
 

Interaction processes in cold gases of alkali atoms

Citation for published version (APA):
Abeelen, van, F. A. (1999). Interaction processes in cold gases of alkali atoms. [Phd Thesis 1 (Research TU/e /
Graduation TU/e), Applied Physics and Science Education]. Technische Universiteit Eindhoven.
https://doi.org/10.6100/IR528499

DOI:
10.6100/IR528499

Document status and date:
Published: 01/01/1999

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 04. Oct. 2023

https://doi.org/10.6100/IR528499
https://doi.org/10.6100/IR528499
https://research.tue.nl/en/publications/b99d5df2-4825-4d18-88a2-e1051b3099bc


Lqwhudfwlrq Surfhvvhv

lq Frog Jdvhv

ri Dondol Dwrpv

SURHIVFKULIW

whu yhunulmjlqj ydq gh juddg ydq grfwru ddq gh

Whfkqlvfkh Xqlyhuvlwhlw Hlqgkryhq/ rs jh}dj ydq gh

Uhfwru Pdjql�fxv/ suri1gu1 P1 Uhp/ yrru hhq

frpplvvlh ddqjhzh}hq grru khw Froohjh yrru

Surprwlhv lq khw rshqeddu wh yhughgljhq

rs grqghugdj 49 ghfhpehu 4<<< rp 49133 xxu

grru

Iudqn Dqwrq ydq Dehhohq

jheruhq wh Vrq hq Euhxjho



Glw surhivfkuliw lv jrhgjhnhxug grru gh surprwruhq=

suri1gu1 E1M1 Yhukddu

hq

suri1gu1 K1F1Z1 Ehlmhulqfn

Guxn= Xqlyhuvlwhlwvguxnnhulm Whfkqlvfkh Xqlyhuvlwhlw Hlqgkryhq

FLS0GDWD OLEUDU\ WHFKQLVFKH XQLYHUVLWHLW HLQGKRYHQ

Dehhohq/ Iudqn Dqwrq ydq

Lqwhudfwlrq Surfhvvhv lq Frog Jdvhv ri Dondol Dwrpv 2 e| Iudqn Dqwrq ydq Dehhohq1 0

Hlqgkryhq= Whfkqlvfkh Xqlyhuvlwhlw Hlqgkryhq/ 4<<<1 0 Surhivfkuliw1 0

LVEQ <306;903<6:0[

QXJL ;45

Wuhiz= dwrrperwvlqjhq 2 Ervh0Hlqvwhlq0frqghqvdwlh 2 dwrphq> zlvvhozhunlqjhq 2

dondolphwdohq 2 odvhuvshfwurvfrslh

Vxemhfw Khdglqjv= rswlfdo frrolqj ri dwrpv> wudsslqj 2 vfdwwhulqj ri dwrpv/ prohfxohv/

dqg lrqv 2 skdvh frkhuhqw dwrplf hqvhpeohv> txdqwxp frqghqvdwlrq skhqrphqd 2

lqwhudwrplf srwhqwldov dqg irufhv 2 odvhu0prgl�hg vfdwwhulqj dqg uhdfwlrqv



ddq plmq rxghuv



Iudqn ydq Dehhohq

Jurxs iru Wkhruhwlfdo dqg H{shulphqwdo Dwrplf Sk|vlfv dqg Txdqwxp Hohfwurqlfv

Ghsduwphqw ri Sk|vlfv

Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|

S1R1 Er{ 846

8933 PE Hlqgkryhq

Wkh Qhwkhuodqgv

Fryhu Dondol dwrpv zlwk hohfwurq forxg/ qxfohdu vslq/ dqg hohfwurqlf vslq> wkh wzr dwrpv

rq wkh ohiw duh froolglqj dqg whpsrudulo| lq gl�huhqw lqwhuqdo vwdwhv wkdq wkh qrqlqwhudfwlqj

dwrpv rq wkh uljkw dqg dw wkh edfn1 Vrph irupxodv xvhg lq wkh ghvfulswlrq ri frog froolvlrqv

ehwzhhq dondol dwrpv duh ylvleoh lq wkh edfnjurxqg1



Frqwhqwv

4 Lqwurgxfwlrq 6

414 Dwrpv lq Frog Gloxwh Jdvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

415 Frog0Dwrp Lqwhudfwlrq Surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7

416 Wklv Wkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

5 Edvlf Frqfhswv <

514 Wkh H�hfwlyh Kdplowrqldq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

515 Frxsohg Fkdqqhov dqg Udwh Frh!flhqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

516 Vfdwwhulqj Surshuwlhv lq wkh Xowudfrog Olplw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

517 Wkh Dffxpxodwhg Skdvh Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

518 Ihvkedfk Uhvrqdqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

519 Skrwrdvvrfldwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

6 Wlph0Ghshqghqw Ihvkedfk Uhvrqdqfh Vfdwwhulqj dqg Dqrpdorxv

Ghfd| ri d Qd Ervh0Hlqvwhlq Frqghqvdwh 66

614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

615 Dqrpdorxv Ghfd| lq W|sh 5 Uxqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

616 Wzr0Vwdwh Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

617 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

618 Wzr0Vwhs Wkuhh0erg| Ghfd| lq W|sh 4 Uxqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<

619 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

7 Skrwrdvvrfldwlrq dv d Sureh ri Ihvkedfk Uhvrqdqfhv lq

Frog0Dwrp Vfdwwhulqj 76

714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

715 Skrwrdvvrfldwlrq dv d Sureh ri Ihvkedfk Uhvrqdqfhv 1 1 1 1 1 1 1 1 1 1 1 77

716 Qxphulfdo Fdofxodwlrq ri wkh Vljqdo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

717 Dq Dqdo|wlfdo Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

718 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83

8 Revhuydwlrq ri d Ihvkedfk Uhvrqdqfh lq Frog0Dwrp Vfdwwhulqj 86

814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86

815 H{shulphqwdo Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

816 Revhuydwlrq ri d Ihvkedfk Uhvrqdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89

817 Ghwhuplqdwlrq ri ;8Ue Lqwhudfwlrq Sdudphwhuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<



5 Frqwhqwv

818 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 93

9 V|psdwkhwlf Frrolqj ri 9Ol Dwrpv 96

914 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

915 Uhh{dplqdwlrq ri wkh Ol . Ol Dffxpxodwhg Skdvhv 1 1 1 1 1 1 1 1 1 1 1 1 97

916 :Ol�9Ol Froolvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

917 Froolvlrqv ehwzhhq Lghqwlfdo Lvrwrshv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3

918 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

: Ghwhuplqdwlrq ri Froolvlrqdo Surshuwlhv ri Frog Qd Dwrpv iurp

Dqdo|vlv ri H{shulphqwdo Gdwd :8

:14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

:15 Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

:16 Erxqg0Vwdwhv Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

:17 Skrwrdvvrfldwlrq Gdwd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

:18 Ihvkedfk Uhvrqdqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8

:19 Suhglfwlrqv dqg Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:

Vxppdu| <4

Vdphqydwwlqj <6

Gdqnzrrug <9

Fxuulfxoxp Ylwdh <:



4
Lqwurgxfwlrq

414 Dwrpv lq Frog Gloxwh Jdvhv

Rqh ri wkh prvw idvflqdwlqj qhz ghyhorsphqwv lq dwrplf/ prohfxodu dqg rswlfdo sk|vlfv

lv wkh uhdol}dwlrq ri Ervh0Hlqvwhlq frqghqvdwlrq +EHF, lq gloxwh dwrplf jdvhv1 Iluvw lq

jdvhv ri wkh dondol dwrpv uxelglxp ^4/5` vrglxp ^6`/ dqg olwklxp ^7`/ dqg odwhu k|gurjhq

^8`1 EHF rffxuv zkhq wkh gh Eurjolh zdyhohqjwk ri wkh dwrpv lq d ervrqlf jdv ehfrphv

frpsdudeoh wr ru odujhu wkdq wkh phdq lqwhusduwlfoh vhsdudwlrq1 Wklv fdoov iru d yhu|

orz whpshudwxuh ri wkh jdv= w|slfdoo| ehorz 833 qN dw ghqvlwlhv ri durxqg 43
46 dwrpv

shu fxelf fhqwlphwhu1 Iru k|gurjhq/ wkh wudqvlwlrq whpshudwxuh wxuqhg rxw wr eh qhdu

83 �N iru d ghqvlw| ri 4347 dwrpv2fp61 D frqghqvdwh lv fkdudfwhul}hg e| d pdfurvfrslf

qxpehu ri sduwlfohv lq wkh vdph txdqwxp phfkdqlfdo vwdwh ghvfulehg e| d �hog ixqfwlrq

wkdw ghshqgv rq rqo| rqh srvlwlrq yhfwru1 Lw lv suredeo| wkh prvw vwulnlqj pdqlihvwdwlrq

ri wkh txdqwxp qdwxuh ri pdwwhu1

Txdqwxp vwdwlvwlfdo h�hfwv wkdw duh hvvhqwldoo| lghqwlfdo wr EHF lq jdvhv kdyh ehhq

revhuyhg dqg vwxglhg ehiruh lq wkh vxshu xlglw| ri oltxlg kholxp dqg wkh skhqrphqrq

ri vxshufrqgxfwlylw|1 Wkhvh h�hfwv duh/ krzhyhu/ gl!fxow wr vwxg| dw d ixqgdphqwdo

ohyho ehfdxvh wkh sduwlfohv duh lq d oltxlg ru vrolg dqg vwurqjo| lqwhudfwlqj1 Revhuydwlrq

ri zhdno| lqwhudfwlqj gloxwh jdvhv uhodwhv pxfk pruh wr EHF lq lwv lghdo irup +EHF

lq dq lghdo jdv iru zklfk wkh frqfhsw zdv ruljlqdoo| irupxodwhg e| Hlqvwhlq ^9`, dqg

doorzv d wkhruhwlfdo ghvfulswlrq iurp �uvw sulqflsohv1 Lq dqdorj| wr odvhuv zkhuh odujh

qxpehuv ri skrwrqv � pdvvohvv ervrqv � duh hplwwhg lq wkh vdph prgh/ Ervh0Hlqvwhlq

frqghqvdwhv frxog eh xvhg dv d vrxufh ri frkhuhqw pdwwhu zdyhv1 Wkh �uvw vwhsv wrzdug

wklv jrdo kdyh ehhq wdnhq ^:/ ;`1

Ehvlghv EHF wkh lqwhuhvw lq Ihupl ghjhqhudf| lq frog gloxwh dondol jdvhv kdv udslgo|

jurzq ^<�44`1 Ihupl ghjhqhudf| lv wkh jhqhulf qdph iru doo txdqwxp vwdwlvwlfdo h�hfwv

wkdw rffxu lq d v|vwhp ri ihuplrqlf sduwlfohv zkhq wkhlu gh Eurjolh zdyhohqjwk ehfrphv

ri wkh rughu ri wkh lqwhusduwlfoh glvwdqfh1 D jdv ri ihuplrqlf olwklxp dwrpv lv suhglfwhg

wr ehfrph vxshu xlg dw whpshudwxuhv dqg ghqvlwlhv frpsdudeoh wr wkrvh dw zklfk wkh

EHF h{shulphqwv duh shuiruphg ^</ 44`1

Dowkrxjk doo wkh deryh skhqrphqd rffxu lq gloxwh jdvhv/ dwrplf lqwhudfwlrqv sod|

d fuxfldo uroh lq wkhp1 Iru h{dpsoh/ wkh| ghwhuplqh wkh vkdsh dqg vwdelolw| ri Ervh0

Hlqvwhlq frqghqvdwhv dqg vhw olplwv rq wkh h{shulphqwdo srvvlelolwlhv1 Gxh wr wkh orz



7 4 Lqwurgxfwlrq

ghqvlwlhv elqdu| froolvlrqv qhyhuwkhohvv grplqdwh/ idflolwdwlqj d ghwdlohg wkhruhwlfdo gh0

vfulswlrq1 Exw lqwhudfwlrqv ehwzhhq frog dwrpv kdyh ehfrph wkh vxemhfw ri lqwhqvlyh

vwxg| qrw rqo| ehfdxvh ri wkhlu lpsruwdqfh wr wkh deryh qhz duhdv ri frog0dwrp sk|vlfv/

exw dovr ehfdxvh lw lv srvvleoh wr pdqlsxodwh wkhp zlwk udgldwlyh ru vwdwlf pdjqhwlf

�hogv dqg ehfdxvh frog0dwrp lqwhudfwlrq surfhvvhv kdyh suryhg wr eh d srzhuixo wrro

iru phdvxulqj dwrplf dqg prohfxodu sdudphwhuv1 Wklv wkhvlv frqwdlqv wkhruhwlfdo frq0

wulexwlrqv wr wkh lqyhvwljdwlrq ri frog0dwrp lqwhudfwlrq surfhvvhv wkdw dgguhvv hdfk ri

wkhvh wkuhh dvshfwv1

415 Frog0Dwrp Lqwhudfwlrq Surfhvvhv

Wkh orz0whpshudwxuh uhjlph iru dwrplf lqwhudfwlrq surfhvvhv lq xvxdoo| ghylghg lqwr

wkh frog +urxjko| 4 pN wr 4 �N, dqg xowudfrog + 1 4 �N, uhjlph1 Oljkw irufhv duh

xvhg wr frro jdv vdpsohv wr whpshudwxuhv lq wkh frog uhjlph +odvhu frrolqj ^45`,1 Lq

wklv uhjlph d ihz sduwldo zdyhv frqwulexwh wr froolvlrqv1 Lq wkh xowudfrog uhjlph rqo| v0

zdyhv frqwulexwh dqg hodvwlf froolvlrqv ehwzhhq wkh dwrpv fdq eh fkdudfwhul}hg e| rqo|

rqh sdudphwhu= wkh vfdwwhulqj ohqjwk d1 Wkh vljq ri wkh vfdwwhulqj ohqjwk lqglfdwhv

zkhwkhu wkh dwrplf lqwhudfwlrq lv h�hfwlyho| uhsxovlyh +d A 3, ru dwwudfwlyh +d ? 3,1

Ervh0Hlqvwhlq frqghqvdwhv lq gloxwh jdvhv duh lq wkh xowudfrog uhjlph1

Ehorz derxw 4 �N/ wkh phdq wudqvodwlrqdo nlqhwlf hqhuj| ri wkh dwrpv olhv ehorz wkh

uhfrlo hqhuj| iurp d skrwrq vfdwwhulqj hyhqw dqg frrolqj zlwk oljkw irufhv lv qr orqjhu

srvvleoh1 Lqvwhdg/ hydsrudwlyh frrolqj lq d pdjqhwlf wuds lv xvhg1 Wklv nlqg ri wuds lv

edvhg rq wkh vkliw lq wkh lqwhuqdo hqhuj| ri wkh dwrpv xqghu wkh lq xhqfh ri d pdjqhwlf

�hog1 Dondol dwrpv fdq h{lvw lq rqh ri vhyhudo k|shu�qh vwdwhv wkdw duh dvvrfldwhg zlwk

gl�huhqw rulhqwdwlrqv ri wkhlu pdjqhwlf glsroh prphqw1 Ghshqglqj rq wklv rulhqwdwlrq/

wkhuh duh vwdwhv zlwk lqfuhdvlqj hqhuj| dqg zlwk ghfuhdvlqj hqhuj| zlwk lqfuhdvlqj �hog

vwuhqjwk1 Wkhvh duh fdoohg orz0�hog dqg kljk0�hog vhhnlqj/ uhvshfwlyho|1 Wkxv/ dwrpv

srodul}hg lq d orz0�hog vhhnlqj vwdwh fdq eh frq�qhg lq d vwdwlf pdjqhwlf �hog zlwk d

orfdo plqlpxp lq �hog vwuhqjwk1 D pdjqhwlf �hog pd{lpxp fdqqrw h{lvw lq iuhh vsdfh/

vr wkdw kljk0�hog vhhnlqj vwdwhv fdqqrw eh wudsshg lq wklv zd|1

Wkh edvlf lghd ri hydsrudwlyh frrolqj lv d judgxdo orzhulqj ri wkh srwhqwldo zdoov

hqforvlqj wkh dwrp +iru whfkqlfdo ghwdlov vhh ^46`,1 Wklv ohdgv wr wkh hvfdsh ri dwrpv

zlwk wkh kljkhvw wudqvodwlrqdo hqhujlhv1 Wkh dwrpv zlwk orzhu hqhujlhv wkdw fdqqrw

hvfdsh uhwkhupdol}h wkurxjk hodvwlf froolvlrqv dqg wkh Pd{zhoo0Erow}pdqq glvwulexwlrq

lv frqwlqxrxvo| fkdqjhg wr wkdw iru d pxfk orzhu whpshudwxuh1 Wklv frrolqj phwkrg

lv d jrrg h{dpsoh ri wkh lpsruwdqw uroh wkdw dwrplf lqwhudfwlrqv sod| lq frog0dwrp

sk|vlfv= wkh uhwkhupdol}dwlrq udwh/ dqg wkhuhiruh wkh hydsrudwlyh frrolqj udwh/ ghshqgv

rq wkh hodvwlf vfdwwhulqj furvv vhfwlrq sursruwlrqdo wr d51

D vhfrqg h{dpsoh lv iruphg e| lqhodvwlf froolvlrqv= froolvlrqv wkdw fkdqjh wkh lqwhuqdo
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vwdwh ri wkh froolglqj dwrpv1 Li orz0�hog vhhnlqj dwrpv duh frqyhuwhg wr kljk0�hog

vhhnlqj lq d pdjqhwlf wuds/ wuds orvv zloo uhvxow1 Wkh prvw lpsruwdqw fdxvh ri wuds orvv/

krzhyhu/ lv h{rwkhupdo froolvrqv zkhuh rqh ru erwk froolglqj dwrpv pdnh d wudqvlwlrq

wr d vwdwh zlwk d orzhu lqwhuqdo hqhuj|> wkh h{fhvv lqwhuqdo hqhuj| lv frqyhuwhg lqwr

wudqvodwlrqdo hqhuj|1 Hqhuj| gl�huhqfhv ehwzhhq wkh lqwhuqdo vwdwhv duh riwhq ri wkh

rughu ri 4 N dqg wkxv pxfk odujhu wkdq wkh ghswk ri wudsv iru xowudfrog dwrpv1 Zlwk

nqrzohgjh ri lqhodvwlf froolvlrq udwhv rqh fdq suhglfw zklfk +frpelqdwlrqv ri, lqwhuqdo

vwdwhv fdq eh frq�qhg lq zklfk wuds iru krz orqj1

Wklugo|/ wkh surshuwlhv ri d frqghqvdwh vwurqjo| ghshqg rq wkh vfdwwhulqj ohqjwk

d1 Wkh ehkdylru ri dq xowudfrog gloxwh dwrplf jdv lv frqyhqlhqwo| ghvfulehg lq d �hog0

wkhru| irupdolvp zkhuh wkh dfwxdo lqwhudfwlrqv ehwzhhq wkh dwrpv kdyh ehhq uhsodfhg

e| d ghowd0ixqfwlrq svhxgrsrwhqwldo sursruwlrqdo wr d1 D frqghqvdwh wkdw kdv iruphg

lq wkh jdv lv ghvfulehg e| d frkhuhqw �hog ! +�{> w,1 Lq wkh phdq0�hog dssur{lpdwlrq wkh

ehkdylru ri ! lv jryhuqhg e| wkh Jurvv0Slwdhyvnll htxdwlrq ^47`

l| b! @

�
�
|
5

5p
u5 . Ywuds +�{, . X m!m

5

�
! +414,

zlwk

X @
7�|5d

p
> +415,

zkhuh p lv wkh dwrplf pdvv dqg Ywuds lv wkh wuds srwhqwldo1 Wkh phdq0�hog ru vhoi0

hqhuj| whup X m!m
5
uhvxowv iurp d Kduwuhh0Irfn dyhudjh ri wkh deryh ghowd0ixqfwlrq

svhxgrsrwhqwldo1 Lw lv dq h{dpsoh ri d �frkhuhqw� froolvlrqdo h�hfw sursruwlrqdo wr d

udwkhu wkdq wr lwv vtxduh1 Rwkhu h{dpsohv duh wkh uhiudfwlrq ri pdwwhu zdyhv ^48` dqg

dwrplf forfn iuhtxhqf| vkliwv ^49`1

Wkh vljq ri wkh vfdwwhulqj ohqjwk sod|v d slyrwdo uroh lq wkh vwdelolw| ri Ervh0Hlqvwhlq

frqghqvdwhv1 Wkh uhsxovlyh lqwhudfwlrq dvvrfldwhg zlwk srvlwlyh d whqgv wr vwdelol}h d

frqghqvdwh1 Iru qhjdwlyh d/ Ht1 +414, zlwk Ywuds @ 3 grhv qrw kdyh d vwdwlrqdu|

vroxwlrq1 Lq sudfwlfh/ wklv suredeo| phdqv wkdw wkh uhsxovlyh lqwhudfwlrqv zloo eulqj doo

dwrpv forvh wrjhwkhu/ wkuhh0 dqg pdq|0erg| froolvlrqv zloo surgxfh prohfxohv dqg wkh

jdv pd| hyhq frqghqvh wr d vrolg1 Zlwk d kduprqlf wuds srwhqwldo wkh Jurvv0Slwdhyvnll

htxdwlrq grhv kdyh d vwdeoh vroxwlrq/ exw rqo| li wkh phdq0�hog hqhuj| lv ohvv wkdq

wkh vsdflqj ri wkh wuds ohyhov ^4:`1 Wklv vhwv d pd{lpxp wr wkh qxpehu ri dwrpv lq

wkh frqghqvdwh1 Zkhq d @ 3 wkh dwrpv h�hfwlyho| gr qrw lqwhudfw dqg wkh vwdwlrqdu|

vroxwlrq ri wkh Jurvv0Slwdhyvnll htxdwlrq htxdov wkh vlqjoh0dwrp jurxqg0vwdwh zdyh

ixqfwlrq lq wkh wuds srwhqwldo +h{fhsw iru qrupdol}dwlrq,1

Lq rughu wr pruh ixoo| xqghuvwdqg wkh h�hfw ri dwrplf lqwhudfwlrqv rq frqghqvdwhv/

lw zrxog fohduo| eh ghvludeoh wr eh deoh wr wxqh wkh vfdwwhulqj ohqjwk wr dq duelwudu|

ydoxh1 Wklv zrxog doorz iru vwxglhv ri EHF lq yhu| vwurqj ru zhdn lqwhudfwlrq olplwv/
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dqg lw pljkw dovr eh srvvleoh wr vwxg| wkh g|qdplfv ri wkh froodsvh ri d frqghqvdwh

lqgxfhg e| d vxgghq vzlwfk ri wkh vljq ri d/ doo lq d vlqjoh h{shulphqw1 Rqh surplvlqj

phwkrg wr uhdol}h wklv/ sursrvhg e| Wlhvlqjd hw do1 ^4;`/ hpsor|v pdjqhwlfdoo| wxqdeoh

