and types in a unified manner. Moreover, 
such a unified treatment provides a. step towa.rds the genera.lisation of type systems. In fact, 
sllch a genera.lisa.tion is ;:1.(1 im port.a.nt t.opjc of resea.rch at t.he presellt time. For example, 
Ilarendregt's taxonomy of type systems in [Ilarendregt 92] and our generalised system in 
[NK 94] which accommodates all the systems of the Ilarendregt cube are attempts at com­
bining all the important results and structures of type systerns in a compact and elegant way. 
As a step towards this compact and dega.ut way, we believe that conversion should apply to 
both types and terms. Hence, this paper aims at. cxtclJciilJg the conversion rules of terms to 
types. 

We start in Section 2 by presenting the calculus A_" being a. form of A_ in which terms 
and types ca.n be t.reated alike (,l.lId where t.Y1H:$ contain a.bstl'acti011 and a.pplication rather 
thaII heing simple as in A_. The Church Rosser theorenl is shown in Section 3 to hold for 
the calculus. In Sect.ion 4, we present. the t.echnical machinery releva.nt. for contexts and 
variables. Import.ant notions such a.s cont.ext ordering alld t.he companion term of a context.­
a.nd-expression pair arc introduced ('wd discllssef] for hinding va.riables in terms and contexts. 
For subst.it.ution purposes, context.s Illust be restricted to the well-behaved ones but it is shown 
that this restriction is only cosmetic, in that for a,ny (f, hI), we can find an a-va.riant (f', M') 
where f' is well-behaved. In Section 5, we int.roduce t.he t.ypillg operator T. This operator 
will find the t.ypes of terms within contexts. T will satisfy most of the desired propert.ies of 
typing opera.t.ors, snch a.s wea.kening, <-l.l]{j substitut.ioH. 

Typing a. term however, is not. the only illlportant notion. We need to study the t.ype of the 
term too a.nd to study the well-t.ypednt'ss of the \.ernl. In fad, we think tha.t a 1Il0re elegant 
notion of typing can be obtained if we split the judgement r I- t : a in t.wo judgements: 
I' I- t and T(l', t) =~ (T which say tllilt. I is well typed and ha.s for type (T. So instead of 
concentrating on the whole formula. r I- t : (T a.t once, we engage ourselves first in showing the 
well-t.ypeoness of t a.nd t.hen in looking for its type. In fact, we believe that this separation is 
important especially when we lIlove away from the simpler type theories such as A_ t.o a more 
involved ones such as those of the systellls of the Barendregt. cul)e where types and terms are 
inter-mingled. In suclr a. casC', not. only we need t.o discnos r I- t but also that. the type of t 
is well-typed (or consistent). We lise the llotiOll r;OTtsislerd instead of well-typed in order to 
cover for both cases whell I' f- t. <\.lid r f- T(r, n. For t,his reason, we introduce in section 6 
the notion of consistency of an (!xpreSSioll wit.h respect to a. context. All terms which are 
consistent with respect. to a contl'xt 1 arc typa,ble (via. T) jJl the context a.nd their types are 
also consistent. I.e. if r I- t t.hen T(I',1.) is defined and r I- T(r,l). Hence, we define r I- M 
for M being a t.ype as well as a t.enll. Furtlrcnllore, a.ll t.he information about binding and 
freeness relevant to I and to typing it in cont.ext. f, is present. in r and in t. So the expression 



r I- t can be treated as a term on its right. We believe that separating f I- t : u into r I- t and 
T(f,I,) =~ u deserves attent,ioll, MorcoVl'r, consistency I- has all the desira,ble properties of 
type theory. For example, Basis Lemma, Generation Lemma, Correctness of Subexpressions, 
Weakening, Substitution, Context Redl1ction, Subject, Reduction, Unicity and Correctness of 
Types all hold for consistent expressiolls. 

Hence the calculus presellted unifies the treatment of types and terms, while preserv­
ing all the important properties, fr01l1 Chmch Rosser to subject rednction and type unic­
ity/correctness. To give the reader a feci for the elegance of the approach, we interpret in 
Section 7 Church's A_ in our calculus. The main result is that f 1-,_ t : (r iff f I- I(t) 
and r I- I(u) in A_n for I being the interpretation function from A_ to A_ T • Moreover, 
T(r,I(t» =~ I(u) in A_T. Fmtlicrmore, if r' I- t' in A_T t,hen there a,re r, t and u in A_ such 
that r' -+~ I(r), t' -+~ I(t), T(I",I') =~ I(,,) and r 1-,_ t: u. We believe that our calculus 
ca.n be used to provine sj mila.!' condit.iow, for other t.ype SySt.ClllS a.nd it would be interesting 
to extend these results for tile Pllre Type Systems. Helice A_T can he looked a.t as a system 
which discllsses a.nd generalises cOlldit.ioll:-:; of typing ill t.he' k1loWIl type systems. 

We assume two kinds of expressions: types and terms. vVe assume moreover, an infinite set 
V of type variables and an infinite set If of term variahles. We let T be the set of types and 
T be the set of terms and aSS11me two ahstraction operators 11 a.nd A. The 11 abstracts over 
t.ypes a,nd t.he A over t.erms. Both T a,nd l' a,re defined as follows: 

V = a I V' 
If = x I V' 
T = V I (IIv;T.T) I (TT) 
T = V I (AVT.T) I (TT) 
Note tl,a.! this definition a.Jlows that types are applied to terms. 
Examples of types are: 0:", (TIx;o-(O:',:'» alld ((nx;,,'O:'),:'). 
Examples of terms are: :rem, ('\x;".(:r:":r:) and ((Axo".:""):r:). 
We often omit brackets conforming to the 11511"] C(J1lventions. We 11se the meta-variable 7r 

to r(l.nge over {A, H}. We let. "'')'111:'" range nver V a,nd !j, Z, ... ra,nge over V. Also, w,w', ... 
range over VuV and we assume that Vn \f == (/). \Ve llse (T:a':(JII, ... ,(Tl,G2, .. . to range over 
T (the types), i., t', I", ... , t

" 
I" ... teo rallg<' Dve" T (the terms), ami let L, Ai, N, P, ... range 

over T U T. We ca.ll the elements of T U T e.7:pres"i(J1l8. 

Lemma 2.1 TnT = 0 
Proof: Easy. 

2.1 Variable manipulation 

The free and hound variable, in n,n expression M, denoted FV( M) ",lid J3V(M) 
respectively, arc defined as follows: 

Definition 2.2 (H'Cf VariaNcs) 

1. PIf(w) = w 

G 

o 



2. FV(7ry,u.M) = n/(a) U (FV(M) \ {1J}) 

3. FV(Mt) = FV(M) U PV(t) 

Definition 2.3 (Bound Variables) 

1. BV(w) = 0 

2. BV(7ry,u.M) = {v} U nV(1") U JJV(M) 

3. nV(Mt) = nV(M) U JJV(t) 

Remark 2.4 Note that nV(M) S;; V. 

Now we define the type of a bound varia.ble in an expression a.s follows: 

Definition 2.5 (Type of lJound Variables) 

• If y occurs free in At) t.hen all its occurrcnce~ moe bound with type (1 in 7r y:n.M where 
7r =' A if MET and 7r =' 1I if MET. 

• [f an occurrence of y i~ bound willi. type (T ill kl. then il is also bou.nd with type a in 
7rY',u •. Jvf, in lilfi., and, in case Pi! E 'l', ;n (M'M). 

As is usual in the A-calculus, a.nd for ca.se of the proofs that \ve will carry ouL, we assume 
Barcndregt.'s variable C01IVcIltion. That is: names or hOllnd va.riables will always be chosen 
such that they differ from the free ones jn an cxprcssioll, so that one wouldn't have (7ry :u .Y)Y 
but instead (1rz :u .z)y. Such a conventjoll is gua.ranteed via. the use of variable rellanlillg and 
is formally stated as follows: 

Notation 2.6 (]Jm'endregt's V"";"ble Con",.II/';on) 
For every M, nV(M) n PV(M) = 0. 

Notation 2.7 (E,;tended Var'if/ble Conven/.i{m, Ve) 
We c"tend lJarcndreg/.'s V"riable Convention wi/.h the followill!! cl"use: Por' ever'V M, if A. 
and A, occur' in AI then y '" z. 

Remark 2.8 Note tha.t the condit.ion that lIallles of bound va.riables be dist.inct is desirable 
in order to obtain that for a t.erm obeying ve, also its subterms ohey ve. Take for example 

the term t. =' Ay,a.Ay,a'Y'Y' It is ct'rtainly the case that nV(/.) n FII(I.) = 0, yet V occurs in 
t.he free and bound va.riables of A"oa'Y'Y' Tllcrefore, we impose t.he condition that names of 
bound va.ria.bles be distinct in order to ma.ke snre that for every expression we write down 
(whether it is n.n expression or a sllbexpression of a.no1.lIer expression), t.he free variables and 
t.he bound vaJ'iables are disjoi lit .. 

It should be further noted t.hat withOlIl, va.ria.ble renaming, we could nOt. ha.ve VC. Therefore, 
we idellt.jfy expressions modulo O-r.ollvprs·loll. \Vit.lI \Ie 11l0rCOVer, we get. t.he fol1owing: 

Lemma 2.9 In 7ry, •. M, y f/. FV((1"). 
Proof: BV(7ry,u.M) = {y}UJJV(a)U/JV(M) muIFII(7ry,".M) = FV(a)U(FV(M)\{y}). 

y E BV(7ry,u.M) =vc y f/. PV(7ry,".k!) = Y f/. PV((1")U(PV(M)\{y}) = y f/. FV(a). 0 

7 



Remark 2.10 Note here that with the identification of expressions modulo a-conversion, the 
notion of a. bound va.riable bCC01llCS ltSl'lesfi. 

Notation 2.11 A1", N mea.ns that }\II and N a.rc the same expressions or call be obta.ined 
from each other by rena,ming bound va.ria.bles. For exa.mple: 7ry:uoY == 7r.r;:u'Z for;; not free in 
cr. Now, if in clause 5 of Definition 2.12 helow, Y E FV (P), then we write (Jry ," .M)[w := PJ '" 
(Jr" •. M[y:= z])[w:= PJ for z a fresh vaTiahle (note from Lemma 2.9 that y f/ FV(cr)). With 
this notation, we follow the lines of Barelldregt in [Barendregt 92J in identifying expressions 
t.hat difTer only in the name of bOllnd va.ria.bles, rather than using a-conversion. That is, the 
identification is done in our mind ra.t.her tlian on pa.per. 

2.2 Substitution and reduction 

''''e introduce suhstitutioll, reductioll anel CfHlvel'sion hy t.he following definitions: 

Definition 2.12 (Substitu/.i(m) 
We define A1[w := PJ to be the ,·eslIlt. of slIbstitl/ting P in M for all free occurrences of w. 
I'll this definition, we aS811111e tha.t FV(P) n l!]f(M) = 0; t.hi.' ·;s consistent with the va.riable 
convention. M[w:= PJ is defined by induction as follows: 

1. w[w:=PJ",p 

2. W,[W, := PJ '" W, if W, 't w, 

S. (Mt)[w:= PJ '" M[w:= PJt[w := PJ 

4· (Jry,".M)[y:= PJ '" Jry,".M' 

5. (Jry, •. M)[w:= PJ '" Jry,.[w~pl·M[w:= PJ ify 't w 

Lemma 2.13 (Substitution in Terms and Types) 

1. If Y E V. NET then. 

• MET = M[y := NJ E T 

• MET = M[y := NJ E T 

2. If"/ E V, NET then 

• MET = M[,,/:= NJ E T 

• MET = Mb := NJ E T 

Proof: Both by sintullancous induction on the st.rudurc of A!. 

Lemma 2.14 Jf M,J1;f"M, E TuT, w 't w' anrlw f/ FV(M,) then 

M[w := M,J[W' := M,J '" kI[w' := M,j[w := M,[w' := M,J]. 

Proof: Thi8 i8 fl c01YJllary of Lenmw S .. "J below. 

1 Note that y could not be free in a according to ve, by Lemma 2.9. 

o 

o 



Definition 2.15 (One step lleducl.irJlt --+~, a relation on T u T) 
One step 1Y:duction --+~ on T U l' i8 the least rela/.ion closed "1I.(ler /.he {3-rule (r"le 1, below) 
and the com.patibility conditions (ntles 2,.1 and -I below). 

1. (7rg'd·M)t --+~ M[y:= I] 

2. If I --+~ t' then Mt --+~ M t' 

,9. If M --+~ N Ihen Nft --+~ Nt and "",".M --+" ",,".N 

Definition 2.16 (Reduction -*#' a relalion on T U T) 
Redllclion"'*# on T U T is I,he re.f7e:cive alldlm.nsitive c/osure of --+~, That is, -*# is defined 
by Ihe following rales: 

I. M -*# M 

2, Tf M --+# N then AI ~" N 

3, If M -*" Nand N -'"" L thell M ~" /, 

Definition 2.17 (Conversion =/~J (l relfl.lion on T U T) 

Conversion ~tJ on T U T is t.hf' least. (j'If'illfdcnrc relatio7l dosed under -'f>{J' That is: 

1. If M --++~ N then M =~ N 

2, If M =# N then N =1' M 

3, If 111 =# Nand N =~ L Ihen AI =" {, 

Lelunla 2.18 

Lel>- be ..... ,' or --++# 07' =#. Now, if MET (,'cspectivc/y MET) and if M>-N then NET 
(respectively NET). 

Proof: Use Lemma 2 .. 1.1 and induction. 0 

Lemma 2.19 (--+~-sllbstilutioll lemma on T U T) 
Fm' M, NET u T,;; E V and /.' E T, if M --+1' N, then M[z := t'] --+# N[z := t'], 

Proof: This is a corollary of Lemma S,.5 and Lemma S.6 below. 

Corollary 2.20 (--++fi-sllbstilation. lem"", on. T U T) 
For M, NET u T,;; E V and t' E T. i/ AI ~" N, thell M[z := t'] -"" N[z := t']. 

o 

Proof: By induction on ----iTr~ 1/.sin!J Lem,ITul 2.,/.9. 0 

Definition 2.21 ({3-,-edc;"cs, ,6-1I/) 

• An e;"pression 0/ the form (7rg ,".Mll ;8 called a {3-rulc;/:, 

• If an ea:pl-es8ion M has no {3-rcde"es (IS a 81lbca:pres8ioll lhcn M is said /.0 be in {3-nf. 

• If t =~ t' ",he"f t' i8 in {3-1I}; then. I i., ""id 10 h"ve (/ {3-1I}; 



3 The Church Rosser Theorem 

To prove the Church Rosser Theorelll (in short cn. theorem), we shall follow the method 
presented in [Barendregt 84] working with types and terms alike. That is, even though we 
use a similar strategy to that of [Darend regt 84] to prove the en. theorem, the detaHs will 
extend all the notions of reductions, SlIhstitutioll and 0.11 the proofs in order to treat types as 
well as terms in a unified manner. We start by extending T and T to the following: 

T = V I (IIy,r..T) I (TT.) I (II"r..T)l: 
T. = V I (Ayr.D I (T.T.) I (~Y.r..TJT. 
In this section, .Al,]I/ and P range over T U L. Moreover, v, at, ... range over T and 

t, t', ... range over L. Furt.hermore, we llse Z!:. to ra.ng(~ nvct" {.6., II}. 

Remark 3.1 Note that wllell we write an expression M this will never indica.te 7I.y.q.A1' for 
sonlC .AI', even if Al OCCllrs with a.n a.rgll [llCllt. N in Al IV . 

We extend the definition of free and bOllnd variables by a.dding to Definition 2.2, the first 
clause below and to Definition 2 .. '!, the second clanse below (recall here however rema.rk 2.10). 

FV((7I.y q.M)I) = 
BV((7I.y,q.M)tj = 

PV(er) u (FV( M) \ {y}) u rlf(t) 
{V} u lJV(er) U nV(M) U IIV(I) 

We still assume JTlOreOVer the va.ria.ble convention for T U 'L and consider expressions to be 
equivalent up to variable 1'(llH'l.llling. 

