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Summary

Gabor’s signal expansionrepresentsa signal as a seriesof shifted and modulated
versionsof a window. Gaborchosea Gaussianwindow, sinceit is optimal with
respectto localizationin thetime-frequency plane.TheGaborexpansioncoefficients
can be calculatedby taking inner productsof the signal with a dual window, and
canbe interpretedassamplesfrom thewindowed Fourier transformedsignalbased
on this dual window. As a consequence,if this dual window is well-localizedin
the time-frequency planeaswell, thenthe coefficientsof Gabor’s signalexpansion
exhibit thetime-frequency informationof thesignal.

Gaborconsideredtheseparable(rectangular)case,i.e., theGaborschemewhere
thesetof shiftedandmodulatedversionsof awindow correspondsto aseparablelat-
ticein thetime-frequency plane.In this thesis,it is shown thatin thesenseof stability
a non-separable(hexagonal)Gaborschemewith a Gaussianwindow is betterthana
separableone.Conceivably, othernon-separableGaborschemesthanthehexagonal
Gaborschemein connectionwith differenttypesof windows yield a higherstability
thanaseparableone.Multi-dimensionalnon-separableGaborschemesfor continous-
time anddiscrete-timesignalsis the topic of this thesis.Theone-dimensionalnon-
separableGaborschemeis treatedseparatelyfor illustrative purposes.

TheZaktransformationplaysacentralrole in this thesis.TheZaktransformation
hasprovedits valuein connectionwith theseparableGaborscheme.It canbeusedto
calculatethedualwindow for a givenwindow andto calculatetheGaborexpansion
coefficients, and to reconstructthe signal. In this thesisit is shown that the Zak
transformationcanalsobeusedin thecaseof non-separableGaborschemes.

Non-separablelatticescanbe obtained,for instance,via a scaledrotationoper-
ation or a shearoperationon a rectangularlattice. A scaledrotation in the time-
frequency planecanbeassociatedwith thefractionalFouriertransform,anda shear
canbe associatedwith multiplicationsby quadraticphaseterms. In this thesisit is
shown how theseoperationscanbeusedto re-usealgorithmsdesignedfor separable
Gaborschemesin thenon-separablecase.

TheseparableGaborschemecanbeimplementedin theform of a filter bank. It
is shown that thenon-separableGaborschemecanbeimplementedin theform of a
filter bank,aswell.
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Chapter 1

Intr oduction

In Section1.1, we introduceGabor’s signalexpansionfor continuous-timesignals
andfor discrete-timesignals.Gabor’s signalexpansionrepresentsasignalasaseries
of properlyshiftedandmodulatedversionsof a window. Gaborchosea Gaussian
window, sinceit is optimalwith respectto localizationin the time-frequency plane.
Themembersof a completesetof shiftedandmodulatedGaussiansarenotorthogo-
nal. As a consequence,theGaborexpansioncoefficientscannotbesimply obtained
by taking the inner productof the window with the signal. The Gaborexpansion
coefficientscanbecalculatedby takinginnerproductsof thesignalwith adualwin-
dow, andcanbeinterpretedassamplesfrom thewindowedFouriertransformbased
on thisdualwindow. As aconsequence,if thisdualwindow is alsowell-localizedin
thetime-frequency plane,thentheexpansioncoefficientsexhibit thetime-frequency
informationof thesignal. To have a dualwindow that is well-localizedin thetime-
frequency plane,weconsiderthecaseof oversampling.Dueto thisoversampling,the
setof shiftedandmodulatedwindowsis ‘overcomplete’,i.e., if amemberis excluded
theorthogonalcomplementremainszero.In addition,asmentioned,themembersof
a completesetof shiftedandmodulatedGaussiansarenot orthogonal.This makes
it moredifficult to calculatetheGaborexpansioncoefficients. Mathematically, this
problemcanbesolved by usingtheconceptof frame. Frametheoryalongwith the
conceptof Gaborframeis introducedin Section1.2 to dealwith thisproblem.

The Zak transformation,which plays a centralrole throughoutthis thesis,has
provedits valuein connectionwith Gabor’s signalexpansion.It providesanefficient
methodto calculatethedualwindow of a givenwindow andto calculatetheGabor
expansioncoefficients, and to reconstructthe signal. The Zak transformationfor
continuous-timesignalsis introducedin Section1.3 andfor discrete-timesignalsin
Section1.5.

The Gaborschemecan also be implementedin the form of a filter bank. In
Section1.6, we introducefilter banksin the context of Gabor’s signal expansion.
Thesefilter banksareuniform DFT filter banks,i.e.,filter bankswherethefilters are
modulatedversionsof aprototype,whichcanbeimplementedefficiently by usingthe
polyphaserepresentation.Thispolyphaserepresentationresultsin animplementation



2 Intr oduction

whereonly theimpulseresponsesof theprototypesandFFT’sareneeded.
Gaborconsideredtheseparable(rectangular)Gaborscheme,i.e.,thesetof shifted

andmodulatedversionsof thewindow correspondsto a separable(rectangular)lat-
tice. The topic of this thesisis the non-separableGaborscheme,i.e., the Gabor
schemewherethesetof shiftedandmodulatedversionsof a window correspondsto
a non-separablelattice. In Section1.7,we show thata non-separableGaborscheme
with a Gaussianwindow on a hexagonal(quincunx)lattice is betterin the senseof
stability than a separableone with the sameoversamplingrate. This observation
servesasamotivationto considermoregeneralnon-separablelattices.

Weendthischapterwith anoverview of thethesis.

1.1 Gabor’ssignal expansion

In 1946,Gaborproposedto expanda signal � asa seriesof properlyscaledshifted
andmodulatedversionsof anelementarysignal� (see[40] for Gabor’soriginalpaper,
and[37] for amoderntreatmentof Gaboranalysis).Thatis thesignal� is represented
as ��� ���	� �P� ��� �����5� � � � � � ������� � �	� � (1.1)

where � � � � � ���$� � �#� � �P� ���5 S¡¢� � (1.2)

andwith coefficients � � � properlychosen.Thetimeshift parameter¡ andfrequency
shift parameter� were supposedby Gaborto satisfy the relationship � ¡£�£¤ ¥ .
Gabor’s original choicefor � wasaGaussianelementarysignal�P� � ���$¤ ¦§ � �¨¥�� � © ¡¢� ��ª (1.3)

Gaborsuggestedthissignalexpansionto describethedegreesof freedomof asig-
nal,wherethechoiceof elementarysignals� � � is morerelatedto theactualbuilding
upof asignalthantheFourierexpansion.Eachexpansioncoefficient � � � represents
onecomplex degreeof freedom,where � � � correspondsto a frequency �#� present
at a time  S¡ (see[8,40]). This becomesclearif thewindowedFouriertransformof
theGaussianelementarysignal � is considered.ThewindowedFouriertransformor
shorttime Fouriertransform«�¬ is definedas� «�¬ �#� � �� ®	���°¯¡ ± ��P� �P� � � ²�³ � ���5�� � � � ®�� ´ � � (1.4)
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Figure 1.1: ThewindowedFourier transforms¼ ½¿¾ À Á	Â#¼ of the shiftedand

modulatedversions À Á	Â of theelementarysignal À correspond
to shiftedcircular contourlinesalonga rectangularlattice Ã¿ÄÅ¿Æ�Å

.

whereÇ is awindow function.By takingthewindow function Ç equalto theGaussian
elementarysignal À , the windowed Fourier transformationappliedto the signal À
takestheform È ½¿¾ À#É È Ê#Ë Ì É�Ä$Í Î�Ï�ÐÑ Ì�Ê Í ÎSÐÑ Ò&Ó È Ê�Ô Õ É Ñ�Ö È Ì	Ô × É Ñ Ø�Ù
So ¼ ½¿¾ À È Ê�Ô Õ¨Ë Ì	Ô × É ¼ hascircular contourlines in the time-frequency plane. As a
consequence,the windowed Fourier transformationwith window À appliedto À Á	Â
hasshiftedcircularcontourlinesalonga rectangularlattice Ã$Ä Å$Æ�Å

in thetime-
frequency planeÈ ½¿¾ À Á	Â É È Ê�Ë Ì É�Ä$Í Î	Ï Ú Ì�Õ È ½¿¾ À#É È Ê Î5Ú Õ�Ë Ì Î�Û × É Ë
which is illustrated in Fig. 1.1. Each À Á	Â occupiesa certainregion in the time-
frequency plane,andrepresentsaquantumof information(Gaborcalledthisalogon).
Gaborchosea Gaussianelementarysignal À , sincethis À is optimalwith respectto
localizationin the time-frequency plane.ThespreadÜÝ¾ , definedasthesquareroot
of thenormalizedsecond-ordermoment(see[69])

ÜÝ¾¢ÄßÞà À àâá�ã�äå ä�æ Ñ ¼ À
È
æ É ¼ Ñ ç æ

è Ð é Ñ Ë
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of aGaussianê andthespreadëÝì�í of its FouriertransformîÝê (aGaussian, aswell),
wheretheFouriertransformationis definedbyï î;ð�ñ ï ò ñ�óõôö ÷ ø�ù�úû ú ð ï ü ñ ý þ�ÿ ò�ü�� ü �
read ëÝíÝó���� ÷ ö ø and ëÝì�íÝó��	� ÷ ö ø , respectively. If a signalis largely concen-
tratedonthetimeinterval 
 ü 
���� � while its Fouriertransformis largelyconcentrated
onthefrequency interval 
 ò 
���� � , thenumberof complex degreesof freedomis less
thanor equalto thenumberof expansioncoefficients � ��� in thetime-frequency rect-
anglewith area � � , this numberbeingapproximatelyequalto the time-bandwidth
product

ï � � �¢ñ ï � � �¨ñ�ó � � � ÷ ø .
For accuratetime-frequency localization,onehasto chooseanelementarysignalê suchthat thespreadëÝí of this signalandthespreadëÝì í of its Fouriertransform

areassmallaspossible.However, theHeisenberg uncertaintyinequalitystatesthatit
is notpossibleto find arbitrarilywell-localizedê :ëÝí ëÝì�í������
TheshiftedandmodulatedGaussiansaretheonly functionsattainingequalityin the
above inequality.

In general,the membersof the set of shifted and modulatedversionsê ��� of
the elementarysignal ê are not orthogonal. Two well-known exceptionsare the
rectangular-shapedfunction, ê � ï ü ñ¢ó ô for þ � ��� ü�� � � and ê � ï ü ñ¨ó�� outside
that time interval, andthesinc-shapedfunction, ê � ï ü ñ¨ó � ! " ï ø ü � �¢ñ � ï ø ü � �¢ñ . How-
ever, althoughthespreadof therectangular-shaped functionis short,thespreadof its
Fourier transform(a sinc function) is infinite ( ëÝí # ëÝì�í #âó $ ). Theoppositeholds
for the sinc-function;the spreadof the sinc-functionis infinite in time, the spread
of its Fourier transform(a rectangular-shapedfunction) is short ( ëÝí % ëÝì�í %7ó&$ ).
Thus,both examplesleadto systemswith badlocalizationpropertiesin eithertime
or frequency. Notethat it is obviousthat ê � alsoleadsto a badlocalization,sinceê �
is proportionalto theFouriertransformof ê � .

TheGaussianattainsequalityin theHeisenberg uncertaintyinequality. However,
asstated,two elementsê ��� and ê ' ( from thesetof shiftedandmodulatedversions
of aGaussianelementarysignal ê arenotorthogonal:) ê ��� � ê ' ( * ó+� ï þ ô ñ , ' û ��- , ( û � - ý þ � ø/. ï 0 þ21 ñ �43 ï 5 þ76 ñ � 8 �
As a consequence,the arrayof Gaborcoefficients � ��� cannotbe calculatedin the
usualway, i.e., � ��� 9ó ) ð � ê ��� * in general. Gabor’s paperincludesan iterative
methodto approximatethearrayof Gaborcoefficients � ��� . However, quiterecently,
in [41], it wasshown that the convergenceof the suggestedalgorithmdependson



1.1Gabor’s signalexpansion 5

theelementarysignal : chosen.AlthoughGaborgave analgorithmto approximate
thearrayof Gaborcoefficients ; <�= , no specificpracticalusewasmadeof theGabor
expansiondueto thedifficulty of its calculation.TheGaborexpansionlost theinter-
estof the researchers,until in 1980,Bastiaans[5–7] andlateron Janssen(see[47])
publishedananalyticalmethodto computetheGaborexpansioncoefficients ; <�= . A
setof shiftedandmodulatedversions>�<�= [similar to : <�= , asdefinedin Eq. (1.2)]
of adualelementarysignal> wasintroduced,nowadayscalled‘Bastiaans’function’,
satisfyingthebi-orthonormalcondition? > @ A B : <�= C4DFE�G HJI7KML E�G N�I7O�L B
where E�G O�L is a Kronecker delta,with E�G P L	DRQ and E�G O�L�D�P for OFSD�P . With this
dual elementarysignal > , the Gaborcoefficientscanbe calculatedby taking inner
products

; <�=�D ? T B > <�= C/D UWVX V T�Y Z [ >]\ Y Z I2KM^ [ _ I/` O�a Z�b Z c
This transformis known asthe Gabortransform. From this expression,it follows
thattheGaborcoefficientscanbeinterpretedassamplesfrom thewindowedFourier
transformwith window > [cf. Eq. (1.4)]; <�=�D+^ Y dfe T/[ Y KM^�B O�a [ c
As a consequence,if thedualelementarysignal > is well-localizedbothin time and
frequency, thearrayof Gaborcoefficients ; <�= containstime-frequency information
of thesignal

T
. In Fig. 1.2,thedualelementarysignal > is depictedfor thecaseof a

Gaussianelementarysignal : . This dualelementarysignal > is bounded,but is not
in g/h Y i�[ aswaspointedout by Janssen(see[49]). Furthermore,it hasa poor time-
frequency localization,andeven worse,thereis no numericallystablealgorithmto
reconstructthesignal

T
. In fact,in generalit is notpossibleto haveadualelementary

signal > with a goodtime-frequency localization.This statementis madepreciseby
theBalian-Low theorem(see[4,63]). This theoremwasoriginally statedby Balian
in 1981and,independently, by Low in 1985. TheBalian-Low theoremholdsfor a
Gaborschemej : <�=�k K7B O�l�m�n that forms an orthonormalbasisfor g/h Y i�[ . The
extensionof the Balian-Low theoremto boundedunconditionalbaseswasaccom-
plishedby DaubechiesandJanssenin 1993(see[27]).

In the above discussionwe consideredthe caseof critical sampling. We have
seenthat in this case,thereare no elementarysignals : which are well-localized
in both time andfrequency aswell asthe correspondingdual elementarysignal > .
Oversampling,i.e., a�^po&q r , is onepossibleway to remedythis situation. The
setof shiftedandmodulatedwindows : <�= now correspondsto a denserrectangular
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Figure 1.2: Thecorrespondingdual elementarysignal s of a Gaussianele-
mentarysignal t in thecaseof critical sampling.

latticein thetime-frequency space:t u�v�w x y/zF{ | }�~ x t]w x4�7�M��y �
with ~ ����� � [cf. Eq. (1.2)]. We shall assumethroughoutthe thesisthat due
to the oversamplingthe set is overcomplete,which implies that Gabor’s expansion
coefficients � u�v becomenon-uniqueandcanno longerbe identifiedasdegreesof
freedom.We areawareof the fact that this assumptionis not trivial. Evenfor sim-
ple windows t suchasGaussians, one-sidedandtwo-sidedexponentials,hyperbolic
secants,characteristicfunctionsof an interval, this problemis quite hard to solve
(see[23,24,52,54,56]). However, it canbe proved (see[23,52,78]) that for un-
dersampling,i.e., ~ ����� � , thereare no elementarysignals t suchthat the set� t u�v�� �7� }+����� is completein �/� w ��y . In Fig. 1.3, somedual elementarysignalss of a Gaussianelementarysignal t for differentoversamplingrates� ��� ~ � arede-
pictedto illustratetheeffect of oversampling.In practice,theoversamplingratehas
to be kept as low aspossibleto avoid many calculationsandmemorystorage.An
oversamplingratebetweenoneandtwo is usedoften(see[37]).

In thediscussionabove we usedaGaussianelementarysignal t . However, other
choicesfor t in thecaseof oversamplingarepossible,yielding overcompletesetsof
shiftedandmodulatedwindows.

In this thesisweusethefollowing notationfor theshiftedandmodulatedelemen-
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Figure 1.3: Somedualelementarysignals� correspondingto aGaussianel-
ementarysignal � for differentoversamplingrates� ��� ��� . The
solid lines correspondto the dual elementarysignal � and the
dottedline correspondto thescaledGaussianelementarysignal� . (a) � ��� ���p�&��� � where �p� � ��� � (b) � �¡� ���p�p¢ � �
where �£� � ��� ¢ (c) � ��� ���£��� where �£� � ¤ � � (d)� �¡� �����+� where �F� � ¤ � � .

tarysignals� ¥�¦ � ¥�¦ �F§ ¨ ©�ª ��« �]¬ «42®J¯���° ± (1.5)

wherē ªW² ¤ and�����F� � . Theoversamplingrateis givenby � �¡� ¯ ª ����� ¤ � ¯ ª .
The useof parameters̄ and ª while keeping���R��� � stemsfrom the following
observation.TheFouriertransform³�� of theGaussian(1.3) reads¬ ³���° ¬ ´�°/�F��µ ¶ ·]¸ � �� § 	�4¬ ´�� �	° ¹ ±
i.e., � is relatedto thespreadof ³�� similarly as � for � . Putdifferently, � and �
canbeseenastheunitsof theGaussianelementarysignalthat is usedin theGabor
scheme. The variable ¯ is the time-shift parameter, and ª is the frequency-shift
parameter. Note that the useof � and � makes only sensein connectionwith a
Gaussianelementarysignal. Becauseof the importanceof the Gaussianfor Gabor
schemes,we will usethis notation(1.5) for the shiftedandmodulatedelementary
signals� ¥�¦ .
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In modernliterature,theelementarysignal º is calledthewindow º andthedual
elementarysignal » is calledthe dual window » . In the sequel,we will adoptthis
conventiontoo.

1.2 Gabor frames

As mentionedin the previous section,for a generalwindow º the membersof a
completeset ¼ º ½�¾�¿ À7Á Â�Ã�Ä	Å in Æ/Ç È É�Ê of shiftedandmodulatedversionsof the
window º , i.e., a set ¼ º ½�¾ ¿ À7Á Â7ÃWÄ�Å whosespanis densein Æ/Ç È É�Ê , arein general
notorthogonal.If theset ¼ º ½�¾�¿ À7Á ÂMÃJÄ	Å is anorthonormalbasisin Æ/Ç È É�Ê , thenwe
have therepresentation ËWÌÎÍÏ½�Ð�Ñ Í

ÍÏ¾ Ð¡Ñ ÍÓÒ
Ë
Á º ½�¾ Ô º ½�¾ Á

In generalthis is not the case.Due to the oversampling,the set is ‘overcomplete’,
i.e., if a memberis excludedtheorthogonalcomplementremainszero. So now the
following questionsarise: a) if the set is not orthogonalhow can we computean
admissiblefamily of coefficients Õ ½�¾ for a Gaborexpansion(1.1) of

Ë
, andb) how

canthisbedonein anumericallystableway. Mathematically, thesequestionscanbe
tackledby usingtheconceptof frame.Theconceptof framewasoriginally developed
in 1952by Duffin andSchaeffer (see[29]), but becamepopularin signalanalysis
after publicationsof [25] in 1986 and [23] in 1990 by Daubechieset al. In this
section,we introduceframe theory along with the conceptof Gaborframes. For
moremathematicaldetailsaboutframeswe referto [14,24,37,88].

For convenience,we introducethetime translationoperatorÖ�× andthemodula-
tion operatorØRÙ definedasÈ Ö�×

Ë
Ê È Ú Ê
ÌFË
È Ú4ÛWÜÝÊ and È ØRÙ

Ë
Ê È Ú Ê
ÌFÞ ß à Ú Ë È Ú Ê Á

respectively. Wewill usethesamenotationfor themodulationoperatorØ�Ù andthe
time translationoperatorÖ�× for thediscrete-timesetting.

The collection ¼ º ½�¾�¿ À7Á Â�Ã�Ä	Å in Æ/Ç È É�Ê is called a Gaborframe (or Weyl-
Heisenberg frame),if thereare á â+ã�ä+å suchthatfor all

Ë
ÃJÆ/Ç È É�Ê thesequenceÈ Ò

Ë
Á º ½�¾ Ô Ê ½�æ ¾ ç è belongsto é Ç È Ä Ç Ê with

ãÓê
Ë
ê Ç�ë

ÍÏ½�Ð¡Ñ Í
ÍÏ¾ Ð¡Ñ Í ¿ Ò

Ë
Á º ½�¾ Ô ¿ Ç�ë áJê

Ë
ê Ç ì

The largest ã andthe smallestá arecalledthe framebounds.We shall assumeº
to be normalizedsuchthat ã�í�á

Ì�î
, and so, á

Ì�î
ÛFã and åFï&ã ëñðÇ .
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Let ò ó ô�õ�ö ÷7ø ùWúfû�ü denotethestandardorthonormalbasisin ý þ ÿ û þ � . Thenfor all� úMý þ ÿ û þ �
������ô��
	 � ��õ ��	 � � � ø ó ô�õ  ó ô�õ��

Sincethesequenceÿ � � ø � ô�õ  � ô�� õ � � belongsto ý þ ÿ û þ � , we canintroducethe frame
generator(analysismapping)��� �/þ ÿ � ��� ý þ ÿ û þ �

� � ����ô���	 � ��õ �
	 � � � ø � ô�õ  ó ô�õ ø � ú��/þ ÿ � � �
Its Hilbert adjoint ��� (synthesismapping)is givenby

� � ������ô���	 � ��õ �
	 � � � ø ó ô�õ  � ô�õ�ø � úMý þ ÿ û þ � �
Weseethat �! �  þ#"  � �  þ � � $�� ø �  "&%  �  þ ø
where

$ � � � �'� �/þ ÿ � ��� �/þ ÿ � � is theframeoperator:

$�� � ��ô��
	 � ��õ ��	 � � � ø � ô�õ  � ô�õ��
So
$

is invertible andself-adjoint. Boundednessbelow of � implies that for
� ú�/þ ÿ � � significantlynot equalto 0, i.e.,

 �  (*)
, the sequence� � is significantly

not equalto the null sequencein ý þ ÿ û þ � . Boundednessof � implies that a small
perturbation+ � of asignal

�
resultsin asmallperturbation��ÿ + � � . A frameis said

to bea tight frameif thelower bound

�
is equalto theupperbound % , i.e.,

� � % .
Framesthatarealmosttight, i.e.,

%!, �
closeto one,arecalledsnugframes.

It is notdifficult to show that
$

commuteswith -/. 0 and 1*2 3 :
-/. 0 $ � $ -/. 0 and 1 2 3 $ � $ 1 2 3 �

From this it follows that
$ 	54 alsocommuteswith the time shift operator-/. 0 and

frequency shift operator1*2 3 . Define 6 � $ 	54 � . Then$ 	54 � ô�õ � $ 	54 1 õ2 3 - ô. 0 � � 1 õ2 3 - ô. 0 $ 	54 � � 1 õ2 3 - ô. 0 6 � 6 ô�õ �
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This means,the elementsof the dual frame 7 8�9�:/; <>= ?'@BA�C arealsoshiftedand
modulatedversionsof a window, in this casethedualwindow 8 . Theframebounds
for thedualframeare D!E�F and G#E5F . Now we have for all HI@�JLK M N�O

HIP&Q E5F Q�H>PBR Q E5F S�T U S HIP�VW9�X E V
VW: X E V
Y HL= Z 9�: [ 8�9�:�\

Sincethecoefficients
Y HL= Z 9�: [ aresquaresummabletheframeconditionsimply that

the doublesum is unconditionallyconvergent, i.e., independentlyof the order of
summation.Moreover, sinceZ 9�: and 8 9�: aredualwe alsohave

HIP�VW9�X E V
VW: X E V
Y HL= 8�9�: [ Z 9�:�=

i.e., therolesof Z 9�: and 8 9�: areinterchangeable.
With theframeoperatorQ , we now know how to obtainthedualwindow 8 ; the

dual window 8 is obtainedby calculating Q E�F Z . The problemis that the inverse
frameoperatorQ often cannotbe determinedeasily. However, if the framebounds
areknown (or areapproximatedwell) theinverseframeoperatorcanbeapproximated
by aNeumannseries(see[23])

Q E�F P�]&VW^ X�_ M `>aI] Q�O ^ =
wherè is theidentityoperator. And thus

8�P&Q E�F Z!P�]&VW^ X5_ M `>aI] Q�O ^ Zb\
ThecloserD!c G to 1, thefastertheconvergence.This follows from thefactthat

GL`&deQ&d&D�`�=
wherethe inequality f F dgf#K , with f F and f#K self-adjointoperatorsin JLK M N�O ,
denotes

Y HL= f F Hh[�d Y H�= f#K HL[ for all He@�JLK M N�O . And so

aiM Dja>G#O `&djM `Ia>] Q�OLdjM Dja>G#O `�\
SinceDBPjk�a>G and lim&Gjd FK , wefind thatn `Ia>] Q n Ppo q�rs�t u�v w x/yz { z |�} n M `Ia>] Q�O H n m'k \
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Consequently, theNeumannseriesalwaysconverges. In general,the framebounds
cannotbecalculatedexactlyexceptfor somewindows like theGaussianandtheone-
anddouble-sidedexponentialin the caseof integer oversampling(see[23,54]). A
bad approximationof the frame boundsor a large ratio ~!� � leadsto a poor rate
of convergenceof the Neumannseries. A methodto calculatethe dual window �
withoutknowing theframeboundsexactly (of coursetheset � � ���/� �>� ������� should
bea frame)is themethodthatusestheZak transformation.TheZak transformation
is thesubjectof thenext section.

1.3 Zak transform

In 1967, Zak introduced(see[89]) a transformationin the setting of solid-state
physics.This transformation,called �/� -representationby Zak,hasbeenpopularized
in the field of signalanalysisby Janssen(see[50]) andbecameknown asthe Zak
transformation.In literatureit is alsoknown asWeil-Brezintransformor asGel’fand
mapping.TheZak transformplaysan importantrole in the theoryof Gaborexpan-
sions. It hasbeenshown (see[10,53,91]) that the Zak transformleadsto efficient
algorithmsto calculatethedualwindow andtheGaborexpansioncoefficients,andto
reconstructthesignal.

TheZak transform � ���L�5� � � ��� �b� of asignal � is definedby

� ���L�5� � � ��� �b�L�������
� �
��� �
�I���b� � ��� ���L�
  (1.6)

We seethat theZak transform � �i�h��� � � ��� �b� is periodicin thefrequency variable �
with period ¡ ¢
� � andquasi-periodicin thetimevariable� with quasi-period� :

� �i�h��� � � �£�I¡ ¢�� �5� �b�L�B� ���L�5� � � ��� �b�
and

� ���L�5� �
�I�/� ��� �b�h�B� ���L�5� � � ��� �b� � � �L�h 
So theZak transformof � is determinedby its valuesin the fundamentalrectangle¤¦¥

¤¦¥i§ � �¦¨© ��ªe��« ¨© �/� � ¢
� ��ªe�&«&¢�� �b�  
A � canberecoveredfrom its Zak transformaccordingto

��� � �L����� � ¬��>���b�h� �¡ ¢  © ® ¯ ¥ � ���L�5� � ¬ � ��� �b� � � ���L�#° ��� (1.7)
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where ±�²³ ´£µ&¶ ·�µ ²³ ´ and ¸ is aninteger. Notethat ¹ ´bº » ¼�½ is unitary. Thuswe
have ¾ ¿

² À
¿ ³ ÁhÂ ´» ¼

¾
½
¿
² À ½
¿ ³ Á À

or in anexplicit formÃIÄ
Å Ä
¿
² Æ ¶ Ç
¿hÈ³ Æ ¶ Ç�É ¶ Â ´» ¼ ÃhÃÊLË Æ ½

¿
² Ç Æ ¶ À Ì�Í ´bÇ Æ ½

¿ ³ Ç
È
Æ ¶ À Ì�Í ´bÇ�É ¶/É Ì�Î

In particularwe have Parseval’s energy theoremÏ ¿ Ï ³ Â ´» ¼ Ï ½
¿ Ï ³ Î

The Zak transformationapplied to Ð Ñ�Ò in the caseof critical sampling[see
Eq.(1.2)] with ´ Â&Ó yields

Æ ½ Ð Ñ�Ò Ç Æ ¶ À Ì�Í Ó Ç Â&Ô ±�Õ » ¼ Æ ¸ Ì Ó ±IÖ ¶ ×�Ç Æ ½ Ð Ç Æ ¶ À Ì�Í Ó Ç Î (1.8)

Using this expressionit is not difficult to show that in the caseof critical sampling
we have

½#Ø�½
È Ù Â&ÓiÚ ½ Ð Ú ³

Ù
with

Ù�Û�Ü ³ Æ Ý¦Þ Ç Î
Thus the Zak-transformedframe operatoris in essencea multiplication by Ú ½ Ð Ú ³ .
Now we find with

Ù Â ¹ ´bº » ¼�½
¿

¾
Ø
¿
À
¿ ÁLÂ ¾ ½�Ø�½

È Ù
À
Ù ÁLÂ Ó ×

¾ Ú ½ Ð Ú ³ ½
¿
À ½
¿ Á Î

Fromthis it follows thatß Â&à á áhâ ã/äiÓiÚ ½ Ð Ú ³ and å Â&à á áLá æ/çeÓiÚ ½ Ð Ú ³ Î
Thus,if theZak transformedwindow Ð hasa zeroin thefundamentalrectangleÝ¦è ,
then

ß Â�é andtheset ê Ð Ñ�Ò Ú ¸ À Ö
Û�ë�ì

is notaframe.By taking

Ù Â ½�Ø Å ² Ð Â ½#í ,
we find therelationshipbetweentheZak transformedwindows Ð and í

½ Ð Â&ÓiÚ ½ Ð Ú ³ ½�í À
or

½�í ÂïîÓ Æ ½ Ð Ç
È
Î
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ProblemsarisewhentheZaktransformð ñ�ò/ó hasazeroin thefundamentalrectangleô¦õ
. In particular, the Zak transformof a Gaussian(seeEq. 1.3) hasa zero in the

fundamentalrectangle
ô¦õ

. As aconsequence,Gabor’s signalexpansion(1.1)with a
Gaussianwindow ò doesnot converge in a weak öL÷ ð ø�ó sense(see[27,49]); theset
of shiftedandmodulatedGaussiansù ò ú�û/ü ý>þ ÿ������ doesnot constitutea frame.

By usingtheZak transformation(1.6)andEq. (1.8), theZak transformedGabor
expansion(1.1) takestheform

ð ñ��Ló5ð � 	�þ 
��� 	#ó��Bð ñ#ò/ó�ð � 	�þ 
��� 	#ó ��ú���� � ��û ��� ��� ú�û � ��� � � ð ý�
 � ÿ�� ó þ
wherethevariables� and 
 rangethroughan interval of length1. Hence,thearrayù � ú�û � of Gaborcoefficientscanbecalculated,at leastformally, by usingtheFourier
transform � ú�û �! #"$  #"$ ð ñ��Ló�ð � 	�þ 
��� 	#óð ñ�ò/ó5ð � 	�þ 
��� 	#ó � � � � ð ý�
 � ÿ�� ó&% � % 
�þ
i.e., � ú�û aretheFouriercoefficientsof theperiodicfunction ñ���' ñ�ò . Again, prob-
lems arisewhen the Zak transform ( ' ñ�ò hasa non-removable singularity in the
fundamentalrectangle

ô!õ
. In general,it will bethecasethat��ú���� � ��û ��� � ü � ú�û ü ÷ �!)&þ

even when � and ò are well-behaved, rapidly decaying,and finite-energy signals
(see[50]).

In orderto have frames,we have to oversampletheGaborscheme,i.e., we con-
sidersetsof shiftedandmodulatedwindows ò ú�û correspondingto denserrectangular
latticesin thetime-frequency spaceò ú�û/ð � ó��*� � ÿ�+���� ò5ð � � ý�,�	#ó þ
where ,�+.-/( and ��	0� � � . In 1988,DaubechiesandGrossmannconjectured
in [26] that the set ù ò ú�û/ü ý>þ ÿ1�2��� is a framewhen ò is the Gaussian(1.3) and,�+234( . In 1992,this wasproved by Lyubarskii [64] and,independently, by Seip
andWallst́en(see[79]) usingadvancedmethodsfrom entirefunctiontheory. In 1994,
Janssen[52] presentedanew andshortproofbasedontheWexler-Razcondition[85],
andmoreover, hegave ashortproof for thefactthataset ù ò ú�û/ü ý>þ ÿ����5� cannotbe
a framewhen ,�+#62( for any ò��>öL÷ ð ø�ó . In additionto this,when ,�+732( , theset
of shiftedandmodulatedGaussiansmultiplied by aquadraticphase

ò5ð � ó�� � "8 � � 9 � ÷ � �5� ð � ' 	#ó ÷ þ
where 9 is a realnumber, constitutesa frameaswell.1 Thelatter resultis important

1Communicatedby A.J.E.M.Janssen.
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if we considerGaborschemeson non-separablelattices(seeSection2.4).

In thecaseof oversampling,theZak transformationcanalsobeusedto calculate
thedualwindow andtheGaborcoefficients,andto reconstructthesignal.However,
themethodwith theZak transformationis restrictedto thecaseof rationaloversam-
pling, i.e., thecasethat :�;7<2= > ?A@CB with ? and = positive integersandrelatively
prime. For moredetailsaboutthe relationshipbetweenthe Gaborschemeandthe
Zak transformationin thecaseof rationaloversamplingwe refer to [10,53,91] and
Chapter1 in [37].

1.4 DiscreteGabor scheme

Until now, we have only consideredcontinuous-timesignals. Ultimately, the aim
of this thesisis to implementGaborschemesfor discrete-timesignalsasa software
package.ThismeansthatweneedaGaborschemefor discrete-timesignals.In 1985,
Bastiaansintroduced(see[9]) theGaborschemefor discrete-timesignalsin thecase
of critical sampling.TheGabortransformwasa resultof samplingthediscretewin-
dowedFouriertransform(see[75]). Thereconstructionof thesignal,theGaborex-
pansion,followeddirectly from thecontinuous-timecase.Thecaseof oversampling
wasintroducedin 1990by Wexler andRaz(see[85]), whichwasbasedon sampling
continuous-timeperiodic signals. This yielded an oversampledGaborschemefor
periodic signals. Orr (see[67]) derived the finite discreteGaborschemeby peri-
odizationandsamplingof time-continuoussignalsin the caseof critical sampling.
In 1994,Janssenshowed (see[51,55]) underwhich conditionsa Weyl-Heisenberg
(Gabor) frame for finite energy discrete-timesignalsor for discrete-timeperiodic
signalsis generatedby samplinga Weyl-Heisenberg framefor D�E F G�H . In this sec-
tion we introducethe Gaborschemefor finite energy discrete-timesignalsandfor
periodicdiscrete-timesignals.

TheGaborexpansionrepresentsasignalasaseriesof properlyshiftedandmod-
ulatedversionsof a window. In the discrete-timesettingthesewindows aregiven
as I J�KML NPO <*Q R S TPU

N > V IPL N�WAX�Y�O Z (1.9)

where

Y
and V arepositive integersandwherewe usedthe squarebrackets [] to

denotediscrete-timesignals[cf. Eq. (1.5)on page7 with :�[ and ;�\ corresponding
to

Y
and S T > V , respectively]. Notethat

I J�K
is periodicin thevariableU with periodV . Similar to the continuous-timecase,the elementsof the dual frame ] ^ J�K _ are

theshiftedandmodulatedversionsof thedualwindow ^ [seeEq. (1.9)]. TheGabor
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expansionfor adiscrete-timesignal ` now hastheform`badcef�g�h c
ei g�j k�l m f i n f i `bo�p q r s5t u (1.10)

wheretheexpressionv�axw yAz denotesa finite interval of y successive integers v ,
andwherethearray { m f i | of Gaborcoefficientsis obtainedby theGabortransformm f i a1w `�u } f i z ~ (1.11)

Notethatdueto theperiodicityof } f i in the v -direction,thearray { m f i | is periodic
in the v -directionwith period y aswell. Therateof oversamplingis equalto y�� � .
We will usetheGaborexpansion(1.10)andtheGabortransform(1.11)for signals
with infinite supportin connectionwith filter banks(seeSections1.6and4.3).

In thediscussionabove, thesignalscanhave an infinite support.In practicewe
canonly dealwith finite lengthsignals,i.e., if thesignalhasan infinite supportor a
very long support,we have to split thesignalin partsof finite length. Furthermore,
if we want to usefastalgorithmslike the FFT to calculatethe array { m f i | andto
reconstructthe signal ` , we have to periodizethe Gabortransformandthe Gabor
expansiondueto the periodicity propertyof the discreteFourier transform. In this
thesiswe will mainly focusour attentionon periodicGaborschemesfor discrete-
time signals. Now considerthe Gabortransform(1.11)andassumethat the signal` andthedualwindow } have a finite length ��� and ��� , respectively. Underthese
conditionsof finite support,thearray { m f i | hasa finite supportof length � in the� -variable,wherethesupportof length � satisfiesthecondition�1�0�7�����b���5�*� ~ (1.12)

Now we periodizethesignal ` andthedualwindow } with period �1� . We shall
write a capitalletterto indicatethatwe dealwith theperiodizedversion.We denote
thespaceof �1� -periodicsignalsby ����� with innerproductw ��� u ��q z�a e� g�j ��� l ��� � p � ���q � p � u���� u ��q�o�������~
The periodizedversion � of the signal ` andthe periodizedversion � of the dual
window } aredefinedby��� ���Pa�ce� g�h c `�� ���b� �1��� and ��� �P�Pa�ce� g�h c }�� ���b� �1��� urespectively. Theshiftedandmodulatedperiodicwindows � f i definedby� f i � ���Pa*� � � � v���� y ��� ��� � ���
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are,dueto theexponential,only periodicwith period  1¡ , i.e.,¢P£�¤M¥ ¦�§  1¡�¨P© ¢P£�¤M¥ ¦ ¨ ª
if andonly if « is adivisorof  1¡ . Weshallassumethat « is adivisorof  1¡ . For
convenience,we write ¡/©1¬  and «®©7¯P with b©!°�± ²�³ «�ª ¡�´ . Now it follows
that  µ©b¯&¶ , where¶ isapositiveintegersuchthatcondition(1.12)is fulfilled. Sub-
stitutingtheperiodizedversions· and

¢P£�¤
into theGabortransform(1.11)yieldsa

periodicarray ¸ ¹ £�¤ º whichis periodicin the » -variablewith period   andperiodic
in the ¼ -variablewith period « , i.e., theperiodicGabortransform¹ £�¤ ©2½ ·5ª ¢ £�¤ ¾ ¿
The array ¸ À £�¤ º of Gaborcoefficients of the finite signal Á then follows as one
periodof theperiodicarray ¹ £�¤ . Theperiodicsignal · canbereconstructedusing
theperiodizedGaborexpansionas· ¥ ¦ ¨P©ÃÂ¤ Ä�Å Æ�Ç Â£�Ä�Å È�Ç ¹ £�¤ É5£�¤ ¥ ¦ ¨ ¿
On theotherhand,· is theperiodizedversionof thesignal Á· ¥ ¦ ¨P©�ÊÂË Ä�Ì Ê Á ¥ ¦�§bÍ  1¡�¨P©�ÊÂË Ä�Ì Ê ÊÂ£�Ä�Ì Ê Â¤ Ä�Å Æ�Ç À £�¤ Î £�¤�¥ ¦�§bÍ  1¡�¨ ¿
Now wehaveaperiodizedGabortransformandaperiodizedGaborexpansion,which
canbe implementedvery efficiently by usingthediscreteFourier transformandthe
discreteZak transformationfor periodic signals. The discreteZak transformation
will bethesubjectof thenext section.For othermethodsto implementthefinite and
discreteGaborschemewereferto [72–74,87] andto Chapter8 in [37].

As mentionedbefore,if thesignal Á hasan infinite supportor a very long sup-
port, we canapplyanoverlap-addtechniqueby dissectingthesignal Á andtreating
the partsseparately. The procedureis asfollows. The signal Á is representedasa
sequenceof partialsignalsÁ�Ï of length ¡�ÐÁA©ÑÊÂÏ Ä�Ì Ê Á�Ï ª with Á�Ï�©*Ò�Ó Ì�ÔÂ Ë ÄPÕ Á ¥ Ö ¡�Ð §AÍ ¨ × Ï Ò�Ó Ø Ë ª (1.13)

where ¸ × Ë Ù Í�ÚAÛ º denotesthestandardbasisof Ü Ý ³ Û ´ . Uponsubstitutingtheexpan-
sion(1.13)into theGabortransform(1.11)we getÀ £�¤ ©1½ Á�ª Þ £�¤ ¾ ©2½CÊÂÏ Ä�Ì Ê Á�Ï ª Þ £�¤ ¾ ©ÑÊÂÏ Ä�Ì Ê ½ Á�Ï ª Þ £�¤ ¾ ©ÑÊÂÏ Ä�Ì Ê À�Ï ß £�¤ ª (1.14)
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whereeachpartialGabortransformà�á â ã�ä�å2æ ç�á è é�ã�ä ê
canbecalculatedby periodizingthesignalsandusingalgorithmsfor periodicsignals.
Notethat thesignalsareperiodizedwith period ë1ì®í*ì�î , i.e., thereis anoverlap
betweenadjacentpartialarrays

à�á â ã�ä
in the ï -variable.Thisoverlaphasto betaken

into accountto calculatethearray

à ã�ä
in Eq. (1.14)correctly.

1.5 DiscreteZak transform

In 1991,thediscreteZak transformation(DZT) for periodicsignalswasintroduced
by Auslanderet al. (see[3]). The DZT allows efficient, FFT-basedalgorithmsto
calculatethe (periodic) dual window and the array of Gaborcoefficients, and to
reconstructthe (periodic) signal (see[3, 10,13,51,68,90,91]). In contrastto the
continuous-timecase,the discrete-timecaseis simpler. Although the discreteZak
transformationcanalsobe definedfor ð ñ ò ó5ô (see[44]), we will restrictour discus-
sionto theZak transformationfor periodicsignalswith a fixedperiod.A systematic
studyof thediscreteZak transformin thecontext of signalanalysisasananalysisor
descriptiontool canbefoundin [15].

TheDZT for periodicsignalswith period ë1ì (associatedto this factorization)
is definedasò õ�ö�ôP÷ ø è ð ù ì è ë!ú åüûã�ý�þ ÿ�� ö�÷ ø��Aï�ì�ú � � � � � ï�ð 	 ë è ö�
� ÿ ��� (1.15)

TheDZT mapsaperiodicsignal ö with period ë1ì to a function ò õ�ö�ô�÷ ø è ð ù ì è ë!ú
of two discretevariablesø and ð definedon thefundamentalrectangle� ��� ÿ� ��� ÿ.å�� ø è ð � ���#ø��7ì ��� è ���#ï��7ë ��� è ø è ð�
�ó � �
We seethat that the Zak transform ò õ�ö�ôP÷ ø è ð ù ì è ë!ú is periodic in the frequency
variableð with period ë andquasi-periodicin thetime variableø with quasi-periodì : ò õ�ö�ôP÷ ø è ð��#ëCù ì è ë!ú å ò õ�ö�ôP÷ ø è ð ù ì è ë!ú
and ò õ�ö�ôP÷ ø��#ì è ð ù ì è ë!ú å ò õ�ö�ôP÷ ø è ð ù ì è ë!ú � � � � ð 	 ë �
A ö canberecoveredfrom its Zak transformaccordingtoö�÷ øPú å ö�÷ ø"!#�Aï�ì�ú å �ë û$ ý�þ ÿ%� ò õ�ö�ôP÷ ø"! è ð ù ì è ë!ú � � � � ï�ð 	 ë è
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where&('*)�+-, , , .0/�1 and 2 integer. ThediscreteZak transformcanbecalculated
by using . FFT’sof length 3 .

SincetherelationshipbetweentheZak transformationandtheGaborschemein
thediscrete-timecaselooksverysimilarto thecontinuous-timecase(seeSection1.3)
weonly givetheresults.TherelationshipbetweentheZaktransformedwindows 4%5
and 4�6 is givenby.87 4�5:9"; &�< = > .?< 3�@#7 4:6�9 A�; &�< = > .?< 3�@")B1 ,
TheZak transformedperiodizedGaborexpansionis givenby7 4�CD9(; &�< = > .?< 3�@")E7 4�5:9"; &�< = > .?< 3�@8FG-HJI K%L FM H(I N-L O G M P /-Q R S�7 2= T 3U/�V#&�T .W9 ,
Theperiodizedarray X O G M Y canbecalculated,at leastformally, by usingtheFourier
transform

O G M ) 13B. FZ HJI [-L F\ H(I K�L 7 4�CD9"; &�< = > .?< 3�@7 4%5:9"; &�< = > .?< 3�@ P Q R S�7 2= T 3U/]V#&JT .�9 ,
Again problemsarisewhentheZak transformedwindow 5 haszerosin the funda-
mentalrectanglê [�_ K .

For moredetailsaboutthe relationshipbetweentheZak transformationandthe
Gaborschemein thecaseof oversamplingwe referto [3,10,13,51,68,90,91].

1.6 Filter banks

TheGaborschemefor signalswith infinite support[seeEqs.(1.10)and(1.11)] can
be implementedby usingfilter banks. In this section,we introducethe conceptof
filter bankspecializedto Gaborschemes.For generalitiesaboutfilter banks,werefer
to [20,83], while [16,21,22] startsfrom amoreframetheoreticalapproach.