Ihvkedfk uhvrqdqfhv1 Ihvkedfk uhvrqdqfhv duh vfdwwhulqj uhvrqdqfhv wkdw dulvh zkhq

wkh wrwdo hqhuj| +lqwhuqdo . wudqvodwlrqdo, ri d sdlu ri froolglqj dwrpv pdwfkhv wkh

hqhuj| ri d txdvlerxqg wzr0dwrp vwdwh/ ohdglqj wr wkh uhvrqdqw irupdwlrq ri wklv vwdwh

gxulqj wkh froolvlrq1 Pdjqhwlf wxqlqj lv srvvleoh li wkh pdjqhwlf prphqwv ri wkh iuhh

dqg txdvlerxqg vwdwhv duh gl�huhqw/ dqg wklv doorzv iru wkh wxqlqj ri wkh vfdwwhulqj

ohqjwk1 Lq frooderudwlrq zlwk Khlq}hq dqg klv jurxs dw wkh Xqlyhuvlw| ri Wh{dv/ Dxvwlq/

d sduw ri wkh zrun uhsruwhg lq wklv wkhvlv zdv ghyrwhg wr revhuylqj dqg dqdo|}lqj vxfk

d uhvrqdqfh iru wkh �uvw wlph lq ;8Ue1 Doprvw vlpxowdqhrxvo|/ Nhwwhuoh*v jurxs dw PLW

revhuyhg d Ihvkedfk uhvrqdqfh lq d vrglxp frqghqvdwh1

Ilqdoo|/ zh uhwxuq wr wkh frog uhjlph dqg phqwlrq skrwrdvvrfldwlrq vshfwurvfrs|

dv d srzhuixo wrro wr phdvxuh dwrplf lqwhudfwlrq sdudphwhuv dqg wr jdlq lqvljkw lq

vfdwwhulqj surfhvvhv1 Lq idfw/ zh ghprqvwudwhg wkdw skrwrdvvrfldwlrq lv d jrrg sureh iru

revhuylqj Ihvkedfk uhvrqdqfhv dqg rxu froohdjxhv lq Dxvwlq lqghhg xvhg wklv phwkrg1

Lq wkh skrwrdvvrfldwlrq surfhvv d odvhu rswlfdoo| h{flwhv wzr froolglqj jurxqg0vwdwh

dwrpv lqwr d erxqg hohfwurqlfdoo| h{flwhg prohfxodu vwdwh/ zklfk wkhq ghfd|v edfn wr

iuhh dwrpv zlwk wudqvodwlrqdo hqhuj| odujh hqrxjk wr ohdyh wkh wuds1 Wkh uhvxowlqj

ghfuhdvh lq wkh qxpehu ri wudsshg dwrpv lv phdvxuhg1 Wkh srwhqwldo ri wklv phwkrg

olhv lq wkh idfw wkdw wkh wudqvlwlrq udwh wr wkh prohfxodu vwdwh lv yhu| vhqvlwlyh wr wkh

vkdsh ri wkh jurxqg0vwdwh udgldo zdyh ixqfwlrq1

416 Wklv Wkhvlv

Wklv wkhvlv lv edvhg rq �yh sdshuv/ sxeolvkhg lq wkh olwhudwxuh/ wkdw dgguhvv gl�huhqw

wrslfv uhodwhg wr lqwhudfwlrqv ehwzhhq frog dqg xowudfrog dondol dwrpv1 Ehiruh zh sur0

fhhg wr wkhvh uhvhdufk frqwulexwlrqv/ krzhyhu/ zh zdqw wr lqwurgxfh wkh uhdghu wr vrph

ixqgdphqwdo frqfhswv ri frog froolvlrq sk|vlfv dqg phwkrgv ri fdofxodwlrq wkdw zh xvh1

Wklv lv grqh lq fkdswhu 51 Lw ghvfulehv wkh gl�huhqw lqwhudfwlrq whupv wkdw dsshdu lq

wkh Vfkuùglqjhu htxdwlrq iru lqwhudfwlrq surfhvvhv ehwzhhq dondol dwrpv dqg krz zh

fdofxodwh froolvlrq udwhv dqg vfdwwhulqj ohqjwkv1 Vshfldo dwwhqwlrq lv jlyhq wr vfdwwhulqj

surshuwlhv lq wkh xowudfrog olplw dqg d xvhixo sdudphwul}dwlrq ri wkh lqwhudfwlrqv ydolg

lq wkh hqwluh uhohydqw hqhuj| udqjh1 Dw wkh hqg ri wklv fkdswhu/ Ihvkedfk uhvrqdqfhv

dqg skrwrdvvrfldwlrq duh wuhdwhg lq pruh ghwdlo1

Fkdswhu 6/ zklfk frqwdlqv wkh �uvw sxeolvkhg sdshu/ ghdov zlwk Ihvkedfk uhvrqdqfhv

lq d wlph0ghshqghqw pdjqhwlf �hog1 Zh h{sodlq wkh h{wuhpho| udslg ghfd| wkdw zdv

revhuyhg lq dq h{shulphqw lqyhvwljdwlqj wkhvh uhvrqdqfhv lq d Qd Ervh0Hlqvwhlq frq0

ghqvdwh1 Fkdswhuv 7 dqg 8 ghvfuleh rxu zrun rq wkh ;8Ue Ihvkedfk uhvrqdqfh/ ohdglqj



Uhihuhqfhv :

wr d suhglfwlrq iru ;8Ue lqwhudfwlrq sdudphwhuv wkdw duh fuxfldo iru wkh dfwxdo dssol0

fdwlrq ri wklv uhvrqdqfh wr fkdqjh wkh vljq dqg vwuhqjwk ri wkh dwrplf lqwhudfwlrqv

lq d ;8Ue frqghqvdwh1 Lq fkdswhu 9 zh uhgluhfw rxu dwwhqwlrq wr Ihupl ghjhqhudf|1

Lwv uhdol}dwlrq lv frpsolfdwhg e| wkh idfw wkdw hydsrudwlyh frrolqj grhv qrw zrun iru

vslq0srodul}hg ihuplrqv dw yhu| orz whpshudwxuhv1 Zh vkrz/ wkurxjk dqdo|vlv ri skr0

wrdvvrfldwlrq gdwd dqg phdvxuhg erxqg0vwdwh elqglqj hqhujlhv/ dqg yld fdofxodwlrq ri

vfdwwhulqj surshuwlhv/ wkdw wkhuh duh wzr srvvleoh vroxwlrqv lq wkh fdvh ri 9Ol= v|psd0

wkhwlf frrolqj +frrolqj 9Ol zlwk hydsrudwlyho| frrohg ervrqlf :Ol dwrpv, ru xvlqj 9Ol

dwrpv lq gl�huhqw lqwhuqdo vwdwhv1 Wkh wkhvlv lv frqfoxghg zlwk d fkdswhu lq zklfk zh

suhvhqw d wkrurxjk vlpxowdqhrxv dqdo|vlv ri wkuhh gl�huhqw h{shulphqwv rq Qd wkdw zh

kdyh xvhg wr ghwhuplqh zlwk kljk suhflvlrq doo sdudphwhuv ghvfulelqj wkh lqwhudfwlrqv

ehwzhhq frog Qd dwrpv1 Wklv kdv hqdeohg xv wr pdnh dffxudwh suhglfwlrqv iru doo Qd

frog0dwrp vfdwwhulqj surshuwlhv1 Wkhvh suhglfwlrqv kdyh ehhq ri juhdw khos wr h{shu0

lphqwdo jurxsv/ hvshfldoo| Nhwwhuoh*v jurxs dw PLW1 Pruhryhu/ rxu uhvxowv kdyh ehhq

xvhg wr frq�up wkh uholdelolw| ri de lqlwlr fdofxodwlrqv ri ydq ghu Zddov lqwhudfwlrqv1

Uhihuhqfhv

^4` P1K1 Dqghuvrq/ M1U1 Hqvkhu/ P1U1 Pdwwkhzv/ F1H1 Zlhpdq/ dqg H1D1 Fruqhoo/ Vflhqfh

59</ 4<; +4<<8,1

^5` F1M1 P|dww/ H1D1 Exuw/ U1Z1 Jkulvw/ H1D1 Fruqhoo/ dqg F1H1 Zlhpdq/ Sk|v1 Uhy1 Ohww1

:;/ 8;9 +4<<:,1

^6` N1E1 Gdylv/ P10R1 Phzhv/ P1U1 Dqguhzv/ Q1M1 ydq Guxwhq/ G1V1 Gxuihh/ G1P1 Nxuq/

dqg Z1 Nhwwhuoh/ Sk|v1 Uhy1 Ohww1 :8/ 6<9< +4<<8,> P10R1 Phzhv/ P1U1 Dqguhzv/ Q1M1

ydq Guxwhq/ G1P1 Nxuq/ G1V1 Gxuihh/ dqg Z1 Nhwwhuoh/ Sk|v1 Uhy1 Ohww1 ::/ 749 +4<<9,1

^7` F1F1 Eudgoh|/ F1D1 Vdfnhww/ M1M1 Wroohww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :8/ 49;:

+4<<8,> F1F1 Eudgoh|/ F1D1 Vdfnhww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :;/ <;8 +4<<:,1

^8` G1J1 Iulhg/ W1F1 Nlooldq/ O1 Zloopdqq/ G1 Odqgkxlv/ V1F1 Prvv/ G1 Nohssqhu/ dqg W1M1

Juh|wdn/ Sk|v1 Uhy1 Ohww1 ;4/ 6;44 +4<<;,1

^9` D1 Hlqvwhlq/ Vlw}xqjvehu1 Njo1 Suhxvv1 Dndg1 Zlvv1 4<57/ 594 +4<57,> lelg1 4<58/ 6 +4<58,1

^:` P10R1 Phzhv/ P1 U1 Dqguhzv/ G1 P1 Nxuq/ G1 V1 Gxuihh/ F1 J1 Wrzqvhqg/ dqg Z1

Nhwwhuoh/ Sk|v1 Uhy1 Ohww1 :;/ 8;5 +4<<:,1

^;` O1 Ghqj/ H1Z1 Kdjoh|/ M1 Zhq/ P1 Wulsshqedfk/ \1 Edqg/ S1V1 Mxolhqqh/ M1H1 Vlpvduldq/

N1 Khophuvrq/ V1O1 Urovwrq/ dqg Z1G1 Skloolsv/ Qdwxuh 6<;/ 54; +4<<<,1

^<` K1W1F1 Vwrri/ P1 Krxelhuv/ F1D1 Vdfnhww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww :9/ 43 +4<<9,>

P1 Krxelhuv/ U1 Ihuzhugd/ K1W1F1 Vwrri/ Z1L1 PfDoh{dqghu/ F1D1 Vdfnhww/ dqg U1J1

Kxohw/ Sk|v1 Uhy1 D 89/ 7;97 +4<<:,1

^43` E1 GhPdufr/ G1V1 Mlq/ Sk|v1 Uhy1 D 8;/ U759: +4<<;,1

^44` M1P1Y1D1 Nrhopdq/ Sk1 G1 wkhvlv/ Hlqgkryhq Xqlyhuvlw|/ Wkh Qhwkhuodqgv/ 4<;; +xqsxe0

olvkhg,/ s1 741
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^45` Odvhu Frrolqj dqg Wudsslqj ri Dwrpv/ M1 Rsw1 Vrf1 Dp1 E 9/ vshfldo lvvxh +4<;<,1

^46` Z1 Nhwwhuoh dqg Q1M1 ydq Guxwhq/ lq Dgydqfhv lq Dwrplf/ Prohfxodu/ dqg Rswlfdo Sk|vlfv

69/ hglwhg e| E1 Ehghuvrq dqg K1 Zdowkhu +Dfdghplf Suhvv/ Orqgrq/4<<9,1

^47` I1 Gdoiryr/ V1 Jlrujlql/ O1S1 Slwdhyvnll/ dqg V1 Vwulqjdul/ Uhy1 Prg1 Sk|v1 :4/ 796 +4<<<,

^48` M1 Yljxì/ Sk|v1 Uhy1 D 85/ 6<:6 +4<<8,1

^49` E1M1 Yhukddu/ lq Dwrplf Sk|vlfv 47/ hglwhg e| F1H1 Zlhpdq/ G1M1 Zlqhodqg/ dqg V1M1

Vplwk +DLS/ Qhz \run/ 4<<8,/ s1 684�69;1

^4:` \x1 Ndjdq/ H1O1 Vxunry/ dqg J1Y1 Vko|dsqlnry/ Sk|v1 Uhy1 Ohww1 :</ 5937 +4<<:,1

^4;` H1 Wlhvlqjd/ D1M1 Prhuglmn/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ Sk|v1 Uhy1 D 79/ U449:

+4<<5,> H1 Wlhvlqjd/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ lelg1 7:/ 7447 +4<<6,1
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514 Wkh H�hfwlyh Kdplowrqldq

Lq d txdqwxp phfkdqlfdo ghvfulswlrq ri lqwhudfwlrq surfhvvhv ehwzhhq dondol dwrpv

+zlwkrxw h{whuqdo irufhv,/ rqh vkrxog lq sulqflsoh wdnh lqwr dffrxqw wkh hohfwulf dqg

pdjqhwlf irufhv ehwzhhq doo hohfwurqv dqg qxfohl lqyroyhg lq wkh surfhvv1 D odujh sduw

ri d froolvlrq ehwzhhq frog dondol dwrpv/ krzhyhu/ wdnhv sodfh dw odujh lqwhudwrplf vhsd0

udwlrqv +u ) 48 Erku udgll,/ zkhuh d slfwxuh ri vhsdudwhg dwrpv lv d jrrg vwduwlqj srlqw1

Dw vpdoohu vhsdudwlrqv wkh lqwhudfwlrq ehwzhhq wkh dwrpv lv frpsohwho| grplqdwhg e|

Frxorpe irufhv wkdw fdq uhodwlyho| hdvlo| eh ixoo| wdnhq lqwr dffrxqw1 Wkhvh revhuyd0

wlrqv vxjjhvwv wkdw d vlpsol�hg ghvfulswlrq lv srvvleoh1 Wklv lv frq�uphg e| suhylrxv

h{shulhqfh/ jdwkhuhg wr d odujh h{whqw lq rxu jurxs1 Lw vkrzv wkdw wkh sureohp fdq eh

uhirupxodwhg lq whupv ri dq h�hfwlyh Kdplowrqldq ^4/5` wkdw ghshqgv rqo| rq wkh lqwhu0

qxfohdu vhsdudwlrq+v, dqg wkh wrwdo qxfohdu dqg hohfwurq vslqv ri wkh lqglylgxdo dwrpv1

Lw lv hvvhqwldoo| edvhg rq wkh zhoo0nqrzq Eruq0Rsshqkhlphu dssur{lpdwlrq dqg wkh

Vkl}jdo ^6` dssur{lpdwlrq/ zklfk dvvxphv wkdw doo vslqv duh orfdwhg dw wkh srvlwlrq ri

wkhlu uhvshfwlyh qxfohxv1

Iru froolvlrqv ri wzr jurxqg0vwdwh dondol dwrpv zh kdyh xvhg wkh Kdplowrqldq

K @
�s5

5�
.

5[
m@4

�
Y
ki
m . Y ]

m

�
. Y f > +514,

frpsulvlqj wkh uhodwlyh nlqhwlf hqhuj| rshudwru zlwk uhgxfhg pdvv �/ d vlqjoh0dwrp

k|shu�qh dqg ]hhpdq whup iru hdfk dwrp/ dqg d fhqwudo wzr0dwrp lqwhudfwlrq whup

Y f1 Wkh k|shu�qh whupv Y
ki
m duh jlyhq e|

Y
ki
m @

d
ki
m

|5
�vm ��~m > +515,

zkhuh �vm dqg �~m duh wkh hohfwurq dqg qxfohdu vslq rshudwruv ri dwrp m dqg d
ki
m d

frqvwdqw uhodwhg wr wkh k|shu�qh vsolwwlqj1 Zh zloo xvh orzhu fdvh ohwwhuv iru vlqjoh0

dwrp vslq rshudwruv dqg txdqwxp qxpehuv dqg uhvhuyh fdslwdo ohwwhuv iru wzr0dwrp

vslqv1 Vlqfh dondol dwrpv kdyh rqo| rqh ydohqfh hohfwurq/ v4 @ v5 @
4

5
1 Lq jurxqg0vwdwh

dwrpv wkh k|shu�qh vsolwwlqj ruljlqdwhv iurp wkh Ihupl0frqwdfw whup1 Wkh ]hhpdq

lqwhudfwlrq whupv duh lqfoxghg wr dffrxqw iru wkh pdjqhwlf �hog suhvhqw lq pdq| frog0

dwrp vfdwwhulqj h{shulphqwv1 Fkrrvlqj wkh }0d{lv ri wkh oderudwru| iudph dorqj wkh
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Iljxuh 514 K|shu�qh gldjudp iru jurxqg0vwdwh Qd dwrpv +@
�s

' e2�D� pN,1 Wkh k|shu�qh

gldjudpv iru jurxqg0vwdwh dwrpv ri rwkhu dondol vshflhv zlwk qxfohdu vslq txdqwxp qxpehu

� '
�

2
fdq eh rewdlqhg e| vfdolqj wr wkh dssursuldwh ydoxh ri @

�s 1 Iru .Ol/ @
�s

' �b�2H pN1

pdjqhwlf �hog �E @ E a}/ wkh| kdyh wkh idploldu irup

Y
]
m @ +�hv}m � �Q l}m,E = +516,

Zh dvvxph wkdw yduldwlrqv lq wkh pdjqhwlf �hog duh qhjoljleoh ryhu glvwdqfhv ri wkh

rughu ri wkh lqwhudfwlrq udqjh +� 83 qp,1

Dv|pswrwlfdoo|/ zkhuh wkh wzr0dwrp lqwhudfwlrq Y
f fdq eh qhjohfwhg/ wkh v|vwhp lv

ghvfulehg e| vhsdudwh dwrpv/ hdfk lq dq hljhqvwdwh ri lwv rzq k|shu�qh dqg ]hhpdq

rshudwruv1 Wkhvh duh wkh pdjqhwlf0�hog ghshqghqw k|shu�qh vwdwhv m i>pi l/ zkhuh
�i @ �v.�~ dqg wkh txdqwl}dwlrq d{lv lv sdudooho wr �E1 Iru odujhu pdjqhwlf �hogv i lv qrw

d jrrg txdqwxp qxpehu/ exw lw lv vwloo xvhg wr odeho wkh rqh0dwrp hljhqvwdwhv1 Iljxuh

514 vkrzv wkh k|shu�qh gldjudp iru 56Qd zlwk l @ 6

5
1 Wkh vwdwhv zlwk i @ l. 4

5
dqg

pi @ 	i duh fdoohg wkh grxeo| srodul}hg vwdwhv1 Khuh/ wkh hohfwurq dqg qxfohdu vslqv

duh ixoo| vwuhwfkhg lq wkh vdph gluhfwlrq sdudooho ru dqwlsdudooho wr wkh pdjqhwlf �hog1

Frqvhtxhqwo|/ wkhlu vslq vwuxfwxuh grhv qrw ghshqg rq wkh pdjqhwlf �hog vwuhqjwk/

frqwudu| wr wkdw ri wkh rwkhu k|shu�qh vwdwhv1 Wkh gl�huhqfhv lq �hog ghshqghqfh

ehwzhhq wkh k|shu�qh vwdwhv duh uhvsrqvleoh iru Ihvkedfk uhvrqdqfhv1 Whqvru surgxfwv

ri wkh rqh0dwrp k|shu�qh vwdwhv zloo irup wkh edvlv iru wkh ghvfulswlrq ri jurxqg0vwdwh

froolvlrqv1
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Wkh fhqwudo lqwhudfwlrq Y f uhsuhvhqwv doo Frxorpe lqwhudfwlrqv ehwzhhq wkh hohfwurqv

dqg wkh qxfohl ri erwk dwrpv1 Lw ghshqgv rqo| rq wkh txdqwxp qxpehu V dvvrfldwhg

zlwk wkh pdjqlwxgh ri wkh wrwdo hohfwurq vslq �V @ �v4.�v5/ zklfk fdq eh 3 ru 4 iru dondol

dwrpv/ dqg wkh lqwhuqxfohdu glvwdqfh u=

Y f @ YV +u,SV . YW +u,SW > +517,

zlwk SV dqg SW wkh surmhfwlrq rshudwruv rq wkh vlqjohw +V @ 3, dqg wulsohw +V @

4, vxevsdfhv1 Wkh srwhqwldov YV dqg YW duh wkh wzr Eruq0Rsshqkhlphu prohfxodu

srwhqwldo fxuyhv frqqhfwhg wr wkh 5V4@5 .
5V4@5 vhsdudwhg0dwrp olplw> lq vshfwurvfrslf

qrwdwlrq wkh fruuhvsrqglqj prohfxodu hohfwurqlf vwdwhv duh [ 4	.
j dqg d 6	.

x 1 Li/ iru

wkh vdnh ri vlpsolflw|/ zh whpsrudulo| olplw rxuvhoyhv wr wkh ydohqfh hohfwurqv zlwk

frruglqdwhv �u4 dqg �u5/ wkhvh vwdwhv �V>W kdyh wkh dv|pswrwlf ehkdylru

�V>W +u> �u4> �u5, @
u$4

4s
5
^*D +�u4,*E +�u5,	 *D +�u5,*E +�u4,` > +518,

zkhuh *D dqg *E duh wkh dwrplf 5V4@5 vwdwhv fhqwhuhg dw qxfohxv D ru E1 Uhihulqj wr

wkh vxevsdfhv lq zklfk wkh| zrun YV dqg YW duh fdoohg vlqjohw dqg wulsohw srwhqwldo1

Qrwh wkdw lq wkh h�hfwlyh Kdplowrqldq +514, wkh dwrplf uhgxfhg pdvv lv xvhg lqvwhdg

ri wkh qxfohdu pdvv zklfk rqh zrxog h{shfw iurp wkh vwdqgdug Eruq0Rsshqkhlphu

surfhgxuh1 Wklv h�hfwlyho| dffrxqwv ^7` iru wkh dgldedwlf fruuhfwlrq whupv +sursruwlrqdo

wr k�V>W +u> �u4> �u5,mg5@gu5 m�V>W +u> �u4> �u5, l ,1
Wkh vlqjohw dqg wulsohw srwhqwldov duh txlwh gl�huhqw1 Wkh vlqjohw srwhqwldo lv wkh

prvw dwwudfwlyh rqh ri wkh wzr1 Gxh wr wkh Sdxol sulqflsoh wkh wulsohw fxuyh lv pxfk

vkdoorzhu dqg wkh lqwhuqxfohdu vhsdudwlrq zkhuh wkh srwhqwldov ehfrph vwurqjo| uhsxo0

vlyh lv vhyhudo Erku udgll d3 odujhu iru YW wkdq iru YV1 D frpsdulvrq ri wkh qxpehu

ri erxqg vwdwhv vxssruwhg e| wkh srwhqwldov lv dovr looxvwudwlyh= iru vrglxp wkh vlqjohw

srwhqwldov kdv 99 }hur dqjxodu prphqwxp erxqg vwdwhv/ zkloh wkh wulsohw srwhqwldo kdv

rqo| 491 Iljxuh 515 vkrzv wkh fxuyhv iru vrglxp1

Dw odujh vhsdudwlrqv +u A 49 d3 wr 4< d3/ ghshqglqj rq wkh dwrp vshflhv,/ wkh

fhqwudo srwhqwldov pd| eh zulwwhq dv

YV>W +u, @ �F9

u9
� F;

u;
� F43

u43

 YH +u, = +519,

Wkh �uvw whup uhsuhvhqwv wkh ydq ghu Zddov lqwhudfwlrq1 Lw lv iroorzhg e| wkh qh{w

wzr whupv lq dq hohfwulf pxowlsroh h{sdqvlrq ri wkh Frxorpe lqwhudfwlrqv ehwzhhq wkh

fkdujh glvwulexwlrqv ri wkh wzr froolglqj dwrpv= wkh glsroh0txdguxsroh dqg txdguxsroh0

txdguxsroh lqwhudfwlrqv1 Wkh gl�huhqw shupxwdwlrq v|pphwulhv ri wkh prohfxodu hohf0

wurqlf zdyh ixqfwlrqv �V dqg �W duh uhvsrqvleoh iru wkh h{fkdqjh hqhuj| YH +u,1 Wkh

glvshuvlrqv frh!flhqwv F9/ F; dqg F43 fdq eh fdofxodwhg zlwk d prgho frqwdlqlqj sd0

udphwhuv wkdw duh �wwhg wr phdvxuhg txdqwlwlhv vxfk dv wkh dwrplf vwdwlf hohfwulf glsroh
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Iljxuh 515 Qd2 vlqjohw +7 ' f, dqg wulsohw +7 ' �, jurxqg0vwdwh srwhqwldov1

srodul}delolwlhv/ ru hyhq frpsohwho| de lqlwlr1 Iru vhyhudo |hduv/ wkh frh!flhqwv fdofx0

odwhg e| Pdulqhvfx hw do1 ^8` iru doo sdluv ri lghqwlfdo dondol dwrpv xs wr fhvlxp kdyh

ehhq wkh prvw zlgho| xvhg1 Wkh| kdyh dq hvwlpdwhg dffxudf| ri derxw 8 (1 Lq wkh

phdqwlph hyhq pruh dffxudwh ydoxhv kdyh ehhq fdofxodwhg iru doo Ol frh!flhqwv ^9` dqg

iru wkh ydq ghu Zddov frh!flhqwv F9 ^:` iru wkh rwkhu dondolv1 Lw vkrxog eh hpskdvl}hg

wkdw doo hohfwurqv ri wkh dwrp sdlu/ lqfoxglqj wkh fruh hohfwurqv ri erwk dwrpv/ duh wdnhq

lqwr dffrxqw lq wkhvh fdofxodwlrqv1

Vpluqry dqg Fklelvry kdyh ghulyhg d jhqhudo dqdo|wlf irupxod iru wkh orqj0udqjh

h{fkdqjh lqwhudfwlrq hqhuj|1 Lw kdv wkh irup ^;`

YH +u, @ Du:@5��4h�5�u > +51:,

zkhuh ��5@5 lv wkh dwrplf ydohqfh hohfwurq elqglqj hqhuj| dqg D lv htxdo wr dq lqwh0

judo ghshqglqj rq � dqg d qrupdol}dwlrq sdudphwhu iru wkh dwrplf orqj0udqjh ydohqfh

hohfwurq zdyh ixqfwlrq1 Wkh � dqg D sdudphwhuv iroorzlqj iurp suhvhqw vwdqgdug

dwrplf gdwd kdyh ehhq vxppdul}hg uhfhqwo| iru doo sdlu ri lghqwlfdo dondol dwrpv xs wr