3.1 Substitution and Reduction in T U T 

Substitutiou is exa.ctly as in Definition 2.12 except that we add the following: 

((7I.y,q.M)t')[w:= P] = (7I.y."[w.~rl.M[w := P])(t'(w := I']) if 11 ¢ w 
((7I.y ,q.M)I')[y:= P] = (7I.y ,q.M)tn 

Now a similar version of Lemma 2.]:{ holds for Tu T.... 'That is, 

Lemma 3.2 (SUbstitution in Tenus ",ul Types) 

1.lfYElI,NET.tliclI 

• M E 'f.. => M[y := N] E l' 
• M E 'T => M[y := N] E 'T 

2. If'"! E V, N E T then 

• MET.. => Mh := N] E T.. 
• ME T => k/[,"! := N] E T 

Proof: Both by simullfl'ncolls £nrluct£on on the sf.nu;/.urc of A1. 

Lemma 3.3 If M,M
"

M2 E TuT.., w ¢ w' ",ulw ~ FIl(M2 ) then 

M[w := M, ][w' := M2] '= M[w' := .M2][w := M,[W' := M2]]. 

Proof: By induction on the len!}th of I.e,.,n., Ilnd types in T U 1'. 

2The second clause is in accordance with the variable convention as y rt FV(t'). 
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• M == w then Ihs == M.[w' := M,) == 1'11.". 

• M == w' then Ihs == A1, == .,h" as w rI PV(M,). 

• M == w" and w" :t wand wI! ~ w' {hcll lhs :::: 1'11 ... == wI!. 

• Assu.m.e the p7'Ope1'l.y holds for M, I then obviously i/ holds fa'!' MI., i.e. 
(Mi)[w:= M.)[w':= M,) == (MI.)[w' := M,)[w:= M.[w' := M,)] 

• Assume the propC/'ty holds for M, Ihen lei. us "h01ll it holds for 7ry,~.M. 

- case w 't y and w' 't if then 

(7ry,..M)[w:= Md[w' := M2 ) == 
7ry,d[w,=M,J[w',=M,).M[w := M.)[w' := lII,) =='H 
7ry,~[w"=M,J[w'=M,[w"=M,)).M[w' := M,)[w:= M.[w' := M,)) == 
(7ry,~.M)[w' := M2 )[w:= M.[w' := 1H,]) 

- case w == y then 

(7r y , •• M)[y:= M.)[w' := 114,) == 
7ry.u[w',=M,).1I1[w' := M,) and 

(7ry,..M)[w':= M,)[y:= Mdw' := M2 )J == 
7ry,~[w"=M,).M[w' := M2)' 

- ca.se w' == y and y rI PV(1I1.) then 

(7ry,u.1I1)[w := M.J[y:= M,J == 
7ry,.[w,=M,J.1I1[w := M.J 
Moreover, (7ry,u.M)[y:= M,)[w:»= M.[y:= M,)) '" 
(7ry,q.M)[w:= M,[y:»= M,ll == 
7ry,~[w'=M,J.M[w := M.l 

- C<lse w' '" y and y E FV(Mtl I.hen (7ry, •. M)[w:= M , 1[y:= M,l '" 
(7r" •. M[y:»= z])[w:= M.)[y:»= M21 (fo'l' f"csh z) '" 

(7r".[w,=M,J.1H[y := zJ[w:»= M.))[y:= M21 '" 
7r".[w,=M,J[y,=M,).111[y := zJ[w := A1.)[y:»= M,J ",IH 

7r".[y,=M,)[w,=M,[y,=M,J).M[y :»= zJ[y :»= M,)[w := M , [y := M2ll '" 
(since Y rI FV(O') by lie (/1,,1 Y rI PV(M[y:»= zJ)) 

7r"u[w,=M,[y,=M,)).M[y := zJ[w := Mdy:»= M,ll· 
Moreover, (7ry, •. M)[y:= M,llw:= M.[y:= 1I12ll '" 
(7r", •. M[y:= z'])[y:= M21[w:= M, [y:= M,ll (f0'i' fresh z') == 
(7r",u[y,=M,).M[y := z'l[y:»= M,j)[w:= M.[y:= 1I1,ll '" 
(since Y rI PV(O') and y rI Fli(M[y:= z'lJ 
(7r",.,M[y := z'])[w:= M.[y:»= M2ll == 
7r",.[w'=M,[y'~M,Jl.M[y := z')[w := M.[y :»= M,ll 

II 
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We extend Definitions 2.15 a.nd 2.16 t.o the followillg: 

Definition 3.4 (Ea:I.endul Reduction ~I!. and ~V 

1. (7ry,q.M)t ~I!. M[y:= I] 

2. (?Ly,q.M)t ~I!. M[y:= t] 

3. 1ft --+I!. t' then (?Ly,q.M)t --+I!. (7Ly, •. M)t' and PI --+I!. Pt' 

4. If M --+# N then 

Mt --+I!. Nt, 7ry, •. M --+I!. Ky, •. N and (?Ly".M)t --+I!. (?Ly, •. N)t 

S. Ifa --"I!. a' then 7ry ,.'P --+I!. 7r y,""P and (?Ly, •. P)t --+I!. (?Ly,.,.P)t. 

6. ---"*'!.. is the tl'an.~itive and I'c.flcJ.:ivc closure of ~12-' 

The relat.ion --"I!. on T U 'L is illde"d 'l.n ext.ellsioll of t.he relatioll ~iJ all T u T: 

Lemma 3,5 

Let M, NET u T. Then: }.of --"iJ IV UT M --+f N. 
Proof: By induction on M --+iJ N {)1' M ~"- IV, ,·csprxtivc/y. 

Lemma 3.6 (--+f -substitution lemma on T u I) 
FaT' M, N E T u 1:., 0 E V and I' E T.., If AI --+iJ N, then M[z := I'] --"iJ N[z := t!]. 

Proof: By induction on AI --+I!. N. - -

• Case (7ry, •. M)t --+I!. M[y:= I], 

1. Case z 'f. y: 

((7ry, •. M)t)[z := I'] '" (1f""["~"I.M[z := 1'])1[0 := f']--+# 

o 

M[z := I'][y := I.[z := 1']] '" M[y := I][z := t'] by [,e11111111 :1.:1, since y rt FV(t') by 
Vc. 

2. Case z '" y: 
((7ry, •. M)/)[y:= t'] '" (7ry, •. M)/--+f 
M[y:= t] '" M[y:= t][y:= t.'] since y rt FV(t) by VC. 

• Case (ZLy:17 .A1)t -----+f!.. A1[Y :== lJ is similar tu the n/J(wc casc. 

• The other cases nrc cas!}. 

o 

Corollary 3. 7 (~r8ubstitution lem11lu on T U 'L) 
For AI, N E T u T.., Z E V and I' E T.., if M ~iJ N, then M[z := t'] ~/l N[z := t']. 

Proof: By induction on ---"-f!.... usinr} Lrnuna~,"J,6' -
o 

3.2 The relations between TuT and TuT 

Definition 3.8 The map II: T u T.. ~ T u l' ;s defined n.' Ihe ems;n!! of all ""dedi!!i,,!!s. 

Definition 3.9 ¢: T U 'L -, T u T is defined as follows: 

1. ¢(w) '" w 

2. ¢(MI) '" ¢(M)¢(t)3 

3Note here that M is not 'JS....!I:u.N. 
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.1. ¢((!!..y~.M)t) =' ¢(M)[y:= ¢(l)] 

4. ¢(7ry,..M) =' 7ry,¢(~).¢(M) 

We denote I M I =' Nand ¢( 111) =' N hy M ~II N a.nd 111 ~¢ N respectively. 

Lemma 3.10 For every 111 E Tu'L, FV(¢(M» ~ PV(M). 
Proof: By induction on the 811'uctu1'C 0/111. 

o 

In what follows, read da.shed lines as a· <JlIest. for exist.ence, or a. proof and non dashed lines 
as hypotheses. 

Lemma 3.11 For every M,N E T u T and hoi' E T u 'L, if 111' ---;11 M and 111 ---7>~ N then 
(3N')[A<I' ---7>fi N' II N' ~II N]. This is pieluf'cd (/8 follows: 

M' 
II j 

------7[ {\i1 

:11 , 
M N .1 

(J 

Proof: Cleady this Pf'OPCl'ly holds /01' -I': 
If M ~~ N is the result of contmct.in!l in M (/ l'edc:" obtaining N, then N' can be obtained 

j1Y)1n M' by contracting the corresponding fedcJ: in Al'. JVOW we prove by induction on the 
definition 0/ --*~ that it holds for ~~. 

• If 11'1 -4 ~ M obvious. 

• If M ~f3 Pi C01fU:8 il'o11"t At ---'h-/j Nl and Nl ~f1 lV and propcdy holds for M ----77f3 Nl 

and N, -*~ N then: 

M' -------- N' ------- lV' 
(J I (J II j II: ',II , , 

M N, II N 
f3 (J 

o 

Lemma 3,12 For a/lw,M, (md Pin ruT. wilh FV(P)nBll(JH) = 0, we have ¢(M)[w:= 
¢(P)] =' ¢(M[w := Pl). 

Proof: By inducf.iol! on 111 

• Case w: 
w[w := P] =' P 80 1>(w[w := PJ) =' 1>U') 
and ¢(w)[w := ¢(P)] =' w[w := ¢(l')] =' ¢(P) 

• Case W, i' w: 
w.[w := P] =' w. so 
¢(w.[w := I']) =' ¢(w.) =' ¢(w.)[w:= 1)(P)] 
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• Case Mt: 
Mt[w := PJ '" M[w := PJt.[w := PJ whe)'e TIl holds fa)' M, I .. Ilence 
¢(Mt)[w := ¢(P)J ",¢ 

(¢(M)¢(t))[w := ¢(P)J ",,,,b 

(¢(M)[w:= ¢(P)])(¢(I)[w:= ¢(P)]) ",IH 

¢(M[w := P])¢(t[w := PJ) ",,, 
¢(M[w := PJt[w := P]) ",,,,b 

¢(Mt[w := PJ) 

• Case 1ry:t7 .M and w ::::: y: 

(71"y,..M)[y:= PJ '" 71"y,n.M so 
¢((71"y,n. M )[y:= PlJ '" ¢(71"yn.M) '" 
71"Y'¢(d).¢(M) '" 
(71"y¢(n).¢(M»[y:= ql(P)J '" 
¢(71"y,d.M)[y:= ¢(P)] 

• Case 71"y,n .. M and w l' y: 
(71"y".M)(w := PJ '" 71"y·.d[w,=Pj.M[w := PJ .'0 
¢(71"yn. M )[w:= ¢(P)J ",,, 
(71"Y'''(d).¢(M»[w:= ¢(P)J ",,,,b 

71"Y,¢(d)[w,=¢(P)j.(¢(M)[w := ¢(P)]) ",IH 

71"Y'''(d[w,=pj).¢(M[w := PJ) ",,, 
¢(71"y,n[w,=Pj.M[w := P]) '" 
¢((71"Y'd. M )[W:= I'J) 

• Case (1LY 'd.1!'!)t' and w '" y: 

((7IY,d·M )I.')[y:= PJ '" (7Iy,n.M)/', so 

- ¢((7Iyn ·M )t')(y:= ¢(p)] ""p 

¢(M)[y:= ¢(I.')J[!J:= ql(P)J '" 
¢(M)[y:= ¢(I')J hewu"e y (it PV(t') riue to the va)'iable convention. 

- ¢(((7Iy n·M )I.')[y:= I'll '" 
¢( (7Iy ,n .11'f)t') ",¢ 

¢(M)[y := ¢(I.')]. 

• Case (7IY,d.AI)I.' and w l' y: 

((1Ly,q.M)t')[w:= P] '" (7Iy ,n[w'=Pj.M[w := PJ)(i.'[w:= P]) so 
¢((7Iyd ·M )/')[w:= ¢(P)J ",,, 
¢(M)[y := ¢(t')][w:= ¢(P)J ",L,,,,,,,,,, 3.3""" 3.10 

(note that y (it PV(P) since FV(P) n IJV((1LY,d.M)/') = 0) 
¢(M)[w := ¢(P)J[y := ¢(t')[w := ¢(P)JJ '" by III 
¢(M[w := PJ)[y := ¢(I'[w := PJlJ ",¢ 

¢((1Ly,n[w,=Pj·M[w := PJ)(t'[w:= PJ)) '" 
¢(((1Ly,n.M )t')[w:= PJl. 

Lemma 3.13 POI' M, M' E T U r., ~r AI -~ 111' then ¢( M) -I' ¢(M'). That is: 
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iV! • I Al' 
¢ j ~ j ¢ 
¢IM)- - - - - - ~¢IM') 

f3 

Proof: Induction on M --"*I!- i'd': 

• (1ry,q.M)t --"~ M[y:= t] then 
<I>((1ry,q.M)tf== <I>((1ry,q.M))¢(t) == (1r,,¢(q).¢(M))¢(I)--+~ 
¢(M)[y:= 4>(t)J ==VC"'FV(t)nDV(Ml~0.L""",a 3." 4>(Mfy:= i]) 

• (JIy,q.M)t --"I' M[y := t] then 
¢((JIy,q.M)tf--+~ ¢(M)[y:= ¢it)] ==VC"'FV(')nDV(M)~0.L"m",a 3.12 ¢( M[y:= tll 

• If t --"I!.. t' implie.> ¢(!) -I' ¢It') tlten 

- ¢(Pt) == 4>(P)1>(i) --+1' 4,(P)¢(l'1 == w(PI') 

- ¢((JIy,q.P)t) -;# ¢((JIya ' P)t') 

• If M --+I!.. N implies ¢( M) --+~ ¢(N) t.hen 

- ¢(Mt) --+~ ¢(Nt) 

- 1>(1ry,q.M) .-,~ ¢(1ry ,u.N) 

- 1>((JIy ,q.M)t) .-,,, ¢((lLyu.N)t) 

• [f a --+I!.. a' implies q'(") --+1' ¢( a') IiiI'll 

- 4>(1ry,,'P) -"I' 1>17r y ,u"P) 

- 4>(('E.y,q.P)t) --71' 4>(CJIy ,a,.P)t) 

• If M --"*I!.. M then obviously ¢(M) -;,,, 1>(M) 

• If M --*I!.. M' comes from M -'I!.. M' then ¢IM) ~I' 4>(M') 

• If M --"p M' COIIIC.' from M """"p AI" (lnd At" ~p At' and I.he induc/.ion hypothesis 
holds for-M,M" and M",M' then 1>(M) -+~ 1>(AI'f 

o 

Lemma 3.14 For AI E T uLand M" AT, E T u T. if M --+11 AI, and AI -->¢ M, then 
hI, --+~ M,. Thnt is: 

M 

~ 
M, - - - - - Mo f3 " 
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Proof: By induction on M E T U L 

• If M = w obvious. 

• If M = M't whe,·e 

M' 

~ 
111' - - - - - 111' , f3 Z 

then I M't 1=1 M' II t 1= M;!, awl ¢(M't) = ¢(M')¢(t) = M;tz. Hence 

M'I. 

~ 
M',,- - - - -M'/, , f3 z -

• If 111 = 7r.,".M' where 

Al' a 

CTl - - - - -- CTz 

f3 

then 

7r y:O' .Af' 

M' a t 

~ ~ 
/, ------

f3 
M,' - - - - __ lv/~ 

f3 -

In 

t, 



D 

3.3 The theorem and its corollaries 

First we sta.rt by proving the strip lemma. which will he uscd in the proof of the CR theorem. 
Then we show the theorem cl.lld three or iti:l corolIaries. 