For conveniencewerecallournotationfor themodulationoperator̀ba7 `0a"c(9 ; &(@*) P Q R S*&(d c�; &"@ <Ud�efD<
thetime translationoperatorg#h7 g#h cJ9 ; &"@")�c�; &/]i#@ <jie?k <
andtheconvolution operatorlnm for discrete-timesignalslnm o)qpFM H(r p

s pF\ H(r pWt ; V�/�= @ o�; = @ u P M ) t%v o t e= w 7 kD9 <
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where x y zn{ |W}�~ � is thestandardorthonormalbasisin � � � ~D� . Theconvolution �n� �
canbe interpretedasa filtered versionof the signal � , usinga filter with impulse
response� . As mentionedin Section1.2,we usethesamenotationfor thediscrete
modulationoperator�b� and the discretetime translationoperator�#� , similar to
the continuous-timecase. Furthermore,for a betterunderstandingwe usethe � -
transformation.The � -transformationis definedby� �(�(� � �#���q��z �(� � ��� |#� � �"z �W}� � � ~D� � �:}?�-�
where� denotestheunit circle in thecomplex plane�]�E� �%}?���� { �*{#�B� � �
An importantpropertyof the � -transformationis thatit transformsaconvolution into
aproductform �(� � �?�E� �J�"� � �(�(� � (1.16)

Furthermore,the � -transformof a modulatedanda time translatedsequence� are
givenby� �J�0�*�(� � �#���E� �(�(��� y �-�   ¡"¢ � £ and � �J�#� �(� � �#����� �n� � �(�(� � �#� � (1.17)

respectively.
To make the connectionbetweenfilter banksand the Gaborscheme,we first

considerthe windowed Fourier transform¤�¥ for discrete-timesignals ¦ , which is
definedby � ¤�¥ ¦�� � §�� ¢ �(�¨��© �J� � ¦-� � � ª"« � � � §� y �-�   ¡"¢ � � (1.18)

whereª is a window function. Notethat � ¤�¥ ¦�� � §�� ¢ � is periodicin thecontinuous
variable ¢ with period � . The windowed Fourier transformcan be interpretedas
the Fourier transformof the signal ¦ viewed throughthe time-shiftedwindow ª « .
Rearrangementof theexpression(1.18)yields� ¤�¥ ¦�� � §�� ¢ �(��y ���   ¡*¢ § ��© �(� � ¦-� � � ª"« � � � § � � � � y �   ¡*¢ � § � � ���y ���   ¡*¢ § � �*¬ W® � ¯ ° ± ² ¦�� � §� �
where � ¬ ³ ² � ´(� �bª « � � ´(� . From this expressionwe seethat the windowed Fourier
transform� ¤�¥ ¦�� � §�� ¢ � of asignal ¦ asafunctionof § with ¢ fixedcanbeobtained
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by filtering thesignal µ with afilter with impulseresponse¶0·"¸"¹ º » . Sincethearray¼ ½ ¾-¿ À
of Gaborcoefficientsconsistsof samplesof thewindowedFouriertransform

[seeEq.(1.11)] ½ ¾-¿�ÁEÂ Ã�Ä µ�Å Æ Ç?È?É Ê*Ë Ì?Í É
weseethatthearray

¼ ½ ¾-¿ À
of Gaborcoefficientscanbeobtained,apartfrom aphase

factor Î Ï#Ð Â Ñ�Ò Ó Ô Ç?ÊnÈ�Ë Ì�Å , by filtering thesignal µ with Ì filters with impulsere-

sponseş
¹ º »¿ Á ¶ ¿ Õ Ö × ¸"¹ º » , with ¸"¹ º » Æ Ø(Í Á�Ù"Ú Æ Ñ Ø(Í and Ê ÁBÛ-Ü Ü Ü Ì Ñ�Ý

, andtaking
only thosesamplesof the Ì filteredsignalswhichoccurat timepointsequalto mul-
tiples of È . The latter operationis a basicoperationin filter bank analysis;this
operationis the decimationoperation(alsocalleddownsampling).The decimation
operator

Â Þ È�Å�ß à á Â â Å(ãäà á Â â Å is definedbyÂ Þ È�Å å Áqæç¿ èJé æ å�Æ ÊnÈ?Í ê ¿#Ü
The ë -transformof adecimatedsignal å is givenbyÂ ì-Â Þ È�Å å(Å Â ë#Å Á ÝÈbí é

Õç¿ è(î Â ì å(Å�ï ð ¿í ë
Õ Ö
í ñ É

with ð í Á Î Ï#Ð Â Ñ-Ò Ó Ô Ë ÈWÅ . TheHilbert adjointof thedecimationoperator, theinter-
polationoperator

Â ò È�Å (alsocalledupsampling),is definedbyÂ Þ ÈWÅ Ú å ÁEÂ ò ÈWÅ å Áqæç¿ èJé æ å�Æ Ê#Í ê ¿ í Ü
TheinterpolationoperatorinsertsÈ Ñ�Ý

zerosaftereachentryof its input sequence.
The ë -transformof aninterpolatedsignal å is givenbyÂ ì-Â ò È�Å å(Å Â ë#Å ÁEÂ ì å(ÅJó ë í ô Ü
Note that the phasefactor Î Ï#Ð Â Ñ-Ò Ó Ô Ç?ÊnÈ%Ë Ì�Å is dueto the non-commutativity of
thetime translationoperatorandthemodulationoperator:¶ ¿ Õ Ö ×�õ ¾

í Á ê Ñ-Ò Ó Ô Ç?ÊnÈ%Ë Ì õ ¾í ¶
¿ Õ Ö × Ü

The phasefactorcould be avoidedby usingmodulatedandshifted(dual) windows
in the Gaborschemeinsteadof shiftedandmodulatedwindows. However, from a
historicalpoint of view, this is not desirable.In Fig. 1.4ait is shown schematically
how Gabor’s signalexpansioncoefficients ö ¿ Æ ÇÍ Á Î Ï#Ð Â Ò Ó Ô Ç?ÊnÈ%Ë Ì�Å ½ ¾-¿ canbe
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÷"ø ù úû÷"ø ù úü
÷"ø ù úýDþ ü

ÿ��ÿ��
ÿ��

� û
� ü
� ý þ ü��� ��� ���

���
���
���

÷"ø � úû÷"ø � úü
÷"ø � úýDþ ü��� ��� ���

� �

(a) (b)

Figure 1.4: Thefilter bankconsistsof two sections: (a) the analysisbank
and(b) thesynthesisbank.

calculatedwith a collectionof � parallelfilters
÷"ø ù ú� . This collectionof � parallel

filters is calledtheanalysisbankof thefilter bank.
The Gaborexpansioncan also obtainedby a collection of � filters, but now

precededby aninterpolationof the � input signals.ConsiderGabor’s signalexpan-
sion(1.10)without thesummationover 	
��� þ 
�� � � � � ��� ����� 
��� þ 
 � ��� ��� ��� ����� � � � �  ! 	�" ����� ��# $ �� 
��� þ 
 " " ����# � � # � ��� ��� ������� � �  ! 	�" ����� # $ � �&% ')( * + ,- " ����# � � ./� ��� 0 (1.19)

where
÷"ø � ú� �21 � ü 3 ý ÷ ø � ú , with

÷ ø � ú �4� . Summationover 	 yieldsthesignal � . The
reconstruction,thesynthesisbankin filter bankanalysis,is depictedschematicallyin
Fig. 1.4b.

Theanalysisandthesynthesisfilters of thefilter bankaremodulatedversionsof÷ ø ù ú and
÷ ø � ú : ÷"ø ù ú� �51 � ü 3 ý ÷ ø ù ú and

÷"ø � ú� �51 � ü 3 ý ÷ ø � ú 6
Sucha filter bankis calleda uniform DFT filter bank. The filters with the impulse
responses

÷ ø ù ú and
÷ ø � ú arecalledtheprototypes.Uniform DFT filter bankscanbe

implementedveryefficiently. For thisefficientimplementationweneedthefollowing
identitiesof thedecimatorandtheinterpolatoroperator" ����# " 798;: # � " " ����# 7/8<" ����# : # (1.20)
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= >�?A@�B C DFE
= >�?A@ = C�@

G�H
I�H

G�H
I�H = >�?A@�B C D E

= >�?A@ = C�@J
J

J
J

Figure 1.5: Thenobleidentities.

and = G�H @�= J/K = I�H @ ?A@MLN= = G�H @ J9K ?A@AO (1.21)

whichcaneasilybeverifiedwith thehelpof the
C
-transformation.Theseidentitiesare

known asthenobleidentities.In Fig.1.5theseidentitiesaredepictedin aschematical
way. In additionto thenobleidentitieswe alsoneedthepolyphaserepresentationof
a sequence.Thepolyphaserepresentationrepresentsa sequenceJ in the following
way

J LQP�R�STU�V�W)X U = I�Y @ = G�Y @ X R U J LNP�R�STU�V�W)X U = I�Y @ Z RP�[ U J O (1.22)

where
Z RP�[ U J LN= G�Y @ X R U J arethe

Y
polyphasecomponentsof J , or alternatively

J LQP�R�STU�V�WAX R U = I�Y @ = G�Y @ X U J LQP�R�STU�V�WAX R U = I�Y @ Z�\P�[ U J O (1.23)

where
Z�\P�[ U J L]= GMY @ X U J arethe

Y
polyphasecomponentsof J . The

C
-transforms

aregivenby= > J @ = C�@;LQP�R�STU�V�W C R U/= >�Z RP�[ U J @�B C P EMO and
= > J @ = C�@;LQP�R�STU�V�W C U^= >�Z�\P�[ U J @�B C P E;O

respectively.
Now wehave introducedthenecessarytoolsto implementtheuniformDFT filter

bankefficiently andwewill continueby showing how thesetoolscanbeused.The
C
-

transformedpolyphaserepresentationsof themodulatedanalysisfilterswith impulse
responses_�` a bc L5d c S e f _ ` a b aregivenbyg > _�` a bcQh = C�@ML]B > _ ` a b E g i j�k l m�nAo p C hLNP�R�STU�V�W i j�k l m�q�nAo p C U g >�Z)\P�[ U _ ` a b h g i j;k l m�n Y o p C P h^r
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Fromthis expression,we seethat if we take s a multiple of t , we only needthe s
polyphasecomponentsanda t]uvt DFT matrix to implementthe t analysisfilters.
In fact,this is thereasonwhy thepolyphaserepresentationis used.We shallassume
that s is amultiple of t . Thenwe havew x�y�z { |}2~/� ���M�5�F���������A� �;� � �A���A� t]��� �F���� � ��� � ���

�
� w x�� ���� ���

�
�
y z { | ~�� � ���M�

Or in matrixnotation y z { | � ���M�5� �F� z { | � � � � � � � ��� � (1.24)

where
y z { | � ���v�4  �<¡A� is a vectorcontainingthe � -transformedimpulseresponsesy�z { |} y z { | � ���M�£¢ � x�y z { | � � ��� � � x�y�z { |� � � ��� � � � � � �

x�y�z { |
�F��� � � ��� ¤ ¥9�

and � � �¦  �<¡)� is the DFT matrix with elements§ � �F¨ © } �«ª © }� . The matrix

� z { | � ������  �<¡ � is thepolyphasematrix

� z { | � ���;��¬  ®/� ¯ � � � � � � ¯ � �u�°A± ² ³ w�w x�� ���� � y z { | ~/� ��� � w x�� ���� �
y z { | ~/� ��� � � � � � w x�� ���� � ���

y z { | ~/� ��� ~^�
(1.25)

wherewe used¬  ®^� ¯ � � � � � � ¯ � � to denotea row concatenationof theidentity ma-
trices ¯ � . Or generally, we use¬  ®^� ´�� � � � � � ´ �F��� � to denotea row concatenation
of thematriceś9� � � � � � ´ �F��� :¬  ®/� ´�� � ´ � � � � � � ´ �F��� �;� § ´�� µ ´ � µ ¶ ¶ ¶ µ ´ �F��� ¨ �
whereall matriceś © have thesamenumberof rows. In this thesis,we alsousethe
expression·  ¸ � ´9� � � � � � ´ �F��� � to denotea column concatenationof the matrices´�� � � � � � ´ �¹��� :

·  ¸ � ´9� � ´ � � � � � � ´ �¹��� �M�
º»»»¼
´9�´ �...´ �¹���

½ ¾¾¾¿ �
whereall matriceś © have thesamenumberof columns.Thevector � � � ������  � ¡A�in Eq. (1.24)is the‘delay’ vector� � � ���M� § À �)� � � � � � � ��� ¨ ¥ �
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Figure 1.6: Efficient implementationof theuniformDFT filter bank.(a) the
analysisbank.(b) thesynthesisbank.

Furthermore,if we alsotake × a multiple of
Ã

we canusenobleidentity (1.21)and
wecanshift thedownsamplersthroughthepolyphasecomponentsto thefront endof
theanalysisbank.Thuswe choose×QØ5Ù Ú Û È Ü�Ý Ã Ë Þ ØàßAá â Þ , where

Þ
is anarbitrary

positive integer. In Fig. 1.6a we depictedthe analysisbank of the uniform DFT
filter bankschematically. Comparingthis implementationwith the implementation
we startedwith (seeFig. 1.4a),we seethattheimplementationin Fig. 1.6ais indeed
moreefficient; besidesthelocationsof thedownsamplers,we only needtheimpulse
responseã Å Æ Ç of the prototypeanda DFT insteadof all

Ü
impulseresponsesã Å Æ Çä .

However, weobservethattheimplementationin Fig.1.4ais easierto understandthan
theimplementationshown in Fig. 1.6a.

Thesynthesisbankcanbe implementedsimilarly;
É
-transformingthesynthesis

operation(1.19),usingproperty(1.16)andusingthepolyphaserepresentationyields

È å�æ;Ë�È É�Ë Ø ÍFÑ Ðçè�é ÏAê
ë Ñ Ðç ì é Ï É Ñ Å è�í

ì Í Ç�î å�ï Ñð�ñ è�í ì Í ã Å Ô Ç ò9ó É ð�ô Í¹Ñ Ðçä é Ï È å Î ä Ë È É õvË ö ÷ ø ùAú�ûAü Ü Ý
or in matrixnotation È å�æ;Ë�È É�Ë Ø5ý þ ð È É Ñ Ð Ë Ä�Å Ô Ç È É ð Ë Ì ÓÍ Î È É õ<Ë Ý (1.26)

whereÎ È É�Ë;ÿ�� Í�� Ð is avectorwith the
É
-transformedsubbandsignalsÎ äÎ È É�Ë Ø�� È å Î Ï Ë È É�Ë Ý È å Î Ð Ë È É�Ë Ý � � ��Ý È å Î ÍFÑ Ð Ë È É�Ë � þ Ý

andwhere
Ä�Å Ô Ç È É�Ë�ÿ�� ð �)Í

is thepolyphasematrixÄ�Å Ô Ç È É�Ë Ø	��
 �  î�î å�ï íð�ñ Ï ã Å Ô Ç ò^È É�Ë Ý î å�ï íð�ñ Ð ã Å Ô Ç ò/È É�Ë Ý � � ��Ý î å�ï íð�ñ ð Ñ Ð ã Å Ô Ç ò/È É�Ë ò� Ú ��Ù È � Í�� � � � Í � Ë �
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Nobleidentity(1.20)canbeusedto shift theupsamplersthroughthepolyphasecom-
ponentsto the backendof the synthesisbank. In Fig. 1.6b, the synthesisbank is
depictedschematically.

In the discussionabove, we showed how the uniform DFT filter bank can be
implementedefficiently by usingthepolyphaserepresentation.Thepolyphaserepre-
sentationandthe � -transformationcanalsobeusedto transformtheframeoperator
into a matrix-vectorproduct.This matrix-vectorproductimmediatelyyieldsa rela-
tionshipbetweenthe window � andits dual window � . Furthermore,it providesa
methodto calculatetheframeboundsof theframeoperator� . We now continueby
showing how thismatrix-vectorproductcanbeobtained.Theframeoperatoris given
by

�������� ���  "!
#�$ �&% #(' ��) � $ �+* � $ �+,

As we have seen,the inner productcanbe calculatedwith the help of an analysis
bank,but now by choosingfor theprototype-/. 0 12���+3 4 5"6/7 with polyphasematrix8 . 0 1 9 �+: equalto

8 3. ; 1 9 �+: , where
8 . ; 1 9 �+: is the polyphasematrix of the prototype- . ; 1 �<� . Using the matrix notation(1.24)with = . 0 1 9 �+: replacedby = 3 . ; 1 9 �+: , and

usingEq.(1.26)with

> 9 � ?2:@�BA  = 3 . ; 1 9 � C@:"DE ?
%&F
� G �&H 9 I��@: 9 J

G
? �+: K C 9 J

G
? �+: )

yields

9 I&���L: 9 �+:L�NME K O ? 9 � %/F : P Q R(9 S ? ) � % ? S ? ) , , , ) � % C�T&? S ? : = . ; 1 9 � C : = 3 . ; 1 9 � C :
U�V Q W 9 S ? ) � ?XS ? ) , , , ) � C % ?XS ? 7 : ?

%/F
� G �&H K ? 9 J

G
? �+: 9 I��L: 9 J

G
? �+: ) (1.27)

whereweused

K C 9 �+:@� V Q+W 9 S ? ) � ?XS ? ) , , , ) � C % ?XS ? : K ? 9 �+: ,
Herewe recognizethe upsampled� -transformedpolyphasecomponentsY %?"Z $ � of
thesignal �

9 I&Y %?"Z $ �@: 9 � ?�:@�[DE ?
%/F
� G �/H J

G $? � $ 9 I��L: 9 J
G
? �+: ,
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Rewriting Eq. (1.27)yieldsthepolyphaserepresentationof the \ -transformedframe
operator]

^ _ ]�`La ^ \+aLbBc de ^ \+f/g a h ^ \ e a i fe"j k ^ \ e a l (1.28)

wherethematrix h ^ \+a�m�n e2o+e is definedby

h ^ \+a@b2prq s t ^ u e l \+f&g u e l v v v&l \+f/w x y&g u e a z|{ } ~ ^ \ w x a� z|�{ } ~ ^ \ w x a+� s+� ^ u e l \ u e l v v v&l \ w x f&g u e a l
andwherethevector i fe�j k ^ \+a�m�n eXo g containsthe \ -transformedpolyphasecom-
ponents

i fe"j k ^ \+aLb�� ^ _ i�fe"j � `@a ^ \+a l ^ _ i�fe�j g `@a ^ \+a l v v v�l ^ _ i�fe"j e f&g `La ^ \+a � dLv
Sowefind that

i fe"j ��k ^ \+aLbrh ^ \+a i fe�j k ^ \+a v
In particular, we have thefollowing relationshipbetweenthewindow � andits dual
window �

i fe"j � ^ \+aLbrh ^ \+a i fe�j � ^ \+a l
or

i fe�j � ^ \+a@brh ^ \+a f&g i fe"j � ^ \+a v
With thehelpof thematrix h ^ \+a , we canalsofind theframebounds� and � of the
frameoperator] . By usingEq.(1.28)andtaking \�b�� �+� ^ � � �/� a wefind that

� ]�`Ll `L�Lb � c d e2h�i fe"j k l c d e�i fe�j k �@b � h�i fe�j k l i fe�j k � v
Fromthis identitywe seethattheframeboundsfollow from:

�Bb<�(� �� � � � g �(� �  ¡ ¢ £¤   ¤ � g
� h ^ \+a ¥ l ¥ � and ��bB�(¦ �� � � � g �(¦ �  ¡ ¢ £¤   ¤ � g

� h ^ \+a ¥ l ¥ � v
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Figure 1.7: Hexagonaltiling of thetime-frequencyplanewith circles.

1.7 Moti vation

Frequentlythequestionariseswhy onewouldconsidertheGaborschemeonalattice
differentfrom the rectangularone. To give ananswerto this question,we consider
Fig. 1.1 on page3 onceagain.As shown in Section1.1, theGaborexpansion(1.1)
with a Gaussianwindow ª canbeseenasa rectangulartiling of the time-frequency
planewith circles,i.e.,asignal « with its correspondingtime-frequency behaviour is
writtenasasumof thesecircleswith appropriateweights:

¬ �® «@¯ ¬ °�± ² ¯L³µ´¶·�¸&¹ ´
´¶º ¸�¹ ´
» · º ¬ �® ª · º ¯ ¬ °+± ² ¯ ±

where ¼ �® ª · º ¼ hascircularcontourlinesin thetime-frequency plane.Now suppose
thattheenergy of awindowedFouriertransformedsignal « is mainlyconcentratedin
theareabetweenthecircles.Sincetheheightof thecircularcontourlinesdecreases
rapidly, onecanexpect that the Gaborcoefficientsbecomemoresensitive in these
areaswherethecontributionsof thesignal « is high. Of course,choosinga higher
oversamplingrate,i.e.,shifting thecirclestowardseachother, is anoption.An other
option would be a different tiling of the time-frequency planewith the circles. We
obtain a higher packingdensity if we placethe circles in a hexagonalway. This
hexagonalor quincunxlattice is depictedin Fig. 1.7. We immediatelysee,that the
white areasbetweenthe circlesarespreadout in the mostoptimal way. Therefore
we expectthattheGaborexpansionwith aGaussianwindow ª on aquincunxlattice
is lesssensitive thanthe Gaborexpansionwith a Gaussianwindow ª on a rectan-
gular latticewith thesamerateof oversampling.Putdifferently, theGaborscheme
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Figure 1.8: The bound ratios À(Á Â for the rectangularand the quincunx
Gaborframefor differentvaluesof oversampling.

with a Gaussianwindow Ã on a quincunxlattice would leadto a tighter frame. To
illustrate this, we estimatedthe boundsof Gaborframeswith a GaussianwindowÃ/Ä Å Æ�ÇÉÈ&Ê&Ë Ì Í/Î Ï+Ð@Ä Ñ ËÒ Å Ò Æ for a rectangularanda quincunxlattice for differentval-
uesof oversampling.For therectangularcasewe choosetheoptimalsetting Ó�ÇÕÔ
(see[11,12]). Wealsochooseanoptimalsettingfor thequincunxcase(ÔÖÇr× ÒØ × Ù Á Ú
and Ó�Ç ËÒ × Ù Ô in Eq. (2.8) with Ú therateof oversampling),which is basedon the
methodpresentedin [11,12]. Theboundsarecalculatedwith thehelpof Theorem2.1
in [19] andtheshearoperatorasdescribedin Section2.4 to approximatethebounds
in the quincunxcase. In Fig. 1.8, the ratiosof the higherbound À andthe lower
bound Â of the framesfor valuesof oversamplingbetween1.1 and3 aredepicted.
In this figure we canseethat the line correspondingto the quincunxGaborframe
lies undertheline of therectangularGaborframe,i.e., thequincunxGaborframeis
indeedtighter. For example,in thecaseof a rectangularGaborschemeandanover-
samplingrate2 theratio À(Á Â is approximately1.41,whereasin thequincunxcase,
theratio À(Á Â is approximately1.26.If weallow aratioof 1.41,wecandecreasethe
oversamplingrateto approximately1.77.

In thediscussionabove we consideredtheGaussianwindow which hascircular
contourlinesin thetime-frequency plane.Othertypesof windows, like theone-and
two-sidedexponentials,yield differentshapesin thetime-frequency plane.Conceiv-
ably, in thesesituationsotherlatticesaremoresuitablethanthe rectangularlattice,
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i.e.,otherlatticesyield tighterframes.This motivatesusto considerGaborschemes
on moregenerallattices.

1.8 Outline

Thesubjectmatterof this thesiscanbedivided into two parts;1) thenon-separable
Gaborschemesfor continuous-timesignalsand2) thenon-separableGaborschemes
for discrete-timesignals. In both cases,the one-dimensionalaswell as the multi-
dimensionalcasearediscussed.Chapters2 and3 cover the continuous-timecase.
Chapter2 containsthenon-separableGaborschemefor univariatesignals.Chapter3
containsthemulti-dimensionalcase.Of course,theone-dimensionalGaborscheme
is a specialcaseof themulti-dimensionalone. Thedistinctionbetweenof one-and
multi-dimensionalGaborschemesis madefor illustrative purposes.Theconceptof
themulti-dimensionalGaborschemethenfollows in a moreor lessstraightforward
fashionfrom the one-dimensionalGaborscheme.Moreover, the one-dimensional
Gaborschemeallows for techniquesto transforma one-dimensionalnon-separable
Gaborschemeinto a separableone; thesetechniquesare basedon the fractional
Fourier transformationandshearing(seeSections2.3and2.4, respectively). Trans-
forming a non-separablemulti-dimensionalGaborschemeinto a separableone is
muchmorecomplicatedandcouldbeasubjectfor furtherresearch(see[57]).

Chapter4 coverstheone-dimensionalnon-separableGaborschemefor discrete-
time signals,andChapter5 containsthemulti-dimensionalcase.In orderto usefast
algorithmssuchastheFFT, we have to dissectandthereafterperiodizethesignals.
This is a differencebetweenthecontinuous-timeandthediscrete-timecasesetting.
Due to the periodizationof the signals,extra conditionshave to be fulfilled which
make thingslessconvenient.Again theone-dimensionalcaseis discussedseparately
for thesamereasonasoutlinedabove.

Wefinish thethesiswith theconclusions(seeChapter6).
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Chapter 2

Non-separable1-D Gabor schemefor
continuous-timesignals

In Section2.1, the Gaborschemefor the rectangular(separable)lattice for time-
continuoussignalsis extendedto the general,non-separablelattice in a structured
way; this is achieved by describingthe non-separablelattice by meansof a lattice
generatormatrix. Thelatticegeneratormatrix is written in theHermitenormalform
to obtaina shearrepresentationon the shiftedandmodulatedwindows andto ob-
tainanalternative expressionof theshiftedandmodulatedwindows. Thisalternative
expressionfollows from the separablelattice that refinesthe non-separablelattice.
Thesetof shiftedandmodulatedversionsof thewindow, which correspondsto the
non-separablelattice,is obtainedby maskingtheseparablelattice;ashiftedandmod-
ulatedversionof thewindow in thisseparablelatticeis multipliedby oneif it belongs
to thenon-separablelatticeandis multiplied by zerootherwise.

In Section2.2,we show that theZak transformationcanalsobeusedin thecase
of a non-separableGaborscheme. Again, similar to the separablecase,the Zak
transformationis usefulto calculatethedualwindow andtheGaborexpansioncoef-
ficients,andto reconstructthesignal.Sincethealternative expressionfor theshifted
andmodulatedversionsof thewindow is obtainedby maskingaseparablelattice,we
canexploit the known expressionsfor the separablecasewithin the context of the
Zak transformation.

The non-separablelatticescan be obtained,for instance,via a scaledrotation
operationor a shearoperationon the rectangularlattice. In Section2.3, we show
that the fractional Fourier transform,which correspondsto a rotation in the time-
frequency plane,canbe usedto transforma non-separablelattice into a separable
one.In Section2.4,theshearoperatoris employedto reshearanon-separablelattice
into aseparableone.As a result,methodsfor theseparablecaseto calculatethedual
window andthe Gaborexpansioncoefficients,andto reconstructthe signalcanbe
re-usedin thenon-separablecase.As anexample,we calculatethedualwindow of
a Gaussianwindow for a hexagonal(quincunx)Gaborschemein thecaseof critical
samplingby usingtheshearoperator.
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2.1 Gabor’ssignal expansionon a non-separablelattice

The rectangular(or separable)latticeconsideredin theprevious chaptercanbe ob-
tainedby integercombinationsof two orthogonalvectors

Û Ü"Ý�Þ ß&à"áLâ ã ä and Û å�Ý�Þ â�á@æ�ç�ã ä(á (2.1)

whereßLá æ�è|éLê , and ç�àBÝBë ì . Thusthelattice í is expressedin theform

í Ý�î ï�ð ñ ð è�ò�ó ô"á (2.2)

where ï is the latticegeneratormatrix with columnvectorsÛ Ü and Û å . Theshifted
andmodulatedwindows õ ö/÷ ø�ù on this rectangularlatticearegivenby

õ ö/÷ ø�ù ÝBú�û Þ ü ý/ã õ ö Ý�þ û&ÿ � Þ ü ý/ã � û�� � Þ ü ý/ã õ ö Ý�þ ù� � � ø� ä õ ö á
where ï�� 	 denotesthe ð th row of the matrix ï , and where we usedthe time-
frequency shift operatorú Þ 
� ã definedas

ú Þ 
� ã ÝBþ� ��� á
with themodulationoperator � þ������ � � �LÝ�� � � � � � � � á
andtime translationoperator � ��� ��� � � �@Ý�� � ����� � �
Note that this modulationoperator þ� and this time translationoperator

���
are

unitary on � ó � é � , with correspondingHilbert adjoints þ 	� Ý þ"!�� and
� 	� Ý� ! � . For convenience,we will usethe samenotationfor the time-frequency shift

operatorú Þ 
� ã , themodulationoperatorþ� andthetime translationoperator
���

for

thediscrete-timesetting(seeChapters4 and5).
In thischapter, weconsiderGabor’s signalexpansionona time-frequency lattice

that is no longerseparable.We call a time-frequency lattice non-separable,if the
time-shiftsandthemodulationsin theshiftedandmodulatedwindows õ ö/÷ ø�ù arenot
independentoperationsanymore.Sucha lattice is obtainedby integercombinations
of two linearly independent,but no longerorthogonalvectors,which areexpressed
in theforms

Û Ü Ý�Þ #+ß&àXá%$ æ�ç'& ((ã ä and Û å Ý�Þ ) ß&àXá%* æ�ç'& ((ã ä á (2.3)
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with +�, - , . and / integers, 0%, 13254�6 , 798"+�/;:�- . , and < =>8"? @ again. The
first componentin thevectorsA B or A C correspondsto a time-shift +�0D= or - 0D= , re-
spectively, while thesecondcomponentcorrespondsto a modulationby a frequency. 1�<'E 7 or / 1�<'E 7 , respectively.

Eachpoint F 2HG canbe obtainedby a matrix-vector product[seeEqs.(2.2)
and(2.3)] I�J K L�M N K O�P F 8�QSR 85TVUWR , (2.4)

with T�8 X7 Y 0D='7[ZZ\1�< ] and U58 Y +^-._/ ]�`
The columnvectorsA B and A C arethe columnsof the lattice generatormatrix TVU .
Note,moreover, that 7 is equalto thedeterminantof thematrix U . Weshallassume
that the possiblecommondivisor of the integers + and - andthe possiblecommon
divisor of theintegers. and / arehandledby thematrix T , i.e.,a�b cDd +�, - e%8 X

and a b c�d . , /�e%8 X `
The areaof a cell (a parallelogramspannedby A B and A C ) in the time-frequency
planeis equalto the determinantof the lattice generatormatrix TVU , which equals0D1�< =38f? @g0D1 . It is well known that thesetof shiftedandmodulatedversionsof
thewindow h L is not completein i%j d 4 e in thecasethat 0D1lk X

. Equality, 0D1m8 X
,

correspondsto critical sampling,and0D1mn X correspondsto oversampling(see[33]).
Notethatweonly considerthoselatticegeneratormatricesQ thatcanbedecomposed
as Q>8TVU . Only then,the correspondinglatticeshave sampleson the time- and
frequency-axes andarethereforesuitablefor a discrete-timeapproachaswell (see
Chapter4).

2.1.1 Hermite normal form

Foragivenmatrix T , therearemany matricesU thatgeneratethesamelattice G . One
form, the Hermitenormal form [45], is very interesting,sincethe Hermitenormal
form is unique,andwe needonly two parametersto describea non-separablelatticeG insteadof the four parameters+ ,- ,. and / . Given the RloVR nonsingularinteger-
valuedmatrix U , thereexists an RlopR unimodularmatrix q suchthat U�qr8fU's ,
theHermitenormalform of U , whoseentriessatisfyi st u 8�Z I u v�t ,i st t kwZ I t ,i st u�x Z and y i st u y�nwi st t I u z�t ` (2.5)
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Figure 2.1: Thequincunxlatticeandtwopossiblecombinationsofgenerator
vectors in thetime-frequencyplane.

NotethattheHermitenormalform of amatrixis lowertriangular. In fact,theHermite
normalform �W� of thematrix � is givenby�W�g���'�����f� � ���W�p��� �r�W�� �g�%��������� � �>�3 ¢¡�W£¥¤¦��§ (2.6)

wherethe integer � £ equals ��� ¨'�©�g� ª;����¤ , with the integers ��� and �g� such
that «�¬  � � � � ��� �¦�5�g� � �   andwhere � is an integer chosensuchthat ¡w®£V¯©¤ . Note that theseintegers ��� and �g� exist, since ° ± « � � § � � �   , andthat they
canbeobtainedby theEuclideandivision algorithm(see,for instance,[30]). Note,
moreover, thatanarbitraryinteger � yieldsanequivalentlatticegeneratormatrix in
thesensethatbothmatricesgeneratethesamelattice,or moregenerally, thematrices� � and � � generatethesamelattice if andonly if thereexistsa unimodularmatrix� � suchthat � � �3� � � � . Thematrix ² remainsthesame.As an example,two
possiblecombinationsof latticegeneratorsin thecaseof a quincunxlattice (£ �  
and ¤ �´³ ) are plotted in Figs. 2.1 (a) and 2.1 (b). Fig. 2.1 (b) correspondsto
the Hermitenormalform. Sincethe matrices� and �W� areequivalent in the sense
thatbothmatricescorrespondto thesamelattice,theintegers £ and ¤ arerelatively
prime,aswell: ° ± « � £ § ¤µ� �   ¶ (2.7)

A determinant¤ �   correspondsto a rectangularlattice; ²´�¸· � � �� � � ¹ and �f�º �
the ³V»m³ identity matrix [cf. Eq. (2.1)]. The columnsof the matrix ²V�W� are

equalto ¼ ½D¾ § � £ ¿�À'Á ¤¦Â � and ¼ ¡ § ¿�À Â � , respectively. Consequently, theshiftedand
modulatedversionsÃ ÄgÅ Æ Ç of thewindow Ã Ä on thelattice È take theformÃ Ä�Å Æ Ç ��É�ÊgË ¼ Ì Í Â Ã ÄV��Î Æ Ï�Ð � ��Ñ Ò�Ó Î Ç� �DÔ Æ� � Ã ÄgÕ § (2.8)
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whereÖS×DØHÙµÚ'× . Theseshiftedandmodulatedwindows Û Ü�Ý Þ ß arebasedon a sep-
arablelatticevia a shearof thefrequency variabledueto themodulationà Þ á�â ã ä�å æ .
A differentexpressionfor theshiftedandmodulatedwindows Û Ü�Ý Þ ß canalsobeob-
tainedby a shearof thetime variable.To obtainthis expression,we needa different
latticegeneratormatrix Ö�× × of theformÖ�× ×�Ø5ÙVÚW× ×�Øèçé9ê ëDì é[íí\î�ï ð ê éòñ ó ×í ç ð�ô (2.9)

whereÚ'× × is amodifiedHermitenormalform of thematrix Ú [cf. Eqs.(2.4)and(2.6)]ÚW× ×�Ø�Ú êwõ÷ö ø�ù%úmû × õ�üñWý ö ø�þ ñ û × ý ü ð Ø ê éÿñWó ×í ç ð�ô (2.10)

where
ñ ó × Ø�� ø�ù'ú � ø�þWúwû × é , with the integers ø�ù and ø�þ suchthat ��� � ö � ü Øø�ù ý ú�ø�þ õ Ø ç (recall that � 	 � ö ý ô õ�ü Ø ç , andso, theseintegersexist), and û × an

integerchosensuchthat
í�
wó ×� é . Notethattheintegers

ó
and

ó × do not have the
samevalue,in general.Theshiftedandmodulatedwindows Û Ü�Ý Þ ß of thewindow Û Ü
arenow givenby [cf. Eq. (2.8)]Û ÜgÝ Þ ß Ø������ � � � ��� Û ÜpØ�à ßã ä�å æ��Sßá�â � � � �SÞæ � �gÛ Ü�� (2.11)

In thesequel,weassumethatthematrix Ú is writtenin theHermitenormalform (2.6)
with correspondingshiftedandmodulatedwindows Û Ü�Ý Þ ß of theform (2.8) andwe
will droptheprimes.

TheGaborframeoperator�gÜ is definedas�DÜ��mØ  !Þ�" á   !ß " á  �# � ô Û ÜgÝ Þ ß $ Û ÜgÝ Þ ß ô �&%(' ù ö ) ü �
For convenience,we will usethesamenotationfor theGaborframeoperator�gÜ for
thediscrete-timesetting(seeChapters4 and5). Now thequestionariseswhetherthe
Gaborframeoperatorcommuteswith thetime-frequency shift operator� �*� � ��� , i.e.,�gÜ� �*� � � � Ø�� �*� � � � �gÜ+�
Thentheelementsof thedualGaborframe , � á-Ü Û Ü�Ý Þ ß Ø/. Ü�Ý Þ ß 0 aregeneratedby a
singlefunction .�Ü , i.e., .�Ü�Ý Þ ß�Ø�� �*� � ��� . Ü , similar to theseparablecase.

In orderto prove this,weneedthepropertiesof themodulationoperatorà21 and
thetime translationoperator

�43
, whicharetabulatedin Table2.1. Wehave� �*� 5 6 � �DÜ��mØ !Þ�" á   !ß " á  # � ��� 5 6 � � ô � ��� 5 6 � Û Ü�Ý Þ ß $ � ��� 5 6 � Û Ü�Ý Þ ß ô (2.12)
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Table 2.1: Somepropertiesof themodulationandtimetranslationoperator.748 9 748 :
=
748 : 748 9;=< 9 ;2< :

=
;=< : ;=< 9;2< 748

= > ? @*A 748 ;=<
whereB and C areintegers.SinceD�E*F G H I J K�L M�NPO ;=QR S;=TU�V R S�W X 7 TY Z ; NR S�; M U�V R S�W X 7 MY Z J KO > [ ? B\]_^ `4a�b [dcfe a�bhg ifj J K�L M�k T4l N k Q
Eq.(2.12)reducestoD E�F G H I m�Kn OpoqM�r U o oqN r U o s D E�F G H I n*t J K�L M�k T l N k Q u J K�L M�k T l N k QO oqM�r U o oqN r U o s D�E�F G H I n*t J K�L M�N u J K�L M�NO mK D�E�F G H I n*v
Fromthisit followsthattheelementsof thedualGaborframe w m UxK J K�L M�N y areindeed
theshiftedandmodulatedversionsz K�L M�N of thedualwindow z K . As aconsequence,
theGaborexpansiononanon-separablelattice { is givenbyn O|oqM�r U o oqN r U o } M�N J K�L M�N t (2.13)

wherethearrayof Gaborcoefficients w } M�N y is obtainedby theGabortransform} M�NPO s n�t z K�L M�N u O�~ oU o n ^ � j z��K�L M�N ^ � j4� � v (2.14)

Notethatthearray w } M�N y is shearedin thefrequency variablè .
TheZak transformationcanbevery usefulto calculatethedualwindow z K and

thearrayof Gaborcoefficients w } M�N y , andto reconstructthesignal n in thecaseof a
separablelattice { . Theshiftedandmodulatedwindows J K�L M�N in theexpression(2.8)
arebasedon theseparable(rectangular)latticevia a shearof thefrequency variable
dueto themodulation

; M U�V R S�W X
. In orderto exploit theknown expressionsfor the

separablecasewithin the scopeof the Zak transformation,we needa differentex-
pressionfor theshiftedandmodulatedwindows presentedin Eq. (2.8). We consider
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Figure 2.2: Theseparable(rectangular)latticethat refinesthequincunxlat-
tice.

theseparablelattice � s� s ��� � s� � � �f��� �4� with � s ��������¡  ¢£ �¥¤¤§¦�¨�©«ª
This lattice � s refinesthenon-separablelattice � , i.e., � is asub-latticeof � s,� ¬�*® ¯ ° ± ² ³*� �*� ´h�(�h�hµ�� ¬� s ® ¶ ·�± ² ³*� ¸¹� ºf�(���4�
and »�¼4½ ¾ ¿ À�Á�Â Ã�½ Ä ¿ À �¹Å ¼ ¾�Æ ��� sÇ ® ¼ ¾�Æ ��� s Å Ã Ä�Æ � with Å Ã Ä�Æ ��Ç ® ¼ ¾�Æ ª
The non-separablelattice � is obtainedby assigningthe value zero to the shifted
andmodulatedwindow ² ³ s È Ã�Ä on theseparablelattice,which do not belongto the
non-separablelattice � , i.e., ® ¶ ·�±�É�ÊÇ ® ¯ °4± . As anexample,in Fig. 2.2, thequincunx
latticeandtherectangularlattice that refinesthequincunxlatticearedepicted.The
filled circlesbelongto the quincunxlattice. We assignthe valuezero to the open
circles.Sowe have to find all Ë ¸¹� º�Ì for which Ë �*� ´ Ì exist withÇ(Å ¼ ¾ Æ �=Å Ã Ä Æ ª
Wehave thefollowing equivalentexpressionsÇPÍ�Î�Å Ã Ä Æ ����   �Ï¤Ð � ©   ¸ º © �(���Ñ ¸ ÐhÒ º is divisible by

�Ñ Ó  Ë ¸¹� º�Ì*� � �
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whereÔ�Õ�Ö ×¹Ø Ù�Ú is givenby thePoissonsummationformulaÔ�ÕhÖ ×¹Ø Ù�Ú*Û�ÜÝßÞà á�â ã+ä å æ ç è�é Ö ×fêhëìÙ�Ú í Ý¹î (2.15)

Heretheexpressioné Ûðï Ýfñ denotesa finite interval of
Ý

successive integersé . We
find that ò

s ó ô õ�öh÷(ø|ù Ô�ÕhÖ ×¹Ø Ù�Ú*Û Ü Ø
or ò

s ó ô õ�öPú÷(ø|ù Ô�ÕhÖ ×¹Ø Ù�Ú*Û�û î
Theshiftedandmodulatedversionsof thewindow ü ý on the lattice ø now take the
form [cf. Eq. (2.8)] þü ý s ÿ ô õ Û�Ô�ÕhÖ ×¹Ø Ù�Ú�� � Õ s � � ��� ü ý	� î (2.16)

Weputatildeontopof ü ý s ÿ ô õ to indicatethatthemultiplicationoperatorÔ�ÕhÖ ×¹Ø Ù�Ú is
involved.With thismodifieddefinition(2.16)of theshiftedandmodulatedwindows,
Gabor’s signalexpansionandtheGabortransformtake theform [cf. Eqs.(2.13)and
(2.14)] 
 Û��Þô á� � �Þõ á	 �

þ� ô õ þü ý s ÿ ô õ Ø

 ÷���� Ö ��Ú (2.17)

and þ� ô õ Û ï 
 Ø þ� ý s ÿ ô õ ñ Ø (2.18)

respectively. Notethat,dueto themultiplicationoperatorÔ�ÕhÖ ×¹Ø Ù�Ú , thearray � þ� ô õ �of Gaborexpansioncoefficientsobtainedwith theshiftedandmodulateddual win-
dows

þ� ý sÿ ô õ containsmany zeros.
Assumingthat the setof shiftedandmodulatedversionsü ý ÿ ô õ of the windowü ý constitutesa frame, then the relationshipbetweenthe window ü ý andthe dual

window � ý follows from substitutingtheGabortransform(2.14)into Gabor’s signal
expansion(2.13)or from substitutingtheGabortransform(2.18)into Gabor’s signal
expansion(2.17). In AppendixA.1, it is shown how after somemanipulationthe
condition�Þô á	 � å �*æ ç è ×(Ù4ê4í Ý ���ý���� � Ù�� � � ×� �"! ü ý�Ö � � ×� � Ú*Û

��$# � Ù � Ø (2.19)

is obtained. This conditionshouldhold for Ù ÷&% and � ÷ � . Thus for a given
window ü ý , we have to find a function � ý suchthatthis condition(2.19)is fulfilled.
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2.2 Zak transform

It hasbeenshown (see[6, 10,53,91]) that, to calculatethe dual window ')( corre-
spondingto a givenwindow * ( andtheGaborexpansioncoefficients,andto recon-
struct the signal in the caseof a rectangularlattice, the Zak transformationcanbe
very useful. The methodbasedon the Zak transformationis restrictedto the case
that theparameters+ and , satisfythe relation +	,.-0/ 1 24365 , where2 and / are
positive integers, 2879/47:5 , andare relatively prime: the caseof rationalover-
sampling.This sectionextendsthis ideato thenon-separablecase,againassuming
rationaloversampling.

Condition(2.19)canbe usedto find thedual window ')( . However, this is not
very practical.By usingtheZak transform; <>=�?	; @ A BDC EF? -�GHIKJ�L G =D; @�MON�EF? P QKR NSB�E A (2.20)

thecondition(2.19)canbetransformedinto thefollowing sum-of-productsform (see
AppendixA.2) HT J	U V W X * Y T ; Z�A [F? '�\] T ; Z�A [F? -_^ /+	`$a�b c Qed	f A (2.21a)

where * Y T ; Z�A [F? - ; < * ( ?Kg�; hiZiM c ? ` , A�j [ Qlk^ 2 Q c mh�nio + C +	`"p A (2.21b)

and ')Y T ; Z�A [F? - ; < ')( ?Dg	; hiZiM k ? ` , A�j [ Qlk^ 2 Q c mh�n>o + C +	`"p A (2.21c)

with ^ - h 1	q)r s ; h�A / ? , c -6tKu u u ^ / Q 5 , and
Z

and
[

extendingover an interval
of length 5 1 h and 5 1 ^ 2 , respectively. Now we combinethesefunctions* Y T and ' Y T ,
into the

; ^ />v ^ 2 ? matricesof functions

w ; Z�A [F? - xyyyyz * { { ; Z�A [F? * { | ; Z�A [F? u u u}* { ~ V W L | ; Z�A [F?*)| { ; Z�A [F? * | | ; Z�A [F? u u u}* | ~ V W L | ; Z�A [F?u u u u u uu u u u u u* V � L | ~ { ; Z�A [F? * V � L | ~ | ; Z�A [F? u u u0* V � L | ~ V W L | ; Z�A [F?
� ����� (2.22)
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and

�"� ��� �F����������
�)� � � ��� �F� �)� � � ��� �F��� � � � � � � � �	� � ��� �F���� � � ��� �F� ��� � � ��� �F��� � � ��� � � � �	� � ��� �F�� � � � � �� � � � � ���� � �	� � � � ��� �F� ��� � �	� � � � ��� �F�l� � � ��� � �	� � � � ��� � ��� �F�

� ����� �
respectively. With the help of thesematrices� and

�
, Eqs.(2.21a-c)cannow be

expressedin thematrix-product � ���"���	� 	¡$¢ � � � (2.23)

where¢ � � is the
� �	�¤£S�	� � identitymatrix. Notethatmatrix � in Eq.(2.23)is nota

squarematrix in thecaseof oversampling(¥�¦.� ) anddoesnot have aninverse,but
in generalhasa right inverse.It is well known thattheoptimumsolutionin thesense
of minimum §�¨ -normcanbefoundwith thehelpof thegeneralized(Moore-Penrose)
inverse(see[10,53] for theseparablecase)�$© , definedby (see[18])�$© � � � � ��� � � �	� � (2.24)

Theoptimumsolution
��ª � « thenreads�Kª � « ���	� 	¡ � � © � � �

whichcorrespondsto theminimum §�¨ -normdualwindow � ¬ .
Supposethesignal  hastheGaborexpansion(2.17).Thenby usingtheFourier

expansionof thearrayof Gaborexpansioncoefficients ®¯ °K± , definedby� ²$³ ¨ ´ ®¯ � � ��� �F����µ¶°K·�� µ µ¶± ·	� µ ®¯ °K± ¸ ¹�º » ¼ � ½S� ¹O¾ �	� �
with inverse ®¯ °K± �.¿ �� ¿ �� � ² ³ ¨ ´ ®¯ � � ��� �F� ¸ º » ¼ � ½S� ¹�¾ �	�FÀ � À ���
the Zak transform[seeEq. (2.20)] andthe shiftedandmodulatedwindows ®� ¬ sÁ °K±
[seeEq.(2.16)],it canbeshown (seeAppendixA.3) thattheGabortransform(2.18)
canalsobetransformedinto asum-of-productsform� ² ³ ¨ ´ ®¯ �KÂ���� � ¹ ¾�)¥�Ã �  	¡ ¥ � ¶Ä ·�Å � � Æ � �Ä ± � ��� �F�  Ä � ��� �F� � (2.25a)
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where Ç	È É Ê�Ë ÌFÍ�Î&É Ï¤Ç�ÍKÐ�É ÑiÊiÒOÓ Í Ô Õ$Ë�Ö Ì>× Ó ØÑ�ÙiÚ ÛiÜ Ý)Þ Û Ô"ß Ë
(2.25b)à Î&áKâ â â Ý)Þ ×4ã

, andwherethevariables

Ê
and

Ì
extendover an interval of length

ã ä Ñ
andoveraninterval of length

ã ä Ý�Þ
, respectively. TheFouriertransform

É å$æ ç è éê Í
is completelydeterminedby the

Ý)Þ
functionsê)ë É Ê�Ë ÌFÍ�Î&É å æ ç è éê ÍKÐ)Ê�Ë Ìi× àÝ)Þ ß â

Thefunctions ê)ë with
à Î.áKâ â â Ý�Þ ×4ã

, arenow combinedinto the

Ý�Þ
-dimensional

columnvectorof functionsê É Ê�Ë ÌFÍ�Î&ì ê)í É Ê�Ë ÌFÍ Ë ê�î É Ê�Ë ÌFÍ Ë â â â�Ë ê)ï ð ñ î É Ê�Ë ÌFÍ ò ó
and,likewise,thefunctions

Ç�È
with

Ó�ÎôáKâ â â Ý	õ ×�ã
, into the

Ý�õ
-dimensionalcolumn

vectorof functionsö É Ê�Ë ÌFÍ�Î&ì Ç í É Ê�Ë ÌFÍ Ë Ç î É Ê�Ë ÌFÍ Ë â â â�Ë Ç ï ÷ ñ î É Ê�Ë ÌFÍ ò ó$â
With thehelpof thevectorsê and

ö
, Eq. (2.25a-b)cannow beexpressedasthe

matrix-vectorproduct ê ÎôÛ Ô Þ õ�øKù ö â (2.26)

Therelation(2.23)appliedto anarbitraryvector

ö
leadsto theconditionú ø ù ö Î�Ý	õÛ Ô ö â

Substitutionof (2.26)into thepreviousexpressionyieldsö Î ãÝ�Þ ú ê â (2.27)

Note that this vector

ö
is unique,since

ø�ù
is injective, and

ú
is proportionalto the

left inverseof
ø�ù

. Theexpression(2.26)providesnow amethodto calculatethearrayû ê ü ë ý of Gaborexpansioncoefficients:þ From the signal

Ç
and the dual window ÿ�� we derive their Zak transforms

É Ï¤Ç�Í�É � Ë � Ü Ý�Þ Û Ô Í and

É Ï ÿ � Í�É � Ë � Ü Û Ô Í , respectively, accordingto thedefini-
tion (2.20).