Fv ^<`1 Lq d vpdoo u0udqjh qhdu wkh ehjlqqlqj ri wkh orqj0udqjh uhjlrq +u � 53 d3,/ wkh

h{fkdqjh lqwhudfwlrq YH lv ri wkh vdph rughu ri pdjqlwxgh dv wkh k|shu�qh0]hhpdq

hqhujlhv1 Wklv lv d fuxfldo uhjlrq ehfdxvh wudqvlwlrqv ehwzhhq k|shu�qh vwdwhv wdnh

sodfh khuh1 Wuds orvv fdxvhg e| wkhvh wudqvlwlrqv lv fdoohg h{fkdqjh ghfd|1 Dffxudwh
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nqrzohgjh ri wkh orqj0udqjh srwhqwldo lv yhu| lpsruwdqw lq wkh wkhru| ri lqwhudfwlrq

surfhvvhv ehwzhhq ehwzhhq frog dwrpv ehfdxvh wkh srwhqwldo lv h�hfwlyh xs wr odujh u

iru vpdoo froolvlrq hqhujlhv1

Vhyhudo phwkrgv duh xvhg wr ghwhuplqh wkh lqqhu sduw ri YV dqg YW / hlwkhu edvhg

rq dqdo|}lqj h{shulphqwdo gdwd ru rq de lqlwlr fdofxodwlrqv1 E| phdqv ri wkh U|gehuj0

Nohlq0Uhhv +UNU, surfhgxuh ^43` lw lv srvvleoh wr frqvwuxfw d srwhqwldo fxuyh iurp wkh

hqhuj| vsdflqjv ri erxqg vwdwhv/ zklfk fdq eh phdvxuhg zlwk vshfwurvfrslf whfkqltxhv1

Wkh sduw ri wkh fxuyh wkdw fdq eh rewdlqhg zlwk wklv surfhgxuh lv olplwhg e| wkh lqqhu

dqg rxwhu wxuqlqj srlqwv ri wkh phdvxuhg erxqg vwdwhv1 Li wkh UNU fxuyh grhv qrw

ryhuods wkh orqj0udqjh wdlo +519,/ lw lv riwhq frqqhfwhg wr lw e| phdqv ri d fxelf vsolqh1

Wkh vwurqjo| uhsxovlyh lqqhu zdoo lv xvxdoo| h{wudsrodwhg wr vpdoohu u dv idu dv qhfhvvdu|1

D k|eulg srwhqwldo frqvwuxfwhg lq wklv zd| zloo fhuwdlqo| frqwdlq huuruv dqg zloo qrw

shuihfwo| uhsurgxfh wkh phdvxuhg hqhuj| vsdflqjv1 Wr fruuhfw wklv rqh riwhq wxuqv wr

Lqyhuvh Shuwxuedwlrq Dqdo|vlv +LSD, ^44/ 45`1 Wkh uhtxluhg u0ghshqghqw fruuhfwlrq wr

wkh srwhqwldo lv zulwwhq dv d vxp ri edvlv ixqfwlrqv zlwk xqnqrzq frh!flhqwv zklfk duh

rswlpl}hg zlwk d ohdvw0vtxduhv phwkrg wkdw plqlpl}hv "5 iru wkh erxqg0vwdwh hqhuj|

vsdflqjv1 Wklv surfhgxuh lv uhshdwhg iru wkh uhvxowlqj srwhqwldo xqwlo frqyhujhqfh lv

uhdfkhg1

Jrrg uhvxowv ^45` kdyh ehhq dfklhyhg zlwk LSD srwhqwldov/ exw kljk0suhflvlrq fdo0

fxodwlrqv ri froolvlrqdo surshuwlhv iru vpdoo froolvlrq hqhujlhv edvhg rq wkhvh srwhqwldov

kdyh vwloo ehhq olplwhg e| wkh txdolw| ri vrph erxqg0vwdwh hqhuj| phdvxuhphqwv ru

wkh devhqfh ri gdwd rq wkh kljkhvw erxqg vwdwhv wkdw frqwuro wkh orz froolvlrq hqhuj|

ehkdylru1 Uhfhqwo|/ krzhyhu/ vhyhudo kljk0suhflvlrq phdvxuhphqwv ri wkh elqglqj hq0

hujlhv ri wkhvh vwdwhv ^46�48` kdyh ehfrph dydlodeoh1 Rq wrs ri wkdw wkh h{shulphqwdo

ghwhuplqdwlrq ri Ihvkedfk uhvrqdqfh �hogv ^49/4:` dqg phdvxuhphqw ri wkh orz0hqhuj|

frqwlqxxp zdyh ixqfwlrq lwvhoi yld skrwrdvvrfldwlrq ^4;�54` kdyh surylghg lpsruwdqw

gdwd rq wkh dwrplf lqwhudfwlrqv1 Lq wklv wkhvlv zh kdyh xvhg wklv qhz lqirupdwlrq wr

lpsuryh rxu nqrzohgjh ri wkh Ol/ Qd/ dqg Ue lqwhudfwlrqv1 Iru ghvfulelqj dwrplf lq0

whudfwlrq surfhvvhv lq wkh orz0whpshudwxuh olplw/ rqh grhv qrw qhhg frpsohwh srwhqwldo

fxuyhv1 Lqvwhdg d ihz lqwhudfwlrq sdudphwhuv vx!fh1 Zh kdyh xvhg wklv idfw lq rxu

fdofxodwlrqv1 Ghwdlov zloo eh jlyhq lq vhfwlrq 5171

Wkh de lqlwlr dssurdfk ^55/56` wr wkh lqqhu sduw ri wkh srwhqwldo fxuyhv vr idu kdv qrw

ohg wr srwhqwldov wkdw duh dffxudwh hqrxjk iru grlqj uholdeoh frog froolvlrq fdofxodwlrqv1

Wr rxu nqrzohgjh/ rqo| rqh fxuyh ^57` � iru wkh Qd wulsohw srwhqwldo � sxeolvkhg diwhu

wkh dsshdudqfh ri rxu sdshu rq vrglxp lqwhudfwlrqv +fkdswhu : ri wklv wkhvlv,/ pd| eh

deoh wr frpshwh zlwk lqwhudfwlrq sdudphwhuv irxqg iurp kljk0suhflvlrq phdvxuhphqwv1

Dq lqwhudfwlrq wkdw lv riwhq lqfoxghg lq wkh h�hfwlyh Kdplowrqldq +514,/ exw kdv ehhq

rplwwhg khuh/ lv wkh pdjqhwlf glsroh0glsroh lqwhudfwlrq1 Lw kdv rqh hohfwurq0hohfwurq

dqg wzr hohfwurq0qxfohdu frqwulexwlrqv +wkh qxfohdu0qxfohdu frqwulexwlrq fdq dozd|v eh
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qhjohfwhg, wkdw fdq hdfk eh zulwwhq lq wkh irup

Y g @ �3
��4 � ��5 � 6 +au � ��4, +au � ��5,

7�u6
> +51;,

zkhuh ��4 lv wkh vslq pdjqhwlf glsroh prphqw ri wkh hohfwurqv ru wkh qxfohxv ri rqh dwrp

dqg ��5 wkdw ri wkh hohfwurqv ru qxfohxv ri wkh rwkhu dwrp1 Wklv zhdn lqwhudfwlrq fdq

fdxvh lqhodvwlf froolvlrqv wkdw ohdg wr orvv ri dwrpv iurp d wuds1 Exw wklv ghfd| surfhvv

kdv d wlph frqvwdqw +w|slfdoo| 4 plq ru orqjhu, wkdw lv vhyhudo rughuv ri pdjqlwxgh

odujhu wkdq wkdw iru wkh lqhodvwlf surfhvvhv +h{fkdqjh ghfd|/ skrwrdvvrfldwlrq, vwxglhg

lq wklv wkhvlv1 Dovr/ lw kdv d qhjoljleoh h�hfw rq hodvwlf surfhvvhv1 Wkhuhiruh zh kdyh ohiw

lw rxw ri rxu fdofxodwlrqv1 Ilqdoo|/ zh phqwlrq wkh vhfrqg0rughu vslq0ruelw lqwhudfwlrq

zklfk frxsohv wkh prohfxodu jurxqg vwdwh wr prohfxodu vwdwhv zlwk rqh ru wzr h{flwhg

dwrpv1 Wklv lqwhudfwlrq lv lpsruwdqw lq lqwhudfwlrqv ehwzhhq wkh khdylhvw dondol dwrpv

fhvlxp dqg iudqflxp/ exw uhodwlyho| xqlpsruwdqw ru qhjoljleoh lq fdvh ri wkh oljkwhu

rqhv1

515 Frxsohg Fkdqqhov dqg Udwh Frh!flhqwv

Lq wkh iudphzrun ri wkh h�hfwlyh Kdplowrqldq wkh k|shu�qh vwdwhv mi>pi l irup d frp0

sohwh edvlv iru wkh lqwhuqdo vwdwh ri dq dwrp1 Li wzr glvwlqjxlvdeoh dwrpv +zlwk gl�huhqw

qxpehuv ri surwrqv ru qhxwurqv, lqwhudfw/ wkh froolvlrq fdq eh frqyhqlhqwo| ghvfulehg

xvlqj wzr0erg| lqwhuqdo0vwdwh yhfwruv ri wkh irup

m��l � m�l
4
m�l

5
> +51<,

zkhuh wkh vxevfulswv lqglfdwh dwrp 4 ru 5 dqg � dqg � odeho wkh rqh0dwrp k|shu0

�qh vwdwhv lq vkruwhqhg irup1 Lq froolvlrqv ehwzhhq dwrpv ri wkh vdph vshflhv/ wkh

dwrpv ehkdyh dv lqglvwlqjxlvkdeoh frpsrxqg ervrqv +i lv dq lqwhjhu, ru ihuplrqv +i

lv kdoi0rgg0lqwhjudo, dqg wkhlu wrwdo vwdwh yhfwru +lqwhuqdo. ruelwdo prwlrq, lv uhtxluhg

wr eh +dqwl,v|pphwulf xqghu h{fkdqjh ri dwrpv1 Lw lv wkhq xvhixo wr lqwurgxfh wkh

+dqwl,v|pphwul}hg wzr0erg| k|shu�qh vwdwhv

�
�
�i��j

	
H
�

m�l
4
m�l

5
	 m�l

5
m�l

4s
5 +4 . ���,

= +5143,

Xvxdoo|/ wkh Kdplowrqldq K lv wlph0lqghshqghqw dqg froolvrqv fdq eh ghvfulehg

e| vwdwlrqdu| vfdwwhulqj vwdwhv1 Wr vroyh wkh wlph0lqghshqghqw Vfkuùglqjhu htxd0

wlrq K m�l @ Hwrw m�l zh lqwurgxfh d edvlv ri vr0fdoohg fkdqqho vwdwhv/ edvhg rq wkh

deryh wzr0erg| lqwhuqdo vwdwhv dqg vskhulfdo kduprqlfv mo pol iru wkh dqjxodu sduw

ri wkh ruelwdo prwlrq1 Iru froolvlrqv ehwzhhq glvwlqjxlvkdeoh dwrpv wkhvh duh odehohg

mo po ��l1 Lq wkh fdvh ri lqglvwlqjxlvkdeoh ervrqv +ihuplrqv, wkh fkdqqho vwdwhv duh

odehohg
��o po i��j

.
�
iru hyhq +rgg, o/ dqg

��o po i��j
�

�
iru rgg +hyhq, o1 Qrwh wkdw
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doo vwdwhv kdyh wkh surshu shupxwdwlrq v|pphwu|1 Lq htxdwlrqv wkdw duh ydolg iru doo

wkuhh edvhv wkh jhqhudo irup mo po i��jl lv xvhg1 Qrz/ k�u m�l lv h{sdqghg lq whupv ri

wkh fkdqqho vwdwhv=

k�u m�l @
[
i��j

[
o>po

xopoi��j
+u,

u
lo\opo

+au, mi��jl = +5144,

Wkh qrwdwlrq i��j xqghu wkh vxp v|pero phdqv wkdw wkh vxp vkrxog eh wdnhq ryhu

doo gl�huhqw frpelqdwlrqv ri � dqg �1 Rqo| lq wkh fdvh ri glvwlqjxlvdeoh dwrpv wklv

lv lghqwlfdo wr vhsdudwh vxpv ryhu � dqg �1 Lq wkh rwkhu fdvhv i��j dqg i��j duh

lghqwlfdo1 Dovr qrwh wkdw
�� i��j� � @ 3 vr wkdw wkh fruuhvsrqglqj whupv fdq eh ohiw

rxw ri wkh vxppdwlrq1 Vxevwlwxwlqj h{suhvvlrq +5144, lqwr wkh Vfkuùglqjhu htxdwlrq

dqg surmhfwlqj rqwr hdfk ri wkh fkdqqho vwdwhv jlyhv wkh iroorzlqj v|vwhp ri frxsohg

gl�huhqwldo htxdwlrqv iru wkh udgldo zdyh ixqfwlrqv xopoi��j
+u,=

�
�

|
5

5�

g5

gu5
.

o+o . 4,|5

5�u5
. %� . %� �Hwrw

�
xopoi��j +u, @

�
[
i�3�3j

[
o3>p3

o

Fopoi��j>o3p
3

o
i�3�3j +u, xo3p3

o
i�3�3j +u, > +5145,

lq zklfk wkh frxsolqj pdwul{ lv gh�qhg e|

Fopoi��j>o3p
3

o
i�3�3j +u, @ lo

3�o


o po i��j

��Y f
��o3p3

o

�
�3�3

��
= +5146,

Wkhvh htxdwlrqv duh uhihuhg wr dv wkh frxsohg0fkdqqhov htxdwlrqv1 Wkh hqhujlhv %� dqg

%� duh wkh lqwhuqdo hqhujlhv ri wkh vhsdudwh dwrpv=
�
Y
ki
4

.Y ]
4

�
m�l @ %� m�l dqg

�
Y
ki
5

.

Y ]
5

�
m�l @ %� m�l1 Gxh wr v|pphwulhv ri wkh sk|vlfdo v|vwhp wkh wrwdo v|vwhp ri frxsohg0

fkdqqhov htxdwlrqv +5145, fdq eh glylghg lqwr pdq| pxwxdoo| xqfrxsohg v|vwhpv wkdw

frqwdlq rqo| d ihz fkdqqhov1 Iluvw/ wkh surmhfwlrq ri wkh wrwdo dqjxodu prphqwxp
�I @ �o. �I @ �o. �i4. �i5 rq wkh pdjqhwlf �hog d{lv lv frqvhuyhg vlqfh dq duelwudu| urwdwlrq

ri wkh wrwdo v|vwhp durxqg wklv d{lv lv d v|pphwu| rshudwlrq1 Vhfrqgo|/ ehfdxvh Y f

grhv qrw ghshqg rq au/ wkh ruelwdo dqjxodu prphqwxp txdqwxp qxpehuv o dqg po

duh frqvhuyhg1 Dqg �qdoo|/ frqvhuydwlrq ri pI dqg po dovr lpsolhv wkdw wudqvlwlrqv

ehwzhhq fkdqqho vwdwhv zlwk gl�huhqw pI duh qrw doorzhg1 Wkh vlpsol�hg frxsohg0

fkdqqhov htxdwlrqv duh

�
�
|
5

5�

g5

gu5
.

o+o . 4,|5

5�u5
. %� . %� �Hwrw

�
xoi��j +u, @

�
[

i�3�3j
pi4.pi5@pI

Fi��j>i�3�3j +u, x
o
i�3�3j +u, +5147,
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zlwk

Fi��j>i�3�3j +u, @


i��j

��Y f
����3�3�� = +5148,

Wkh vxevfulsw po kdv ehhq gursshg iurp wkh udgldo zdyh ixqfwlrqv ehfdxvh wkh| duh

lqghshqghqw ri wklv txdqwxp qxpehu1 Wkh txdqwxp qxpehu o lv qrz zulwwhq dv d

vxshuvfulsw wr lqglfdwh wkdw lw lv frqvhuyhg1 Qrwh wkdw Fi��j>i�3�3j lv gl�huhqw iru rgg

dqg hyhq o zkhq wkh froolglqj dwrpv duh lghqwlfdo ervrqv ru ihuplrqv1 Iru }hur pdjqhwlf

�hog I dqg I duh dovr jrrg txdqwxp qxpehuv dqg wkh sureohp fdq eh hyhq ixuwkhu

vlpsol�hg1 Wklv idfw lv xvhg lq vhfwlrq 7 ri fkdswhu :1

Wkh frxsohg0fkdqqhov htxdwlrqv dorqh gr qrw frpsohwho| ghwhuplqh wkh udgldo zdyh

ixqfwlrqv xo
i��j

+u,1 Wkh| pxvw eh frpelqhg zlwk wkh erxqgdu| frqglwlrqv

;AAAAAA?
AAAAAA=

xo
i��j

+3, @ 3

xo
i��j

+u, �
u$4

l

u
�

5�|5n��

k
ak�o +n��u,� Vo

i��j>i��j +H, ak.o +n��u,
l

li i��j @ i��j

xoi��j +u, �
u$4

l

u
�

5�|5n��
Vo
i��j>i��j +H, ak.o +n��u, li i��j 9@ i��j >

+5149,

iru d fhuwdlq fkrlfh ri hqwudqfh vwdwh i��j1 Khuh/ ak�o dqg ak.o duh wkh Ulffdwl0Kdqnho

ixqfwlrqv uhsuhvhqwlqj lqfrplqj dqg rxwjrlqj zdyhv= ak	o +nu, �
u$4

h	l+nu�o�
5 ,1 Lpsolf0

lwo|/ zh kdyh gh�qhg wkh dv|pswrwlf pdjqlwxgh ri wkh prphqwxp lq fkdqqhov zlwk

lqwhuqdo vwdwh mi��jl dv

|n�� @

t
5� +Hwrw � %� � %�, > +514:,

zkhuh wkh vtxduh urrw lv srvlwlyh uhdo +rshq fkdqqhov, ru srvlwlyh lpdjlqdu| +forvhg

fkdqqhov> ak.o ehfrphv dq h{srqhqwldoo| ydqlvklqj ixqfwlrq,1 Wkh uhodwlyh nlqhwlf hqhuj|

H � |
5n5@5� @ Hwrw � %� � %� lq wkh lqflghqw fkdqqho lv wkh froolvlrq hqhuj| wkdw lv

lpsruwdqw iru wkhupdo dyhudjlqj dqg wkh wkuhvkrog ehkdylru glvfxvvhg lq wkh qh{w

vhfwlrq1 Dovr/ zh kdyh lqwurgxfhg wkh hohphqwv ri wkh V0pdwul{ iurp zklfk wkh hodvwlf

dqg lqhodvwlf froolvlrq udwhv fdq eh fdofxodwhg +rqo| wkh hohphqwv iru wkh rshq fkdqqhov

kdyh d sk|vlfdo phdqlqj,1 Wkh dv|pswrwlf ehkdylru ri wkh udgldo zdyh ixqfwlrq lq wkh

hqwudqfh fkdqqho fdq dovr eh zulwwhq dv

xoi��j +u, �
u$4

u
5�

�|5n
hl�

o
i��j+n, vlq

k
nu � o

�

5
. �oi��j +n,

l
> +514;,

zkhuh �oi��j lv wkh skdvh vkliw lqgxfhg e| wkh lqwhudfwlrq dqg uhodwhg wr wkh hodvwlf

V0pdwul{ hohphqw e| Vo
i��j>i��j @ h5l�

o
i��j 1 Li wkhuh lv rqo| rqh rshq fkdqqho lq wkh
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v|vwhp ri frxsohg0fkdqqhov htxdwlrqv +hodvwlf vfdwwhulqj,/ wkh dvvrfldwhg skdvh vkliw lv

uhdo/
�
�Voi��j>i��j

�
�
5
@ 4 dqg wkh sureohp lv vlplodu wr wkh vlpsoh vfdwwhulqj ri wzr sduwlfohv

zlwkrxw lqwhuqdo vwdwhv1 Exw dv vrrq dv wkhuh duh pruh wkdq rqh rshq fkdqqhov/ �oi��j
ehfrphv d frpsoh{ qxpehu1

Wkh vroxwlrqv ri +5147, dqg +5149, duh ghqrwhg e| wkh yhfwruv xoi��j +u>H, zlwk doo

udgldo zdyh ixqfwlrqv xoi��j +u, frxsohg wr hqwudqfh0fkdqqho zdyh ixqfwlrq xoi��j +u,

+l1h1 zlwk wkh vdph o dqg pI , dv frpsrqhqwv1 Lw lv wkhvh yhfwruv wkdw zh frpsxwh lq

rxu qxphulfdo fdofxodwlrqv1 Wr wkdw hqg zh zulwh Ht1 +5147, lq wkh pdwul{ qrwdwlrq

g5

gu5
x +u, @

5�

|5
�F +u, x +u, > +514<,

zkhuh wkh froxpqv ri x uhsuhvhqw d frpsohwh vhw ri olqhduo| lqghshqghqw vroxwlrq yhfwruv1

Wkh wlogh rq wkh frxsolqj pdwul{ lqglfdwhv wkdw lw frqwdlqv dovr wkh gldjrqdo hqhuj|

dqg fhqwulixjdo whupv rq wkh ohiw kdqg vlgh ri Ht1 +5147,1 Wklv htxdwlrq lv lqwhjudwhg

xvlqj d prgl�hg Qxphury phwkrg ^58`/ d R
�
k9
�
wzr0vwhs phwkrg1 Gxh wr h{srqhqwldo

jurzwk ri wkh vroxwlrqv lq orfdoo| forvhg fkdqqhov iru zklfk �Fi��j>i��j +u, A 3/ wkh

erxqgdu| frqglwlrqv dw wkh ruljlq fdq eh ixo�oohg e| vwduwlqj wkh lqwhjudwlrq iurp ohiw

wr uljkw zlwk x +uv, @ 3 dqg x +uv . k, @ L iru vx!flhqwo| vpdoo u31 Wkh ghvluhg

vroxwlrqv xoi��j +u>H, dqg wkh V0pdwul{ duh irxqg e| frqqhfwlqj wr wkh uhvxow ri dq

lqzdug lqwhjudwlrq vwduwhg dw odujh u zlwk d gldjrqdo x0pdwul{ frqwdlqlqj Kdqnho0olnh

udgldo zdyh ixqfwlrqv1

Wr vkrz wkh uhodwlrq ri wkh vroxwlrq yhfwruv xoi��j +u>H, wr vrph zhoo0nqrzq h{0

suhvvlrqv iurp vfdwwhulqj wkhru| zh gh�qh +lq frruglqdwh uhshvhqwdwlrq, wkh sduwldo

zdyhv
G
�u

����opo .

i��j +H,
H
�

[
i��j

k
xoi��j +u>H,

l
i��j

4

u
lo\opo

+au, mi��jl > +5153,

lq zklfk wkh vxp lv wdnhq ryhu wkh frpsrqhqwv ri x1 Gxh wr wkh fkrlfh ri wkh ohdglqj

idfwruv lq wkh erxqgdu| frqglwlrqv +5149, wkh sduwldo zdyhv duh hqhuj|0qrupdol}hg=
G
�
opo.

i��j +H,

����o3p3

o
.

i�3�3j +H
3,

H
@ �oo3�pop3

o

�i��ji�3�3j� +H �H3, = +5154,

Hydoxdwlqj wkh vxp

4s
�|n��

[
o>po

����opo .

i��j +H,
H
\opo

�
an
�
> +5155,

zklfk lv htxlydohqw wr wkh zhoo0nqrzq h{sdqvlrq ri d sodqh zdyh lq whupv ri vskhulfdo

kduprqlfv/ wkhq jlyhv wkh wkuhh0glphqvlrqdo vfdwwhulqj vwdwh
���.

i��j

�
�n
��
1 Iru glvwlq0

jxlvkdeoh dwrpv lw kdv wkh idploldu dv|pswrwlf ehkdylru

G
�u

����.

