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Inertial Algorithms for the Stationary Navier-Stokes Equations

YANREN Houl2 aND R.M.M. MATTHE1J?

L Department of Scientific Computing, College of Science,
Xi’an Jiaotong University, Xi’an 710049, P.R. China

2 Department of Mathematics and Computing Science,
FEindhoven Unwversity of Technology,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands *

Several kind of new numerical methods for stationary Navier-Stokes equations based on the
virtue of Inertial Manifold and Approximate Inertial Manifold, which we call them inertial algorithms
in this paper, together with their error estimations are presented. All these algorithms are constructed
under an uniform frame, that is to construct some kind of new projections for the Sobolev space in
which the true solution is sought. It is shown that the proposed inertial algorithms can greatly improve
the convergence rate of the standard Galerkin approximate solution. And we also give some numerical
examples to verify our results.

1. INTRODUCTION

Even though the computing power improved rapidly in last decade, constructing higher accurate
and more effective algorithms for numerically solving partial differential equations, especially for
numerically solving the Navier-Stokes equations, still offer many challenges. Many authors derived
new techniques and algorithms in the past several years, for example, Q. Lin[9], B. Garcfa—AchiHa,
J. Novo and E. Titi[5], W. Layton and W. Lenferink[8], J. Xu[14],[10] used superconvergent finite
element methods, two-level finite element methods and nonlinear Galerkin methods, etc.

In this paper, we are interested in applying the original ideal of the inertial manifold [4] and
approximate inertial manifold [3] to construct some kind of higher order finite spectral algorithms
for the stationary Navier-Stokes equations, which we will call them inertial algorithms in the
remainder of this paper. Although these algorithms derived here are designed for the stationary
Navier-Stokes equations, they can be also applied to the nonstationary Navier-Stokes equations
with or without modification which we will investigate elsewhere.

Assume H is a suitable Sobolev space, H,, a finite dimensional subspace of H and w and w,, the
true solution and the standard spectral Galerkin approximation of the stationary Navier-Stokes
equations in H and H,, respectively. Our main goal is to construct some kind of new projection
@, which maps any function of H onto H,,. Then for any vector w in H, we have the following
decomposition

w=Q,w+w, YwedhH,

where w € H and H is the orthogonal complement of H,, with respect to some scalar product.
We shall identify @, w and w as the lower frequency and higher frequency components of w.
Especially,

u=Qnu+u.

The crucial point in the construction of ), 1s to ensure @), u to be closer to u,, than w. For further
discussion, we denote by P,, the standard L?— orthogonal projection from H onto H,, further
on. Based upon the idea of inertial manifold and approximate inertial manifold, there should

Key words and phrases. Navier-Stokes Equations, Galerkin method, error estimation, approximate inertial man-
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2 YANREN HOU AND R.M.M. MATTHEIJ

exist interactive or at least some approximate interactive relations between the lower and higher
frequency components of the true solution. Then we want to construct some finite dimensional
mapping ® : H,, — f], which in fact is a reflection of this kind of relations, such that ®(u,y,) can
generate a suitable approximation of w with approximate order at least equal to that of @, v — 1wy, .
If it succeeds, wpy, + ® () will be a higher order approximation of w than w,, with

[l = (m + @ ()| < |@mre = wnl| + [0 — @ (w)]].

The paper is arranged as follows. In section 2, we consider the stationary Navier-Stokes equa-
tions and its spectral Galerkin approximation. In section 3, three kind of projections from H onto
H,, are constructed and studied. In section 4, we derive the estimations of @), u — u,, respectively
for various projections and then give the construction of corresponding finite dimensional mapping
®. In section 5, three kinds of inertial algorithms based on the projections and the associated finite
dimensional mappings are presented together with their convergence properties . Finally, some nu-
merical examples are presented for the various algorithms and it is shown that such schemes can
greatly improve the convergence rate of standard Galerkin method.

2. PRELIMINARIES

In this paper, we will consider the following stationary Navier-Stokes equations defined on a

bounded domain @ C R%, d = 2,3

—vAu+(u-Viu+Vp=F in
diveu =0 in €,
=0 on 09,

where u : Q@ — R denotes the velocity field, p : Q — R the pressure, F the external force which
drives the flow, v > 0 the kinematic viscosity. For simplicity, we consider &€ to be class C2.
We also define the following Hilbert space as usual

H:={veLl*(Q)%: v nlsg=0, dive =0 in weak sense}.

Here n denotes the unit outer normal vector of 9Q2. By P we denote the orthogonal L?— projection
from L2(Q)? onto H. Now projecting the above Navier-Stokes equations in velocity-pressure form
onto H, we get the abstract Navier-Stokes equations in H

(2.1) vAu + B(u,u) = f,

where A = —PA, B(u,u) = P[(u-V)u] and f = PF. Since A : H — H is a densely defined,

unbounded, self-adjoint and positive operator with compact inverse, there exist eigenvalues
0</\1§/\2§§/\n§—>+00,

and associated eigenfunctions {¢1, ¢a, -+, ¢n, - - - } which form a complete orthogonal basis of H.
In addition, for any s € R, we can define the power operator A°, whose domain is the following

linear space
(o] (o]

DAYy ={veH: v:= Zviqﬁi, Z/\?s|vi|2 < o0, v; € R}

i=1 i=1

with natural inner product and related norm defined as
(v1,v2)s 1= (A%vy, A¥vy), |A*v|* = (v,v),.

