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Abstract

A three-dimensional analytic solution is derived for the fluid flow in a deformable
porous medium. It is assumed that the deformation of the medium is described by
Hooke’s law and the flow of the fluid by Darcy’s law, i.e. the theory of poroelas-
ticity applies. The governing equations are completed by suitable boundary condi-
tions such that a compressed saturated cubic sponge is modelled. The solution is
a three-dimensional generalisation of the one-dimensional solution of Terzaghi. A
two-dimensional plain strain solution is derived also. Both solutions give excellent
possibilities to test numerical codes.

Keywords: poroelasticity, porous medium, Darcy, Hooke, Terzaghi, analytic so-
lution.



1 Introduction

The theory of poroelasticity describes fluid flow in a deformable porous medium. The flow
of the fluid and the deformation of the solid matrix are coupled. Poroelasticity has appli-
cations in soil science, filtration and biology (see references in [1, 2, 3, 4]). Numerical codes
have been developed to solve the poroelastic equations for various geometries. Analytic
solutions can be used to test the accuracy of these codes. However, the known analytic
solutions are one-dimensional or two-dimensional on semi-infinite regions as half-spaces
and infinite layers (see references in [1, 2, 3, 4]). In order to test numerical codes two- and
three-dimensional analytic solutions on finite domains are needed.

Recently, Barry and Mercer [1, 2, 3, 4] have derived some analytic solutions on finite do-
mains. Unfortunately, these solutions lack immediate applicability to physical poroelastic
flows. In this paper a three-dimensional and a corresponding two-dimensional solution are
derived that have a closer connection with physical reality. It is assumed that the porous
medium is saturated with a Newtonian fluid. The deformation of the medium can be
described by the theory of linear elasticity, i.e. Hooke’s law applies, and the flow of the
fluid by Darcy’s law. The set of governing equations is completed with suitably chosen
boundary conditions.

In fact, a saturated cubic rubber sponge is modelled. Water is being squeezed out of its
pores due to a load applied to it. The boundary conditions are chosen such that the sponge
remains cubic during compression. The compression is assumed to be equal to the expelled
fluid flux.

The obtained solution is a three-dimensional generalisation of the famous one-dimensional
solution of Terzaghi [7, 6, 8]. A two-dimensional plain strain solution is derived also. Both
solutions give excellent possibilities to test numerical codes.

2 Governing equations

Mixture theory assumes that the different phases are mixed and exist simultaneously at
each point in space. Here only two phases are considered, a single fluid and a solid,
respectively denoted by the indices f and s.

The true deusity of the f-phase, where § = f,s, is denoted by pg = dm®/dV?P, where
dm” is the mass of the B-phase in a small elementary volume dV? containing only this
phase. The porous medium is assumed to be initjally homogeneous. Both the fluid as the
solid phase are considered intrinsically incompressible. The assumptions imply that pg is
constant and uniform for both phases. Compression of the medium arises only because of
a redistribution of the fluid and solid components.

The apparent density of the S-phase in the mixture is defined as pﬂ = dm? /dV, where
dV is a representative elementary volume [5] of the medium. Let the volume fraction of
the (-phase be defined as ¢’ = dV?/dV, then p? = qﬁﬂpg. For a binary porous medium
¢ = ¢! is the porosity and thus ¢° = 1 — ¢. Since the medium is initially homogeneous ¢
‘is initially uniform.



Conservation of mass for each phase implies

)hP
Qg%-}—V((pﬂvﬂ):O’ /B:f78)

where it is assumed that no sources or sinks exist. Here v” is the average velocity [5] of
the B-phase. Addition of these two equations gives

VAR (q -+ vs) = 0’ (]‘)
where the specific discharge relative to the solid matrix is defined as
a=¢ (vl —v°). (2)

If no body forces such as gravity are assumed and inertial terms are neglected, the mo-
mentum balance for each phase is

V-T+7’ =0, f=f5s, (3)

where T? is the stress tensor and 7# is the momentum supply for each phase.

It is assumed that the solid matrix is entirely elastic and initially isotropic. The deforma-
tions are considered to be small enough such that the infinitesimal elastic assumption 1is
valid. These assumptions lead to the linear stress-strain relation

T = —¢°pl + 2u€e + A trace (€)1, (4)

where p is the fluid pressure, ;2 and A are the Lamé stress constants and I is the identity
tensor. The strain tensor is given by

= ; (Vu+ (vu)T), (5)

where u is the displacement vector of the solid matrix. Note that trace (¢) = V - u. From
the infinitesimal elastic assumption it follows that the boundary conditions are applied at
the original position of the material.