42 Non-separable1-D Gabor schemefor continuous-timesignals� We constructthe vector � , and the matrix � andobtain the vector � by the
matrix-vectorproduct(2.26).� The arrayof Gaborexpansioncoefficients ��	� 
��  follows from the function� ��� � � 	��� with thehelpof theinverseFouriertransform.

A similar procedurecanbe appliedto reconstructthe signal � with the help of the
matrix-vectorproduct(2.27).

Thesum-of-productsformsin thenon-separablecaseareverysimilar to thesum-
of-productsforms in the caseof a rectangularlattice. However, the numberof ele-
mentsin thesum-of-productforms,now not only dependson theoversampling��� � ,
but on thedeterminant� , aswell. Unlike in theseparablecase(rectangularlattice),
thesum-of-productsformsdonot reduceto productformsin thecaseof critical sam-
pling anda non-separablelattice, dueto the integer ����� �"!�# $ � �&% � �'��� . As
a consequence,the dual window in the caseof a non-separablelattice andcritical
samplingis moredifficult to calculate.

Theresultachievedin thissectionis obtainedby usingtheshiftedandmodulated
dual windows 	(�)�* + 
�� [seeEq. (2.16)] insteadof ( )�+ 
�� [seeEq. (2.8)]. It is not
possibleto usethesewindows ( )�+ 
�� to obtainsum-of-productsformsthataresimilar
to theseparablecase,sinceusingthis form leadsto thefollowing expressionfor the
Fouriertransformedarray � � 
��  of Gaborcoefficients:� � � � � ��� � , % -'.0/1� �����2�3"4 � � 56 7"8 9 : ; <5= 7?> < �A@ � ,'BDC � 4 E BDF 3 � 4HG&I .KJ L M F ��� � -N. ,1O � �P. C O � � �Q <5
 7"> < (�R @ � ,'BDC � 4 E BDS 3"4 G I J L M SD� -'.0/1� ���'. ,1O � �P. C O � � � %
in which the Zak transformdoesnot appear. Unlike the Zak transformsin expres-
sion (2.25a-b),the exponentin the previous expressiondependson the variable

,
.

Apparently, theZaktransformcanonly beusedin thecaseof arectangularlattice. In
fact, theshiftedandmodulatedwindows 	( ) s

+ 
�� correspondto a rectangularlattice;
the non-separablelattice is obtainedby leaving out (assigningthe valuezeroto be
precise)theshiftedandmodulatedwindows thatarenot a partof thenon-separable
lattice.

2.3 Fractional Fourier transform

In the previous section,we derived the connectionbetweenthe Gaborschemeon
a non-separablelattice and the Zak transformation.In the non-separablecase,the
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numberof elementsin thesum-of-productsformsnot only dependson theoversam-
pling T�U V , but on the determinantW aswell. In particular, unlike in the separable
case,thesum-of-productsformsdo not reduceto a productform in thecaseof crit-
ical sampling. Sincethe non-separablelattice canbe obtainedby, for example,a
rotationor a shear, it is mostlikely that theseoperationscanbeusefulto transform
a non-separableGaborschemeinto a separableone. In this section,we show that
the fractionalFourier transform,which canbe associatedwith a rotationof the lat-
tice in the time-frequency plane,canbeusefulto transformtheGaborschemeon a
non-separablelattice into a Gaborschemeon a rectangularlattice. As a result,the
fractionalFouriertransformationmakesit possibleto exploit theknown propertiesof
theGaborschemeon a rectangularlattice. In particular, morecanbesaidaboutthe
frameboundsin the caseof a Gaborschemeon a non-separablelattice. Moreover,
thefractionalFouriertransformationmakesit possibleto re-use‘old’ methodsto cal-
culatethedualwindow X Y andthearrayof Gaborcoefficients,andto reconstructthe
signal Z in thecaseof anon-separablelattice.

ThefractionalFouriertransformation(see[2,17,58,65,66] 1 ) is ageneralization
of theclassicalFouriertransformation.Koberobserved(see[58]) thattheeigenvalues
of the Fourier transformare [ \ ]�^`_Ka2bc d�e?f gh i"j with correspondingeigenfunctions\ ]�^2k _ bc l c m n h k l m , where

n h is theHermitepolynomialof degreee , i.e.,n h k l m2o k _qp m eKr l cqs hs l h r _ l c�t
Theorthonormalsetof Hermitefunctionsu h k l m2o pv w e e2x y d r _ l c U w n h k l m z e o|{�z p z t t t
is total in } c k ~ m , andtherefore,every signal � �&} c k ~ m hastherepresentation�?k l mKo g�h i"j � � z u h1� u h k l m t
FromKober’s observation,it follows thattheFouriertransform�'� ,k �'� m k � mKo py w d&� g� g �?k l m r _�a � l s l z
canbewritten as k �'� m k l mKo g�h i�j r _�a?bc d1e � � z u h1� u h k l m t

1Theauthorwould like to thankA.J.E.M.Janssenfor drawing his attentionto [58] and[17].
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Table 2.2: Two importantpropertiesof thefractionalFourier transform.�H� � � ��� �
= � �2�� � � ��� � �"� ����� � � � ��� ��� � ��  ¡ ¢ £ � ¤ � ��¥ ¦   £ � ¤ �H� � � ��§� � � �©¨ �
= � ª��?�� « �"� � �"� ����� ��� � ��� ¬ � � ¨ ¥ ¦   £ � ¤ � ¨   ¡ ¢ £ � ¤  � �§� � � �

Koberthendefinedtheoperator
� � � � by theeigenvalueequation� � � � � � � � ® �K¯±°²³ ´"µ � ªK� � ¶H· �"¸ ¹ ³1º ¹ ³ � ® �

with theintegral representation� �§� � � � � � »��K¯'¼ �½ ¾ � � �"� ��� � �?�� � � ª¿�� ¾ � � �2�� � »���� � À � ���Á&Â °� ° � ªK� �� � ��� ��� Ã » � �2�� � Ã ��� � À � ��� � � Ã ��Ä Ã ¸ (2.28)

wherea normalizationscale� is taken into accountwith dimensionrad
¬
s
�
. Namias

(see[66]) called this integral representationthe fractional Fourier transform. The
fractional Fourier transformcan be seenas a rotation by an angle

�
in the time-

frequency planeandcorrespondsto expressinga signal
�

in termsof a generalized
basisformed by chirps, i.e., complex exponentialswith linearly varying instanta-
neousfrequencies.ThefractionalFouriertransformationis aunitarytransformation,
i.e., the fractionalFourier transform

� � � �
is bijective andisometric.A moreprecise

formulationcanbefoundin termsof metaplecticrepresentations(see[39]).
Two other importantpropertiesof the fractional Fourier transformconcerning

translationandmodulationaretabulatedin Table2.2. By usingtheseproperties,the
relationbetweenrotationof thesamplinglatticeandthefractionalFouriertransform
becomesapparentwhenthefractionalFourier transformof a shiftedandmodulated
version

�©¨ ��� �
is considered:� � � � ��¨ ��� � ¯ � � Å µ � � ¸ « � � ¨ ¥ ¦   £ � ¤ � ¨   ¡ ¢ £ � ¤  � � � � ��  ¡ ¢ £ � ¤ � ��¥ ¦   £ � ¤ � � � � �¯ � � Å � � ¸ « � � � � ��  ¡ ¢ £ � ¤ Æ ¨ ¥ ¦   £ � ¤ � ��¥ ¦   £ � ¤ Æ ¨   ¡ ¢ £ � ¤  � �H� � � �¯ � � Å � � ¸ « � � ¨ � � �§� � � � (2.29)

wheretheadditionalphasetermsÅ µ � � ¸ « � and Å � � ¸ « � readÅ µ � � ¸ « �K¯ �� � � ��� ���� � � � � ��� ��� � ��� ª « �"� � � � ��� �
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and Ç2È É�Ê Ë�ÌKÍ©ÎÏ"Ð Ñ Ò È Ó�ÌÔ È Ô Ï É Ï�Õ Ö Ð È Ó�Ì"×DØ Ô É�Ë Ð Ñ Ò È Ó�Ì"Ù0Ë Ï�Õ Ö Ð È Ó�Ì Ì Ê (2.30)

respectively, andwherethetranslation

É
andthemodulation

Ë
arerelatedto theshift

É
andthemodulation

Ë
throughthematrix relationshipÚ ÉË?Û Í�ÜÞÝ ß à Ú ÉË2Û

(2.31)

with amatrixÜ Ý ß à Íâá Îã àåääçæ Ô è Ú Õ Ö Ð È Ó�Ì Ð Ñ Ò È Ó�ÌÙ Ð Ñ Ò È Ó�Ì Õ Ö Ð È Ó�Ì Û á
æ Ô ää Îã à è Í|é¿ê Îà Ü Ý é à

thatcorrespondsto a normalizationanda rotation.
In thecaseof a non-separablelattice, the time shift

É
andthemodulation

Ë
are

equalto ë&ì"í and

È î Ù ëðïñ Ì ò?ó , respectively [seeEq. (2.8)]. Substitutionof this

into Eq. (2.31)andreplacing
Ô

by ô õö ÷ Ô ø yieldsÚ ÉË2Û Í Ú ì í ää ò ó�Ûúùûü�ý þ Ô ø Õ Ö Ð È Ó�Ì?Ù ÿ Ð Ñ Ò È Ó�Ì � Õ Ö Ð È Ó�Ìþ Ô ø Ð Ñ Ò È Ó�Ì Õ Ö Ð È Ó�ÌÔ øÙ þ Ô ø Ð Ñ Ò È Ó�Ì�×Dÿ Õ Ö Ð È Ó�Ìþ Õ Ö Ð È Ó�Ì � � �� Ú ë î�Û Ê
with í Í í�� Õ Ö Ð È Ó�Ì , óÞÍÞó Õ Ö Ð È Ó�Ì and

ä	� Ó ��
 � Ø . This expressioncanbe
comparedwith Eq. (2.4):Ú ÉË2Û Í �  Ú ë î�Û Ê

where

��Í Ú ì í ää ò ó Û
and �Í ùûü�ý þ Ô ø Õ Ö Ð È Ó�Ì"Ù0ÿ Ð Ñ Ò È Ó�Ì � Õ Ö Ð È Ó�Ìþ Ô ø Ð Ñ Ò È Ó�Ì Õ Ö Ð È Ó�ÌÔ øÙ þ Ô ø Ð Ñ Ò È Ó�Ì�×Dÿ Õ Ö Ð È Ó�Ìþ Õ Ö Ð È Ó�Ì � � ����
Although this matrix


hasdeterminantequalto one,it doesnot necessarilycorre-

spondto a rectangularlattice. This is only thecaseif theelementsin this matrix are
integers.Thentheelementsin eachrow in


donothaveacommondivisor, sincethe

determinantof


is equalto one.Writing


in its Hermitenormalform

 ø
(assuming

that


containsonly integers)yields ø Í ùûü ý þ Ô ø Õ Ö Ð È Ó�Ì?Ù ÿ Ð Ñ Ò È Ó�Ì � Õ Ö Ð È Ó�Ìþ Ô ø äÙ þ Ô ø Ð Ñ Ò È Ó�Ì"×0ÿ Õ Ö Ð È Ó�Ìþ Õ Ö Ð È Ó�Ì þ Ô øý þ Ô ø Õ Ö Ð È Ó�Ì"Ù0ÿ Ð Ñ Ò È Ó�Ì � Õ Ö Ð È Ó�Ì

� ����
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Thismatrix ��� correspondsto arectangularlatticeif theangle� andtheparameter� �
arechosensuchthattheconditions

1. ��� � � � � � � �����! � " #$� ��� � � � � ���&%'��� � ;
2. ��� � � " #$� ���$() � � � � ���&%'* ;
3. � " #$� ��� � ��� � ��� + � � is aninteger;

arefulfilled, i.e., thematrix ��� reducesto theidentity matrix and � is a matrix con-
tainingonly integers.Thefirst two conditionsaremetif� �, %-�  � � � . � ��� / (2.32)

From this it follows that � � " # � � ��� +  hasto be an integer (seecondition3). Since*�01 32	� , thepossiblesolutionsare� 4&%65!7 8 � � " #:9�;  �)< = with < %->&/ / /@? �  BA �	> C
where D / E meansthesmallestintegergreateror equalto F . Usingoneof theangles� 4 andthecorrespondingparameter� 4�G %6� �, H [seeEq. (2.32)], thefractionalFourier
transformedsetof shiftedandmodulatedwindows I , H J K H L M@N OQP now correspondsto a
rectangularlattice[seeEqs.(2.29)and(2.30)]:I , H J K H L M@N OQP %	I , H J K H RTSQU V W@X L M %'Y Z [:\ ]�^$_ CT` a��  � ]:b�c�d�e RTf)g H h i H SjU V W@X I , H J K H L M%'Y Z [:\ ]�^$_ CT` a��  � ]:b�c�d�e R k l U V W@X I , H J K H L M / (2.33)

By applying the unitary fractional Fourier transformationwith angle � 4 to the
Gaborexpansion(2.13), and using the expression(2.33) of the fractional Fourier
transformedshiftedandmodulatedwindows I , H J K H L MTN OQP , it becomesclearhow the
fractionalFouriertransformationtransformsanon-separableGaborexpansioninto a
separableone:I , m J K n %poqOQr�s o oqP r$s o t I , H J K H n C I , H J K H u�MTN OQP v I , H J K H L M@N OQP%poqOQr�s o oqP r$s o t I , H J K H n C R k l U V W@X I , H J K H u$v R k l U V W@X I , H J K H L M%poqOQr�s o oqP r$s o wx OQP R k l U V W@X I , H J K H L M C (2.34)
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whereyz {Q|~}'z {Q| � � �:� ���$���T� ������ �:�������)}�� ��� � � � � � � � � �&� � �@� ��� � � � �   ¡�¢
is thearrayof the(modified)Gaborcoefficients.Notethattheadditionalphaseterms
arecanceledin Eq. (2.34). SinceEq. (2.34)correspondsto a (modified)Gaborex-
pansionon a rectangularlattice, it is possibleto exploit methodsof the separable
caseto calculatethe dual window   ¡ andthe Gaborexpansioncoefficients,andto
reconstructthesignal � .

For example,the Zak transformationcanbe usedto calculatethe dual window �¡ . Eq.(2.21a-c)now takestheform£| ¤�¥ ¦ §�¨ © ��� � � � � ª ¡$«�¬ ¨ �®)¯ « � � �@° ±3� �²j³ � ��´ � ��µ¶ ¨ © � � � � � �   ¡�« · ¬ ¨ �®)¸ « � � � ° ±3� �²j³ � � ´ � � µ }º¹� �¼» � ¯ � ¸ � �
with ¯ � ¸ }-½Q¾ ¾ ¾ ¹ �'¿ , and  and ± extendingover aninterval of length ¿ and ¿ À ² ,
respectively. Notethatthissum-of-productsform indeedreducesto aproductform in
thecaseof critical sampling(²!} ¹ } ¿ ). Theprocedureto obtainthedualwindow �¡ is clear:Á WecalculatethefractionalFouriertransform� � � � � � ª ¡ of thewindow ª ¡ .Á Wecalculateits Zak transformandconstructthematrix Â [seeEq.(2.22)].Á Thematrix Ã is obtainedby thematrix-product(2.23).Á The fractionalFourier transform� � � � � �   ¡ of the dual window   ¡ is now ob-

tainedby applyingtheinverseZak transform.Á Thedualwindow   ¡ followsnow from theinversefractionalFouriertransform.

Assumethat the set Ä ª ¡@Å {Q|ÇÆ �)� ��È�É�Ê , correspondingto a set of shiftedand
modulatedwindowsonanon-separablelattice,constitutesaframewith frameboundsË

and Ì . Thenwehave for all Í È�ÎjÏ ¨ Ð «Ë�Ñ Í Ñ Ï~ÒÔÓ£{Q¤�Õ Ó Ó£| ¤$Õ Ó Æ � Í � ª ¡TÅ {Q| ¢ Æ Ï~Ò Ì Ñ Í Ñ Ï �Ö Ë�Ñ Í Ñ Ï~ÒÔÓ£{Q¤�Õ Ó Ó£| ¤$Õ Ó Æ � Í � ��� � � � � ª ¡TÅ {Q| ¢ Æ Ï�Ò Ì Ñ Í Ñ Ï
Eq.(2.33)Ö Ë�Ñ Í Ñ Ï~ÒÔÓ£{Q¤�Õ Ó Ó£| ¤$Õ Ó Æ � Í � � �~� � �@� ��� � � � � ª ¡�¢ Æ Ï�Ò Ì Ñ Í Ñ Ï �
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Table 2.3: Two importantpropertiesof theshearoperator.×QØTÙ�Ú
= Û ÜQÝ ÞjßÇà á à Ø Ú Ù�ÚT×QØ×QØ â á Ø�ã = á Ø�ã ×QØ â

i.e.,theframeboundsä and å of theframeconstitutedby theset æ ç èTé êQëÇì í)î ï:ð�ñ�ò ,
correspondingto a non-separablelattice ó , are equal to the frame boundsof the
frame constitutedby the set æ ô õ~ö ÷ ø@ù ú�û ü ý þ ü ç è ì í)î ïÿð ñ�ò which correspondsto a

rectangularlattice. In thecaseof a Gaussianwindow ç è , which is aneigenfunction
of thefractionalFouriertransformation,theseframeboundscanbecalculatedexactly
in thecaseof integeroversampling(see[23,54]).

2.4 Shearing

In theprevioussection,thefractionalFouriertransformation,whichcanbeassociated
with a rotation in the time-frequency plane, is usedto transforma non-separable
latticeinto aseparablelattice.A shearof thetimevariableor thefrequency variable,
is ableto performsucha transformation,aswell. First we considera shearof the
frequency variable.Wedefinetheshearoperator

×QØ � as� ×QØ � ��� � � ���'Û Ý Þ	� � à � � � � î (2.35)

whichisunitaryon 
 à � � � with correspondingHilbert adjoint
×�Ø � � ×��TØ � . Forcon-

venience,we will usethesamenotationfor theshearoperator
×QØ � for thediscrete-

time setting.Theincreasein modulationpersecondcausedby theshearoperatoris
equalto �� � Þ�� � à ��� Þ	� � . A non-separablelattice ó is shearedin thefrequency direc-
tion with Ü� �	��� ����� [seeEq.(2.8)]. Thus,to reshearthenon-separablelatticeinto
aseparablelatticewe have to shearwithÞ�� ý � � � �	��� � �������
Notethat Þ	� ý � � à is dimensionless.In Table2.3, two propertiesof this shearoperator×QØ � are tabulatedconcerningtranslationand modulation. By applying the shear
operator

×QØ � and its propertiesto the shifted and modulatedwindows ç èTé êQë , we
obtain×QØ �  â ç è@é êQë!�'á ë" # á ê $ % & '( ×QØ �  â Ù ê) * ç è �'Û ÜjÝ +������ í à � � á ë" # Ù ê) * ×QØ �  â ç è �

(2.36)

Soif thecollection æ ç èTé êQë ì í)î ï:ð�ñ�ò , whichcorrespondsto anon-separablelattice,
establishesa frame,thenthecollection æ ×QØ �  â ç èTé êQëÇì í)î ï)ð ñ�ò establishesa frame
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Table 2.4: Somepropertiesof theFourier transformation.,.-0/ 1
= 2 / 1 ,, 243 =
-65 3 ,

onarectangularlattice.Applying theunitaryshearoperator7 / 8 9 1 , theshearedGabor
expansion(2.13)is now ona rectangularlattice,aswell:7 / 8 9 1 :<;>=?@BA 5 = =?C A 5 = D 7 / 8 9 1 :�E - CF G 2 @H I 7 / 8 9 1 J K	L - CF G 2 @H I 7 / 8 9 1 M K; =?@BA 5 = =?C A 5 = NO @ C - CF G 2 @H I 7 / 8 9 1 M K�E (2.37)

where NO @ C ; O @ C P Q�R S�T�U�V W�X Y Z ; D 7 / 8 9 1 :�E - CF G 2 @H I 7 / 8 9 1 J K	L
is thearrayof (modified)Gaborexpansioncoefficients.Notethattheadditionalphase
termsarecanceledin Eq.(2.37).

As mentionedbefore,a shearof the time variable is able to translatea non-
separablelattice into a separablelattice,aswell. Now we needtheshiftedandmod-
ulatedwindows of theform (2.11),with correspondingFouriertransform, M K\[ @ C ; ,.- CF G^] _ 2 C5a` b H I 2 @_ H I M Kc; 2 CF Ga] _ - C` b H I - @ 5 _ H I , M K; P R d S�T�UBe W�fgQhf^X V i Y Zkj - C` b H I - @ 5 _ H I 2 CF Ga] _ , M K�E (2.38)

wherewe usedthe propertiestabulatedin Table2.4. In order to reshearthe corre-
spondinglatticeinto aseparablelattice,weneedtheshearoperator7Bl 8 definedase 7Bl 8 : j e mBj ; P R n o m�X : e mBj p (2.39)

Fromexpression(2.38),it follows thatwehave to shearwith QV i T�q�ZkY U	r , andthus
we have to choose n o s t ; QV i T�q�ZkY d U	r
in orderto reshearthenon-separableinto aseparablelattice.Theshearedshiftedand
modulatedFourier transformedwindows 7Bl 8 9 1 , M K\[ @ C are indeedon a rectangular
lattice:7Bl 8 9 1 , M Ka[ @ C ; P R d S�T�UBe W�fgQhf^X V i Y Zkj 7Bl 8 9 1 - @ 5 _ H I - C` b H I 2 CF G^] _ , M K; P R d S�T�UBe W�fgQhf^X V i Y d Zkj - @ 5 _ H I 2 CF Ga] _ 7Bl 8 9 1 , M K p
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Note that the phaseu v4w	x y z {�|�}�~��a� is dueto the exchangeof the modulationop-
erator �0� �\��� � andthe time shift operator���� �a� � . As a consequence,applyingthe
unitary Fourier transformation� andthe unitary shearoperator �B� � � � , the sheared
andFouriertransformedGaborexpansion(2.13)is ona rectangularlattice,aswell:

�B� � � � �.�<�>���B� � � ��� � � �
�� �B� � � �a��� � � �� �a� � �B� � � ��� ��� (2.40)

where �� �B� � � �B�   y z {�|�}Bx ~��g¡h�^¢ £ ¤ ¥ z ¦k��¨§ �B� � � � �.��� � � �a��� � � �� �a� � �B� � � � ��© �	ª
is thearrayof (modified)Gaborcoefficients.SinceEqs.(2.37)and(2.40)correspond
to a(sheared)Gaborexpansiononarectangularlattice,it is possibleto exploit meth-
odsof theseparablecaseto calculatethedualwindow ©4� andtheGaborexpansion
coefficients,andto reconstructthesignal � .

Assumethat the set « � �\¬ �B�^ ~h� �¨®¨¯�° , correspondingto a set of shiftedand
modulatedwindowsonanon-separablelattice,constitutesaframewith framebounds±

and ² . Thenwehave for all ³�®�´ ¢ x µB�±.¶ ³ ¶ ¢!· ���B� � � ��� � � �  § ³�� � �\¬ �B� ª  ¢!· ²
¶ ³ ¶ ¢ �

¸ ±.¶ ³ ¶ ¢!· ���B� � � ��� � � �  § ³�� �B� � � � � �a¬ �B� ª  ¢�· ²
¶ ³ ¶ ¢

Eq.(2.36)¸ ±.¶ ³ ¶ ¢!· ���B� � � ��� � � �  § ³�� ¹	º »a¼ ½¾ ¿ ÀBÁ �B� � � � � �	ª  ¢!· ²
¶ ³ ¶ ¢ �

i.e.,theframebounds
±

and ² of theframeconstitutedby theset « � �a¬ �B�  ~h� �k®�¯�° ,
correspondingto anon-separablelattice Â , areequalto theframeboundsof theframe
constitutedby theset « ¹ º »a¼ ½¾ ¿ ÀÁ �B� � � � � �  ~h� ��®c¯° which correspondsto a rectangu-

lar lattice. On the otherhand,if the set « ¹	º »a¼ ½¾ ¿ ÀBÁ �B� � � � � �  ~h� �Ã®Ã¯�° constitutesa

frame,thentheset « � �a¬ �B�^ ~h� �k®�¯° constitutesa frameaswell. Putdifferently, we
canusethewindow � � in thenon-separablecase,if theset « ¹	º »a¼ ½¾ ¿ À Á �B� � � � � �  ~h� �k®¯�° constitutesaframe.A similarresultcanbeobtainedwith theshearoperator�B� � � � .

TheZak transformationcanbeusedto calculatethedualwindow ©4� . Eq. (2.21)
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now takestheform (correspondingto a frequency shear)ÄÅ Æ	Ç È ÉaÊ ËkÌBÍ Î Ï Ð Ñ Ò\Ó Ô�Õ Ö.×<Ø Ù Ú ÛgÜ\Ý Þ�ßÃàá�â.ã ä.å ä Ú�æç Ê Ë�ÌBÍ Î Ï Ð è Ò�Ó é Ô�Õ Ö.×<ê	Ù Ú Û.Ü\Ý Þ�ß àá�â ã ä�å ä Ú�æÃëíìä Úgî4ï Ø	ßhê\ð Ü
with

Ø Ü ê ëòñBó ó ó ì ß�ô , and

Ö
and

Þ
extendingover aninterval of length

ô
and

ô õ á ,
respectively. Notethatthissum-of-productsform indeedreducesto aproductform in
thecaseof critical sampling(á ë ì ë ô ). Theprocedureto obtainthedualwindowè4Ò is clear:ö We multiply the window Ñ Ò by a quadraticphaseterm to obtainthe sheared

window ÌBÍ Î Ï Ð Ñ Ò .ö Wecalculateits Zak transformandconstructthematrix ÷ [seeEq.(2.22)].ö Thematrix ø is obtainedby thematrix-product(2.23).ö The sheareddual window ÌBÍ Î Ï Ð è4Ò is now obtainedby applying the inverse
Zak transform.ö And finally, we get thedualwindow è Ò by multiplying thesheareddualwin-
dow ÌBÍ Î Ï Ð è4Ò by aquadraticphaseterm.

2.4.1 Calculation generalizedwindow in the caseof critical sampling

In theearlyeighties,Bastiaans(see[5–7]) andJanssen(see[48]) calculatedanalyti-
cally thegeneralizedfunction è Ò of aGaussianwindow

Ñ Ò Õ ù Ù ë�ú	ûü^ý ß�þ�Õ ù õ Ú Ù ÿ Ü
suchthat � ë��Ä� Æ�� � �ÄÅ Æ�� � �

� Ü è Ò	� � Å 
 Ñ Ò�� � Å (2.41)

in thecaseof arectangularlattice � andcritical sampling.Althoughthesetof shifted
and modulatedversions  Ñ Ò	� � Å�� � Ü à������

is completein � ÿ Õ �BÙ , this sum does
not converge in a weak � ÿ Õ �BÙ -sense (see[27,49]); theset  Ñ Ò	� � Å�� � Ü à������ does
not constitutea frame. Janssenshowed that convergenceholdsonly in thesenseof
distributions(see[47]). In Fig. 2.3(a), thewell-known function è Ò ,
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Figure 2.3: The generalized functions ��� in (a) the caseof a rectangular
latticeandin (b) thecaseof a quincunxlattice.� � � ! "$# % &�'()�* + ,.-/10 &�2 3 4 � 576 " 8:9 ; / < � ! = )�* " 4 5>� ?A@�B '4 " 4 CDFEGH I 8:9 � 576 " H & 8:9 ; 5 / < � J.B '4 " 4 5>� ?A@�B '4 " 4 C K

where
,L- #M6 N O P Q�R S Q T O and ?A@ is an integer suchthat � ?A@�5 '4 " )�*MUMV ! VWU� ?A@�B '4 " )�* , with its typical peaksis depictedfor ) #�XY# * #Z6 . In order to

calculatethisfunction � � , BastiaansusedtheZaktransformandthesum-of-products
form (2.21a)in thecaseof critical sampling,which reducesthento theproductform� [W\ ��" + ! * X K ]W^ )._ )�* 0 � [7����" ` + ! * X K ]W^ )._ )�* 0 # 6)�* K
wherethevariables! and

]
extendover aninterval of length 6 , or equivalently)�* � [W\ ��"�� ! K ] _ )�* "�� [7����" `$� ! K ] _ )�* " #Y6 K (2.42)

wherethevariable! extendsover aninterval )�* andthevariable
]

over aninterval% / = )�* . Thefunction � � canbeformally foundin thefollowing way:a from thewindow \ � we derive its Zak transform[7\ � ;
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foundwith thehelpof relation(2.42);b finally, the function f e follows from its Zak transformcWf e by meansof the
inverseZak transformation.

Althoughweareawareof thefactthattheexpansion(2.41)in thecaseof critical
samplingconvergesonly in thesenseof distributions,to illustrateusefulnessof the
shearoperator, we calculatein this sectionthegeneralizedfunction f e in thecaseof
a non-separablelatticeandcritical sampling.In thenon-separablecase,thesum-of-
productsform (2.21a)doesnot reduceto a simpleproductform, dueto the integergihkjmlon

. As a consequence,the generalizedfunction f�e is more difficult to
calculate.In orderto transformthissum-of-productsinto aproductform, wecanuse
thefractionalFouriertransformp�q r s or theshearoperatorst:u v and t:w v , asshown in
theSections2.3and2.4,respectively. In this sectionwe usetheshearoperatort:u v ,
asanexample.

Following the procedureoutlined in the previous sectionand substitutingthe
shearoperatort:u v x y in Eq.(2.42)yieldsz�{>| c}t:u v x y d e�~ � � � ��� z�{7��| cAt:u v x y f e�~ �$� � � ��� z�{7� hYn �

(2.43)

The Zak transformof the Gaussiand e multiplied by thequadraticphaseterm withz hYn � �
and � { h�� �� t:u v x y d e � � � � h d e � � � � � � � � � j � � � � z�{7� � h����� � � �$� z�� �}� � � � j � � � � � z�{7� �

reads| cAt:u v x y d e�~:� � � ��� z�{7� h����� � � � � � � � z�{7� �����:��� � � � � � � � � � � � �}� � � � � � �h����� � � � � � � � z�{7� � �   � � � � � � � � � � � � �
where �   � � � � � � � � � � h ���:��� � � � � � �:� � �}� � � � � �
is a thetafunction(see,for instance,[86]), in thiscasewith nome� h>¡ ¢�£�¤ � � � z ��¥� � � � j � � ¦ , andwith � � � � � � hi��¤ z � � � ¥ � � z � ¥ � � � � j � � � � � z�{7� ¦ . TheZak trans-
form of thegeneralizedfunction t:u v x y f�e , follows now from Eq.(2.43)z�{ � �� � � � � z�{7� � | c}t:u v x y f e�~ � � � ��� z�{7� h � �� � � � � z�{7� �§ | cAt:u v x y d�~:� � � ��� z�{7� ¨ �h n�   � � � � � � � � � � h n� � � � � � � � � ¥ �� � � � � � (2.44)
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In the fundamentalrectangle( ©Aª« ¬�¯®±°²® ª« ¬� , ©�³�´ ¬�µ®±¶Z® ³�´ ¬� ) the
inverseof thethetafunction · ¸�¹ º	¹ ° » ¶:¼ ½ ª« ³ » ¾	¼ canbeexpressedas(see,for instance,
[86], p. 489) ¿· ¸�¹ º	¹ ° » ¶:¼�½ ª« ³ » ¾	¼7ÀÂÁ· « · Ã · ¸²Ä Å Æ ½ ÁÈÇÉÊ:Ë ª ¹ © ¿ ¼ Ê Å ÊÍÌ Î�Ï ¹ Á Ð º	¹ ° » ¶:¼ ¼ ÑÀ Á· « · Ã · ¸ ÇÉÊ:Ë�Ò Ç ¹ ©

¿ ¼ Ê Å Ó Ê Ó Ô © Õ Á Ð º	¹ ° » ¶:¼ »
where the constants· « , · Ã and · ¸ are equal to the theta functions · « ¹ º	¹ ° » ¶:¼ » ¾	¼ ,· Ã ¹ º	¹ ° » ¶:¼ » ¾	¼ and · ¸ ¹ º	¹ ° » ¶:¼ » ¾	¼ evaluatedin º	¹ ° » ¶:¼ ÀZÖ , respectively, andwhere
thecoefficients Å Ê aredefinedbyÅ Ê À ÇÉ× Ë Æ ¹ ©

¿ ¼ × ¾ ¹ Ø ½ ª«�¼ ¹ Á Ð ½ Ø ½ ª«�¼ Ù (2.45)

In AppendixA.4 it is shown thatthegeneralizedfunction Ú Û hastheformÚ Û ¹ ° ¼ À Á Ã¸¬� · « · Ã · ¸ Ô ©:Õ Ü Ý�Þ ° « ´ Á ¬��ß ¾ ©à¹ ° ´ ¬�7¼ « ÇÉá Ë�Ê:â ¹ © ¿ ¼ áAã ¾ ¹ ä ½ ª«�¼ « å »
(2.46)

whereÐAæ is anintegersuchthat ¹ ÐAæ ©�ª« ¼ ¬�1®Yç ° ç�® ¹ ÐAæ ½ ª« ¼ ¬� . Fromacomputa-
tionalpointof view, thisexpressionis notpractical;amorepracticalwayto represent
thiswindow is in theform (cf. [60] in thecaseof a rectangularlattice)Ú�Û$¹ ° ¼ ÀèÁ Ã¸¬� · « · Ã · ¸�Ô ©:Õ Ü Ý�Þ ° « ´ Á ¬��ß ¹ © ¿ ¼ Ê:â ã ¾ ©àé ¹ ° ´ ¬�7¼ « ©>¹ ÐAæ ½ ª«�¼ « ê åë ÇÉá Ë�Ê:â ¹ © ¿ ¼ á Ò	Ê:â ã ¾ ¹ ä ½ ª« ¼ « ©>¹ ÐAæ ½ ª« ¼ « å Ù (2.47)

As anexample,thegeneralizedfunctionof a Gaussianwindow in thecaseof a
quincunxlattice is calculated,i.e., Ü À ¿

and ß À Á [the nome ¾ takes the valueì í�î ¹ ©�³$¹ ¬ « ½ ª« Õ ¼ ]. Thegeneralizedfunction Ú Û thentakestheform [seeEq.(2.47)]Ú�Û$¹ ° ¼ ÀèÁ Ã¸¬� · « · Ã · ¸�Ô ©:Õ�ª« ³$¹ ° ´ ¬�7¼ « ¹ © ¿ ¼ Ê:â Ô ³$¹ ¬ « ½ ª« Õ ¼ ï ¹ ° ´ ¬�7¼ « ©>¹ ÐAæ ½ ª«�¼ « ðë ÇÉá Ë�Ê:â ¹ © ¿ ¼ á Ò	Ê:â Ô ©�³$¹ ¬ « ½ ª« Õ ¼ ï ¹ ä ½ ª« ¼ « ©�¹ ÐAæ ½ ª« ¼ « ð Ù
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Rewriting thisexpressionñ ò ó ô õ$öø÷�ùúû�ü�ý þ ý ù ý ú ó ÿ�� õ ��� � ÿ��	�þ 
 ó ������þ õ þ � 
 û þ�� ó ô � û�ü7õ þ ÿ>ó ������þ õ þ ������ � ��� ó ÿ�� õ � � ��� � ÿ����þ 
 � ó !"���þ õ þ ÿ>ó ������þ õ þ # � ÿ 
 û þ � ó !$���þ õ þ ÿ�ó ������þ õ þ #�%
andexpanding& '�( ó ÿ����þ 
 ó ��)�*�þ õ þ õ$ö & '�( ó ÿ����+ 
 õ & '�( ó ÿ����þ 
 �� ó ��)�,� õ õ , where
theexpression& '�( ó ÿ����þ 
 �� ó ����-� õ õ is real-valuedfor all integers�� , yieldsñ ò ó ô õ$öø÷�ùúû�ü�ý þ ý ù ý ú ó ÿ�� õ ��� � ÿ����þ 
 �� ó ����-� õ � ÿ����+ 
 � 
 û þ � ó ô � û�ü7õ þ ÿ>ó ������þ õ þ ��.��� � ��� ó ÿ�� õ � � ��� � ÿ����þ 
 � !$ó !"�/� õ�ÿ �� ó ����/� õ � � ÿ 
 û þ � ó !$���þ õ þ ÿ�ó ������þ õ þ #�0
The constantý þ ý ù ý ú is equalto 11 2 ý � ó 3 % 4 õ 55 2 �76 ; the type 1 thetafunction ý � ó 3 % 4 õ
differentiatedwith regard to the variable 3 evaluatedat 3Èö98 (see[86]). This

constantý þ ý ù ý ú can be written in the following product form ÷ 4 �ú�: ù with
: ö; �< � � ó �àÿ 4 þ < õ . Note that

:
is real-valuedand

4 �ú ö & '�( ó ÿ��	�+ 
 õ & '�( ó ÿ$�ú 
 û þ õ .
As a consequence,thegeneralizedfunction ñ�ò is real-valuedin thecaseof a quin-
cunxlattice:ñ ò ó ô õ$ö ÷ � �úû�ü : ù ó ÿ�� õ ��� � ÿ����þ 
 �� ó ����/� õ � �ú 
 û þ � 
 û þ � ó ô � û�ü7õ þ ÿ>ó ������þ õ þ �� ��� � ��� ó ÿ�� õ � � ��� � ÿ����þ 
 � !$ó !"�/� õ�ÿ �� ó ����/� õ � � ÿ 
 û þ � ó !$���þ õ þ ÿ�ó ������þ õ þ # 0
Choosingû�ö�� andobservingthat thesummationin this expressionyieldsa result
which is closeto unity for any value of �� (1.001867for ��Lö=8 , 0.999997for��$ö>� , 0 0 0 , 1 for ���ö*? ), leadsto theapproximationñ�ò$ó ô õ ö ÷ � �úû�ü : ù ó ÿ�� õ ��� � ÿ��	�þ 
 �� ó ����-� õ � �ú 
 � 
 � ó ô � ü7õ þ ÿ>ó ������þ õ þ � %
with �� definedby ó ���ÿ��þ õ ü�@�A ô A)@ió ������þ õ ü . In Fig. 2.3(b), this generalized
functionis depictedwith üiöB� . Thegeneralizedfunctionlooksvery similar to the
dualwindow in therectangularcase,exceptfor thesignof thesidepeaks,dueto the
term & '�( ó � �þ 
 �� ó ����/� õ õ .
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2.5 Concluding remarks

In thischapter, theGaborschemefor theseparablelatticefor continuous-timesignals
is extendedto thegeneral,non-separablelatticein a structuredway; this is achieved
by describingthenon-separablelattice by meansof a latticegeneratormatrix. The
latticegeneratormatrix is written in theHermitenormalform to obtaina shearrep-
resentationon theshiftedandmodulatedwindows, which shearrepresentationthen
leadsto a modificationof the rectangularGaborschemeand resultsin the Gabor
schemeonanon-separablelattice.Thelatticegeneratormatrixwritten in its Hermite
normalform alsoleadsto analternative expressionof theshiftedandmodulatedwin-
dows. This expressionis basedon a rectangularlattice, aswell; the non-separable
latticeis obtainedby deletingtheshiftedandmodulatedwindowsof arefinedrectan-
gularlattice,whichdo notbelongto thenon-separablelattice.

Sincethe Zak transformcanbe very helpful in determiningGabor’s expansion
coefficients, in finding the dual window and in reconstructingthe signal from the
givenGaborexpansioncoefficientsin thecaseof arectangulartime-frequency lattice,
this ideais extendedto thenon-separablecase.Theresultsin thenon-separablecase
arevery similar to theresultsin therectangularcase;by usingtheFouriertransform
and the Zak transform,the Gabortransformand Gabor’s signal expansioncan be
written asa sum-of-productsform, again. However, thenumberof elementsin the
sumnow notonly dependson theoversampling,but on thedeterminantof thelattice
generatormatrix, as well. As a consequence,the sum-of-productsform doesnot
reduceto aproductform in thecaseof critical samplinganda non-separablelattice.

Thenon-separablelatticescanbeobtained,for instance,via ascaledrotationop-
erationor a shearoperationon therectangularlattice. It is shown, thatthefractional
Fourier transform,which canbeseenasa rotationin the time-frequency plane,and
multiplying by quadraticphaseterms,associatedwith theshearoperation,translate
the non-separablecaseto the rectangularcase.As a consequence,techniquesused
in therectangularcasecanbere-usedfor thenon-separablecase.Dueto thetransla-
tion of thenon-separableto the rectangularcase,thesum-of-productsform reduces
to a productform in the caseof critical sampling. As an example,the generalized
window of a Gaussianwindow is calculatedin the caseof critical samplinganda
non-separablelattice.



Chapter 3

Multi-dimensional non-separableGabor
schemefor continuous-timesignals

In this chapter, the one-dimensionalnon-separableGaborschemeis extendedto
the C -dimensionalGaborschemefor possiblynon-separablelatticesand possibly
non-separatedwindows andtherelationshipwith theZak transformationandthe C -
dimensionalnon-separableGaborschemeis elucidated.Again, similar to the one-
dimensionalcase,the non-separablelattice is describedby meansof a lattice gen-
eratormatrix written in Hermitenormalform. In orderto show theconnectionbe-
tweenthe C -dimensionalnon-separableGaborschemeandthe Zak transformation,
analternative expressionfor theGaborschemeof shiftedandmodulatedversionsof
the window is used. This alternative expressionis obtainedin a similar way as in
the one-dimensionalcase;the Gaborschemeof shiftedandmodulatedversionsof
thewindow basedon theseparablelatticethatrefinesthenon-separablelatticeis ob-
tainedby multiplying by oneif it belongsto thenon-separablelatticeandmultiplying
by zerootherwise.

In [59] instead,the Kohn-Nirenberg correspondenceis usedto studythe Gabor
schemesfor thesituationsof non-separablewindows and/ornon-separablelattices.

3.1 Gabor’ssignal expansionon a non-separablelattice

In this section,asanintroductionto theremainingpartof thesection,we constructaC -dimensionalnon-separableGaborschemestartingfrom theone-dimensionalnon-
separableGaborschemes.Each D th two-dimensionallattice is describedby E$F andG F correspondingto the D th non-separablelattice H�F , [cf. Eqs.(2.4)and(2.6)]

EF7IKJL F M N F OPF L FRQQTS)F U�F V and
G F7I M J QWYX F L F V[Z
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where\�]-^�_ _ _ `�acb . Thenthe d ` -dimensionallattice e is describedby thefollowing
matricesfhgi�j k l)j k and m>gon�j k l�j k in its Hermitenormalform:f.]qp r$sut kt kwvyxcz|{�} ~[� and m*]qp�� k t ka[� z,~�� (3.1)

wherethediagonalmatricesr , s , v , x g i�k l�k , andthediagonalmatricesz and�hgon k l)k aregivenbyr ]-�)� � ��� ��� � _ _ _ � � k {�} � � s ]-�P� � ��� ��� � _ _ _ � � k {7} � �v ]-�)� � ��� ��� � _ _ _ � � k {�} � � x ]-�P� � ��� �Y� � _ _ _ � � k {�} � �z ]-�P� � ��� �c� � _ _ _ � � k {7} � � and �.]-�)� � ��� � � � _ _ _ � � k {7} � �
respectively. Moreover, � k gonYk l�k and t k gon�k l)k denotetheidentitymatrixandthe
zeromatrix, respectively. Note that x s ]�d � � k . For example,a two-dimensional
Gaborschemestartingfrom thetwo one-dimensionalGaborschemeswith matricesf�Y] bd p � d�^^�� � d ~�� f } ]qp }j � d ��^^ }j � d � ~��m��Y]qp b�^a�b�d ~�� and m } ] � j �
i.e., a Gaborschemeon a quincunxlattice and a Gaborschemeon a rectangular
lattice,thusresultsin thematrices

f.]9���� }j � d�^^ }j � d � }j � � d�^^ }j � d �
� ��� and m*]9���� b�^^�ba�b�^ d�^^ ^ ^¡b

� ��� _
Similarto theone-dimensionalcase,weassumethattheintegersin onerow appearing
in m do not have a commondivisor. We could choosea different row orderin f ,
however, the similaritiesbetweenthe one-dimensionalcaseandthe ` -dimensional
caseare lessapparentthen. Although the lattice e generatedby f and m is non-
separable,wecall this lattice‘not completelynon-separable’.It canbeseparatedin `
one-dimensional(non-separable)lattices.We shallcall theselatticesdecomposable.
Moreover, we call a decomposablelattice e separableif the corresponding̀ one-
dimensionallatticesareseparable,i.e., m*] � j k .

Eachpoint ¢ goe canbeobtainedby amatrix-vectorproduct£P¤ ¥ ¦�§ ¨ ¥ ©Pª « ¢ ]-¬� ]*fmY � with f and m asdefinedin Eq. (3.1).
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Let ® ¯ be the ° -variatewindow. If ® ¯ canbeseparatedinto a productof ° univari-
atewindows, we say that ® ¯ is a separatedwindow. Otherwise,® ¯ is callednon-
separated.A Gaborschemebasedon a decomposablelattice with a non-separated
window is callednon-separable.By usingthesub-matrices±�² ³�´µ�¶ ·)¶ of ± ,±�¸*¹oº*¸q» ±"¼ ¼9±"¼ ½±c½ ¼9±c½ ½ ¾�¿
it followsthattheshiftedandmodulatedversions® ¯�À Á ³ of the ° -dimensionalwindow® ¯ take theform [cf. Eq. (2.8)]® ¯�À Á ³ ¸-ÂPÃ�Ä Å Æ Ç ® ¯o¸-È Ã7É Ê Á È Ã É É ³ Ë Ã�Ê Ê Á Ë Ã Ê É ³ ® ¯¸-ÈhÌ�Í�Î�Ï�Ð Ê Ñ Á È Í�Î ³ Ë)Ò�Ó Á ® ¯ ¿ (3.2)

where Ä Å Æ Ç ¸-Ô Õ Ö × Ø ¿ Ù Ú , andwhereweusedthetranslationoperatorÂ�Ä ÛÜ Ç definedbyÂ Ä ÛÜ Ç ¸-ÈÞÝ Ë�ß ¿
with themodulationoperator× È.Ý à Ú × á Ú ¸-â ãPä å ¿ á æ à	× á Ú ¿
andtranslationoperator × Ë�ß à Ú × á Ú ¸-à�× á çyè Ú é
TheoperatorsÈ.Ý and Ë�ß areunitaryon ê�½ × µ�¶ Ú with Hilbert adjointsÈ.ëÝ ¸-È Ì Ý
and Ë ëß ¸ Ë Ì ß .