Here (-, -) and |- | stand for the standard L?— inner product and norm respectively. At least, under

. 5 . .
the assumption of the smoothness of 92 and for s < T |A® - | is an equivalent norm of || - ||25. In
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: : : o 5
the following, for convenience, we will not distinguish between |A® - | and || - ||25 for s < 1 In the

remainder of this paper, we often use the space
Vi={ve H}(Q)?*: dive = 0}.
It is well known that V = D(A%).

The variational formulation of (2.1) is given by

find w € V such that
(2.2) {

a(w,v) + b(u,u,v) = (f,v), Vv eV,
where a(-,-) is symmetric, positive definite and continuous in V' x V defined as
a(u,v) = I/(A%’U,,A%’U), Yu,v €V,
and the trilinear form is defined as
blu,v,w) = ((u-V)v,w), Yu,v,we H(Q)".
As well known, b(-, -, -) has the following properties[13]
(2.3) {b(u,v,w):—b(u,w,v), Yu e V,v,we HY(Q),
b(u, v, w) < cllulls,[[v]lorllwlls,,  Yue B Q) 0 € HTHQ) we H(Q)Y,
d d d

d
where $1, 82,83 > 0, s1 + s3 + s3 > 3 and (s1,s2,s3) # (0,0, 5), (0, 5,0), (5,0,0). Moreover, we
will use the following Sobolev interpolation inequalities and Brezis-Gallouet inequality[2] later.
lwlly < collvl[2[v]?, Vv € D(AZ),
(2.4) ol < colloll?|lo]l, d=3,Yv € D(4),

[o]]>

[]]

|v|ee < collv|[(1 4 4/In(l + ), d=2,Yv e D(A).

For any given m € N, let
Hm == {¢1a¢2a"' a¢m} = PmH
Then the standard spectral Galerkin approximation of (2.1) reads

find u,, € H,, such that
(2.5) {

VAU + Py Bty , ) = P f.
And its variational problem is

find wu,, € H,, such that
(2.6) {

a(tpm, ) + b(tm, um,v) = (f,v), Yv € Hpy.

We will write V,,, = P,,V for short.
For the sake of convenience, we will use the symbol 1 to denote the distance between u and
WUy . AS uy,, € H,yy, the error estimates of 1 can not be better than the norms of u — P, w. Indeed,

_1 -2 _ 1
(27) |A 2n| S Cl/\mfl—l’ |77| S Cl/\m{l—l’ ||n|| S Cl/\mfl—l’

where ¢; > 0 is a constant independent of m. The proof of the above results is classical.
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3. PROJECTIONS

In this section, we will construct three kinds of projections from H onto H,,. First of all, let us
introduce the Navier-Stokes operator F from V to V*: for any w € V|, F(w) € V* such that

< Flw),v >=a(w,v)+ b(w;w,v)— (f,v), Yv eV,
where V* is the dual space of ¥V and < -, - > is the dual product. Thus, (2.1) is equivalent to
F(u) = 0.
We denote by DF(u) the Frechet derivative of F at u: for any w,v € V
(3.1) < DF(w)w,v >= a(w,v)+ b(u; w,v) + b(w; u,v).
And we set
Li(w,v) =< DF(u)w,v > .
If w is a nonsingular solution of (2.1), DF(w) is an isomorphism from V onto V* (see [7],[1]), and

we can assert that there must be some constant ag > 0 such that

. Li(w, . L4 (w,
(3.2) inf sup M, inf sup M > ag.
weV pev [[w||[[v]] " veV wey [lw]]||v]|

Thus, by the Lax-Milgram theorem, the variational problem

Find w € V such that
{ﬁl(w,v) =<g,v> VYveV

has an unique soluton for any g € V*.
From (2.5) and (2.6), we can similarly define an operator F,, from H,, to V,>. Then (2.5) is
equivalent to

Fn (um) = 0.
From (3.1), we can get a new bilinear form £, 1 (-, -):

Lm1(w,v) :=a(w,v) + b(tm; w,v) + b(w; um, v)

(3:3) =L1(w, v) + b(thm — w;w,v) + b(w;um —u,v), Yw,veV.

Obviously, if we restrict w, v to Hy,, (3.3) can be seen as the definition of < DFp, (tp)w, v >.
Under the assumption that « is a nonsingular point of F, the following lemma and its corollary
will tell us w,y, is a nonsingular point of Fy, if w,, is very close to u(see [6]).

Lemma 3.1. Assume VCcVisa finite dimensional subspace and F is a smooth mapping from
V to V*. Let u be a nonsingular pownt of F and denote

o(u) = [|DF () e vy,  p(a)=||DF(u) = DF(@)| 5 vy
If u is closed to w such that
oluu(i) < 1,
Df(ﬁ) 1s an 1somorphism from V onto V*. Hence, u is a nonsingular point of .

The following corollary of the above lemma will tell us how to guarantee that wu,, i1s also a
nonsingular point of F,, if « 1s a nonsingular point of F.
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Corollary 3.1. Assume u is a nonsingular solution of the Navier-Stokes equations (2.1). If m is
large enough such that

16c7c?
(3.4) Amg1 > —22,
g
Uy, 15 a nonsingular solution of its standard Galerkin approzimate equations. And we have
: L : . £ ;
(3.5) inf  sup M, inf sup M > &0
welln wed,, ||w|[|[v|] ~ veHn wen, [wl|lv]] ~ 2

Furthermore,

: L : . £ ;
(3.6) inf sup M, inf sup M > &0

weV ey |w|[|[v]] © veV ey lwllflo]] T 2

Proof. Thanks to (3.2), we have
o(u) = [|[DF(u) e vy <o
On the other hand,
< (DF(u) — DFp(um))w, v >=b(u — tpy; w,v) + b(w; w — w,,v), Yw,v € Hp,.