The fluid phase is assumed to be a Newtonian viscous fluid. This assumption leads to

. 1
T = —¢/pI + 247 (d -3 trace (d) I) , (6)
where 1/ is the viscous stress constant. The rate of strain tensor is given by
1 T
d =3 (Vv + (vv))7).
L (w4 (v

It is now assumed that the internal fluid viscosity is negligible compared with the mo-
mentum transfer, hence uf = 0 is set in (6). With this assumption (3), (4) and (6) lead
to

V.o =Vp, | (7)



where the effective stress tensor is defined by
o = 2p€ + Atrace (e) L. ' (8)

Note that trace (o) = (2u + 3)) trace (€).

Equation (7) is equivalent to the equilibrium equation of linear elasticity, i.e. Hooke’s law
applies, with a forcing term given by the gradient of the fluid pressure.

The momentum transfer in (3) is modelled by the linear relation

m=—-nl =k (vf—vs)7

where k is assumed to be a constant and uniform scalar. Again, with the assumption
that the internal viscosity is negligible compared with the momentum transfer, (2), (3) for
8 = f and (6) lead to

q=—-KVp, 9)

where the permeability is defined by K = (¢f )2 /k. This equation can be interpreted as
Darcy’s law relative to the motion of the solid matrix.
The velocity and displacement of the solid phase are related by

__ Ou
oot
While there are many ways of formulating the poroelastic equations, here (1), (5) and

(7-10) are used as the governing set. This set consists of 22 coupled equations with the
unknowns p, q, u, v®, € and o.

V.S'

(10)

3 A cubic sponge

Let a rubber sponge being saturated with water. A load applied to it will produce a grad-
ual compression, depending on the rate at which water is being squeezed out of the pores.
It is assumed that all assumptions of the previous section are fulfilled.

Here a cubic sponge is considered with edges of length 2L. For elegance of calculus the
origin is placed in the centre of the sponge, and the co-ordinate axes parallel to its edges.
Perfectly porous plates push on each side with equal forces. Thus the sponge remains cubic
during compression. :

In order to model this situation the governing set of equations (1), (5) and (7-10) is sup-
plemented with suitable boundary conditions. For each face F of the cube, v is defined to
be the outward unit normal vector and 7 symbolizes the tangential unit vectors. Consider
the following boundary conditions:

‘e u-ris an unknown function of time only,

o [,(v-o-v—p) ds=—F, where F is a given function of time such that F' goes to
a constant limit value F for infinite time,

4



e 7 -0 v =0,1e. perfect slip applies,
e (q+vVv®)-v =0, ie. the compression is equal to the expelled fluid flux.

For infinite time the set of equations reduces to

<

0,

1 T

S (Vu+ (V) ) ,
-0 = Vp,

= 2p€ + Atrace (€),

= —KVp,
¢ =0.

-q

| —

<|m

<0 Q

From the boundary conditions it follows that the solution of the governing set of equations
is p =0 (in fact, p is equal to some arbitrary constant value), g = 0 and

AL?
1 F,
= = e g 11
T ot T T u+ N4z =
F

L

o =

T T RuranarT

Fore finite time the derivation of the solution is more elaborated. Only a suitable choice
for the applied force F' leads to a derivable solution. Two ‘Ansatze’ will be made that lead
to an analytic solution. It will be checked that this solution fulfils all necessary properties.
As the initial condition it is assumed that all unknowns are equal to zero.

The first ‘Ansatz’ is that the displacement fulfils

u(x, 1) = a(t) (8'(z1), B'(22), B'(23)) ", (12)

where o and /3 are smooth scalar functions such that §'(—z) = §'(z) and F'(L) # 0,
which are reasonable consequences of the symmetry and boundary conditions. From (12)
it follows that u - v is an unknown function of time only at each boundary face. It follows
directly from (10) that

Vo (x, 1) = o (1) (B'(1), B'(22), B ()"
Now the specific discharge needs to be chosen such that (1) holds. The second ‘Ansatz’ is

alx, 1) = =o' (t) (B'(z1), B (x2), B'(ws))" -

From (9) it follows that

p(x,t) = —d/(t) (B(z1) + B(z2) + B(z3)) -

el
I(O,
5



The strain tensor is given by (5), i.e.

E(Xa t) - (y(f) dlag (/8"(371)7 ﬁ"("zQ)a /6/’($3)) ;

and the effective stress tensor by (8), i.e.

o (x, 1) = 2ua(t) diag (6" (z1), 8" (z2), B"(23)) + Ae(t) (8" (21) + 0" (22) + £"(23)) I
The equilibrium equation (7) leads to

1

(211 ) a(0)"(2) - ' ()B'(2) =0,

If o' and 5" are not equal to zero, this equation results into

~alt)  f'(z)
(2p+ A) K o) " B (13)

Define the constant C' by (2u+ A) K = L?/C, then the dimension of C is time. The
following collection of solutions is obtained from (13) and the conditions for §":

2k — 1)* 7%t
1C

a(t) =exp | —
k=1,2,...