The way of presentingthe matrices¹ and º in expression(3.1) suggeststhat
in the ° -dimensionalnon-decomposablecase,thisexpressionremainsvalid, but now
with anon-diagonalì andalower triangularí . Furthermore,theidentitymatrix î ¶
appearingin thematrix º in Eq. (3.1) will bereplacedby a lower triangularmatrixï

, which canbeunifiedwith thematrix ¹ , but thematricesð , ñ , ò and ó will be
keptdiagonal: ¹.¸q» ð"ñ ïõô ¶ô ¶ òyó�í Ì ¼ ¾ and º*¸q» î ¶ ô ¶çYì�í ¾[é
Then ¹oº is anon-fully filled lower triangular:¹oº*¸q» ð"ñ ï ô ¶çYòyó�í Ì ¼ ìöòyó�¾�¿
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Figure 3.1: Thelattice generatedby þ�ÿ�� ������	� . Thelattice pointson the
axesclosestto theorigin are indicatedby heavierdots.

which meansthatwe cannothave a non-separablelattice in thefrequency direction.
This limitation canbeovercomeby replacingthesub-matrixþ of 
 by thediagonal
matrix ������ �	� , wherethe � th columnvectorcorrespondsto thepointonthelattice
generatedby þ on the � th axis andclosestto the origin. Sincethesepointson the
axesbelongto thelattice,it follows that þ���� � is a matrix containingonly integers.
As anexample,in Fig.3.1,thelatticegeneratedby thematrix þ=ÿ� ������ � is depicted.
Fromthisfigure,we seethat �Þÿ���� � ���  "! #"$ .

This smallchangein thematrix 
 yields the % & -dimensionalnon-separablelat-
tice ' with latticegeneratormatrix (�ÿ)
�* , where
.ÿ,+ -/.1032 �2 �5476 ����� 8 and **ÿ,+:9 � 2 �;=< þ>8@? (3.3)

Notethat 
�* canbea fully filled lower triangular. For example,thematrices

- ÿ,+ �A"B %DCCE�A 8 ! 4 ÿ,+ �A"B %FCCE�A 8 !�þ ÿ,+HG C;JI # 8 !K�Þÿ,+  LCCL# 8 !< ÿ,+ M %% M 8 ! 0 ÿ,+NM C; M % 8 ! 6 ÿ,+ % OPCC B % O 8 ! and . ÿ,+ M CC B % O 8
correspondto a latticegeneratormatrix (�ÿ�
�* of a non-separablelatticewith


.ÿRQSST �A B %UC; �A B % O B % O �V O B %WCCX�� A"B % O
Y ZZ[ and **ÿRQSST M CC M; M ; % G C; % ; M ;JI #

Y ZZ[ ?
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Theshiftedandmodulatedversions\ ]�^ _ ` of thewindow \ ] aregivenby\ ]�^ _ ` a�bdc�e f _ bdc�e e ` g	c:f f _ g	c:f e ` \ ]�h (3.4)

with ikj lmaon=p7qkr�s l t , ikj jkaup7q/rvs l w , ikl lmaux/y1z and i/l jkau{�| . Note
that in thedecomposablecase(

t
and
w

arediagonal)thematrix r is equalto
w

.
Actually, thematrix r is not really necessary, sinceit canbeunifiedwith p . How-
ever, if we unify r with p , thenthedeterminantof ioaH}�~ in thedecomposable
caseequals � � ��� |��	� � � x1p w � . We would like to have, correspondingto the one-
dimensionalcase,thatin thedecomposablecasetheexpressionfor theoversampling
equals� � �	� � � xvp7� , which is not thecaseif we unify r with p . However, it canbe
achievedby usingthematrix r , becausethentheoversamplingindeedreducesto the
expression� � �	� � � xvp7� insteadof � � �"� � � xvp w � . Moreover, although r depends
on w , the fact that r canbe compensatedby p andthat ~ is in its Hermitenor-
mal form leadsto theobservation thatwe now cover all possiblelatticeswith lattice
pointson all � axes,i.e., the latticegeneratormatricesthatcanbedecomposedinto
thetwo matrices} and ~ . Sincethelattice � haslatticepointson all theaxes,it is
suitablefor adiscrete-timeapproachaswell (seeChapter5).

The volume of a cell (a parallelepipedspannedby the column vectorsof the
matrix i ) in the position-frequency spaceis equal to the determinantof the lat-
tice generatormatrix i . This determinantis equal to �"� � � x1y/z=p7qkr�s l w �>a� � �:� | �"� � � xvp7rvs l w zJ� . Theequality�"� � � i/��aH� � ��� | , correspondstocritical sam-
pling, whereas�"� � � i/���)� � �:� | correspondsto undersampling,and �	� � � ik����� � ��� |
correspondsto oversampling(see[59]). However, herethe term oversamplingis
misleadingcomparedto the one-dimensionalcase. In the one-dimensionalcase,
frameswith excellent time-frequency localization propertiesexist. In particular,
Gaborframeswith a Gaussianwindow \ ] alwaysconstitutea framein the caseof
oversampling(see[64,79]). This is not necessarilytrue in the multi-dimensional
case. For example, in the caseof a two-dimensionalseparablelattice and a two-
dimensionalwindow that is a productof two Gaussianswith xda ��� � � � lj h � � � , p�arda w a�z�a ��� � � � � h � � , theoversamplingis equalto �"� � , however it consistsof
aone-dimensionalGaborschemewith oversampling� andaone-dimensionalGabor
schemewith undersampling�	� � . As a consequence,althoughthe oversamplingis�"� � , thesetof shiftedandmodulatedwindows is notcompletein ��j � � j � .

Weshallassumethatthenon-separablelattice � is generatedwith thehelpof the
matrices} and ~ asdefinedin Eq.(3.3). TheGaborframeoperator��] is definedas��]��7a��_ � �	� �` � �	� � ��h \ ]�^ _ ` � \ ]�^ _ ` h��� ���j � � | � ¡
Similar to theproof in Section2.1, it canbeshown, by usingthepropertiesthatare
tabulatedin Table3.1, thattheGaborframeoperator��] commuteswith thetransla-
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Table 3.1: Somepropertiesof themodulationandtranslationoperators.¢"£ ¤ ¢"£ ¥
=
¢"£ ¥ ¢"£ ¤¦§ ¤ ¦§ ¥

=
¦o§ ¥ ¦o§ ¤¦§ ¢"£

= ¨ ©�ª « ¬  ® ¢"£ ¦o§
tion operator̄�°�± ² ³ ´ in thenon-separablecase,i.e.,µ�¶ ¯�°�± ² ³ ´:·�¯�°�± ² ³ ´ µ�¶�¸
Fromthisit followsthat

µ=¹�º¶ alsocommuteswith thetime-frequency operator̄�°�± ² ³ ´ .
As a result,theelementsof thedualGaborframe » µ ¹�º¶u¼ ¶�½ ¾ ¿ ·�À ¶�½ ¾ ¿ Á aregener-
atedby asinglefunction À ¶ . Thusthe Â -dimensionalnon-separableGaborexpansion
on anon-separablelattice Ã is givenbyÄ ·�Å¾ Æ Ç	È Å¿ Æ Ç�È É ¾ ¿ ¼ ¶�½ ¾ ¿ ¬ Ä>Ê�Ë�Ì Í Î�Ï"Ð (3.5)

wherethearrayof Gaborcoefficients » É ¾ ¿ Á is obtainedby theGabortransformÉ ¾ ¿ · ª Ä ¬ À ¶�½ ¾ ¿ ® Ï ¸
In Section2.2, we showed that the Zak transformationcanbe usedin the case

of a non-separableGaborschemefor one-dimensionalsignalsto calculatethe dual
window of a given window and to calculatethe array of Gaborexpansioncoeffi-
cients,andto reconstructthe signal. We will show in thenext sectionthat theZak
transformationcan be usedalso in the caseof a non-separableGaborschemefor
multi-dimensionalsignals.Similar to theone-dimensionalcase(seeSection2.1),we
considertheseparablelattice Ã sÃ s ·HÑ�Ò s

± ² ³ ´"Ó Ô ¬ Õ Ê�Ö=Ï × ¬ with Ò s ·)Ø·,Ù Ú/Û1Ü3Ý ÏÝ Ï5Þ7ßkà ¹�º á ¸
This lattice Ã s refinesthenon-separablelattice Ã , i.e., Ã is asub-latticeof Ã s,» Ò ± â ã ´ Ó ä ¬ å Ê�Ö=Ï Ámæ » Ò s

± ² ³ ´ Ó Ô ¬ Õ Ê�Ö�Ï Á"¸
Moreover,ç	è é ê Æ Ç È ë�ì ¾ é ¿ Æ Ç È Ò7í è ê î ·ïÒ sð ± è ê î ·�Ò s í ¾ ¿ î ¬ with í ¾ ¿ î · ð ± è ê î ¸
The non-separableGaborschemeof shifted and modulatedwindows ¼ ¶�½ è ê is ob-
tainedby assigningthevaluezeroto theshiftedandmodulatedwindows

¼ ¶
s
½ ¾ ¿

on
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Figure 3.2: Thelatticegeneratedby ������� �������� , a possible��� �  ! ����" , the
fundamentalregion # $�%�&�! ����" , andthecorrespondingcontinu-
ousregions ' (�%  ! �)�*" which are indicatedby thelines.

theseparablelatticethatarenotpartof thenon-separablelattice + , i.e., , - . /�0�213, 4 5 / .
Wehave thefollowing equivalentexpressions176�8�� 9 : �<;�=?> @ACB D*E ! F G H "��JI G
where

D*E ! F G H " is givenby theexpressionD*E ! F G H "�� I&�K  ! �L" MN O P Q R S T UWV�X K Y��[Z \ ] ^�_ � �36�8�� ( `C! abG c @ "�, - . / d�e (3.6)

Here ��� �  ! ���*" denotesa set of &�K  ! �3" points in = @ for which fhg O i�j Z ���hk l��� �  ! ����" d is a partition of = @ . The correspondingcontinuousregion will be in-
dicatedby ' ( %  ! ���*"��nm ���ho p o ; , q�G I " @ r l	s , where s ;ut @ , with volume&�K  ! �3" . We shallalsouse ' (�%  ! ����" for non-integermatrices� . Thefundamental
region, i.e., the set m ����o p o ; , q�G I " @ r7v = @ will be denotedby # $�%�&h! ����" . Note
that # $�%�&h! ���*" is a possiblesetfor ��� �  ! ����" . As anexample,in Fig. 3.2,we show
the lattice generatedby ���	�n� �������� , a possible��� �  ! �)�*" , the continuousregion' (�%  ! �)�*" , andthefundamentalregion # $�%�&�! ����" . Having establishedthis notation
we continueourdiscussion.Wefind thatw

s � 9 : � ; +yx D*E ! F G H "��JI G
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or z
s { | } ~7����y���*�W� � � � ���2���

Theexpressionfor theshiftedandmodulatedversionsof thewindow � � onthelattice�
is now givenby [cf. Eq.(3.4)]�� � s � | } �2�*�?� � � � ��� � � s � � � � � �h� � (3.7)

Here,weputatilde ontopof � � s � | } to indicatethatthemultiplicationwith �*�W� � � � �
is involved. Theshiftedandmodulatedversions

�� � s� | } of thedualwindow � � are
definedsimilarly. Here � �� � s� | } � � � � �2�?� � is the dual frameof � �� � s � | } � � � � �� � � . With this definition(3.7) for theshiftedandmodulatedversions

�� � s� | } of the
window � � , the   -dimensionalGaborsignalexpansionon a non-separablelattice �
takestheform ¡ �£¢} ¤ ¥�¦ ¢| ¤ ¥�¦

�§ | } �� � s� | } �
¡ ��¨�© � ª � � (3.8)

wherethearray � �§ | } � of Gaborcoefficientsis obtainedby theGabortransform�§ | } �¬«
¡ � �� � s � | }  � � (3.9)

Note that due to the multiplication operator
�*�?� � � � �

, the array � �§ | } � of Gabor
coefficientscontainsmany zeros.Furthermore,thearray § | } is shearedin the fre-
quency variable

�
, wherethearray

�§ | } is not.
Assumingthat the set of shifted and modulatedversions � � � | } constitutesa

frame, then the relationshipbetweenthe window � � andthe dual window � � fol-
lowsfrom substitutingtheGabortransform(3.9)into Gabor’ssignalexpansion(3.8).
In AppendixB.1, it is shown by which manipulationsthebiorthogonalitycondition
[cf. Eq (2.19)]¢
| ¤ ¥�¦ ® ¯�°�± ²´³ µ ¶

� ·*¸3¹�º »[� ¼ � � � ½ ²7¾[¿CÀ � � ��Á� ± ½ ²7Â ¹hº ¿[Ã ¸3¹�·h� ²7¾C¿CÀ � ¼�uÄ ® Å � Â ¸3�Ä ® Å � Ã[¿ ��Æ � � � � (3.10)

is obtained.This conditionshouldhold for
� ��� � and

½ ��ª � .
3.2 Zak transform

In this section,the connectionbetweenthe multi-dimensionalGaborschemeintro-
ducedin theprevioussectionandtheZak transformationfor

ª � is shown. Similar to
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theone-dimensionalcase,we shall usetheZak transformationto calculatethedual
window Ç�È andthearrayof Gaborcoefficients É�ÊË Ì´Í Î , andto reconstructthesignalÏ . Theuseof theZak transformationin thiscontext is limited to thecasethatthedi-
agonalmatricesÐ andÑ satisfytheconditionÐ�ÑÓÒ2Ô�Õ�Ö�× , whereÔ andÕ aredi-
agonalmatricescontainingonly integers,i.e, theoversamplingØ Ù*Ú�Û Ü Ý Ð�ÑbÞ�Ö�× ß3àWá
is rational.

TheZak transform Ý â Ï á�Ý ã ä å æ çèá of a é -dimensionalsignal Ï is definedas

Ý â Ï á�Ý ã ä å æ çèá�ÒëêÌ ì í�î Ï Ý ã ïLçÓð á ñ ò´ó�ô å ä çÓð õ Ï3ö�÷�ø Ý ù�ú�á ä (3.11)

where ç ö ù ú û�ú is nonsingular. The inverseformulaof theZak transformationis
definedbyÏ Ý ã á�Ò Ï Ý ã ü�ï3çÓð á�Ò Ú�Û Ü Ý çýáÝ þ ÿ*á ú��� � � � � ø � �
	 �� Ý â Ï á�Ý ã ü ä å æ çýá ñ ó�ô å ä ç£ð õ é å ä
wherethevariableã ü extendsoveraregion � ��� Ü Ý çèá andð ö�� ú . TheZaktransformÝ â Ï á�Ý ã ä å æ çýá is periodic in the frequency variable å with respectto the regular
partitionof ù ú generatedby � ��� Ü Ý þ ÿhçèÖ��á andquasi-periodicin thevariableã with� ��� Ü Ý çèá , namely,Ý â Ï áhÝ ã ä å ï)þ ÿhçèÖ��� æ çýá�Ò¬Ý â Ï áhÝ ã ä å æ çýá ä
and Ý â Ï á�Ý ã ïLç�� ä å æ çýá�Ò¬Ý â Ï áhÝ ã ä å æ çýá ñ ó�ô å ä ç�� õ �

By taking ç Ò�Ð��Cà in the Zak transformation(3.11), it canbe shown (see
AppendixB.2) thatthebi-orthogonalitycondition(3.10)canbetransformedinto the
following sum-of-productsform

ê� ì � � � � �  � � ! " � Ý # ä $ á Ç&%' � Ý # ä $ á�Ò Ú�Û Ü Ý Ñbß
(báÚ�Û Ü Ý Þ)�[á+*, - ò/. 0 ä (3.12a)

with! " � Ý # ä $ á�ÒÝ â ! È*á 1 Ñ Ö�× �CÞ�Ý # ï ß Ö� - á ä þ ÿ�Ý Ð2�CàWá Ö3� Ý $ ò ( Ö��4 ò Ý ß Ö�× 5 á � - á æ Ð��Cà76 ä
(3.12b)
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and8�9 : ; < = > ?A@; BC8 DE? F G/H&I J)KL; < MON
HP�Q ? = R ST; U2J)VW? H3PT; > XOY/HP�Z X�; N[H&I \�? P�Q ? ] U�J)V7^ _
(3.12c)

Herethe vector

Q
extendsover the region ` a3bc ; d�Y/? where

de@fN P K H�I U2GLV
,

and

<
and

>
extendoverregions g h b i ; N H3P ? and g h�b i ; Y HP ? , respectively. Thenon-

singularintegermatrix

Y
, introducedin AppendixB.2, is taken suchthat

d�Y
and

; N[jAk \�? P d�Y
arematricescontainingonly integers.Ideally, this matrix

Y
hasthe

smallestpossibledeterminant;thedeterminantof

Y
directlyinfluencesthenumberof

elementsin thesum-of-productsform (3.12a).Let thevectors

Q lE_ _ _ Q m n o p qsrst H&I
and

Z l _ _ _ Z m n o p rst H&I
bethevectorscorrespondingto thepointsin theregions ` ab3c ; d�YL?

and u&v w i ; Y P ? , respectively. Thenwe combinethe functions x 9 y�: z and

8 9 y�: z
in the

matrices{ and | of functions

{ ; < = > ?T@~}������ x 9 � : � ; < = > ?�_ _ _ x 9 � � : � � � � ��� ��� ; < = > ?x 9 � : � ; < = > ?�_ _ _ x 9 � � : � � � � ��� ��� ; < = > ?_ _ _ _ __ _ _ _ _x 9 � � � � �&��� ��� � : � ; < = > ?~_ _ _ x 9 � � � � �&��� ��� � : � � � � ��� ��� ; < = > ?
� ������
=

and

| ; < = > ?A@~}������
8 9 � : � ; < = > ?�_ _ _�8 9 � � : � � � � ��� ��� ; < = > ?8 9 � : � ; < = > ?�_ _ _�8 9 � � : � � � � ��� ��� ; < = > ?_ _ _ _ __ _ _ _ _8 9 � � � � �3��� ��� � : � ; < = > ?~_ _ _�8�9 � � � � �&��� ��� � : � � � � ��� ��� ; < = > ?

� ������ =
respectively. With thehelp of thesematrices{ and | , Eq. (3.12a)cannow be ex-
pressedas {�|T� @ c�� i ; GLN
Y/?c� i ; K�J)?�� m n o p q7rst _ (3.13)

Note that,similar to theone-dimensionalcase,thematrix { is not a squarematrix
in thecaseof oversamplinganddoesnot have an inverse,but in generalhasa right
inverse.Theoptimumsolutionin thesenseof minimum �T� -normcanbefoundwith
thehelpof thegeneralized(Moore-Penrose)inverse{�� . Theoptimumsolution |T� � �
thenreads |s� � � @���� �¡ ; { � ? � =
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which correspondsto the minimum ¢T£ -norm dual window ¤�¥ . So, given ¦ ¥ , we
determinethe matrix § by meansof the Zak transformation. From that we can
determinethe matrix ¨s© ª « . Then with the aid of ¨s© ª « we can determinethe Zak
transform¬ ®¤�¥E¯&¬ ° ± ² ³ ´)µ�¶7¯ andfinally from that,thedualwindow ¤ ¥ .

Supposethat the signal · hasthe Gaborexpansion(3.8). Then, by using the
multi-dimensionalFourierexpansion¬ ¸�¹ £ º » ¼½ ¯ of thearrayof Gaborcoefficients,de-
finedas ¬ ¸ ¹ £ º » ¼½ ¯ ¬ ° ± ² ¯A¾À¿Á Â ÃÄ ¿Å Â ÃÄ ¼½ Á Å Æ ÇsÈ É Ê ¬ ² Ë&Ì Ç ° Ë�Í ¯ ± (3.14)

with inverse¼½ Á Å ¾ÏÎÐ Ñ Ò Ó ¹ Ô Ä » ÎÐ Ñ Ò Ó ¹ Ô Ä » ¬ ¸ ¹ £ º » ¼½ ¯ ¬ ° ± ² ¯ Æ È É Ê ¬ ² Ë�Ì Ç ° ËEÍ ¯3Õ ° Õ ² ±
it canbeshown (seeAppendixB.3) thattheGabortransform(3.9)canalsobetrans-
formedinto asum-of-productsform¬ ¸ ¹ £ º » ¼½ ¯ ¬ ° ± ² Ç×Ö/Ø Ë�Ù ¯T¾�ÚÛ Ü ¬ Ý)µ)¯Ú�Û Ü ¬ ÞLß
¯ ¿à Â á â Ò ã ¹ ä7å » · à ¬ ° ± ² ¯ ¤&æà ç ¬ ° ± ² ¯ ± (3.15a)

where· à ¬ ° ± ² ¯¾è¬ C·T¯�¬ Þ Ø&é µ)ÝL¬ ° ê
ß Ø Ë�ë ¯ ± É Ê ¬ ´2µ)¶W¯ Ø Ë ¬ ² Ç ¬ ß Ø�é ì ¯ Ë�ë ¯ ³ ´�µ)¶ Ö ¯ ±
(3.15b)¤ à ç ¬ ° ± ² ¯ asdefinedin Eq. (3.12c),andwherethevariablesÙ , ° and ² extendover

regions í3î ï Ü ¬ Ö Ë ¯ , ð ñ ò Ü ¬ ß Ø Ë ¯ and ð ñ�ò Ü ¬ Ö/Ø Ë ¯ , respectively. Notethat theFourier
expansion¬ ¸ ¹ £ º » ¼½ ¯ ¬ ° ± ² ¯ is quasi-periodicin ° with respectto the regular partition

of ó º generatedby ð ñ ò Ü ¬ ß Ø Ë ¯ . TheFourierexpansion¬ ¸�¹ £ º » ¼½ ¯ ¬ ° ± ² ¯ is completely
determinedby thefunctions½ ç ¬ ° ± ² ¯A¾è¬ ¸ ¹ £ º » ¼½ ¯ ¬ ° ± ² Ç×Ö Ø Ë Ù ¯ ô
Thefunctions½ ç ¬ ° ± ² ¯ canbecombinedinto acolumnvector ½ of functions½ ¬ ° ± ² ¯A¾èõ ½ ç ö ¬ ° ± ² ¯ ± ½ ç ÷ ¬ ° ± ² ¯ ± ô ô ôE± ½ ç ø ù ú û ü�ý þ�÷ ¬ ° ± ² ¯ ÿ ËT± (3.16)

andlikewise,thefunctions· à ¬ ° ± ² ¯ canbecombinedinto acolumnvector � of func-
tions � ¬ ° ± ² ¯A¾èõ · à ö ¬ ° ± ² ¯ ± · à ÷ ¬ ° ± ² ¯ ± ô ô ô�± · à ø ù ú û �3ü�ý þ�÷ ¬ ° ± ² ¯ ÿ ËTô (3.17)
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With thehelpof thevectors� and � , Eq.(3.15a)cannow beexpressedin thematrix-
vectorproduct

� � ��� � 	 
������ � 	 �������� � � (3.18)

Therelation(3.13)appliedto anarbitraryvector � leadsto� ��� � � ��� � 	 ��������� � 	 
����� �
Substitutionof Eq.(3.18)into thepreviousexpressionyields� � ���� � 	 �  � � �
Theresultin themulti-dimensionalcase,looksvery similar to theresultobtainedin
theone-dimensionalcase(seeSection2.2).Again,thesum-of-productsformscanbe
writtenin matrix-matrixandmatrix-vectorproducts.And asaconsequence,thesame
proceduresasin theone-dimensionalcase(seesection2.2)canbeusedto calculate
thedualwindow andtheGaborcoefficients !� " # , andto reconstructthesignal $ .

3.3 Concluding remarks

In this chapter, theone-dimensionalnon-separableGaborschemehasbeenextended
to themulti-dimensionalGaborschemefor possiblynon-separablelatticesandpos-
sibly non-separatedwindows. Similar to theone-dimensionalcase,aspresentedin
Section2.1, the lattice generatormatrix % is factorizedin the matrices & and '
written in the Hermitenormalform. By usingthe Hermitenormalform, we come
to a shearrepresentationof theshiftedandmodulatedwindows. Althoughthis shear
representationis notusedexplicitly, mostlikely, it canbeusedto transformthenon-
separableGaborschemeinto a Gaborschemewherethematrix ( is a zeromatrix,
aswill beelaboratedin moredetail in Chapter6.

Theconnectionbetweenthemulti-dimensionalnon-separableGaborschemeand
the Zak transformationis shown. In order to show this connection,an alternative
expressionfor the shiftedandmodulatedwindows is used;a separablelattice that
refinesthe non-separablelattice, the inverseof the lattice generatormatrix ' and
the Poissonsummationformula lead to the alternative expression. In the multi-
dimensionalcase,using the Fourier and the Zak transformationleadsto sum-of-
productsforms. In matrix notation, thesesum-of-productsforms becomematrix-
matrixproductsandmatrix-vectorproducts,similar to theone-dimensionalcase.



Chapter 4

Non-separable1-D Gabor schemefor
discrete-timesignals

In this chapter, we adaptthe continuous-timenon-separableGaborschemeasout-
lined in Chapter2 to the discrete-timesetting. The conceptis very similar to the
onein thecontinuous-timesetting.Again,wedescribethenon-separablelatticewith
thehelpof a latticegeneratormatrix. Theexpressionsfor theshiftedandmodulated
versionsof the(dual)window onanon-separablelatticefollow from this latticegen-
eratormatrix. We considertwo possibleexpressions.Thefirst expressionformsthe
non-separablelattice by shearinga rectangularlattice,while the secondexpression
forms the non-separablelattice by leaving out lattice points in a refinedlattice. In
orderto usefastalgorithmssuchastheFFT, wehave to periodizethesignals.In fact,
this is a differencebetweenthe continuous-timeandthediscrete-timesetting. Due
to theperiodizationof thesignals,extra conditionshave to befulfilled which makes
thingslessconvenient.Recentrelatedwork within thescopeof grouptheorycanbe
foundin [31,32,35–38,57,71].

In Section4.2,we show theconnectionbetweentheZak transformationandthe
non-separableperiodicGaborscheme.It is shown, that the Zak transformationis
very usefulto calculatethewindow of a given dualwindow andto calculateGabor
expansioncoefficients,andto reconstructthesignal.

As shown in Section1.6, theseparableGaborschemecanbe implementedwith
thehelpof a uniform DFT filter bank. In Section4.3,we show thata non-separable
lattice ) generatedby thelatticegeneratormatrix *,+.-�/ consistsof 01+32�4 5 6 /87
separablelattices. As a consequence,a non-separableGaborschemecanbe imple-
mentedwith thehelpof 0 uniformDFT filter banksin parallel.

Thenon-separablelatticecanbeobtainedby applyingashearoperatoron arect-
angularlattice. In section4.4,we show thata non-separablelatticecanberesheared
into a rectangularlattice by multiplying by quadraticphaseterms,which is associ-
atedwith the shearoperation. This techniqueallows a re-useof algorithmswhich
aredesignedfor theseparablecaseexplicitly to calculatethewindow giventhedual
window andthearrayof Gaborexpansioncoefficients,andto reconstructthesignal
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in the non-separablecase. Reshearinga non-separableGaborschemeinto a sepa-
rableoneis possibleboth for periodicandnon-periodicGaborschemes.However,
in the periodiccase,additionalconditionshave to be fulfilled in orderto resheara
non-separableGaborschemeinto aseparableone.

In thecaseof a non-separableperiodicGaborscheme,thepossiblelatticesfor a
givenperiodlengtharelimited. In Section4.5,weshow how many andwhichlattices
arepossiblefor agivenperiodlength.

4.1 Gabor’ssignal expansionon a non-separablelattice

As mentionedabove, theconceptto obtaintheexpressionsof theshiftedandmodu-
latedwindows in thecaseof anon-separablelatticefor discrete-timesignalsis simi-
lar to thecontinuous-timecase(seeChapter2). Again,weexpressthenon-separable
lattice 9 in theform 9�:.; <8= > = ?�@�A B�C
but now thecolumnvectorsof thelatticegeneratormatrix < , thevectorsD E and D F ,
aregivenby D E :HG I�J�C�K L M�N�O P and D F :HG Q J�C�R�L M�N�O P�C (4.1)

whereasin thecontinuous-timecase[seeEq.(2.3)]D ES:HG I�TVUSC�K WYXSL M�O P and D FZ:HG Q TVUSC�R WYXSL M�O P C
i.e., TVU.:3J andWYX3:3[ \YL N (thefactor [ \ is handledby themodulationoperator).
TheconstantsI]C Q C K and R areintegers,aswell as J and N are,and M�:HI�R_^�Q K .
Thefirst componentin thevectorsD E and D F in Eq. (4.1)correspondsto a time-shiftI�J and Q J , respectively, while thesecondcomponentcorrespondsto a modulation
by a frequency K L M�N and R�L M�N , respectively.

Eachpoint ` ?�9 canbeobtainedby amatrix-vectorproducta]b c dYe f c g]h ` :3<8= :.i�j�= C
with ik: lM�N m J�M�Nonn l p and j.: m IqQKrR pts (4.2)

The columnvectorsD E and D F arethe columnsof the lattice generatormatrix i�j .
Note that M is equalto the determinantof the matrix j . Again, we shall assume
that the possiblecommondivisor of the integers I and Q andthe possiblecommon
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divisor of the integers u and v arehandledby thematrix w , i.e., x�y zY{ |]} ~ �S�1� andx�y zV{ u } v������ . The areaof a cell (a parallelogramspannedby � � and � � ) in the
time-frequency planeis equalto thedeterminantz�� � { �_���.��� � . Equality ��� ���� correspondsto critical sampling, ��� ����� correspondsto oversampling,and��� ���H� correspondsto undersampling(see[35]). For convenience,we introduce
the threeintegers� , � and � for which the relationships���Hx�y zV{ ��} � � , ���.���
and ���,� � hold. Note that the integers� and � arerelatively prime,andthat the
oversamplingequals��� ������� � .

Again,weusetheHermitenormalform of thematrix � [seeEqs.(2.5)and(2.6)]

������� ����Z�r��  } (4.3)

where �¢¡ � � � . Using this Hermite normal form we definethe shifted and
modulatedwindows on thenon-separablelattice £ by¤ ¥�¦ §Z¨ �3©]ª�« ¬  ®�¯ ¤ ¥ �3° § ±�² ³ ´�µ ° ¨ � ³ µS¶t§· ¤ ¥ } (4.4)

where� � �.w�� � , andwhereweusedthediscretetime-frequency shift operator© ¬ ¸¹ ¯
definedby © ¬ ¸¹ ¯ �3°1º ¶�» }
with themodulationoperator{ °1º�¼V� ¬ ½V¯ �3¾ ¿ À Á ½VÂ ¼ ¬ ½�¯ } Â�Ã�Ä }
andtime translationoperator{ ¶�» ¼Y� ¬ ½�¯ �3¼ ¬ ½ ��Å ¯ } Å Ã�ÆSÇ
For convenience,asmentionedin Chapter2, we usethe samenotationfor the dis-
cretetime-frequency shift operator©Y¬ ¸¹ ¯ , themodulationoperator°kº andthetime

translationoperator
¶�»

asin the continuous-timesetting. Note that the modulation
operator°kº andthe time translationoperator

¶�»
areunitaryon È É { Æ � , with corre-

spondingHilbert adjoints °kÊº �k° ± º and
¶ Ê» � ¶ ± » . Note, moreover, that the

shiftedandmodulatedversions¤ ¥]¦ §Z¨ in Eq.(4.4)areperiodicin thefrequency vari-
able Ë with period � . In the sequel,we assumethat thematrix � is written in the
Hermitenormalform (4.3)andwe will droptheprimes.

The(discrete)GaborframeoperatorÌ ¥ is definedas

Ì ¥�Í ��Î¨ ÏVÐ µZÑrÒÎ§ZÏ ± Ò
Ó Í } ¤ ¥�¦ §Z¨ Ô ¤ ¥]¦ §Z¨ } Í Ã È É { Æ � Ç
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Similar to thecontinuous-timecase(seeSection2.1),it canbeshown thattheGabor
frameoperatorÕVÖ commuteswith thetime-frequency shift operator×]ØZÙ Ú Û�Ü , i.e.,Õ�ÖV× Ø�Ù Ú Û�ÜYÝ × Ø�Ù Ú Û�Ü Õ�Ö�Þ
Fromthisit followsthat Õ�ß�àÖ alsocommuteswith thetime-frequency operator×]Ø�Ù Ú Û�Ü .
Define á Ö Ý Õ ßVà â Ö . ThenÕ�ß�àÖ â Ö�ã äZå Ý Õ�ß�àÖ × Ø�Ù Ú Û�Ü â Ö Ý × ØZÙ Ú Û�Ü Õ�ßVàÖ â Ö Ý × Ø�Ù Ú Û�Ü á Ö Ý á Ö]ã äZå Þ
This meansthat the elementsof the dual Gaborframe æ á Ö�ã äZå�ç èêé.ëtì í Ýïî ð�ñ ò
with latticegeneratormatrix ó aretheshiftedandmodulatedversionsá Ö�ã äZå of the
dualwindow á Ö . Gabor’s signalexpansionon anon-separablelatticetakestheformô Ýqõå öV÷ øZùrúõäZö ß ú

û äZå â Ö]ã äZå�ì (4.5)

where û äZå ÝHî ô ì á Ö�ã äZå ñ (4.6)

is the array æ û äZå ò of Gaborcoefficients, which is periodic in the variable í with
period ð . Weusethedualframe æ á Ö]ã äZå�ç è�é�ëtì í ÝHî ð�ñ ò for theanalysispartand
theframe æ â Ö]ã äZå ç è�é�ëtì í ÝHî ð�ñ ò for thesynthesispart.Notethatthearray æ û äZå ò
is periodic in the variable í with period ð . Note, moreover, that the array æ û äZå ò
is shearedin the frequency variable í . In thecontinuous-timecase,this shearingis
notaproblem.However, it becomesaproblemin thediscrete-timecaseif theGabor
transformandGabor’s signalexpansionareperiodized.Theperiodizationwill bethe
subjectof thenext subsection.

As in thecontinuous-timecase,theZak transformationcanbeusedto calculate
thedualwindow andtheGaborexpansioncoefficients,andto reconstructthesignal
in thediscrete-timecase.In orderto show theconnectionbetweentheGaborscheme
andtheZaktransformation,wefollow thesameprocedureasoutlinedin Section2.1;
thealternativeexpressionfor theshiftedandmodulatedversionswith theaddedzeros
is obtainedby consideringtheseparablelattice ü sü s Ý æ ó sý ç ý é�ë�þ ò ì with ó s Ý.ÿkÝ��� ð � � � ð��� � � Þ
By usingthemultiplicationoperator� Ø	� è�ì í�
 [seeEq.(2.15)],theshiftedandmod-
ulatedversionsof thewindow â Ö on thelattice ü now take theform�â Ö sã äZå Ý � Ø� è�ì í�
�� × Ø s

Ù Ú Û�Ü â Ö�� Ý �× Ø
s
Ù Ú Û�Ü â Ö ì (4.7)
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where ����
s � � ������� �� �! "�#�$ ��� s � � ��� %  

andwherewe put a tilde on top of & ' s( )+* and � �
s � � ��� to indicatethat themultipli-

cationoperator� �� �! "�# is involved. Note that theshiftedandmodulatedversions
�& ' s( )+* areperiodicin thefrequency variable

"
with period ,.- . With themodified

expression(4.7) for the shiftedandmodulatedversions

�& ' s ( )+* of the window & ' ,
Gabor’s signalexpansiontakestheform/ ��0* 1�2 3�4	5760)+1�8 6

�9 )+* �& ' s ( )+*  (4.8)

where �9 )+* �;: /  �< ' s ( )+* = (4.9)

is thearrayof Gaborexpansioncoefficientswith�< ' s ( )+* � �� � s � � � � < '�>
Here ? �< ' s ( )+*A@ �CBEDF " �;: ,.- = G is thedualframeof ? �& ' s ( )+*A@ �CBEDF " �;: ,.- = G .
Note that the array

�9 )+* is periodic in the variable
"

with period ,.- . Due to the
operator� �� �! "�# , thearray ? �9 )+* G of Gaborexpansioncoefficientscontainsmany
zeros.

4.1.1 Periodization

In order to usethe Fourier transformationand the Zak transformationfor periodic
signals,Gabor’s signalexpansions(4.5) and(4.8), and the Gabortransforms(4.6)
and (4.9) have to be periodized. Therefore,we restrict the classof signals / and
dual windows < ' to signalsthat have a finite supportof lengthnot more than HJI
and HFK , respectively. Note that we could alsorestrict the window & ' to a classof
signalsthat have a finite support. However, we prefer to restrict the dual window< ' to have a finite support,sincein practicethedualwindow is chosenfirst in most
cases.Note, moreover, that we could alsostartdirectly with signalsof the cyclic
group

D	LJM
of order NOH . This is usuallydonein thecontext of groups(see[38]).

However, we preferto startwith signalsthathave a finite support,becausewe want
to useoverlap-addtechniques.Theseoverlap-addtechniquesmake it possibleto
handlesignalsthat have an infinite or a very long support(seeSection1.4). The
condition of finite supportimplies that the arrays ? 9 )+* G and ? �9 )+* G have a finite
supportin the

�
-variablefor all signals / in the class. First we considerGabor’s
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signalexpansion(4.8)andtheGabortransform(4.9). Weshalldenotethesupportof
lengthof the array PAQR S+T U in the V -variableby W , wherethesupportof length W
satisfiesthecondition WOXZY[XJ\^]_X^`Fa[b c (4.10)

Notethatthis conditionis necessaryif wewantto useoverlap-addtechniques.From
agrouptheoreticalpoint of view, thisconditionis notnecessary. ThentheconditionWOXZY[dfe g�h XJ\�i X^`Aj
is sufficient, but for this choiceof W , dueto time-aliasing,it is not possibleto use
overlap-addtechniques.As mentionedabove,wewantto useoverlap-addtechniques
and thereforeassumethat W satisfiescondition (4.10). The periodof the signals
will be WOX . We shall write capital letters k and l�m to indicatethat we dealwith
theperiodizedversionof n and o m . So, theperiodizedversion k of thesignal n is
definedby kFp q�r�sutvw x�y t n	p qz]{WOXz| r c
WedefinetheshiftedandmodulatedversionsQl m s } S+T byQl�m s} S+T s�~��h V!i ��j�� � � s p � ��r l�m��Jc (4.11)

In orderto periodizeGabor’s signalexpansion(4.8) andtheGabortransform(4.9),
theshiftedandmodulatedversionsQl�m s} S+T asdefinedabove have to beperiodicwithWOX , as well. For this, the variable W hasto be chosencarefully suchthat the
conditions Ql m s } S+T p q�r�s Ql m s} S+T p q.]{WOXzr (4.12)

and(4.10)arefulfilled. Fromcondition(4.12),wefind that W hasto bechosensuch
that �.�{� WOX . This, we shall assume.Now we find with ��s���� and X�s�� �
that W is a multiple of �A� where �_s;�z��� � ��h �Ei � j , i.e., W�s;�A����� , where ��� is
a positive integer suchthat condition(4.10) is fulfilled. The array PAQR S+T U of Gabor
coefficientscanbecalculatedwith theperiodizedGabortransformQR S+T s;� n�i Qo m s } S+T � s;� ki Ql m s} S+T � i
where ��s�� �.� � and V�s;�+c c c W�a�b , andthesignal n couldberecoveredfrom
oneperiodof theperiodizedsignal k . Here k shouldsatisfytheexpansionk{s vT x�� �� +¡ ¢ y�£vS x � � ki Ql�m s } S+T � Q¤ m s} S+T i
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where ¥¦ is dualto §�¦ if thisexpansionis satisfied.However, with ¨7©«ªA¬��® , the
periodizedframeoperator, whichwewill alsoindicateby ¯�¦ , definedby¯�¦�°[©�±² ³�´ µ�¶	· ¸f¹�º±» ³ ®A¼ °½ ¾§ ¦ s ¿ » ² À ¾§ ¦ s ¿ » ² ½
doesnotalwayscommutewith thetime-frequency shift operator¾Á�Â s Ã Ä Å�Æ for all Ç�©È+É É É ¨7Ê�Ë and Ì�© ¼ Í.Î À , i.e., theelementsof thedual framearenot theshifted
andmodulatedversionsof adualwindow. As wewill see,weneedanadditionalcon-
dition to make the time-frequency shift operatorcommutewith the frameoperator.
Let Ï ÂÐ ÇE® ½ Ì ® Ñ+©�Ë , with

Ð ÇE® ½ Ì ® Ñ	Ò�Ó	Ô . Then Ï ÂÐ Ç�Õ_ÇE® ½ ÌJÕ{Ì ® Ñ+©«Ï ÂÐ Ç!½ Ì�Ñ
for all

Ð Ç!½ Ì�Ñ+ÒzÓ Ô , andso

¾Á Â s Ã Ä�ÖÅ Ö Æ ¯�¦�°[© ±² ³�´ µ�¶	· ¸f¹�º±» ³ ®A¼ ¾Á Â s Ã Ä�ÖÅ Ö Æ °½ ¾Á Â s Ã Ä�ÖÅ Ö Æ ¾¥¦ s¿ » ² À ¾Á Â s Ã Ä�ÖÅ Ö Æ ¾¥¦ s¿ » ²
© ±² ³�´ µ�¶	· ¸f¹�º±» ³ ®A¼ ¾Á Â s Ã Ä�ÖÅ Ö Æ °½ ¾¥¦ s¿ »+×�» Ö Ø ² × ² Ö À ¾¥¦ s¿ »+×�» Ö Ø ² × ² Ö©�±² ³�´ µ�¶	· ¸ ×�» Ö ¹�º±» ³ » Ö ¼ ¾Á Â s Ã Ä ÖÅ Ö Æ °½�¾¥ ¦ s¿ » ² À ¾¥ ¦ s¿ » ² É

Fromthis expression,we seethat the frameoperatoronly commuteswith the time-
frequency shift operator, if theshiftedandmodulatedwindows ¾§�¦ s ¿ » ² areperiodic
in the Ç -variablewith period ¨ , i.e.,¾§�¦ s ¿ » ² © ¾§�¦ s¿ »+× ¸ Ø ² É (4.13)

For this conditionto be satisfied,we find the additionalcondition Í�Ù ¨ . However,
with ¨�©�ªÚ¬��® , thecondition Í�Ù ¨ is not necessarilyfulfilled. Therefore,we re-
define ¨ by ¨Û©Ü¬� Í , where  is a positive integer suchthat condition(4.10)
is fulfilled. Substitutingtheperiodizedversions° and ¾§ ¦ s ¿ » ² into theGabortrans-
form (4.9) yields the bi-periodicarray Ý ¾Þ » ² ß which is periodic in the Ç -variable
with period ¨ andperiodicin the Ì -variablewith period Í.Î¾Þ » ² © ¼ °½ ¾§ ¦ s¿ » ² À É (4.14)

Thesignal ° canbereconstructedwith theperiodizedGaborexpansion(4.8)°[©à±» ³�´ ¸ · ±² ³�´ µ�¶	· ¾
Þ » ² ¾¥ ¦ s¿ » ² É (4.15)
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On theotherhand,á is theperiodizedversionof thesignal âáFã ä�å�æuçèé ê�ë ç â+ã ä.ì{íOîzï å�æðçèé ê�ë ç çèñ ê�ë ç èò ê�ó ô�õ+ö ÷ø ñ ò ÷ù ú s û ñ ò ã äzì_íOîEï å ü
We will usetheperiodizedGabortransform(4.14)andGabor’s expansion(4.15)to
show theconnectionbetweentheperiodizedGaborschemeandtheZak transforma-
tion (seeSection4.2).

In thediscussionoutlinedin thepreviousparagraph,we consideredthecasethat
the dual window ý ú and the signal â have a finite support. Becauseof the finite
supportwe wereableto periodizethe non-separableGaborscheme.In this Gabor
schemewe usedtheshiftedandmodulatedwindows of theform (4.11).In thispara-
graph,weagainassumethatthedualwindow ý ú andthesignalâ haveafinite support
andwe periodizethe Gaborscheme,but now with theoriginal expression(4.4) for
the shifted and modulatedwindows. We will usethis Gaborschemeto resheara
non-separableGaborschemeinto aseparablelattice(seeSection4.4). This shearing
makesit possibleto re-usealgorithmsdesignedfor the separablecaseexplicitly to
calculatethewindow þ ú for agivendualwindow ÿ ú andtheGaborexpansioncoef-
ficients,andto reconstructthesignal á in thenon-separablecase.Let usreturnto the
Gaborschemewith theshiftedandmodulatedwindowsof theform (4.4)andassume
that the dual window ý ú andthe signal â arerestrictedto the classof signalsthat
haveafinite supportof lengthnotmorethan î�� and î�� , respectively. Thiscondition
of finite supportimplies that thearray

� ø ñ ò � hasa finite supportin the � -variable.
We shall denotethe lengthof this supportby í�� , wherethe supportof length í��
satisfiesthecondition í � î
	[î��Jì_î����� ü (4.16)

In the previous paragraph,we found that the periodof the signalsis íOî , whereí7æ������ and � is apositive integersuchthatcondition(4.10)is fulfilled. However,
dueto thefrequency shear� ñ ë�� � ô�õ in theexpressionfor theshiftedandmodulated
windows ù ú û ñ ò , wenow haveto periodizethesignalâ andthedualwindow ý ú with a
differentperiod í�� î . Thevariableí�� canbefoundin asimilarwayasthevariableí in the previous paragraph;in order to periodizeGabor’s signalexpansion(4.5)
andtheGabortransform(4.6),theshiftedandmodulatedversionsÿ ú û ñ ò , definedbyÿ ú û ñ ò æ���� ã � ��å ÿ ú��
have to be periodicwith í�� î , aswell. For this, thevariable í�� hasto be chosen
suchthattheconditions ÿ ú û ñ ò ã ä�å�æ�ÿ ú û ñ ò ã äzì_í � îzå (4.17)
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and(4.16)arefulfilled. Fromcondition(4.17),wefind that �� hasto bechosensuch
that !" �  # and $%!" �  #'& . This, we shallassume.Now we find with !)(�*,+ ,# (.- + and /10 2�3 $54 &16 (87 [seeEq. (2.7)] that �� is a multiple of 91* where9(:$';</ 0 2�3 $54 - 6 , i.e., �  (=9�*�>  ? , where >  ? is a positive integersuchthat con-
dition (4.16)is fulfilled. Note that �� canhave thesamevaluesas � at this stage.
However, with �  (�9�*�>  ? , theperiodizedframeoperator, definedby@,A�B (DCE F<G HJI K�L M,NCO F ?QP B 4 R A�S O E T R A�S O E 4
doesnot alwayscommutewith thetime-frequency shift operatorU�V�W X Y,Z for all [
(\J] ] ] �  �^ 7 . In orderto make thetime-frequency shift operatorcommutewith the
frameoperator, we find theadditionalcondition[cf. Eq. (4.13)]R A�S O E (�R A,S OJ_ K L ` E 4
i.e., $%!" & �� . This conditionsis fulfilled, if we choose�� a(b+�*�>Q $';</ 0 2�3 & 4 + 6
with >  suchthat condition(4.16) is fulfilled aswell. Thus �  could be a factor+,;</10 2�3 & 4 + 6 larger than �c(d*�>�$ . In practice,theperiodof thesignalsshouldbe
chosenassmallaspossible,sincethis givesthedesignerthemostfreedom.In order
to be ableto periodizethesignalswith � # insteadof �  # , we make theshifted
andmodulatedwindows e A,S O E and R A�S O E periodicin the [ -variablewith period �
by replacing[ by f ['g K , where f ['g K denotes[ihkj�2'� . Notethatby replacing[ by f ['g K in R A,S O E and e A,S O E , weonly enumeratetheshiftedandmodulatedwin-
dows in a differentway, andtherefore,this canbedonewithout lossof information.
Note, moreover, that with �l(m*�>�$ , the conditions !" � # , $%!" & � # areful-
filled, while $%!" & � becomesobsolete.Now we canperiodizethesignal n andthe
dualwindow o A alsowith periodlength � # . Thentheperiodizedframeoperator,
definedby @,A�B (DCE F<G HJI CO F�G KpI P B 4 R A�S q O�r s E T R A�S q O�r s E 4
wherethesignalsareperiodizedwith period� # , commuteswith thetime-frequency
shift operatorU V W X Y,Z . Substitutingtheperiodizedversions

B
and R A�S q O�r s E into the

Gabortransform(4.6) yields the bi-periodicarray t u O E v which is periodic in the[ -variablewith period � andperiodicin the w -variablewith period !u O E ( P B 4 R A�S q O�r s E T ] (4.18)

Thesignal
B

canbereconstructedwith theperiodizedGaborexpansionB (xCO F<G KkI CE F�G HaI u O E e A,S q O�r s E 4 (4.19)
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where y{z,| } ~�� �{����� } ~�� ���� � �Q� � � � � �{� ~� y z (4.20)

and y z �d� � �z:� zQ�
Wewill usethisGaborschemein orderto reshearanon-separableGaborschemeinto
aseparableone(seeSection4.4).