Therefore, by using (2.7)

() =||DF(u) — DFp(um)|| = sup < (DF(u) = DFp (um))w, v >

w,vEV,, [l o]l

L2epllu — unl| < QCbclA;il.
From lemma 3.1, we can conclude (3.4)~(3.5). And (3.6) is obvious if we notice (3.3). O
Now, it is time for us to construct our first projection.
Projection 1. Q.,: H — H,,
forany w € H, find QL w € H,, such that
(3.7 {Emyl(w—Q}nw,v)zo, Yo € H,,.
Thanks to (3.5), the following problem
L1 (Qhw,v)= L1 (w,v), Yv € Hpy
has an unique solution. Now for any vector w € H, we have
w:QTlnw—l—ﬁfl, with ﬁflzw—QTlnw.

(3.7) implies that w! is orthogonal to H,, in L, 1(-, ). We identify @} w and w' as lower and
higher frequency components of w with respect to projection @}, respectively. Furthermore, we
define an adjoint bilinear form L7, , (-, -) by

ﬁ;%l(w,v) =Li(v,w) + b(uy —u;v, w)+ b(v;uym —u,w), Yw,veV.

Of course
Lni(w,v) =L}, (v,w), Yw,veV
Set H' = (I —QL)H, V' = (I —QL)V. Then
(3.8) Lna(w,v)=Lh (v, w') =0, YveH,w el

Similarly, we define

ET(wav):El(vaw)a V’u},’UEV.

The next lemma shows that the norm of higher frequency components in Vs very small.
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Lemma 3.2. Under the assumptions of corollary 3.1 and the adjoint linearized Navier-Stokes
equations: for g € H, find ¢ € V such that

(3.9) Li(¢,v)=(g,v), YveV
is H?-regular. Then the projection QL. defined by (3.7) satisfies

(3.10) [w — Quwl| < cofwll, Yw eV,

(3.11) lw— QLw| < eI flw— QLw|, YweV,

where cg, c3 are positive constants independent of w and m.

Proof. Using (3.5) and (3.8), we have

2 [,m ! 2 ﬁm ,
104wl <2 sup Lmal@nwiv) _ 2 Lna(w,v)
a0 weH,, [[v]] a0 vel I[o]]
2(v||wl| + 2ep||um, || ||w
20wl 2elfunlllol) 5

ap
This proves (3.10) by the triangular inequality and shows that @), is a bounded projection.

As a result of the H?— regularity assumption of (3.9), there must be some positive constant ¢’
such that

loll2 < ¢'lgl.

Now we set g = v = w! in (3.9). From (3.3), we have
(@, wh) = [ * + b(upn —usw', @) + by — u, ).

Taking ¢, = Prn¢ € H,, and using (3.8) and the classical property of L?— orthogonal projection
P, we have

Lo (@, w) =I5, 1 (@ = by )] < (v + 263 [um )] — ][ ||

s (v + 2es|fumDllla][w || < X3 (v + 2esfum] ) w0
Here we used the well known property
(I = Pn)ol <A 0Lll0ll Ve eV

On the other hand,

|b(t — w; ', @) = [b(wm — u; P, w")| < colttm — ul[|B]la]lw! || < coere AL [w!||lw],
b(w s wm — w, )| = [b(w'; b, 1w — w)| < col|pl[a]|w!]| [em — ul < coere AL [w!||lw|.
Finally, we can get (3.11) for ¢g = ¢/ (v + 2¢p||tm|| + 2¢pc1). |

Note that the construction of the above projection @! is based on the assumption that u is a
nonsingular solution of (2.1). Of course, the usable range of this projection is restricted by this
condition. To overcome this disadvantage, we will construct other two kinds of projection from
H onto H,, which can always make sense whether u is a singular solution of (2.1) or not. The
only difference between these three projections is that the associated inertial algorithms may have
different accuracy.
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Projection 2. Q2,: H — H,,

forany w € H, find Q> w € H,, such that
(3.12) {

Lo 2(w — anw,v) =0, VveH,,

where
L 2(w,v) = a(w,v) + b(un, w,v).

For further discussion, we define
(3.13) Lo(w,v) = a(w,v) + blu,w,v),
where w is the solution of (2.2). Of course, we see
Lo 2(w,v) = Lo(w,v)+ b(u, —u,w,v).
At this moment, the bilinear forms Ls(+, -) and £, 2(+, -) are all positive. In fact
Lo, w) = a(w, w) = Wwll’, Lo 2(w,w) = alw,w) = vljwl.

So, (3.12) can define a projection from I onto H,, whenever w is a singular or nonsingular solution.

Projection 3. Q3 H — H,,

forany w € H, find Q> w € H,, such that
(3.14) {

Loms(w—Qw,v)=0, Yv& Hpy,

where
L 3(w,v) = a(w,v).

Also, we define
L3(w,v) = Ly 3(w,v).

They are obvious symmetric and positive, so (3.14) makes sense whenever w is a singular or
nonsingular solution, too.

It is very easy to prove that the projections @2, and @2, have similar properties as Q.. To
illustrate this, we define the following adjoint bilinear forms corresponding to £;(-,-) and Ly (-, ),
1 =2,3, as

{ Li(w,v) = La(v, w), ﬁ;‘nyz(w,v)
v

[’;(w’v):ﬁ?)(vaw)a :z,S(wa )

)= La(v,w) + by, — u, v, w),
).