2%k — 1) 7z o
B (x) = Lsin ((_T)Ti>

However, any summation Y oo, e (t)8;(x) goes to zero for infinite time which conflicts
with (11). Therefore a particular solution need to be added, i.e.

Foo

1 - -~
( (214 3M)4L2

(&) ) = —
Sy =

3.1 Displacement

It is stated that instead of ‘Ansatz’ (12) the displacement is given by

Fo S (2= 1) Ty (2k — 1) o2t
wi(X,1) = - ——2 i + L) = —— .
w; (x, ¢) (2M+3>\)4L2:I:1+Lk:1fyksm( 5T )exp ( c
The initial condition leads to
F, = (k=17
0= u(x,0) = ~——2— g, + LY MR AT 14
wi(x,0) (2u+3A)4L2$ +L 'yksm< 5T > (14)

k=1



Integration from 0 to L gives

Fay /L (@k=Dme\ L
2+ 3naLz f, *o" oL g =T

Partial integration results into

Foo 8
(2 + 3X) 412 (2% — 1)? w2

Y =

It follows that

u(x,t) — —Lx for t - oo
’ (2p + 3)) 412 '

If z; = L, then

Fs = (2k — 1)* 7%t
N CYANEESY 4L2( kZ:: 2% — 1) p( iC '

1

8 )_0
PPV B
< (2 — 1)’ 72

3.2 Velocity of the solid phase
It follows directly from (10) that

| 2k —-1)%a2 2k — 1) 7 2k — 1)* w2t
vi(x,t) = —LZ%( 40) T sm(( 2L) )exp (ﬁ(_TC)_)

k=1

Indeed, if also ¢ = 0, then

NE

u; = ——Rw—— 1-
" (2 +3)) 4L2

=
1l

Double differentiation of (14) leads to the conclusion that

, . (2k - 1)* 72 2k — 1) mx; .
'Uf(X,U)Z—LZ’Yk( 40) T sin(( 2L)7m;>:01f —L<z; <L

It follows that v*(x,¢) — 0 for t — oco. If z; = L, then

. Fi, > (2k — 1)* 2t
T T (2u+3x)2LC ;exp ("_40— '

If also t = 0, then v{ = —o0, i.e. the initial solid phase speed at the boundary is infinitely
large.




3.3 Specific discharge

It is assumed that q(x,t) = —v*(x,t). The total outward flux is equal to

12F L & (2k —1)° 7%t
)= ——22 NTexp |22 °
Q) (2u+3A)CZ_;eXP( iC !
and therefore the expelled fluid volume is given by
o 6F L 6FoL
t = .
/0 Q) dt 2u+3/\Z 2k—1 2u+3)\

This result agrees with the final displacement in (11), because the expelled fluid volume
has to be equal to the volume reduction of the sponge.

3.4 Fluid pressure
From (9) it follows that

00 _ 3 B . . 2 o
p(x,t) = 2u+ \) Z%(%_QM Zcos ((Qk 211/) 7rxz> exp (_ (2 42 T t) .
k=1 i—1

Differentiation of (14) leads to the conclusion that

. (k-1 (2k — 1) 7z 2p+ A 3F
p(x,0) = 21+ A) Z > ) ZCOS 9L, T 2u+3)4LE
k=1 i=1

It follows that p(x,t) — 0 for t — oo. Furthermore,

p(0.1) = 3(2;L+/\)Z’)’k(2k——1)z€XP ("%)

2
k=1
2+ A 3F & , (2k — 1)* 7%t
T ou+ 3 412 Z 2k— D —1)"exp ( 4C '
In particular,
2u+ A 3F e 2p+ A 3F,
0,0) = )k = ey
p(0,0) 2u+3)\4L2Z 2k—1 =g e



3.5 Strain tensor
The strain tensor is given by (5), i.e.

Fy = k-7 C(2k—1)’n%t
“GpranarE T Z Ve P e

Differentiation of (14) leads to the conclusion that €(x,0) = 0. It follows that

F
1) > ——————Tfort :
R G VY ek

€(x,t) =

Furthermore,

Fu e (2k — 1)* ¢
(0.1 = - m( +3 G >kexp<‘—@—))1-

In particular,

Fyo - 4 A

Ifx; =L, then
Fy
€ii = o Tg
(2u + 3X) 4L2

3.6 Effective stress tensor

The effective stress tensor is given by (8), i.e.