Assumingthat the set � � z,| } ~�� �{�1� ���8� �m� � �=�8� ��� � constitutesa frame,
therelationshipbetweentheperiodizedwindow

y z
andtheperiodizeddualwindow� z

follows from substitutingtheGabortransform(4.18)into Gabor’s signalexpan-
sion(4.19).In AppendixC.1,it is shown by whichmanipulationsthecondition���~J�<� �k  ¡ ¢�£ ¤ ¥ �5�1¦1§ ¨ ��©zQª « ¢ ��� ¢ �5¬5 y z ª « ¢ �5¬5,�¯®�° � � ® ± ª � ¢³² ´ µ ¨p

(4.21)

canbeobtained.This conditionshouldhold for
�³��¶ ´ µ ¨
· and

« �k¶¸�¸¬)·
.

This conditionis necessarybut not sufficient to find thewindow
y z

that is dual to� z
. In the caseof oversampling(i.e.,

�'§ ¬8�¸¹,§ ´ ·»º ), therearemorewindowsy z
, besidesthedual

� � �z:� z
, satisfyingthis condition. Since

� � � � z
is thewindow

with theminimal ² ¼ -norm,weneedthisminimal ² ¼ -normasanadditionalcondition.
Thusfor a givenperiodicwindow

� z
, we have to find a periodicfunction

y z
with

minimal ² ¼ -norm suchthat this condition(4.21) is fulfilled. The samerelationship
can also be found by substitutingthe Gabor transform(4.14) into Gabor’s signal
expansion(4.15).

In this subsection,we periodizedthe Gabor scheme,which usesthe expres-
sion (4.11)or (4.20) for the shiftedandmodulatedwindows. Otherlattice genera-
tor matrices½ would leadto differentmodificationsin orderto beableto periodize
the signalswith period

�¸¬
. In this thesis,we only usethe two periodizedGabor

schemesasintroducedin this subsection.Thefirst Gaborscheme,theonewith the
shiftedandmodulatedwindows (4.11),will beusedin Section4.2 to show thecon-
nectionbetweenthisGaborschemeandtheZak transformation.Theaddedzeroesin
this Gaborschememake it possibleto exploit theknown expressionsfor thesepara-
blecasewithin thecontext of theZaktransformation.ThesecondGaborscheme,the
onewith the shiftedandmodulatedwindows (4.20),will be usedin Section4.4 to
resheara non-separablelatticeinto a separableone.This makesit possibleto re-use
algorithmsdesignedfor separablelatticesin thenon-separablecase.



4.2DiscreteZak transform 79

4.2 DiscreteZak transform

Similar to thecontinuous-timecase,thediscreteZak transformationcanbeveryuse-
ful andefficient to calculatethewindow ¾{¿ giventhedualwindow À<¿ andthearray
of Gaborcoefficients,andto reconstructthesignal. For theuseof thediscreteZak
transformationin thecaseof rectangularlatticesin thiscontext wereferto [3,13,68].
In this sectionwe will show how the Zak transformationcanbe usedfor the non-
separablecase,also.

Condition(4.21)canbeuseddirectly to find thewindow ¾{¿ . However this is not
very practical. TheZak transformationleadsto a moreefficient methodto find the
window ¾{¿ for agivendualwindow À<¿ . By usingthediscreteZak transformÁ ÂpÃaÄ,Å Æ�Ç È É Ê5Ç Ë�Ì,ÍxÎÏJÐ�Ñ ÒpÓ Ã�Å Æ%Ô�Õ5Ê'Ì Ö ×�Ø Ù Ú Õ'È Û Ë Ç (4.22)

thecondition(4.21)canbetransformedinto thefollowing sum-of-productsform (see
AppendixC.2) ÎÜ Ð�Ñ Ý Þ Ó ß à Ü Å Æ�Ç È Ì á,âã Ü Å Æ�Ç È Ì,Í:ä1åæ=ç Å è ×�é Ì ê (4.23a)

Here

ß à Ü Å Æ�Ç È Ì,ÍmÁ Â ¾{¿ Ä{ë Æ%Ô�è æ Ç È × Ëä�åQì ×�í Ëî è É Ê5Ç Ë�ï (4.23b)

and á à Ü Å ÆQÇ È Ì,ÍmÁ Â À,¿ Äaë Æ%Ô�è æ Ç È × Ëä�åQì ×�í Ëî è É Ê5Ç Ë�ï�Ç (4.23c)

with ä Í î Û<ð1ñ ò�Á î Ç ó Ä , è{Í=ôJê ê ê ä ó ×�õ , ì Í=ôJê ê ê ä1å ×�õ and
Æ

and
È

extending
over aninterval of length

î%æ
and
Ë�Û ä�å , respectively. Notethat

Ë�Û ä�å and
Ë�Û î

areintegers(recall
ËöÍ å�÷ î ). Now we combinethesefunctions ß à Ü and

á à Ü into
the
Á ä ókø ä�å Ä matricesof functions

ù Å Æ�Ç È Ì,Í.úûûûûü ß ý ý
Å Æ�Ç È Ì ß ý þ Å ÆQÇ È Ìÿê ê ê ß ý � Ý Þ � þ Å ÆQÇ È Ìß þ ý Å Æ�Ç È Ì ß þ þ Å ÆQÇ È Ìÿê ê ê ß þ � Ý Þ � þ Å ÆQÇ È Ìê ê ê ê ê êê ê ê ê ê ê

ß Ý � � þ � ý Å ÆQÇ È Ì ß Ý � � þ � þ Å ÆQÇ È Ì ê ê ê ß Ý � � þ � Ý Þ � þ Å Æ�Ç È Ì
� �����
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and

��� 	�
 � �� ������
��� � � 	�
 �  ��� � � 	�
 � �� � � � � � � � ��� � 	�
 � ��� � � 	�
 �  ��� � � 	�
 � �� � � ��� � � � ��� � 	�
 � � � � � � �� � � � � �� �  �!� � � � 	�
 �  � �  �!� � � � 	�
 � "� � � � �  ��� � � � �!� � 	�
 � 

# $$$$% 

respectively. With the help of thesematrices & and

�
, Eq. (4.23a-c)cannow be

expressedas & ��'(�*)�+,.- �  
 (4.24)

where - �  is the / )�0213)�0 4 identity matrix. Notethatmatrix
� '

in Eq. (4.24)is not
a squarematrix in the caseof oversampling(+65*0 ) anddoesnot have an inverse,
but in generalwill have a (non-unique)left inverse. Again, the optimumsolution&87 � 9 in thesenseof minimum

� :
-normcanbefoundwith thehelpof thegeneralized

(Moore-Penrose)inverse
�<;

[seeEq. (2.24)]&=7 � 9 �*)�+,>/ � ; 4 ' 

whichcorrespondsto theminimum

� :
-normwindow ?(@�A 7 � 9 .

Usingthe(two-dimensional)discreteFouriertransformationB8C : DE F G , definedby/ B8C : DE F GIHJ 4 � 	�
 � K L8,3
 MNO�QPR<S!T UWV PX SOT Y�Z[V HJ R X \ ]�^ _ ` / a � b M ]dc 	�b L8, 4 
 (4.25)

thediscreteZak transformation[seeEq. (4.22)] andtheshiftedandmodulatedwin-
dows He @ s A R X [seeEq. (4.7)], it canbeshown (seeAppendixC.3) thattheperiodized
Gabortransform(4.14)canalsobetransformedinto asum-of-productsform/ B8C : DE F GIHJ 4[f 	�
 � ] M)�+ c K L8,3
 MNg=�6,hPF S!T �  V � 'F X � 	�
 �  i F � 	�
 �  
 (4.26)

where i F � 	�
 � !� / j2k[4[f 	8lnm ,3
 � ]po ML m K )�+�q 
 M)�+ g�

with
mn�sr<� � � )!0 ].t , c �ur<� � � )�+ ].t , and where the variables

	
and
�

ex-
tendover an interval of length

L8,
and
MNb )�+ , respectively. TheFourier transform/ B8C : DE F G HJ 4 � 	�
 � K L8,3
 MN is completelydeterminedby thefunctionsv X � 	�
 � �� / B8C : DE F GIHJ 4[f 	�
 � ] M)�+ c K L8,3
 MNg�
 c �pr<� � � )�+ ]6t �
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Thefunctions w�x arenow combinedinto the y�z -dimensionalcolumnvectorof func-
tions w { |�} ~ ����� w�� { |�} ~ � } w�� { |�} ~ � } � � �O} w�� � � � { |�} ~ � � ��}
andlikewise,thefunctions �!� with �[���<� � � y����6� into thecolumnvectorof func-
tions � { |�} ~ ����� �O� { |�} ~ � } ��� { |�} ~ � } � � �O} �O� � � � { |�} ~ � � ���
With thehelpof thevectorfunctionsw and

�
, Eq.(4.26)cannow beexpressedin the

matrix-vectorproduct w �p����� � � (4.27)

Therelation(4.24)appliedto anarbitraryvector

�
leadsto thecondition� � � � � y�z� � �

Substitutionof Eq.(4.27)into thepreviousexpressionyields� � �y�z � w � (4.28)

Notethat this vector

�
is unique,since ��� is injective, and

�
is a (proportional)left

inverseof �<� . Thesematrix-vectorproducts(4.27)and(4.28)provide now amethod
to calculatethearray �I��[� x � of Gaborexpansioncoefficientsandto reconstructthe
signal � (andtherefore� ) from agivenarray � �� � x � . Theproceduresareverysimilar
to thecontinuous-timecaseasdescribedin Section2.2.

Note that in the separablecase �  ¡�u� � , the sum-of-productsforms (4.23a)
and (4.26) reduceto product forms in the caseof critical sampling. In the non-
separablecase, >¢N� , thenumberof elementsin thesum-of-productformsis equal
to thedeterminant  , andso,thesum-of-productsdo not reduceto productforms.

As anexample,wecalculatedthecorrespondingoptimalwindows £(¤�¥ ¦ � § for the
given truncatedperiodizedGaussiandualwindow ¨!¤ by usingtheZak transforma-
tion asoutlinedabove. Westartwith thetruncatedGaussiandualwindow © ¤©�¤�{ |����*ª<« �(¬�� |O�� ��� ® if |d¯����[° ±<� � � ° ±�� }� otherwise�
Thuswe have a supportof length ²I³2�N´ µ . We periodizethis dualwindow © ¤ with
a periodsizeof ± ¶ ¶ , i.e., ·�²¸�p± ¶ ¶ andwe canhandlesignals� with a supportof
lengthnotmorethan224.Thecorrespondingoptimalwindows £(¤�¥ ¦ � § arecalculated
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Figure 4.1: Theoptimal windows ¹(º�» ¼ ½ ¾ for the giventruncatedGaussian
dual window ¿!º , which is depictedin (a), for different lattices
with commonparameters À3ÁNÂ , ÃWÁ�Ä , ÅnÁpÆ , Ç2Á.È , but with
different parameters É and Ê : (b) É¸Á*Ä , Ê�Á.Ë , (c) É"Á.Â ,ÊnÁ6Æ , (d) ÉÌÁ6Æ , ÊnÁpÂ . Thesolid line correspondsto thereal
part andthedashedline to theimaginarypart.

for thethreelatticeswith theparametersÍ Ç Î É=Ï in thematrix Ð in its Hermitenormal
form ÐNÁ¸Ñ ÈÓÒÔ ÇÕÉ2Ö Î
equalto Í È Î Ä�Ï , Í È Î Â�Ï and Í È Î Æ�Ï . WetakeafixedoversamplingÀ�× ÃIÁpÂ × Ä andafixed
time-shift ØÙÁÌÚ , andso Å�Á*Æ . With the fixed Ø and À , we only have onefree
parameterÊ left in Û¡Á�Â Ë8ÁpÀ�Ê�É . Thewindows ¹(º�» ¼ ½ ¾ aredepictedin Fig. 4.1.
Notethatthewindow ¹(º�» ¼ ½ ¾ in thecaseof thequincunxlattice( ÉÌÁpÄ ), depictedin
Fig.4.1b,is real-valuedin contrastwith theotherwindowsfor latticeswith parameterÉÜÁÌÂ and ÉÜÁ.Æ (seeFig. 4.1candFig. 4.1d,respectively). In [38], it is shown
thatif thelattice Ý is invariantunderinvolution Í ÞdÎ ß�Ï�àásÍ ÞdÎ Ô ß�Ï , i.e., if thelattice
is symmetricwith respectto the time-axis,andthe dual window ¿�º is real-valued,
thenthewindow ¹(º with theminimum â ã -norm( ¹(º�» ¼ ½ ¾ ) is real-valued,aswell. The
rectangularlattice ( ÉäÁ¸È ) andthe quincunxlattice ( ÉäÁ>Ä ) arethe only lattices
satisfyingthiscondition.
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4.3 Filter banks

In Section1.6weshowedhow theseparableGaborschemecanbeimplementedwith
thehelpof a filter bank. In this section,we will show how thenon-separableGabor
schemecanbeimplementedbyusingfilter banks.Westartthissectionby considering
a non-separablelattice å generatedby the latticegeneratormatrix æ>ç.è3é whereê�ë ì í é�î(ç.ï in moredetail. We want to show that thenon-separablelatticecanbe
seenasthe union of ï separablelattices,which areshiftedin time andfrequency.
Consequently, the non-separableGaborschemecanbe implementedby combiningï uniform DFT filter banks,whereeachuniformDFT filter bankcorrespondsto the
implementationof a separableGaborscheme.For eachfilter bank,therewill be a
differentprototype. Put differently, a non-separableGaborschemecanbe seenas
a multi-window Gaborschemeon time andfrequency shiftedseparablelattices(for
moredetailsaboutthemulti-window Gaborscheme,wereferto [92]). Theproof that
a non-separablelattice å canbeseenastheunionof ï time andfrequency shifted
separablelatticesis basedon thedescriptionof thelattice å which canbegenerated
by thelatticegeneratormatrix è3é with theHermitenormalform é [Eq. (4.3)]éNç¸ð.ñÓòó<ô ï2õ�ö
or by è3é[÷ ÷ with themodifiedHermitenormalform é[÷ ÷ [seeEq. (2.10)]é ÷ ÷ ç¸ð ï ó<ô ÷òøñ õ�ù
Startingfrom theorigin in the time-frequency plane,therearealways

ê�ë ì í é�î�ç.ï
time-shiftsneededto find asampleon thetime-axis.This is becauseú�û ê!í ô ö ï=î�ç ñ .
The sameholds for the frequency direction,sincetherearealways

ê�ë ì í é(ü ü î2çýï
frequency-modulationsneededto find a sampleon the frequency-axis. This means
that the non-separablelattice is built up by a uniform structureof tiles, wherethe
tiles aredeterminedby ï pairsof vectors. Becauseof this uniform structure,the
non-separablelatticeis formedby ï separablelattices.As anexample,weplottedin
Fig. 4.2a latticewhich is generatedby thelatticegeneratormatrix ææ�ç¸ð ñþòòÿñ � ñ � õ ð*ñÙòó ñ � õ�ö (4.29)

i.e., ô ç ñ , ï>ç � , �¸ç ñ and �"ç�� . In this figure,we seethatthis non-separable
latticeindeedconsistsof ï*ç � separablelattices.

Now weknow thatthenon-separableGaborschemecanbeimplementedby com-
bining ï uniform DFT filter bankswith ï differentprototypescorrespondingto the
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Figure 4.2: Thelattice that is generatedby the lattice generator matrix �
[see Eq. (4.29)], which consistsof ����� separable lattices
indicatedby the symbols	 , 
 , and � . A tile of the lattice is
indicatedbydashlines.

implementationof � separableGaborschemes.Sincewe alreadyknow how to im-
plementaseparableGaborschemewith thehelpof afilter bank(seeSection1.6),the
implementationof the non-separableGaborschemeis straightforward if we know
the � prototypes.So we continueour discussionby looking for theseprototypes.
The tiles of the lattice as describedabove indicatehow to find theseprototypes;
we split the array ���� ��� � of Gaborcoefficients [seeEq. (4.9)], with � �"! and# �%$�& & & �('*),+ , in blocksof length � in the � -variable,i.e., in blocksof � time
shifts:�� ��-/.10 2 � ��35476 8 9 #1:<;=> ?5@ ; A�B C D EGF B C )H�I�(J*)K8 J D L )NM O P

# C Q �(' 9 (4.30a)

with �R�I! , 8/��$�& & & �S)T+ and
# ��$�& & & �('U)T+ . Recallthat

35476 8 9 #1: � +� - @ �=V ?GW L M O PGXG6 8 Y[Z #1: Q � & (4.30b)

The integer 8 correspondsto the 8 th separablelattice. Dueto theoperator35476 8 9 #1: ,
thearray ���� ��-/.G0 2 � � containszerosin the

#
-directionfor givenintegers8 and� . The

non-zeroelementsin thearray ���� ��-/.G0 2 � � for agiven 8 and � arethe ' coefficients
[seeEqs.(4.30a-b)]�� ��-/.G0 2 @ 0 \ .]-5^ � L )NM O P/6 �`_a)K8 Y : �IJ Q ' ;=> ?]@ ; AbB C D EGFc B )d6 �I�(J*) C ZH8 J : De L )�M O PN6 �I�(Jf) C : 8 Y Q �(' L M O PN6 �I�(JU) C : _ Q ' 9
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wheregHhji�k k k lfm�n . Fromthis equationwe seethat thesubbandsignalso p qGr sat ,
theGaborcoefficientsapartfrom a phase,canbeobtainedby u analysisbankswithu prototypes:o p qGr sat]hjvw x�y/z p { |1p } zGy q/~ ���5� � � �N� u`gamH� ��� sI�`� lH�/h�� �]u(�H� � ��� � � �� �[� � r sat �
where �G� � �p q h�� q � � � � |�p} � y �7� |�p�

� � � � h�� q � � � � � � �   p (4.31)

arethe u(l impulseresponsesof thefilters spreaduniformly over u analysisbanks
with the u prototypes

� � � �   p hR� |�p} � y � � |�p�
� � � �

with

� � � � r ¡]tdhf¢G£¤ r mb¡Gt . The u
analysisbanksaredepictedschematicallyin parallelin Fig. 4.3a.Theprototypesof
thesynthesisbanksfollow from theGaborexpansion(4.8):

� r ¡]tGh¦¥§ ¨]© y ��ª «¥x ¨ | « vw x § v¬ ¤ s
  x § r ¡Gt

h y | �¥ p ¨]
� | �¥q ¨]
«¥x ¨ | « vw x�y/z p { |1p } zGy qGv¬ ¤ s

  x�y/z p { |�p } z]y q1r ¡]t
h y | �¥ p ¨]
� | �¥q ¨]
«¥x ¨ | « � � ®5u(�K� o p q�� r sat ¬ ¤ r ¡amHs*mK� �at ¯ mN� � �/� ¡ImHsK� � ��� u(l° ¯ � � �/� ¡ImHsK� g]� l h y | �¥ p ¨]

� | �¥q ¨] ± ��� � ² �� � � ®5u(�K� o p q�³´r ¡Gt � (4.32)

where �G� µ �
p q h�� q � � � � |�p} � y � � p�

� � µ � h�� q � � � � � µ �   p
arethe u(l impulseresponsesof thefiltersspreaduniformly over u synthesisbanks
with the u prototypes

� � µ �   p hf� |�p} � y �7� p�
� � µ �

with

� � µ � h ¬ ¤ . The u synthesis
banksaredepictedschematicallyin parallelin Fig. 4.3b.

In Section1.6, we showed that the uniform DFT filter bank in the separable
casecanbe implementedefficiently by using the polyphaserepresentations(1.22)
and(1.23),andthenobleidentities(1.20)and(1.21).Sincethefilter bankin thenon-
separablecaseis merelya collectionof u filter bankscorrespondingto u separable
Gaborschemesin parallel,thesametechniquecanbeusedto implementafilter bank
in thenon-separablecase.In the following two subsections,we will show how the
filter bankin thenon-separablecasecanbeimplementedefficiently.
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Figure 4.3: The É uniform DFT filter banks,which are indicatedby the
dashedlines,consistof É analysisandsynthesisbanks.(a) The
analysisbanks.(b) Thesynthesisbanks.

4.3.1 Analysis bank

In this subsection,we show how theanalysisbankcorrespondingto a non-separable
Gabortransform,asdepictedin Fig. 4.3a,canbeimplementedefficiently.

The Ê -transformedpolyphaserepresentationsof the É prototypes

¹ º » ¼ Ë Ì
of the

analysisbankaregivenbyÍ Î ¹ º » ¼ Ë Ì Ï Í Ê ÏNÐ Í Î5Ñ ¾ ÌÒ Ó ½/Á[Ô ¾ ÌÕ ¹ º » ¼ Ï Í Ê ÏNÐjÖ ¾G¿×Ø�Ù Â Ê Ø7Ú Û Ü Ý1Þaß à�á É(âã�ä Î]å�æÖ Ë Ø ¾ Ì Õ ¹ º » ¼ ç Í Ú Û Ü ÝGß à èdá É(â Ê Ö Ï é
Note that the time shifts Ô ¾ ÌÕ are unified with the polyphasecomponents.Note,
moreover, that the choiceof thenumberof polyphasecomponentsè is still free at
this stage.The Ê -transformedpolyphaserepresentationsof the modulatedanalysis
filters with impulseresponses

¹Gº » ¼Ì ê
aregivenby [seeEq.(4.31)]ä Î ¹Gº » ¼Ì ê ç Í Ê Ï/ÐTÖ ¾]¿×Ø�Ù Â Ê Ø[Ú ëNÛ Ü Ý1Þ Í É(ì ëHß à

Ï á É(â
ã,ä Î]å�æÖ Ë Ø ¾ Ì Õ ¹ º » ¼ ç Í Ú ë�Û Ü Ý Í É(ì ëHß à Ï èdá É(â Ê Ö Ï í

where we usedproperty (1.17) concerningmodulationand the Ê -transformation.
From this expression,we seethat if we take è a multiple of É(â (recall that É
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and î arerelatively prime),we only needthe ï polyphasecomponentsand ð DFT
matricesof size ñ*òdñ to implementthe ð(ñ analysisfilterswith impulseresponsesóGô õ ö÷ ø : ù ú óGô õ ö÷ ø´û´ü ý�þ/ÿ�� ��������	�
 �  � ������� ñ�� ����� ��	�
  � ��� î ü ����� ñ þ � ð(ñ

ò ��� � � ����  ��	 ý ��!�� � !
 
� �
ù ú " !��# � � ÷ $ !�� � !

 
� � ó ô õ ö û`ü ý � þ %

or in matrixnotation & ô õ ö # ÷ ü ý�þNÿ(' � ) ô õ ö # ÷ ü ý � þ * � ü ý�þ % (4.33)

where

& ô õ ö # ÷,+.- �0/ � is a vectorcontainingthe ý -transformedimpulseresponsesóGô õ ö÷ ø & ô õ ö # ÷ ü ý�þ/ÿ21
ù ú óGô õ ö÷ 3 	 û ü ý�þ %

ù ú óGô õ ö÷ 3 � û ü ý�þ % 4 4 4�%
ù ú óGô õ ö÷ 3 � ��� û ü ý�þ 5 6,%

the matrix ' � +.- �0/7� is the DFT matrix with elements8 ' �:9 ÷ ø ÿ2; ÷ ø� , where; � ÿ=< >7?/ü �  � ��� ñ þ , and
) ô õ ö # ÷ +�- �0/ � thepolyphasematrix) ô õ ö # ÷ ü ý�þ/ÿ=@ A B`ü C � % 4 4 4�% C � þD E F G�H/ � �

I ÷D E F G� �H/ � �
@ A B`ü C � � % 4 4 4�% C � � þD E F G� �0/ �òKJ�L M N

ù
ü
ú " !��# � ÷ $ óGô õ ö	 þ ü ý�þ % ü

ú " !��# � � ÷ $ óGô õ ö	 þ ü ý�þ % 4 4 4�% ü
ú " !��# � ��� � ÷ $ óGô õ ö	 þ ü ý�þ ûD E F G� / �

%
with the ð(ñ òIð(ñ diagonalmatrixI ÷ ÿ JOL M N

ù P
% ; � ÷ Q� � % 4 4 4�% ; � ô � � ��� ö ÷ Q� � ûR4

Thevector * �S+�- � / � is the‘delay’ vector* � ü ý�þ/ÿ 8
P
% ýO% 4 4 4�% ý � ��� 9 6 4

Concatenatingthe ð vectors

& ô õ ö # ÷ , which containall ð(ñ ý -transformedimpulse

responses
óGô õ ö÷ ø , to acolumnvector

& ô õ ö +�- � �0/ � , i.e.,weputtheimpulseresponsesó ô õ ö÷ ø of theanalysisbankin Fig. 4.3ain onecolumnvector, yields& ô õ ö ü ý�þ/ÿ(T A7U
ù ó ô õ ö # 	 ü ý�þ % ó ô õ ö # � ü ý�þ % 4 4 4�% ó ô õ ö # � ��� ü ý�þ ûÿ J�L M N ü ' � % 4 4 4�% ' � þD E F G� �0/ � �

) ô õ ö ü ý � þ * � ü ý�þ % (4.34)
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wherethematrix VKW X Y[Z�\�]_^0`7a is givenbyVKW X Y b c7d_e(f g7h�i V�W X Y j k b c7d l V�W X Y j m b c7d l n n n�l VKW X Y j ][o m b c7d p_n
The vector q Z(\ ]_^0` m containingthe c -transformedsubbandsignals q r s , i.e., the
subbandsignalsq r s in Fig. 4.3put in onecolumnvector,q b c7d[e(f g h b q k b c7d l q m b c7d l n n n�l q ][o m b c7d d l
with q r b c7d[eut b v�q r k d b c7d l b v�q r m d b c7d l n n n�l b v�q r w ^xo m d b c7d y z[l
cannow beexpressedas

q b c7d_e|{}�~ ]_�:o m�� � k b v��[d_� � �]_� c m � ]_�x�H� W X Y � � �]_� c m � ]_�x� n (4.35)

If wealsotake � amultipleof
}�~

, wecanusenobleidentity(1.21)andwecanshift
thedownsamplersthroughthepolyphasecomponentsto thefront endof theanalysis
bank. Thus we choose��e�h f ��b }�� l }�~ d ��e }0��� � � , where � is an arbitrary
positive integer. Note that, if the impulseresponseof thedual window � � is finite,
i.e., if wearedealingwith FIR filters, thentheinteger � directly influencesthelength
of the polyphasecomponents.From Eq. (4.34),we seethat the analysisbankcan
be implementedwith

}
DFT matrices� ^ andwith the � -polyphasecomponents

of � W X Y . In Fig. 4.4awe have depictedtheanalysisbankschematicallyfor thecase
that ��e { , i.e., �.e }0��� � . Notethat,althoughwe need

}
matrices� ^ andthe � -

polyphasecomponentsof � W X Y , wedownsamplebyafactor
}�~

, i.e.,afactor
}

larger
thanin thecaseof a separablelattice. Therefore,the implementationcomplexity is
comparableto theseparablecaseapartfrom the

}=� { matrices�2r . Note,moreover,
that in the caseof a separableGabortransform,i.e.,

} e { , the expression(4.33)
indeedreducesto expression(1.24).

4.3.2 Synthesisbank

In this subsection,we show how thesynthesisbankcanbe implementedefficiently.
We c -transformthesynthesisoperation(4.32),useproperty(1.16)of theconvolution
andusethepolyphaserepresentation,whichyields

b v��[d�b c7d_e ^xo m�� � k ][o m� r � k b v�q r � d b c ]_� d b v�� W � Yr � d b c7d[e ][o m� r � k ^xo m���� k ][o m�� � k
� � o m� � � k c o W �� �� ^  

� ]_^ Y¡ � v�¢ oa j ��  r �  �� ^   � ]_^ � W � Yk � b c a d £ ��¤ ¥ ¦�§ ¨ b ©�ª�« � d ¬ }��¡ ^xo m�� � k b v�q r � d b c ]_� d £ ¤ ¥ ¦ ©K�¬ � l



4.3Filter banks 89

®®®
¯�°H±¯�°H±
¯�°H±

²R³ ´ µ ¶ · ¸ ¹ º » ¼H½
¾ · ¿¾ · À
¾ · Á ½[Â ÀÃÃÃ ÃÃÃ ÃÃÃ ÃÃÃ¹¹

¹
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Ç
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Figure 4.4: Part È of thepolyphaseimplementationof the É�Ê channelfilter
bankwith É prototypes.(a) Theanalysisbank.(b) Thesynthesis
bank.

or in matrixnotationË Ì�Í_Î�Ë Ï7Î[Ð(Ñ ÒÓ�Ë Ï7Ô�Õ Î ÖK× Ø Ù Ë Ï Ó Î Ú�Û Ü Ý�Ë Þ�ßà0á â â â�á Þ�ßàHÎ
ã ä å æç à0è ç àêé Ë Ï ç_ë Î á

(4.36)

wherethematrix

Ö × Ø Ù_ì�í Ó_è ç à
is givenbyÖK× Ø Ù Ë Ï7Î_Ð=î ï ðòñ Ö�× Ø Ù ó ô Ë Ï7Î á Ö�× Ø Ù ó Õ Ë Ï7Î á â â â�á Ö�× Ø Ù ó ç Ô�Õ Ë Ï7Î õ[á

withÖK× Ø Ù ó ö Ë Ï7Î ÐHÚ�Û Ü Ý_÷ Ë Ì�øOùÓ ó Ô ö ëxú × Ø Ù Î Ë Ï7Î á Ë Ì�ø7ùÓ ó Õ Ô ö ëxú × Ø Ù Î Ë Ï7Î á â â â á Ë Ì�øOùÓ ó Ó Ô�Õ Ô ö ëHú × Ø Ù Î Ë Ï7Î ûã ä å æÓ_è7Ó
ü�ý ï þ Ë ÿ ç à á â â â�á ÿ ç à Îã ä å æÓ_è ç à � ßöã ä å æç à0è ç à ý

ï þ Ë ÿ à á â â â�á ÿ à Î
ã ä å æç àHèOà

â
Note that expression(4.36) is actually the conjugatedand transposedof expres-
sion (4.34). From Eq. (4.36), we seethat the synthesisbankcanbe implemented
in asimilarwayastheanalysisbank.By usingthenobleidentity (1.20),wecanshift
theupsamplersthroughthepolyphasecomponentsto the backendof thesynthesis
bank. In Fig. 4.4bwe have depictedthe synthesisbankschematicallyfor the case
that �

Ð �
.

4.3.3 Matrix representationof the frame operator

Similar as in the caseof a Gaborschemeon a separablelattice (seeSection1.6),
by usingthe

Ï
-transformationandthepolyphaserepresentationwe canfind a matrix
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representationof the frameoperatorfor the non-separablecase.This matrix repre-
sentationcan be usedto calculatethe dual window. It also provides a methodto
calculatethe framebounds.We continueour discussionandshow how this matrix
representationof theframeoperatorcanbeobtainedin thenon-separablecase.The
frameoperator��� is definedby

�����	� 
� �� �����
�

� ��� ��� ��� �� � s � � � � �� � s � � � �

As we have seen,the non-zeroelementsof the inner products � ��� �� � s � � � � canbe
calculatedwith the help of an analysisbankwith � prototypes.Using the expres-
sions(4.35)and(4.36)with  "! # $ % &(' replacedby  *)! + $ % &(' yields

% ,�������'�% &('��.-�*/10 2��3 % & ��4 ' 5 6 7�% 8 ��3 � & �9��3 8 ��3 � � � � � & �9:�;���3 8 ��3 '  ) ! + $ % & : '<  "! + $ % & : '(= 6 > % 8 ��3 � & ��3 8 ��3 � � � � � & :��9��3 8 ��3 '
��3���4

? ��@ % ,A��'�% B ?��3 &(' 0 ��3 % B ?��3 &('9�

(4.37)

whereweused

0 : % &('��1= 6(> % 8 ��3 � & ��3 8 ��3 � � � � � & :�����3 8 ��3 ' 0 ��3 % &(' �
In Eq.(4.37),werecognizethe �*/C& -transformedupsampledpolyphasecomponentsD ���3 � � � of thesignal �

% , D ���3 � �E��' % & ��3 '��GF�*/
��3���4

? ��@ B ? ���3 & � % ,A��' % B ?��3 &(' �

Usingthisexpression,Eq.(4.37)now takestheform

% ,�������'�% &('�� 0 2 ��3 % & ��4 ' H���% & ��3 ' D ���3 � I % & ��3 ' � (4.38)

wherethematrix H��	JLK ��3NM(��3 is definedby

H���% &('�� - 5 6 7�% 8 ��3 & ��4 8 ��3 � � � & �PO ;�4 8 ��3 '  ! # $ % & Q O '<  ")! # $ % & Q O '(= 6 > % 8 ��3 & 8 ��3 � � � & Q O ��4 8 ��3 ' �
andwherethevector D ���3 � I JRK ��3NMP4 containsthe & -transformedpolyphasecom-
ponentsof thesignal �D ���3 � I % &('��CS % , D ���3 � @ ��' % &(' � % , D ���3 � 4 ��' % &(' � � � � � % , D ���3 � ��3���4 ��' % &(' T 2 �
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Sowefind that

U VW�X�Y Z [ \�] ^(_�`1a�b�] ^(_ U VW�X�Y \�] ^(_ c
In particular, wehave thefollowing relationshipbetweenthewindow d b andits dual
window e b

U VW�X�Y f [ ] ^(_�`ga�b�] ^(_ U VW�X�Y h [ ] ^(_ i
or

U VW�XjY h [ ] ^(_�`ga�b�] ^(_ V�k U VW�X�Y f [ ] ^(_ c
With thehelpof thematrix a�b , we canalsofind the frameboundsl and m of the
frameoperatorn b . By usingEq.(4.38)andtaking ^o`qp r(s�] t u v�w(_ we find thatx n b�y�i y�z�` x { | W�X a�b U VW�XjY \9i { | W�X U VW�XjY \9z�` x ajb U VW�X�Y \�i U VW�X�Y \9z c
Fromthisexpressionwe seethattheframeboundsfollow from:

l `~}�� �� � � � k }�� �� � � �9�� � � � k
x ajb�] ^(_ � i � z and m `1}�� r� � � � k }�� r� � � �9�� � � � k

x a�b�] ^(_ � i � z c

4.4 Shearing

As we have seenin Section2.4, the shearoperatorcanbe usedto resheara non-
separableGaborschemefor continuous-timesignalsinto a separableone. In the
discrete-timesetting,it is even more interestingto resheara non-separableGabor
schemeinto aseparableone,sincemany algorithmsfor theseparablecasehavebeen
designedin the last decade(see,for instance,[10,31,32,35,37,73,74,76,84]). In
thissectionwe shallconsiderthediscrete-timeversionof theshearoperatorfor non-
periodicandperiodicsignals.

First we considertheshiftedandmodulatedwindows thatareobtainedby shear-
ing thefrequency variablein thenon-periodiccase[seeEq.(4.4)]. Thediscreteshear
operator��� � is definedas

] ��� � y�_ � ����`1� t u v9��� ��� yj� ��� i
which is unitary on � � ] �E_ with correspondingadjoint operator �j�� � ` � V � � . For
convenience,asmentionedin Section2.4, we usethe samenotationfor the shear
operator ��� � for thediscrete-timesetting. Themodulationslopeof thecontinuous
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Table 4.1: Two importantpropertiesof theshearoperator.���9�(�
= � ���   ¡�¢�£P¤ ¥ ¤ � � �(�9������ ¦ ¥ �(§ = ¥ �(§ ��� ¦

line throughtheorigin inducedby theshearoperator
��� ¨

is   ¢A© (cf. thecontinuous-
time case).To reshearthenon-separablelattice ª into a separableone,we have to
choose

¢A© « ¬jq®(¯   °L±*²L³
In Table4.1,two propertiesof theshearoperator

��� ¨
aretabulatedconcerningtrans-

lation andmodulation.By applyingtheshearoperator
��� ¨

with ¢A©*´¢�© « ¬ andits
propertiesto theshiftedandmodulatedwindows µ ¶�· ¸�¹ , we obtain

��� ¨ º ¦ µ ¶9· ¸�¹  ¥ ¹ » ¼ ½ ¥ ¸ ¾P¿ ¼ À�½ ��� ¨ º ¦ � ¸Á µ ¶  � ��� ¡9Â ¤ ® °�¯ ±*² ¥ ¹ » ¼ ½ � ¸Á ��� ¨ º ¦ µ ¶ ³
So if the set Ã µ ¶�· ¸�¹PÄ ÂÆÅ´ÇEÈ ÉÊÌË ²	Í Î is a framethenthe set Ã ��� ¨ º ¦ µ ¶9· ¸�¹PÄ ÂÆÅÇNÈ ÉÏCË ²	Í Î establishesa frameon a rectangularlattice.Applying theunitaryshear
operator

��� ¨ º ¦
to theGaborexpansion(4.5) yieldsa shearedGaborexpansionon a

rectangularlatticeaswell:

��� ¨ º ¦ Ð 
ÑÒ
¸�Ó ¾ Ñ

Ò
¹ Ó�Ô ½�Õ Ë

��� ¨ º ¦ Ð È ¥ ¹ » ¼ ½ � ¸Á ��� ¨ º ¦ Ö ¶ Í ¥ ¹ » ¼ ½ � ¸Á ��� ¨ º ¦ µ ¶

ÑÒ
¸�Ó ¾ Ñ

Ò
¹ Ó�Ô ½�ÕP×Ø ¸�¹ ¥ ¹ » ¼ ½

� ¸Á ��� ¨ º ¦ µ ¶ È
where

×Ø ¸�¹  Ø ¸�¹ � ��� ¡9ÂL¤ ® °*¯ ±*² CË ��� ¨ º ¦ Ð È ¥ ¹ » ¼ ½ � ¸Á ��� ¨ º ¦ Ö ¶ Í
is thearrayof (modified)Gaborexpansioncoefficients.

In Section2.4, we also sheareda non-separablelattice, which is obtainedby
reshearingthe time-variable,into a separableoneby using the shearoperator

��Ù ¨
[seeEq.(2.39)]andtheFouriertransformation.A similarprocedurecanbefollowed
in thediscrete-timecase,andthereforewe skip furtherdetails.

Similar to the continuous-timecase,it can be shown that given the collectionÃ µ ¶�· ¸�¹(Ä ÂÚÅLÇEÈ ÉÏCË ²	Í Î , correspondingto asetof shiftedandmodulatedwindows
on a non-separablelattice ª , is a framewith frameboundsÛ and Ü is equivalentto
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Table 4.2: Summaryof theconstantsdescribingtheperiodicGaborscheme.ÝßÞqà á âAã äLå æ	çèæéÞ1ê ÝëäéÞÊì�ÝîíÆÞÊì9ï�ðñà(á âAã ðLå ò(ç�Þ´ó
ô õ÷öø ù úNûNüý´þ�ÿ � � � � ��� �	��
 å ��Þ� ä�� �

, correspondingto a collectionof shiftedand
modulatedwindows on a separablelattice,is a framewith thesameframebounds�
and � .

In the discussionabove, we considerednon-periodicsignals. In Section4.1.1,
we alsoconsideredthecaseof a signal � anda dual window � � that belongto the
classof signalswith finite support,which resultedin theperiodicGaborscheme.In
Table4.2,we havesummarizedtheconstantsthatdescribeaperiodicGaborscheme.
Applying theshearoperator þ�ÿ � to theperiodicGaborschemeis moreinteresting,
sincemostalgorithmsaredesignedfor periodicsignals. In this paragraph,we con-
siderthelatticesthatareobtainedby shearingthefrequency variable.In orderto use
theshearoperatorþ�ÿ � for periodicsignals,theshearedperiodicsignalswith periodí´æ

have to beperiodicagainwith thesameperiod
í´æ

, i.e.,ã þ�ÿ � � ç � ���Êí´æ���ÞCã þ�ÿ � � ç � ��� å (4.39)

where � hasperiod
í´æ

. Again we have to choose� � ! " Þgò$# % æßð*ä to transform
anon-separablelattice & backinto aseparableone[seeEq.(4.20)]. In Section4.1.1,
we foundanextra condition,which ensuresthat the frameoperatorcommuteswith
thetime-frequency operator. This conditionnow takestheformã þ�ÿ � � � ' ç ü�ö ÞCã þ�ÿ � � � ' ç ü)(�* ! ö +
Thisconditionis satisfied,since

ã þ�ÿ � � � ' ç ü�ö correspondsto arectangularlatticeand
is thereforeperiodicin the � -variablewith period

í
. From Eq. (4.39)with � � Þ��� ! " , we find thecondition Ý � ò ï if

í´æ
is even,%(Ý � ò ï if

í´æ
is odd,

(4.40)

which is a ratherstrongcondition. Thusfor a given period
í´æ

anda given non-
separablelattice & generatedwith latticegeneratormatrix ,, Þ.-�/gÞ óð*ä 0 æßð*ä211 ó 3 0 ó415 ò ð63 å
it looks like that the shearoperatoris only usableif condition (4.40) is fulfilled.
However, thesamelattice & is generatedwith thematrix

/
replacedby

/87 "/97 " Þ 0 ó:15 ã ò9�<; ð"çÌð63 å
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where=?> is theunimodularmatrix=?>9@BA<CEDFHG C I9J
with G anarbitraryinteger(seeSection2.1). This meansthatwe have morefreedom
in choosingK�L if we usethematrix M9=?> . Putdifferently, we canchoosedifferent
modulationslopesfor theshearoperatorto resheara non-separablelattice N into a
separableone.With thelattice N generatedwith thehelpof matrix M8=?> , thestronger
condition(4.40)canbereplacedby aweaker conditionO$P Q RTSVU W X8Y G Z�[ \ if ]_^ is even,` S)U W X9Y G Z�[ \ if ]_^ is odd,

(4.41)

i.e.,we have to find integers G and G > , suchthatS G >H@ X \ Y G Za\ if ]_^ is even.` S G >9@ X \ Y G Za\ if ]_^ is odd.
(4.42)

Theseintegers G and G > exist if andonly ifb c d W S J Za\)[ ee X \ if ]_^ is even,b c d W ` S J Za\)[ ee X \ if ]_^ is odd.
(4.43)

ThenEq. (4.42)canbesolvedby usingtheEuclideandivision algorithm(see[30]),
which yields G . Thevariable K L hasto be taken equalto K�L f P @ W XgY G Z�[ h ` ^ Zai .
Applying theshearoperatorj)k l m n to shiftedandmodulatedwindows o9prq s tVu v9w [see
Eq. (4.20)] wherethe lattice N is generatedwith the help of the matrix M9=?> and
usingthepropertiestabulatedin Table4.1yieldsj)k l m n o p�q s tVu v9w @?x s tVu vy{z | } P ~�� � ~�� x w � � � j)k l m n � t� o p@?� FV� � W X9Y G Z�[ � ��� �� ^ h Zai x w � � � � t� j)k l m n o p �
So the collection ��j)k l m n o prq s tVu v w U � @	� ]�� J � @	� i � � establishesa frameon a
rectangularlattice. Applying theunitaryshearoperator j)k l m n to theperiodicsignal�

resultsin the shearedperiodicGaborexpansion(4.19),which correspondsto an
expansionon a rectangularlatticeaswell:j)k l m n � @��t)� � �6� �w �{� � � � j)k l m n � J x w � � � � t� j)k l m n � p � x w � � � � t� j)k l m n o p@��t)� � �6� �w �{� � �g�� t)w x w � � � � t� j)k l m n o p J
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where��H )¡8¢?�H )¡ £ ¤)¥ ¦�§ ¨r©«ª ¬� ® ¯�° ±²a³a´ ¬aµ¶¢�· ¸)¹ º » ¼ ½9¾ ¿ ¡ À Á Â8Ã�Ä  VÅ ÆÇ ¸)¹ º » ¼ È�É Ê
is thearrayof (modified)Gaborexpansioncoefficients.

Becauseof condition(4.43),it is not alwayspossibleto resheara non-separable
lattice,which is obtainedby shearingthefrequency variable,into a separablelattice
by this method. It is most likely, that other lattice generatormatrices,in particular
thosewhich areobtainedby shearingthetime variableor a combinationof thetime
variableandthe frequency variable,yield differentconditions. Put differently, the
procedureoutlinedabove is limited, but Gaborschemeson thesamenon-separable
lattice but with shifted and modulatedwindows that are obtainedby shearingthe
time variableor a combinationof the time variableandthe frequency variablecan,
conceivably, be transformedinto a Gaborschemeon a separablelattice. For this
transformationof thenon-separableGaborschemeinto a separableone,theFourier
transformationis alsoneeded.

4.5 Non-separablelattices

TheperiodizedGaborschemeonanon-separablelatticeasintroducedin Section4.1
is describedby theconstants¬ , Ë , Ì , Í , Î , and̈ (seeTable4.2).Westartthissection
with the interpretationof theseconstantsused.Thesizeof theperiodof thesignals
is limited. Therefore,the numberof possiblenon-separablelatticesis limited, too.
In this section,we alsoshow how many andwhich latticesarepossiblewhen we
consideraperiodicGaborschemefor periodicsignalswith period Ï ³ .