Lemma 3.15 (Strip Lenl1lw) POI' M, M
" 

M" MJ E T U T we have: 

-----~~, A1, 
(3 ; (3 

MJ -------
(3 

Proof: Let M, be the result. of contracting /I. = (7ry,u.M')M" in M. Let. M; E T U L be 
obta.ined fmm M by I'eplacing 11 by 11' = (1I.y,u·M')M". Then 1 Ai; 1= 111 a.nd ¢(M;) = M" 
By Lemmas S.ll, S.lS and S.l4 we have M~, Ai3 (= ¢(M~)) and the following diagram: 

D 

Theorem 3.16 (The Chlll'ch /l088el' Thco/'ell/) 
For A1, N

" 
N, E T U T, if M __ I' N, fwd M --p N, thcn thac c"isis N3 E T U T such that 

NI ~~ N3 and N2 ~f~ N3 
Proof: Ai --*p N, then M = Mo ~p M, ~" M2 ~p .,. -p M" = N , . Hence fmm 

Lemma S.l.5 we hflve: 
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M I, 1'/2 

flj fI 'fl , 
M, - - - -- -~ 

fI; 
(I 

;fI 
------ ~ 

fI 

1 

1 1 

fI; ;fI 
- - - -- -~ 

fI; 
fI ; (I 

N, - - - -- -~ N3 
fI 

0 

Corollary 3.17 FOl' lil, NET u T, if M ={i N then there c"ists LET u T such that 

A1 ---+>~r, and N ---"'~ L 
Proof: by induction all =1" 

If M =1' N comes from M ---"'{' N then tahoe L '" N 
If M =Ii N comes from, N =1' M when' property holr!" for N =1' M, IIathing to prove, 
If M ={j N comes IT'om JI/I ={'J Land [, =(1 N where jJl"OjJC7'ty holds /01' M =13 Land 

L =~ N then there e:l:isls L" L, slIch lhat: 

M L N 

Ilenee A1 -Ii L3 alld N -*{' L 3, o 

I~ 



Corollary 3.18 

1. For M, NET u 1', if M hll" N as (i·,,] Ihen M --.,,~ N 

2. An expression has at most one (3.nf. 

Proof: 

1. !vI has N as (3.nf then AI =~ N 0.",1 N is a (3,"f. Hence by e01'Oilary above, there 
exists L such that M _I' L rmd N "'""I' L. This implies that N '" L up to renaming of 
variables and so M ....,,~ N. 

2. If M has N, and N2 as (I,"f thell M "'""" N, and AI ....,,~ N2 and $0 Ihere exists M' 
such that: 

N, N2 

~/ 
M' 

But as N" N2 arc ill {i.III Ihen N, '" M' '" N2 alld hence N, '" N 2. 

Corollary 3.19 If M =~ try,..AI' (IIul N =/l a then 

(3a" M")[M...."I' trY'd,.NI" and N """'1' ad· 
Proof: By C01'01lm-y 3 . .17, (=b')[N -/l (T' and a "'*# (T']. 
lIenee of course, M =~ 7ry;u,.J\1'. 

We apply again Cmvllary S.17 to uri 
(.:!at,M")[M ~fJ 'lrY;(Tl,JI1" and 1T'?J:(T"A1' ---=fi 7ry:t71 ·kl" mul a' ----17-~ all 
Hence .Af ~f3 7rY:<Tl.A1'1 and IV -»-/~ aI_ 

Corollary 3.20 (=I'.svlisW.1ff.irJl), lem.nw) 

F01'M,NETUT, zEV andt'ET, ifM =#N, Ihell M[z:=I.'] =/l N[z:=t.']. 

o 

o 

Proof: If M =1' N, then there c3:ists M' such /Jwl. M --+~ M' and N -~ M' by 
C01'01lm'Y S.17. By De1ll1ll0 2.20, M[z := I'] """/l M'[z := t'] rl1ld N[z := t.'] ....,,~ M'[z := t']. 
lIenee, M[z := t'] =1' N[z:= t']. 0 

4 Statements and Context.s 

FunoarncntaJ in typed la.mbda. calcullls is t.lll~ J'('la.tioll ~;j. ha.s t.ype a". This relation is fOTlllal­

ized as the statement t : (T. In associatiJig t.ypes 1.0 t.crms~ contexts play an important role. 
The following definitions concern st.atelll('llts alld COli texts. 

Definition 4.1 (Statement, subject, type) 
A statement i8 of the Jon/l. t : (T wilh t E T. (T E T. 
t is the subject, a is the type of the "ta/emcn! t : a. 
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Definition 4.2 (Contexts) 
l' is a context if f is a finite lincorly o,.,lcrcd sci. 0/ statemcnts with (tel'1l1) variables as subjects. 

We let CONS be the collection of all contexts. Contexts are writ1.en as lists of pairs (y: 0') 
where y E V and 0' E T. We write fly : (T) [or the context obtained by appending (y: (T) at 
the end of the list r. Notations like f(y : (T)!,' etc. are used in the sa.me manner. 

We use r, f', 1\, 1'2,'" a.s meta. variables for contexts. 

Definition 4.3 (Domain and Range of mnt.exIs) 
F01' f E co N S, we define the domain of 1'. dOln(r) a1lf1 Ihe mnye of 1', 1'011.(1') as follows: 

• dom(r) = {y E V; (:l(T E T)[(y : (T) E f]) 

• ran(r) = {(T E T; (3y E V)[(y : (T) E I']} 

Definition 4.4 (Free Variables 0/ conlc:rls) 
For l' E CONS, we define Ihe free variable., off, FVCr), 10 be u~ETa,,(r)FV(T). 

Definition 4.5 (Bound Variable.> of conlcxls) 
For l' E CONS, we define the bound variables of r, 13V(1'), to be U~ETan(r)BV(T). 

Definition 4.6 (Var'iables of contexts) 
FOl·r E CONS, we define the variables ofT', VAR.(l') 10 be F'V(r)u13V(f)uriom.(r). 

Definition 4.7 (Subslil.ation in ronlc"'s) 

1"01'1' E CONS, I' = (!II: (Tl)"'(Y": (T,,), 
r[w := NJ = (Vl : (Tl[W := NJ) ... (Yn : (Tn[W:= N]). 

Definition 4.8 (One-stcpl'educl.ion of f;{)nl.exts) 
For r, 1" E CO N S, we say f --+~ f' i/ the j,dlowill11 holds: 
r = (Yl : ad.·· (Yn : atJ and f' = (Yl : (7~) ... (Yn : a!.) with (Ti -+/~ a: for some i E {I, ... , n}. 

Definition 4.9 (Reriucf.i(J1/ of e(mtetts) 
r ~f3 f' is the reflexive tm.n8itivc closure of r ~f3 1". 

Note that we usc ----7{3 a.nd ----,.;.j~ to mea,]l hot.11 red uc1.ion of cOJltexts a.nd reduction of expressions. 
This should uo1. lead 1.0 confusion. 

Example 4.10 

1. (y: (II,,~.'Y)z')(y': (n"~.'Y)Z'(A".".Z,)z')--+~ (y: 'Y)(Y': (II"~.'Y)Z'(A,,.~.Zl)z') 

2. (y: (II,,~.'Y)z')(y': (n"~.'Y)Z'(A,,.~.Z,Jz') --+~ (y: (n,,~.'Y)z')(y': (II,,~.'Y)z'z') 

3. (y: (II,,~.'Y)z')(y': (II"~.'Y)Z'(A,,,",Zl)z')-"IJ (y: (n,,~.'Y)z')(y': 'Iz') 

Definition 4.11 (Rest,·i(;lion. 0/ conlc"l.> to sets o/1)(1l'ia"'es) 
I/ r E CO N Sand S <;;; V then r r S ;s th" "estridion of r 1.0 S, tha/. is the list 1" obtained 
/1'Om l' by 1'c1Itoving all (y : (T) /l'om l' with .'I rf. S. 

Remark 4.12 Nole Ihat (r r S') r S == l' r( SnS'). Note 1II01'C01'el' thai (1'1") r S == (1' r S)(1" r S). 
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4.1 Context ordering 

We need a.ll ordering relation on contpxts: 

Definition 4.13 (Ol'dn·ing of conlc:rts) 
r ~' 1" if I' == 1',1'2,1" == I',(y: a)I', owl Y g dom(I") 
The 1'e/alion ~ £3 the rcfle:dl1f and t:/'(f1l8il.ivr c/o.'HI.l'C of ~1 . 

Example 4.14 (z : aHY: a') ~' (y: a)(z: a)(y: a') a.]l(l 
(z: a)(y: a') ~' (z: a)(y : a)(y: a') for u", z. 

Furthermore, (Yl : a,)(y, : a,) ~ (Yl : a')(Yl : a,)(y, : a,)(yo : a,)(y, : a,)(y, : a,) for Yi '" Yj 
ifi-lj. 

The motiva.tion of t.he condit.ion y g dOIll(l\) will be given in Lemma. 4.28. Be careful not to 
confuse ~ with set inclusion which wc writ.e as t;;. In fact, I' ~ 1" => I' t;; 1", but the reverse 
is not true. The revcr:;;c however is trne ill t.he f'ol1owing ca.se: 

Lemma 4.15 If dom(r) n dmn(r') = f/J Ihe" l' ~ IT'. 
Proof: By induction 011 Ihe lell.'llh 0/ r'. o 

Lemma 4.16 
1/1' ~ P, I.hen l'(y: a) ~ r'(y: a). 

Proof: 

• Case r ~' 1" since I' == I',l', ~' 1\(.0: a')l', == 1" "lid .0 g d01I1(I\). 
Then r(y : a) == 1',I'2(y : a) ~' I",(Z : a')I",(y : a) == P(y : (T) since z g dom(r,), both 

if Z ==y alld iJ z '" y. 

• Case r !; r' by rcfle.:t:£l1ily 01' /:/'(fl/.,..,il.jy)ify. 

Thc8C cases W'C tt/vial. 

o 

Now, it notiou which helps onc underst.and ~ is t.hat of }Jart: 

Definition 4.17 (Part) 
A conte.'"Ct r is a part of another conte');t 1" if r is n. sequence consisting of some statements 
oj 1" wl·itten in the ol'del' ill which Lhey occurl'cd in r', We 1/8C ~ a8 (l notation for 'is a patt 
of'. 

For example, (y,: a,)(y,: a,) ~ (Yl: a,)(y,: (T,)(yo: aO)(Y4: IT,) for Yi -I Yi for i -I j. 

Definition 4.18 1'01' I" 1/ con{.e:,,/ and (y : a)' a ]J"I'/';c1I1"I' ocel/nt'1Ice of (y : a) E I' we 

define L( (y : a)', r) to be Ihe conte,,1 Jormed Jmm the beyirminy (10 the leJt) oj r until (and 
e:r:eluding) this occurTe1lCe oj (y : a). 

Example 4.19 
L((Y2: (2),(Yl: (T')'(lI,: (T')(Yl: a,)'(Y3: (3») = (Yl: a,), 
L((Yl: a,)"(y,: a,)'(y,: a,)(Yl: "')'(YO: ao)) = 0, 
L((Yl: a,)',(Yl: a,)'(y,: a,)(Yl: a,)'(Y3: (T3)) = (Vl: a,)(y,: IT,). 
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Note that it is possible that r :S I" but r g r'. For example, (y : 0") :S (y : O")(y : a'). It is 
the case however that if r ~ r' then l' :S l". Here is the lelllma. which gives the relationship 
between [;; and the easier notion :S. 

Lemma 4.20 
r ~ l" iff r :S l" and V(y : 0")' E I" \ r,!J if dom(L( (!J : a)' ,r')) n dom(rJ. 

Proof: 
=? By induction on r ~ 1". 

• Case l'~' r' then r == 1',1', ~ f,(y: a)I', == 1". Hence I':S r'. Furthermore, (y: a) is 
the only OCCWTencc in 1" \ r, and as I' ~' r' then 
y if dorn(r,) = dom(L((y: a),r'))n dmn(f). 

• Case r ~ r oiJvious. 

• Case I' ~ 1', and 1', ~ f' use !II and tmnsitivity of:S to get r :S I". Furthermore, let 
(y : a)' E r' \ r. 

- Case (y: a)' if [', then (y: IT)' E f' \ 1',. IIence by IIf, 
y if dom(L((y: a)', T"))ndoln(I,,) :2rS~' dmn(L((y: (T)', I"))nrlom(r). 

- Case (y: (T)' E 1', then (y: atE 1\ \ f. Ilence by Ill, 
y if dom(l,((y : (T)', 1',)) n dOI/I(l') =r,sr'.dmn( I,((y: a)' ,1")) n dom(1'). 

~ By induction on the size of r' \ r. IT" \ Il 
• Case r ,1'2 :S I' ,(y : a)I'2 and y if dorn( {,(( y : 0"), r,( y : 0")1',)) n dom(r ,1'2) = dom(r,), 

then 1', ~' 1'2' 

• Assume III holds for any r, 1" ",hac II" \ 1'1 = n. Take 1',1" such that If' \ 1'1 = n + 1, 
r:s r' and '1(y: a)' E I" \ r, y if dom(DI(y: a)', r")) n dom(n. As II" \ 1'/ = n + 1, 
let (z : (T,) be the lcft.mosl elf'll/rill ill I" \ r. llellcc 1" = r;(z : (T,)I'; a.nd z if 
dom(1",)n(lom(r) = rlmn(r',). As I':S l" (md(z: a,) if r, then r:s r;r;. Fu.rthermore, 
V(y : (T)' E 1" \ 1', y if dom(L((y : (T)', I"ll n dO/ncr) implies V(y : (T)' E (1';1';) \ 1', 
Y if rlom(L((y : a)', 1'; r;)) n dom( r) mn be seen as follows: Let (y : a)' E (1';1';) \ r. 

- Case (y: IT)' E 1'; then L((y: a)',1") = L((lI: a)',I';f;) = L((y: a)',r~). 

- Case (y: (T)' E r; then dom(l,((y: 0')',1")) = dom(L((y: a)',r~r;)) U {z}. 

* Case z '" y then as y if rlmn(.T,((y: IT)', r'll n d07n(f), then 
y if dom(l,((y: O')',r;r;))n dom(r). 

* Casc z = y t.he" liS (z: (T)' E (1';1';)\ r, (z: a)' E 1" \ r. !Tencc 
z if dom.(L((z : (T)',r')) n rlom(r). nllt. (z : (Ttl E L((z: (T)',r'). Ilence 
z if dom(r). And 80, z if dmn.( L( (y : IT)' , r; 1';)) n rirnn(I'). 

lIenee by Ill .. r ~ r~r;. P'Ilrtherrll.ore .. as z rf- d01n(I"~L t.hen r~r; c::: r~(z (Tr)r~. 

Ilencc by I.mnsitivit.y of~, l' ~ r'. 
o 

Corollary 4.21 

IfVYi,Yi E dom(I"),i '" j ~ Yi '" Yi anri r:s r' then l' ~ r'. 
Proof: Apply Lem.ma 1.20 o 



Now if, for example, f == f,(y : O",)f,(V : a,)f3 , wi1.1, y ~ dom(f3)' t.hen the statement 
meaningful t.o a. free y in f3 is t.he right.most... viz. (y : a,), as we win sec below. The following 
lemma shows that context ordering preserves this property. 

Lemma 4.22 If f [;; f' and (y : 0") i.< the ,·ight1nos/. statement in f whose sub.iect is y, then 
(y : a) is the rightmost statement in 1" ,{IJ/t08C subject is y. 

Proof: By induction on f [;; f'. 0 

This lemma. is import.ant .. It. says t.hat. if y get.s t.ype a in f and if f [;; r' then y gets t.ype a 

in f'. I.e. f' knows everything that f knows together wit.h some informa.tion about variables 
which do not belong t.o d01ll(r). We «\.II capt.ure t.his informa.!.ion by defining t.he binding 
st.ructure of a. context.-aml-expression pa.ir: 

Definition 4.23 (The Binding Strllrf."rc of n Con/"':t-.o",I- E,,:p/,c8sion Pai,'; Companion ex­
pression) 
We $ay that a lJa1'iable OCC'If1'f'cncc y £s free! respectively bound (with type (T) in t.he pait, (r, Jvl) 
== ((Yl : a,) ... (y" : 0",,), At) iff the uJ/'/'cs}Hmding occurrence of y is free, respectively bound 
(with type 0") in the e:l:,,/'es8ion 

7l'.>'., ••... 7l' •• : ••. ]'1 where 7l' = .\ if 1.1 E T and 7l' = n if 1.1 E T. 
This expression is called lhe companion c3.:pres8ion of (I', ld). 

Example 4.24 Let (f, 1.1) == ((Yl : ad· .. (y" : 0",,), M). If 1.1 == Yi and Yi rf- {Vi+l, ... ,y,,}, 
t.hen Yi is boulI<I with t.ype O"i ill t.he pa.ir (r, Yi) wit.h [' as ahove. If M == Y and y rf­
{y" Yz, . .. ,y,,}, then y is free ill (l', y). If M == (.\,,:,.y), t.hen y is honnd in (f, M) wit.h type 
a (as it already was in M itself). [f a, == (0" ~ r)Yh then t.he occurrence of y, in 0"2 is bound 
in (f, M) wit.h type a" 

Definition 4.25 

FV(f,M) 
BV(f,1.1) 

the free variables of the companion ea:pccssion of 1.1 
the bound vaI'iables of the co"'prmirm c:"pression of M 

We define a. notion of a-reduction between collt.ext.-a.nd-exprcssion pa.irs: 

Definition 4.26 (Varianls of Conte:J:!-anri-e:"l"'cssirm I'airs) 
(f, M) is ()-efJll.ivalenl, with (or an (I'-vaT'iant, oJ) (fll J\}') if the corresponding companion 

c:J.:preSSi01l8 ar'e a-equivalent.. (Recall thal we usc n-cquivo.lencc in 0/1.1' Inine! l'af,h€1' than on 

)Japer. ) 

Lemma 4.27 

• Y E dom(r) =} y ~ FV(f, M). 