It is easy to know that £3(-, ) = L3(-,-). So does L7, 5(-,-).
For £3(-, ), the variational problem

=Ly 2(v,w
=Ly 3(v,w

Li(p,v)=(g,v), YveV
is H?— regular under the assumption of 9Q being class C?. And we can easily prove
Li(p,v)=(g,v), YveV
is H?— regular, too. Also, orthogonality properties like (3.8) hold, e.g.
Limi(w',v) =L} (v, w") =0, Yv€ Hy,w' € H'.

Having the above knowledge of these two kinds of bilinear forms, we can easily prove that @,
i = 2,3, defined by (3.12) and (3.14) have similar properties as Q. , which we only state without
proof in the following lemma.
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Lemma 3.3. The projections Q2 and Q3, defined by (3.12) and (3.14) satisfy

[w — Q|| < coffwll, YweV,
[w = Qw| < esdy iy flw —Qwll, YweV,

where ¢ = 2,3 and c¢o, c3 are positive constants independent of w and m.

To avoid having too many symbols, we still use ¢» and ¢3 in the results of this lemma although we
used them in lemma 3.2 because they have very similar forms and would not change our discussion
significantly.

Remark. Besides a general assumption on the smoothness of 92, QL. can only be used when w is
a nonsingular solution of (2.1). So its usable range is limited. That is the reason why we like to
introduce @2, and @Q3,, which always make sense whenever u is a singular or nonsingular solution
of (2.1). In this sense, they should be regarded as some generalization of QL. . Of course, this kind
of generalization has its own cost. That is the inertial algorithms based on them which will be
given later will lose some accuracy compared with the algorithm based on Q1,.

4. LOWER FREQUENCY ANALYSIS AND FINITE DIMENSIONAL MAPPINGS

As we said in the introduction, our projections constructed in the previous section should satisfy

(4.1) Qe = uml| = o(|[nl)), i=1,2,3.

Only when these conditions are satisfied, it is possible for us to construct some finite dimensional
mappings ®' corresponding to different projections which can generate higher order approximations
of the higher frequency components of the true solution with respect to the different projections

(4.2) 19 (wn) — @'l = o|[nl]), i=1,2,3,
such that
(4.3) e = (t + B ()] < 1@ 2 — wn| + [|0" = & (wn)l| = o(||mll), i=1,2,3.

So, the first thing we should do is to make sure that (4.1) is valid for our projections. In the
following, we will show that (4.1) is satisfied by our projections one by one. We recall the following
decomposition

(4.4) w=Q w+w', Q weH, weV YweV, i=123
We will call @, w the lower frequency components of w of the ith projection, simply, the lower
frequency components of w. And we will call w® the higher frequency components of w in the

sense of the ¢th projection, simply, the higher frequency components of w.
Before verifying (4.1) for our projections, we give a novel property of the trilinear form b(-, -, -):

Lemma 4.1. For any ¢ € D(A_%), w € D(A%) and v € H,,, we have

[b(h, 0, )| < o L, | A~ | [[o]]|w]],

e 3eo(1+\/In(1+A3)), d=2,

SeoMt,y, d=3.

o= (2 = () ()

where

Proof. Suppose
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o= [(2) ()] () (2)

=¢1w10,v1 + d2w10yv1 + G1w20,vs + Pawadyvs = (w- Vo) - ¢,

Then

where w - Vv means w, Vv + waVvs. Now we define a new bilinear operator B

B(w,v) = P(w - Vv),
and its associated trilinear form b
b(w, v, ¢) = (B(w,v),d) = b(¢,v, w).

In fact b and b are the same thing with different format, so all the estimations for b are also valid
for b.

Let § be any derivative operator on R?, i.e.
d(w Vo) = (dw- Vo) + (w-Viv).
Because of w € D(A%) and v € H,,, we have

A2 B(w,v)| <||B(w, v)|| < [§B(w, v)| < |(dw - Vo)|+ |(w - Vév)]
(0w, v, 9)| + [b(w, 0v, )|
||

[b(w, v, )|

< ep| AT w| | A% v| L +
||

<

We decompose w as

w=Phw+ (] — Pp)w := w, +w.

Then
|b(w, 60, 4)| < |b(wnm, 50, )|+ |b(w, 50, 1)| < cp|wn| L= |Av| |3 + |b(w, dv,)].
Therefore
1 ~ 1 1 E U 6
(4.5) |A% B(w,v)| < cp| AFw] [AT 0| Lo + cp|wim]| Lo |Av]| + W

Now let us estimate terms on the right hand side of (4.5) for d = 2 and d = 3 respectively. From
(2.4) and the classical property of P, we know for any v € H,y,

co(1+/In(1 + A2))|oll, d=2,

|v|Lw S 1 1 1
collv]|2|lv]|5 < codmlv]l, d=3.
If we denote
74— 3co(1+In(14+A3)), d=2,
3coAD, d =3,
we have J J
1 Lm Lm
|[AZv|pee < ||0]l2,  [wi|pee < ]|
3 3
Then (4.5) becomes
1~ 2¢, LY, |l~) w, v, 1)
(4.5) 43 B0, 0] < 222 o] + P2
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As for the last term on the right hand side of (4.6), we have

[b(w, dv, )| eollwlly|Av]y < ellwll vl d=2,
]

col|wl[|Av]s < codinlfw][[[v]l2, d=3.
Combining this estimation with (4.6) and noting
(b, v, w)| = [b(w, v, )| < [A77 | [A2 B(w, v)],

we can get the result. d

Now, let us consider the projection @},. We can rewrite the Navier-Stokes equations (2.2) as
Lm1(w,v) +b(u,u,v) — b(u, um, v) — b(tm,u,v) = (f,v), YveV.