��

�
�n
�H

�
u$4

4

+5�|,
6@5

5
7hl�n��u m��l.

[
�> �

i��>��
�
au> �n

�hlnu
u

m��l

6
8 +5156,
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zlwk

i��>��
�
au> �n

�
@
[
o

+5o . 4,
Vo
i��j>i��j +H,� 4

5ln
So

�
au � �n

�
> +5157,

frpsulvlqj dq lqflghqw sodqh zdyh ghvfulelqj wkh uhodwlyh prwlrq ri wzr dwrpv lq lqwhu0

qdo vwdwhv m�l dqg m�l dqg vfdwwhuhg zdyhv ri dwrpv lq wkhvh vdph lqwhuqdo vwdwhv ru rwkhu

k|shu�qh vwdwhv1 Iru lghqwlfdo dwrpv
���.

i��j

�
�n
��

lv sursruwlrqdo wr wkh +dqwl,v|pphwul}hg

yhuvlrq ri +5156,1

Wr dsso| wkh deryh wkhru| wr dfwxdo h{shulphqwv lq gloxwh jdvhv zh pxvw pdnh wkh

wudqvlwlrq iurp wkh plfurvfrslf slfwxuh ri wkh V0pdwul{ wr wkh pdfurvfrslf slfwxuh ri d

wudsshg jdv frqwdlqlqj dwrpv +srvvleo| ri gl�huhqw vshflhv, lq gl�huhqw lqwhuqdo vwdwhv

m�l zlwk sduwldo ghqvlwlhv q� 1 Iurp d txdqwxp Erow}pdqq htxdwlrq lw fdq eh ghulyhg ^4`

wkdw wkh wlph hyroxwlrq ri wkh sduwldo ghqvlwlhv lv jryhuqhg e|

g

gw
q� @

[
�

[
i��j

+4 . ���, +J��$�� q�q� �J��$�� q�q�, > +5158,

lq zklfk wkh udwh frh!flhqwv duh jlyhq e|

J��$�� +E> W , @

�
4

4 . ���
y ���>�� +y,

 
wk

@

-
y
�

n5

[
o

+5o . 4,
���Vo
i��j>i��j +H,� �i��ji��j

���5
.

wk

= +5159,

Wkh qrwdwlrq k=l
wk

vwdqgv iru d wkhupdo dyhudjh ryhu wkh froolvlrq yhorflw| �y @ |�n@�

dqg ���>�� +y, lv wkh dqjoh0lqwhjudwhg furvv vhfwlrq1 Htxdwlrq +5159, lv wkh dssursldwh

h{suhvvlrq iru h{rwkhupdo wudqvlwlrqv +%�.%� A %�.%�, zkhuh
���Vo
i��j>i��j +H,

���5 fdq eh

lqwhusuhwhg dv d wudqvlwlrq suredelolw|/ dqg lv dovr ydolg iru wkh hodvwlf udwh frh!flhqwv

J��$��1 Lw lv vx!flhqw wr frqvlghu rqo| wkhvh surfhvvhv ehfdxvh wkh udwh frh!flhqwv ri

dq| surfhvv dqg lwv uhyhuvh duh uhodwhg e| ^4`

J��$�� +E> W , @ J��$�� +E> W , h�+%�.%��%��%�,@nEW > +515:,

zkhq wkh wudqvodwlrqdo ghjuhhv ri iuhhgrp ri wkh dwrpv duh lq wkhupdo htxloleulxp1

Wkh udwh htxdwlrq +5158, ghvfulehv wkh wlph hyroxwlrq ri sduwldo ghqvlwlhv dvvxplqj

wkdw doo dwrpv vwd| lq wkh wuds1 Riwhq/ krzhyhu/ h{fkdqjh froolvlrqv lq d frog jdv ohdg

wr wkh orvv ri erwk froolglqj dwrpv iurp wkh wuds dqg rqh lv lqwhuhvwhg lq wkh wrwdo ghfd|

udwh1 Lq wkh frpprq fdvh wkdw wkh wuds lv ordghg zlwk dwrpv wkdw duh doo lq wkh vdph

lqwhuqdo vwdwh m�l/ wklv ghfd| lv ghvfulehg e|

g

gw
q� @ �Jwrw +E> W , q5� +515;,
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zlwk

Jwrw +E> W , @
[
i��j

+5� ��� � ���, J��$�� > +515<,

zkhuh wkh vxp lv ryhu doo srvvleoh ghfd| fkdqqhov/ l1h1 zlwk wkh vdph pI ydoxh dv

m��l dqg uhdfkhg yld dq h{rwkhupdo wudqvlwlrq1 Wklv iroorzv gluhfwo| iurp Ht1 +5158,

qhjohfwlqj hqgrwkhupdo wudqvlwlrqv +zh dvvxph wkdw nEW ? lqwhuqdo hqhuj| gl�huhqfhv,1

Prvwo| +exw qrw dozd|v ^5:`,/ h{fkdqjh ghfd| udwh frh!flhqwv duh vr odujh wkdw vwdelolw|

djdlqvw wkhp lv dq lpsruwdqw uhtxluhphqw rq d k|shu�qh vwdwh wr eh dssursuldwh iru

wudsslqj lq d pdjqhwlf wuds/ dsduw iurp lw ehlqj orz0�hog vhhnlqj1 Lq wkh fdvh ri

vrglxp +vhh Ilj1 514,/ iru h{dpsoh/ rqo| wkh grxeo| srodul}hg vwdwh mi @ 5>pi @ 5l

dqg wkh vwdwh mi @ 4>pi @ �4l fdq eh xvhg1 Wkh �uvw vwdwh lv vwdeoh djdlqvw h{fkdqjh

froolvlrqv ehfdxvh wkh fruuhvsrqglqj wzr0dwrp k|shu�qh vwdwh lv wkh rqo| rqh zlwk

pI @ 7 dqg wkh froolvlrq surfhhgv sxuho| dorqj wkh wulsohw srwhqwldo1 Wkh wzr0erg|

vwdwh fruuhvsrqglqj wr wkh odwwhu vwdwh lv qrw wkh rqo| rqh zlwk pI @ �5 exw wkhuh

duh qr hqhujhwlfdoo| dffhvvleoh vwdwhv zlwk wkdw pI ydoxh1 Wkh vwdwhv mi @ 4>pi @ 3l/

mi @ 4>pi @ 4l dqg mi @ 5>pi @ �5l gr qrw ghfd| hlwkhu iru vlplodu uhdvrqv exw duh

kljk0�hog vhhnlqj1 Uhfhqwo|/ dq rswlfdo wuds kdv ehhq xvhg wr krog Qd frqghqvdwhv ^5;`1

Rswlfdo wudsv kdyh wkh dgydqwdjh wkdw wkh uhtxluhphqw zlwk uhvshfw wr wkh orz0�hog

vhhnlqj surshuw| grhv qrw sod| d uroh1 Dv d frqvhtxhqfh doo i @ 4 vwdwhv fdq eh wudsshg1

Ilqdoo|/ lw lv lpsruwdqw wr gudz dwwhqwlrq wr wkh idfw wkdw wkh deryh h{suhvvlrqv

iru wkh udwh frh!flhqwv zhuh ghulyhg iru d wkhupdo jdv1 Lq d Ervh0Hlqvwhlq frqghqvdwh

wzr0erg| udwh frh!flhqwv duh uhgxfhg e| d idfwru ri wzr +lq jhqhudo= q0erg| udwhv duh

uhgxfhg e| d idfwru q$, ^5<`1 Dovr/ wkh orz0whpshudwxuh olplw zloo dsso| vr wkdw

JEHF
��$�� +E, @

4

5
olp
W$3

J��$�� +E> W , = +5163,

516 Vfdwwhulqj Surshuwlhv lq wkh Xowudfrog Olplw

Zlwk ghfuhdvlqj whpshudwxuh wkh gh Eurjolh zdyhohqjwk ri wkh dwrpv ehfrphv odujhu

dqg odujhu zlwk uhvshfw wr wkh lqwhudfwlrq udqjh/ fdxvlqj wkh qxpehu ri sduwldo zdyhv

wkdw frqwulexwh wr vfdwwhulqj surfhvvhv wr ghfuhdvh dv zhoo1 Lq wkh xowudfrog olplw rqo|

wkh vskhulfdoo| v|pphwulf v0zdyh zlwk o @ 3 frqwulexwhv +h{fhsw iru ihuplrqv lq lghqwlfdo

lqwhuqdo vwdwhv> wkh dqwlv|pphwu| uhtxluhphqw grhv qrw doorz v0zdyhv lq wkdw fdvh dqg

yluwxdoo| qr froolvlrqv zloo wdnh sodfh,1 Pruhryhu/ wkh o @ 3 skdvh vkliwv vlpso| ydu| dv

�3i��j +n, @ �n di��j dv n $ 3/ zkhuh di��j lv wkh +v0zdyh, vfdwwhulqj ohqjwk gh�qhg

e| ^63`

di��j � � olp
n$3

wdq

k
�3i��j +n,

l

n
= +5164,
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Iljxuh 516 Udgldo vfdwwhulqj zdyh ixqfwlrqv �Eo� dw yhu| orz froolvlrq hqhuj| iru wzr gl�hu0

hqw prgho srwhqwldov zlwk qhjdwlyh dqg srvlwlyh vfdwwhulqj ohqjwk @ dqg iru wkh fdvh zlwkrxw

lqwhudfwlrq +T ' f,1 Wkh vfdwwhulqj ohqjwk fdq eh irxqg e| h{wudsrodwlqj wkh vroxwlrq dw odujh

glvwdqfhv wr wkh o0d{lv1 Iru fodulw| wkh o0d{lv kdv ehhq vkliwhg xszdugv iru wkh udgldo zdyh

ixqfwlrq zlwk qhjdwlyh @1

Lqvwhdg ri di��j zh zloo zulwh d�1 Wkh vfdwwhulqj ohqjwk lv sulpdulo| xvhg wr fkdudfwhul}h

hodvwlf vfdwwhulqj surfhvvhv iru zklfk lw lv d uhdo qxpehu1 Dv zdv phqwlrqhg ehiruh/ lw lv

dq lpsruwdqw sdudphwhu lq wkh frqwh{w ri Ervh0Hlqvwhlq frqghqvdwhv1 Iurp Ht1 +5159,

lw iroorzv wkdw wkh hodvwlf furvv vhfwlrq iru dwrpv lq lghqwlfdo lqwhuqdo vwdwhv/ hvvhqwldo

iru hydsrudwlyh frrolqj/ dssurdfkhv

�� � ���>�� $ ;�d
5

� +5165,

lq wkh orz hqhuj| olplw1 Wkh idfwru ; lqvwhdg ri wkh xvxdo 7 rffxuv gxh wr lghqwlfdo

sduwlfoh v|pphwu|1 Qrwh wkdw wkh udwh frh!flhqwv iru hodvwlf vfdwwhulqj ydqlvk dv W 4@5

iru orz whpshudwxuhv1

Iljxuh 516 looxvwudwhv wkh surshuwlhv ri d udgldo zdyh ixqfwlrq dw yhu| orz froolvlrq hq0

huj| iru wkh fdvh ri rqh0fkdqqho vfdwwhulqj +h1j1 wkh froolvlrqv ehwzhhq Qd mi@5>pi@5l

dwrpv glvfxvvhg qhdu wkh hqg ri wkh suhylrxv vhfwlrq,1 Lw vkrzv wkh zdyh ixqfwlrq iru

wzr gl�huhqw prgho srwhqwldov +wkh de lqlwlr wulsohw srwhqwldo iru Qd pxowlsolhg e| wzr

gl�huhqw frqvwdqwv, zlwk wzr gl�huhqw vfdwwhulqj ohqjwkv d= rqh srvlwlyh dqg rqh qhjd0
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Iljxuh 517 Vfdwwhulqj ohqjwk @ dv d ixqfwlrq ri wkh sdudphwhu b iru wkh prgho srwhqwldo

bT Eo� zkhuh T Eo� lv wkh Qd wulsohw srwhqwldo1 Wkh vfdwwhulqj ohqjwk jrhv wkurxjk 3" dqg

n" zkhq dq dgglwlrqdo ohyho lv dgghg wr wkh erxqg vwdwhv vxssruwhg e| wkh srwhqwldo1

wlyh1 Dw vkruw udqjh wkh zdyh ixqfwlrq xqghujrhv d odujh qxpehu ri rvfloodwlrqv gxh wr

wkh ghhs srwhqwldo zhoo1 Dw orqj udqjh lw lv sursruwlrqdo wr vlq
�
nu . �3

�
@ vlqn +u � d,1

Wkh h�hfw ri wkh srwhqwldo lv vlpso| wr vkliw wkh srlqw ri ruljlq ri wkh dv|pswrwlf vlqh

zdyh ryhu d glvwdqfh d> iru srvlwlyh d lw lv wkh vdph dv iru d kdug zdoo dw u @ d1 Wkh

zdyh ixqfwlrq iru wkh fdvh zlwkrxw lqwhudfwlrq lv dovr gudzq iru frpsdulvrq1

Lw lv looxvwudwlyh wr frqvlghu wkh ehkdylru ri d zkhq rqh judgxdoo| lqfuhdvhv wkh

ghswk ri wkh srwhqwldo zhoo1 Wr wkdw hqg Ilj1 517 vkrzv d iru wkh prgho srwhqwldo

�Y +u,/ zkhuh Y +u, lv wkh deryh0phqwlrqhg Qd wulsohw srwhqwldo/ dv d ixqfwlrq ri �1 Wkh

vfdwwhulqj ohqjwk ydulhv ehwzhhq �4 dqg .41 Wkh vlqjxodulwlhv rffxu hdfk wlph wkdw

dq dgglwlrqdo ohyho lv dgghg wr wkh erxqg vwdwhv vxssruwhg e| wkh srwhqwldo1

Lqhodvwlf froolvlrqv kdyh yhu| gl�huhqw wkuhvkrog surshuwlhv wkdq hodvwlf rqhv1 Dv orqj

dv wkh lqwhuqdo hqhuj| ri wkh vhsdudwhg dwrpv lq wkh h{lw fkdqqho mi��jl lv orzhu wkdq

iru wkh hqwudqfh fkdqqho mi��jl +h{rwkhupdo wudqvlwlrq,/ wkh v0zdyh V0pdwul{ hohphqw

ydulhv dv ^64`

V
3

i��j>i��j +H, y n
4@5

> dv n$ 3 +%� . %� A %� . %�, = +5166,

Wkxv/ wkh furvv vhfwlrq iru lqhodvwlf h{rwkhupdo froolvlrqv ydulhv dv ���>�� +y, y 4@n lq

wkh yhu| orz hqhuj| olplw dqg ehfrphv duelwudulo| odujh1 Wkh dvvrfldwhg udwh frh!flhqw

J��$�� +E> W , / krzhyhu/ dssurdfkhv d qrqydqlvklqj frqvwdqw dv W $ 31 Li/ rq wkh

rwkhu kdqg/ wkh lqwhuqdo hqhujlhv ri hqwudqfh fkdqqho dqg h{lw fkdqqho duh lghqwlfdo

+h1j1 lq wkh fdvh ri }hur pdjqhwlf �hog zkhuh doo rqh0dwrp k|shu�qh vwdwhv zlwk wkh
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vdph i ydoxh duh ghjhqhudwh= vhh Ilj1 514,/ wkh V0pdwul{ hohphqw ydulhv dv

V
3

i��j>i��j +H, y n > dv n$ 3 +%� . %� @ %� . %�, = +5167,

Lq wkdw fdvh wkh furvv vhfwlrq dssurdfkhv d frqvwdqw dqg J��$�� +E> W , ydqlvkhv dv

W 4@5 dv W $ 31

Wkh xvh ri wkh vfdwwhulqj ohqjwk fdq eh h{whqghg wr froolvlrqv zlwk rshq lqhodvwlf

fkdqqhov1 Lw lv wkhq frpsoh{= di��j @ dUi��j.ld
L
i��j1 Iurp wkh xqlwdulw| ri wkh V0pdwul{

lw iroorzv wkdw

[

i��j9@i��j

���V3i��j>i��j +H,
���
5

@ 4�
���V3i��j>i��j +H,

���
5

$ 7dLi��jn +5168,

lq wkh orz hqhuj| olplw1 Khqfh

[

i��j9@i��j

J��$�� +E> W ,$
7�|

�
d
L
i��j > dv W $ 3 = +5169,

Wklv vxp lv vlplodu wr wkh udwh frh!flhqw Jwrw +E> W , gh�qhg lq wkh suhylrxv vhfwlrq/

dsduw iurp wkh idfwruv +5� ��� � ���, wkdw gl�huhqwldwh ehwzhhq surfhvvhv lq zklfk

wzr/ rqh ru qr dwrpv duh orvw iurp wkh wuds1 Dv orqj dv wkh lpdjlqdu| sduw ri d

frpsoh{ vfdwwhulqj ohqjwk lv qrw wrr odujh/ lwv uhdo sduw lv vwloo d jrrg sdudphwhu wr

fkdudfwhul}h hodvwlf froolvlrq hyhqwv1

517 Wkh Dffxpxodwhg Skdvh Phwkrg

Lq vhfwlrq 514 zh phqwlrqhg wkh frxsolqj uhjlrq zkhuh wkh h{fkdqjh lqwhudfwlrq YH lv

frpsdudeoh +gl�hulqj e| d idfwru ri rughu 43 ru ohvv, wr wkh lqwhuqdo hqhuj| gl�huhqfhv

fdxvhg e| wkh k|shu�qh dqg ]hhpdq lqwhudfwlrq1 Ohw wkh u0lqwhuydo +u
4
> u
5
, ghqrwh wklv

uhjlrq1 Iru u A u5 wkh frxsolqj ehwzhhq wkh wzr0dwrp k|shu�qh vwdwhv lv qhjoljleoh dqg

wkh udgldo prwlrq lv dgldedwlf1 Iru u ? u4 wkh prwlrq lv dovr dgldedwlf/ exw zlwk V dv d

jrrg txdqwxp qxpehu1 Frqvhtxhqwo|/ d frpsohwh vhw ri olqhduo| lqghshqghqw vroxwlrqv

ri wkh frxsohg0fkdqqhov htxdwlrqv xs wr u @ u4 fdq eh uhsuhvhqwhg e| wkh gldjrqdo

pdwul{ x3 +u, @ gldj +xl +u,, lq wkh edvlv ri dgldedwlf wzr0erg| lqwhuqdo vwdwhv mll
5e1

Wkh vxevfulsw 5e lv dgghg wr dyrlg frqixvlrq zlwk 40erg| lqwhuqdo vwdwhv1 Pruhryhu/

iru u ? u4/ wkh udgldo zdyh ixqfwlrqv xl +u, duh doprvw lghqwlfdo iru gl�huhqw hqhujlhv

Hwrw +erwk lq wkh frqwlqxxp dqg lq wkh glvfuhwh vshfwuxp,/ surylghg wkhvh hqhujlhv duh

doo zlwklq d udqjh wkdw lv vpdoohu wkdq wkh ghswk ri wkh vlqjohw dqg wulsohw srwhqwldov dw

u4 +ri rughu 43 N,1 Wkh vdph lv wuxh iru gl�huhqw ydoxhv ri o qhdu o @ 31 Wkhvh fulwhuld

duh ixo�oohg e| wkh hqwluh udqjhv ri Hwrw dqg o ydoxhv uhohydqw iru frog froolvlrqv dqg

wkh kljkhvw wzr0dwrp erxqg vwdwhv1 Wkxv wkh lqvx!flhqwo| dffxudwh lqqhu sduwv ri wkh
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srwhqwldov YV +u, dqg YW +u, fdq eh uhsodfhg e| wzr erxqgdu| frqglwlrqv dw u3 � u4/

rqh iru wkh vlqjohw zdyh ixqfwlrq dqg rqh iru wkh wulsohw zdyh ixqfwlrq/ zlwk d vlpsoh

ghshqghqfh rq hqhuj| dqg ruelwdo dqjxodu prphqwxp1 Wklv juhdwo| vlpsol�hg rxu

dqdo|vhv ri h{shulphqwv1

Lq rxu dssurdfk wkh erxqgdu| frqglwlrqv wdnh wkh irup ri wkh dffxpxodwhg skdvhv

!V +H> o, dqg !W +H> o, ri wkh udslgo| rvfloodwlqj udgldo zdyh ixqfwlrqv #V +u, dqg #W +u,

lq d sxuh vlqjohw dqg d sxuh wulsohw fkdqqho zlwkrxw lqwhuqdo hqhuj|1 Wkhvh skdvhv duh

gh�qhg e| wkh ZNE h{suhvvlrq

#V@W +u3, @ D
vlq

�U u3 n +u, gu
�

s
n +u3,

� D
vlq

k
!V@W +H> o,

l
s
n +u3,

> +516:,

lq zklfk n +u, lv wkh orfdo udgldo zdyh qxpehu=

n5 +u, @
5�

|5

�
H � YV@W +u,�

|
5o +o . 4,

5�u5

�
= +516;,

Lq wkhvh htxdwlrqv wkh ghshqghqfh ri n rq V/ H dqg o kdv ehhq rplwwhg lq wkh qrwdwlrq

iru vlpsolflw|1 Wkh ydolglw| ri wkh ZNE dssur{lpdwlrq lv qrw d suhuhtxlvlwh iru wkh

phwkrg= zh frxog kdyh vshfl�hg hdfk erxqgdu| frqglwlrq lq whupv ri d orjdulwkplf

ghulydwlyh ri wkh udgldo zdyh ixqfwlrq1 Wkh dffxpxodwhg skdvh pd| eh frqvlghuhg dv d

frqyhqlhqw sdudphwul}dwlrq ri wkh orjdulwkplf ghulydwlyh1 Lwv frqyhqlhqfh vwhpv iurp

wkh idfw wkdw lw fdq eh dffxudwho| h{sdqghg lq whupv ri d Wd|oru vhulhv lq H dqg o +o . 4,/

fxw r� diwhu wkh vhfrqg rughu whupv=

!V@W +H> o, @ !V@W +3> 3, .
C!V@W

CH
H .