• FV(f,M) = (FV(r) U PV(M))\dom(f). 

• BV(f, 1.1) = nV(fl U J!V(M) U do/JI(l') 

Proof: 

• By the variable cOlwcntion which holds fol' JrY1 :nt ••.• • 7ry .. :(1 .... Al, 
where again r == (Yl : O"d.·· (V" : an). 
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• There may be free variables in r which arc "Iso clements of dom(f), but these variables 
""e bound in (f, M) and we h"ve V C Iwlds fa,' the companion e:l'p,'Cssion of (r, M). 

• Obvious. 

o 

Note t.he! Definit.ion 4.23 esteblisiles t.he bi]](ling pattern in a. pair (f,.M): each occurrence of 
a variable in BV(r,M) which is neither a subscript of a. 7r in M nor a domain variable of f, 
is linked to an occurrenCe of the sallle variable which is such a subscript. or domain variable. 
This linkage can be found by inspecting the companion expression of (f, M). Now it can be 
shown that context ordering does not dist.urb this biuding pat.tern: 

Lemma 4.28 
Let f (;; f'. If an occ'uI'1'c1/.cc of a bound variable y is linked i1/. (f, AI) to a certain other 
occurrence of this y in (1', Iv!) (1)(?inrJ cilhcl' (J subscript of (J 7r or a domain variable), then 
this £8 also the case in (1", Af), for the cor/'f\r.;;ponding O('CUlTcnccs. 

Proof: It is sufficient to inve8ti!!"te the W8e r '" 1"]'2 (;;' l',(y: a)f2 '" f'. The bindin!! 
pa.ttenl can only be disturbed when the insc1'l.cd domain variable y "tlll..~es ove1'" the binding 
for an already present bound OCCUTTener of y. {Note that y cannot be free in (f', M) by 
Lemma 4.27.) Now it cannot be the casc that an OCC1I1'1'cncc of y in (r, 1\1) becomes linked to 
the inserted domain variable y, il1.stead of 1:t.'J original h:nkagc. The reason is the restriction 
y rt dom,(f ,) which is a consequence of (;;'. 0 

A consequence of this lemma is that context orderillg docs not influcnce typcs of bound 
variables: 

Corollary 4.29 
(f in (r', M). 

1fT (;; 1" aod iJ y i8 bound with type (1 in (I" M), then y is bound with type 
o 

4.2 Well-Behaved contexts 

In certain circumstances, which will become clear below, we need a. condition on the variables 
in a context.. Snch a condition says t.hat. all va.riables in t.he domain of a. cont.ext mnst be 
distinct and that in a context. r(y : fT)r', FV(ITJ n d0111.((y: aJf') = 0. 

The intuition is t.hat we wish t.o be free t.o sllbstit.lIt.e fT for a. variahle in r' or for a variable 
'depending on' J", wit.hout fnuning t.l,e risk t.ha.t. a. free variable of fT becomes unintentionally 
bound. See [llarendl'cgt. 91] whcr(' a. simila.[' disclissioll is given for context.s. 

Definition 4.30 (Well-behaved (:ontexts) 

A context, r '" (y, : fT,) .•• (Yn : an) is well-behaved, and we writc VV D(1'), if for all i,j, k E 
{l,,,.,n}: 

1. Yi = Yj =;. i = j, 

2. FV(a.) n {YI" ... , Yn} = 0. That is, Yi E FV(lTk) =;. I ::; i < I,. 

We give a, few lemmas cOllccrning the well-hehavedllcss of cont.exts. 

Lemma 4.31 

1. If W B(f) and f' ::; r then W li( r'). 



2. If W B(r), y rf. domer), y rf. FV(r) and y rf. PV(a), lhen W B(r(y : a)). 

3. If W B(r) and r -'#~ f' then WlJ( r'). 
Proof: 

1. Easy. 

2. Let r == (y,: a') ... (Un: a,,). Then for all k E {l, .. . ,n}: PV(ak) n {Yk, ... ,Yn} = 0. 
Hence, sincey rf. PV(a,,), PV(ak)n{V,.,· .. ,y,,,y} = 0. Moreover, PV(a)n{y} = 0 
and y 't Yi for any i E {I, ... , n}. So W Il(r(y : a)) . 

• '1. Assume r ----+fi f' and cornes IT'om, r :::: r1(y: a)f2 where a ---""13 (1' and f' :::: l\(y: O")f2. 
Then use the fact I.hal PVc,,') <;: FV(,,) mul PVC,,) n ({y} U dmn(I',)) = 0. 
The Cll.';e r --'irf3 [" 1:.'3 now fI. I:rivial conseq1lclIce. 

o 

Corollary 4.32 

1. IfWB(I',r,) then WB(l"). 

2. If WB(I' ,1',) then W B( 1',1';) ",here r; is a prefi:!: of 1',. 

3. If W B(r) and l" I;;; I' I.hen W1J(r'). 

Proof: All of 1, 2, and 3 arc corollaries oj Lemm.n 1, . .11, part I. o 

Lemma 4.33 
IfW B(r(y: a)), then I' 1;;;' r(y: a). 

Proof: Nole that WB(l'(y : a)) implies Ihat 11 rf. dmn(r). 
o 

Corollary 4.34 
IJWB(r,r,), then 1', I;;; r,l',. 

Proof: Induction on Ihe lenylh of the 1i,,1 r,. Note lhat by Coro/lm'Y 1,.32, part 2, all 
1',1'; with 1'; pmfix of 1', m'e wcll-bdwvcd. /,C11I11'" I, .. 7.1 plus I.mnsi/.ivity of I;;; give the desimd 
msuit. 0 

Lemma 4.35 IfWB(I") I.hen r I;;; r' z[/ r:s; l". 
Proof: This is a corollary of /,ellllllil ,{. 20. o 

Corollary 4.36 If W B(l') and 1', :s; f, :s; J', Ihen 1', I;;; r,. 
Proof: Use Lemmas ;'.31 and ;' . .15. o 

The following lemma. shows that ea.ch COlltcxt-and-expressioll pair is a-equivalent with a 
context-and-expression pair which ha.s a. well-behaved context. HClIce, the restriction to well­
beha.ved context.s is 1I0t. a.n essC'llt.ia.l rest.rictioll. 

Lemma 4.37 
For each (f, M) t.he,-e i8 1111 ll'-vllrillnl (r', M') sllch /.hlll W Il( 1"). 

Proof: Assume r = (1/1 : 0"1)'" (YTA : t'Tn). Replaie all OCCUTTC1U;CS of the first domain 
variable y, and oj all orelllTellces of il! !illl.cd /.0 Ihi8 Yl ill (1\ M), by II /resh vm'iable y; and 
repeat this procedu.re successively for lhe olher don-win variables Y2!'" Yn' It is clear that we 
obtain a pail' (f', AI') with no-equivalent companion C:l:jJl'ession and Buch that W B(r'). 0 
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5 A Typing Operator for '\~r 

We let r be a canonical type operal.or in A_ T • Thai. is r I.ales a cont.ext f in CON S and a 
term t in T of A_T and gives t.he type of t wi th respect to f, according to t.he following typing 
rules: 

Definition 5.1 (Canonical Type Operator) 
r : CONS X T -----+ T is defined as follows: 

1. r(r,y) '" a ify is bound with type (T in (f,y) 

2. r(f, tl') '" r(f,/)/' 

3. r(f ,A"n.t) == ITy,n.r(r(y '. a), t) 

Here clause 2 may not be obvious at first. sight.. In fact., aile may have expected r(f, tt') to be 
defined as r(f,Or(f,t'). This cert.ainly cannot he t.he case for ma.ny reasons. First, recaU that 
a type applies to a term and not t.o a I.ype. Second, if we allow types as arguments t.o types, 
then we must let II range over type va.riables instead of only term varia.bles. Furthermore, 
think about the illtllitioll behinrl such a definit.ion. When we look for the type of t, where t 
has the form Ay,..I" then we obtain a II-t.ype Hy,n.a'. Now certainly t.he type of tt' mllst be 
(1'[y:=: t'], which is a. reduct of (lI

Y
:(7.(T')t'. 

lIere moreover, we should draw some a.t.tention to t.he power of t.yping in A_ T • We will 
show below that. allY t.cm, whiel, is t.ypa.ble ill Church's A_ is also t.ypable in A_T • This 
should not be surprising as A_ types fewer t.erms than other systen,s (sec [Barendregt 92J, 
a.nd (BlI 90]). We can t.ype more t.erms however in A--+To For inst.ance, we will see in Exam­
ple 5.4 that W '" Ay,n .yy is t.ypable. Sncl, a. t.erm ca.nllot he typerl ill A_. Furthermore, the 
fixed point operator t '" Ay"(rr",.n)(A y"n'Yl(y,y,))(A,,,n'Yl(Y'Y')) has a type which reduces to 
IIy "(rr,, •.• )cr (sec Example 5.4). This makes sonse: it. says t.hat. t.he t.ype of the fixed point 
operator is (cr -; a) -; a. Such a term however is not. t.ypahle ill A_ nor in the second order 
system A, (see [Barelldregt 92]). Now this brings the question of strong normalisation. We 
say that a.n expression Ai is st.rollgly llormaJising iff all reducl.ion sequences sta.rt.ing with M 
terminate. Now ww is not. st.rongly Ilol'lllalising. Nor is t.he term (Ay,n.Z)(ww) even though 
this term has z as a norlllal form. F1lrthermore, we Ca1} type (via. T) such a non strongly 
normalising term. That. is, r(0,ww) = (rIy,n'cry)w (see Example [>.4). This should not lead to 
problems however. That. is, we conjecture t.ha.t A_T is strongly normalising in the following 
form: 

For all MET U T, for all I' E CONS, if r I- M t.hell M is strongly Ilormalising and if 
A1 E T then r(f, M) is st.rongly norlllalising. 

Remark 5.2 The variable convention ".Iso holds fOl' all pa.irs (I', I). For example, 
((y: az), A"n"Y) is not aHowed, since for t.lds (I', t) bot.h Z E JJV(r, 1.) and z E FV(f, t). 

Remark 5.3 Note that r is a portiol/,uJ/cl.ioll. 1"01' e;wmple r(0,,;) doesn't exist. We write 
r r(r, t) /,01' r(f, t) defined. 

Example 5.4 
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1. W '" Ay,u.(YY) ha.s type r(0, A", •. (YY)) '" IT", •. r(y : a, yy) '" Tly, •. (r(y : a, y)y) '" 
ITy, •. (ay). Moreover, y (t PV(a) by L<'mllla 2.9. If we allow 'I-conversion in our system, 
r(0,w) would convert 1,0 a. 

2. r( 0, AYdIT", .• ).( Ay". 'Yl (y, y,))( A"". 'Yl (y, Y2))) '" 
ilydIT." .• ). ((ily" •. (B" •. a )( Y2 y,)) ( Ay". 'Yl (y, Y2))) -+ ~ 
ITydIT., .• ).( (By" •. a)( Ay". 'Yl (y, y,))) ..., # ITy, ,(IT." .• ).a 
Furthermore, by VC, Y, (t 1"11(11" •. 11') and z (t a. 
Hence we write ITy"(IT.,,.u).a as (a -+ a) -+ a. 

Remark 5.5 Note that PI/(r(J',t)) i 1"1/(1',1.). For example, cOllsider the pa.ir (f,t) 
((Yl,a,)(Y2,a2Yl)(Y3,a3Y),y,). Then r(I',I,) '" ",y,. Now Y, E P\I(r(f,t)), but Y, (t 
PI/(f,t). Also, y, E PV(f,1.), hut y, (t P\f(r(f,I.). 

The following lemma.s show that r is a well-beha.ved typing operator. That is, it satisfies 
the wea.kening, reduct.ion, restrictioll and subst.itut.ion lelllmas. In pa.rticula.r, the following 
weakening lemma. states that iff [;; .1" and r(f, t) is defined then r(f', t) is defined and is 
equal to r(f, t). 

Lemma 5.6 (r-wea.kening) 
IjT [;; r' and I' r(r, I) then r r(r', I) and r(l',!) '" r(l".t). 

Proof: By induction on !. 

• If t '" Y then Y is hou.nd with type a in (I', I.) fJT Y is bound with type a in (.1", t), by 
Lemma 4.28. Hence, r(l',l) '" r(f',!.). 

• 1ft", I,l, then r(l',t) '" r(I',I,t,) '" r(f,ldl, ",IH r(f', 1,)1, '" r(f',I). 

• 1ft", Ay, •. t' Ihen by induction hypot.heses (sec Lemma _1.16): 
r(r(y : a), t') '" r(r'(y : 0'), t'). It follows !.lral 
r(f,!.) '" ITy,u.r(r(y: a),!.') ",IH By, •. r(f'(y: a),l') '" r(f',,\y, •. I!). 

o 

The following lemma. sta.tes that if r reduces to r' and if r(l', t) is defined then r(f', I) is 
defined a.nd r(r, t) reduces to r(l", t). 

Lemma 5.7 (Conteet-reduction for r) 
Iff""'~ 1" and l r(f,1) Ihen r r(r',I,) and r(r,t) ~I' r(r',I). 

Proof: By induction on r(f, 1,) == 0, as given in Definition .5.1. 

• If r(f, y) '" a since 11 i" bound 'IIrit.h tYjlC a in (r, y), Ihen usc Definitio1l.8 4.9 and 5.1. 

• Ifr(f,t.t') '" r(r,t)t', then I r(r,l), so by 11/, r r(l",/) alld r(r,t) -*~ r(f',t). 
Hence I r(l",tl') and r(r,tI!) '" r(l',I.)I.' -"1' r(l",!.)I! '" r(l",I.f!). 

• Ifr(f,Ay, •. !!) '" J1y,a.r(r(y: a), I!), Ihell 
(as r(y: a) -;;~ f'(y: a) andJ r(l'(y: a),I!)), i/ holds by IIJ tha.l. 
I' r(f'(y : a), I!) and r( r(y : a), t') --",1' r( f'(y : a), t'). Hence I r( 1", Ay,u.t') and 
r(r,Ay, •. t') '" By,.(r(l'(y: a),I!)) -"1' Iiy,a(r(l"(Y: a), I!)) '" r(P,A., •. t'). 



o 

The following lemma states that iff r(f, l) then I r(f f pV (t), t) and r(I' f FV (t), t) '" r(f, t). 

Lemma 5.8 (r-restriction) 
If T r(f, t) then r(I' f FV(t), t) '" r(f, t). 

Proof: By induction on t. 

• If r(I', y) '" a since y is bound with I.ypc a in (I', y), Ihen inspection of I.he c01Tesponding 
companion expressions shows thaI. !J is bound with Iype a in (I' f{y}, y), so r(I', y) '" a '" 
r(f f FV(y), V). 

• r(I',I. , t 2 ) '" r(l',tl)I, ",IH r(ff PV(I,),I , )I, ",R,,,,"rk 4.12 

r((f f FV(t,t,)) f FV(t,), t,)I., ",IH r(I' f PV(t,t,), 1,)/, '" r(I' f pV(t,t2 ), t,t,) 

• We have /0 show Ihal r(l', '\",u.l.) '" r(I' fFV('\y,u.l), ,\y,..t.). 
Pirst note that 
r(l', >.y".t) == 
IIy,u.r(I'(y : a), t) ",IH 

Ily,u.r(I'(y : a) f 1"17(1.), n. 
Nowalsa 
r(f f1"V(>'y,u.t),>'y,u.t) '" 
IIy,u.r(I'(y : a) f FV(t), t), 
since: 

r(I' f F17(>.y,u.t),Ay,u.t ) '" 
IIy,u.r((rf FV(>.y,u.t))(y: a),n '" 
l1y,u.r(I' f(FV(a) U (FV(I.)\{y} ))(y: IT), I.) ",IH 

lIy,u.r(rr(FV(a) U (FV(I)\{y}))(y: a) f FV(t), t) '" 

1. case y E PV(I): 
iJy,u.r((r f(FV(a) U (1"II(l)\{y})) f FVU))(y: a), I.) ",R,,,,,,rk 412 

Tiy,u.r(I' f((1"V(a) u (FV(I)\ {y})) n FV(t))(y : a), I) ",y~FV(u) byVC 
Jly,u' r( r f( FV (t) \ {y})( y : a), /.) ",Si .. "q(FV(')\ (y 1 )(y,u )[T{y,u H FV(,); "eL,,,,,,," 5.6 

l1y,u. r (r(y : a) f PV(I.), I). 