In Section4.1.1,we foundthatwe have to chooseÏ ¢ ÍrÌ ¬ with Ì a positive
integersuchthatcondition(4.10)is fulfilled to have a fully periodizedGabortrans-
form anda periodizedGaborexpansion[seeEqs.(4.14)and(4.15),respectively] on
a non-separablelattice Ð for periodicsignalswith a period Ï ³ . In oneperiodof
length Ï ³ , thereare Ï time-shiftsof the windows of size ³ . From the lattice
generatormatrix with themodifiedHermitenormalform Ñ9Ò Ò [seeEq. (2.10)for the
modifiedHermitenormal],whichgeneratesthesamelattice Ð ,Ó ÑHÒ Ò ¢2Ô¬aµÖÕ ³�¬aµ2×× Ô Ø Õ ¬2¤)¨ Ò× Ô Ø ¾
we seethatafter each¬ time-shiftsof size ³ , we have a sampleon the time-axis.
Weshallcall this time-shift ¬a³ betweentwo pointsonthetime-axisatime-segment.
So we have Ï ³a´ ¬a³ ¢ ÍrÌ time-segmentsin oneperiodof the signal. From the
lattice generatormatrix

Ó ÑHÒ Ò , we alsoseethat the smallestmodulationsize in the
frequency domainis Ô ´ ¬aµ . So we candistinguish ¬aµ samplesin the frequency
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Table 4.3: Summaryof thelatticeproperties.Ù
thenumberof time-shiftsin onesignalperiod.Ú
thesizeof thetime-shift.Ù_Ú
thelengthof thesignalperiod.ÛaÚ
thesizeof a time-segment;distancebetweentwo points
on thetime-axis.Ù_Ú6Ü ÛaÚÞÝ<ßrà
thenumberof time-segments.á
thenumberfrequency-modulationsaftereachtime-shift.Ù_Ú6Ü áÞÝ?â àVÛ
thesizeof a frequency-segment;distancebetweentwo
pointson thefrequency-axis.Û
thenumberof samplesin onetime-frequency rectangle
formedby a time-segmentanda frequency-segment.â à
thesizeof a frequency-modulation.á�Ù
thenumberof time-shiftsandfrequency-modulations, i.e.,
thenumberof latticepointsin onesignalperiod.á�Ù?Ü Ù_ÚÞÝ<ß�Ü â
thedegreeof oversampling.

domain. According to [38], wherethe Gaborschemeis consideredfrom a group
theoreticalapproach,thereare

Ù_Ú
samplespossiblein thefrequency domain,i.e.,

in this approachthe smallestfrequency-modulationis of size ã Ü Ù_Ú
. This is in

accordancewith ourapproach,since
Ûaá

isadivisorof
Ù_Ú

(
Ûaá�â à<Ý?Ù_Ú

). Then
thenon-separablelattice ä is asubgroupof the åHæ«ç�è9åHæ«ç cyclic group.InsteadofÛaá

sampleswewill alsotake
Ù_Ú

samples.Weregard åHé�ê<è«åHæ«ç asasubgroup
of å)æ6ç«èVå)æ6ç . Notethatthisconventiondoesnotchangeanything,it is justamatter
of convenience. In our approachwe write for the smallestfrequency-modulationë â à)ì ë ã Ü Ù_Ú�ì

insteadof ã Ü Ûaá . In orderto dealonly with integers,we normalizeã Ü Ù_Ú
to 1. After eachtime-shift of size

Ú
, we have

á
samplesin the frequency

domain. Thusthe sizeof the frequency modulationsis
Ù_ÚaÜ áÖÝíâ àVÛ

, which is
also the size of a frequency-segment, the frequency gap betweentwo sampleson
the frequency-axis. Since î and

Û
arerelatively prime, thereare

Û
samplesin the

time-frequency rectangleformedby a time-segmentanda frequency-segmentof sizeÛaÚ è â àVÛ . In total, thereare
Ù

time-shiftsandfor eachtime-shift we have
á

modulations.So,in oneperiod,we have
Ù_á

samplesin thetime-frequency plane.
Consequently, theoversamplingis equalto

Ù_á�Ü Ù_Ú
, which is indeedequalto

ß�Ü â
.

In Table4.3,we summarizedtheabove mentionedlatticeproperties.
To illustratetheabovementionedterms,weconsideraGaborschemeona lattice

with matrix ï ÝÞð�ñ òó ñ�ô$õ , i.e., î Ý ã and
ÛíÝ.ö

, andwith parameters
à÷Ý ã , ß�Ý.ö

,â�Ýíø
, and ù Ýíø

. The lattice is depictedin Fig. 4.5. In this figure, we show the
differencesbetweenthetermsfrequency-modulation, frequency-segment,time-shift
andtime-segment.In thiscasethefrequency-shift, frequency-segment,time-shiftand
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Figure 4.5: Thelattice with parameters ÿ�� � , ����� , ��� � , 	
��� , ����
and ����� .

time-segmentareequalto 	 ����� , 	 �Vÿ���� , 	 ���� and ÿ������ � , respectively.
Wehaveconsideredtheparameterswhichcomealongwith theGaborschemeon

a non-separablelattice for periodicsignals,andnow we continueby showing how
many andwhich latticesarepossiblefor theseperiodicGaborschemesfor periodic
signalswith period ��� . In this context, thematrix � in its Hermitenormalform is
very important,again.Thematrix � hastheform [seeEq.(4.3)]��� � ���� � ÿ! #"
with ��$%��&¶ÿ , and where � and ÿ are relatively prime. Since � and ÿ are
relatively prime and ��$'��& ÿ , thereare (*) ÿ�+ differentmatrices� possiblefor
a given determinantÿ , wherethe totient function (*) ,-+ , alsocalledEuler’s totient
function, is definedasthenumberof positive integerswhich arerelatively prime to, , where1 is countedasbeing relatively prime to all numbers[1]. The periodof
thesignalis �����?ÿ�.�.�/	 (seeTable4.2). Thusfor agivenpossibleoversampling�10 	 , thecombinationsof ÿ�.�������20 �/	 haveto beinvestigated.Let � beadivisor
of ����0 �/	 . Thenwe canusethedivisorsof ����0 �/	 � for  and ÿ . Let theintegerÿ beadivisor of ���20 �/	 � . Thenthereare3465 7689 : ; (*) ÿ�+
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possiblenon-separablelatticesfor the given oversampling<1= > andinteger ? . The
sumof thisseriesis known (see[1]) andis equalto @�A�= </> ? :BC6D E6FG H I�J*K L�MON @�A2= </> ?QP (4.44)

Notethatthenumberof possibleseparablelattices( L�N�R ) for agivenoversampling<1= > , i.e.,thenumberof combinationsof S and? , is equalto thenumberof divisorsof@�A�= </> . Sincetheinteger ? in Eq.(4.44)canbeany divisorof theinteger @�A2= </> ,
thereare T1U K @�A�= </> M possiblenon-separablelatticesfor a givenoversampling<1= > ,
whereT/V K W-M is thedivisor function.Thedivisor function T/V K W-M is definedasthesum
of the X th powerof thedivisorsof aninteger W [1]:T/V K W*M*N B Y D Z2[ V P
Fromthis, it follows that thetotal numberof non-separablelatticesfor a givenperi-
odic signalwith period @�A for all possibledegreesof oversampling(includingthe
caseof critical sampling)is equaltoBY D \�] T1U K [ M for all [ N </> , ^`_ a K <.b > MON�R and<1= >�c R .
Note that the numberof latticesin the caseof undersamplingK <1= >�d R M is equal
to this summinus T1U K @�A M . This numberT1U K @�A M correspondsto the numberof
possiblelatticesin thecaseof critical sampling.Note,moreover, that thenumberof
possibleseparablelatticesis equaltoBY D \�] T/e K [ M for all [ N </> , ^`_ a K <.b > MON�R and<1= >�c R .
For periodicsignalswith period length @�A where @�A hasmany divisors, there
aremany latticespossible.Beautiful numbersin this context arehighly composite
numbers[43]. A numberW is saidto be a highly compositenumber, if thenumber
of divisorsof theinteger W is larger thanthenumberof divisorsof theinteger W.f for
all valuesW f lessthan W . Highly compositenumbersare,for instance,24,36,48,60,
120,180,240and360. Interestingin this context too,arenumbersW with a number
of divisorsgreateror equalto thenumberof divisorsof W f for all valuesW f lessthanW . For instance,thenumbers24, 30, 36, 48, 60, 72, 84, 90, 96, 108,120,168,180,
240,336and360. In [38], it wasalreadyobservedthataperiodicsignalwith aperiod
lengththatcontainsmany divisorsallow for many non-separablelattices.

As an example,we considera Gaborschemefor periodic signalswith period@�A Nhg i . In Fig. 4.6, we have plotted the numberof possiblelatticesfor the
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Figure 4.6: Thenumberof latticesfor thepossibledegreesof oversampling
in thecaseof a periodicsignalwith period36.

possibledegreesof oversampling.Thepossibledegreesof oversamplingin thecase
of a periodicsignalwith period36 areequalto m n m , o`n p , p`n q , q n`m , r`n o , p n`m , osn m ,r`n q , t n`m , r n`m , m q`n m , m u n`m , and p t n`m . In this figure,it canbeseenthat,for instance,
in thecaseof anoversamplingv1n w
x�p n q , thenumberof possiblelatticesis equalto
12 [ yOz p t n t {#x'mQ|�q}|�p#|�t2x�m q ]. Thereare218possiblenon-separablelattices
in thecaseof oversamplingincluding thecaseof critical sampling,of which 45 are
separable.Thecaseof undersamplingincludedresultsin q�~�qsm u���y1� z p t`{}x�p o �
possiblenon-separablelattices,of which q2~�o`�}��y/� z p t`{*x�usm areseparable.

4.6 Concluding remarks

In this chapter, the implementationof thenon-separableGaborschemefor discrete-
time signalsis considered. We analyzedGaborschemesfor signalswith infinite
supportandfor periodicsignals.TheGaborschemesfor signalswith infinite support
is usedin connectionwith filter banks. However, in practice,signalswith infinite
supportor a very long supportaredissectedandperiodized. For this situationwe
needa periodicGaborscheme.For theperiodiccase,extra conditionswith regardto
thesizeof a periodhave to befulfilled. This is a differencebetweenthecontinuous-
time (seeChapter2) andthediscrete-timecase.

As in the continuous-timecase(seeChapter2), the non-separablelattice is de-
scribedby meansof a lattice generatormatrix. Again, the lattice generatormatrix
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is written in theHermitenomalform, to obtaina shearrepresentationon theshifted
andmodulatedwindows, which shearrepresentationthenleadsto a modificationof
the rectangularGaborschemeandresultsin the Gaborschemeon a non-separable
lattice. Thelatticegeneratormatrix written in its Hermitenormalform alsoleadsto
analternative expressionof theshiftedandmodulatedwindows. This expressionis
basedon a rectangularlattice,aswell; thenon-separablelatticeis obtainedby delet-
ing theshiftedandmodulatedwindows of a refinedrectangularlattice,whichdo not
belongto thenon-separablelattice.

The Zak transformationallows an efficient calculationof thewindow given the
dualwindow andthearrayof Gaborexpansioncoefficients,andallows to reconstruct
thesignal.Therelationshipbetweentheperiodizednon-separableGaborschemeand
the Zak transformationis explored. The resultsin the non-separablecasearevery
similar to theresultsin therectangularcase;by usingtheFouriertransformationand
the Zak transformation,the GabortransformandGabor’s signalexpansioncanbe
written asa sum-of-productsform, again. The numberof elementsin the sum-of-
productsformsnot only dependson theoversampling,but on thedeterminantof the
latticegeneratormatrix,aswell.

The non-separablelattice can be obtainedby applying a shearoperationon a
rectangularlattice. It is shown that a non-separablelattice canbe reshearedinto a
rectangularlatticeby multiplying by quadraticphaseterms,which is associatedwith
theshearoperation.This techniqueallows are-useof algorithmswhicharedesigned
for theseparablecaseexplicitly to calculatethewindow giventhedualwindow and
thearrayof Gaborexpansioncoefficients,andto reconstructthesignal. Reshearing
a non-separableGaborschemeinto a separableoneis possiblebothfor periodicand
non-periodicGaborschemes.However, in the periodiccase,additionalconditions
have to befulfilled in orderto reshearanon-separableGaborschemeinto aseparable
one.

It is shown how anon-separableGaborschemecanbeimplementedwith thehelp
of a filter bank. The implementationof a non-separableGaborschemelooks very
similar to the implementationof a separableone. In fact, the non-separableGabor
schemefalls apartin separableGaborschemes,which canbe implementedwith a
filter bank correspondingto a separableGaborscheme. Furthermore,the matrix
representationof the frameoperatoris given, which makes it possibleto calculate
thewindow andto calculatetheframebounds.

In the caseof a non-separableperiodicGaborscheme,the numberof possible
latticesfor agivenperiodlengthis limited. Weshowedhow many andwhich lattices
are possiblefor a given period length. Periodicsignalswith a period length that
containsmany divisors,allow for themostpossiblelattices.



Chapter 5

Multi-dimensional non-separableGabor
schemefor discrete-timesignals

In this chapter, theconceptof theone-dimensionalnon-separableGaborschemefor
discrete-timesignalsis extendedto the � -dimensionalnon-separableGaborscheme
for possiblynon-separablelatticesandpossiblynon-separatedwindows. Sincethis
conceptis basedon the continuous-timecase,as presentedin Chapter3, we will
frequentlyrefer to Chapter3. In Section5.1, we introducethe � -dimensionalnon-
separableGaborschemefor signalswith aninfinite supportandfor periodicsignals.
In Section5.2, we show the relationshipbetweenthe � -dimensionalnon-separable
periodicGaborschemeandtheZak transformation.It is is shown thattheZak trans-
formation is very useful to calculatethe window for a given dual window and to
calculatethearrayof Gaborexpansioncoefficients,andto reconstructthesignal.We
endthis chapterby illustrating the ideasaspresentedin theSections5.1 and5.2 on
thebasisof thetwo-dimensionalcase.

5.1 Gabor’ssignal expansionon a non-separablelattice

In Chapter3, we startedwith the constructionof a � -dimensionalnon-separable
Gaborschemeby combining � one-dimensionalnon-separableGaborschemes.In
thediscrete-timecase,the � non-separabletwo-dimensionallattices�O� aredescribed
by ��� and �Q� [cf. Eqs.(4.2)and(4.3)],���.���� � ����� � � � � �2���� � � and ��� � � ��Q� � � � �#�
where�*���6� � � � � � . Thenthe � � -dimensionallattice � is describedby thefollow-
ing matrices�����6� � �s� � and ���� 6� � �`� � in its Hermitenormalform,�¡� � ¢ £ �£ �¥¤ ¦�§�¨ ©1ª � and ��� �¬« � £ ��# ¦ �#� (5.1)
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where® , ¯ , ° and ±�²�³6´ µs´ arediagonal:®·¶�¸s¹ º »1¼ ½�¾ ¿ À À À.¿ ½ ´ Á1Â Ã ¿¬¯�¶�¸/¹ º »1¼ Ä�¾ ¿ À À À-¿ Ä ´ Á.Â Ã ¿°Å¶�¸s¹ º »1¼ Æ�¾ ¿ À À À.¿ Æ ´ Á1Â Ã ¿ and ±�¶�¸/¹ º »1¼ Ç ¾ ¿ À À À-¿ Ç ´ Á.Â Ã À
ThematricesÈ ´ and É ´ ²�³ ´ µ`´ arethe identity matrix andthezeromatrix, respec-
tively. Although this lattice Ê is non-separable,we call this lattice ‘not completely
non-separable’,sinceit is separablein Ë one-dimensional(non-separable)lattices.In
orderto have a latticegeneratormatrix thatgeneratesa ‘completely’ non-separableÌ Ë -dimensionallattice,thematrix ¯ hasto belower triangularand ± hasto benon-
diagonal.Furthermore,the identity È ´ appearingin Í in Eq. (5.1) will be replaced
by a lower triangular Î , which canbeunifiedwith Ï . Notethattheform of thema-
trix Í remainsa Hermitenormalform afterthesemodifications.In addition,similar
asin thecontinuous-timecase(seeSection3.1), thesub-matrix̄ in Ï is replaced
by ÐÑ²�³Q´ µ`´ , wherethe Ò th columnvectorcorrespondsto the point on the lattice
generatedby ¯ on the Ò th axisandclosestto theorigin (seeFig. 3.1on page60 for
anexample).Sincethesepointson theaxesbelongto the latticegeneratedby ¯ , it
follows that ¯ Á.Â Ð is a matrix containingonly integers.Notethatin thedecompos-
ablecase( Î�¶�È ´ , ± and ¯ arediagonal),thematrix Ð is equalto ¯ . ThematricesÏ and Í of thelatticegeneratormatrix Ó'¶�Ï�Í arenow givenby [cf. Eq.(3.3)]Ï¡¶%Ô ®�ÎÕÉ ´É ´ ¼ Ð�° Ã Á1Â Ö and Í�¶%Ô È ´ É ´× ±Ø¯¥Ö ¿ (5.2)

respectively. We assumethat the integersin one row appearingin Í do not have
a commondivisor. The volumeof a cell (a parallelepipedspannedby the column
vectorsof thematrix Ó ) in theposition-frequencyspaceis equalto thedeterminant
of this matrix Ó . This determinantis equalto ¸`Ù Ú ¼ ®�Î
¼ Ð�° Ã Á.Â ¯ Ã . The equality¸sÙ Ú ¼ Ó Ã ¶¡Û correspondsto critical sampling,whereaşsÙ Ú ¼ Ó Ã
Ü Û correspondsto
undersampling,and ¸sÙ Ú ¼ Ó ÃOÝ Û correspondsto oversampling.As in thecontinuous-
time case,herethetermoversamplingis misleading,aswell. Thesetof shiftedand
modulatedwindows of an oversampledË -dimensionalGaborscheme,constructed
from heavily oversampledandundersampledone-dimensionalGaborschemes,is not
completein Þ ß ¼ ³Q´ Ã . Note,moreover, thatin thedecomposablecase( Ð�¶�¯ , Î�¶�È ´
and ± is diagonal),theexpressionfor thevolumeof a cell reducesto ¸`Ù Ú ¼ ®�° Á.Â Ã ,
whichis comparableto theone-dimensionalcase.In fact,thiswasthereasonwhy we
introducedÐ (seeSection3.1).Thematrix Ð canbeunifiedwith ° , but thentheex-
pressionfor theoversamplingdoesnotreduceto thedesiredexpressioņ̀ Ù Ú ¼ ®�° Á.Â Ã .
Althoughthematrix Ð dependson ¯ , thefactthat Ð canbecompensatedby ° and
that Í is in its Hermitenormalform, leadsto theobservation thatwe now cover all
possiblelatticeswith latticepointsonall theaxes,i.e., latticegeneratormatricesthat
canbecanbewrittenas Ï�Í .
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Eachpoint à á�â canbeobtainedby amatrix-vectorproductã/ä å æ-ç è å é/ê ë à ì�í�î#ï ð with í and î asdefinedin (5.2).

By usingthesub-matricesñ
ò ó
á�ô6õ ösõ of ñ ,ñ'ì%÷ ñ�ø øÑñ2ø ùñ
ù øÑñ�ù ù ú ð
it follows thattheshiftedandmodulatedversionsû æ1ü ý ó of the þ -variatewindow û æ
aregivenby û æ1ü ý ó ì�ÿ���� � � � û æ ì�� � ê 	 ý � � ê ê ó 
 � 	 	 ý 
 � 	 ê ó û æì����� ����� � 	 � ý �� ����� � 	 � ó 
���� ý û æ ð (5.3)

where � � � � ì�� � � � � ð  ! , andwhereweusedthetranslationoperatorÿ � "# � definedbyÿ � "# � ì��%$ 
'& ð
with themodulationoperator� �($ )�! � ï � ì�* + , -�. / ð ï 0 ) � ï � with / á21 õ ð
andtranslationoperator� 
'& )�! � ï � ì�) � ï 354 � with 4�á76 õ .
Note that the shiftedandmodulatedwindows û æ1ü ý ó areperiodic in the frequency
variable  with respectto the regular partition of 6 õ generatedby 8�9 : ; � < � ø =2> !
(seeSection3.1 for thedefinitionof 8�9 : ; ).

TheGaborframeoperator? æ is definedas? æ )�ì @ó å A B C D  � � 	 ����� @ý å ésë . )Oð û æ/ü ý ó 0 û æ1ü ý ó ðE)�á2F ù � 6 õ ! G
Similar to theproof in Section2.1, it canbeshown, by usingthepropertiesthatare
tabulatedin Table5.1, thattheGaborframeoperator? æ commuteswith thetransla-
tion operatorÿ�� � � � � in thenon-separablecase,i.e.,? æ ÿ�� � � � � ì�ÿ�� � � � � ? æ G
Fromthisit followsthat ? � øæ alsocommuteswith thetime-frequency operatorÿ�� � � � � .
From ? � øæ û æ1ü ý ó ìIH æ/ü ý ó , it follows that the elementsof the dual Gabor frame
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Table 5.1: Somepropertiesof themodulationandtranslationoperators.J'K L J'K M
=
J'K M J'K LN%O L N(O M

=
N(O M N%O LN%O J'K

= P Q R SUT V W X Y J'K N(OZ [ \^] _ ` a b cedgf W h c�i^j k l m npo^q rtsvu w arethe shiftedandmodulatedversionsof
the dual window

['\
. Thusthe x -dimensionalnon-separableGaborexpansionon a

non-separablelattice y is givenbyz|{ }` ~ � � � � � ��� M ����� }_ ~ ���'� _ ` � \�] _ ` W z c2� � m d f u (5.4)

wherethearrayof Gaborcoefficients
Z � _ ` w is obtainedby theGabortransform� _ ` { T z W ['\�] _ ` Y f �

Notethatthearray � _ ` is shearedin thefrequency variableh .
In Section4.2, we showed thatafterperiodizationof thesignals,theZak trans-

formationfor periodicsignalscanbeusedto calculatethewindow for a givendual
window andto calculatetheGaborexpansioncoefficients,andto reconstructthesig-
nal. In orderto usetheZak transformationin themulti-dimensionalcase,we need
analternative expressionfor theshiftedandmodulatedversionsof thewindows. The
procedureto obtainthisalternative expressionis similar to theprocedureasoutlined
in Section3.1;we considertheseparablelattice y sy s

{ Z �
s� a � c2d � f w with

�
s
{e�({�� �v��� f� f m rtsvu o�q � �

By usingthemultiplicationoperator��� m b W h u [seeEq.(3.6)], theshiftedandmodu-
latedversionsof thewindow

� \^] _ `
take theform�� \

s
] _ ` { ��� m b W h uU�   � s ¡ ¢ £ ¤ � \^¥ { �  � s ¡ ¢ £ ¤ � \ W (5.5)

where �  � s ¡ ¢ £ ¤ { ��� m b W h u �   � s ¡ ¢ £ ¤ ¥ �
Herewe put a tilde on top of

� \
s
] _ `

and
  � s ¡ ¢ £ ¤ to indicatethat themultiplication

operator��� m b W h u is involved. Notethat theshiftedandmodulatedversions
�� \

s
] _ `

areperiodic in the frequency variable h with respectto the regular partition of
d f
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generatedby ¦�§ ¨ © ª «t¬v . With the modified expression(5.5) for the shifted and
modulatedversions ®¯ ° s ± ² ³ of the window ¯ ° , Gabor’s signalexpansiontakes the
form ´5µ·¶

³ ¸ ¹ º » ¼ ½ ¾�¿�À
¶
²g¸ Á�Â ®Ã ²�³ ®¯ ° s ± ² ³ Ä (5.6)

where ®Ã ²�³ µÆÅ ´ Ä ®Ç ° s ± ² ³ È É (5.7)

is thearrayof Gaborexpansioncoefficientswith®Ç ° s ± ² ³ µ ®Ê�Ë s Ì Í Î Ï Ç °�Ð
Here Ñ�®Ç ° s ± ²�³'Ò Ó ÔÖÕ É Ä × Ô ¦�§ ¨ © ª «t¬v Ø is thedual frameof Ñ�®¯ ° s ± ² ³ Ò Ó ÔÖÕÙÄ × Ô¦^§ ¨ © ª «2¬e Ø . Notethatdueto themultiplicationoperatorÚ Ë ª Ó Ä ×  , thearray Ñ'®Ã ² ³ Ø
of Gaborexpansioncoefficientscontainsmany zeros.

In thischapter, theGaborexpansion(5.4)basedon theshearrepresentation(5.3)
for the shifted and modulatedwindows will not be usedexplicitly. In the one-
dimensionalcasewe usedthe shearrepresentationfor the shifted and modulated
windows to reshearanon-separableGaborschemeinto aseparableone,by usingthe
shearoperator. In themulti-dimensionalcasethis is muchmorecomplex. However,
conceivably, it canbeusedto transforma non-separableGaborschemeinto a Gabor
schemewith Û thezeromatrix,aswill beelaboratedin moredetail in Chapter6. In
thenext subsection,wewill periodizetheGaborexpansion(5.6)andtheGabortrans-
form (5.7), which will be usedto show the relationshipbetweenthe Ü -dimensional
non-separableGaborschemeandtheZak transformation.

5.1.1 Periodization

In order to usethe Fourier transformationand the Zak transformationfor periodic
signals,Gabor’s signal expansion(5.6), and the Gabortransform(5.7) have to be
periodized. Therefore,we restrict the classof signals

´
and dual windows Ç ° to

signalsthat have a finite support. This conditionof finite supportimplies that the
array Ñ'®Ã ² ³ Ø hasa finite supportin the Ó -variablefor all signalś in theclass.We
shalldenotethesupportof thearray Ñ'®Ã ² ³ Ø in the Ó -variableby ÝtÞ . Here ÝtÞ is
a subsetof Õ É containing ß'à © ª áI elementswhich cangeneratea regular partition
of Õ É with ¦^§ ¨ © ª áâ . For simplicity, we take á ÔÆÕ É ã'É diagonal,which leads
to a Zak transformationthat canbe calculatedwith FFT’s (seeSection5.2). In the
multi-dimensionalcase,it is moredifficult thanin theone-dimensionalcaseto give
anexplicit conditionwhich shouldbesatisfiedin orderto beableto useanoverlap-
addtechnique[cf. Eq. (4.10)]. This is becausethe signal

´
andthe dual window
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ä'å canhave anarbitrary(finite) support.In theone-dimensionalcase,thesupportis
just aninterval. Ultimately, we want to periodizethearray æ'çè é ê ë in the ì -variable
with respectto theregularpartition ígî generatedby ï^ð ñ ò ó ôâõ . Therefore,we shall
assumethat ô is takensuchthatthearray æ'çè é ê ë canbeidentifiedasoneperiodof
theperiodizedarray:çè é ê ö%÷ø ù ú�û çè é�ü^ý ø þ ê ÿ ì ��� ý ÿ � �2ï^ð ñ ò ó ���eõ � (5.8)

Theperiodof thesignalswill bewith respectto theregularpartitionof ígî generated
by � �
	���ó ��Ùôâõ . We shall write capital letters � and � å to indicatethat we deal
with theperiodizedversionsof � and ä å , respectively. So,theperiodizedversion �
of thesignal � is definedby��� � � ö ÷ø ù ú û ��� � ����Ùô�� � �
Wedefinetheshiftedandmodulatedversionsç� å s � é�ê byç� å s � é�ê�ö��! ó ì ÿ � õ "
#  s � $ % � � å'& �
In orderto periodizeGabor’s signalexpansion(5.6) andtheGabortransform(5.7),
theshiftedandmodulatedversionsç� å s� é�ê asdefinedabove have to beperiodicwith��Ùô , aswell. For this, the matrix ô hasto be chosencarefully suchthat the
conditions ç� å s� é�ê � �(� ö ç� å s � é�ê � � ����Ùô�� (5.9)

and(5.8) arefulfilled. Fromcondition(5.9), we find that ô hasto bechosensuch
that ô)��*! ó �+�võ ,(- is a matrix containingonly integers.However, this condition
is not enough;similar to theone-dimensionalcase,we needanadditionalcondition
in order to let the translationoperator ç#  

s � $ % � commutewith the periodizedframe

operator. å which is definedby. å � ö ÷ê ù / 0 1 2 3 4�576 ÷é ù 8 9 : ; 3 ý 6 < � ÿ ç� å s� é ê = ç� å s� é ê �
Thisadditionalconditionis obtainedin asimilarwayasoutlinedin Section4.1.1and
reads ç� å s � é ê ö ç� å s� é ü�ý - û þ ê ÿ
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with > ?A@CB ? D�E a vectorcontainingonly ones.Fromthis conditionwe find that F
needsalsobe taken suchthat GIH E J F is a matrix containingonly integers. We
shallassumethat F meetstheseconditions.SubstitutingtheperiodizedversionsK
and LM(N sO P Q into theGabortransform(5.7)yieldsthebi-periodicarray R7LS P Q T which
is periodicin the U -variableandperiodicin the V -variablewith respectto theregular
partitionsof B ? generatedby W'X Y Z [ F]\ and W
X Y Z [ ^+_`\ , respectively,LS P Q a�b Kdc LM(N sO P Q e f (5.10)

Thesignal K canbereconstructedwith theperiodizedGaborexpansion(5.6)K ahgPji k l m n o p�q gQ i k l m n o r�s7q LS P Q Lt N sO P Q f (5.11)

On theotherhand,K is theperiodizedversionof thesignal uK�v w x aygz i {�| ujv w }�~��dF�� x aygz i {�| gP i {�| gQ i k l m n o r�s7q L� P Q L� N s O P Q v w }I~��dF�� x f
Unlike theone-dimensionalcase,it is difficult to give anexplicit expressionfor F
for a generaldimension� . In Section5.2,we give anexplicit expressionfor F for
thetwo-dimensionalcase.In thenext section,we show therelationshipbetweenthe
periodicGaborschemeaspresentedin thisparagraphandtheZak transformation.

Assumingthat the setof shiftedandmodulatedwindows LM'N s O P Q constitutesa
frame, the relationshipbetweenthe dual window

M N
and the window

tdN
follows

from substitutingthe periodizedGabortransform(5.10) into Gabor’s signalexpan-
sion(5.11).In AppendixD.1, it is shown by whichmanipulationsthebiorthogonality
condition[cf. Eq.(4.21)]gP i k l m n o p�q � � � � V �!G H E J U tdN v w ��~���U x M!�N v w }I_`^�[ G H E \ �!V �C~���U xa���� Z [ GI\��� Z [ ^+_�\ g� i { |�� v V �I��F�� x c (5.12)

where � a G � [ ^+_�\ H E ~�� , is obtained.Note that ��F is a matrix containing
only integers. Thecondition(5.12)shouldhold for all V @IW
X Y Z [ ��F)\ andfor allw @�W'X Y Z [ ~��jF]\ . Thusfor agivenperiodicwindow

M N
, wehave to find aperiodic

function
tdN

suchthatthis condition(5.12)is fulfilled.

5.2 DiscreteZak transform

In thissection,weshow theconnectionbetweenthemulti-dimensionalnon-separable
periodicGaborschemeandtheZak transformation.Similar to theone-dimensional
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case,we shall usethe Zak transformationto calculatethe window given the dual
window andto calculatethearrayof Gaborcoefficients,andto reconstructthesignal.

Themulti-dimensionaldiscreteZak transformfor periodicsignalsis definedby� �7���'� � � � � � � ¡�¢(£¥¤¦ § ¨ © ª « ¬ �® ¯ � � °I��± ¢ ² ³�´ µ ¶¸· � � ¡)¹'º ± » � (5.13)

where
¡�¼I½�¾ ¿�¾

is nonsingular. This Zak transformationmapsa signal ¯ , which
is periodic with respectto the regular partition of

½ ¾
generatedby À
Á Â Ã � ��¡]� ,

to a function
� �Ä�¸�(� � � � � ��� ¡Å¢

of µ Æ variablesdefinedon the fundamentalparal-
lelepiped Ç�ÈAÉ  £`Ê � � � Ë � ¼+Ì Í
Î�Ï(� ��� � � ¼�Ì Í�Î
Ï'� ¡�Ð!� Ñ Ò
The Zak transform

� �Ä�¸�(� � � � � � � ¡�¢
is periodic in the frequency variable

�
with

respectto the regularpartitionof
½j¾

generatedby À'Á Â Ã � ¡ Ð � andquasi-periodicin
thevariable

�
with À
Á Â Ã � ��� :� �7���'� � � � °I¡�Ð!Ó � ��� ¡Å¢'£�� �7���'� � � � � � � ¡�¢

and � �Ä�¸�(� � °���Ó � � � � � ¡�¢'£�� �7���'� � � � � � � ¡�¢ ² ´ µ ¶�· � � ¡Ô¹'º Ó » Ò
TheinverseZak transformationis definedby

¯ � � ¢(£ ¯ � � Õ�°��`± ¢'£×ÖÏ�Ø Ã � ¡)� ¤Ù § ¨ © ª « ¬ �Ú�® � �Ä�¸�(� � Õ � � � ��� ¡Å¢ ² ´ µ ¶¸· � � ¡ ¹'º ± » �
wherethevariable

� Õ
extendsover a region À
Á Â Ã � ��� and

±
overa region À'Á Â Ã � ¡]� .

By using the Zak transformationas definedabove [seeEq. (5.13)], the condi-
tion (5.12) can be transformedinto the following sum-of-productsform (seeAp-
pendixD.2) ¤Û § ¨ © ª « ¬ ÜjÚ�® Ý Þ Û � � � � ¢ ß'àá Û � � � � ¢(£ Ï�Ø Ã � âIã��Ï�Ø Ã � ä�å`� æ � ç ³Cè ¢ � (5.14a)

where

Ý Þ Û � � � � ¢'£�� �Äédê!�'� � °Äå`ä�â ¹ Ð(ç � � ³ ¡Ô� ã ¹ Ð'ë °�� â ¹(º ì � Ð'ç ¢ � ��í�� ¡Å¢(5.14b)
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andî ï ð ñ ò ó ô õ(ö�÷ øÄù'ú!û'ñ ò üIý`þ+ÿ�� ��� ó ô ��� ñ � � �	� ü�÷ ÿ
� � � û �	� õ  ��� ó � õ �
(5.14c)

Here, the matrix
������� ���

, as introducedin Appendix D.2, is taken suchthat���
,

÷ ÿ � � � û � ���
and
� � � � arematricescontainingonly integers(recall

� öÿ � ÷ þ�ý`û � � ��� � ). Ideally, this matrix
�

hasthesmallestpossibledeterminant;
the determinantof

�
directly influencesthe numberof elementsin the sum-of-

productsform (5.14a).Note that

÷ ÿ � � � � û � is a matrix containingonly integers.
Thevectors

�
and
�

extendover theregions � �� "! ÷ ��� û and #"$ % & ÷ � � û , andthevec-
tors

ò
and

ô
over regions #�$ % & ÷ þ+ý�û and #"$ % & ÷ � û , respectively. Let the vectors� ' � � � � ( ) * + ,.-�/ � � and

� ' � � � � ( ) * + -�/ � � be thevectorscorrespondingto the pointsin

the regions � �� "! ÷ ��� û and #�$ % & ÷ � � û , respectively. Now we combinethesefunc-
tions 0 ï ð and

î�ï ð
into thematrices1 and 2 of functionswith elements

1 ñ ò ó ô õ ö�34445 0 ï 6 ð 6 ñ ò ó ô õ 0 ï 6 ð 7 ñ ò ó ô õ � � � 0 ï 6 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õ0 ï 7 ð 6 ñ ò ó ô õ 0 ï 7 ð 7 ñ ò ó ô õ � � � 0 ï 7 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õ
...

... � � � ...0 ï 9 : ; < @"=	> ? 7 8 ð 6 ñ ò ó ô õ 0 ï 9 : ; < @"=	> ? 7 8 ð 7 ñ ò ó ô õ � � � 0 ï 9 : ; < @�=	> ? 7 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õ
A BBB
C

and

2 ñ ò ó ô õ ö�34445
î�ï 6 ð 6 ñ ò ó ô õ î�ï 6 ð 7 ñ ò ó ô õ � � � î�ï 6 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õî�ï 7 ð 6 ñ ò ó ô õ î�ï 7 ð 7 ñ ò ó ô õ � � � î�ï 7 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õ

...
... � � � ...

î ï 9 : ; < @�=�> ? 7 8 ð 6 ñ ò ó ô õ�î ï 9 : ; < @�=�> ? 7 8 ð 7 ñ ò ó ô õ � � � î ï 9 : ; < @"=	> ? 7 8 ð 9 : ; < =	> ? 7 ñ ò ó ô õ
A BBB
C
ó

respectively. With thehelp of thesematrices1 and 2 , Eq. (5.14a)cannow be ex-
pressedin thematrixproduct

1D2�E ö !�F & ÷ ÿ � û!GF & ÷ þ+ý`ûIH ( ) * + ,.-�/ � (5.15)

Note that,similar to theone-dimensionalcase,thematrix 2 E is not a squarematrix
in thecaseof oversamplinganddoesnot have aninverse,but in generalhasa (non-
unique)left inverse.Theoptimumsolutionin thesenseof minimum

ô J
-normcanbe

foundwith thehelpof thegeneralized(Moore-Penrose)inverse2LK [seeEq. (2.24)].
Theoptimumsolution 1DM N O thenreads

1DM N O ö !�F & ÷ ÿ � û!GF & ÷ þ�ý`û
÷ 2 K û E ó



110 Multi-dimensional non-separableGabor schemefor discrete-timesignals

which correspondsto theminimum P Q -normwindow RTS"U V W X . So,given Y�S , we de-
terminethematrix Z by meansof theZak transformation(5.13). Fromthatwe can
determinethe matrix [DV W X . Then with the aid of [DV W X we candeterminethe Zak
transform \ ]^RTS	_�` a b P c d�efb gih , andfinally from that, thewindow RTS"U V W X . In Sec-
tion 5.3, asan example,we calculatesomewindows RTS"U V W X in the caseof a non-
separablelattice anda non-separablewindow Y	S for the two-dimensionalcaseby
usingthemethodasoutlinedabove.

Supposethe signal j hasthe Gaborexpansion(5.11). Then,by usingthe k l -
dimensionalFourierexpansionmDn Q o po q r , definedas

\ mDn Q o po q r�st _ ` a b P c uDv�b gih�wxy z { | } ~ n � p
x� z { | } ~ n ��� p s

t y � � �L� k �I\ P ��g��	� � � a ��\ u�v�_ �	� � _ b (5.16)

with inverse

st y � w ���� � \ u�v�g�_ x� z { | } ~ n n �L� p ��p
x� z { | } ~ n � � p \ mDn

Q o po q r st _ ` a b P c u�v�b gih
� � � k �I\ P � g �	� � � a � \ uDv�_ �	� � _ b

it canbeshown (seeAppendixD.3) that theperiodizedGabortransform(5.10)can
betransformedinto asum-of-productsform

\ mDn Q o po q r st _ ` a b P ��g������	� c u�v�b g�h�w �G� � \ u�v�_ xq z { | } ~ n �.� p ���q   ` a b P h ¡	q ` a b P h b
(5.17)

where¡	q ` a b P h	w�\ ]^j._�` a �¢v�uD£��"��¤ b P � g¥\ £��	� ¦�_ �	¤ c d�eT��b ����� gih b
and wherethe vectors � , a and P extend over regions §"¨ © � \ � � _ , §"¨ © � \ uDv�_ and§�¨ © � \ g�� ��� _ , respectively. The Fourierexpansion \ mDn Q o po q r st _ is completelydeter-
minedby thefunctionsª

  ` a b P h�w�\ mDn Q o po q r st _ ` a b P ��g������	� b u�v�b g�h «
Thefunctions

ª
  canbecombinedinto acolumnvector

ª
of functionsª

` a b P h�w�\
ª
  ¬ ` a b P h b

ª
   ` a b P h b « « «	b

ª
  ® ¯ ° ± ²	³ ´G ` a b P _ �Lb (5.18)
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whereµ ¶ · ¸ ¸ ¸	· µ ¹ º » ¼ ½�¾ ¿	À arethevectorsin theregion Á�Â Ã Ä Å Æ�Ç�È . Likewise,thefunc-
tions É	Ê canbecombinedinto acolumnvector Ë of functionswith elements

Ë Ì Í · Î Ï�Ð�Å É�Ê Ñ Ì Í · Î Ï · É�Ê Ò Ì Í · Î Ï · ¸ ¸ ¸�· É	Ê Ó Ô Õ Ö ×�Ø	Ù ÚGÒ Ì Í · Î Ï È Ç · (5.19)

whereÛ ¶�¸ ¸ ¸ Û ¹ º » ¼ Ü.½�¾ ¿	À arethevectorsin a region Á�Â Ã Ä Å Ý�ÆÞÈ . With thehelpof the
vectors ß and Ë [seeEqs. (5.18) and (5.19), respectively], Eq. (5.17) can now be
expressedin thematrix-vectorproductß ÐáàGâ Ä Å ãDä�ÈGå�æ Ë ¸ (5.20)

Therelation(5.15)appliedto anarbitraryvector Ë leadsto theconditionç å�è Ë Ð àGâ Ä Å é
ÆÞÈà�â Ä Å ãDä�È Ë ¸
Substitutionof Eq.(5.20)into thepreviousexpressionyields

Ë ÐëêàGâ Ä Å é�ÆÞÈ ç ß ¸
Theresultin themulti-dimensionalcase,looksverysimilar to theresultobtained

in theone-dimensionalcase(seesection4.2). Again, thesum-of-productsformscan
bewritten in matrix-matrixandmatrix-vectorproducts.Theoptimalwindow ìTí"î ï ð ñ
in thesenseof minimum Î ò -normcanbe foundwith theMoore-Penroseinverseå�ó
andtheZak transformation,thearrayof Gaborcoefficients ôõ.ö ÷ canbe foundwith
the help of the Zak transformationand the Fourier transformation,and the recon-
structionof thesignal ø (andthereforeÉ ) canbeobtainedby theZaktransformation
andFouriertransformation.

5.3 Two-dimensionalnon-separableGabor scheme

To illustratetheconceptsaspresentedin Sections5.1and5.2,we considerthetwo-
dimensionalnon-separableperiodicGaborschemein moredetail in this section.In
Section5.1, we found that the diagonalmatrix ù hasto meetsomeconditionsin
order to periodizethe Gaborscheme.In this section,we give explicit expressions
for the two elementsof this diagonalmatrix ù . Furthermore,asan example,we
calculatethewindows ìTí for agivenseparateddualwindow ú�í andanon-separated
dualwindow ú�í , in both casesfor a non-separablelattice û . The two-dimensional
Gaborschemecanbeusedfor imageanalysis,imagecompression,textureanalysis
andsegmentation.For theseapplications,wereferto [28,34,36,42,46,61,62,70,77,
80–82].
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In the two-dimensionalcase,the four-dimensionallattice ü is generatedby the
latticegeneratormatrix ý�þ�ÿ�� [seeEq.(5.2)],where

ÿ�þ � ������	� 
��� ��� � and ��þ ������������ ���
with � þ � � �"!!�� � � � � þ ��#$!% � � % � � � � 
 þ'& %)( ( %+* *,.- / � %+* ( � %+* *  !! %+* * 0 �� þ � 12�3!!41 � �5� � þ � %)( � %)( �%+* � %+* � ��� � þ � %)( ( !%+* (6%+* * ��7
Notethat� �8� 
 þ #%)( ( %+* * � %+* * !� %+* (6%)( ( � & %)( ( %+* *, - / � %+* ( � %+* *  !! %+* * 0 þ:9; %+* *, - / � %+* ( � %+* *  !� %+* (, - / � %+* ( � %+* *  # <=
is a matrix containingonly integers. Furthermore,we assumethat the integers

% � �
and

% � �
arerelatively prime,theintegers

%)( � , %)( � and
%)( (

arerelatively prime,and
the integers

%+* � , %+* � , %+* ( and
%+* *

arerelatively prime. In Section5.1, we found
thatthediagonalmatrix > þ /@? A , � BC� � B �  hasto bechosensuchthatthematrices
 �8� � ��� �D� > and � ��� � > arematricescontainingonly integers. In addition,> hasalsoto fulfill condition(5.8). From� ��� � >�þ #%)( ( %+* * � %)( � %+* * %)( � %+* *%)( ( %+* � � %)( � %+* (E%)( ( %+* � � %)( � %+* ( � >
and
 �8� � ��� ��� > þ #%)( ( %+* * 12� 1 � � , - / � %+* ( � %+* *  1 � � � !% � � %)( ( 1�� � � % � � %)( ( 12� � � � > �
it follows thattheinteger

BC�
is equaltoBC� þGF - HJI %)( (, - / � %)( � � %)( (  � %)( ( %+* *,.- / � %)( ( %+* � � %)( � %+* ( � %)( ( %+* *  �%)( ( %+* * 1��, - / � ,.- / � %+* ( � %+* *  � � � %)( ( %+* * 12�  � %+* * 1 �, - / � % � � � � � %+* * 1 �  K % � (5.21)

þ %)( ( %+* * 1�� 1 �L � % � � (5.22)
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with M NPORQ.S T8U V)W W V+X X Y�N Y�Z [ V)\ Z V)W W Y2N ]2Z [ Q.S T^U V+X W [ V+X X _ Y�Z ]`N [U V)W W V+X Z)aCV)W Z V+X W _ Y2N Y�Z [ V)W Z V+X X Y�N Y�Z _ b
Theinteger c Z is equaltoc ZdOGe S fJg V)W WQ.S T8U V)W \ [ V)W W _ [ V)W W V+X XQ S T^U V)W W V+X \daCV)W \ V+X W [ V)W W V+X X _ [V+X X Y�ZQ.S T8U V)\ \ ]2Z [ V+X X Y�Z _ h VdZdO V)W W V+X X Y�ZM Z VdZ [

(5.23)

with M ZPORQ S T^U V)W W V+X X Y�Z [ V)\ \ V)W W ]`Z [ U V)W W V+X \daCV)W \ V+X W _ Y�Z [ V)W \ V+X X Y�Z _ b
Here

V)N
and

VdZ
are integerssuchthat condition (5.8) is fulfilled. Note that these

expressionsfor c N and c Z aremorecomplicatedthanin theone-dimensionalcase
wherewefound c OCi�V)j

. This is dueto thefactsthat k and

j
arerelatively prime

and l is muchsimplerin theone-dimensionalcase.
As anexample,wecalculatethecorrespondingoptimalwindows m�n�o p q r , by using

theZaktransformationasoutlinedin Section5.2,for agiventruncatedseparatedand
non-separatedGaussiandualwindow s�n in thecaseof a non-separablelattice t . In
thefirst example,we considerthe(separated)truncatedGaussiandualwindow u nu n)v w x Ozy){ a�| w }�w ~ � � if w N��G� a � b b b � � [ w Z��G�.a � b b b �.� [�

otherwise,

wherethelattice t is generatedby thelatticegeneratormatrix � O�� l with

l O����� � �� �a � a � � �a � a � � �
� ��� b

From this matrix it follows that � O��6O�T@� � Q�U � [ � _ and � OE� Z+ZZ+Z �
. We take

Y�NPOJY�ZdOR�
,

] NPOJ]2ZdOJ�
, � OJ��\ , and

V)N�OJVdZdO � , i.e.,��O ���� � �� � � ~ � �� � ~ �
� ��� [
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Figure 5.1: (a) TheGaussiandual window ¢8£ , (b) the contourplot of the
Gaussiandual window ¢�£ , (c) the window ¤�£�¥ ¦ § ¨ , and (d) the
contourplot of thewindow ¤�£�¥ ¦ § ¨ .

from which it follows that ©CªD«E©¬�«¯® [see Eqs. (5.22) and (5.23)]. The
oversamplingfactor is equal to ° ±^².³ ´ µ ¶D· µ ¸�¹�º » ¬ ¼ ºR«�° ½.± ¾ . We shall as-
sumethat the supportof the signal ¿ is suchthat condition (5.8) is fulfilled. The
dualwindow ¢8£ is periodicwith respectto theregularpartitionof ÀPÁ generatedbyÂ Ã�Ä ²8µ ¶DÅ'º+« Â Ã�Ä ²8µ ²�Æ Ç È8µ É Ê@Ë É Ê.º º . Thedualwindow ¢�£ is depictedin Fig.5.1aand
its contourplot is depictedin Fig.5.1b. The(realvalued)optimalwindow ¤�£�¥ ¦ § ¨ and
its contourplot aredepictedin Fig. 5.1candFig. 5.1d,respectively.

In the lastexample,we constructthedualwindow ¢8£ from a non-separatedel-
liptical GaussianÌÌ^Í Î Ï8«JÐ ÑPÒ)Ó Î Ë Ô2Î Õ ± ° É É Ö Ë with Ô:«�×�Ø Ù Ñ ° ÉÑ ° É Ø.ÙÛÚ5Ü
Theeigenvectorsof Ô are µ ° Ë ° º ± Ý É and µ Ñ ° Ë ° º ± Ý É with correspondingeigenval-
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ues Þ ß à á and Þ ß â ã , respectively. We take a truncatedversionof the non-separated
Gaussianä for thedualwindow å.æå æ)ç è é�êzë ä^ç è é if ä^ç è é8ì�Þ í î�ï ðí otherwise.