C!V@W

C ^o +o . 4,`
o +o . 4,

.
4

5

C5!V@W

CH5
H5 .

C5!V@W

CHC ^o +o . 4,`
H o +o. 4, > +516<,

ydolg iru doo uhohydqw H dqg o1 Wkh vhfrqg ghulydwlyh zlwk uhvshfw wr o +o . 4, fdq eh vhw

wr }hur1 Wkh uhpdlqlqj vhfrqg dqg pl{hg ghulydwlyhv/ zklfk duh wkh ohdvw vhqvlwlyh wr

huuruv lq wkh lqqhu sduwv ri YV dqg YW duh ghwhuplqhg iurp wkh ehvw dydlodeoh de lqlwlr/

UNU ru LSD srwhqwldo1 Lq rxu zrun rq Qd wkh �uvw0rughu ghulydwlyhv dqg !V@W +3> 3, duh

�wwhg wr h{shulphqwdo gdwd1 Lq wkh odwhvw ghwhuplqdwlrq ri Ue lqwhudfwlrq sdudphwhuv/

fduulhg rxw e| Yrjhov hw do1 ^65`/ rqo| !V@W +3> 3, zdv �wwhg1 Li wkh udqjh ri hqhujlhv

qhhghg lq d fdofxodwlrq lv ri wkh rughu ri 4 N ru ohvv/ zklfk lv riwhq wkh fdvh lq frog0

dwrp sk|vlfv/ wkh h{sdqvlrq +516<, fdq hyhq eh olplwhg wr lwv olqhdu sduw1 Lq frqwudvw/

wkh orjdulwkplf ghulydwlyh vkrzv wkh w|slfdo wdqjhqw0vkdshg h{fxuvlrqv wkurxjk lq�qlw|

hdfk wlph d udgldo qrgh sdvvhv wkh srlqw u @ u31
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Wkh dgldedwlf srwhqwldov Yl +u, ihow e| wkh dgldedwlf lqwhuqdo vwdwhv mll
5e iroorz iurp5

7Y ki. .
5[

m@4

Y ]
m . Y f +u, .

|
5o +o . 4,

5�u5

6
8 mll

5e @ Yl +u, mll
5e

@

�
%l . YV@W +u, .

|
5o +o . 4,

5�u5

�
mll

5e =

+5173,

Zkhwkhu wkh vlqjohw ru wulsohw srwhqwldo dssolhv lv ghwhuplqhg e| wkh V txdqwxp qxpehu

ri mll
5e1 Qrwh wkdw %l lv lqghshqghqw ri u1 Wkh rshudwru

Y ki. �
d
ki
4

5|5
�V ��~4 .

d
ki
5

5|5
�V ��~5 > +5174,

zklfk htxdov dki

5|5
�V � �L iru lqglvwlqjxlvkdeoh dwrpv/ lv wkh sduw ri wkh wrwdo k|shu�qh

lqwhudfwlrq
S5

m@4 Y
ki
m wkdw lv gldjrqdo lq V1 Wkh sduw wkdw lv qrw gldjrqdo lq V lv

qhjoljleoh iru u ? u4 ehfdxvh ri wkh odujh vlqjohw0wulsohw hqhuj| vhsdudwlrq1 Wkh rqo|

gl�huhqfh ehwzhhq wkh dgldedwlf srwhqwldo Yl +u, dqg wkh srwhqwldo +lqfoxglqj fhqwulixjdo

eduulhu, lq Ht1 +516;, lv %l1 Wkh erxqgdu| frqglwlrq iru wkh udgldo zdyh ixqfwlrq xl +u,

lq fkdqqho mll
5e iru wrwdo hqhuj| Hwrw lv wkhuhiruh jlyhq e|

xl +u3, @ D
vlq
k
!V@W +Hwrw � %l> o,

l
s
nl +u3,

= +5175,

Qrz/ wr vroyh wkh frxsohg0fkdqqhov htxdwlrqv/ wkh vroxwlrq pdwul{ x3 +u, lq wkh dgldedwlf

edvlv lv wudqviruphg wr d pdwul{ x +u, lq wkh edvlv ri dv|pswrwlf k|shu�qh vwdwhv/ dqg

wkh Vfkuùglqjhu htxdwlrq +514<, lv lqwhjudwhg iru u A u31

518 Ihvkedfk Uhvrqdqfhv

Ihvkedfk uhvrqdqfhv zhuh lqwurgxfhg lq vhfwlrq 415 dv d surplvlqj wrro wr wxqh wkh

vfdwwhulqj ohqjwk1 Wkh edvlf lghd lv looxvwudwhg lq Ilj1 5181 Wkh xsshu sdqho vkrzv wkh

vfdwwhulqj ohqjwk d4>4 iru froolvlrqv ehwzhhq wzr Qd dwrpv lq wkh m�l @ mi @ 4>pi @ 4l

k|shu�qh vwdwh dv d ixqfwlrq ri pdjqhwlf �hog vwuhqjwk/ rewdlqhg iurp frxsohg0fkdqqhov

fdofxodwlrqv1 Wkh orzhu sdqho vkrzv wkh �hog0ghshqghqw wkuhvkrog hqhuj| 5%� +E, iru

wklv hqwudqfh fkdqqho +wkh wrwdo hqhuj| zkhuh }hur froolvlrq hqhuj| vfdwwhulqj wdnhv

sodfh,/ dqg wkh �hog0ghshqghqw hqhujlhv ri wzr erxqg vwdwhv/ zklfk duh vroxwlrqv ri wkh

vdph frxsohg0fkdqqhov htxdwlrqv zlwk o @ 3 dqg pI @ 51 Qhdu wkh �hog vwuhqjwk E3

zkhuh d erxqg0vwdwh hqhuj| htxdov wkh wkuhvkrog hqhuj|/ d4>4 +E, glvsod|v d glvshuvlyh

ihdwxuh=

d +E, @ d4

�
4�

�

E �E3

�
= +5176,
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Iljxuh 518 Ihvkedfk uhvrqdqfhv iru froolvlrqv ri wzr Qd dwrpv lq wkh k|shu�qh vwdwh �V� '

�s ' �c6s ' ��1 Wkh orzhu sdqho vkrzv wkh �hog0ghshqghqw wkuhvkrog hqhuj| 20V E�� iru

wklv hqwudqfh fkdqqho/ dqg wkh �hog0ghshqghqw hqhujlhv ri wzr erxqg vwdwhv1 Wkh xsshu sdqho

vkrzv wkh vfdwwhulqj ohqjwk @�c� iru wkhvh froolvlrqv dv d ixqfwlrq ri wkh pdjqhwlf �hog vwuhqjwk

�/ rewdlqhg iurp frxsohg0fkdqqhov fdofxodwlrqv1 Qhdu wkh �hog vwuhqjwkv zkhuh d erxqg0vwdwh

hqhuj| htxdov wkh wkuhvkrog hqhuj|/ @�c� E�� glvsod|v d glvshuvlyh ihdwxuh1 Iru wkh <3: J

uhvrqdqfh wkh vljq ri wkh vfdwwhulqj ohqjwk lv fkdqjhg zlwklq d �hog udqjh ri 4 J1
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H{dfwo| dw E3 wkh vfdwwhulqj ohqjwk lv lq�qlwh1 Wkh devroxwh ydoxh ri wkh �hog zlgwk �

vshfl�hv wkh udqjh ri pdjqhwlf �hog vwuhqjwk iru zklfk wkh vljq ri d lv gl�huhqw wkdq iru

wkh r�0uhvrqdqw ydoxh d4= Dw E3.� wkh vfdwwhulqj ohqjwk sdvvhv wkurxjk }hur1 Deryh

wkuhvkrog/ Ihvkedfk uhvrqdqfhv rffxu zkhq Hwrw +E, @ H . 5%� +E, lv dssur{lpdwho|

htxdo wr wkh hqhuj| rq wkh h{wudsrodwlrq ri rqh ri wkh erxqg0vwdwh fxuyhv/ fdxvlqj wkh

hodvwlf froolvlrq udwh wr jr wkurxjk d pd{lpxp dqg d plqlpxp +ru ylfh yhuvd, dv d

ixqfwlrq ri E1 Wkxv/ dsso|lqj d vwdwlf pdjqhwlf �hog wr d Ervh0Hlqvwhlq frqghqvdwh

lq d gloxwh dwrplf jdv hqdeohv dq h{shulphqwdolvw wr frqwuro wkh h�hfwlyh lqwhudfwlrqv

ehwzhhq wkh dwrpv lq wkdw jdv1 Lq dq h{shulphqw ghvljqhg wr vwxg| wkh froodsvh ri d

frqghqvdwh e| vxgghqo| fkdqjlqj wkh vfdwwhulqj ohqjwk iurp srvlwlyh wr qhjdwlyh/ wkh

udwlr �@E3 jryhuqv wkh ghjuhh ri �hog frqwuro wkdw lv qhhghg dqg vkrxog eh dv odujh dv

srvvleoh1

Wr jlyh wkh uhdghu vrph lqvljkw lq wkh ruljlq ri Ihvkedfk uhvrqdqfhv/ zh jlyh d eulhi

rxwolqh ri wkhlu pdwkhpdwlfdo ghvulswlrq/ vshfldol}lqj wr wkh irupdolvp iru v0zdyh vfdw0

whulqj ri wzr dwrpv h{sodlqhg lq wkh suhylrxv vhfwlrqv1 Iru d pruh ghwdlohg wuhdwphqw

zh uhihu wr wkh olwhudwxuh ^63/66`1 Wkh �uvw vwhs lv vsolwwlqj wkh frxsohg0fkdqqhov htxd0

wlrqv ghvfulelqj o @ 3 froolvlrqv iru wkh hqwudqfh fkdqqho mi��jl +lq wkh deryh h{dpsoh

iru Qd/ mi��jl @ m��l, lqwr wzr xqfrxsohg vxev|vwhpv= rqh frqwdlqlqj wkh rshq fkdq0

qhov dqg rqh frqwdlqlqj wkh forvhg fkdqqhov1 Wkh dvvrfldwhg Kloehuw vsdfhv duh ghqrwhg

e| S dqg T/ uhvshfwlyho|1 Zh dovr lqwurgxfh wkh rshudwruv S dqg T wkdw surmhfw rq

wkhvh vsdfhv1 Qh{w/ wkh frxsohg0fkdqqhov htxdwlrqv iru wkh S vsdfh duh vroyhg zlwk wkh

xvxdo erxqgdu| frqglwlrqv +5149,/ jlylqj wkh uhvxow

G
u
���#.

i��j

H
�

[
i��j lq S

k
xSi��j +u,

l
i��j

mi��jl = +5177,

Wkh frxsohg0fkdqqhov htxdwlrqv iru wkh T vsdfh duh vroyhg zlwk erxqg0vwdwh erxqgdu|

frqglwlrqv/ uhvxowlqj lq wkh erxqg vwdwhv

ku m!pl �
[

i��j lq T

�
xTp +u,

�
i��j

mi��jl > +5178,

zlwk hqhujlhv Hp1 Lq wkh odqjxdjh ri Ihvkedfk uhvrqdqfh wkhru|
��#.

i��j

�
dqg m!pl duh

hljhqvwdwhv ri KSS � SK3S dqg KTT � TK3T/ zkhuh K3 lv wkh o @ 3 udgldo Kdplo0

wrqldq1 Li wkh wrwdo hqhuj| Hwrw lv forvh hqrxjk wr rqh sduwlfxodu erxqg0vwdwh hqhuj|

He wkh g|qdplfv lq wkh T vsdfh duh grplqdwhg e| wkh rqh vwdwh m!el1 Uhlqwurgxflqj

wkh frxsolqj ehwzhhq S dqg T lqwr wkh sureohp uhvxowv lq wklv erxqg vwdwh ehfrplqj

d txdvlerxqg vwdwh dqg dftxlulqj d �qlwh zlgwk �/ dqg lq lwv hqhuj| xqghujrlqj d

vr0fdoohg uhvrqdqfh vkliw �uhv1 Iru wkh V0pdwul{ hohphqw iru wkh wudqvlwlrq wr fkdqqho
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mi��jl rqh �qgv wkh h{suhvvlrq

V3i��j>i��j @ VSi��j>i��j � 5�l

G
#�
i��j

���KST

��� !eHG!e ���KTS

���#.

i��j

H
Hwrw �He ��uhv .

l
5
�

> +5179,

frqwdlqlqj wkh zhoo0nqrzq Euhlw0Zljqhu ghqrplqdwru1 Wkh plqxv vljq lq
��#�

i��j

�
lq0

glfdwhv dq rxwjrlqj lqvwhdg ri dq lqfrplqj sodqh zdyh lq wkh erxqgdu| frqglwlrqv1

Zh vhh wkdw dsduw iurp wkh gluhfw whup VS
i��j>i��j uhvxowlqj iurp frxsolqj zlwklq S0

vsdfh dorqh/ wkh dpsolwxgh ri wkh rxwjrlqj zdyh lq fkdqqho mi��jl zloo lqfoxgh d whup

dulvlqj iurp frxsolqj ri wkh lqfrplqj zdyh lq fkdqqho mi��jl wr wkh erxqg vwdwh lq

T0vsdfh iroorzhg e| frxsolqj ri wklv vwdwh wr fkdqqho mi��jl1 Wkh frxsolqj rshudwru

KST � SK3T @ K
|
TS lv h�hfwlyho| sursruwlrqdo wr wkh h{fkdqjh lqwhudfwlrq YH1 Li

wkhuh lv rqo| rqh rshq fkdqqho/ zklfk lv riwhq wkh fdvh/ zh fdq zulwh

V3i��j>i��j @ VS
i��j>i��j

#
4�

l�

Hwrw �He ��uhv .
l
5
�

$
> +517:,

dqg � @ �i��j @ 5�
���k!emKTS m#

.

i��jl

���51 Qrz/ iru d fhuwdlq froolvlrq hqhuj| H/ wkh

uhvrqdqfh frqglwlrq

H @ He +E, . �uhv +E>H,� %� +E,� %� +E, � %uhv +E>H, > +517;,

zkhuh %uhv lv wkh uhvrqdqfh hqhuj| zlwk uhvshfw wr wkuhvkrog/ fdq eh ixo�oohg e| wxqlqj

E1 Iurp wklv frqglwlrq lw lv fohdu wkdw d fxuyh uhsuhvhqwlqj He +E,.�uhv +E>H, vkrxog

lq idfw eh xvhg lqvwhdg ri wkh h{wudsrodwlrq ri wkh erxqg0vwdwh fxuyh lq Ilj1 5181 Rq

wkh vfdoh ri wklv �jxuh/ krzhyhu/ wkhvh duh dssur{lpdwho| lghqwlfdo1 Dq lqwhuhvwlqj

gl�huhqfh ehwzhhq wkh wzr qhdu wkuhvkrog zloo eh ghprqvwudwhg ehorz1

Lq wkh orz hqhuj| olplw �i��j @ Fn zlwk F A 3/ dqg forvh wr d uhvrqdqfh �hog

vwuhqjwk E3 zh fdq zulwh

%uhv +E, � %uhv +E> 3, @
�
�iuhh � �te

�
+E �E3, > +517<,

lq zklfk �iuhh dqg �te duh wkh h�hfwlyh pdjqhwlf prphqwv ri wkh iuhh wzr0dwrp v|vwhp

dqg wkh txdvlerxqg vwdwh frqvlghuhg> lq rwkhu zrugv �iuhh � �te lv dssur{lpdwho|

sursruwlrqdo wr wkh gl�huhqfh lq vorsh ri wkh furvvlqj olqhv lq Ilj1 5181 Vhwwlqj

V3

i��j>i��j
@ h�5lnd dqg VS

i��j>i��j
@ h�5lnd4 wkhq ohdgv wr wkh glvshuvlyh ehkdylru

+5176, ri d +E, zlwk

� @
F

d4
�
�iuhh � �te

� = +5183,

Wkh txdqwlwlhv F dqg d4 fdq xvxdoo| eh frqvlghuhg frqvwdqw ryhu wkh uhvrqdqfh1 Lw

vkrxog eh hpskdvl}hg wkdw wkh uhvrqdqfh �hog vwuhqjwk E3 dozd|v fruuhvsrqgv h{dfwo|
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wr wkh �hog vwuhqjwk zkhuh wkh hqhuj| ri d uhdo erxqg vwdwh ri wkh wrwdo v|vwhp htxdov wkh

wkuhvkrog hqhuj|1 Wklv fdq eh vhhq iurp wkh wkuhvkrog uhodwlrq ehwzhhq wkh elqglqj

hqhuj| Helqg � |
5�5e@5� ri wkh kljkhvw o @ 3 erxqg vwdwh +qhdu d uhvrqdqfh wklv lv

wkh vwdwh derxw wr furvv wkh wkuhvkrog, dqg wkh vfdwwhulqj ohqjwk ^63`= �e @ 4@d1 Lq

frpelqdwlrq zlwk wkh glvshuvlyh ehkdylru ri d +E, qhdu E3 wklv ohdgv wr wkh frqfoxvlrq

wkdw wkh erxqg0vwdwh hqhuj| fxuyhv ehqg txdgudwlfdoo| wrzdug wkh wkuhvkrog fxuyh dv

d ixqfwlrq ri E mxvw ehiruh wkh| wrxfk lw1

Vrphwlphv/ pruh wkdq rqh erxqg vwdwh lq T0vsdfh kdv dq hqhuj| forvh wr Hwrw qhdu

d uhvrqdqw �hog vwuhqjwk1 Wkhq lw ehfrphv qhfhvvdu| wr lqfoxgh d Euhlw0Zljqhu0olnh

whup iru hdfk ri wkhvh vwdwhv lq h{suhvvlrq +5179,1 Wkh dgglwlrqdo txdvlerxqg vwdwhv

fdq lqgxfh d vljql�fdqw fkdqjh lq wkh edfnjurxqg vfdwwhulqj ohqjwk wkdw lv rwkhuzlvh

ghwhuplqhg e| lqwhudfwlrqv lq S0vsdfh dorqh/ dqg fdxvh lqwhuihuhqfhv ehwzhhq uhvr0

qdqfhv1 Wklv vlwxdwlrq zloo frph xs lq fkdswhuv 7 dqg 8 zklfk ghdo zlwk d Ihvkedfk

uhvrqdqfh lq ;8Ue1

Ilqdoo|/ lw lv lpsruwdqw wr glvwlqjxlvk Ihvkedfk uhvrqdqfhv iurp srwhqwldo uhvr0

qdqfhv1 Wkh odwwhu rffxu lq srwhqwldo vfdwwhulqj zkhuh rqo| wkh wudqvodwlrqdo g|qdplfv

ri wkh froolglqj dwrpv lv lqyroyhg1 Lq sudfwlfh wkh| dulvh iru sduwldo zdyhv zlwk o A 3

zkhq d txdvlerxqg vwdwh rffxuv lqvlgh wkh fhqwulixjdo eduulhu1 Dv h{sodlqhg deryh/

wkh txdvlerxqg vwdwh ri d Ihvkedfk uhvrqdqfh kdv dq lqwhuqdo vwuxfwxuh ruwkrjrqdo wr

wkdw ri wkh frpelqhg vfdwwhulqj sduwqhuv vr wkdw lw fdq rqo| rffxu lq pxowl0fkdqqho

vfdwwhulqj dqg dovr iru o @ 31

519 Skrwrdvvrfldwlrq

Wkh sulqflsoh ri frog skrwrdvvrfldwlrq zdv douhdg| eulh | h{sodlqhg lq vhfwlrq 415=

h{flwdwlrq ri d froolglqj sdlu ri frog dwrpv e| d odvhu skrwrq ohdgv wr wkh irupdwlrq ri

dq hohfwurqlfdoo| h{flwhg erxqg prohfxodu vwdwh/ iroorzhg e| vsrqwdqhrxv ghfd| edfn wr

iuhh dwrpv1 Wkh uhodwlyh yhorflw| ri wkh dwrpv diwhu ghfd| zloo eh sudfwlfdoo| lghqwlfdo

wr wkdw ehiruh ghfd| +Iudqfn0Frqgrq sulqflsoh,1 Dqg vlqfh wkh dyhudjh yhorflw| lq

wkh ghhs h{flwhg0vwdwh srwhqwldo lv uhodwlyho| odujh +wkh dwrpv xqghujr pdq| yleudwlrq

f|fohv ehiruh ghfd|lqj,/ wkh iuhh dwrpv zloo kdyh hqrxjk wudqvodwlrqdo hqhuj| wr ohdyh

wkh wuds lq zklfk wkh surfhvv wdnhv sodfh1 Wkh ghfuhdvh ri ghqvlw| e| wklv wuds orvv fdq

eh ghwhfwhg/ iru lqvwdqfh/ e| phdvxulqj wkh  xruhvfhqfh iurp wkh dwrpv lq wkh wuds1

Lq wkh vlpsoh fdvh wkdw wkh jurxqg0vwdwh g|qdplfv fdq eh ghvfulehg zlwk rqh udgldo

zdyh ixqfwlrq xj +u, +h1j1 rqh0fkdqqho v0zdyh vfdwwhulqj,/ wkh vdph Iudqfn0Frqgrq

sulqflsoh lv uhvsrqvleoh iru wkh h{flwdwlrq suredelolw| ehlqj dssur{lpdwho| sursruwlrqdo

wr mxj +u,m
5
zlwk u qhdu wkh fodvvlfdo rxwhu wxuqlqj srlqw ri wkh h{flwhg vwdwh zkhuh

wkh yhorflw| ri wkh dwrpv lv orz dqg wkxv frpsdudeoh wr wkdw ehiruh h{flwdwlrq1 Wklv