2. case y if. 1"V(I) (thC1l PV(t)\{y} = 1"V(I)): 
IIy,u.r(f f(1"V(a) U 1"17(1)) f PV(t),I) ",R,,,,,,d 412 

IIy,u.r(rf(pV(t.),I) '" 
JIy,u.r(r(y: a) f( 1"17(1), I.). 

o 

Corollary 5.9 If I r(f, t) then there i., a f, I;; r such that T r(l'" t), r(f" t) '" r(f, t) and 
for all f" f" y and IT with ft. '" l\(y: IT)]'" we have y E FV(I.). 

Proof: Take 1', '" I' f FV(t). 0 

Lemma 5.10 (r-Substitul.ian Lemma) 
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1. 1fT r(f,t) then r(r[,:= a'J,tb:= a']) "" r(r,I)[,:= a'J. 

2. Assume W B(rry : (T')f'). 
If r(f(y: a')f', t) '" a, y r;. PV(t') and T(f, t') ~ a', then 
r((ff')[y:= t'], try := t']) ~ a[y := I'], fa,. ~ being ~~, =~ aT "". 

Proof: 

1. By induction on the lenglh oj I. 

• If r(f, y) "" a since y is bound with Iype a in (1', V), then 
T(f[, := a'J,y[, := (T']) "" T(l'll := a'],y) "" (Tb := (T'J iJcCa!lse y is then bound 
with type (Tb := a'J in r[, := <T'J. 

• If r(f, t,l.,) "" r(f, t, )1, where 111 holds for 1'1, t" Ihen 
r(r[, := a'J, t , t,b := a']) "" T(rb := <T'J, t,[, := a'Dt,[, := a'J ""IH 

(r(f,t,)[,:= <T'])I,[,:= (T'J '" (T(r,I,)I,)[,:= <T'J "" r(r,t , t,)b:= a'J. 

• IfT(f,,\y, • .I.) '" 11ll,u.T(f(y: (T),I) ",lte,.e /11 holds jo,.I., then 
r(fb:= a'], ('\y, • .t)[,:= a']) '" T(rb := a'], ('\y,u[,=.'J.tb := a'])) "" 
IIy,u[,'=.'J.r(I'll := a'J(y: <Tb := <T']), 1.[,:= (T']) "" 
IIy,.[,,=u'J.T(f(y : <T)['I := a'], t[, := a']) ""IH 

IIy,.[,,=.,j-( r( rty : <T), t)[, := <T'J "" 
(lly, •. r(f(y: a),t))['I:= a'J "" T(f,.\y, •. t)['I:= a'J. 

2. By induction all. the lenglh of t. We give t.lte proof Jot· ~fl' Not.e Ihat. y r;. PV(r) and 
y r;. FV( a') by W B(f(y : a')f'. 

• If t '" Y then 
r((fP)[y := I.'], y[y := t.']) "" r( 1'(1"[.'1 := I.']), I.') ",L,,,,,,,,, .• 4." ,,,,,1 ;.6 

T(f,l') ~~ <T' '" <T'[y:= I'J '" (r(r(y: <T')l",y))[y:= I'J. 

• Ifl "" z whe,.e y '" z and r '" J"(z: <T")r" l.hclI 
T((fl")[y:= I.'],z[y:= I']) "" T(J'(J"[IJ:= I.']),z) "" a" "" 
a"[y:= t'J '" (r(1'(y: (T')J",z))[y:= t'J. 

• lj t "" z where y", z and J" "" l"(z : a")r2 , Ihen 
r((ff')[y:= 1'],z[y:= 1']) "" T(fll"[y:= /.']),z) "" 
a"[y:= t'J "" (T(f(y: a')f',z))[y:= I.'J. 

• If t "" .\"u,.h !Vhe/'c z is a f,.esh va,.iable4 then 
r((rr')[y:= I'J,(,\".,.l,)[y:= 1']) "" 
T(r(1"[y := 1']), '\"u,[y,="J.I,[y := I.']) '" 
II".,[y,=t'J.T((ff'(.,: <T,»)[Y:= 1.'],1,,[.'1:= I']) --,+~H' 
lI".,[lI,=t'J.(r(J'(y : a')I"(z: a,), I.,)[y:= I.']) '" 
(II,,",.T(r(y: (T')r'(z: <T,),I. , ))[y:= I'] "" 
r(r(y: <T')r'"\,,.,.I , )[y:= I'J. 

• If I"" I,l, Ihen 
r((ff')[y:= I.'], l , t,[y:= I.']) "" 
r((fP)[y := I'], 1, [y:= I'JI,[y:= 1']) "" 

"Without loss of generality. 
5Note that WB(r(y: (T')r'(z: al)) because z was fresh and the variable condition holds for AZ:D"lot1 
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r((ff')[y:= t'J, t,[y := t'])t,[y := I'J -,"~H 
(r(f(y: a')r',t,)[y:= t'])t,[y:= I'J == 
(r(f(y: a')f', t,)t,)[y:= t'J == 
(r(r(y: a')r',t,t,))[y:= I'J. 

6 Consistency in .\~r 

D 

Note that our canonical type operator r, can be defined for some term without being defined 
for all its subterms. This can be seen frolll the following example: 

Example 6.1 Lcl t == (>.y,".y)z where z oj y. 'l'hell r(0, /.) == (rry,".a)z -'"~ a[y := zJ == a as 
y rt FV(a). But r(0, z) i8 1I0t defined. 

For this reaSOll, we introduce the rcIatioll ~ which takes a context a.nd an expression (rather 
than only a term) and checks the well t,ypedness of the cxpressioll. We take f- to range over 
contexts and expressions ratl!pl' tha.n contexts (wd terms heca.tlse a. term llIight involve a type, 
and hence f- also needs to check which arc the types that are consistent within a term. When 
f f- M, we say that M is consistent in r. 

First, we sta.te the following convcntjoll: 

Convention 6.2 (WE-convention) 
All conlc,,18 r occu'Ting in e"l'l'e88ion8 r f- M mY? well-behaved. 

The relation f- is defined as follows: 

Definition 6.3 (l-) 

1. 

ff-a 
2. 

f(y: alP f- y 

3. 
ff-a f(y:a)f-M 

r f- ".,".M 

4· 
f f- I, r f- I' 

r f- lI' 

ff-a 
5. 

['f-! 

r f- ai, 

with 7r == >. if MET and 7r == rr if MET 

By this definition, we rille out Example G.1. In fact 01,f t where t == (>'.,u.y)z. 

Remark 6.4 Note that in:1 a.nd;l above, y rt dmn(f) and y rt FV(a) hy the WB-convention. 
Also, y rt FV(r). Recall moreover that we identify n-eqlla.l expressions. For example, if 
f f- ""u.M, then a.lso f f- 7r"u.M[y:= zJ for z rt FV(a) U PII(M). 

;\0 



Example 6.5 The following can be derived in A~T' (We use a, ---> a, as an abbreviation for 
n.,.,.az in the case that y rt PV(a,).) Let. a,a' and a" E T, let moreover 

Then, 

r 1 == YI : a -+ (1' ,Yz : (1' -+ a", Y3 : (J, 

r 2 :::;: YI : a -+ cr', yz : er' -+ (Til, 

f3 == YI : (J -+ (1' 

r, f- Y'Y3 wit.h T(1",Y,Y3) == (a ---> a')Y3 ---;;# a', 

r, f- y,(y,YJ) wit.h T(l"" y,(y,YJ)) == (a' ---> a")(y'Y3) ---*# a", 

r, f- A.>,u.y,(Y,YJ) wit.h T(r" A.>,u.y,(y,YJ)) == 
rry~:"..(a' -+ a")(YIY3).........y,.(3 (J -t Off, 

r 1 f- )..y~:(1/_ull.)..y~:u'Y2(YIY3) witiJ T(1\, )..y~:".J_(1'II'>"Y3:(T·Y2(YIY3)) == 
n"'"'~u".IT."u.(a' -+ a")(U'YJ)---;;/3 
(a' ~ a") -+ (a -;. a"), 

f- AY1:IT-->l1,.AY2:(1'--.I7"'''\Y3:u.Yz(;1flY3) with 7(O, AY1:17-4UI.AY2:17'-->UIl.AY3:""YZ(YIY3)) == 
IT:IJt:u-+ITJ.TIy2:(T, ....... "'"·lIy3:q·(a' ----;. a")(VIY3)---*{j 
(a ---> a') ---> ((a' -+ a") ---> (a ---> a")) 

The following lemma. relat.es f- and T. 

Lemma 6.6 (Well-typer/nes8 of eonsisl.(;I1./. ler11l.s) 
FOl'evel'ylET, rEGON.'), iIrf-ttliclI [T(I',I). 

Proof: By indudion on r f- I .. 

• TIi == y, then r f- I collies /1'n1ll Dr./inil.i01l 0.3, elm/sc 2, nnd T(r,/) == a. 

• If I. == Ay, • . 1.', then r f- trollies f/'Oi/I DeJinition ri.3, clause 3, and Ihe induction hypoth­
esis holds for r(y : a) f- t'. IIenee /lie '1cl. from 1fT that (3a')[T(r(y: u), t') == a'J. Now, 
T(r, Ay,u.t') == I1y, •. T(r(y: a),t') == IT" •. O". 

• Ift == t,t" then r f- I.,t, comes from J)eJinition 6.09, clause 4, (lnd the induction hypoth­
esis holds fol' r f- i, and r f- /.,. Flenee, (IS r f- I." we have (30',)[T(r,t,) == a,J. Now, 
T(r,t,t,) == T(l',t,)t, == a,I.,. 

o 

Now if we go back to the previolls scct.ion, we see that, even t.hough T satisfied some of the 
desira.ble lenllnas such as wcakE':uillg a.nd substit.ution, other lellllllas t.hat are ilnportaut in 
type theory are not sa.tisfied by T. 1"01' example, t.here are no rest.rict.ions on the free term 
varia.bles used in a. term. IV[orcovcr, the t.ype or a. term is not necessarily "preserved" when 
the term is reduced. The lise of t.he derivation rules of Definition 6.:3 give more sat.isfying 
results: see the Basis Lelllllla amI til<' Sl1iJjl'cj, Hedl1ctioll Lemllla., which follow below. 
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Lemma 6.7 (Basis Lemma) 
Ifr I- M then FV(M) n V <;; d01ll(r)6. 

Proof: By induction on ]' I- M. 

• The basic case (clemscs 1 anrl :J 0/ 1)'1;nitioll Ii.S) is trivial. 

• If 1'1- "y,a.t is the rcsull. of clause 3 then. 
(induction:) PV(t) n V <;; dom.(r(y: a)) and PV(a) nil <;; dom.(n, so 
FV("y,a.t) n V = (FII(a) nil) u «(FI'(I) \ {y}) n V) <;; dom(r) u dom.(r) = dom(r). 

• Clauses 4 and.5 of Definition 6.3 ""e also trivial to cheek using the Induction Hypotheses. 

o 

Note tha.t this does not hold for I T(r,AI) illstead of]' I- M. Forcx"lIlple, T(Y: a),yz) '" az 
bill. FV(yz) n V g: dom(!'). 

Corollary 6.8 
If 1'1- t, then pV(r, t) n V <;; PII(r) n \I. 

Proof: Use that pV(r, t.) = (FV(n u P\I(I.)) \ dom( 1'). 

LelTIlna 6.9 (Ge11.€1'rltioll Lemnw) 
For all expressio1l8 M, for all contexts r, if r I- M then: 

1. If M '" y then (3r',I''')[r = 1"(V: T(T,y))r"J s1Ich that y rt dom.(r") 

2. If M '" "y,a.M' then l'1- a and T'(y: tT) I- M' 

3. If 111", I .• t, then l' I- /., r I- t, alld (3CT.,CT"Y)[T(r,t.) -+p By,a,.tT, and T(r,t 2 )--*p 
a.]7 

4· If M '" at then r I- a, l'1- I. and (3u., a" y)[a --*p fly,a, .a, (md T(I', t) --*p a.J. 

Proof: By cases on the derivatioll r I- M 

1. If M '" y, then I' I- M COlli"'." Jmm cinu.,c Z of Definition 1i.8, so (3u, 1",1''')[1' '" P(y : 
a)r"], with y rt dom.(r") by the WIJ·(;onvention. IIcncr: T(r,y) '" T(l"(y: a)r",y) '" a. 

2. If 111", "y,a.M', then r I- M comes fmm cinuse S .. <0 r(y: a) I- M' and r I- a. 

3. If 1\1 == t' l t2 J the /I r ~ AI come 8 /1'0111 clause 4· II cncc (3(71, (72, Y)[ T( r, td --++ f3 IIy;ul .(12 1\ 

T(r, t2 ) -,,~ a.], r I- t. and r I- ",. 

4. If M '" at, then l' I- M comes from. elause .5 and "he proof i8 8imi/ar to tha.t of clause 

4· 

o 

6Note that if we replace r f- M by r(r,t)::::: (1' only, then we don't necessarily get FV(t) n V ~ dorn(r). 
Take for instance example 6.1 above. 

7Note that we have conversion ~# and not equivalence =. 



The following lemma sta.tes t.hat subcxpressiolls of consistent expressions a.re also consistent. 

Lemma 6.10 (Correctness of sube,,,press;oll.s) 
If r I- M and M' is a subea:prcssion of AI thcn (31")[ff' I- M'J, 

Proof: By induction on r I- M, 

• If clauses 1 07' 2 apply then obvious. 

• If clause 3 applies, i.e, if f I- "y,q ,M where r I- (T and r(y : (T) I- M, then 

case M' == y: As r I- a, then we get, from clause 2, Definition 6.3, 
that r(y : a) I- y, (No Ie that W lJ(f(y : a)). 

case AI' is a subc3;pI'css;on of M, then use III on r(y : a) I- M, 

case j}f' is a 8ube:qJ1'cssicJII of (T, the//. 1J.8C III 011 r f-- CT, 

• If clause 4 applies) i.e. ift == lIt'!, the II. t 1:,., a subc:t:prrssion oft 1 or t is a .~1J,be;J.:p1'€ssion 
of t2· But r I- t conies fmm al/tongs/, ol,h(;1' things, f I- t, ond r I- t2. Now from the 
induction hypothesis 1.11.(' res!. follows. 

• If clause 5 applies, then usc smue aF[j/J,mcnt as lhat of clause 4. 

D 

With the help of this lelll111<1, we rail prove t.he following: 

Lemma 6.11 If r I- M, then M Iu.!(.:us the variable cOllrti/:ion. 
Proof: By induction on the d(;l'ivatirJll of l' I- M, 

• If clauses 1 or 2 apply /,hCII o/Jvio'lls. 

• If clause 3 applies, then M fu!fills the vm'iable condition. by induction. Now y !f. FV (a) 
since 111 lJ(r(y : 0-)) by the WB-con.ven.l,iol/., so al80 "y,".M fulfills the var'iable conven­
tion. 

• If clause 4 applies, i,e. if I, == t'/'2, then r I- t, and r I- t2, rmd both t, and t2 fulfill the 
variable condil,ion by induc/:;o/J, By the /low;" LCIIIlIlfl, all free l,el'IIl-1J(I,l'inbles in both t, 
and t, are elements of rlom( 1'), NolV a"SlIme that !J ;s free in t, and bound in t 2. Then y 
occu./'s in a sube2:pressirJ'll Ay ,".I' of t2, By Correr;tness of Sube"pressions, fl" I- A.,q.t'. 
IIence~ by the GcnC1ut.ion Lcw, II/({, l'l"(y : (7") ~ f', /Jut sincr y i.r, free in t l , V E dom(r) 
and thus rr'(y : a) is not well-behrJ/){;rl, coll.tmrlir;ting th.e WJJ-crJ1l.vention, 

• If clause 5 applies, then usc the (j(f,'I1U: mgumenl as that of dause 4. 