Using (4.4) and (2.3), we have
(4.7) Lo 1(Qrw,v) 4 Lo 1 (6!, 0) +b(1,1,0) — b(t, wm,v) = (f,v), YweV
Meanwhile, the standard spectral Galerkin approximate equations (2.6) can also be rewritten as
(4.8) Lo 1(tm, ©) — b(Um, um,v) = (f,v), Vv e Hpy.
Restricting (4.7) to H,, then subtracting (4.8) from (4.7) and using (3.8), we have
(4.9) E(el,v)—I—b(n,n,v):O, Yo € Hpy,

where e! = QL u — u,,. For the sake of convenience, we sometimes use e’ to denote Q! u — w,,
for i = 1,2,3 in the rest. Now by corollary 3.1, we know

2 Lo 1 (e 9 b
lelfl < 2 sup Lmalen) o2 [b(nnv))

aowed, |0l T avwenm, vl
For d = 2, we have
b(n,m,0)[ = |b(n, v, m)| < colnl|Inll]]],

and for d = 3,
1 2
b(m,m, )| < collmll2llmll vl < cocolml=[nll?||v]].

Then we have

264

(4.10) et < —nl" = |lm|l***,
ap
where
0, for d=2,
€= %’ for d—3. cqa = max{cy, cocp }.

For the second projection Q?,, the Navier-Stokes equations (2.2) and its standard spectral

Galerkin approximate equations (2.6) can be rewritten as

(4.11) L 2(w,v) +b(n,n,v)+b(n, um,v)=(f,v), YveV,

(4.12) Lo 2(tm,v) = (f,v), Yv & Hpy.
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Then by using (4.4) and (3.12), we have
Emyz(ez,v) +b(n,n,v)+b(n,um,v)=0, Yv €& Hpy.
Taking v = e? yields
vile®|* < [b(m,m, )| + [b(n, wm, €*)| < caln]" |0l T[]’ + [b(n, um, €*)].
For the second term on the right hand side of the last inequality, we have from lemma 4.1
b1, 2, €%)] < L [t |2 A #n] €]

Then,

Cq4 —c € -1
(4.13) eIl < [l ==l + A7),

ca & Linlumllz
v v

The last projection @32, is indeed the standard L?— orthogonal projection P,. Now, (2.2) and
(2.6) can be rewritten as

(414) *Cm,S(uav)+b(nanav)+b(UManav)+b(naUMav)+b(uﬂ%um’v): (fav)a Vo € Va

(4.15) Lo 3(tm, 0) + b(Um, um,v) = (f,v), Vv e Hpy.

Thus
L 3(€®,0)+b(n,n,v)+ b(wm,n,v) +b(n,ty,v) =0, Yv & Hpy,.

Taking v = €3 in the above equality yields
vl[€®]] < [b(m,m, &)+ [b(wm, 1, €)| +1b(n, wm, €)| < calnl' =[] |le®]| + 2co|[um][ L [n]][€?].
Therefore,

Ca\ e e 2cpl|wmllr=
(4.16) 1€l < = [~ |lnll** + nl.
v v
Now, we can summarize (4.10), (4.13) and (4.16) into following

Theorem 4.1. Suppose f € H, 9Q be of class C*. Then

cb L[| |2

Cq _ _1
Qe — || < ;Inl1 Il + |A™Zn],

C4 _ 2¢p||tm || oo
Q2 — | < 2=+ 4 2y

v
Furthermore, if the assumptions in lemma 3.2 holds, we have
2c4 q_
[@mu — wp| < a_0|"|1 Il *=.

From (2.7), we easily see that (4.1) is satisfied for all our projections. In addition, it is worth
paying attention to Q2. As we said, @3, = P,,. Then this result shows that

[Pt = | = of|[ue — wnl]).

That 1s
|1 Pt — wpo|| = o(|[(L — Pp)ul]).



12 YANREN HOU AND R.M.M. MATTHEIJ

This result tells us that the error of the standard Galerkin method is dominated by the trunca-
tion error and also indicates the standard spectral Galerkin method has some superconvergence
property.

The previous theorem 4.1 shows that ||e’|| has a higher order than |[n||. So, it is the higher
frequency components of the particular projection @, that restricts the approximate order, that
is #’. Also as we said before, if we could find some finite dimensional mapping ®° from H,, to Vi
such that (4.2) are satisfied, we can get a more accuracy approximation of u based on w,, that is
(4.3).

Now we give the definitions of our finite dimensional mappings and some basic properties of
them. For any w € H,,, find ®(w) € Vi i=1,2,3, such that

(4.17) L1 (B (w),v) = b(w, w,v) — L1 (w,v) + (f,v), YoeV?
(4.18) Lo 2(®2(w),v) = =L 2(w,v) + (f,v), YoeV?
(4.19) Lom 3(®°(w),v) = —b(w, w,v) — Ly s(w,v) + (f,v), YveV>

Theorem 4.2. i) Under the assumptions of lemma 3.2 and the following restriction on m

Acpes||um|l?

(4.20) g >~
(4.17) can define a single valued mapping
@' Hy — V7

i) (4.18) and (4.19) can define the following single valued mappings respectively.
& M, >V @& H,—> V>

iii) If we denote ' '
M = Graph(®*), i=1,2,3,

M is a Lipschitz manifold with
[ (w1) — @ (wo)|| < U]jws —wsll, Ywi,wy € Hy N By,

where B, = {v € V,||v|| < p} and ' is a Lipschitz constant depending on p, |||, v and ag.
Proof. 1) From lemma 3.2 and (4.20), for any ¢ € v

Lo (6,8) = V1" + 0,1, ) > VI = cscad w11 > 21111

Then by Lax-Milgram theorem, we can immediately get the result.
ii) It is obvious that for any ¢ € V? i = 2,3

Lo ¢) = vII@l*, Lo, ¢) = vl

Again, by Lax-Milgram theorem, we can get the result.
iii) Let us introduce some symbols.