519 Skrwrdvvrfldwlrq 5<

Iljxuh 519 Frog0dwrp skrwrdvvrfldwlrq1 D froolglqj sdlu ri dwrpv/ ghvfulehg e| wkh vfdw0

whulqj zdyh ixqfwlrq �} Eo�/ lv h{flwhg e| d odvhu �hog lqwr dq hohfwurqlfdoo| h{flwhg erxqg

prohfxodu vwdwh zlwk udgldo zdyh ixqfwlrq ��a Eo� dw d udwh �u1 Wklv vwdwh wkhq ghfd|v edfn

dw d udwh �
f
wr iuhh dwrpv1 Gxh wr wkh odujh dyhudjh yhorflw| lq wkh h{flwhg0vwdwh srwhqwldo/

wkhvh kdyh hqrxjk wudqvodwlrqdo hqhuj| wr ohdyh wkh wuds lq zklfk wkh surfhvv wdnhv sodfh1 Wkh

ghfuhdvh lq dwrplf ghqvlw| lq wkh wuds gxh wr wklv orvv lv ghwhfwhg1 Iru fodulw| hqhujlhv duh qrw

vkrzq wr vfdoh1

hqdeohv rqh wr pds rxw wkh qrgdo vwuxfwxuh ri wklv zdyh ixqfwlrq dorqj d odvhu iuhtxhqf|

d{lv ^53`1 Wkh zkroh surfhvv lv looxvwudwhg lq Ilj1 5191

Reylrxvo| d wkhruhwlfdo ghvfulswlrq ri skrwrdvvrfldwlrq uhtxluhv nqrzohgjh ri wkh

h{flwhg erxqg vwdwhv dsduw iurp wkh ghvfulswlrq ri wkh jurxqg0vwdwh g|qdplfv wuhdwhg

lq wkh suhylrxv vhfwlrqv1 Wkh hohfwurqlf vwuxfwxuh ri wkh h{flwhg vwdwhv fdq/ olnh wkdw

iru wzr jurxqg0vwdwh dwrpv/ eh ghwhuplqhg e| phdqv ri d Eruq0Rsshqkhlphu surfh0

gxuh1 Wkh h{flwhg dondol dwrp vwdwhv wkdw rffxu lq wklv wkhvlv duh doo dvvrfldwhg zlwk

wkh 5V .5 S vhsdudwhg0dwrp olplwv1 Wkhvh vwdwhv kdyh ehhq vwxglhg e| Pryuh dqg

Slfkohu ^67`1 Lq wkh udgldo udqjh ri rxwhu wxuqlqj srlqwv ri wkh xsshuprvw uryleud0

wlrqdo ohyhov ri wkh Eruq0Rsshqkhlphu srwhqwldo fxuyhv � zklfk duh wkh rqhv revhuyhg

lq wkh h{shulphqwv � wkh h{flwhg vwdwhv kdyh d uhodwlyho| vlpsoh hohfwurqlf vwuxfwxuh
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ghwhuplqhg e| rqo| d ihz edvlv vwdwhv frxsohg e| wkh �qh0vwuxfwxuh lqwhudfwlrq ri wkh

h{flwhg dwrp dqg wkh lqwhudfwrplf uhvrqdqw hohfwulf glsroh lqwhudfwlrq sursruwlrqdo wr

4@u61 Wkh uryleudwlrqdo ohyhov duh odehohg e| y/ wkh yleudwlrqdo txdqwxp qxpehu/ dqg

e| M / zkhuh �M @ �o.�O. �V dqg �O lv wkh hohfwurqlf ruelwdo dqjxodu prphqwxp +iru Ol wkh

hohfwurqlf vslq0ruelw frxsolqj lv vr zhdn wkdw �V grhv qrw frxsoh wr �Q @
�o. �O dv xvxdo>

wklv uhvxowv lq uryleudwlrqdo ohyhov odehohg e| y dqg Q = Kxqg*v fdvh e,1 Hdfk ohyho

frqvlvwv ri d qxpehu ri erxqg vwdwhv odehohg e| dgglwlrqdo txdqwxp qxpehuv +lq sdu0

wlfxodu wkrvh uhodwhg wr wkh qxfohdu vslqv,/ srvvleo| vsolw lq hqhuj| e| wkh k|shu�qh dqg

]hhpdq lqwhudfwlrqv1 Wkh h{suhvvlrq iru wkh skrwrdvvrfldwlrq udwh frh!flhqw vkrxog

frqwdlq dq lqfrkhuhqw vxp ryhu doo h{flwhg vwdwhv wkdw duh dssur{lpdwho| uhvrqdqw dw

wkh iuhtxhqf| $O ri wkh skrwrdvvrfldwlrq odvhu1 Riwhq/ wklv vxp lqyroyhv suhflvho| doo

vwdwhv wkdw ehorqj wr rqh uryleudwlrqdo ohyho1

Lq fkdswhuv 7 dqg 8 ri wklv wkhvlv zh vwxg| d skrwrdvvrfldwlrq surfhvv lq ;8Ue1 E| d

fduhixo fkrlfh ri h{flwhg vwdwh zh duh wkhuh deoh wr dyrlg wkh deryh0phqwlrqhg k|shu�qh

dqg ]hhpdq vsolwwlqj/ vr wkdw doo h{flwhg vwdwhv wkdw frqwulexwh wr wkh skrwrdvvrfldwlrq

vljqdo duh ghjhqhudwh dqg kdyh d vlpsoh vwuxfwxuh1 Zh kdyh dovr dqdo|}hg d skrwrdv0

vrfldwlrq h{shulphqw iru Ol zkhuh wkh ]hhpdq dqg k|shu�qh vsolwwlqj zhuh devhqw1 Lq

ylhz ri wkhvh h{shulphqwdo frqglwlrqv/ zh zloo olplw wkh iroorzlqj glvfxvvlrq wr wkh fdvh

ri ghjhqhudwh h{flwhg vwdwhv zlwk hqhuj| HyM 1 Wkh udwh dw zklfk wkhvh vwdwhv duh iruphg

gxulqj froolvlrqv ri wzr dwrpv lq k|shu�qh vwdwhv m�l dqg m�l lv jlyhq +lq hqhuj| xqlwv,

e| wkh zlgwk iru odvhu h{flwdwlrq

�O>i��j @
�LO

%3f

[
o>po

[
�

���G�yM
�

���+�g4 . �g5, � ��
����opo .

i��j +H,
H���5 > +5184,

zkhuh �g4 dqg �g5 duh wkh hohfwulf glsroh rshudwruv ri dwrpv rqh dqg wzr/ �� lv wkh

srodul}dwlrq yhfwru ri wkh skrwrdvvrfldwlrq odvhu dqg LO lwv lqwhqvlw|1 Wkh sduwldo zdyhv���opo .

i��j +H,
�
/ ghvfulelqj wkh jurxqg0vwdwh g|qdplfv/ duh gh�qhg e| Ht1 +5153,1 Wkh|

duh frxsohg e| wkh odvhu �hog wr wkh hohfwurqlfdoo| h{flwhg erxqg vwdwhv
���yM

�

�
/ zkhuh y

dqg M odeho wkh uhvrqdqw uryleudwlrqdo ohyho lq rqh ri wkh Eruq0Rsshqkhlphu srwhqwldov/

dqg � odehov doo rwkhu txdqwxp qxpehuv1 Wkh zlgwk �O>i��j frqwdlqv ryhuods lqwhjudov

ri wkh h{flwhg erxqg0vwdwh udgldo zdyhixqfwlrq xyM +u, dqg wkh jurxqg0vwdwh udgldo

zdyhixqfwlrqv xoi��j +u,1 Mxvw olnh iru wkh jurxqg0vwdwh Eruq0Rsshqkhlphu srwhqwldov/

wkh lqqhu sduw ri wkh h{flwhg0vwdwh srwhqwldov lv qrw dv dffxudwho| nqrzq dv lwv deryh0

phqwlrqhg vlpsoh orqj0udqjh sduw1 Wkhuhiruh/ wkh zdyh ixqfwlrq xyM +u, lv frpsxwhg e|

lqzdug lqwhjudwlrq iru wkh h{shulphqwdo ohyho hqhuj| HyM 1 Pruhryhu/ gxh wr dssolfdwlrq

ri wkh dffxpxodwhg skdvh phwkrg wkh ixqfwlrqv xoi��j +u, duh qrw dydlodeoh iru u ? u31

Iruwxqdwho|/ wkh ryhuods lqwhjudov duh frpsohwho| grplqdwhg e| wkh u0uhjlrq qhdu wkh

fodvvlfdo wxuqlqj srlqw dvvrfldwhg zlwk xyM +u, +dv fdq eh vhhq iurp Ilj1 519,/ vr wkdw

wkh lqwhjudwlrq fdq eh olplwhg wr wkh orqj0udqjh lqwhuydo u A u3 zlwkrxw dq| h�hfw rq
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wkh uhvxow1

Iurp wkh zlgwk �O>i��j iru h{flwdwlrq dqg wkh qdwxudo olqhzlgwk �3 ri wkh odvhu0

frxsohg h{flwhg0vwdwh ohyho/ uhsuhvhqwlqj wkh udwh dw zklfk wkh h{flwhg erxqg vwdwhv

ehorqjlqj wr wklv ohyho ghfd| edfn wr iuhh dwrpv/ wkh udwh frh!flhqw Ni��j iru skr0

wrdvvrfldwlrq orvvhv fdq eh fdofxodwhg1 Wr �uvw rughu lq wkh odvhu lqwhqvlw| LO rqh

�qgv ^4;/68`

Ni��j +E> W> $O, @

-
y
�

n5

�3�O>i��j

+H . |$O �HyM,
5
. 4

7
�5
3

.
wk

= +5185,

Wr vhh li wkh dssur{lpdwlrq wr �uvw rughu lq LO dssolhv lq d fhuwdlq h{shulphqw rqh

xvxdoo| fkhfnv li wkh skrwrdvvrfldwlrq udwh ydulhv olqhduo| zlwk odvhu lqwhqvlw|1 Wkh udwh

frh!flhqw Ni��j fdq eh xvhg lq wkh vdph zd| dv wkh lqhodvwlf froolvlrq udwh frh!flhqwv

J��$��1
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Wlph0Ghshqghqw Ihvkedfk Uhvrqdqfh

Vfdwwhulqj dqg Dqrpdorxv Ghfd| ri d Qd

Ervh0Hlqvwhlq Frqghqvdwh

I1D1 ydq Dehhohq dqg E1M1 Yhukddu

Sxeolvkhg lq Sk|v1 Uhy1 Ohww1 ;6/ 4883 +4<<<,

Zh vwxg| Ihvkedfk uhvrqdqfh vfdwwhulqj lq d wlph0ghshqghqw pdjqhwlf �hog1 Zh h{0

sodlq wkh h{wuhpho| udslg ghfd| revhuyhg lq d uhfhqw h{shulphqw lqyhvwljdwlqj Ihvkedfk

uhvrqdqfhv lq d Qd Ervh0Hlqvwhlq frqghqvdwh1 Lq rxu slfwxuh/ wkh ghfd| lv vwlpxodwhg

e| wkh irupdwlrq ri d prohfxodu frqghqvdwh ri txdvlerxqg dwrp sdluv1 Dqrwkhu hvvhq0

wldo hohphqw lv wkh frqfhsw ri d joredo dqg d orfdo uhvrqdqfh olihwlph1 Wkh suhglfwhg

ghfd| udwhv duh odujh/ derxw 8 rughuv ri pdjqlwxgh odujhu wkdq w|slfdo glsroh ghfd|

udwhv dqg 4 rughu odujhu wkdq w|slfdo h{fkdqjh ghfd| udwhv1 Zh srlqw rxw wkh srvvleoh

uroh ri d Mrvhskvrq0olnh rvfloodwlrq ehwzhhq wkh dwrplf frqghqvdwh dqg d orqj0udqjh

prohfxodu frqghqvdwh1

614 Lqwurgxfwlrq

D uhpdundeoh dvshfw ri wkh uhfhqwo| uhdol}hg Ervh0Hlqvwhlq frqghqvdwhv lq gloxwh dondol

dqg k|gurjhq dwrplf jdvhv ^4` lv wkh surplqhqw uroh ri dwrp0dwrp lqwhudfwlrqv1 Iru

lqvwdqfh/ wkh olqhdu glphqvlrqv ri d wudsshg frqghqvdwh pd| eh vhyhudo wlphv odujhu

wkdq iru wkh txdqwxp phfkdqlfdo jurxqg vwdwh lq wkh wuds srwhqwldo ^5`/ l1h1 wkh vwdwh

ri wkh frqghqvdwh zlwkrxw lqwhudfwlrqv1 Rwkhu h{dpsohv duh wkh vslq grpdlq vwuxf0

wxuh uhfhqwo| revhuyhg lq d vslqru frqghqvdwh ^6`/ dq dpd}lqj dqg frxqwhu0lqwxlwlyh

skhqrphqrq iru d gloxwh v|vwhp/ dqg wkh idvflqdwlqj uhfhqw irxu0zdyh pl{lqj h{shul0

phqw ^7`1 Wkhuh lv uhdvrq wr h{shfw wkdw lqwhudfwlrqv zloo dovr eh lpsruwdqw iru ixwxuh

ghyhorsphqwv lq wkh gluhfwlrq ri frkhuhqw pdwwhu zdyhv1 Wkh idfw wkdw vxfk zdyhv fdq

lqwhudfw pd| zhoo eh rqh ri wkh prvw lpsruwdqw dgydqwdjhv ri dwrp odvhuv frpsduhg

wr rswlfdo odvhuv1

Xqolnh suhylrxvo| vwxglhg ghjhqhudwh v|vwhpv vxfk dv 7Kh/ wkh qhz txdqwxp oltxlgv

fdq eh xqghuvwrrg txdqwlwdwlyho| rq wkh edvlv ri �uvw sulqflsohv1 Prvw ri wkhlu surs0

huwlhv fdq eh h{suhvvhg zlwk wkh dlg ri d vlqjoh lqwhudfwlrq sdudphwhu= wkh vfdwwhulqj

ohqjwk d1 Lqwhuhvwlqjo|/ wklv sdudphwhu fdq eh h{shulphqwdoo| prgl�hg1 D surplvlqj



67 6 Wlph0Ghshqghqw Ihvkedfk Uhvrqdqfh Vfdwwhulqj 111

zd| wr gr wklv uholhv rq wkh vwurqj yduldwlrq ri d wkdw rffxuv li d Ihvkedfk uhvrqdqfh lv

wxqhg wkurxjk }hur hqhuj| e| ydu|lqj dq h{whuqdo pdjqhwlf �hog ^8`1 Vxfk uhvrqdqfhv

kdyh ehhq revhuyhg lq Qd ^9` dqg lq ;8Ue ^:/;`1 Lq wkh Qd h{shulphqw wkh vfdwwhulqj

ohqjwk zdv vhhq wr ydu| glvshuvlyho| dv d ixqfwlrq ri wkh pdjqhwlf �hog dv suhglfwhg=

d+E, @ d4

�
4�

�

E �E3

�
> +614,

zkhuh d4 lv wkh r�0uhvrqdqw vfdwwhulqj ohqjwk dqg � fkdudfwhul}hv wkh zlgwk ri wkh

uhvrqdqfh dv d ixqfwlrq ri E1 Ihvkedfk uhvrqdqfhv wkxv r�hu wkh srvvlelolw| wr vwxg|

txdqwxp oltxlgv dqg frkhuhqw pdwwhu lq zlgho| ydu|lqj flufxpvwdqfhv zlwk srvlwlyh/

qhjdwlyh dqg }hur ydoxhv ri d lq d vlqjoh h{shulphqw1 Lq sduwlfxodu/ lw vkrxog eh srvvleoh

wr vhh wkh suhglfwhg ^<`/ exw vwloo xqrevhuyhg froodsvh ri d frqghqvdwh li lwv vfdwwhulqj

ohqjwk lv vxgghqo| vkliwhg wr d vx!flhqwo| qhjdwlyh ydoxh1

Frog dwrp Ihvkedfk uhvrqdqfhv duh h{fhswlrqdo dovr lq dqrwkhu vhqvh1 Iru sudfwl0

fdoo| uhdol}deoh wlph0ydu|lqj �hogv/ lw lv srvvleoh wr fkdqjh wkh surshuwlhv ri d vfdwwhulqj

surfhvv vljql�fdqwo| zkloh lw lv jrlqj rq1 Lw lv wkh sxusrvh ri wklv Ohwwhu wr srlqw rxw

wkdw wklv zdv lq idfw dq lpsruwdqw hohphqw lq d uhfhqw h{shulphqw e| Vwhqjhu hw do1 ^43`

dw PLW1 Lq dq dwwhpsw wr uhdol}h d pd{lpxp yduldwlrq ri d lq dq rswlfdoo| wudsshg

Qd Ervh0Hlqvwhlq frqghqvdwh/ wkh| revhuyhg d vwurqj ghfd| ri wkh frqghqvdwh zkhq d

uhvrqdqfh zdv dssurdfkhg ru furvvhg zlwk wkh h{whuqdo pdjqhwlf �hog1 Wkh h{shulphqw

frqvlvwhg ri uxqv ri wzr w|shv= +4, Uxqv lq zklfk wkh pdjqhwlf �hog zdv fkdqjhg dgld0

edwlfdoo| iurp dq r�0uhvrqdqw ydoxh wr d ydoxh qhdu d uhvrqdqfh �hog vwuhqjwk zlwkrxw

furvvlqj wkh uhvrqdqfh> +5, uxqv lq zklfk d uhvrqdqfh zdv furvvhg zlwk kljk udps vshhg/

ehjlqqlqj dqg hqglqj zlwk r�0uhvrqdqw �hogv1 D phfkdqlvp iru wkh w|sh 4 revhuydwlrqv

kdv ehhq sursrvhg e| Wlpphupdqv hw do1 ^44` dqg zloo eh eulh | uhfdslwxodwhg odwhu lq

wklv sdshu1 Zh zloo irfxv rq wkh dqrpdorxv ghfd| lq wkh vhfrqg w|sh ri h{shulphqw1

Dv srlqwhg rxw e| Vwhqjhu hw do1/ wkh h{shulphqwdo gdwd vxjjhvw ghfd| udwhv idu odujhu

wkdq h{shfwhg iru dq| ri wkh nqrzq wzr0erg| dqg wkuhh0erg| phfkdqlvpv1 Zh zloo

suhvhqw d qhz slfwxuh edvhg rq wlph0ghshqghqw Ihvkedfk uhvrqdqfh vfdwwhulqj1

615 Dqrpdorxv Ghfd| lq W|sh 5 Uxqv

Ihvkedfk uhvrqdqfhv dulvh zkhq wkh wrwdo hqhuj| ri d sdlu ri froolglqj dwrpv pdwfkhv

wkh hqhuj| ri d txdvlerxqg wzr0dwrp vwdwh/ ohdglqj wr wkh uhvrqdqw irupdwlrq ri wklv

vwdwh gxulqj wkh froolvlrq ^45`1 Iljxuh 715 lq fkdswhu 7 ^46` vkrzv dq h{dpsoh ri wkh

hqkdqfhphqw ri wkh froolvlrqdo zdyhixqfwlrq qhdu d uhvrqdqfh/ uh hfwlqj wkh lqfuhdvhg

dpsolwxgh ri wkh dgpl{hg txdvlerxqg vwdwh1 Pdjqhwlf wxqlqj lv srvvleoh li wkh sdlu ri

iuhh dwrpv dqg wkh txdvlerxqg vwdwh kdyh gl�huhqw pdjqhwlf prphqwv �iuhh � �te @

�� 9@ 3/ jlylqj ulvh wr gl�huhqw ]hhpdq ghshqghqflhv1 Iljxuh 614 vkrzv wkh furvvlqjv

ri wzr Qd txdvlerxqg vwdwhv zlwk wkh froolvlrq wkuhvkrog dw E @ ;86 dqg <3: J1 Wkh



615 Dqrpdorxv Ghfd| lq W|sh 5 Uxqv 68

� ��� ��� ��� ��� ���� ����

%��*�

����

����

����

����
(
��
.
�

quasibound states
threshold

907 G853 G

1,11,1 +++ NaNa

0,resBτ�

0,¬ reskin BE τ�∆=

Iljxuh 614 Furvvlqj ri txdvlerxqg wzr0dwrp vwdwhv zlwk Qd . Qd froolvlrq wkuhvkrog dw

� @ ;86 dqg <3: J/ gxh wr gl�huhqw ]hhpdq ghshqghqflhv ri wkh txdvlerxqg vwdwhv dqg wkh

vwdwh ri iuhh dwrpv1 Lqvhw= Vfkhpdwlf looxvwudwlrq ri sursrvhg orvv phfkdqlvp1

fruuhvsrqglqj uhvrqdqfhv zhuh revhuyhg ^43` lq d frqghqvdwh ri dwrpv lq wkh orzhvw

k|shu�qh vwdwh mi>pi l @ m4>.4l/ zlwk �i @ �v .�~ wkh wrwdo dwrplf vslq1 Iluvw/ zh zloo

irfxv rq wkh uhvrqdqfh dw ;86 J1

Lq rxu slfwxuh wkh h{wuhpho| udslg orvv ri wkh dwrplf frqghqvdwh lq wkh kljk udps

vshhg h{shulphqwv lv gxh wr wkh idfw wkdw wkh irupdwlrq dqg wkh ghfd| ri wkh uhvrqdqfh

vwdwh rffxu dw wzr gl�huhqw �hog ydoxhv dv d frqvhtxhqfh ri wkh ghod| fdxvhg e| wkh

uhvrqdqfh olihwlph �uhv>31 Zkhuhdv rxwvlgh wkh uhvrqdqfh wkh hqhuj| ri hdfk ri wkh wzr

dwrpv iroorzv dgldedwlfdoo| wkh vlqjoh0dwrp ]hhpdq ghshqghqfh +vhh vfkhpdwlf lqvhw lq

Ilj1 614,/ wklv hqhuj| ghfuhdvh lv lqwhuuxswhg gxulqj wkh olihwlph ri wkh uhvrqdqfh e| d

udwh ri fkdqjh ri hqhuj|/ gl�huhqw e|�� bE1 Wkh uhvxow lv d vljql�fdqwo| lqfuhdvhg nlqhwlf

hqhuj| ri wkh iuhh wzr0dwrp vwdwh dulvlqj iurp wkh ghfd| ri wkh txdvlerxqg vwdwh1 Wklv

lqfuhdvh fdq eh hvwlpdwhg dv �� bE�uhv>3 � nE ^ 3=8 wr 6=8 �N ` +wkh Erow}pdqq frqvwdqw

nE zloo eh rplwwhg lq doo htxdwlrqv ehorz zkhuh hqhuj| lv h{suhvvhg lq Nhoylqv,1 Ehfdxvh

lw lv odujhu wkdq wkh phdq0�hog hqhuj| lq wkh frqghqvdwh/ wkh dffhohudwhg dwrpv duh
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frxqwhg dv orvw iurp wkh frqghqvdwh zkhq wkh uhpdlqlqj qxpehu ri dwrpv lv ghwhuplqhg

diwhu wkh vzhhs ^47`1 Lq vkruw/ wkh txdvlerxqg sdluv vwduw wr eh iruphg iurp wkh

dwrplf frqghqvdwh/ vwlpxodwhg e| d ervrqlf vwlpxodwlrq idfwru/ dqg irup d �prohfxodu�

frqghqvdwh ^48`1 Rq wkh rwkhu kdqg/ wkhlu ghfd| edfn wr wkh dwrplf frqghqvdwh lv

doprvw frpsohwho| vxssuhvvhg gxh wr wkh deryh nlqhwlf hqhuj| jdlq1 Lqvwhdg/ d yhu|

udslg ghfd| wdnhv sodfh wr d qrqfrqghqvhg dwrp iudfwlrq/ zklfk lv h�hfwlyho| revhuyhg

dv d orvv surfhvv1 Wkh srvvlelolw| wkdw wkh uhvrqdqwo| iruphg txdvlerxqg dwrp sdluv

irup d frqghqvdwh zdv suhylrxvo| vxjjhvwhg e| Wlpphupdqv hw do1 ^44`1 Lq frqwudvw wr

wkhlu sursrvdo/ krzhyhu/ d fuxfldo hohphqw ri rxu ghvfulswlrq lv wkh deryh ghfd| wr d

qrqfrqghqvhg dwrp iudfwlrq1

Lqwhuhvwlqjo|/ iru wkh deryh hvwlpdwh ri wkh nlqhwlf hqhuj| lw lv qrw wkh xvxdo �joredo�

uhvrqdqfh olihwlph �uhv @ |@� +zkhuh � lv wkh ghfd| zlgwk, wkdw lv uhohydqw exw wkh/ riwhq

pxfk vkruwhu/ �orfdo� olihwlph �uhv>3 @ |@�31 Wklv lv wkh olihwlph dvvrfldwhg zlwk wkh

irupdwlrq ru ghfd| ri wkh uhvrqdqfh lq wkh udgldo uhjlrq +u 1 57 dwrplf xqlwv d3, zkhuh

wkh txdvlerxqg vwdwh lv frxsohg wr wkh lqfrplqj fkdqqho yld wkh h{fkdqjh lqwhudfwlrq1 Lw

iroorzv iurp wkh hqhuj| ghshqghqfh ri wkh orfdo skdvh vkliw �3 ri wkh udgldo zdyhixqfwlrq

dw u � 57d3 qhdu uhvrqdqfh1 Zlwk h5l�3 @ h5l�3>ej
�
4� l�3@+H � �uhv .