D 

The following lemma. nses the well-behaved1lc," of context.s in a, deriva.t.ion of r I- M, 

Lemma 6.12 (Weakening) 
If I' I- M, r ~ f' and W B(f'), then r' I- M. 

Proof: By induction on the derivation of r I- M, Definition (; . .1, First, rename bound 

variables in M such that dOIll(f')nBV(M) = 0 alUl FV(1")nlJV(M) = 0 (see Remark 6.4). 
It is sujJicient to prove the lemma for the cose r ~1 ]". 



• Basic case where r f- "'I is obvious. 

• Assume I' == r,(y: (T)r, and f,(y: (T)r,1- y C01l1csfl'011/. 1',1- (T. Then 

either f' == f~(y: a)f2 with fl == l'~rt find r~ == r~(z: a')ftJ 

or f' == f1(y: a)f; with f2 == ['ir~' and r; == ri(z: a')f~/. 

In the first case, by 'inducl.ionfronl 1', I- (T: r~ I- (T (nole Ihal HI n(r~) by Cotollm'y 4.32, 
part 1). So 1" I- y. 
In the second case, f' I- y follows immedialely ftom 1', I- (T. 

• Assume I' == 1',1', [:;:' r,(z : 0"')1', == I", I' I- "y,".M (for y '¢ z and y fi FV(a'))" 
and comes ftom clause 3, so f I- (T and r(y : (T) I- M. Now r(y : 0") [:;:' r'(y : a) by 
Lemma 4.15. Moreover, HI H(r'(y : a)) (/05 HlR(r(y : a)) and y '¢ z and y fi FV(a'). 
So, by induction: 1" I- (T and 1" (y : (T) I- M. IIenee r' I- "Y'" .J'd . 

• If r I- Mt comes from I' I- Jill, l' I- I and c/(wses 4 or 5, use III 10 get 1" I- M and 
f' I- t. MOI"Collcr, u.sc [,cnl1l/{/ 5.(; to dedu.ce T(I". t) == T(I', I.) and if case applies to 
deduce T(I",M) == T(l', M). lIence l" I- Mt. 

o 

The following lemmas are needed in some of t.he proofs: 

Lemma 6.13 If HI ncr) and I' r X I- M Ihen r r X' I- AT for any x' ;;> X. 
Proof: HI B(r) => HI B(f r X') by Lemma 4.31. Fu.rthermore, as I' r X ~ I' r X' ~ I' then 

by Corollar'y 4.36, r r X [:;: f r X'. Now IIsi /Iff Lelllll/a (;.12 we 'lei r PI' I- 111. 0 

Remark 6.14 III t.he proofs of r I- 1\1 below. we only show H' n(r) when it. is not. obvious 
t.hat. r is well-behaved. Otherwise, we don '1. Illention anyt.hillg about HI 8(1'). 

The following lemllla. is importa.nt. It st.a.tes t.ha.t. if I. is consist.ent. within a. well behaved 
context 1', then the type of t is also consist.ent. in r. 

Lemma 6.15 (Correctness of ty)!es) 
Ifr f- I., then f f- T(f,t.). 

Proof: (Note that T T(r,t) by Lemma (Ui.) huludion. on f 1-1.. 

• If I' I- I. is r'()! : a)l''' I- y and conics from r' I- (T, then also r'()! u)r" I- 0" by 
Lemmas 4 . .1.5 and 6.12 so r I- a == T(l', )!). 

• If I' I- Ay,".t. comes fmm clauseS of Definition (; . .1, then r(y : (T) I- t and rl-O". By IH, 
r(y : a) I- T(r(y : a), I.). llence r I- fly,".T(r(y : (T, I)) == T(l', Ay,".t). 

• If 1'1- t,t, comes from clause 4 of Dcfinition 6 . .1, thcn 

1'1- t"r I- t, and (3u"a"Y)[T(l',t,) -+~ ny,",.a, II T(I',t2) -""fi u,J. 
Hcncefmm Ill, 1'1- T(r,t,). Now T(r,t,t,) == T(I',l,)t,. 
Using clau.se .5 of Definition 6 . .1, we 'let that I' I- T(I', t,)t2. 

8Note here that this condition is necessary. For example, 0 f- >'y,u.y but (y : (1) If AY:(T'Y' Furthermore, 
o f- Aya,.Y but (z: O'y) If Ay:".Y. (See Remark 6.4.) The condition is satisfied since we started the proof with 
renaming bound variables in M. 



o 

The following lemma states t.ha.t. if M is consist.ent. in a. context. I' then it is consistent in the 
restriction of the context. to t.he free va.ria.bles of M a.nd to those of its type (if applicable). 
In other words, if l' I- M t.hen 1" I- M where 1" is r from which sta.tement.s S not relevant to 
the free variables of A1 or t.he free va.ria.bles of t.he context. to t.he right. of 111 al'e removed. 

Lemma 6.16 
1fr(y: a)f' I- M,y rt FV(!") and y rt FV(M), Ihen 

1. 1'1" I- M and 

2. 1fIT(r(y:a)r',M), then) T(IT',JH) (JlldT(r(y:a)r',M) ""T(rl",M). 

Proof: Sim:u!taneously, oy induction oil I'(y: all"~ I- AI. 

• If M "" I then obvious. 

• Ifr , (z: a')l', I- z comes fro1ll 1', I- a', llzen: 

Case 1', "" r~(y : a)l'~; by Ill, r~r~ I- a', hence r~r~(z: a')r, I- z. Moreover, 
T(r~r~(z: a')r"z) "" T(r,(Z: a')r"z) "" a'. 

Ca8e 1', "" l';(y: a)l'~, then immediately f1'01II 1\ I- a', r , (z : a')r;r~ I- z and 

T(r,(Z: a')I';(y: a)I'~,z) "" T(r,(Z: a')r;r~,z) "" a'. 

Case (z : a') "" (11 : a) is impossible since y rt FV( M). 

• If f(Y : a)r' I- 7r".,.M comes /1"0711 r(y : a)r' I- ,,' (Inri r(y : a)r'(z : a') I- M, then 
since y rt FV(7r".,.M), 11 rt PV(a') and y rt PV(M). IIence by Ill: 1'1" I- a' and 
IT'(z: a') I- Nf, so 1'1" I- 7r".,.M. 
Moreover, T(r(y: a)f',-'".,.I) "" H".,.T(l'(y: ajr'(z: a'),I) ""IH 

rr".,.T(rr'(Z: a'),t) "" T(rr'"\,,.,.!.). 

• Ifr(y: a)f' I- tt! comes fl'01II I'(y: a)l" I- t, 

r(y : a)r' I- I.', T(r(y : a)r', J) ~Ij n,,", .a, a",1 T(l'(y : a)r', I.') ~~ a" then note 
that y rt PF(t) (Jnd 1J rt PV(I! J. IIence by III: IT' I- 1 and 1'1" I- t'. Moreover, 
r(rr',I) ""IH r(l'(y: a)r',!.) ~fi 1I,,",.a, an.d T(IT',I!) ""IH r(r(y: a)l",t') ~fi a" 
so 1'1" I- I.t'. 

Also, T(l'(y: a)I",I.l') "" r(l'(y: a)I",I)t' ""IH T(lT'.I.)t' "" r(IT',t.t'). 

• [fr(y: a)f' I- at comes fmm 1'(11: a)l" I- a, 

f(y: aJr' 1-1., a ~p H".,.(r, and T(r(1I: a)P,1) ~p (r" I.hen 8imil"I'. 

o 

Corollary 6.17 Tf I' I- M t.hen Ihe!'e i8 a I'M r;; I' SlIclt t.hal. I'M I- M and for all 1'" 1'2, Y 
and a with I'M "" l"(y : a)l'" we halle y E PV(r,) Of' !I E FV(Al). MOf'eovef', s1/,ch a I'M is 
unique. 



Proof: By induction on the length oj r. Assume I' == (VI : a,) ... (y" : an). If for 
all i, Yi E FV( (Yi+! : ai+,) ... (y" : an)) (II' Vi E FV (At), then we a1'e r'Cady. Other'wise, 
let (Yi : ai) be the last statement in r ,,"ch that Yi 'it FV((Yi+1 : ai+,)'" (Vn : a,,)) and 
Yi 'it FV(M). Then by Lemma 6 .. /li, (Y1 : a,)", (Yi-1 : ai-1)(Yi+1 : ai+1)'" (y" : a,,) I- M, 
and we can apply inducl.ion. We leave it to the reader to show the uniqueness of r M. 0 

Compare this with Corollary E..9 a.nd note that r , (y : a)r2 of the present corollary needs not 
only Y E FV(M) but also V E FV(r,). This is because our r's in r I- M check types as well 
as terms. r however only deals with terms. 

Definition 6.18 If r I- M, then r M is the (unique) conte,;t described in the Corollary 6.17. 
We call r M I.he contc2:1. relevant f01' l' I- M. When l' "nd I'M are the smne, we simply say r 
is relevant for M. 

Now the [o11awing lemma shows that eOllsistcncy ;-},ccol11tlloda,tcs suhstitution. 

Lemma 6.19 (I--substitution Lemma) 
Ifr(r,t) =~ a,r I- l,r(V: a)I" I- M, then rI"[y:= 1]1- M[!J:= t]. (Note that V 'it FV(r) by 
the WB-convenNon.) 

Proof: By induction on r(y: a)I" I- A/. 
Remad:: as r(v: a)l" is well-behaved. then Irom Remad: li.4. y 'it (FV(r) U FV(a)). More­
over, 

as l' I- t then FV(t) n]l C;; dmn(r) by [,emma Ii. 7. 
IIenc£ FV(t) n dorn(l") = 0. Therefore, IT'[y:= t] is well-behaved. 

• If M == 'Y I.hen obviOlt8. 

• IfI'(y: a)I" I- y come8 frO/II r I- a, Ihen nole Ihat r r;;; rr'[y:= I.] lrv", CorvllQ1'Y 4.36. 
Now, I'I"[y := t] f- t, using [,emlll." 6.12 muf the re7lUtr·" in the beginning oj this prooJ. 

• !fr, (z: a')r2(y: a)r' I- z come8 Imll! 1',1- a', then usc the same remark. 

• II l'(y: a)1"(z: a')1'2 I- Z COllies from r(y: a)l" I- a' then 
rr, [y:= t]1- a'[y:= I] by Ill. 
Hence, 1'1' l[V := t]( z : a'[y := I]) 1'2[!! := t]1- = by D(finition 6.3 and the r'emark above. 

• Ifr(y: a)I" I- A,,",.M comes I/'OJI/ l'(y: iT)r' I- a' and l'(y: a)I"(=: a') I- M then by 
III, rI"[V := tJ f- a'[y := tJ muflT'[v := t](= : a'[y := tlJ f- M[y := I]. 
Hence, rr'[y:= /.]1- '\"a'[y'~'J.M[y := t] by Definition 6 . .1. 

• fIr(v: a)r' I- t,t2 cmr/{;s Jrmn r(y: ajr' f- 1
"

I'(y: iT)!" I- 12,r(r(y: a)r',t,)-'ff~ 

IIy "", .a, and r( r(y : a) 1", I.,) ---"'" a, then (take y' t y): 

- by Ill, rr'[y := t]1- t,[y := t] and IT'[y := t]1- t,[y := t]. 

- r(r!"[y:= t], 1, [y:= I]) =~ r(r(y: iT)1", t,)[y:= I.J by [,ernnw 5.1rf' 

=~ II",a, .a2[y := t] by Corol/ary 3.20 

- r(I'I"[y:= t],t2[y:= III =" r(l'(y: a)r',t,)[!!:= 1] =" a,[y:= t]. 

'Note that y g FV(t) as y g dom(r) by Lemma 6.7. 



Hence by Corollary .1.1.9, 3a;, a; such I.hat. 

r(fr'[y := IJ, I,[y := III --*fi fly,"; .a; and r(IT'[y := !.J, I,[y := I]) --*fi a;. 
Hence, ff'[y := tJ I- (ht.,)[y := IJ. 

o If clause 5 of Definition 6.3 applies, then simila!' 10 aboue. 

o 

The following lemma. is not. int.erest.ing all it.s OWII, but is needed to show the su bject reduction 
theorem. 

Lemma 6.20 

1. Iff I- (7fy,".M)1 t.hen r I- M[y:= IJ. 

2. If r I- (A y ,".I.,)I, Ihen r(r, (,\.,".1.,)1,) =fi r(r, I,[y := 1,])10 

Proof: 

1. As I' I- (7f.," .. M)1 then by Lemma 6,,9 we yet t.hat r(l', t) =(' a as follows: 

o Case 111 '" I, and if '" A: 

r(r,Ay,"'!') '" II.,".r(l'(y: u),I,) -"fi lly,",.a, and 

r(r, I) -'+{3 u,. Hence a -'+fJ a, mid su r(l', t) =fJ u. 

o Case M '" rr' and 7f '" II: 
IIy:O'ou' --'fff3 lI y :u1 oa2 and 

r(r,t.) -----'!+f3 (11· llence (T ---!7-# (11 and 80 r(r, J:) =f3 (T. 

Moreover, 1'1- (7fy,".M)t t.hen by Lemma 6.9, UJe yet. I' I- 7f.,".M and I' I- t. 

We apply Lemma 6,,9 again t.o 1'1- 7fy,..M and get: r(y: rr) I- 111. Now, 1'1- l,r(I',t) =fi 

rr, and f(y : u) I- M. So fl'011I /,emma 6.1.9, we !lei. r I- M[y:= t.J. 

2. First, we prove that. T(l\ 12) =f1 a in Ihe same way as above. 
Pm·t.hc7'llIol'c, WB(reY : (T)) He y rt dOfll(l') u PV(cr) (l1ld W LJ(r). 
Moreover, y rt TV (I.,) by VC. 
TIenee, by Lemma 5.10, r( 1', I,[y := I,]) =/' r(l'(y : a), (.,)[y:= I,J. Also, 
r(r, (>.y,..t,)I,) '" (lIy,".r(l'(y: rr),I.,))t., -'+{3 r(l'(y: a),I,)[y:= I.,J. 
lIenee r(f,(A.,".I,)I,) =(' r(r,I,[y:= t.,]). 

o 

In what follows, if r(f,M) is undefined (in pa.rt.icula.r if MET), we ta.ke FV(r(f,M)) to be 
empty. 

Lemma 6.21 If Z E Pji(M) u FV(r(l'(z: a)r',M)) and l'(z: a)r' I- 111 t.hen I' I- u. 
Proof: By induction 'm l'( z : a )1" I- M. 

I°It is this ,B-convertibility which will disable proving Theorem 6.24 and its first corollary using ---*{:J instead 
of =/3' (See the final case of the proof of Theorem 6.24.) 
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• 1'( z : a )1" I- I obvious. 

• If 1'( z : a)r' I- z comes ftom l' I- a obvious. 

• f.(y: a')f,(z: a)r' I- y is not applicable as FlI(a') n z = 0. 

• Iff(z: a)f.(y: a')f, I- y comes from f(z: a)l\ I- a' whae z E FlI(a'), then use IH. 

• Iff(z: a)f' I- 7ry,",.M comes fmm f(z: a)r' I- a' and f(z: a)r'(y: a') I- M then 

case z E FV ( 0-') then use 11/. 

case z E FV( M) then usc Ill. 

case z E FV(r(l'(z : a)r', ll y,",.M), then 7r = oX and Z E PV(Hy,",.r(f(z: a)l"(y: 
o-'),M). If z E FlIla'): sec II/lOve. If z E FV(r(f(z: a)l"(y: o-'),M)), then use 
III. 

• If M = M't then use I II. 

o 

Lemma 6.22 fff(z: u)r' I- M, ['(z : a)r' is relevant fm' M and z E FIi(r'), then I' I- a. 

Proof: By induction on the lenyth of 1". 
Assume 1" = T'.(y: a')r, lind z E FV(a'). 

• Ify E FV(M), then by Lemma 6.21: r(z: a)l\ I- a'. Ayoin by Lemma 6.21: 1'1- a. 

• If y E FV(f,l then by Ill: r(z : all'. I- a'. lIenee by Lemma 6.21: 1'1- a. 

• The case y rf- FV(M) and y rf- FIIll',) cannot occur since l'(z : a)f.(y a')f, IS 

relevant for !vI i see Def£nition fi.18. 

o 

Corollary 6.23 Iff I- M, I' is ,devant j(n' M mul l' = I'.(z: a)r" then 1\ I- a. 
Proof: As I' is relevant f01' M, then eil.her Z E FII(r,) or z E FV(M). In the first case 

use Lemma. {j.22. In the second C(/Se '/t.':iC [icHuna 6.21. D 

The following theorem is import.ant.. It shows tha.t. 0111' Ilotions of consistency and of typing 
are compa.tihle with tha.t of reduction. 