0-<X7t) = F I+2/J,Z’yk——(2k—l>7rexp( M)

42 2 4C
: (2k — 1) 7z, (2k — 1) mzy (2k — 1) 7z
x diag (cos (T , COS 1 , COS B A
= (2k- 1 (2k — 1) 7w (2k — 1)* w2t
_S_ E — —— | L
+ A fyk > 08 ( 5T ) exp ( e

Differentiation of (14) leads to the conclusion that o(x,0) = 0. It follows that

Fy
o(x, f)%—ﬁlfmt—)oo



3.7 Force

The force on each face of the cubic sponge is given by

> 2%k — 1) a2\ [F (2k — 1) 7z
F(t) = Foo + 8#-[/;7]9 (2k - 1) ™ exXp (—%—— A CcoSs (T) dx

FY— 8 (2k — 1)* 7%
= Fy|1 AL
( +2‘““?’A;(Qk—l)zﬁz exp( 4

It follows that

2+ A
F(0) = 505
(0) 243X

and F(t) — Fy for t — oo.

4 Plain strain

The three-dimensional analytic solution reduces to an essentially two-dimensional solution
if u3 = 0 and g3 = 0. This implies €3; = €;3 = 0, i.e. plain strain is dealt with. The
essentially two-dimensional solution is obtained if the boundary conditions of the previous
section hold only at the vertical faces of the cubic sponge, i.e. if z; = &L or o = £L. At
the horizontal faces of the sponge, i.e. if z3 = L, homogeneous boundary conditions are
supposed, i.e. u3 = 0 and ¢z = 0. This means that the sponge is clamped by impervious
horizontal plates.

For infinite time the solution of the governing set of equations (1), (5) and (7-10) is p = 0,
q =0 and

Fy ..
o= diag (1, 1, L) ,

T4 TR D)
€ = —m dlag (1, 1,0),
o0 X . T
u= _m(11712a0)

For finite time the displacement is given by

F, = . {2k — 1) 7x; (2k —1)°n%t\ |
wix. 1) = — © 2 E RSt —_—— | =12,
w; (%, 1) TESY sz” +L 2 Yk Sin ( 5T ) exp ( ic

where

I 8

Tk = — (-1
(1t + A)8L2 (2k — 1)* 72

10



It follows directly from (10) that

% 2.2 _ 4 2k — 1)* n2¢
vi(x,t) = —L Z7kMSin (M) exp (_g—) , t=1,2.
k=1

4C 2L 4C
It is assumed that q(x,t) = —v*(x,t). The total outward flux is equal to
AF L & (2k — 1)* n%t
t) = —2 ———
@) (/1,+/\)C;GXP< iC ’

and therefore the expelled fluid volume is given by

[ owa=2t=

A

From (9) it follows that

X (k=17 < (2k — 1) 7, (2k — 1)? w2t
/ — (20 ERZ DTN o (VBT o [ 2 TR
p(x,t) = (2p+ ) ;vk 5 ;cos 57 exp 0
and therefore
2+ A Fo
0) = —.
px,0) =~

The strain tensor is given by (5), i.e.

Fo : = (2
t) = ———=2___diag(1,1,0 R
) = a0+

2k —-1) Ty (2k — 1) 7o
X diag (cos (T , COS 51 ,0 1.

The effective stress tensor is given by (8), i.e.

 Fy .. A 2 k-1 (2k —1)* 7%t
O'(X,t) = —‘mdlag (1,1,M—+—)\) +2,Ukz=:l’)’k—T—eXp ( iC
, (2k — 1) 7zy (2k — 1) x>y
: : = ,c08| ———= 1,0
x diag (cos ( 5T , COS 5T )
2 @2k -1) 7 & (2k — 1) (2k — 1)* %t
— - L T lexp| ——+—— | L
+ A ; Vi 5 ; cos 5T exp e,
The force on each vertical face of the cubic sponge is given by
: TR 8 (2k — 1)® n%
F,(t)=F, |1+ exp | ———=— 1| | -
¥ ( M+/\;(2k—1)27r2 p( AC

11



It follows that

2+ A
F,(0) = F.
() w4 A

The force on each horizontal face is given by
A AUt 8 (2k —1)* 72t
Ft)y=——F |1+ — ) ——— -——F—- | ].
(%) w4 A ( +)\;(2k_1)27r2exl)( 4C

It follows that Fj(0) = F,(0).
Note that the plain strain problem is commonly described in terms of the set of equations
(1), (5) and (7-10) in the two-dimensional space.
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