Ywi,ws € Hy, N B,, denote ¢ = <I>i(w1), o, = <I>i(w2), i=1,2,3.
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First, we consider ®'. It is easily to see that

*Cm,l(qs% - ¢%,'U) :b('l,U1,'LU1,'U) - b(wzawzav) - *Cm,l(wl - wzav)

=b(wi — wy, w1, v) + b(war, w1 — we,v) — Loy 1 (w1 —wa,v), Yo € Vi
From corollary 3.1, (3.8) and the above expression, we obtain

61— @bl <2 sup EmtBL=8h0) _ 2 L@l = 94,0)
TS A T w0l T el

2
<—2ep + v+ 20 ||um)[wi — ws]| £ I |wy — ws].
0

This proves the result for ®*.

For ®2, we have

[’myz(qs% - QS%,’U) = _Emyz(wl - ’lUQ,’U).
Taking v = 7 — 3,
v]|¢T — &3)1* < vllwr — wall [T — 3| + ol || w1 — woll[|¢T — S3]|.

Thus, we have

162~ 2l < 0+ Ay, o) 2 Pl o).
At last, for ®3,
,Cm’g((b? — (;5‘;’,1)) = —b(w1 — wy, w1, v) — b(ws, w1 — wa,v) — L, 3(w1 — wo, v).
We can easily get

2c
16— 6311 < (14 L)l fos — wsl] 2 Py — |

O
From the proof of this theorem, we see that ®' and ®2 are local Lipschitz continuous and ®?2
is global Lipschitz continuous.
5. INERTIAL ALGORITHMS

After we get the finite dimensional mappings ®', ¢ = 1,2, 3, we can construct the following three
inertial algorithms easily with respect to each projection to get a more accuracy approximation of
u based on u,,.

Inertial Algorithms 1.

Step 1
Srer Solve (2.6) to get the standard spectral Galerkin approzimation ty, € Hyy,.
(Step 2)
find a' = ®'(u,,) € VY such that
{Em@(ﬂl,v) = b(Um, Uy, ¥) — L 1 (U, ¥) + (f,v), Vv € VL
(Step 3)

Get the new approzimation: u' = w,, + @' .
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Theorem 5.1. Suppose the assumptions in lemma 3.2 are fulfilled. Then the inertial algorithm 1
admits

[ —wh|| < eslnl" |||+,
where cs s a positive constant.
Proof. Let v € V! in (4.7) and subtract the equations of (Step 2) from it, we have
Lmi(a! —at v) = ~b(n,n,v)— Lni(e',v), Yve v
By (3.6), (3.8) and noticing theorem 4.1, we find
Lmai(a! —at v) 2 Lma(u! —at v)

||A1 ~1 3 ) _ =
u —u|| <—sup = sup
ap vev Il Q0 ey |

_b(nanav)_ﬁm,l(elav) 264 —c £ 2(V+266||um||)
o < e ¢ S ey

=— sup
QX0 eV

2 Cq £ €
< (a0 + 20+ e[ | ]|l H.
0

2
If we denote c5 := %(20[0 + 2v + 4ep||um||), we can get the result. a
@y

Inertial Algorithms 2

Step 1
Srer Solve (2.6) to get the standard spectral Galerkin approzimation ty, € Hyy,.
(Step 2)
find @* = ®*(u,,) € V2 such that
{Emyz(ﬁz,v) = —Lmo2(wm,v) + (f,v), YoeV2
(Step 3)

Get the new approzimation: u> = wu,, + 6°.

Theorem 5.2. The solution of inertial algorithm 2 admaits
lu —w?|| < esLiy |[A™Fn] + erlm|' = [n][
where cg, c7 are positive constants.

Proof. We can rewrite the Navier-Stokes equations (4.11) as

(5.1) Lo 2(Qrw, 0) + Lo 2(0®,0) + b(n,m,0) + b(1), um,v) = (f,v), YoeV.
Restricting (5.1) to V2 and subtracting the equations of (Step 2) in inertial algorithm 2, we have
(5.2) Lo a(w? =4 v) = —b(11,1,0) = b(1), U, v) — L 2(e?,v), Yo e V2

Taking v = w? — a? € V2, (5.2) yields

@ |[* <ealml' ==l FE] @ — @)l + e L [ |2| A7 2] ||@® — @)

+vlle?|[[Jw? — @] + colwm|| [l€]] ||* — 7.

1/||u —u

By theorem 4.1, we have

ep L2 ||u cpllu
|1+a_|_ b m” m||2| b”VmH)HeZH

[ — ~2||< = [n[*~*lm| A7+ (1+

ca, - o L |[wmll2, 1 collwmll ca, -
< Sttt 4 Dlltlley gy g g el g ey s

eollwml]\ o L |mll2, _ 1
w1y ol Ll oy

3 3 2
vea Cbzc4||Um|| and e¢7 1= ves||tmlls + C;||um|| ||um||2’ then we can get
v v
the result by triangle inequality. a

Now we denote cg :=
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Inertial Algorithm 3.

Step 1
Srer Solve (2.6) to get the standard spectral Galerkin approzimation ty, € Hyy,.
(Step 2)
find @* = ®(u,,) € V3 such that
{Em,g(ﬂ?’,v) = —b(tUm, Um, V) — Ly 3(Um,v)+ (f,v), Yv€E V3.
(Step 3)

Get the new approzimation: u® = t,, + @°.