Theorem 6.24 (Subjecl. and Contc:d lInlad';"n Theor,.,,,) 

.1. If M ---"~ M' and I' I-lvl then I' I- AI' and if MET then r(f,M) =~ r(f,M'). 

2. Iff ---"# l" and l' I- M the" r' I- M. 

Proof: Si",uUaneou,ly by induciion "" the de,·il'"t.ion r I- M. 



• case r ~ f then 1 i." obvious. A101'covcr, 2 is obvious as 111 B(I") from Lemrna 4.31, part 
3. 

• case r(y : a)r' I- y comes from I' I- a Ihen 1 is obvious. Moreover, 

case I' -->~ 1''' then by IH 1''' I- a and so r"(y : a)r' I- y. 

case a -->~ a' then by If! 1'1- a' and so r(y : a')r' I- y. 

case 1" -->~ 1''' then r(y : a )1''' I- y 

• case I' I- 7r.,".M comes fr'om r I- a and r(y : a) I- M then 

case a --># a' then by 111, f I- a' and r(y: a') I- M and hence, 1'1- 7ry,",M. 
i'ltrthermore, if 7r = A and !vi == I Ihen T(r, A.,n.t) == H.,n.T(r(y : a), t) =~ 
IIy,",.T(r(y: a'),I.) by I,CI1III/1l 5.7. 

- case A1 --># M' then by TIf r(!I : a) I- M' and hence I' I- 7r.".A1'. 
Furthermore, if 7r = A, M == I. and M' == I.' I.hen 

T(r,,\.,".I.) == Hu,n.T(I'(y: a),I) =# fl.,".T(r(y: a),I') by lH. 

MOI'eovel' by If!, 1" I- a and f'(y: a) I- AI, hence f' I- 7ry ,".M 

• case 1'1-1.,1. cOlnes jl"OlII r I- t.,,1' I-I.,T(I',I,) """""I' Hy,",.a, and T(r,I.)"""*# a,. Assume 
1., -->{l I." then by nT, r I- /., alld T(I',/.,) =fl T(f,t , ). Hence, by Corollat·y 3.19, 
(3a~,a;)[T(]',t,)"""*~ Il y,n;.a; and T(f,t)"""*# a~J. 

Now, from. T(I',I.,) """*1' l1 y ,n;.a;,T(f,I.) """*1' a~,f 1-1 and r I- I., we gel. I' 1-1.,1.. 
Furthermore, T( 1',1" t) == T(f, 1.,)1 =fl T( r, 1.,)1 by Ill. 
Moreover, by IH and Lemm.a 5.7, f' I- 1,,1" I- t,T(r',/ , ) =~ T(r,t,) and T(r',t) =/3 
T(r, I.). 

Hence, by Comllary 3 . .1.9, (3a;, a; )[T(r', I.,) __ ~ n",n; .a; and T(l", I.) """*# a;J. 
Now, Imm T(r',I. , ) """*1' Ii.'n;.a;,T(I",t)"""*~ a;, f' 1-1 and 1" 1-1, we get. r' I- 1,1. 

• case /.1 _:''!'J /2 and r ~ AIl1 Ihe1/. 8imi/(l1' 10 abovc. 

• case (I' ---+ {3 (I" and r ~ (I't. t.hen similar 1.0 abO'ilc. 

• case (7r.".A1)I., -->1' M[y := I.,J and I' I- (7r.,n.A.f)I., Ihen Imm (,emma 6.20, 

r I- A1[y := I.,J. Moreover, if A-[ E T Ihe" again we nse Lemma ri.20 
to get T(r,(A.,".M)I,) ={l T(r,M[y:= I,]). 

F1.l1'thennore, 

case M == t /'''en f I- (A.,".I.)I, conres f1"01II r I- ,\y,".I, f I- /." T(r,A,,".I) """*/3 

Ii,,",.a, and T(f,I.,)"""*# a" NolO Ihe ji/.ctlhal 

1" I- (A.,n.I.)I., follows fl"OlII l' I- (Ay,n'!.)/.' has already bcell treat.ed above (case 
f I- t,t). 

case M == a' then 8£mam' to above. 



o 

Corollary 6.25 If 111 ---*~ 111' and l' I- M then l' I- 111' and if 111 E T then T(r, 111) =~ 
T(r,1I1'). 

Proof: By induction 011 111 --"'fi M' where I' I- 111. 

• If 111 -'ff ~ 111 then obvl01l8. 

• If 111 ---""fi 111' come., fmm M -7fi M' and if r I- M then use Theorem 6.24. 

• [f M ---*fi jjlf' comes fmm M ~I' M, and M, ---*1' M' and if 1'1- 111 then 

by IH, 1'1- 111, and 1'1- M'. 

Also if T(r, 111) == a then by III, T(I',1I1,) =# T(r,1I1). Similarly by Il{, T(r,1I1') =~ 
T(r,1I1,), Hence T(r, M) =" T(T',M'). 

o 

Note here that the version of this corollary for the case I- is replaced by T does not hold. 

Example 6.26 Take t == (A" •. y),," TIle" r T(0. (Ay,"'Y):") and T(0, (Ay, •. y):l:) --*~ ax yet 
T(0,y[y:= xl) = T(0,:/:) is undefined. Note however that in the case of (Ay, •. z)(ww) --->fi z, we 
have that T((Z: a'), (Ay, •. z)(ww)) --4# [T' == T((Z: (T'),z). 

Now the following lemma is obvious. It. states that if 1II is consistent in a. context 1', then it 
is consistent in any reduct of r. 

Corollary 6.27 
Ifr, ---*# 1'2 and 1',1- M then 1'2 I- M "Illl if MET. fhen T(I\,M) =1' T(r 2 ,M). 

Proof: By indue/.ion on the 'HUm,iJe1' oj one step reduction.s of 1\ ----i+~ 1'2, w3ing Theo-
mnl 6.24 and Lemma. 5.7. 0 

Here note that the version of this corolla.ry replacing I- by T holds, as has heen shown in 
Lenuna. 5.7. 

Fina.l1y, the following lemma is very usefnl. It. sl,ow8 that if t and t' are consistent and 
,8-equaJ, then their types a.re also equa.J. 

Lemma 6.28 (Unicity of types) 
If I =fi t', 1'1- t and l' I- I.' then T( r, i) =" T( 1', I.'). 

Proof: By C01'01lary 3.17, (31")[(1 ~I' I") 1\ (I' ~I' I.")J. Fmm C01'01lm'y 6.25 we get 
tha.t T(r, t") =~ T(r, t) a.nd T(r, I.") =1' T(r, 1'). JIenee T(I', f.) =1' T(r, t'). 0 

Note t.hat it is possible that. 1'1- 1\1 and M =1' M' without. r I- 1\1'. For example, (y: ,) I- y 
and a == (A",.Ay",.x)y(A",,,.a,a:) =1' y hut. (y: ,) f,I {/ .. 

Up to here, we ha.ve shown that ollr ca.lculus if' attra.ctive. Terllls a.nd types are treated 
alike and ,8-conversion is used with hot.h forllIs of expressions. Church-Rosser holds for the 
calculus a.nd aU the desira.ble t.ypillg condit.ions arc satisfied. The following t.a.ble summarises 
these properties for T a.nd 1-. 

<In 



Table 6.29 (Properties of T and f-J 

Subject· Reduction No Yes 
Context· Reduction Yes Yes 
Restriction Yes Yes 
Substitution Yes Yes 

Basis No Yes 
Genel'al£on - Yes 
SUbe:l:pl'essioll,$ - )'C," 

Weakening Yes Yes 
Unicity of Types - jes 

Next, we will interpret Church's A_ in our calculus showing that a. term t of A_ is consistent 
iff the type of t via T converges t.o t,l,l' type of t.he t.erm in A_. We will show moreover that. 
all the work that one carries out ill ,It ..... Ca.11 also he ca.rried out, in A ..... T • Moreover, A-oT gives a 
unified t.reatmellt. of types and tel' illS. Such a. t.reatlllent can genera.lise t.o lIlany knowIl typing 
systems. 

7 The relation of A--->T to A---> 

7.1 Church's A_ and its interpretation in A_T 

We start. by presenting t.he system A_, We present types of A_, (7_), terms of A_, (T_) and 
the typing rules of ,\_. 

Definition 7.1 (A_J 
We use the same object. (/nd me/II lellel I/o/ation as ;1/ A_T and define types and terms as 
follows: 

7_ = V I (L ---> L) 
T_ = V I (AvT_,l~) I (1'-'1'--.) 

We define st.atements here similarly to t.he way we defined t.hem in Defillition 4,1. Further­
more, we take a, basis (instead of a cOlil,ext.) to be a set of stat.ements where the subjects are 
va.riables which occur at most Ollce. So we 110 longer insist on the idea of a context as an 
ordered set. for this section. This is consist.ent with 0111' assumption that in a. well-behaved 
context, a.ll subject variables oee1ll' at most Ollce, The second condition of a. well-behaved 
context which sa,ys t.hat in r(y: <T)r', FlI(<T) n dml/((Y: <T)r') = f/J is sat.isfied because from 
Remark 7.4 below, PV (<T) n]l = 0. In fact., hases a.re t.he A_ version of well- bell<wed cont.ext.s 
(see Corollary 7.12). Even stronger, bases of A_ correspond t.o the simply typed cont.exts of 
A_T (see Corollary 7,];l). 

We take K. to be the collect.ion of a.ll hases of A_ and lise t.he sa.me meta-nota.t.ion for 
COli texts. Tha.t is r, 1",1\,1'2' .. \vill ra.nge over eiCllH'lIts in K. 

Definition 7.2 The typing rules of A_ al'C the following: 

1, ij(Y:<T)Er 

2. 
rf-,_t:(<T~a') rf-Lt':<T 

rf-,_U':a' 



3. 
l'(y : a) f-,_ I : (T' 

Example 7.3 The following can be derived in A_ (ef. Example 6.5). 
J.Jet G", (1' and (1" E T_. Let moreover, 

Then, 

r 1 == Yl : (J --+ a', yz : (1' -+ a", Ya : (T 

r 2 == Yl : a --+ at, yz : (1' ~ (Til 

ra == Yt : a --+ a' 

r, f- y, Y3 : a ' 

r, f- Y2(Y')}3): a" 

r 2 f- ,\"u'Y2(Y'Y3): (T --" (T" 
fa /- AYl:ul_Hyll.>"Y3:(T'YZ(YIY3): (a' --+ (I") --+ (cr -+ a") 
/- )..Yl:(T __ (TJ.Ay~:(TI_Hyll'/\,:(1'Y2(;1hll3): ((7 ----" a') --+ (((1" --+ a") --+ (cr --+ (1")) 

Remark 7.4 Nole Ihal. for (T E T_, we have FII(T) c::: V and BV(a) = 0. 

We define all interpret.ation fundion fmlll A_ \.0 A_T ao follows 

Definition 7.5 I: (1'_ U'L) ~ (1' U T) ;8 d(fincd a" j(Jllow,,: 

1. I(,)"", 

2. I(y) "" Y 

3. I(a --> a'l "" ITy,z(u).I(a l
) lI)here y i8 fresh. 

4. I(tt') "" I(t)I(t' ) 

5. I(Ay,u.t) "" Ay,z(u).I(t) 

Definition 7.6 We e.~tend I to K a.' follow,,: 
I( {(y, : (T,) ... (y" : (Tn))) "" (!I, : I(a,)) ... (y,,: I(T,,))). in 801111' order. 

Note t.ha.t even t.hough I( M) is wcll-define(], I( r) io not well-defined, because t.he elements 

of a set can be listed in many dilferellt. orders. However, t.ltis docs not affect our main results, 
a.s Theorem 7.8 below shows. 

Definition 7.7 

• A well-behaved conte,,1 I' ;1/ '\_T ;8 ('(tiled permuta.blc if r "" (y, : a,) ... (y" : an) with 

Yi rt FV({O'" ... ,a,,})fol' all; . 

• A permutation of a well-behaved conic):! r "" (.Ill : a,), .. (Yn : (Tn) i8 a conte"t I" = 

(Yi 1 : O'i1)"'(Yi n : O'in,) such Ihol.-I1:'·"';1I is 0 pcnnulaUon ojl, ... ,n. 

Theorem 7.8 Lei r be " pennulable conic:'" in '\_T (and hence well-behaved) and let r ' be 
" pel'mutation of I'. Then fot all AI such thaI. I' f- M, we have: 
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1. 1" I- M and 

2. 1fT r(r,M) then T r(r',M) and r(r,M) == r(I", M). 

Proof: JJy simultaneous induction OIl r I- M. The only non-l.7·ill;al case is t.iw.t I' I- M is 
1', (y : 0')1'2 I- y as a consequence of r 1 I- a. It follows fmm Lemma 6.16 that 0 I- a (induction 
on the number of statements in r,). ['e1 J" == r~(y : 0')1'; be a permutation of r,(y : 0')1',. 
Then 01- a implies r~ I- a, by Lemma 6.12. Ifence 1" I- yond r(f',y) == r(r,y) == a. D 

7.2 Some useful machinery 

In this sect.ion we present some lemma.s a.nd remarks which wi11 be llsed in proving the main 
lemmas and theorems concerning the int.erpretation of A_ in A_ T • 

Lemma 7.9 For ME (1'_ U T_), we have FV(I(M)) = I"V(1I1). 
Proof: Obvious. D 

Remark 7.10 Note tha.t in I(a ~ a') == ny.Ilo).I(a'), !J rt VAR(I(a)) U V AR(I(O")), from 
the condition tha.t y is fresll. 

Corollary 7.11 For a E T_, FV(I(a)) <;; V. 
Proof: Obvious using Rem.ark 7,,!. 

Corollary 7.12 l' E J( ¢} Hln(I(r)). 
Proof: Obvious. 

Corollary 7.13 r E J( =:- I(r) is pcnnatabie. 
Proof: Use Corollary 7 . .12 mul !lcmork 7.10. 

Lemma 7.14 For any a E T_ and r E CO N S, if HI lJ(r) then r I- I( a). 
Proof: By induct.ion on T_ . 

• If a is -y then according to IJCfiliitioll n . .1, cfause 1, r I- -y . 

• Assume a is (11 ---.. (12 where III hold", Jm> al and 

a, and I(a, ~ a,) == Ily.Ilo,).I(T,) ",here y is frcsh. Then by Ill, 

T' I- I(a,) andl'{y : I(a,») I- I(a,). 

D 

D 

D 

Now apply cfause .1 of Definition (i.S 10 r I- I(a,) find r(y: I(a,)) I- I(a,), to obtain 
r I- I(a, ~ 0',). 

D 

Corollary 7.15 For any (1 E T, for any pe,>m1l.IflMc I' E CONS, r I- I(a). 
Proof: Usc ~e"'ma 7.14- D 

4:\ 



Lemma 7.16 If a E T~ and I(a) ---;+# a' lhcn I(a) "" a'. 
Proof: By induction all a E T~ 

• Case (T == I t.hen obvious. 

• Assume a "" a, -> a, where /11 holds fm' a, a1ld a2' I(a) "" iT"Z(.,).I(a2) whe7'e y is 
fresh and I( a) --*# a'. 

Now tili .. can only be possible if a' "" IT".: .a; where I( a,) __ # IT; ,I( IT,) ---;;# a; and y 
is still fresh. 

By III, a; "" I(a,) and a; "" I(a,) and so, u' "" I(U1 ---> u,) "" I(a). 

o 

Lemma 7.17 If a, a' E T~ and I(a) ~Il I(IT') lhen a' "" a. 
Proof: By £nduclion 011 (T E T-. u8inrl Lrlll11W 7 . .1 (j. o 

7.3 ),~T generalises ),~ 

Here we sha.ll prove that t is typablc in .\~ iff I(i.) is consistent in .\~T' Furthermore, if a 

is the type of I. in .\~ then t.he typc 01' I(t) ill '\~T /J-n'tillces to I(IT). Note here tha.t the 
rea.son why we get /J-I'eduction illsl,ea,d of e'Illiva.!cnce is t.lia.t we keep the whole structure of 
Oll], tenns a.nd types. I.e. we don't aSSlllllt' the t.ra.dit.iona.l lines of saying that, if f has the 
arrow type a -> a' and a has tllP typc (T 11]('11 fa. has 1,lll' type IT'. Ra.ther we say tha.t fa ha.s 
type (u ---> a')a. So we still have to perform a /J-redllct.ion . .\~ on the other ha.nd, follows the 
tl'aditionallines. 