l
5
�3,

�
^45` zh

�qg �uhv>3 @ 4=7 �v +fdofxodwhg xvlqj wkh lqwhudfwlrq sdudphwhuv ghulyhg lq fkdswhu

: ^49`,1 Lq wklv irupxod �3>ej lv wkh edfnjurxqg ydoxh ri wkh orfdo skdvh vkliw/ �uhv

lv wkh uhvrqdqfh hqhuj| dqg H � 4 qN wkh w|slfdo nlqhwlf hqhuj| iru dq dwrp lq

wkh frqghqvdwh1 Wkh orfdo olihwlph lv pxfk vkruwhu wkdq wkh joredo olihwlph �uhv @

|@�+H, � H�
4

5 ri rughu 4 pv/ dvvrfldwhg zlwk wkh hqhuj| ghshqghqfh ri wkh skdvh vkliw

dw d pxfk odujhu glvwdqfh +u A 4333 d3,1 Lq frqwudvw wr dq lqwhuphgldwh udgldo udqjh

zkhuh txdqwxp uh hfwlrq wdnhv sodfh ^4:`/ d zdyh sdfnhw sursdjdwhv lq wkh uhjlrqv dw

vpdoo dqg odujh u zlwkrxw vljql�fdqw uh hfwlrq/ vr wkdw phdqlqjixo frqfhswv ri skdvh

vkliw dqg ghod| wlph duh srvvleoh1 Xqghuvwdqgdeo|/ wkh joredo olihwlph lv wkh uhvrqdqfh

olihwlph wkdw prvwo| rffxuv lq h{suhvvlrqv iru uhvrqdqfh skhqrphqd1 Lq rxu fdvh lw lv

pxfk orqjhu wkdq wkh orfdo olihwlph gxh wr vwurqj txdqwxp uh hfwlrq1

616 Wzr0Vwdwh Prgho

Zh fdofxodwh wkh dwrp orvv iudfwlrq diwhu wkh �hog udps e| frqvlghulqj wkh dwrp sdluv

lq wkhlu txdvlerxqg vwdwh dv d prohfxodu Ervh0Hlqvwhlq frqghqvdwh/ ghvfulehg e| d

frkhuhqw �hog !5+�{> w, lq dgglwlrq wr wkh �hog !4+�{> w, ghvfulelqj wkh dwrplf frqghqvdwh1

Wkh hyroxwlrq ri wkh grxeoh0frqghqvdwh v|vwhp lv ghvfulehg e| d wzr0vwdwh prgho/

jryhuqhg e| d sdlu ri frxsohg Jurvv0Slwdhyvnll htxdwlrqv ^44/ 4;`=

l| b!4 @ X3m!4m
5!4 . 5�!�4!5>

l| b!5 @ +�uhv �
l

5
�3,!5 . �!54> +615,



616 Wzr0Vwdwh Prgho 6:

zlwk xqlirup dpsolwxghv !4>5 @
s
q4>5 h{s+l�4>5, ryhu wkh yroxph ri wkh frqghqvdwh1

Khuh X3 @ 7�|5d4@p lv wkh r�0uhvrqdqw vwuhqjwk ri wkh dwrplf frqghqvdwh vhoi0hqhuj|

dqg wkh � whupv ghvfuleh wkh surfhvv wkdw frqyhuwv dwrpv lqwr prohfxohv1 Lq rxu

vlpxodwlrqv zh rplw wkh lq xhqfh ri wkh lqwhudfwlrqv ehwzhhq wkh prohfxohv gxulqj

wkhlu vkruw olihwlph dqg ehwzhhq wkrvh prohfxohv dqg dwrpv1 Wkh frxsolqj sdudphwhu

lv jlyhq e| � @ +4
5
X3���,4@5/ zkloh �uhv+w, � l

5
�3 @ ^E+w,�E3`�� � l

5
�3 lv wkh

frpsoh{ hqhuj| ri wkh txdvlerxqg vwdwh uhodwlyh wr wkuhvkrog lqfoxglqj lwv ghfd| zlgwk1

Lq ylhz ri wkdw odujh ghfd| zlgwk/ zh wuhdw !5 e| wkh phwkrg ri holplqdwlrq ri idvw

yduldeohv/ h{suhvvlqj lw dv !5+w, @ ��!54@+�uhv� l
5
�3,1 Zh wkhq hqg xs zlwk dq htxdwlrq

iru !4+w, rqo|=

l| b!4 @

#
X3 �

5�5

�uhv+w,� l
5
�3

$
m!4m5!4 @ X m!4m5!4> +616,

zlwk lqlwldo frqglwlrq !4+�4, @
s
ql1 Dssduhqwo|/ wkh lq xhqfh ri wkh uhvrqdqfh

gxulqj wkh �hog udps kdv h�hfwlyho| wkh irup ri d Euhlw0Zljqhu frqwulexwlrq wr wkh

frqghqvdwh vhoi0hqhuj|1 Wkh r�0uhvrqdqw vwuhqjwk X3 fkdqjhv lqwr X @ 7�|5d@p/ zlwk

d frpsoh{ vfdwwhulqj ohqjwk ri wkh irup +614, zlwk E3 uhsodfhg e| E3 .
l
5
�E/ zkhuh

�E @ �
3@��1 Wkh txdqwlw| �E fkdudfwhul}hv wkh orfdo zlgwk ri wkh uhvrqdqfh dv

d ixqfwlrq ri wkh �hog1 Lw lv dssur{lpdwho| htxdo wr wzlfh wkh zlgwk sdudphwhu � ri

Ht1 +614, lq wkh flufxpvwdqfhv ri wkh h{shulphqw1 Pruh jhqhudoo|/ wkh udwlr �@�E

lv uhodwhg wr wkh wudqvplvvlrq wkurxjk wkh txdqwxp uh hfwlrq uhjlrq dqg ghshqgv rq

d41 Wkh lpdjlqdu| sduw ri X ghvfulehv wkh ghfd| ri wkh dwrplf frqghqvdwh= bq4 @

�J+w,q54/ zlwk wkh udwh frh!flhqw J+w, @ 5�5

|
�3@+�

5
uhv .

4

7
�53,1 Lwv pd{lpxp ydoxh lv

;�5@|�
3
@ 7X3�@|�E � 5� 43�43fp6v�4/ lqghshqghqw ri bE1 Wr rxu nqrzohgjh/ wklv

ydoxh iru wkh lqvwdqwdqhrxv udwh ri ghfd| revhuyhg lq wkh PLW h{shulphqw uhsuhvhqwv

wkh odujhvw lqhodvwlf udwh iru d frog dwrp surfhvv hyhu revhuyhg/ dw ohdvw 4 rughu ri

pdjqlwxgh odujhu wkdq w|slfdo h{fkdqjh ghfd| udwhv +Jh{fk � 43�44fp6v�4, dqg 8

rughuv odujhu wkdq w|slfdo glsrodu ghfd| udwhv +Jgls � 43�48fp6v�4,1 Qrwh wkdw wkh

sk|vlfv ri rxu slfwxuh lv yhu| vlplodu wr wkdw ri h{fkdqjh uhod{dwlrq lq wkh ylflqlw| ri

d Ihvkedfk uhvrqdqfh +iruelgghq lq rxu fdvh,1 Lq fkdswhu 9 ^4<` zh suhglfw iru wkdw

surfhvv lq 9Ol0:Ol froolvlrqv d uhod{dwlrq udwh zlwk d txdqwxp olplw pdjqlwxgh/ dw ohdvw

436 odujhu wkdq wkh w|slfdo h{fkdqjh ydoxh1

Lqwhjudwlqj wkh udwh htxdwlrq zh rewdlq wkh iudfwlrq ri dwrpv orvw iurp wkh frqghq0

vdwh iru d jlyhq udps vshhg=

ql � qi

ql

@
ql

U
J+w,gw

4 . ql

U
J+w,gw

�

s+ bE,

4 . s+ bE,
> +617,

zkhuh s+ bE, @ �+X3ql@|,=+5�@ bE,1 Dssduhqwo|/ wkh orvv lv ghwhuplqhg e| wkh qrq0
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Iljxuh 615 Suhglfwhg +vrolg olqhv, dqg phdvxuhg +grwv frqqhfwhg e| gdvkhg olqhv, iudfwlrq

ri orvw dwrpv diwhu furvvlqj wkh Ihvkedfk uhvrqdqfh dv d ixqfwlrq ri lqyhuvh udps vshhg iru

wkh uhvrqdqfhv dw ;86 dqg <3: J1

uhvrqdqw fkdqjh ri wkh frqghqvdwh skdvh �4 gxulqj wkh furvvlqj ri wkh uhvrqdqfh1 Qrwh

wkdw wkh wzr0vwdwh prgho suhglfwv wkh orvv iudfwlrq wr ghshqg rq ql dqg bE rqo| yld wkh

frpelqdwlrq ql@ bE1 Wkh vshfl�f surshuwlhv ri wkh uhvrqdqfh frph lq rqo| yld � dv zdv

douhdg| lpsolflwo| dvvxphg lq Uhi1 ^43`1 Zkloh d idvw wlph ghshqghqfh ri wkh pdjqhwlf

�hog lv qhhghg iru wkh uhvrqdqw orvv surfhvv/ wkh orvv ghfuhdvhv zlwk lqfuhdvlqj bE gxh

wr wkh vkruwhu wlph lq zklfk wkh uhvrqdqfh lv furvvhg1

617 Uhvxowv

Lq Ilj1 615 zh suhvhqw wkh orvv iudfwlrq iru �uhv>3 htxdo wr wkh fdofxodwhg ydoxh 417 �v

+�3 @ 816 �N/ � @ 3133<4 J,1 Zh rewdlq udwkhu jrrg djuhhphqw zlwk h{shulphqw iru

ql @ :=3�4347 fp�61 Wklv +xqlirup, lqlwldo ghqvlw| djuhhv zlwk wkh h{shulphqwdo ydoxh

8=5� 4347 fp�6 iru wkh phdq lqlwldo ghqvlw| zlwklq wkh frpelqhg h{shulphqwdo +	 8(

vwdwlvwlfdo/ 	 53( v|vwhpdwlf, ^47` dqg wkhruhwlfdo huuru eduv1

Lq wkh fdvh ri wkh ;86 J uhvrqdqfh/ wkh txdvlerxqg vwdwh dqg wkh iuhh wzr0dwrp

vwdwh duh yhu| zhdno| frxsohg1 Wkh frxsolqj lv pruh wkdq d idfwru 433 vwurqjhu iru wkh

rwkhu uhvrqdqfh dw <3: J1 Ilj1 615 vkrzv wkh orvv iudfwlrq iroorzlqj iurp wkh suhylrxv

h{suhvvlrqv iru wkh fdofxodwhg ydoxh �uhv>3 @ 31345 �v +�
3
@ 979 �N/ � @ 4138 J, dw wkh

h{shulphqwdo phdq ghqvlw| ql @ 8=:� 4347 fp�6 ^47`1 Fohduo|/ iru erwk uhvrqdqfhv wkh

rughu ri pdjqlwxgh ri wkh orvv udwh lv fruuhfwo| ghvfulehg/ frq�uplqj wkh edvlf phfkd0

qlvp1 Iru wkh <3: J uhvrqdqfh/ krzhyhu/ wkh wkhruhwlfdo suhglfwlrq vkrzv d gl�huhqfh

zlwk h{shulphqw1 Zh eholhyh wkdw wklv lv gxh wr wkh idfw wkdw iru wkh kljkhvw h{shulphq0

wdo bE ydoxhv wkh wlph ghshqghqfh ri wkh vfdwwhulqj surfhvv lv lqfrpsohwho| ghvfulehg lq
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rxu wzr0vwdwh prgho1 Lq sduwlfxodu/ wkh �qlwh wlph qhhghg iru wkh wudqvplvvlrq ri d zdyh

sdfnhw wkurxjk wkh txdqwxp uh hfwlrq uhjlrq dqg iru wkh pxowlsoh uh hfwlrqv ehwzhhq

wklv uhjlrq dqg wkh ruljlq pd| sod| d uroh/ vlqfh lw wxuqv rxw wr eh frpsdudeoh wr wkh

wlph lq zklfk wkh uhvrqdqfh lv furvvhg zlwk wkh pdjqhwlf �hog1 Wklv vxjjhvwv wkdw lq

wklv uhjlph wkh wlph0ghshqghqw uhvrqdqfh skhqrphqrq lq d frqghqvdwh lv wrr lqyroyhg

wr eh ghvfulehg lq whupv ri d frpelqdwlrq ri dq dwrplf dqg d prohfxodu frqghqvdwh

zdyhixqfwlrq1

Lqvwhdg/ d ghvfulswlrq zlwk d sdlu frqghqvdwh zdyhixqfwlrq !+ �{4> �{5> w, lq dqdorj|

wr wkh lqghshqghqw0sdlu ghvfulswlrq iru ihuplrqlf v|vwhpv ^53` zrxog vhhp dssursuldwh1

Wklv uhtxluhv d jhqhudol}dwlrq ri wkh frxsohg Jurvv0Slwdhyvnll htxdwlrqv1 Uhpdundeo|/

zh irxqg wkdw d vlpsoh h{whqvlrq ri wkh deryh frxsohg Htv1 +615, zlwk dq h{wud frxsolqj

whup lq erwk htxdwlrqv surgxfhg e| dq dgglwlrqdo uh hfwlrq/ ghvfulehv txdolwdwlyho|

wkh ehkdylru ri wkh revhuyhg orvv iudfwlrq iru d ghod| wlph gxh wr uh hfwlrq ri derxw

43 �v1 Wkh vlwxdwlrq ri wkh txdqwxp uh hfwlrq uhjlrq vhsdudwlqj wzr frqghqvdwhv

+d frqghqvdwh ri iuhh dwrpv dqg d �orqj0udqjh prohfxodu� frqghqvdwh, zlwk dq lqlwldo

uhprydo ri dwrp sdluv rq rqh vlgh gxulqj wkh furvvlqj ri wkh uhvrqdqfh/ lv uhplqlvfhqw ri

wkh Mrvhskvrq h�hfw ^5`1 Lq wklv slfwxuh/ wzr w|shv ri prohfxodu frqghqvdwh sod| d uroh=

Wkh �orqj0udqjh� frqghqvdwh ri dwrp sdluv lq wkh lqlwldo vslq vwdwh zlwk lqwhudwrplf

glvwdqfhv xs wr wkh txdqwxp uh hfwlrq uhjlrq dqg wkh �vkruw0udqjh� frqghqvdwh ri

txdvlerxqg sdluv lq wkh dgpl{hg vslq vwdwh1 Wkh odwwhu lv rqo| lqgluhfwo| frxsohg

zlwk wkh dwrplf frqghqvdwh yld wkh orqj0udqjh prohfxodu frqghqvdwh1 Wkh h{fhvv orvv

revhuyhg h{shulphqwdoo| zrxog eh fdxvhg e| wkh dgglwlrqdo uhvrqdqfh devruswlrq ri wkh

lqzdug dwrp  x{ dulvlqj iurp wkh �uvw Mrvhskvrq rvfloodwlrq1 Wkh idoo0r� ri wklv h{fhvv

orvv dw orz 4@ bE zrxog eh gxh wr dq duulydo dw 57 d3 zlwk d 43 �v ghod| ri wkh rughu ri

wkh lqyhuvh Mrvhskvrq iuhtxhqf|/ wrr odwh wr eh lq ixoo uhvrqdqfh zlwk wkh txdvlerxqg

vwdwh1

618 Wzr0Vwhs Wkuhh0erg| Ghfd| lq W|sh 4 Uxqv

Zh qrz wxuq wr wkh h{shulphqwdo gdwd iru wkh uxqv ri w|sh 41 Lq wklv fdvh/ wkh idvw0

vzhhs wzr0erg| ghfd| phfkdqlvp lv devhqw dqg prvw ri wkh orvv rffxuv diwhu wkh �hog

udps1 Zh iroorz wkh wuhdwphqw e| Wlpphupdqv hw do1 ^44` +vhh dovr Uhi1 ^54`,/ zklfk

zh uhfdslwxodwh xvlqj wkh odwhvw Qd sdudphwhuv +vhh fkdswhu : ^49`,1 Wkh| h{sodlq wkh

orvv dv d wzr0vwhs surfhvv= wkh irupdwlrq ri txdvlerxqg sdluv gxulqj wkh dgldedwlf �hog

fkdqjh/ iroorzhg e| vwdelol}lqj froolvlrqv ri vxfk sdluv zlwk wklug Qd dwrpv zlwk udwh

frh!flhqw Jvwde1 Wkh ghqvlw| ri txdvlerxqg sdluv iroorzv gluhfwo| iurp wkh vwdwlf r�0

uhvrqdqw htxlydohqw ri Ht1 +615, zlwkrxw �3/ dv zhoo dv iurp dq h{solflw zdyhixqfwlrq

fdofxodwlrq= q5 @ +�5@�5
uhv

,q5
4
1 Dvvxplqj wkdw doo wkuhh dwrpv duh orvw/ zh kdyh wkh
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udwh htxdwlrq

bq4 @ �6Jvwde

�
�

��+E �E3,

�5
q6
4
= +618,

Qrwh wkdw wklv htxdwlrq lv ydolg iru �hogv vpdoohu dqg odujhu wkdq E31 Dq dssur{lpdwh

ghwhuplqdwlrq ri wkh h�hfwlyh wzr0erg| uhod{dwlrq frqvwdqwJvwde lv srvvleoh xvlqj Ilj1 5

ri Uhi1 ^43`1 Zh �qg jrrg djuhhphqw zlwk h{shulphqw zlwk Jvwde @ 7�43�43 fp6v�4 iru

wkh <3: J uhvrqdqfh dqg Jvwde @ 4�43�44 fp6v�4 iru wkh 44<8 J uhvrqdqfh/ erwk zlwk

dq rughu ri pdjqlwxgh lq wkh udqjh 43�< wr 43�44fp6v�4 hvwlpdwhg e| Wlpphupdqv

hw do1 ^44` rq wkh edvlv ri fdofxodwlrqv iru K5 . Kh froolvlrqv1 Iru wkh <3: J zh fdq

wkxv frpsduh wkh ghfd| zlgwk �vwde @ |Jvwdeq4 wr �31 Zh �qg �vwde wr eh vpdoohu e|

d idfwru ri rughu 433 dqg wkxv qhjoljleoh lq uxqv ri w|sh 51

619 Frqfoxvlrqv

Zh kdyh jlyhq dq h{sodqdwlrq iru wkh orvvhv lq wkh PLW kljk udps vshhg h{shulphqw1

Dv d qh{w vwhs/ d pruh ghwdlohg xqghuvwdqglqj rq wkh edvlv ri dq h{whqghg yhuvlrq ri

wkh Jurvv0Slwdhyvnll htxdwlrqv zrxog eh lpsruwdqw/ vlqfh lw vkrxog wkhq eh srvvleoh wr

pdnh uholdeoh ixuwkhu suhglfwlrqv1 Iru lqvwdqfh/ d kljk udps vshhg h{shulphqw zlwk

d wdloruhg wlph ghshqghqfh pljkw ohdg wr wkh �shupdqhqw� irupdwlrq ri d prohfxodu

frqghqvdwh1 Li iroorzhg e| d vxlwdeoh vwlpxodwhg Udpdq sxovh/ wklv frxog eh frqyhuwhg

wr d pruh vwurqjo| erxqg vwdwh ^48/4;`1 Wkh uhvrqdqfh dw 44<8 J vhhpv wr eh sduwlfx0

oduo| lqwhuhvwlqj iru wklv sxusrvh1 Wkhuh/ wkh hqhuj| ri wkh txdvlerxqg vwdwh ghfuhdvhv

zlwk lqfuhdvlqj pdjqhwlf �hog/ vr wkdw d vlpsoh idvw vzhhs iurp orz wr kljk �hog whqgv

wr fuhdwh frqghqvhg prohfxohv udwkhu wkdq dwrpv zlwk lqfuhdvhg nlqhwlf hqhuj|1 D

idvw vzhhs iurp kljk wr orz �hog dfurvv wkh ;86 J ru <3: J uhvrqdqfh zrxog kdyh d

vlplodu h�hfw exw kdv wkh glvdgydqwdjh ri uhgxflqj wkh frqghqvdwh iudfwlrq zkhq wkh

�hog lv wxuqhg rq1 Wkh ghshqghqfh rq �hog udps gluhfwlrq lv w|slfdo iru wkh idvw0vzhhs

wzr0erg| phfkdqlvp dqg devhqw lq wkh 60erg| phfkdqlvp sursrvhg e| Wlpphupdqv

hw do1 Dgglwlrqdo kljk udps vshhg revhuydwlrqv vkrxog eh ri juhdw lpsruwdqfh wr whvw

wkh deryh ql@ bE ghshqghqfh ri wkh orvv iru wkh ;86 J uhvrqdqfh/ zkloh wlph0uhvroyhg

phdvxuhphqwv pljkw ghwhfw wkh Mrvhskvrq0olnh fxuuhqw0skdvh h�hfwv h{shfwhg iru wkh

<3: J uhvrqdqfh1

Uhihuhqfhv

^4` P1K1 Dqghuvrq hw do1/ Vflhqfh 59</ 4<6 +4<<8,> N1 Gdylv hw do1/ Sk|v1 Uhy1 Ohww1 :8/ 6<9<

+4<<8,> F1F1 Eudgoh| hw do1/ lelg1 :;/ <;8 +4<<:,> G1J1 Iulhg hw do1/ Sk|v1 Uhy1 Ohww1 ;4/

6;44 +4<<;,1

^5` I1 Gdoiryr/ V1 Jlrujlql/ O1S1 Slwdhyvnll/ dqg V1 Vwulqjdul/ Uhy1 Prg1 Sk|v1 :4/ 796 +4<<<,1
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^6` M1 Vwhqjhu/ V1 Lqrx|h/ G1P1 Vwdpshu0Nxuq/ K10M1 Plhvqhu/ D1S1 Fklnndwxu/ dqg Z1 Nhw0

whuoh/ Qdwxuh 6<9/ 678 +4<<;,1

^7` O1 Ghqj/ H1Z1 Kdjoh|/ M1 Zhq/ P1 Wulsshqedfk/ \1 Edqg/ S1V1 Mxolhqqh/ M1H1 Vlpvduldq/

N1 Khophuvrq/ V1O1 Urovwrq/ dqg Z1G1 Skloolsv/ Qdwxuh 6<;/ 54; +4<<<,1

^8` H1 Wlhvlqjd/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ Sk|v1 Uhy1 D 7:/ 7447 +4<<6,> H1 Wlhvlqjd/

D1M1 Prhuglmn/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ lelg1 79/ U449: +4<<5,1

^9` V1 Lqrx|h/ P1U1 Dqguhzv/ M1 Vwhqjhu/ K10M1 Plhvqhu/ G1P1 Vwdpshu0Nxuq/ dqg Z1 Nhw0

whuoh/ Qdwxuh 6<5/ 484 +4<<;,1

^:` Sk1 Frxuwhlooh/ U1V1 Iuhhodqg/ G1M1 Khlq}hq/ I1D1 ydq Dehhohq/ dqg E1M1 Yhukddu/ Sk|v1

Uhy1 Ohww1 ;4/ 9< +4<<;,1

^;` M1 O1 Urehuwv/ Q1 U1 Fodxvvhq/ Mdphv S1 Exunh/ Mu1/ Fkulv K1 Juhhqh/ H1 D1 Fruqhoo/ dqg