Theorem 5.3. The solution of wnertial algorithm 3 admaits
[ — u?|| < eslnl'~%[ln||"** + colml,

where cg, cg are positive constants.

Proof. The proof of this theorem is very similar to that of theorem 5.2. First, we can get a new
form of the Navier-Stokes equations just like (5.1) and then restrict it in V® and subtract the
equations of (Step 2) of this algorithm from it. Then we get

(5.3) Lo a(@® —a@® v) = =b(n,m,v) = b(0, W, v) = b(wm,n,v) — L 3(e?,v), Yoe V3
Taking v = 4% — @3, (5.3) admits

2¢p|[tm]| L 4 dep|tpm]| Lo .

~ ~ C4 _ 264 _
lu? =@l < o=l + I+ llell < =—=nl"=[n]

_ Bepllwn||L-

. 3c
Let us introduce ¢g := — and ¢ , then we can get the result. d
v

Remark. From the above three convergence theorems, we obtain
lu— il = ofllml), i=1,2,3.

That is the inertial algorithms can really be more accurate for . Comparing the above three algo-
rithms, inertial algorithm 1 has the highest order of accuracy but its applicable range is restricted
by the nonsingularity condition and that m also must be great than some lower bound. The iner-
tial algorithm 3 has the simplest form and also is the easiest one to be implemented numerically.
In fact, we can directly get @3. Another advantage compared with algorithm 1 is that it is valid
whether u is a nonsingular solution of the Navier-Stokes equations or not. But its disadvantage is
also obvious. Its accuracy is of course the worst one. All kinds of properties of inertial algorithm 2
are just between the inertial algorithm 1 and the inertial algorithm 3. Meanwhile, its applicability
1s just as for algorithm 3 and its convergence rate is very close to algorithm 1. In fact, for a three
dimensional case, 1t has the same approximation order as that of inertial algorithm 1.

There is another problem we need to cope with the numerical implementation of these three
algorithms. As we said, algorithm 3 is the simplest one because of

V3= (I - Pn)V.

For algorithm 1 and 2, the situation is quite different. If we consider the standard L?— orthogonal
projection P,,, the elements of V! and V2 may contain the usual higher frequency components
as well as the usual lower frequency components. Indeed, their orthogonal basis functions with
respect to projections @1, and Q2 are not at hand and deriving the basis functions is not easier
than solving any Navier-Stokes equations. So they will be rather theoretical algorithms till we can
find a good way to get V1 and V2. In the following, we will modify inertial algorithm 1 and 2
above such that their numerical implementation becomes possible without loss of accuracy they
have.
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Inertial Algorithm 1°.

Step 1
Srer Solve (2.6) to get the standard spectral Galerkin approzimation ty, € Hyy,.
(Step 2)
find u* €V such that
{ﬁm,l(ffw) =((I = Pn)f,v), VveV.
(Step 3)

4

Get the new approzimation: u* = wu,, + u.

Inertial Algorithm 2°.

Step 1
Srer Solve (2.6) to get the standard spectral Galerkin approzimation ty, € Hyy,.
(Step 2)
find @° €V such that
{ﬁm,z(ﬁs,v) =((I = Pn)f,v), VveV.
(Step 3)

Get the new approzimation: u® = wu,, + @°.

In fact, we only enlarged the test function space from V! and V2 to V in each (Step 2). At
this time, the right hand side terms of the equations in (Step 2) can be simplified by using the
standard Galerkin approximation equations (2.6). Of course, we cannot restrict @* and @° in the
original higher frequency spaces now. But a simple analysis will show that this kind of modification
will not influence the convergence rates of the original inertial algorithm 1 and 2. On the other
hand, because @* and @® are now sought in the whole space V', whose dimension is a little larger
than that of V! and V2. In addition, the right hand side of the equations of (Step 2) in inertial
algorithm 3 can also be rewritten as

,Cm’g(’llS,’U) =((I=Pn)f,v), Yve(I—-P,V

because of Q2 = P, and V3= (I —Pn)V.
Theorem 5.4. i) Under the assumptions of theorem 5.1, the inertial algorithm 1’ yields
[ — ] < eslnl' =[]
i1) The inertial algorithm 2’ admits
lu —w®|| < es Ly, |A™ 50| + erlm|" = [n] .

The proof of this theorem is very similar to that of theorem 5.1 and 5.2, thus we omit it.

6. NUMERICAL EXAMPLES

To illustrate the better convergence rate of the proposed inertial algorithms, we will give some
. . . T T
numerical results for the two-dimensional Kolmogorov flow on Q = [——, —] x [—=, 7],
o o

find w € V such that
(6.1) {

a(w,v) + b(u;u,v) = (f,v), Vv eV,
where

Vi={v= Z vpelFraethay) o — 5 Z |og |2 (k¥ a? + k3) < +oo,dive = 0},
k€Z2 k#0 k€Z2 k#0
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1
——(siny,0)”, Re > 0 is the Reynolds number defined in [11]. From the literature of Kol-

;=
Re

mogorov flows (e.g. [11], [12]), the above equation has a trivial solution w = (siny,0)? for any

Reynolds number, and when we take o = 0.7, bifurcation occurs at Re* = 3.01119---. For a = 1,

there will be no bifurcation points for any Re > 0.
In the following, we will give some numerical results of inertial algorithm 1’ 2” and 3.

Remark. Note that step 2 in these algorithms has to be solved in the whole space V. To solve

them numerically, we should project them onto another larger finite dimensional space Hjas with

M > m and so we can get new approximations

(6.2) uwlhyy =y + @Yy, i=345.