Thenon-separablelattice ñ is generatedwith thehelpof thematrix ò of theform

ò�ê�óôôõ Þöíí÷Þíøí ÞEííúù5Þ ù5ÞEà
û üüý ð

i.e., þÿê������î����	� , 
�ê�� ������ � and  ê���� � ��� à@ð à � . We take � � ê�� � ê â ,� � ê � � ê�� , �Jê�� ���î���� � , and � � ê�� � êJà , i.e.,

 ê�óôôõ � íù!�#" Þ ß $ íí Þ ß $
û üüý ð

from which it follows that % � êzÞ " and % � ê&$ [seeEqs.(5.22)and(5.23)]. The
oversamplingfactoris equalto Þ ß���' ( � )��*� ,+-� î�� þ.�5ê�Þ " ß ã . We shall assume
that the supportof / is suchthat condition(5.8) is fulfilled. The dual window 0�æ
is periodicwith respectto theregularpartitionof 1 � generatedby 2 354���� )&�!67�dê2 354���8 ��9 : �î 9 :�9 :	� ; . Thedualwindow 08æ andits contourplot aredepictedin Fig. 5.2a

andFig. 5.2b,respectively. The(realvalued)optimalwindow <�æ�= > ? @ andits contour
plot aredepictedin Fig. 5.2candFig. 5.2d,respectively.

5.4 Concluding remarks

In this chapter, the one-dimensionalnon-separableGaborschemefor discrete-time
signalsis extendedto the multi-dimensionalnon-separableGaborschemefor pos-
sibly non-separablelatticesandpossiblynon-separatedwindows. The extensionto
the multi-dimensionalnon-separablecaseis basedon the one-dimensionalcaseas
presentedin Chapter4 andthemulti-dimensionalcaseaspresentedin Chapter3; the
non-separablelattice is obtainedby the latticegeneratormatrix A�ê  ò . The lat-
tice generatormatrix A leadsto a shearrepresentationof theshiftedandmodulated
windows. This shearrepresentationis not usedexplicitly; however, conceivably, it
canbeusedto reshearanon-separableGaborschemeinto aGaborschemewherethe
matrix 
 is azeromatrix,aswill beelaboratedin moredetail in thelastchapter.
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Figure 5.2: (a) TheGaussiandual window G�H , (b) the contourplot of the
Gaussiandual window G�H , (c) the window I!H�J K L M , and (d) the
contourplot of thewindow I!H5J K L M .

The connectionbetweenthe multi-dimensionalnon-separableperiodic Gabor
schemeandthe Zak transformationis shown. In orderto show this connection,an
alternative expressionfor theshiftedandmodulatedwindows is derived,similarly to
theone-dimensionalcase;aseparablelatticethatrefinesthenon-separablelattice,the
inverseof the matrix N , andthePoissonsummationformula leadto the alternative
expression.A specialcase,thetwo-dimensionalGaborscheme,is elaboratedin more
detail.



Chapter 6

Summary and conclusions

Gaborproposedto expanda signal into a seriesof properlyshiftedandmodulated
versionsof a window. TheGaborexpansionwith aGaussianwindow canbeseenas
a tiling of thetime-frequency planewith circleson a rectangular(separable)lattice.
A hexagonalor quincunxtiling of thetime-frequency planewith thesecirclesyieldsa
higherpackingdensity. Thereforeit is expectedthata quincunxGaborschemewith
the sameoversamplingis lesssensitive to disturbancethan the rectangularGabor
scheme.Putdifferently, it is expectedthat thesetof shiftedandmodulatedversions
of thewindow correspondingto aquincunxlatticeyieldsa tighterframe.To confirm
this expectation,the ratios of the frame boundsin the caseof a quincunx lattice
anda rectangularlattice arecompared.We showed that the framein the quincunx
caseis indeedtighter. This motivatedusto considerGaborschemeson generalnon-
separablelattices.

We considerednon-separableGaborschemesfor continuous-timeanddiscrete-
time multi-dimensionalsignals. In the discrete-timecase,we consideredboth the
periodicGaborschemeandthenon-periodicGaborscheme.Theone-dimensionalas
well asthemulti-dimensionalcasearediscussed,wheretheone-dimensionalGabor
schemesaretreatedfor illustrative purposes.Theseparablelatticeis extendedto the
non-separablelatticein a structuredway; thelatticeis describedwith thehelpof the
lattice generatormatrix O , which canbe factorizedin a diagonalmatrix P anda
matrix Q in theHermitenormalform. This latticegeneratormatrix providesa shear
representationon the shifted and modulatedwindows, which shearrepresentation
thenleadsto amodificationof therectangularGaborschemeandresultsin theGabor
schemeon anon-separablelattice.

TheZaktransformationplaysacentralrole in this thesis.TheZaktransformation
hasprovedits valuein connectionwith theseparableGaborscheme.It canbeusedto
calculatethedualwindow of a givenwindow andtheGaborexpansioncoefficients,
and to reconstructthe signal. We showed that the Zak transformationcanalsobe
usedin thecaseof non-separableGaborschemes.In orderto show the connection
betweenthe Zak transformationand the non-separableGaborscheme,we usedan
alternative expressionfor theshiftedandmodulatedversionsof thewindows. This
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alternativeexpressionfollowsfrom theseparablelatticethatrefinesthenon-separable
lattice.Thesetof shiftedandmodulatedversionsof thewindow, whichcorresponds
to the non-separablelattice, is obtainedby maskingthe separablelattice; a shifted
andmodulatedversionof the window in this separablelattice is multiplied by one
if it belongsto the non-separablelattice and is multiplied by zerootherwise. The
alternative expressionprovides a methodto exploit the known expressionsfor the
separablecasewithin the scopeof the Zak transformation. By using the Fourier
transformationandtheZak transformation,we obtainsum-of-productsforms in the
caseof a non-separablelattice, similar to the separablecase. However, unlike the
separablecase,thenumberof elementsin thesum-of-productsforms now not only
dependson the oversampling,but dependson the determinantof the matrix R , as
well.

The separableGaborschemefor discrete-timeone-dimensionalsignalscanbe
implementedwith thehelpof a uniform DFT filter bank,i.e.,a filter bankwherethe
filters aremodulatedversionsof a prototypefilter. We showed thata non-separable
lattice is the union of S�TVU�W X Y R[Z separablelattices. As a consequence,the non-
separableGaborschemecanbe implementedwith S uniform DFT filter banksin
parallel,whereeachfilter bankhasa differentprototypefilter. The complexity of
this implementationof a filter bankcorrespondingto a non-separableGaborscheme
turnsout to be comparablewith the implementationof the separableonewith the
sameoversampling.

In the last decade,many algorithmshave beendesignedto calculatethe dual
window of agivenwindow andto calculatethearrayof Gaborexpansioncoefficients,
andto reconstructthesignal,in thecaseof aseparablelattice.Weshowedthataone-
dimensionalnon-separableGaborschemecanbe reshearedinto a separableGabor
schemeby multiplicationsby the quadraticphaseterm that canbe associatedwith
theshear. As a result,algorithmsthataredesignedfor theseparablecasecanbere-
usedin thenon-separablecaseto calculatethedualwindow of a givenwindow and
to calculatethearrayof Gaborexpansioncoefficients,andto reconstructthesignal.
To usethe shearoperatorin the caseof the periodicGaborscheme,an additional
conditionhasto befulfilled.

Anotherway to obtaina non-separablelattice is via a scaledrotationoperation
on theseparablelattice. It is shown in thecontinuous-timecase,that the fractional
Fouriertransform,whichcanbeseenasarotationin thetime-frequency plane,trans-
latesa non-separableGaborschemeinto a separableone. As a consequence,the
fractionalFouriertransformationalsoprovidesamethodto re-usealgorithmsthatare
designedfor theseparablecase,explicitly.

In thecaseof a periodicGaborschemefor discrete-timesignals,thenumberof
possiblelatticesis limited. We showed how many andwhich latticesarepossible
for a given periodlength. PeriodicGaborschemesfor signalswith a periodlength
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Table 6.1: Two propertiesof theshearoperator.\^]`_	a
= b c�d5e f�g h g i jlk ]*m�]*n	o a _	a \^]\^] j�p = j�p \^]

having many divisorsgeneratea largenumberof lattices.

6.1 Discussion

In the Sections2.4 and 4.4, we showed that, in the one-dimensionalcase,a non-
separablelattice canbe reshearedinto a separablelattice. As a result,methodsfor
the separablecaseto calculatethe dual window andthe arrayof Gaborexpansion
coefficients,andto reconstructthesignal,canbere-usedin thenon-separablecase.
In the multi-dimensionalcaseit is muchmorecomplex to resheara non-separable
latticeinto a separablelattice. In this case,theshearoperator

\^]
shouldbedefined

by [cf. Eq. (2.35)]q \^]`r�s q t s�u b d5e f t h t i r q t s h#fwvyx�z {	z andsymmetrich r v}|�~ q x�z s �
Applying theshearoperator

\^]
to � �5� � � ,� ��� � � u j����������	� � � j������ �	� � � _������ � � � h

andusingthepropertiesthataretabulatedin Table6.1yields\^] � ��� � � u b ��� � ][��� � � �*� � � j � �[� � � j �[� � � j ~ ]*� � � _�� � � \^] � � h
where�-� u��,�`� and �&� u��¡ �¢ � � . Fromthisexpression,we seethatwehave
to take f u �~ ��� £y� � �� , in orderto resheara non-separablelattice ¤ into a less
non-separablelattice. Thusthematrix ��� £,� � �� hasto be symmetric.Let us, for
simplicity, considerthetwo-dimensionalcase.Thenwith£ ul¥ ¦ � � ¦ � ~¦ ~ � ¦ ~ ~ § h ��� ul¥�¨ � ©�� ª¨ � ©�� « ~ � ¨ � ©�� « ~ ~ § h�&� u�¬5 ® ¯ q ° � ±^� ² ³^� � h ° � ±!� ² ³ ~ ~ s h and ´ ul¥ µ � �¶ªµ ~ � µ ~ ~ h §
we find from

q ��� £y� � �� s ·¸u �&� £y� � �� thecondition(recall
 [�¹u�º »�¼ ~ )¦ ~ � « ~ ~�c ¦ ~ ~ « ~ � u ¨ � ° � ³ ~ ~¨ � ° � ³^� � ¦ � ~ � (6.1)
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However, thesamelatticeis generatedif weaddamatrix ½.¾ , with theintegermatrix¾¹¿lÀ Á�Â ÂwÁ�Â ÃÁ�Ã ÂwÁ�Ã Ã Ä[Å
to thematrix Æ . Thencondition(6.1)becomesÇ È Ã Â�É.Ê�Ã Â Á�Â Â�É.Ê�Ã Ã Á�Ã Â Ë Ì�Ã Ã�Í Ç È Ã Ã�ÉÎÊ`Ã Â Á�Â Ã�ÉÎÊ`Ã Ã Á�Ã Ã Ë Ì�Ã Â ¿Ï�Ð Ñ�Ð Ò Ã ÃÏ Â Ñ Â Ò Â Â Ç È Â Ã�É.Ê`Â Â Á�Â Ã Ë Å (6.2)

whichcannotalwaysbesatisfied.Notethatin thedecomposablecase( Æ is diagonal,Ó ¿�Ô Ã , and ½�¿lÕ is diagonal),this conditioncanalwaysbe fulfilled ( Á�Â Ã ¿Á�Ã Â ¿�Ö ). For example,considerthelatticethatis generatedby thelatticegenerator
matrix ×yØ ¿lÀ Ù ÐÛÚÚ Ù�Â Ä À Ô�Ü ÚÍ ÆÝ½ Ä[Å
with Ù Ð ¿�Þ5ß à á Ç Ñ�Ð â�Ð Å Ñ Â â Â Ë Å Ù&Â ¿�Þ5ß à á Ç Ï5Ð ã^Ð ä å Å Ï Â ã Â ä å Ë Å½�¿ å Ô Ã Å and Æ�¿lÀ æ#ææ#æ Ä!ç
Thencondition(6.2)becomesÇ æ É å Á�Ã Â Ë ¿ Ï5Ð Ñ�ÐÏ Â Ñ Â Ç æ É å Á�Â Ã Ë ç
Fromthis expression,we seethat thepossibilityto reshearthis non-separablelattice
into aseparablelatticeheavily dependson theratio

Ï�Ð Ñ�Ð ä Ï Â Ñ Â .
Without further details,we remarkthat the è -dimensionalFourier transforma-

tion in combinationwith a modifiedHermitenormalform [cf. Eq. (2.9) in theone-
dimensionalcase]leadsto a different condition. A generalsolution to reshearaè -dimensionalnon-separableGaborschemeinto a separableoneis difficult to find.
The discrete-timeperiodiccaseis even moredifficult, sincethenadditionalcondi-
tionshave to befulfilled (cf. theone-dimensionalcasein Section4.4).
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Appendix to Chapter 2

A.1 Derivation of bi-orthogonality condition (2.19)

We assumethat the set é ê ë5ì í�î�ï ð¡ñ òôóôõ!ö is a frame. In Gabor’s signal expan-
sion(2.13),we substitutefrom theGabortransform(2.14)÷�ø ù ú�ûýüþí�ÿ�� ü üþî ÿ�� ü � � ü� ü ÷^ø ù � ú ��� ø ù �
	 ð��� ú � � ð�� ��� ù � � � � 	 � ò���� ù � � ù � �� ê ø ù�	 ð��� ú � 	 � ð�� ��� ù � � � � ò���� ù �
Rearrangingfactors÷�ø ù ú�û � ü� ü ÷^ø ù � ú�� üþí�ÿ�� ü ��� ø ù �
	 ð��� ú ê ø ù�	 ð��� ú � � ð�� ��� ø ù �
	¸ù ú � ���� �Vüþî ÿ�� ü � 	 � ò���� ø ù �
	¸ù ú � � ù �
andreplacingthesumof exponentialsby asumof Dirac functionsyields÷�ø ù ú�û � ü� ü ÷^ø ù � ú�� üþí�ÿ�� ü ��� ø ù �
	 ð��� ú ê ø ù�	 ð��� ú � � ð�� ��� ø ù �
	¸ù ú � ���� �  � üþî ÿ�� ü �"! ù �
	¸ù�# ò  �%$ �&� ù � �
Rearrangingthefactorsagain÷^ø ù ú�û  � üþî ÿ�� ü � ü� ü � ! ù �
	¸ù�# ò  � $ ÷^ø ù � ú� � üþí�ÿ�� ü ��� ø ù �
	 ð��� ú ê ø ù�	 ð��� ú � � ð�� ��� ø ù �
	¸ù ú � ��� � ù �
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andevaluatingtheintegral yields')( * +-,/. 02134 5�6 1 '87�*�9 :�. 0%;<>= 13? 5�6 1 @ 9)A B C�D�:�E�F G�H�I 7
*�9J:�. 0K9&D�L . ;�M�( *�9&D�L . + N�O
This relationshipholdsfor any signal 'QPSR-T ( U)+ if andonly if the :J,WV term in
thesummationover : is theonly non-vanishingterm,which immediatelyleadsto the
bi-orthogonalitycondition13? 5�6 1 @ 9)A B C�D�:�E�F G H I 7
*�9J: . 0 9&D�L . ;�MX( *�9 D�L . +�,

0.ZY�[ :�\ ]
whereY�[ :�\ is aKroneckerdelta,with Y�[ V \�,K^ and Y
[ :�\�,SV for :&_,SV . Thiscondition
shouldhold for all *)P�U andall :�P�` .

A.2 Derivation of sum-of-productsform (2.21)

Thebi-orthogonalconditionlookslike13? 5�6 1 @ 9)A B C�D�:�E�F G�H�I 7
*�9J:�. 0K9&D�L . ;�MX( *�9 D�L . +�,
0. Y�[ :�\ ]

which shouldhold for all *%P U andall : PJ` . In orderto separateD and : in the
exponent,we introducethe integer a ,WG�F�b�c d�( G�] e + . Replacing: with f a e%98g ,
with f P�` and g-,SV)O O O a e�98^ , andusingtheidentity e%,JhiL 0 yields(recall that E
and G arerelatively prime)13? 5�6 1 @ 9)A B C�DJ( f a e�9 g + E�F G�H�I 7 *�9j( f a h"k D&+ L . kJg . 0 ; MX( *�9 D�L . +, 0. Y
[ f a e�9&g \ O
Multiplying bothsidesby l m�n ( A f a hio�+ with o/PZU andsummingover f P�` yields13? 5�6 1 13p 5�6 1 @ A B CiD�g E�F G�H�I 7
*�9S( f a h"k D&+ L . k g . 0";�MX( *�9&D�L . + @ A f a hio, 0. 13p 5�6 1 Y�[ f a e�9 g \ @ A f a hio O
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Usingthepropertyof theKronecker delta(recallthat q�rSs)t t t u�vxwjy )z{2|}~ ��� | ��� � u�v�w q � � � � u��i� r
z{ �
� q �

andthePoissonsummationformulayu
� }� ��� � � � � � � ��� � � u
� r�|}� ��� | ��� � w � u��
�
resultsin|}� ��� | |}~ ��� | � � � ��� q � � ����X�
� wS� �)� �&� � { � q

{ z"��  � � w ��� { � � � � � }� ��� � � � � � � ��� � � u
� r u
�
z{ �
� q � t

Rearrangingterms}� ��� � � � |}� ��� | � � � ��� q � � �   � � w ��� { � � w � � ����� � u
� � w � � �¡ |}~ ��� | � � �
� wS� �-� �&� � { � q
{ z � � � � �)� �&� � � � � ��� � �)� �&� � u
� r u
�

z{ �
� q � ¢
replacing�-� � with w �}� ��� � � � |}� ��� |   � � w ��� { � � w � � ��� � � � u��Zw q � � � � � w � � �|}~ ��� | ���X�
� �J� � { � q

{ z"� � w � � � � w � � ��� � � u�� r u
�
z{ �
� q � ¢

andchangingthesignof � yields}� ��� � � � |}� ��� |   � � � ��� { � � � � �i� � � � u
�Zw&q � � � � � � � �|}~ ��� | ���X�
� �J� � { � q
{ z"� � w � � � � w � � ��� � � u�� r u
�

z{ �
� q � t
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Replacing£ with ¤x¥ ¦�§ ¨"¤&©�ª�« ¬� ,®¯ °�± ² ³ ´¶µ®· °�¸ µ&¹ § º�» ¼�½�¾X
¿
¤-À ¥ ¦i¼J§ ¨"¤JÁi« Â
Ã"»S§ Ä�¤&©� ª�« ¬�

Å µ®Æ °�¸ µ�Ç
È%É º�»JÊ ½�¾8»JÄ ¾ Ë%Ì ¿ À ¥ ¦iÊ § ¨"¤JÁi« Â
Ã/¤&©�ª�« ¬�)Í Â
Ã Ë¾ÏÎ
Ð Ä Ñ Ò

andreplacingÄ with ¤)Ä�» © with © ÍSÓ)Ô Ô Ô Â�Õx¤jÖ resultsin®¯ °�± ² ³ ´¶µ®· °�¸ µ ¹ § º�» ¼�½�¾X
¿
¤-À ¥ ¦i¼J§ ¨"¤JÁi« Â
Ã/¤&Ä ª�« ¬�

Å µ®Æ °�¸ µ&Ç
ÈXÉ º�»JÊ ½�¾8»S§ ©�¤&Ä  ¾ Ë"Ì ¿ À ¥ ¦iÊ § ¨/¤ Ái« Â�Ã/¤&©�ª�« ¬�)Í Â
Ã Ë¾×Î�Ð Ä�¤&©�Ñ Ô

Finally, replacingº with § ¬/Ø/» Ä  Ù Ú resultsin thesum-of-productsform®¯ °�± ² ³ ´¶µ®· °�¸ µ ¹
É § ¬/Ø/» Ä  ¾ Ë » ¼�½�¾ Ì ¿ ¤)À ¥ ¦�¼J§ ¨/¤ Ái« Â�Ã/¤ Ä ª�« ¬�Å µ®Æ °�¸ µ&Ç
ÈXÉ § ¬/Ø/»J©� ¾ Ë » Ê ½�¾ Ì ¿ À ¥ ¦iÊ § ¨/¤ Ái« Â�Ã/¤ ©�ª�« ¬�)Í Â�Ã Ë¾×Î�Ð Ä�¤ ©�Ñ Ô

A.3 Derivation of sum-of-productsform (2.25)

In theFourier transformedarray § ÛZÜ Ý Þ ßà  § Ø�Ò ¨i , we substitutefrom theGabortrans-
form (2.14)§ Û Ü Ý Þ ßà  § Ø�Ò ¨i Í µ®· °�¸ µ µ®¯ °�¸ µ ¿

¤-À ¥ ¦�§ ¼�¨/¤ Á�Ø�
Åâáã äæå § º  Ö¬ ®Æ °�± ç�´ ¿ ¤-À ¥ ¦iÊ § ª ¼æ»8Ái « ¬ Ç

È § º�¤ ¼�½�¾X ¿ ¤)À Á Ë�è º « ¬Ké º êë�Ò
andrearrangingfactorsyields§ Û Ü Ý Þ ßà  § Ø�Ò ¨i Í Ö¬ µ®· °�¸ µ ¿

¤)À ¥ ¦�¼�¨ ®Æ °�± ç�´ ¿ ¤-À ¥ ¦iÊ ª ¼&« ¬Å>ì ä å § º  Ç
È § º�¤&¼�½�¾X í µ®¯ °�¸ µ ¿

¤-À Á Ë�è É º�» Ê ¾ Ë ¤ Ø�¬ ¾ Ë%Ì « ¬jî é º ï Ô
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Replacingthesumof exponentialsby asumof Dirac functionsð ñZò ó ô õö
÷ ð ø�ù ú ÷-û×üýÿþ������ þ � ��� 	 
��
ú � ��� ��� � ��� 	 
�� � ��� ý��� ��� ð � ÷ �� ð � ���"!$# ÷ % þ�& �$� þ
ý #')(+* ��, � # '-� ø ý # '.�0/ ý # '21+354 � 6

andrearrangingfactorsagainyieldsð ñ ò ó ô õö
÷ ð ø�ù ú ÷-û # ' þ������ þ � ��� 	 
��
ú � ��� ��� � ��� 	 
�� � ��� ý� þ�& ��� þ ��� ð � ÷ �� ð � �7�"!$# ÷ (+* ��, � # '-� ø ý # '-�0/ ý # '21-4 � 6�8

Evaluating the integral and replacing � in the exponentialby �+�./ ý (note that9 :<; ð ��� 	 
 ð �=�7/ ý ÷ � ��� ý ÷-û 9 :<; ð ��� 	 
�� � ��� ý ÷ for all /?>"@ ) yieldsð ñZò ó ô õö
÷ ð ø�ù ú ÷�û # ' þ����$� þ � ��� 	 
��
ú � þ�& �$� þ

� �$� ��� � ��� 	 
 ð �=�7/ ý ÷ � ��� ý�?� * ø ý # '.� ð ���7/ ý ÷ # '21 �� * ø ý # '-� ð �=�7/ ý ÷ # '.���"!$#A1 6�8
Replacingthe doublesummationover / and � by a single summationover / and
usingtheidentity

' ûCB � D�! yieldsð ñZò ó ô õö
÷ ð ø�ù ú ÷-û # ' þ������ þ � ��� 	 
��
ú � þ�& ��� þ � ��� 	 
��"/<�<�

ý
�"� * ø ý # '-�0/ D B !$#A1 �� * ø ý # '.�7/ D B !$#E�7�"!$#A1 6�8

Replacingthe summationover / by a doublesummationthroughthe substitution/ û �=F B ���7G , where�A>"@ and G extendsover aninterval of length F B ,ð ñZò ó ô õö
÷ ð ø�ù ú ÷�û # ' þ����$� þ � ��� 	 
��
ú � þ� �$� þ

�H ��� I J � � � 	 
��?G �<� ý�?� * ð ø ý , G ÷ # ' , � F<D�!$# 1 �� * ð ø ý , G ÷ # ' ,Sð � F<D+�7� ÷ !$# 1 6
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andrearrangingfactorsagainyieldsK L5M N O PQSR K T�U V R�W�X Y[Z\ ]�^ _ ` a<b�cZd ]$e c�f
g K T�h�i7j R X Y i0k l�m<n XAo=p q�r s t k m<n�K V q j u<v h R wx bycZz ]$e c�{

g K T�h|i0j R X Y iCK k m<n q7} R l X o p q�r s t K k mSn q7} R K V q j u<v h R w$~��
Substitution� for

k mSn q7} ,K L5M N O PQSR K T�U V R�W�X Y[Z\ ]�^ _ ` a<b�cZd ]$e c f
g K T�h�i7j R X Y i0k l�m<n XAo=p q�r s t k m<n�K V q j u<v h R wx b�cZ� ]�e c {

g K T�h|i0j R X Y i � l XAo�p q�r s t � K V q j u<v h R w�~ U
andusingthedefinitionof theZak transformation(1.6) leadstoK L5M N O PQSR K T�U V R�W�X Y�Z\ ]$^ _ ` a K � f

R g K h+T+i0j R X Y U�� V q j uh7�+� l+� l�m<n XAox K �
{
R ~ g K h+T+i0j R X Y U�� V q j uh��+� l+� l XAo �

Finally, replacing
V

by
V q � v mSn and using the periodicity of the Zak transformK �

f
R K h+T X v Y U V � v l � mSn�l X R leadsto theresultK L5M N O PQSR g T�U V q �m<n o W�X Y�Z\ ]�^ _ ` a K � f

R g K h+T5i7j R X Y U�� V q j uh7�2� l+� l�mSn XAox K �
{
R ~ g K h+T+i7j R X Y U�� V q �mSn q j uh7�2� l+� l XAo �

A.4 Derivation of dual window (2.46)

Weusetheinversionformulaof theZak transformation(1.7)to calculatethesheared
window ��� � � � { [seeEq.(2.44)]

s���S� K � v l X R N K ��� � � � {
R K ��i } l X R�W��t�� N � � � �A�=� �� � b�cZz�� ]$e c

K q � R z � � � z � �x p q�r s t�}?�   l�N�i r K u<v h R ¡ K � v l X R p q�r }?� ¢ l X w p r }?¢ l X0£ ¢ U
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andrearrangingfactorsyields¤$¥¦S§�¨ © ª «$¬® ¯ ¨ °�± ² ³ ´ µ$ ¨ ©�¶0·"«$¬®�¸�¹º$» ¯ » ¼ » ¦½¿¾ÀÁ�Â Ã�Ä ¾ ¨ Å ¹  Á Â Æ Ç Á�Â Ç È ¤ º ·?É Ê «�¯�¶�Ë�¨ Ì<ª Í? Î ¨ © ª «$¬®2Ï Ð=Ñ ÒÓ Ô È Å�Ë�¨ ·?ÉSÅ7·� Õ�«$¬0Ö Õ�×+Ø
Sincethe collection Ù Ú Û<Ü ¨ Ë Ý<Õ�«$¬® Þ Ý.ß|àAá is an orthonormalbasisin the Hilbert
spaceof «$¬ periodicfunctions,thisexpressionis equivalentto¤$¥¦S§$¨ © ª «$¬® ¯ ¨ °�± ² ³ ´ µ$ ¨ ©�¶7·"«$¬®�¸ ¤» ¯ » ¼ » ¦ «$¬ ¨ Å ¹  Á Æ Ç Á Ç §�Å ¤ ·0¨ © ª «$¬® â
with

§ ¸ Ú Û<Ü ¨ Å º ¨ « ¯ ¶+Ë Ì<ª Í?  . Substitutingã ¸E©<¶5·?ä «$¬ with ·?ä anintegersuch
that Å ¥¯ «$¬-åæ©�å ¥¯ «$¬ ,«$¬ ¤�¥¦S§ Ê ¨ ã Å�·?ä «$¬® ª «$¬=Î ¯ ¨ °�± ² ³ ´ µ$ ¨ ã �¸¤» ¯ » ¼ » ¦ ¨ Å ¹  Á�ç Æ Ç Á�ç Ç §�Å ¤ ·?ä Ê ¨ ã Å7·?ä «$¬® ª «$¬=Î â
andmultiplying both sidesby

§ ¤ ã ·?ä ª «$¬CÅ�·"¯ä andusing the expressionfor
Æ Á�ç

[seeEq.(2.45)]yields«$¬ ¤�¥¦S§�¨ ã ª «$¬® ¯ ¨ °�± ² ³ ´ µ$ ¨ ã �¸¤» ¯ » ¼ » ¦ ¨ Å ¹  Á�ç ¾Àè Ã$é ¨ Å ¹  è�ê § ¨ ë5¶ ¥¯  ¨ ¤ Þ ·?ä Þ ¶7ë5¶ ¥¯  ì § Á Ñç Ø
From this expressionwe seethat °�± ² ³ ´ µ is an even function, i.e., ¨ °�± ² ³ ´ µ$ ¨ ã 5¸¨ °�± ² ³ ´ µ$ ¨ Å ã  . Soby redefiningtheinteger ·?ä asanintegersuchthat ¨ ·?ä Å ¥¯ «$¬®�åÞ © Þ<å.¨ ·?ä�¶ ¥¯ «$¬® , with Å ¥¯ «$¬-åæ©�å ¥¯ «$¬ , we gettheequivalentexpression«$¬ ¤$¥¦S§$¨ ã ª «$¬® ¯ ¨ °�± ² ³ ´ µ$ ¨ ã �¸¤» ¯ » ¼ » ¦ ¨ Å ¹  Á�ç ¾Àè Ã�é ¨ Å ¹  è ê § ¨ ë?¶ ¥¯  ¨ ¤ ·?ä�¶7ë?¶ ¥¯  ì § Á Ñç Ø
Rearrangingfactors,«$¬ ¤ ¥¦S§$¨ ã ª «$¬® ¯ ¨ °�± ² ³ ´ µ$ ¨ ã �¸ ¤» ¯ » ¼ » ¦ ¾Àè Ã$é ¨ Å ¹  è í�Á ê § ¨ ë?¶0·?ä�¶ ¥¯  ¯ ì â
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andreplacingî by ï=ð?ñ�ò0ó resultsinô$õAö�÷øSù�ú û�ü ô$õ®ý þ ú ÿ�� � � � � ý ú û ý�� ö� þ � 	 � ø 
�� ���� ú ï�� ý ��� ù ú ó+ò|÷þ ý þ ���
And finally, multiplying bothsidesby ö � ÷øSù ï ú û�ü ô$õ®ý þ�� ��� ú ï�� �  �! û þ ü ö ô$õ�"?ý ü ô$õ
resultsin

��ú û ý#� ö 	 $ ø� þ � 	 � ø ô$õ&% ï#� �  �! û þ ü ö ô$õ�" ù ï ú û�ü ô$õ®ý þ 
�� ���� ú ï�� ý � � ù ú ó+ò�÷þ ý þ ��'
where ð?ñ is an integersuchthat ú ð?ñ�ï ÷þ ô$õ®ý)(+* , *�( ú ð?ñ�ò ÷þ ô$õ®ý and ï ÷þ ô$õ+(,�( ÷þ ô$õ .
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Appendix to Chapter 3

B.1 Derivation of bi-orthogonality condition (3.10)

We assumethat theset - . /10 2 3 4 5 6 7 8:9<; = is a frame. In Gabor’s expansion(3.8),
we substitutefrom theGabortransform(3.9)

>�? @ A�BDCEGF H ? IJAJK2 L MGN K3 L MGN KO L P Q R S T U�VGW X Y Z [�\ ]
IJ^`_ a bdc ; e f 2 3 g

hji:k^ k ><? @ l A m1n ? @ lGo:prqrs 5 A X
o
Y
@ l ]`tvurw ^1_ 7 x @ lh . ? @ o:prqrs 5 A X Y

@
] tvurw

^`_ 7 y
Rearrangingfactors,

>�? @ A�BDCEGF H ? IJAJK2 L MGN KO L P Q R S T U�V�W X Y Z [�\ ]
Iz^1_ b 5

hji:k^ k ><? @ l A m1n ? @ lGo:prqrs 5 A . ? @ o:prq&s 5 Ah|{} K3 L MGN X o Y
? @ l ov@ o t ^`_ q w I ^ ] \

A
] tvu~w

^1_ 7 ��zx @ l 6
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andreplacingthesumof exponentialsby asumof Dirac functionsyields

��� � ���D��G� � � �J�J�� � �G� �� � � � � � � ����� � � � ��� � �z�1  ¡&¢£j¤:¥� ¥ �<� � ¦ � §1¨ � � ¦G©:ªr«r¬�¢ � 1� � ©:ªr«&¬�¢ �£|®¯ �G� � � °v�1  «r±²� �³ � �G��´�µ � ¦�©v� ©:°j�`  «r±&�J� �1� ©v°v�`  «r±²¶ · ¸¹zº � ¦ »
Rearrangingfactorsagainresultsin

��� � ��� ��� � � ±&«r��G� � � °j�J� �� � �G� 1� � ©vª&«r¬�¢ � �³ � �G� �� � � � � � � � � � � � � ��� � � �`  ¡r¢£j¤ ¥� ¥ ´�µ � ¦ ©�� ©)°j�`  «r±²�J� �`� ©)°j�`  «r±&¶ ·���� � ¦ � §1¨ � � ¦ ©)ªr«r¬�¢ ��º � ¦ »
Evaluatingthe integral and replacing � in the exponentialby � ¼ � � ¶ (note that� ½�¾ � � � ��� � � �`  ¡&¢ ���

� ½�¾ � � � � � � ¼ � � ¶ � � � �1  ¡&¢ � for all ¶ ¿�À�Á ) yields

��� � ��� ��� � � ±&«r��G� � � °j�J� �� � �G� 1� � ©vª&«r¬�¢ � �³ � �G� �� � � � � � � � � � � � � � � � ¼ � � ¶ � � �J�`  ¡&¢£ � µ � ¼ °v�1  «r±&�J� �#Â � ¼ � � ¶ Ã ·£ §1¨ µ � ¼ °v�1  «r±&�J� �#Â � ¼ � � ¶ Ã�©vª&«r¬�¢ ·�»
Replacingthedoublesummationover ¶ and � by asinglesummationover ¶ ,
��� � ��� ��� � � ±&«r��G� � � °j�J�J�� � � � 1� � ©vª&«r¬�¢ � �³ � � � � � � � ¶ � �J�`  ¡&¢£ � µ � ¼ °v�1  «r±&�J� � ¶ ·`§1¨ µ � ¼ °j�`  «r±&�J� � ¶ ©:ªr«&¬#¢ ·#Ä

andrearrangingfactorsagainyields

��� � ��� ��� � � ±&«r��G� � � °j�J� �³ � �G� � µ � ¼ °j�`  «&±&�J� � ¶ · �� � �G� � � � �
¶ � � �`  ¡r¢£ 1� � ©:ªr«r¬�¢ � § ¨ µ � ¼ ° �1  «r±&� � � ¶ ©vª&«r¬�¢ · »
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This relationshipholdsfor any signal ÅÇÆJÈ#É Ê Ë#Ì�Í if andonly if the Î ÏÑÐ term in
thesummationover Î is theonly non-vanishingterm,which immediatelyleadsto the
bi-orthogonalitycondition(with thesignof Î changed)ÒÓ Ô ÕGÖ × Ø�Ù Ú Û Î Ü`ÝJÞ`ß à&á â Ê ã Øvä&åræ á Í ç1è<é ã Ø:ê Þ`ß å&ë ÝJÞGÜ�Î Ø:äråræ á ìÏ+í�î ï Ê ê ÝJÍíGî ï Ê ë&å Í�ðGñ Î ò ó
Thisconditionshouldhold for all ã Æ²Ë#Ì andall Î Æ�ô<Ì .
B.2 Derivation of sum-of-productsform (3.12a)

Thebi-orthogonalityconditionlookslikeÒÓ Ô ÕGÖ × Ø�Ù Ú Û Î Ü`ÝJÞ`ß à&á â Ê ã Øvä&åræ á Í ç1è<é ã Ø:ê Þ`ß å&ë ÝJÞGÜ�Î Ø:äråræ á ìÏ+í�î ï Ê ê ÝJÍíGî ï Ê ë&å Í�ðGñ Î ò õ
which shouldhold for all ã Æ:Ë#Ì andall Î ÆJô<Ì . We replaceÎ by ö²÷�ø ØJù , withöúÏûÝ Ü ë Þ`ß ä²êjæ , andwhere ø Æüô Ì and ù ÆJý þ�ÿ í Ê ö²÷vÍ . Here ÷ is a matrix
containingonly integers,suchthat ö�÷ and à Ü ë Þ`ß ä&êvæ ÷ arematricescontaining
only integers. Comparethematrix ÷ with ��� in theone-dimensionalcase.In fact,
in the decomposablecase( à a diagonalmatrix, ë Ï Ý a diagonalmatrix and

æ Ï��1É ), ÷ reducesto a diagonalmatrix with integerssuchas ��� on thediagonal.
Thus,replacingÎ by ö²÷�ø Øjù yieldsÒÓ Ô Õ Ö × Ù Ú Û�ù Ü`ÝJÞ`ß àrá ç1è<é ã � ê Þ`ß årë ÝJÞGÜ ù Øvä&åræ ñ ÷�ø �vá ò ì� â Ê ã Ø:ärå&æ á Í#Ï í�î ï Ê ê ÝJÍíGî ï Ê ërå Í�ð�ñ ö�÷²ø Øvù ò ó
Recallthat ä , ê andå arediagonalmatrices,andthereforewehave ê Þ`ß årä&êvæ Ïä&åræ . Multiplying bothsidesby î �	� Ê Ù Ú Û 
 Ü ÷²ø Í andsummingover ø yieldsÒÓ Ô Õ Ö Ò� Ô Õ Ö�× Ù Ú Û�ù Ü Ý Þ`ß à&á ç1è�é ã � ê Þ1ß årë ÝJÞGÜ ù Ø:ärå&æ ñ ÷�ø �vá ò ì� â Ê ã Ø:ärå&æ á Í × Ù Ú Û


 Ü ÷�ø ÏÑíGî ï Ê ê ÝJÍí�î ï Ê ërå Í
Ò� Ô ÕGÖ ð�ñ ö�÷�ø Øjù ò × Ù Ú Û


 Ü ÷²ø ó
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Sincethevariable� extendsovera region  ������� ����� , thisexpressionreducesto�� � ��� �� � ���	�  ! " � #%$'&%( )+* ,�-/. 0 132 &�( 4657$'&�#%� 83964+:<; ��= 1 * > ?@7A � 0 83964+:B* � �  ! "%C #D��= E ��F G � 2 $'��	F G � 5646��H ; � > I
UsingthePoissonsummationformula�J � K L M N O P/Q	R �  ! "�S #T��&%( = E �	F G � ��� �J � � � H ; = 83� S >
resultsin�� � ��� �� � ��� �  ! " � #%$'&%( )+* , -/. 0 132 &�( 4657$ &�# � 83964+:<; = 1 * > ?@7A � 0 83964+:B* � �  ! "%C # = �J � K L M N O P Q R �

 ! "�S # � &%( = E �	F G � 2 $'�U��	F G � 5+46� H ; � > I
Rearrangingfactors,�J � K L M N O P Q R �� � ��� A � 0 8U9+46:/* � �  ! " � #%$'&%( )6* �� � ��� �  ! "�S #T��&%( = �  ! "�C #%=@ ,�-/. 0 132 &�( 465+$'&�#�� 839646:V; = 1 * > ? E ��F G � 2 $'�����F G � 5646� H ; � > W
andreplacing= by 8V� X 1 * � , followedby achangeof signof * yields�J � K L M N O P Q R �� � � � A � 0 1 9+46:/* � � 8

 ! " � # $ &�( )+* �Y � � � � 8  ! "�S # � &�( � X 8�* �@ � 8  ! "�C #/� X 8U* � ,�-/. 0 1'2 &%( 4+5+$'&�#�� 1 9+46:ZX ? E ��F G � 2 $'�����F G � 564+� H ; � > I
Rearrangingfactorsagain,�J � K L M N O P Q R �� � ��� A � 0 1 9+46:/* � � 8  ! " � #D$'&�( )+* �  ! "%C #�* �  ! "�S #D�U&�( *@ �Y � � � ,�-Z. 0 1'2 &%( 4+5+$'&�#%� 1 9+46:ZX ? � 8  ! "%C # X � 8  ! "�S # � &�( XE �	F G � 2 $'�U��	F G � 5+46� H ; � > W
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andreplacing[ by \/[ ]U^ resultsin

_` a b c d e f g/h	i _j a k�l m�n o ]3p+q6r/s t u v w x n [ \�^ t yDz'{�| }+s u v w x%~ y�s u v w x�� yT��{%| s� _� a k�l ��� � o \3��{%| q+�+z'{�y n [ \U^ t%]3p+q6rZ� �%u \ v w x%~ y%� u \ v w x�� yT��{%| ����	� � n ��z'�Ut�	� � n �+q6t���� [ \�^ � �
Replacing~ by \ n � \ n z {%| }7t y ^ t ,_` a b c d e f g/h	i _j a k l m�n o ]3p+q6r/s t u \ v w x n � \ n z'{%| }7t y%[ \'��{�y � t y%s� _� a k�l ��� � o \3��{%| q+�+z'{�y n [ \U^ t%]3p+q6rZ� �� u v w x n � \ n z�{�| }�t y%^ \'��{�y � t yD� � �	� � n ��z'��t��� � n �6q+t ��� [ \U^ � �
andreplacingo by � {�| q n �6� ]��7z {�y [ t andusingtheZak transformation(3.11)
yields

_` a b c d e f g/h	i m � ` n � � � t ���� ` n � � � t � ��� � n ��z'��t��� � n �6q+t �	� [ \U^ � �
with

m � ` n � � � t �n �Vm t � ��{%| q n �+� ]6�+z'{�y�[ t � w x n p+q+r�t {�y n � \��U{�y � \ n z'{%| }7t y%[ t � p+q6rZ�
and

�	� ` n � � � t �n �<� t � � {�| q n �+� ]6�7z {�y [ t � w x n p7q6r�t {�y n � \�� {�y � \ n z {�| }�t y [ t � p+q6r � �
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B.3 Derivation of sum-of-productsform (3.15a)

In theFourier transformedarray � �+  ¡ ¢ £ ¤¥�¦ � § ¨ © ¦ [seeEq. (3.14)],we substitutefrom
theGabortransform(3.9)

� �   ¡ ¢ £ ¤¥�¦ � § ¨ © ¦Tª¬« ® ¯�° «± ® ¯�° ²V³´ � µ ¨ ¶ ¦·�¸3¹º ¹'» � ¼ ¦ ½ ³ � ¼ ¾U¿+À6Á/µ ¦ Â ¾BÃ ¼ Ä%ÅUÆ6Ç
º%È ¶ É ¼ Â ¾BÃ Ê ËT� © Ä%µ ¾�§ ÄD¶ ¦ Ì

Usingtheexpression(3.6) for themultiplicationoperator² ´ � µ ¨ ¶ ¦
� �   ¡ ¢ £ ¤¥�¦ � § ¨ © ¦TªÎÍÏ�Ð Ñ � Ò ¦ « ® ¯ ° «± ® ¯ ° «Ó ® Ô Õ Ö ×   Ø<Ù	£

Â ¾/Ã Ê Ë�Ú Ä Ò º�È Û ÜÞÝ ¢ ß à  ± á
· ¸3¹º ¹ » � ¼ ¦ ½ ³ � ¼ ¾U¿+À6Á/µ ¦ Â ¾BÃ ¼ Ä ÅUÆ6Ç

º%È ¶ É ¼ Â ¾BÃ Ê ËT� © Ä µ ¾�§ Ä ¶ ¦
andrearrangingfactorsyields

� �   ¡ ¢ £ ¤¥�¦ � § ¨ © ¦TªÎÍÏ�Ð Ñ � Ò ¦ « ® ¯�° Â ¾/Ã Ê Ë�© Ä µ «Ó ® Ô Õ Ö ×   Ø Ù £
Â ¾BÃ Ê Ë�Ú ÄDÒ º%È Ü µ

·�¸3¹º ¹'» � ¼ ¦ ½ ³ � ¼ ¾U¿+À6Á/µ ¦·ãâä «± ® ¯�° Â ¾BÃ�� ¼ ¾UÅ º�È À6Ç Û § ¾3Ò º Ä%Ú ß ¦ ÄDÅUÆ6Ç º�È ¶ åæ+É ¼ Ì
Replacingthesumof exponentialsby asumof Dirac functions,

� �   ¡ ¢ £ ¤¥�¦ � § ¨ © ¦Tª Ï	Ð Ñ � Ç6À ¦Ï�Ð Ñ � Å�Ò ¦ « ® ¯�° Â ¾BÃ Ê Ë�© Ä µ «Ó ® Ô Õ Ö ×   Ø Ù £
Â ¾/Ã Ê Ë�Ú Ä Ò º�È Ü µ

·�¸3¹º ¹'» � ¼ ¦ ½ ³ � ¼ ¾U¿+À6Á/µ ¦·ãâä «± ® ¯�°	ç�è ¼ ¾UÅ º�È À6Ç Û § ¾UÒ º Ä Ú é'¶ ß ê åæ+É ¼ ¨
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andrearrangingfactorsagainyields

ë ì+í î ï ð ñò�ó ë ô õ ö óT÷ùø	ú û ë ü6ý óø�ú û ë þ�ÿ ó��� � ����� 	 
 � � ö �� �� � � � � � í ���	ð � 	 
 � ��� Dÿ���� ���� �� � � � �! �  #"%$ & 	 þ'��� ý6ü)( ô 	 ÿ��� � *�+ , -/. ë & ó 0�1 ë & 	!2 ý�34� ó�5 & 6
Evaluatingthe integral and replacing

�
in the exponentialby

� 	 ÿ  + (note thatú 7�8 ë 	 
 � ���  ÿ ��� ��� óB÷ ú 7�8 ë 	 
 � � ë � 	 ÿ  + ó  ÿ ��� ��� ó for all
+ 9;:Zï

) yields

ë ì+í î ï ð ñò�ó ë ô õ ö óT÷ùø	ú û ë ü6ý óø�ú û ë þ�ÿ ó��� � ����� 	 
 � � ö �� �� � �<�� �� � � � � � í �%�	ð � 	 
 � � ë � 	 ÿ  + ó  ÿ �=� �#�� . ë þ ��� ý6ü+ô 	 þ ��� ý6ü+ÿ �< ( � 	 ÿ  + , ó� 0 1 ë þ ��� ý6ü+ô 	 þ ��� ý6ü+ÿ �< ( � 	 ÿ  + , 	'2 ý#3>� ó 6
Replacingthedoublesummationover

+
and
�

by asinglesummationover 	 + ,ë ì+í î ï ð ñò�ó ë ô õ ö óT÷ùø	ú û ë ü6ý óø�ú û ë þ�ÿ ó��� � ����� 	 
 � � ö �� �� � �<� � 
 � ��+ Dÿ���� ���� . ë þ ��� ý6ü+ô * þ ��� ý6ü+ÿ �< + ó� 0 1 ë þ ��� ý6ü+ô * þ ��� ý6ü+ÿ �< + 	'2 ý#3>� ó õ
andsubstitutionof

+
by ?A@;B *!� with B 9):/ï and

� 9AC D�E ø ë ?A@ ó , resultsin (recall
that ? ÷ ÿ  ü ��� 2 þ)3 )

ë ì+í î ï ð ñò�ó ë ô õ ö óT÷ùø	ú û ë ü6ý óø�ú û ë þ�ÿ ó��� � ����� 	 
 � � ö �� �F � ��� �� � G H I J í KML/ð � 
 � �<�  ÿ �=� ���� . ë þ ��� ý6ü+ô * þ ��� ý6ü+ÿ �< � * 2 ý#3 @AB ó� 0 1 ë þ ��� ý6ü+ô * þ ��� ý6ü+ÿ �< � * 2 ý#3Vë @;B 	 � ó ó 6
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Rearrangingfactorsagain,N O�P Q R S TU�V N W X Y V[Z]\�^ _ N `#a V\�^ _ N b)c Vedf g h i j k P lMm4Sn do g p�q�r N b's�t a#`#W u�b)s=t a#`�c�s<v�w u!x�a#y%z;{ Vn d| g p q }�~ N b s=t a#`#W u�b s=t a�`�c s�v w u!x�a#y�N zA{ �)� V VnA� �4� � �<Y v�� � � � �<w v=c�s=t �#� X
andreplacing

�
by
z;{ �!�

yieldsN O P Q R S TU�V N W X Y V[Z \�^ _ N `#a V\�^ _ N b)c Vedf g h i j k P lMm4Sn do g p�q�r N b's�t a#`#W u�b)s=t a#`�c�s<v�w u!x�a#y%z;{ Vn d� g p�q } ~ N b)s=t a#`#W u�b)s=t a�`�c�s<v�w u!x�a#yM� VnA� �4� � �<Y v4N zA{ �'� V � � � ��w v/c�s�t �'N zA{ �!� V �
RearrangingfactorsandusingtheZak transformation(3.11)resultsinN O�P Q R S TU�V N W X Y V[Z]\�^ _ N `#a V\�^ _ N b)c V df g h i j k P lMm4S r f N W X Y Vn N � } V ~ N b)s=t a;N `�W u#`;c�s�v=w V X � �4N x;a#y V s<v4N Y ��N c�s=t � V v�w V � x�a�y V X
withr f N W X Y V Z N � r V N b s=t a;N `#W u#`�c s<v w V X � �[N x�a#y V s�v N Y ��N c s�t � V v w V � x�a#y%z V �
Replacing

Y
by
Y ��z s�v=�

andusingtheperiodicitypropertyof theZak transformr f N W X Y V , leadsto theresultU N W X Y �!z's�v � V[Z]\�^ _ N `#a V\�^ _ N b)c Vedf g h i j k P lMm>S r f N W X Y V } ~f � N W X Y V X
where} f � N W X Y V4ZN � } V � b)s=t a;N `#W u�`�c�s<v�w V X � �4N x�a�y V s�v>N Y ��N c�s=t � V v�w �!z's�v � V � x�a#yM� �
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Appendix to Chapter 4

C.1 Derivation of bi-orthogonality condition (4.21)

We assumethat the set � �%�<� � �4� �M��� ��� � ¡£¢ ¤ ¥�� � ¦'¢ § is a frame. In Gabor’s
expansion(4.15),we substitutefrom theGabortransform(4.18)¨�© ª=« �¬�>®=¯ °²± ¬� ®=¯ ³>± ¬´ ®/¯ °#µ4± ¨�© ¶ « ·=¸ © ¶>¹ �Aº « » ¼ ½ ¾%¿ �;À ° ¶ Á Â ¦ » ¹ ¼ ½ ¾ ¥ ¶ Á ¦Ã � © ªA¹ �Aº « » ¹ ¼ ½ ¾%¿ �;À ° ª[Á Â ¦ » ¼ ½ ¾ ¥ ª/Á ¦�Ä
Rearrangingfactors,¨�© ª=« �¬�>®=¯ °²± ¬´ ®=¯ °²µ>± ¨�© ¶ « ·=¸ © ¶>¹ �Aº « � © ª;¹ �Aº « » ¼ ½ ¾M¿ �;À °'Å ¶M¹)ª[Æ Á Â ¦ÃÈÇÉ ¬� ®/¯ ³M± » ¹ ¼ ½ ¾ ¥ Å ¶M¹'ª/Æ Á ¦!ÊË ¤
andreplacingthesumof exponentialsby asumof Kronecker deltafunctionsyields¨�© ª=« �¬�>®=¯ °²± ¬´ ®=¯ °²µ>± ¨�© ¶ « ·=¸ © ¶>¹ �Aº « � © ª;¹ �Aº « » ¼ ½ ¾M¿ �;À ° Å ¶M¹)ª[Æ Á Â ¦Ã£Ì ¦ÎÍ¬� ®=Ï Í)Ð

© ¶M¹)ª;Ñ ¥�¦ « Ò Ä
Rearrangingfactorsagain,¨�© ª=« �%¦ ¬�>®=¯ °²± Í¬� ®/Ï Í ¬´ ®/¯ °#µ4± Ð

© ¶>¹'ª�Ñ ¥�¦ «Ã ¨�© ¶ « · ¸ © ¶>¹ �Aº « � © ª;¹ �Aº « » ¼ ½ ¾M¿ �;À °'Å ¶M¹)ª[Æ Á Â ¦ ¤
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andevaluatingthesummationover Ó yieldsÔ�Õ Ö=×�ØÙÛÚÜ>Ý/Þ ß#à Úá Ý=Þ ß²â/ã äMà Ô�Õ Ö;å!æ�ÙA× ç/è Õ ÖAå'æ�Ùéå'êAë;× ì#Õ Ö;å'êAë;× í å4î ï ðMñ ê;ò ß æ<ó ô!õ
Note that ö ë#ó Ù÷Øùø<ú4ô�ë#ó Ù Øùø<ú4ô�û ü�ó ø�ü�Øýû ú4ô is an integer. Note,more-
over, that since

ô)þ ö , we have ÿ ����� å4î ï ðMñ ê;ò ß æ<ó ô���Ø ÿ ����� å>î ï ð�êAæ<ó ô�� for all
integers

ê
. After a rearrangementof factorswe getÔ�Õ Ö�×�Ø�Ù Úá Ý=Þ � 	�
[à Ô�Õ Ö;å!æ�ÙA×ýÚÜ>Ý=Þ ß²à í å4î ï ð<êAæ���ó ô ç è Õ ÖAå'æ�Ùéå'êAë;× ì#Õ Ö;å'êAë;× õ

This relationshipholdsfor any periodizedsignal
Ô�Õ Ö=×

if andonly if the
ñ æ�ò � 	�
 Ø�

term in the summationover
æ

is the only non-vanishingterm, which immediately
leadsto thebi-orthogonalityconditionÙÛÚÜ>Ý/Þ ß#à í å>î ï ð�êAæ���ó ô ç=è Õ ÖAå'æ�Ùéå'êAë;× ì#Õ ÖAå)êAëA×�Ø��Ú� Ý�� � � Õ æ#å Ó û ú4ô#× �
where

æ
and
Ö

extendover intervalsof length
û ú4ô

and ö ë , respectively. Thesame
bi-orthogonalityconditioncanbeobtainedbyusingtheexpression(4.7)of theshifted
andmodulatedversionsof thewindows.