Lemma 7.18 Lei. r E K, /. E T~ and (T E T~. If r 1-,_ I (T lhen I(f) I- I(I) and 
T(I(f),I(t)) -;;# I(a). 

Proof: By induction on the del'ivation [' 1-,_ t : u. 

• r 1-,_ Y: a comes fl'Om (y: u) E I', lhcn I(!") "" I(I")(y: I(a))I(r"J for some r' and 
r" willi, r'ur"U{(y: a)} "" r. Now, W1I(I(r')) by Comilary 7 . .12, hcnceI(r') I- I(a) 
be Lemma 7.14. It. foilows lhal I(r')(y : I((T))I(I''') "" I(n I- !I by Definition 6,3 and 

T(I(r),y) "" I(a). 

• r 1-,_ tt' : a' cornes fl'Ont l' 1-,_ /. : u -;. (T' mul r 1-,_ I' : a and where IH holds 
f01' t and I' then T(I(r),I(l)) -+p I(IT -;. IT') "" ll y,Z(.).I((T')), where y 'if. I((T'), and 
T(I(r),I(t')) __ ~ I(a), 

Hence T(I(r),I(tt')) "" T(I(r),I(t)I(I')) "" T(I(r),I(t.))I(t')""""*# 

II"z(.).I((T'))I((T)"",,*# I((T')[Y:= I((T)] "" I(a') as y 'if. FV(I(IT')). Moreover, by III we 
also have I(f) I- I(I) and I(I') I- I(t.'). NO1/! use clau",c .5 of Definition 6 . .1 to yel that 
I( f) I- I( tt'), 

• r 1-,_ '\Y' • .1 : (T ~ (T' COIllCS /1'0111 r(y : (T) 1-,_ I : IT' and TIl holds fm' /, then T(I(r)(y: 
I(a)),I(t)) -;,~ I(a') and 

T(I(r),I(.\y,",t)) "" T(I(r), .\y,Z(.).I(t.)) "" H"Z(ff).T(I(r)(y: I(a)),I(l))"""*# 



IIy,Z(n).T(o-') == I(o- ---+ 0-'). 
Moreover, by IH, I(n(y : I(a)) I- I(t). MmY'ovcr, f1"Om. Lemma. 7.14, we get that 
I(n I- I(o-). So now, apply clause S of Definition 6.S to obtain that I(n I- I(Ay,n.t). 

Theorem 7.19 Let l' E K,t E T_ and 0- E T_. Ifr 1-,_ t: 0- then 

1. I(n I- I(o-) 

2. I(r) I- I(t) 

S. T(I(r),I(t)) --"'fi I(o-). 

Proof: Use Lemmas 7.14 and 7.18. 

Theorem 7.20 If tEl'.... and l' is a set of statements of A_ then I(I') I- I(t) implies 
(Ola E T_)[r 1-,_ / : a A T(I(I'),I(t)) ~~ I(a)]. 

o 

o 

Proof: Note that I(n I- I(t) implies Ihat W B(I(I')) and hence by Corollary 7.12, l' E K. 
Now the p1"00f is by induction on t E T_. 

• Case t == y then /1"Om Lemma lUi, (OlI'T")[I(r) == I( l")(y : T(I(r), yl)I(r")]. Hence, 
Ola E"L such that I(a) == T(I(r),y) alUl so r(I(r),I(t)) == T(I(r),y) == I(a). More­
over·, P(y: 0-)1''' 1-,_ I: a as W lJ_Cf'(y: a)I"') and y if dom(fT"). 

• Case I == Ay,n.l.' Ihen f1"011l Lemma 6 . .9, I(r) I- I(o-) (md I(r)(y : I(o-)) I- I(t'). Now 
by TIl, (Ola' E T_ )[T(I(r)(y : I(T)),I(I')) ~I' IC,,') A f(Y : ,,) 1-,_ t' : a'. Hence 
T(I(I'),I('\y,n.t')) == I1Y'Z(n)·T(I(I')(y: I(a)),I(t'l) ---+ IIy,Z(n).I(a') == I(a ---+ 0-') and 
r ~>. __ AY;(T.t' : (T ---.-..;.. (1'. 

• Case t == /./,. If I(I') I- I(I./,) then by lemma Ii. 9, I(l') I- I(I.), I(r) I- I(t,), 
r(I(r),I(t.)) --"'fi l1 y ,n, .0-, and T(I(r),I(t,)) -*(J a •. 

Bu.t by r H, Ola;, a;' E T_ such thai: 

r(I(r),I(t.)) -*~ I(a;) A r 1-,_ I. : a; 

T(I(I'),I(t,)) -*fi I(o-n A r 1-,_ t, : a~ 

But by Church Rosser·, (30-~)[o-. ~I' u~ A I(o-n --""~ u~]. 

As u~ E T_ then u~ == I(un, from. Lemma 7.111, so o-.""""*~ I(u~). 

Now, TI Y:D'1·(T2 ~f3 rry:(7~,.(T2 = I((T~), 

hence again by Church Rosser, (3a3)[rry:n~,.a2 ----'f:'{1 (TJ A I(a~) ----'+13 (73, 

As a; E T_ then a3 == I(an fmm {,emma 7.16. 

lIenee, ny:I(".~I).a2 ----'f:'# I( a~), 1I follows lhat I( (T~) must slaT!' wit.h a TI, so a~ := 0"3 --t 0"4 

for some 173 and (14 E T_. 
Then I(a;) == n"z(",).I(a4)' hence 
IIy,z(n;,).I(a,) ~(J I1"I(",).I(a4). it jfJlIow8 Iha/. 
y == z, I(a;') """"*{l I(a,) (henec u~ == a3 by Lel//((/(( 7.17) ((nd u, -"'~ I(u4). 
Concluding: 
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1. Prom I' 1->- t, : a; (i.e. r 1-,_ t, : (a3 -; a,), or I' 1-,_ I, (a~ -> a,)) and 
r f--,L. t2 : a~', we obtain. r f--.L • hl2 : 0"4_ 

2. T(I(f),I(t,ll ~~ l1 y ,It.;,).a, --*1' n",I(.,).T(a,), 80 

T(I(f),I(t,t,)) == (T(I(r),I(t,))/, --">~ I(a,). 

Corollary 7.21 1ft E T_ and f E K, 

then I(f) I- I(t) iff (3a E L )[1' 1->- t : a II T(I(r), I(t)) -*~ I(a) II I(r) I- I( a)] 

o 

Proof: Use Them'ems 7.19 and 7.20. 0 

Hence, if 1" and t/, belonging t.o A--'Tl arc illlagcs of rand lin A---.., i.e. 1" == I(f) and i' == I(t), 
t.hen f' I- I' implies I' 1-,_ I : a for sOllle a. There is a. rOlllpa.J"able t.heorem for geneml f' and 
tf in A->r: 
If f' I- I.', then t.here are r, /. a.!HI a ill A_ slich (,hat. I" ~Ij I( 1'), I' -;;~ I( n, T(f', I.') =~ I( a), 
and r 1-,_ I : a. 
In order to prove this, \ve first. give a 1ll1l1lIH:'1' of' deIillit.iol1s a.nd lemmas. 

Definition 7.22 

• Let a E T. We call a Silllple (01' II simple t.ype) if /,here arc no applicat,ions in a. The 
set of all simple t)jJJes in T ;s denoted by y.' . 

• A context r in A_r is called simple if all a E rant r) are simple. 

It fol1ows t.hat simple t.ypes ill "\--+T call be constructed llsing the following a.bstract synta.ctic 

rule: 

T' = V I (IIv,T"T') 

which is a restricted version of the syntactic rille: 

T = V I (Tlv,T.T) I (TT) 

of Section 2. Now we have the following: 

Lemma 7.23 All simple types al'c i1l 1101"111111 fOI'III. 

Proof: A simple type contains no ap]Jlical.ion, hence no Tcdexe.c;;. o 

Lemma 7.24 If a E y.' and l' E CONS I,hen r I- a. 
Proof: By induction 011 a E T' . o 

It is also clear that simple types do not cont.aill occurrences of terms /, E T (except for the 
binding va.ria.bles y being a. subscript. of t.he JI). hi pa.rticular, there a.re 110 occurrences of 
variables in a simple type, but for the mentioned binding variables. This means that all 
binding variables y (subscripts of l1's) actually bind nothing at all. 
Hence, there is it well-defined backwards trallSlation from A_r to A_ for simple t.ypes: 
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Definition 7.25 The mapping J : T' ~ T~ is defined as follow.>: 

J(,) , 
J(IIy,q.a') a -+ a' 

Note that the mapping I, heing injective, defines an embedding of the types of A~ in those 
of A~T (i.e. T). The mapping J is the inverse of Ion T'. 

We will now show that every colloiot.ent type in A~T io {:I-e<]ual t.o a simple t.ype. 

Lemma 7.26 Let a E T be slIch awt r I- iT for some r. Then Ihe!'e is a a' E T' such that 
(1----;':'# ai, 

Proof: By induction on r I- CT. 

1. Case l' I- , is trivial. 

2. Case l' I- IIy,q.CTl comes fl'Om l' I- CT awl l'(y : CT) I- CTl' By III: (T -;> CT' E T' and 
0'1 ---7'tfJ a~ E T~. lIenee JIy;u.al -*'13 n!J:ul.a~ E T~. 

S. Case l' I- at comes from r I- CT, ]' I- I., iT "'*fi IIy,",.CT, (uul T(r,t) "'*" CTl' Then by IH: 
a---+- (T' E 7,1. By Theorem ,'l.la alld I,(''/I/'//w 7.2,'1 it follows that Hy :t:Tl.(12 ---+-13 a', Hence, 

a ' := nY:IT~.a; E TS, JJence at. ~fi (lIY:1T1'0'2)1 ----f?(1 (ny;O"~.a;)t ----+{3 a;[y:= t) == a; since 
(1; is also a simple I.Y}Jc~ confainin!J 1/0 (free) variables. 

o 

Corollary 7.27 If 1'1- (T then there is a CTl E T~ sllch -that iT "'*~ I(CTl)' o 

Next we COllcent.r<'l.te 011 the terms or A __ ->T' 

Definition 7.28 We call a tel'''' lET a Church-ter1l1 if all types occUlTing in t are simple. 
1:Ve denote the set of all C/wl'ch-trl'lIls b,ll Tt:h. 

There is a nice relation between tenllS in ,.t ..... T a.nd Church-t.erms: 

Lemma 7.29 Let t E T 8uch that I' I- t for 80me r. Then there is a t' E T'" such that 
t-)+~I.'. 

Proof: By inducl.ion on r I- /.. 

1. Case l'(y : CT)r' I- y is 1.";";0/. 

2. Case l' I- Ay,../. comes from r I- CT aurl f(y : CT) I- /.. /Jy Lemma 7.26: the,.e is CT' E T' 
su.eh l.hat a -+ CT'. !vi omover, by J 11: Ihere ;8 I.' E Tel. .,uch Ihat t "'*~ t'. Hence, 
Ay:t7 .t ---++ {3 /\Y:lT l • f.' ETch. 

S. Case r I- ttl comes f7'07lI r I- l, r I- 11, T( r, t.) -*" fly,q, .CT, ond T( r, t l ) -*~ CTl' 

By Ill: there is I.' E T'" 8uch thai I -+~ l' and I~ E r d
, such that t' -*~ t~. Hence 

U 1 ---++fJ t.'t.~ ETch since t.he application. of I.' to {.'1 cannot introduce an application in the 
types occurring in t't~. 

o 
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We can extend the mapping :I of Definition 7.25 to Church-terms: 

Definition 7.30 :I : (T' u T d ,) - T_ ;s defined a8 follow,,: 

:1(,) 
:I(IIy,n'O") 
:I(y) 
J(Ay'n.t) 
:I(t,t2 ) 

= 

, 
a ----+ (F' 

y 

Ay,:r(n).J( t) 
:I(t,):I(1'2 ) 

Note that :I is well-defined. Note a.lso tl,a!. a. Church-t.erm t cannot contain a Tl-redex of the 
fonn (Ily;u.tdt21 since simple tY1H'S cont.a.ill llO applications. 

As the main result of this section, we prove t.he following theorem. Recall the definition 
of I'M, being the cont.ext. relevanl. t.o l' I-- M (see Definit.ion (i.lS). 

Theorem 7.31 Let r' I-- t'. Then ther'e r, I and 0' in A_ such thai r 1--,_1: 0', t' "'*~ I(t) 
and T(r',I.') =1' I(O'). Moreover', l';, "'""'I' I(r). 

Proof: JFrom 1" 1--1' follows l';, I-- t' (Comllary 6.17). 
Lei. r;, be (y, : 0',) ... (y" : 0',,). Then (y, : 0',) ... (:~,., : a,.,) I-- a, by Lemma 6.21. 

Hence there are a; E y.' (i = 1, ... , n) such thai a, --+1' a; by Lemma 7.26. It follows that 
l''' == (y, : 0';)". (y" : 0';,) I-- t' by Corollary (i. 27. Take r == (y, : J(O';))". (y" : :1(0';,)). 
Then clearly I(f) == r", so r;, ~fl I(],). 
Mor'eover, by Lemm.a 7.2.9, Ihere ;8 I" E T'" such Ihal t' "'""'" I" and I(f) I-- I." by Coro­
lrwry 6.25. Take t == :I(l"), then I." == I(t) and I(f) I-- I(t). Then by Corollary 7.21, 
ther'e is 0' E T_ such that, r 1--,_ t : 0'. From Theor'CTli 7.20: T(I(r),I(t.)) "*~ I(O'), i.e. 
T(l''' , t") ""* f3 I( (T). By Corollary Ii. 2 7: r( r" ,t') =fl I( (T) and ii, follows fro", Lemma 5. 7 that 
T(l", t') =~ I( 0'). 
The VQ.1"i01t8 ent7'ics in f,hi~.;: Pl'OO! can be piclul'cr/ ill F'i[JU1'P I. o 

Finally, note t.hat even for Church-t.erms, r a.nd r do not. coincide. That. is, we know that if 
r I-- t then f T(l',/.). However, even if I E :rd. alld if f T(r,/,), we st.ill don't get f 1--/ .. In fact, 
look a.t Example 6.26 where ,[ r(0, I) yet. 017 l, for t == (Ay,.'Y)z. 

8 Conclusion 

In t.his paper, we present.ed a calculLis A_T where types ami t.erlllS are t.reated alike and where 
fJ-conversion is used for both forms of expressions. We sllOwed tha.t the Church Rosser theorem 
holds for t.he cakulus and extended it. with typing ami consistency operat.ors. These operat.ors 
satisfy most of the important, results concerning typing, s1lch as wea.kening and substitution. 
The aim of OUl' calculus is to provide a. general calculus which accommodat.es types and 
terms in a. unified way and which preservc~ the cha.ract.eristics of the typing systems. More 
importantly, compatibility of typing in OLir calculus holds for bot.h abstraction and application 
whereas inlllost of the known t.ype thpories (especially in !'TSs), colllpa,t.ibility holds only for 
abstraction. Furthermore, I' I-- t : 0' is split. in two judgment.s: r I-- t and r(l', t) =~ 0' which 
is anot.her step towards getting a one st.rllct.un' for t.he I,yping relat.ion and for separating the 
two dist.inct notions of whether a term has a type and of what is its type. 

As a.n exanlple, we illtel'pl'etco Church '8 A ___ in Ol1r ca.lculus and showed tha.t in order to 
type a term in A_, it is enough t.o show it consistent in A_ T • Similarly, one can interpret other 
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r' I' 

UI III 
r' t' t' 

L if 
T' -context: I'll tIl E '1',0 

I 1 :7 I 1:7 
]' I : (T 

typing systems in A~T and show similar results. 'I'he syst.em A~T is the first which provides 
an extended treatment of unifying types a.nd t.enus while preserving most of the desirable 
properties of typing systems. Furthermore, the line of this pa.per should be followed in the 
futufe to deal wit.h other syst.ems than ,\~. We believe t.hat. t.he same st.artegy can be used 
for those systems of the Barendl'egt cube giving yet a more elegant structure of generalised 
type systems. 
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