Generally, if we choose M sufficiently large, then the error of these finite approximations given

by (6.2) should be equivalent to the error order in theorem 5.4 and theorem 5.3 plus a truncation

error. That is
. . 1

(6.3) lw = wirll = ofllw — w'|l) + o(Ay%,),  7=3,4,5.

For this concrete problem, the true solution has only two modes, so we only choose M = 2m
and m = 9. The associated algebraic equations are solved by some LINPACK subroutines.

In Table 1, we give some results of these three algorithms for & = 0.7 and Re — Re*. It is
obvious that the inertial algorithm 1’(inertial algorithm 1) will lose its higher convergence rate
near the singular point because g may tend to zero when Re tends to Re*. And the other two
algorithms will still be valid. And our numerical results in table 1 just indicates this kind of
phenomena. And it seems inertial algorithm 2’ and 3 has a better performance than the inertial
algorithm 1" when Re tends to the bifurcation point.

We denote by TA1’, TA2’, TA3 and SGM the names of inertial algorithm 1°, 2°) 3 and standard
Galerkin method respectively.

Table 1

Re TIAY TA2 TA3 SGM

(la—wbfl) (fu—u ) (=) (=)
1.00 2.06E—-06 215FE—-06 1.02E—06 1.88FE—04
2.00 1.17E—-05 748E—-06 4.03E—06 3.69F—04
2.50 286FE—-05 1.09E—-05 6.25FE—06 4.59F—04
3.00 354F—-04 149E—-05 B8I96FE—06 5H.48E—04
3.01 462E—-04 152E—-05 9.15E—-06 5.53FE—04
Re* - —— 1.54E—-05 9.26E—06 b5.64FE—04

Here ’——" means that the condition number of the associated matrix is very close to zero and the

Gauss elimination cannot process it.

For a = 1, we know that there will be no bifurcation in the system. So we can observe the
performance of these three algorithms when Re becomes more and more large. The following table
2 gives the numerical results related to this procedure.

Table 2

Re TIAT TA2’ TA3 SGM

(fu—wbel) (lu—uel) Ol —udl) (= wn)
1.00 0.00E—-00 0.00£—-00 0.00£—-00 207E-04
10.0 6.35F—07 261E—-07 263E—-07 224F—03
100. 2.78E—05 298E—05 245FE—04 2.25FE—02
200, 1.06E—-04 121E—-04 192FE—-03 4.50E—-02
300. 267E—-04 288FE—-04 6.30E—-03 6.75FE—-02
1000 153E—-02 289F—-02 190E-01 2.30FE-01
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From Table 2, we see that all algorithms lose some accuracy when Re becomes large as expected.
And the numerical tests also tell us that when there is no bifurcation point along the path of Re,
the performance of inertial algorithm 1’ and 2’ seems to be more accurate than that of inertial
algorithm 3 when Re tends to infinity. So when we want to perform a numerical simulation at
high Reynolds number, we prefer inertial algorithm 1’ and 2’, especially the inertial algorithm 2’
which can process whenever there will be a bifurcation point or not along the path of Re and has
almost the same accuracy as inertial algorithm 1°.

—_

10.

11.

12.

13.

REFERENCES

. F. Bezzi, M. Fortin, Mized and Hybrid Finite Element Methods (1991), Springer Verlag, New York.

. H. Brezis, T. Gallouet, Nonlinear Schridinger Evolution FEquations, Nonlinear Analysis, Theory, Methods &
Applications 4 (1980), 677—681.

. C. Foias, O. Manley, R. Temam, On the Interaction of Small Eddies in Two-Dimensional Turbulence Flows,
Math. Modeling and Numerical Analysis, M?AN 22 (1988), 93-114.

. C. Foias, G. R. Sell, R. Temam, Inertial Manifolds for Nonlinear Fvolutionary Equations, Journal of Differential
Equations 73 (1988), 309-353.

. B. Garcfa—Achilla, J. Novo, E. Titi, An Approzimate Inertial Manifolds Approach to Postprocessing the Galerkin
Method for the Navier-Stokes Equations, Preprint series, #960611, Department of Mathematics, University of
California at Irvine..

. V. Girault, P-A. Raviart, Finite Element Methods for the Navier-Stokes Equations, Theory and Algorithms
(1986), Springer Verlag, Berlin.

. M. Gunzburger, Finite Element Methods for Viscous Incompressible Flow, A Guide to Theory, Practice and
Algorithms (1989), Academic Press, Boston.

. W. Layton, W. Lenferink, Two-Level Picard, Defect Correction for the Navier-Stokes Equations, Appl. Math.
and Computing 80 (1995), 1-12.

. Q. Lin, Higher Order Accuracy Finite Element Method (1997), Hebei University Press.

M. Marion, J. Xu, Error Estimates on a New Nonlinear Galerkin Method Based on Two-Grid Finite Elements,

SIAM J. Numer. Anal. 32 (1995), 1170-1184.

H. Okamoto, Nearly Singular Two-Dimensional Kolmogorov Flows for Large Reynolds Numbers, J. Dynamics

and Differential Equations 8 (1996), 203-220.

H. Okamoto, M. Shoji, Bifurcation Diagrams in the Problem of Incompressible Viscous Fluid Flows in 2D Tori,

Japan J. Indus. Appl. Math. 10 (1993), 191-218.

R. Temam, Navier-Stokes Equation and Nonlinear Functional Analysis, CBNS-NSF Regional Conference Series

in Applied Mathematics, SIAM, Philadelphia, Pennsylvania, 1983.

. J. Xu, A Novel Two-grad Method for Semilinear Elliptic Equations, SIAM, J. Sci. Comput. 15 (1994), 231-237.