C.2 Derivation of sum-of-productsform (4.23)

Therelationshipbetweentheperiodizedwindows
ì

and
ç

is givenbyÙÛÚÜ>Ý/Þ ß#à í å>î ï ð�êAæ���ó ô ç=è Õ ÖAå'æ�Ùéå'êAë;× ì#Õ ÖAå)êAëA×�Ø��Ú� Ý�� � � Õ æ#å Ó û ú4ô#× �
where the variables

æ
and
Ö

extend over intervals of length
û ú4ô

and ö ë , re-
spectively. In order to separatethe variables

ê
and
æ

in the exponent,the integer� Ø ô;ó���� � � ô�� û � is used,again.Recallthat
�

and
ô

arerelatively prime. Replac-
ing
æ

with � � û�å�� , wherethevariable� extendsoveraninterval of length
��� � � ô�� û � ú

and
�[Ø�� õ õ õ � û%å��

,ÙÛÚÜ>Ý/Þ ß#à í å4î ï ð<ê � � � û%å � � ��ó ô ç=è Õ Ö;å � � � û%å � � Ùéå'êAë � ì#Õ ÖAå)êAëA×Ø!�Ú� Ý�� � � Õ � � û%å �/å Ó û ú4ô#× �
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multiplying bothsidesby " #�$�% & ' (*) +�,.-�/ , with -10�2 , andsummingoverthevariable)4365 7 8 9�% :�; < / =?> yields@BAC?D�E F1G AH D�E I J K L MON P Q R�G S & ' (.T�U V�W : X�Y Z [�\ % ) +�< \ U / @ \ T�] / ^ Z [�\ T�]�_` S & ' (*) +�,.- 3 AH D�E I J K L MON P Q R�G aAb D�c.aed Z ) +*< \ U \ef < =O:1_ S & ' (*) +�,.-*g (C.1)

Firstwe simplify theexpressionon theright-handside,AH D�E I J K L MON P Q R�G aAb D�c.a d Z % ) \ef =O:�W +�/ +�< \ U _ S & ' (�) +h,.-*g
UsingthePoissonsummationformulaAi D�E I J K L MON P Q R�GS & ' ( f j W�7 8 9�% :�; < / = 3k7�8 9�% :�; < / = aAi D�c.a d Z fl\ 7�8 9�% :�; < / = j _ (C.2)

yieldstheexpressionm
7�8 9�% :�; < / = AH D�E I J K L MON P Q R�G aAb D�c*a d Z % ) \ f / +*< \ U _ S & ' (*) +�,.-` Ai D�E I J K L MON P Q R�G S & ' ( j�f W�7 8 9�% :�; < / =�g

Replacingf with ) \ n ,m
7�8 9�% :�; < / = AH D�E I J K L MON P Q R�G aAo D�c*a d Z n +�< \ U _ S & ' (*) +�,.-` Ai D�E I J K L MON P Q R�G S & ' ( j % ) \ n / W�7 8 9�% :�; < / = ;

andrearrangingfactorsresultsinm
7�8 9�% :�; < / = AH D�E I J K L MON P Q R�G S & ' (*) +�,.- Ai D�E I J K L MON P Q R�G S & ' ( j ) W�7�8 9�% :�; < / =`qp aAo D�c*a d Z n +�< \ U _ S \ & ' ( n*j W�7�8 9�% :�; < / =lr�g
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Evaluatingthelastterm(recall s�t�u?v v v w�xlykz ),z{�| }�~ ��� x � ����� s ���� ��� � � � � �O� � � ��� � � � �*� w��.� �� ��� � � � � �O� � � ��� � � � ���h� � {�| }�~ ��� x � � �
andusingthe Poissonsummationformula (C.2) finally resultsin thesimplified ex-
pression(recallthat � t¡�.� � )

�h� s � �� ��� ¢ � � � � ��� �q� v
Substitutionof thisexpressioninto Eq. (C.1)andusingtheidentity x £¤t¡�.¥ ,£ �¦?��� §1� �� ��� � � � � �O� � � ���� � � �.¨ s © � � ª�« � ¬ y ~ � w��® ¨ � ¥¯es £e� ° � ¬ y ¨ ¥�� � � � �*� w��.�t ��� s �4�� ��� ¢ � � � � ��� �q� �
andusingthePoissonsummationformula

�± ��� ² ³ � � � � ��� ´ � w�� t�wh�¶µ�± ��· µ �h� � y¡w�� ´ �
yields �¦?��� §®� �� ��� §®� � � � �.¨ s © � � ª « � ¬ y ~ �  ¨ � ¥¸¡s £e� ° � ¬ y ¨ ¥�� � � � �*� �¹ �± ��� ² ³ � � � � �*� ´ � wh� t w��£º��� s �4�� ��� ¢ � � � � �*� �q� v
Rearrangingfactorsagain,�± ��� ² ³ � �¦?��� §®� ° � ¬ y ¨ ¥�� � � � �.¨ s © � � � y � � �*¨ � � y � � �*¨�´ � wh�¹ �� ��� §1� ª�« � ¬ y ~ �  ¨ � ¥¯es £e� � � � � ~ �  ¨ � � � � � � ~ �  ¨ � ´ � w��t w��£º��� s � �� ��� ¢ � � � � ��� �q� �
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andreplacing» on theleft-handsidewith ¼¾½®¼ ¿ yieldsÀÁ Â�Ã Ä Å Æ ÀÇ Â�Ã È1Æ É1Ê Ë ¼e¿�Ì�Í Î Ï Ð Ñ ¿�Ò Ó�Ô Õ Î ¼ Ï Ð Ñ ¿�Ö Î ¼ Ï Ð Ñ ¿�× Ô Ø�ÙÚ ÀÛ Â�Ã È1Æ Ü�Ý Ê ËßÞ ½hÌ Þ Ò à�Í Î ¼ Ï Ð Ñ ½hÖ Î ¼ Ï Ð Ñ ½�× Ô ØhÙ á Ø�Ùàºâ Ê Ò Í Àã Â�Ã ä Æ Î Ï Ð Ñ » åqÖ�æ
ReplacingÒ with »l¼eÒ , with » á�ç?æ æ æ Ø�èl¼ké ,ÀÁ Â�Ã Ä Å Æ ÀÇ Â�Ã È1Æ É1Ê Ë ¼e¿�Ì�Í Î ¼ Ï Ð Ñ ¿�Ö Î ¼ Ï Ð Ñ ¿¡ê × Ô ØhÙ Þ Ò Ó�Ô Õº¼e» Ó�Ô Õ�ëÚ ÀÛ Â�Ã È1ÆÜ Ý Ê Ë�Þ » à¯¼eÒ à Þ ½hÌ�Í Î ¼ Ï Ð Ñ ½hÖ Î ¼ Ï Ð Ñ ½�× Ô Ø�Ù á ØhÙàºâ Ê Ò�¼¡» Í Àã Â�Ã ä Æ Î Ï Ð Ñ » åqÖ�ì
andreplacingÖ with ¼®ê í�¼e» Ó åÔ Õ�ë Ô å6ë yieldsÀÁ Â�Ã Ä Å Æ ÀÇ Â�Ã È1Æ É1Ê Ë ¼e¿�Ì�Í Î Ï Ð Ñ ¿¡ê í�¼e× å�Ô Ø�Ù1¼ Ò Ó å�Ô Õ�ë Ô åÚ ÀÛ Â�Ã È1ÆÜ Ý Ê ËßÞ » àî¼ Ò à Þ ½hÌ�Í Î Ï Ð Ñ ½�ê í�¼e× å�Ô Ø�Ù1¼e» Ó å�Ô Õ�ë Ô å á ØhÙàºâ Ê Ò�¼¡» Í æ
ReplacingË with Ë�Þ Ò à andchangingthesignof ¿ resultsin thesum-of-products
form ÀÁ Â�Ã Ä Å Æ ÀÇ Â�Ã È1Æ É1Ê ËßÞ Ò à Þ ¿�Ì�Í Î ¼ Ï Ð Ñ ¿¡ê íß¼e× å�Ô Ø�Ù1¼eÒ Ó åÔ Õ�ë Ô åÚ ÀÛ Â�Ã È®Æ Ü Ý Ê ËßÞ » à Þ ½hÌ�Í Î Ï Ð Ñ ½�ê í�¼e× å�Ô Ø�Ù1¼¡» Ó åÔ Õ�ë Ô å á ØhÙàºâ Ê Ò�¼e» Í æ
UsingtheZak transformation(1.15)finally leadsto theresultÀï Â�Ã Ä Å Æ ê ð�ñhë Ê Ë�Þ Ò à ì ×?¼eí*å�Ô Ø�Ù1¼eÒ Ó åÔ Õ�ò Ì ì åÍÚ ê ð4ó�ë Ý Ê Ë�Þ » à ì ×?¼eí*å�Ô Ø�Ù1¼e» Ó å�Ô Õ�ò Ì ì åÍ á ØhÙàºâ Ê Ò�¼e» Í æ
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C.3 Derivation of sum-of-productsform (4.26)

In theFourierexpansion(4.25) ô õßö ÷ øù ú û�üý4þ ÿ � � � � ��� � �	� , wesubstitutefrom theGabor
transform(4.18),ô õßö ÷ øù ú û�üý4þ ÿ � � � � ��� � �	��
���������� �� ����������� � � �  ô ! � " � � # � " ��� þ$&%')(� �û ��* ��+ � � � �  �, ô - !/. # þ " � �0 1 �����32��54 ÿ � 6 � 7�8 ÿ � 6 � !:9 � � � � �  #;� 6 " ���)<= �
andrearrangingfactorsyieldsô õßö ÷ øù ú û üý4þ ÿ � � � � ��� � �	��
 (� ������>�3� � � � �  ! � " � �û ��* ��+ � � � �  >, - ! " �$ �0 1 ���>�?2��54 ÿ � 6 � 7�8 ÿ � 6 � !:9 ��@A�� ����������� � � �  # ô � 6 � � . , � þ " ���)BDC
Replacingthesumof exponentialsin thelasttermwith asumof Kronecker deltas,ô õßö ÷ øù ú û�üý4þ ÿ � � � � ��� � �	��
 (� ������>�3� � � � �  ! � " � �û ��* ��+ � � � �  >, - ! " �$ �0 1 ���>�?2�� 4 ÿ � 6 � 7 8 ÿ � 6 � !:9 � @ ���FE�� ��G EIH ÿ � 6 � � . , � � #J��� � B �
andrearrangingfactorsagainyieldsô õßö ÷ øù ú û�üý4þ ÿ � � � � ��� � �	��
 � ������>�3� � � � �  ! � " � �û ��* ��+ � � � �  >, - ! " �$ E�� ��G E �0 1 ���>�?2�� H ÿ � 6 � � . , � � #J��� � 4 ÿ � 6 � 7 8 ÿ � 6 � !:9 � C
Evaluatingthesumover

� 6
yieldsô õßö ÷ øù ú û�üý4þ ÿ � � � � ��� � �	��
 � ������>�3��� � � �  ! � " � �û ��* ��+ � � � �  >, - ! " �$ �� ��* �?2�K ����+ 4 ÿ � .ô #J� � , þ � � 7 8 ÿ � .�ô #J� � , þ � � !:9 � C
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Note that L&M�N O�PRQTS�UVO�M3N O�PWQYX U is an integer. Rearrangingfactorsand
replacing Z�[ in theexponentialby \JO]ZD[ (notethat ^ _;`�a b c dVa \JOYZe[ f g hIN Oif�Q^ _;`�a Z�b c d�[ g hIN Oif for all integers \ ) yields

a j�k l mn o prqs f t u�v w x O�P:v L	y�QzP|{}�~��>�3��� Z�b c d>hiw N L {� ~�� �?��� ����� {p ~�� ���� � b c d�g�a \JO/Z�[ f hIN O�� t u��	a \JO/Z�[ f P:y ��� t ui�za \JOTZ�[ f PYZ�h:Miy �
Replacingthe doublesummationover \ and [ by a singlesummationover \ , and
usingtheidentity S�M�QzX P yields

a j�k l mn o prqs f t u�v w x O�P:v L	y�QzP|{}�~��>�3��� Z�b c d>hiw N L� {� ~�� �?��� ��� � b c d>h:\;g;N O � t ui�)\JP:y � � t ui�za \ S>N X5ZIhIf Miy �
Replacing\ with \J�>X���� , where\�Q�� L	N �JS>� and ��Qz��� � � �>X�ZD� , resultsin

a j�k l mn o prqs f t u�v w x O�P:v L	y�QzP {}�~��>�3��� Z�b c d>hiw N L�i� � �>�{ o ~�� {� ~�� �5� � � � � b c d>hi� g;N OI� t u��e\J�>X P]��� P:y ��� t ui�za \J�;S3ZIhIf M]��� P:y �
Rearrangingfactors,

a j�k l mn o prqs f t u�v w x O�P:v L	y�QzP � � ���{ o ~>� {� ~�� �5� � � � {}�~������ � ZVb c d�hiw N L� � b c d�hi� g;N O�� t u��)\J��X P/�)� P:y ��� t u��	a \J�JS3ZIhIf M]�)� P:y v
andreplacingh with \J�JS?Z�hi� yields

a j�k l mn o prqs f t u�v w x O�P:v L	y�QzP � � ���{ o ~>� {� ~�� �5� � � � {}V  ~��>�3��� Z�b c dVa \J�JS3ZIh � f w N L� � b c d�a \J�;S�ZIh � f � g;N O � t ui�)\J�>X P]�)� P:y � � t ui��h � M/�)� P:y �
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Rearrangingfactorsagain,¡ ¢�£ ¤ ¥¦ § ¨r©ª5« ¬ V® ¯ ° ±�²:® ³	´�µz²&¶ · ¸>¹º § »�¼ º½V¾ »�¿>À3Á�Â�Ã ¬ �Ä)ÅiÆ Ç]Ä�È ²:´É�Ê Ë Ì Í Å Æ ¡ ¯�Î�È Ï ³	Ð ±i« Ð ³ ºÑ »�Ò ÀrÓ ¶ Ô ÕÖ ¬ �Äe×JØ>Ù ²]Ä�È ²:´ Ê
Î Ë Ì Í ×JØ;Ú ¡ ¯;Î5È Ï ³zÐ ±i« Ð ³ ®

andusingthediscreteZak transformation(1.15)resultsin¡ ¢�£ ¤ ¥¦ § ¨r©ª5« ¬ �® ¯ ° ±�²:® ³	´�µz²�¶ · ¸�¹º § »>¼ ¡ Û5Ü « Ã ¬ iÄ�È ²:® ¯�Î�È Ï ³	Ð ±:° Ç:® ³	´É ¡ ÛrÝ « ¬ iÄ�È ²:® ¯�Î�È Ï ³T° ØJÚ�Ç:® ³zÐ Ø;ÚJ´ Þ
Finally, replacinḡ with

¯>Î�ß ³	Ð ØJÚ
andusingtheperiodicitypropertyof thediscrete

Zak transform
¡ Û?Ý «�¬ iÄ�È ²:® ¯�Î�È Ï ³	Ð ±:° ØJÚ�Ç:® ³zÐ Ø;ÚJ´

leadto theresult

à ¬ �® ¯�Î)ß ³	Ð ØJÚ�° ±�²:® ³	´>µz²�¶ · ¸�¹º § »>¼ ¡ Û5Ü « Ã ¬ iÄ�È ²:® ¯�Î)ß ³	Ð ØJÚ3ÎIÈ Ï ³	Ð ±:® Ç:® ³	´É ¡ ÛrÝ « ¬ iÄ�È ²:® ¯�Î�È Ï ³T° ØJÚ�Ç:® ³zÐ Ø;ÚJ´ Þ
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Appendix to Chapter 5

D.1 Derivation of bi-orthogonality condition (5.12)

We assumethat theset á�âã�ä s å æ ç è é ê:ë>ì í î ï ðòñ ó ô ê:ë>ì í î ï õiö	ñ ÷ is a frame.In the
Gaborexpansion(5.11),we substitutefrom theGabortransform(5.10)ø5ù ú û�üþýæ ÿ � � � � � ��� ýç ÿ � � � � � �
	�� �� ï é ó ô ñ ý� ÿ � � � � � ������� ø5ù � û ��� ù � ����� é û��� �
�  !�� " ï õ�ö	ñ # $ ô ã ù ú ����� é û � �  !�ú " ï õ�ö	ñ # $ ô %
Usingtheexpression(3.6) for themultiplicationoperator

�� ï é ó ô ñ andrearranging
factorsyields

ø5ù ú û�ü'&(*) î ï +eñ ýæ ÿ � � � � � ��� ý, ÿ � � � � � -/.*�� �  !10 " +2# $ 3 é ý� ÿ � � � � � �������ø5ù � û � � ù � ���4� é û� ã ù ú ����� é ûýç ÿ � � � � � �5	�� � �  !�0 " + # $ ô � �
�  ! ï � ��ú ñ " ï õ�ö&ñ # $ ô %
Combiningtheexponentialsin thelastsum(recallthat ö and õ arediagonalmatri-
ces),

ø5ù ú û�ü'&(*) î ï +eñ ýæ ÿ � � � � � ��� ý, ÿ � � � � � -/.*�� �  !10 " +2# $ 3 é ý� ÿ � � � � � �������ø5ù � û � � ù � ���4� é û� ã ù ú ����� é ûýç ÿ � � � � � �5	�� � �5�  ! ï � �Iú � ö&õ6+ # " 0 ñ " ï õiö	ñ # $ ô ó
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andreplacingthelastsumof exponentialsby sumsof Dirac functionsyields

798 : ;=<'>?*@ A B CEDGFH I J K L M N O�P FQ I J K L M N R/S*PT U V W1X Y
C2Z1[ \6] F^ I J K L M N _�`�O�P798 a ; b=c 8 a d�e4f ] ;gih 8 : d�e�f ] ; Fj I k*l ?m@ A B npoqD r 8 a d�: d oqn6C Z Y X s oqn6t ; u

Rearrangingfactorsagain,

798 : ;=< ?*@ A B n6oqD?m@ A B C2DvFH I J K L M N O�P FQ I J K L M N R/SmP T U V W�X Y
CEZ=[ \w] h 8 : d�e�f ] ;

g Fj I k*l F^ I J K L M N _�`�O�P r 8 a di: d o�n6CEZ Y=X s oqnpt ; 798 a ; b�c 8 a d�e�f ] ; x
andevaluatingthesumover

a
and
t
, andreplacingX , whichappearsin theexponent,

by X d C Y t (note that
@ ymz�B U V W1X Y C Z1[ \6] D < @ ymz{B U V W B X d C Y t D \6] D for allt |�}5~

) resultsin

798 : ;=< ?*@ A B n6oqD?m@ A B C2D FH I J K L M N O�P FQ I J K L M N R/SmP T U V W
B X d C Y t D Y CEZ1[ \6] h 8 : d�e4f ] ;

g Fj I J K L M N N ���
P �m� _�`�O�P 798 : s oqnpCEZ Y B X d C Y t D ;g b=c 8 : s oqnpCEZ Y B X d C Y t D d�e�f ] ; u
Rearrangingfactorsagain,

798 : ;=< ?*@ A B n6oqD?m@ A B C2D FH I J K L M N O�P h 8 : d�e�f ] ; Fj I J K L M N N ���
P �m� _�`�O�Pg FQ I J K L M N R S P T U V W
B X d C Y t D Y CEZ1[ \6] 798 : s oqnpC Z Y B X d C Y t D ;

g b c 8 : s oqnpC Z Y B X d C Y t D d�e�f ] ; x
andreplacingthesummationover

t
togetherwith thesummationover X by asumma-

tion over
a

yields

798 : ;=< ?*@ A B n6oqD?m@ A B C2DvFH I J K L M N O�P h 8 : d�e�f ] ; F^ I J K L M N �
O�P T U V W
a Y C Z1[ \6]

g 798 : s oqn6C Z Y a ; b c 8 : s oqn6C Z Y a d�e�f ] ; u
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Recallthat ���2���
� �q�p� �1� �4� . Rearrangingfactorsyields

�9� � � �6�*� � � �6�q��m� � � �2���� � � � � �   ¡5¢�£ �9� � ¤ �q�p� � �=¥ �
¦ �§ � � � � �   ¢�£¨ © ª «1¥ ��� �=� ¬6 ® � � ¯ �4�  � °�± � � ¤ �q�6� � �1¥ ¯ ���  � ²

For all ¥ ³µ´1¶ · � � ��¸¹� , we canwrite ¥ �»º ¤ �p¸½¼ with º ³µ¾ ¿�À � � ��¸¹� and¼ ³�Á5Â . Then this relationshipholds for any arbitrarysignal
�

if andonly if theº ��Ã in thesummationover ¥ �µº ¤ ��¸Ä¼ is theonly non-vanishingterm,which
finally leadsto thecondition

�§ � � � � �   ¢�£ ¨ © ª «1¥ � � �=� ¬6 ® � � ¯ �4�  � °=± � � ¤ �q�6� � �1¥ ¯ ���  �
� �*� � � �E��m� � � �p�q�p�Å � Æ*ÇmÈ

� ¥ ¯ ��¸Äº � ²
Thisconditionshouldhold for all ¥ ³p´�¶ · � � ��¸¹� andall

� ³6´1¶ · � � �4�/¸¹� .
D.2 Derivation of sum-of-productsform (5.14)

Therelationshipbetweentheperiodizedwindows ® and
°

lookslike

�§ � � � � �   ¢�£ ¨ © ª «1É � � �1� ¬6 ® � � ¯ ���  � °=± � � ¯ ���6� � �=É ¯ ���  �
� �*� � � �E��*� � � �6���6�Å � Æ*ÇmÈ

� É ¯ ��¸Äº � Ê
wherethevariableÉ extendsovera region ´1¶ · � � ��¸¹� . WereplacethevariableÉ by��Ë ¥ ¤�Ì with ¥ ³p´1¶ · � � Ë �1� ¸¹� and

Ì ³p¾ ¿�À � � ��Ëi� . Here Ë is a matrix suchthat��Ë , � � �1� ¬ � � �pË and Ë �=� ¸ arematricescontainingonly integers. Compare
the matrix Ë with ÍmÎ in the one-dimensionalcase. In fact, in the decomposable
case( ¬ a diagonalmatrix, �Ï�»� a diagonalmatrix and �Ð�ÐÑ1Ò ), Ë reducesto
a diagonalmatrix with integerssuchas Í*Î on the diagonal. Thus, replacing É by��Ë ¥ ¤�Ì ,

�§ � � � � �   ¢�£¨
¯ © ª « Ì � � �=� ¬w ® � � ¯ ���  � ° ± � � ¤ ����� Ë ¥ ¯  � ¯ �q�p� � � Ì �

�Ó�*� � � �E��*� � � �6���6�Å � Æ ÇmÈ
� ��Ë�� ¥ ¯ Ë �1� ¸Äº � ¯iÌ � Ê
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multiplying both sidesby Ô ÕmÖ�× Ø Ù Ú=Û Ü�Ý�Þ ß , andsummingover Þ àÄÖ1á â ã × Ý�ä1å æ¹ß
yields

ç
è é ê ë ì í î ï�ð

çñ é ê ë ì í î òôómõ ï�ðö ÷ Ø Ù Ú1ø Ü=ù ä=å ú6û üwý þ ÷�ÿ��5û ������ ý þ � ÿ�� × ÝpÞ ÷9û ß ÷
	�� ù ä Ü ø � ö Ø Ù Ú=Û Ü Ý�Þ
à  Ô ã × ù ß Ô ã × ��	 ß çñ é ê ë ì í î òôómõ ï�ð

ç� é ��� � ý � ÝE× Þ ÷ Ý ä=å æ�� ß ÷ ø � ö Ø Ù Ú1Û Ü ÝpÞ � (D.1)

Firstwesimplify theexpressionontheright-handside;usingthePoissonsummation
formula ç� é ê ë ì í î î ò ómõ ï�ð �*ð ö Ø Ù Ú�� Ü æ ä1å Ý�� à  Ô ã × Ý ä=å æ¹ß ç� é ��� � ý � ÷ Ý ä1å æ�� � (D.2)

yields Ô ã × ù Ý�ß Ô ã × ��	 æ¹ß çñ é ê ë ì í î òôómõ ï�ð
ç� é � � � ý � ÝE× Þ ÷ � ß ÷ ø � ö Ø Ù Ú1Û Ü ÝpÞ� ç� ê ë ì í î î òôómõ ï�ð � ð ö Ø Ù Ú�� Ü æ ä1å Ý�� �

Replacing� by Þ ÷ � � , Ô ã × ù Ý�ß Ô ã × ��	 æ¹ß çñ é ê ë ì í î ò ómõ ï�ð
ç� � é ��� � ý � Ý � � ÷ ø � ö Ø Ù Ú1Û Ü ÝpÞç� ê ë ì í î î òôómõ ï�ð � ð ö Ø Ù Ú�� Ü æ ä1å Ý�× Þ ÷ � � ß !

andrearrangingfactorsresultsin Ô ã × ù Ý�ß Ô ã × ��	 æ¹ß çñ é ê ë ì í î ò ómõ ï�ð ö Ø Ù Ú1Û Ü ÝpÞ
ç� ê ë ì í î î ò ómõ ï�ð �*ð ö Ø Ù Ú�� Ü æ ä1å ÝpÞ� "# ç� � é ��� � ý � Ý�� � ÷ ø � ö ÷ Ø Ù Ú$� Ü æ¹ä=å Ý � � %& �
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Since' lies in ( )�*�+�, - .0/ , evaluatingthelasttermyields+�1 2 , 34.5/+�1 2 , 6�7�89/ :�; ' <>=? @ A B C D E FHGJI K
L M N O P�Q R .�S =T A B C D E E FUGJI K
L V�L M N O P�W R 89X$Y .�S Z
UsingthePoissonsummationformula(D.2)finally leadsto thesimplifiedexpression+�1 2 , 34/+J1 2 , 6�7�/ :J; ' <[=? @ A B C D E \ ] L M N O P�Q R 8�S Z
Replacingthetermon theright-handsidein Eq.(D.1) by thepreviousexpression,

=^ @ A B C D E K
L =? @ A B C D E F GJI K5L M _`N O P ' R 34X�Y a�b c$d ; e f
gih , . S _ b / _ 7�6�3 X R ' <j k ; e _ gih b < M N O P$Q R . S l +�1 2 , 34/+�1 2 , 6�7�/ :J; ' <[=? @ A B C D E \ ] L M N O P$Q R 8�S m
andusingthePoissonformula

=n @ A B C D E F V L M N O P�o R .0X$Y S l +J1 2 , .0/U=n @ p ] :�; S _ . o <
yields

=^ @ A B C D E K
L =? @ A B C D E K
L M _qN O P ' R 3 X�Y a�b c d ; e f
gih , S _ b / _ 7�6�34X R ' <j k ; e _ gih b < M N O P�Q R S =n @ A B C D E F V LM N O P�o R .5X�Y S l +J1 2 , 34.0/+�1 2 , 6�7�/ :�; ' <5=? @ A B C D E \ ] LM N O P�Q R 8�S Z
Rearrangingfactors,

=n @ A B C D E F V L =^ @ A B C D E K
L M _`N O P ' R 34X$Y arb k ; e _ g�h b <j =? @ A B C D E K
L c�d ; e f
g�h , S _ b / _ 7�6�3 X R ' < M N O P$Q R S M N O P�o R .0X$Y Sl +�1 2 , 34.0/+J1 2 , 6�7�/ :J; ' <[=? @ A B C D E \ ] L M N O P�Q R 8�S m
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andreplacings by t u5v yieldswx y z { | } ~ �`��� w� y z { | } ~ �
� � �`� � ��� �$����� � v �r� � �
��� v �� w� y z { | } ~ �
� ��� � � �
�����4����� u ��� t � � � � ��� �`� t u5v � � � � ��� � �0�$� � t u
v �¡�¢�£ ¤ � �4� �¢J£ ¤ � ��� � ¥ � � �
w¦ y z { | } ~ § ¨ � � � � ��� � © s ª

Replacing� by � � s andchangingthesignof v ,wx y z { | } ~ � � � w� y z { | } ~ �5� � � � �q� � � s � �$����� � v �r� � u ��� v �� w� y z { | } ~ �
���� � � �«�����4���q� � � s � u ��� t � � � � �$� �q� t � v � � � � ��� ���5��� � t � v �¡ ¢�£ ¤ � �4� �¢J£ ¤ � ��� � ¥ � � � s �
w¦ y z { | } ~ § ¨ � � � � �$� ��© s ¬

andreplacing� by � u �����4���$� andrearrangingtermsresultsinwx y z { | } ~ �`��� w� y z { | } ~ �
� �r� � u ����� ��� � u �i� v � � � � �q� � � s � ���4��� � v� � �`� � �$� � v � �q� � ��� � � ��� v w� y z { | } ~ �
� �$� � � u �����4��� s u ��� t � � � � �$� � t� � � � ��� ���0�$� t ¡ ¢J£ ¤ � �4� �¢�£ ¤ � ��� � ¥ � � � s �
w¦ y z { | } ~ § ¨ � � �`� � �$� ��© s ª

Replacing� by © �$� �  ��©®� � ��� � � � s � andusingtheZak transformation(5.13)
finally leadsto thesum-of-productsformwx y z { | } ~ �`��� � ¯±° � � � u ����� ��� � ¬  �
© � � ��� � u � � ��� � � � � � ² �i� ¬ © �� � ¯±³ � � � � u ����� ��� s ¬  �
© � � ��� � u � � �$� � � � s � ² �i� ¬ © �¡ ¢�£ ¤ � �4� �¢J£ ¤ � ��� � ¥ � � � s � ª
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D.3 Derivation of sum-of-productsform (5.17)

In the Fourier expansionof the periodizedarray ´ µ�¶ · ¸ ¹¸ º »½¼¾±¿ À Á Â Ã Ä Å�Æ�Â Ç�È of Gabor
expansioncoefficients[seeEq.(5.16)],wesubstitutefrom theGabortransform(5.10)´ µ�¶ · ¸ ¹¸ º »½¼¾±¿ À Á Â Ã Ä Å�Æ�Â Ç�È$ÉËÊÌ Í Î Ï Ð Ñ ¶ Ò5¹ ÊÓ Í Î Ï Ð Ñ ¶ ÔqÕ«¹ Ö�× ´ Ø Â Ù ¿>ÊÚ Í Î Ï Ð Ñ ¶ ÛÝÜ�Ò5¹ Þ À ß Èà á$â À ß ã5ä�å Ø È æ ãqç è é�ß ê ´ Å�Æ�¿ ë$ì Ù æ ãqç è é ´ Ã ê�Ç9ë$ì Ø ã5Á ê ´ Å�Æ�¿ ë$ì Ù ¿ í
Using the expressionEq. (5.5) for the multiplication operator

Ö�× ´ Ø Â Ù ¿ and rear-
rangingfactors,

´ µ�¶ · ¸ ¹¸ º » ¼¾±¿ À Á Â Ã Ä Å�Æ�Â Ç�È$ÉËÊÌ Í Î Ï Ð Ñ ¶ Ò5¹ Ê
º Í Î Ï Ð Ñ ¶ î±ïJ¹

æ ç è é�ð ê$ñ4ë$ì ò Ø ÊÚ Í Î Ï Ð Ñ ¶ ÛÝÜ�Ò
¹Þ À ß Èà á$â À ß ã5ä�å Ø È æ ãqç è é�Ã ê Ç9ë�ì Øàôóõ ÊÓ Í Î Ï Ð Ñ ¶ ÔqÕ«¹ æ
ã`ç è é ´ ß ã5Á ã
Æ�Å�ñ4ë�ê�ð ¿ ê ´ Å�Æ�¿ ë�ì Ù ö÷ Â

andreplacingthelastsummationof exponentialsby asumof Dirac functionsresults
in

´ µ�¶ · ¸ ¹¸ º »½¼¾±¿ À Á Â Ã Ä Å�Æ�Â Ç�È$ÉùøJú û ´ Å�Æ�¿ ÊÌ Í Î Ï Ð Ñ ¶ Ò
¹ Ê
º Í Î Ï Ð Ñ ¶ î ï ¹

æ ç è é�ð ê�ñ4ë�ì ò Ø
à ÊÚ Í Î Ï Ð Ñ ¶ ÛÝÜ�Ò5¹ Þ À ß È á â À ß ã5ä�å Ø È æ

ãqç è é�Ã ê Ç9ë�ì Ø
à óõ ÊÓ Í ü�ýJþ À ß ã0Á ã5Æ�Å�ñ ë�ê ð ã
Æ�Å�Ù È ö÷ í

Rearrangingfactors,

´ µ�¶ · ¸ ¹¸ º »½¼¾±¿ À Á Â Ã Ä Å�Æ�Â Ç�È$ÉËÊÌ Í Î Ï Ð Ñ ¶ Ò5¹ Ê
º Í Î Ï Ð Ñ ¶ î ï ¹

æ ç è é�ð ê$ñ4ë$ì ò Ø æ ã`ç è é�Ã ê Ç9ë�ì Ø
à øJú û ´ Å�Æ�¿UÊÓ Í ü ý ÊÚ Í Î Ï Ð Ñ ¶ ÛÝÜ�Ò
¹þ À ß ã±Á ã«Æ�Å�ñ�ë�ê$ð ã«Æ�Å�Ù È Þ À ß È á$â À ß ã5äiå Ø È Â
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andevaluatingthesumover ÿ and � yields

� ��� � � �� � 	�
�� � � � � � ����� ������� � ! � ���"$#% & ' ( ) * � +,�
#

� & ' ( ) * � -/.0� 1
2 3 465 798;:6< =�>

? 1
@ 2 3 4 � 7 � :�< > #A & � � BDCE� F G HDIJ+K� L

� � M,�"� 8;:07 � 5 M 8K7 ÿ  �
?ON�P � � M,��� 8;:J7 � 5 M 8K7 ÿ  @,Q�R > � S

Rearrangingfactorsandreplacing
5
, whichappearsin theexponent,by

5 M 8 7 ÿ (note
that

� T U � 2 3 4 � 5 M 8 7 ÿ  7 8 :�< =�> V�W� T U � 2 3 4J5 7 8 :�< =X> 
for all ÿ YOZ � ) yields

� ��� � � �� � 	 
�� � � � � � ����� ������� � ! � ���"$#% & ' ( ) * � +,� 1
@ 2 3 4 � 7 � :�< >

? #A & � � BDCE� F G HDIJ+,�
#

� & ' ( ) * � - . � 1
2 3 4 � 5 M 8 7 ÿ  7 8 :�< =�>

? L
� � M,�"� 8;:07 � 5 M 8K7 ÿ  � N9P � � M,�"� 8;:07 � 5 M 8K7 ÿ  @,Q�R > � S

Replacingthedoublesummationover ÿ and
5

by asummationover � yields

� ��� � � �� � 	 
�� � � � � � ����� ������� � ! � ���"$#% & ' ( ) * � +,� 1
@ 2 3 4 � 7 � :�< >

? #[ & ' ( ) * � \]+,�1
2 3 4 � 7�8;:�< =�>

L
� � M;�"� 8 :J7 � � N P � � M;�"� 8 :J7 � @,Q�R > � S

Recallthat ^ � 8 7 � ���� :�< Q�R . Replacingthevector � by ^O_�ÿ M 5
with ÿ YU6` a ! � _ :6< �b

and
5 Y�c dJe � � ^O_ 

yields

� ��� � � �� � 	 
�� � � � � � ����� ������� � ! � ���"$#% & ' ( ) * � +,� 1
@ 2 3 4 � 7 � :�< >

? #
A & ' ( ) * � f F G +,�

#
� & ' ( ) * � \gfE� 1

2 3 465 798;:6< =�>
L
� � M,�"� 8 :07 5 M Q�R _ ÿ �

?ON P � � M,��� 8 :J7 5 M QhR � _ ÿ @ >  � S



D.3 Derivation of sum-of-productsform (5.17) 153

Rearrangingfactors,

i j�k l m nm o p�qr�s t u v w x y�z�v {�|�}�~ � � i y�z"s
���� � � � � � k �g� � �,n �o � � � � � k �g�En �

t u �,z"y��;�0��� �;���/�O� |
���� � � � � � k �,n�9�

t u �Dz"y��;�J�6� �D�h� i �O� ��� s | � �]  ¡ ¢6w �V{b��£ � �   ¡ ¢J� ���;��£ ¤�� v

andreplacing
�

by
��� �,¥

, with
¥ ¦�§6¨ © � i {ªs

, yields

i j�k l m nm o p qr�s t u v w x y�z�v {�|�}�~ � � i y�z"s
�«�� � � � � � k � � � �,n �o � � � � � k �g�]n �

t u �,z�y�� �J� � �,�h�/��� |
�¬� � � � � � k �,n

�9� t u �Dz"y��W�0��� �D���g¥ | � �E  ¡ ¢Jw � { ��£ i �O� �®¥ s �   ¡ ¢6� � � �6£ ¤ i �O� �®¥ s ¯

RearrangingfactorsandusingtheZak transformation(5.13)yields

i j�k l m nm o p�qr�s t u v w x y�z�v {�|�}�~ � � i y�z"s
� �o � � � � � k �]�]n � � � � � � k �,n���

t u �Dz"y��;�J�6� �D�h�]¥ | �   ¡ ¢ i w �D{ i �;�6£ ¤Os ��� s �V{b�6£ ¥
�O° o t u v w | v

with

° o t u v w |6} i ± ° s6t u �;z"y�� �0� � v w �;{ i � �6£ ¤Os � � x ���/�,v � ��£ {�| ¯
Replacing

w
by

w �;{b� �0��²
, andusingtheZak transformation(5.13),resultsin the

sum-of-productsformi j�k l m nm o p qr�s t u v w �W{b� �J�6² x y�zhv {�|6}�~0� � i y�z�s �o � � � � � k �]�]n ³ �o ´
t u v w | ° o t u v w |

with

³ o ´
t u v w |6} i ±

³
s�t u �,z"y��;�0��� v w �,{µt �¶�J� ² � i �;��£ ¤Os �6� | x ����v {·| ¯
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Samenvatting

De Gabor-ontwikkeling beschrijft eensignaalals eensuperpositievan verschoven
engemoduleerdeversiesvaneenvensterfunctie.Als vensterfunctieis destijdsdoor
Gaborbij de presentatievan de Gabor-ontwikkeling eenGaussischevensterfunc-
tie gekozen,omdatdezeoptimaal is met betrekkingtot de localisatiein het tijd-
frequentiedomein.De Gaborcoëfficiëntenkunnenberekendwordendoorinproduc-
tenvanhetsignaalmeteendualevensterfunctietenemen.DezeGaborcoëfficiënten
kunnengëınterpreteerdwordenals samplesvan hetgevensterdeFouriergetransfor-
meerdesignaalgebaseerdop dezedualevensterfunctie.Het gevolg hiervan is dat
alsdezedualevensterfunctiegoedgelocaliseerdis in het tijd-frequentiedomein,de
coëfficiëntenvan de Gabor-ontwikkeling tijd-frequentieinformatievan het signaal
vertonen.

Gaborbeschouwdehetseparabel(vierkant)geval,d.w.z.,hetGaborschemawaar-
van de set van verschoven en gemoduleerdeversiesvan de vensterfunctiecorres-
pondeertmet eenseparabelgrid in het tijd-frequentiedomein. In dit proefschrift
wordtaangetoonddateenniet-separabel(hexagonaal)GaborschemameteenGauss-
ischevensterfunctiebeteris in dezin vanstabiliteitdaneenseparabelGaborschema.
Het is aannemelijkdat andereniet-separabeleGaborschema’s danhet hexagonale
Gaborschemamet betrekkingtot anderetype vensterfunctieseenhogerestabiliteit
opleverendan eenseparabeleGaborschema. Niet-separabelemulti-dimensionale
Gaborschema’s voor tijd-continueentijd-discretesignalenis hetonderwerpvandit
proefschrift. Het een-dimensionaleGaborschemawordt apartbehandeldvoor illu-
stratieve doeleinden.

De Zak transformatiespeelteenbelangrijke rol in dit proefschrift.De Zak trans-
formatieheeftzijn waardebewezenvoorhetseparabeleGaborschema.Dezekange-
bruikt wordenomdedualevensterfunctievooreengegevenvensterfunctietebereke-
nen,om deGaborcoëfficiëntente berekenen,enom hetsignaalte reconstrueren.In
dit proefschriftwordt aangetoonddatdeZak transformatieookgebruiktkanworden
voorniet-separabeleGaborschema’s.

Niet-separabelegridskunnenverkregenwordendoor, bijvoorbeeld,eenrotatieof
een‘shear’vaneenrechthoekiggrid. Eenrotatiein hettijd-frequentiedomeinkange-
associeerdwordenmetde fractioneleFouriergetransformeerdeenvermenigvuldig-
ing met kwadratischefasetermenkan geassocieerdwordenmet de ‘shear’. In dit
proefschriftwordt aangetoondhoedezeoperatiesgebruiktkunnenwordenom algo-
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ritmen die ontwikkeld zijn voor separabeleGaborschema’s te hergebruiken in het
niet-separabelegeval.

Het separabeleGaborschemakangëımplementeerdwordenin devorm vaneen
filterbank.Er wordt aangetoonddatook hetniet-separabeleGaborschemagëımple-
menteerdkanwordenin devorm vaneenfilterbank.
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