F1 H1 Zlhpdq/ Sk|v1 Uhy1 Ohww11 ;4/ 843< +4<<;,1

^<` \x1 Ndjdq/ H1O1 Vxunry/ dqg J1Y1 Vko|dsqlnry/ Sk|v1 Uhy1 Ohww1 :</ 5937 +4<<:,1

^43` M1 Vwhqjhu/ V1 Lqrx|h/ P1U1 Dqguhzv/ K10M1 Plhvqhu/ G1P1 Vwdpshu0Nxuq/ dqg Z1 Nhw0

whuoh/ Sk|v1 Uhy1 Ohww1 ;5/ 5755 +4<<<,1

^44` H1 Wlpphupdqv/ S1 Wrppdvlql/ U1 F÷wì/ P1 Kxvvhlq/ D1 Nhupdq/ Sk|v1 Uhy1 Ohww1 ;6/

59<4 +4<<<,1

^45` F1M1 Mrdfkdlq/ Txdqwxp Froolvlrq Wkhru| +Qruwk0Kroodqg/ Qhz \run/ 4<:5,1

^46` I1D1 ydq Dehhohq/ G1M1 Khlq}hq dqg E1M1Yhukddu/ Sk|v1 Uhy1 D 8:/ U7435 +4<<;,1

^47` Z1 Nhwwhuoh dqg M1 Vwhqjhu/ Suly1 frppxq1

^48` S1V1 Mxolhqqh/ N1 Exuqhww/ \1 E1 Edqg / dqg Z1 F1 Vwzdooh|/ Sk|v1 Uhy1 D 8;/ U:<:

+4<<;,1

^49` I1D1 ydq Dehhohq dqg E1M1 Yhukddu/ Sk|v1 Uhy1 D 8</ 8:; +4<<<,1

^4:` S1V1 Mxolhqqh dqg I1K1 Plhv/ M1 Rsw1 Vrf1 Dp1 E 9/ 558: +4<;<,1

^4;` G1M1 Khlq}hq/ S1G1 Guxpprqg/ dqg N1Y1 Nkhuxqwv|dq +wr eh sxeolvkhg,1

^4<` I1D1 ydq Dehhohq dqg E1M1 Yhukddu/ Sk|v1 Uhy1 D 88/ 76:: +4<<:,1

^53` D1 ghVkdolw dqg K1 Ihvkedfk/ Wkhruhwlfdo Qxfohdu Sk|vlfv/ Sduw 4= Qxfohdu Vwuxfwxuh

+Zloh|/ Qhz \run/ 4<:7,1

^54` P1 Z1 Uh|qrogv/ L1 Vklqnrgd/ U1 Z1 Folqh/ dqg Z1 Q1 Kdug|/ Sk|v1 Uhy1 E 67/ 7<45

+4<;9,1
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7
Skrwrdvvrfldwlrq dv d Sureh ri Ihvkedfk

Uhvrqdqfhv lq Frog0Dwrp Vfdwwhulqj

I1D1 ydq Dehhohq/ G1M1 Khlq}hq/ dqg E1M1 Yhukddu

Sxeolvkhg lq Sk|v1 Uhy1 D 8:/ U7435 +4<<;,

Zh lqyhvwljdwh wkhruhwlfdoo| wkh lq xhqfh ri pdjqhwlfdoo| wxqdeoh Ihvkedfk frool0

vlrq uhvrqdqfhv rq wkh skrwrdvvrfldwlrq vshfwud ri xowudfrog dwrpv1 Dv dq h{dp0

soh zh frqvlghu uhfhqwo| suhglfwhg uhvrqdqfhv iru HDUe dwrpv1 Iru h{flwdwlrq wr wkh
HDUe2 f

3

} E7�*2n��*2� hohfwurqlf vwdwh/ zh suhglfw wkdw wkh skrwrdvvrfldwlrq udwh lv uhv0

rqdqwo| hqkdqfhg e| dw ohdvw wzr rughuv ri pdjqlwxgh1 Zh �qg wkdw skrwrdvvrfldwlrq

frxog vhuyh dv d xvhixo sureh iru vwxg|lqj Ihvkedfk uhvrqdqfhv lq xowudfrog froolvlrqv1

Lq wxuq/ wkhvh uhvrqdqfhv vkrxog eh yhu| lpsruwdqw wr Ervh0frqghqvhg jdvhv/ dqg pruh

jhqhudoo|/ wr frkhuhqw dwrp rswlfv1

714 Lqwurgxfwlrq

Diwhu wkh �uvw revhuydwlrqv ri Ervh0Hlqvwhlq frqghqvdwlrq +EHF, lq gloxwh/ xowudfrog

jdvhv ri dondol0phwdo dwrpv ^4�6`/ udslg surjuhvv kdv ehhq pdgh lq revhuylqj dqg xq0

ghuvwdqglqj wkh surshuwlhv ri Ervh frqghqvdwhv1 Dwrplf lqwhudfwlrqv kdyh ehhq irxqg

wr sod| d fuxfldo uroh1 Wkhlu h�hfw pd| eh dffrxqwhg iru lq d phdq0�hog prgho e|

d vhoi0hqhuj| 7�|5q+�u,d@p/ zkhuh d lv wkh wzr0erg| vfdwwhulqj ohqjwk/ p wkh pdvv

ri wkh dwrpv/ dqg q wkhlu ghqvlw|1 Lq vslwh ri wkh lpsruwdqfh ri lqwhudfwlrqv/ lq

pdq| uhvshfwv wkh udqjh ri dffhvvleoh lqwhudfwlrq vwuhqjwkv kdv ehhq udwkhu olplwhg1

Iru h{dpsoh/ dq lpsruwdqw qdwxudo vfdolqj sdudphwhu iru wkh lqwhudfwlrq vwuhqjwk lv

� @ 4=8:+Q4@9d@dKR,
5@8/ zkhuh dKR lv wkh vsuhdg ri wkh }hur0srlqw zdyh ixqfwlrq ri

wkh wudsshg dwrpv dqg Q lv wkhlu qxpehu ^7`1 Iru srvlwlyh vfdwwhulqj ohqjwk jdvhv/ rqo|

d yhu| qduurz udqjh iru � qhdu wkh ydoxh 317 kdv ehhq uhdol}hg1 D qhjdwlyh vfdwwhulqj

ohqjwk jdv kdv dovr ehhq h{soruhg ^6`/ exw djdlq xqghu udwkhu olplwhg flufxpvwdqfhv1

Wkh h{shulphqw frq�upv suhglfwlrqv ^8` wkdw frqghqvdwhv fdq irup rqo| li wkh dwwudf0

wlyh phdq0�hog hqhuj| lv ohvv wkdq wkh vsdflqj ri wkh wuds ohyhov1 Iru odujhu lqwhudfwlrq

hqhujlhv wkh frqghqvdwh suhvxpdeo| froodsvhv ^8`/ exw wkh sk|vlfv ri vxfk d froodsvh lv

dv |hw xqfohdu1



77 7 Skrwrdvvrfldwlrq dv d Sureh ri Ihvkedfk Uhvrqdqfhv lq Frog0Dwrp Vfdwwhulqj

Lq rughu wr pruh ixoo| xqghuvwdqg wkh h�hfw ri dwrplf lqwhudfwlrqv rq gloxwh Ervh

frqghqvdwhv/ lw zrxog fohduo| eh ghvludeoh wr eh deoh wr wxqh wkh vfdwwhulqj ohqjwk wr

dq duelwudu| ydoxh1 Wklv zrxog doorz vwxglhv ri EHF lq yhu| vwurqj ru zhdn lqwhudfwlrq

olplwv/ dqg lw pljkw dovr eh srvvleoh wr vwxg| wkh g|qdplfv ri wkh froodsvh ri d frqghq0

vdwh lqgxfhg e| d vxgghq vzlwfk ri wkh vljq ri d1 D sursrvdo wr surgxfh vxfk yduldwlrqv

ri wkh vfdwwhulqj ohqjwk zlwk pdjqhwlf0�hog0lqgxfhg Ihvkedfk uhvrqdqfhv zdv sxeolvkhg

vrph |hduv djr ^9`1 Ihvkedfk uhvrqdqfhv duh vfdwwhulqj uhvrqdqfhv zklfk dulvh zkhq wkh

wrwdo hqhuj| ri d sdlu ri froolglqj dwrpv pdwfkhv wkh hqhuj| ri d txdvlerxqg wzr0dwrp

vwdwh/ ohdglqj wr wkh uhvrqdqw irupdwlrq ri wklv vwdwh gxulqj wkh froolvlrq1 Pdjqhwlf

wxqlqj ri wkh uhvrqdqfh lv srvvleoh li wkh pdjqhwlf prphqwv ri wkh iuhh dqg txdvlerxqg

vwdwhv duh gl�huhqw/ dqg wklv doorzv iru wxqlqj ri wkh vfdwwhulqj ohqjwk1 D frqfuhwh

h{dpsoh ri wklv zdv suhglfwhg uhfhqwo| iru wkh fdvh ri d ;8Ue jdv vdpsoh lq wkh kljkhvw

ohyho +mi>pi l @ m5>�5l, ri wkh i @ 5 orzhu k|shu�qh pdqlirog ^:`1 Dffruglqj wr wklv

suhglfwlrq/ edvhg rq d suhylrxv dqdo|vlv ri phdvxuhg erxqg ;8Ue
5
ohyhov ^;`/ d fdq eh

jlyhq dq duelwudu| srvlwlyh ru qhjdwlyh ydoxh e| fkdqjlqj wkh vwuhqjwk ri wkh pdjqhwlf

�hog durxqg d fhuwdlq uhvrqdqfh ydoxh iru hdfk ri wkuhh Ihvkedfk uhvrqdqfhv1 Doo ri

wkhvh duh lq wkh udqjh zkhuh wkh dwrpv fdq eh wudsshg lq d vwdwlf pdjqhwlf wuds1

Wkh srwhqwldo lpsruwdqfh ri wkhvh vfdwwhulqj uhvrqdqfhv lv qrw qhfhvvdulo| uhvwulfwhg

wr vlqjoh0vshflhv Ervh frqghqvdwlrq1 Iru lqvwdqfh/ wkh| frxog doorz wxqlqj ri wkh uhod0

wlyh lqwhudfwlrq vwuhqjwkv ehwzhhq dqg zlwklq vshflhv lq d pxowlfrpsrqhqw Ervh frq0

ghqvdwh1 Ihvkedfk uhvrqdqfhv pljkw sod| d uroh lq plqlpl}lqj lqwhudfwlrqv zlwklq wkh

odvlqj vshflhv lq dq dwrp odvhu1 Uhvrqdqw lqwhudfwlrqv ehwzhhq frkhuhqw ehdpv ri

dwrpv pljkw eh lpsruwdqw/ dqg frxog rffxu dw d qrq}hur dqg vkduso| gh�qhg ydoxh ri

wkh uhodwlyh nlqhwlf hqhuj|1

H{shulphqwdo vwxglhv ri wkhvh froolvlrq uhvrqdqfhv duh fohduo| ghvludeoh/ lq rughu wr

ghwhuplqh wkh txdqwxp qxpehuv ri wkh uhvrqdqfhv/ wkh �hog ydoxhv dw zklfk uhvrqdqfhv

rffxu dv d ixqfwlrq ri froolvlrq hqhuj|/ dqg wkh uhvrqdqfh zlgwkv1 Zh sursrvh d phwkrg

wr revhuyh dqg vwxg| Ihvkedfk uhvrqdqfhv edvhg rq frog0dwrp skrwrdvvrfldwlrq ^<`1

715 Skrwrdvvrfldwlrq dv d Sureh ri Ihvkedfk Uhvrqdqfhv

Lq wkh skrwrdvvrfldwlrq +SD, surfhvv/ d skrwrdvvrfldwlrq odvhu rswlfdoo| h{flwhv wzr

froolglqj jurxqg0vwdwh dwrpv lqwr d erxqg hohfwurqlfdoo| h{flwhg prohfxodu vwdwh1 Zh

suhglfw d gudpdwlf lqfuhdvh ri wkh SD vljqdo iru pdjqhwlf �hog vwuhqjwkv lq wkh ylflqlw|

ri d Ihvkedfk uhvrqdqfh> wkh uhvrqdqw irupdwlrq ri wkh txdvlerxqg wzr0dwrp vwdwh

lqfuhdvhv wkh shqhwudwlrq ri wkh froolglqj dwrpv wr wkh glvwdqfh udqjh zkhuh wkh rswlfdo

h{flwdwlrq rffxuv1 Wklv hqkdqfhphqw ri wkh SD vljqdo vkrxog vhuyh dv d fohdu0fxw vljqdo

iru wkh rffxuuhqfh ri d Ihvkedfk uhvrqdqfh dw wkh h{shulphqwdo �hog vwuhqjwk1 Wr eh

frqfuhwh/ zh frqvlghu wkh vshfl�f h{dpsoh ri wkh suhglfwhg Ihvkedfk uhvrqdqfhv ri
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;8Ue ^:`/ exw pdq| ri wkh frqfoxvlrqv ri wklv dqdo|vlv vkrxog dsso| pruh jhqhudoo|1

Dq dowhuqdwlyh phwkrg wr revhuyh dqg vwxg| Ihvkedfk uhvrqdqfhv zrxog eh wkurxjk

wkhlu lpsdfw rq wkh wkhupdol}dwlrq ri dq xowudfrog jdv ^43`/ ru rq wkh surshuwlhv ri d

Ervh0frqghqvhg jdv1 Krzhyhu/ skrwrdvvrfldwlrq kdv fhuwdlq dgydqwdjhv ryhu vwxglhv ri

jdv surshuwlhv wkdw vkrxog pdnh wklv whfkqltxh ri vrph lqwhuhvw1 Iluvw/ vwxglhv ri jdv

surshuwlhv dw pdq| gl�huhqw �hog ydoxhv duh udwkhu fxpehuvrph dqg gl!fxow wr fduu|

rxw1 Lq frqwudvw wr wklv/ skrwrdvvrfldwlrq surylghv d yhu| udslg dqg gluhfw vljqdwxuh

ri d froolvlrq uhvrqdqfh1 Wklv frxog eh sduwlfxoduo| lpsruwdqw zkhq vhdufklqj iru d

yhu| qduurz uhvrqdqfh1 Ixuwkhu/ wkh dqdo|vlv ri jdv wkhupdol}dwlrq h{shulphqwv eh0

frphv yhu| frpsolfdwhg rqfh wkh hodvwlf froolvlrqv duh hqhuj| ghshqghqw dqg qr orqjhu

sxuho| v0zdyh1 Zlwk skrwrdvvrfldwlrq/ vhohfwlqj wkh 3�
j
hohfwurqlf vwdwh frqqhfwhg wr

wkh V
4@5.S

4@5 vhsdudwhg0dwrp olplw dv wkh �qdo vwdwh flufxpyhqwv wklv sureohp1 Wklv

vwdwh kdv wrwdo hohfwurqlf dqjxodu prphpwxp txdqwxp qxpehu m @ 3 dqg/ wkhuhiruh/

lpsrvhv wkh vhohfwlrq uxoh o @ M iru wkh sduwldo zdyh o ri wkh jurxqg0vwdwh froolvlrq

wkdw fdq jlyh ulvh wr wkh irupdwlrq ri d jlyhq h{flwhg wzr0dwrp urwdwlrqdo vwdwh M ^44`1

Wkxv/ rqh fdq vwxg| doo sduwldo zdyhv vhsdudwho|1 Ilqdoo|/ wkh odvhu iuhtxhqf| lv dq

h{wud sdudphwhu dydlodeoh h{shulphqwdoo| wkdw doorzv rqh wr vwxg| wkh hqhuj| ghshq0

ghqfh ri wkh uhvrqdqfh skhqrphqrq wkurxjk fduhixo dqdo|vlv ri wkh SD olqh vkdshv1

Lq idfw/ vfdqqlqj erwk wkh odvhu iuhtxhqf| dqg wkh pdjqhwlf �hog pdnhv iru dq lghdo

qhz nlqg ri vshfwurvfrs| iru h{sorulqj wkh vwuxfwxuh ri wkh uhjlrq ehwzhhq wkh orzhvw

dqg kljkhvw k|shu�qh0vsolw glvvrfldwlrq olplwv1 Rqh zrxog h{shfw vlplodu uhvrqdqfhv

lq rwkhu sduwldo0zdyh fkdqqhov dw kljkhu whpshudwxuhv dqg lq rwkhu k|shu�qh hqwudqfh

fkdqqhov li wkh dwrpv duh qrw srodul}hg1
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Wr looxvwudwh wkh xvhixoqhvv ri wkh skrwrdvvrfldwlrq phwkrg iru wkh ghwhfwlrq dqg vwxg|

ri �hog0lqgxfhg uhvrqdqfhv/ zh fdofxodwh wkh h{shfwhg SD vljqdo iru wkh eurdghvw ri

wkh wkuhh suhglfwhg ;8Ue uhvrqdqfhv/ zklfk lv dovr suhglfwhg wr rffxu dw wkh orzhvw

�hog vwuhqjwk/ l1h1/ 475 J1 Zh frqvlghu d vshfl�f whpshudwxuh +316 pN, iru wkh ;8Ue

jdv vdpsoh dqg d olqhduo| srodul}hg SD odvhu ehdp sursdjdwlqj lq wkh gluhfwlrq ri wkh

pdjqhwlf �hog1 Iru wkh vdnh ri gh�qlwhqhvv zh frqvlghu wkh h{flwdwlrq ri d vshfl�f

yleudwlrqdo ohyho ri wkh orzhu 3�
j
vwdwh zlwk d M @ 3 ohyho hqhuj| dw �6=698 fp�4 zlwk

uhvshfw wr wkh edu|fhqwhu ri wkh V
4@5 . S

4@5 glvvrfldwlrq olplw1 Gxh wr wkh o @ M

vhohfwlrq uxoh/ wkh Ihvkedfk uhvrqdqfh frqvlghuhg vkrxog rqo| vkrz lq wkh SD vljqdo

iru wkh h{flwdwlrq ri M @ 3 uryleudwlrqdo ohyhov1 Ilqdoo|/ zh dvvxph orz hqrxjk odvhu

lqwhqvlwlhv wkdw vdwxudwlrq h�hfwv fdq eh qhjohfwhg1

Vlqfh wkh 3�j h{flwhg vwdwh lv sxuho| wulsohw/ lq wkh fdofxodwlrq ri wkh SD lqwhqvlw|

rqo| wkh sduw SV@4#f ri wkh jurxqg0vwdwh froolvlrqdo zdyh ixqfwlrq #f frqwulexwhv wr
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wkh rswlfdo pdwul{ hohphqw1 Khuh/ SV@4 lv d surmhfwlrq rshudwru rq wkh wulsohw vslq

vxevsdfh/ zkloh #f ghvfulehv erwk wkh uhodwlyh prwlrq ri wkh dwrpv dqg wkh hohfwurqlf

dqg qxfohdu vslq g|qdplfv/ dqg lv hqhuj| qrupdol}hg1 SV@4#f iroorzv iurp d frxsohg0

fkdqqhov fdofxodwlrq dqg lv d olqhdu frpelqdwlrq ri mV>pV> L>pLl frpsrqhqwv=

SV@4#f @
[

pV>L>pL

xV@4>pV>L>pL
+u> H, mV @ 4>pV> L>pLl > +714,

vxemhfw wr wkh uhtxluhphqwv ri Ervh v|pphwu| +o.V.L @ 4.L @ hyhq, dqg frqvhuydwlrq

ri vslq dqjxodu prphqwxp derxw wkh �hog gluhfwlrq +pV.pL @ �7,1 Wkh sduwldo zlgwk

�O iru wkh odvhu h{flwdwlrq lv wkhq jlyhq e|

�O+H, @

�LO

%3f

[

L>pL

�����
[
pV

]
4

3

xi +u,km>pm @3> 3m ^�g4 . �g5`=��OmV@4>pVlxV@4>pV>L=PL
+u> H,gu

�����
5

>

+715,

zlwk H wkh froolvlrq hqhuj|/ LO wkh odvhu lqwhqvlw|/ ��O lwv srodul}dwlrq yhfwru/ xi +u,

wkh udgldo zdyh ixqfwlrq ri wkh �qdo vwdwh/ dqg �g4 dqg �g5 wkh dwrplf hohfwulf glsroh

rshudwruv1 Frpsduhg wr Ht1 +6, ri Uhi1 ^44` d frkhuhqw vxp ryhu pV dqg dq lqfr0

khuhqw vxp ryhu L>pL kdyh ehhq dgghg1 Wklv vlpsoh wuhdwphqw ri wkh qxfohdu vslq lv

srvvleoh ehfdxvh ri wkh vhohfwlrq ri wkh 3�j vwdwh/ zklfk dyrlgv d frpsolfdwhg �k|shu�qh

vsdjkhwwl� vwuxfwxuh ri wkh SD vshfwuxp1 Wkh vhfrqg0rughu ]hhpdq eurdghqlqj ri wkh

3�j vwdwh lv qhjoljleoh frpsduhg wr wkh zlgwk �
3
gxh wr vsrqwdqhrxv ghfd|/ ghvslwh wkh

uhodwlyho| vwurqj pdjqhwlf �hog1

Iljxuh 714 vkrzv wkh odvhu iuhtxhqf| ghshqghqfh ri wkh h{shfwhg SD vljqdo lq du0

elwudu| xqlwv/ iru d qxpehu ri E ydoxhv forvh wr wkh uhvrqdqfh �hog ydoxh dqg wzr

qrquhvrqdqw �hogv1 Wkh devflvvd lv wkh odvhu ghwxqlqj �O uhodwlyh wr wkh hqhuj| gli0

ihuhqfh ehwzhhq wkh dv|pswrwlf jurxqg k|shu�qh vwdwh dqg wkh deryh0phqwlrqhg �qdo

yleudwlrqdo ohyho1 Zh �qg d gudpdwlf uhvrqdqfh hqkdqfhphqw forvh wr E @ 476 J> wkh

SD pd{lpxp jurzv wr d ydoxh dw ohdvw wzr rughuv odujhu wkdq wkh qrquhvrqdqw edfn0

jurxqg ydoxh1 D judgxdo vkliw ri wkh pd{lpxp wr wkh uljkw frpelqhg zlwk dq doprvw

frqvwdqw zlgwk dw kdoi pd{lpxp/ lv qrwlfhdeoh iru lqfuhdvlqj �hog ydoxhv1 Wkh zlgwk

ri wkh shdnv fruuhvsrqgv dssur{lpdwho| wr �31

Wr looxvwudwh wkh ruljlq ri wkh lqfuhdvhg SD pd{lpxp/ lq Iljv1 715+d, dqg 715+e,

zh vkrz wkh udgldo zdyh ixqfwlrqv iru wkh k|shu�qh frpsrqhqwv mi4>pi4> i5>pi5l ri

#f iru H @ 3=6 pN dqg wzr ydoxhv ri E= rqh forvh wr wkh uhvrqdqfh ydoxh dqg rqh

ixuwkhu r�1 Wkh uhvrqdqw hqkdqfhphqw ri wkh shqhwudwlrq/ gxh wr wkh dgpl{wxuh ri

wkh txdvlerxqg wzr0dwrp vwdwh lq #f/ lv fohduo| ylvleoh lq wkh irup ri d odujh lqfuhdvh

ri wkh vslq frpsrqhqwv wkdw duh iruphg e| wkh surprwlrq ri rqh ru erwk dwrpv iurp
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Iljxuh 714 Fdofxodwhg skrwrdvvrfldwlrq vljqdo dv d ixqfwlrq ri odvhu iuhtxhqf| iru wkh HDUe

Ihvkedfk uhvrqdqfh lq duelwudu| xqlwv/ iru �yh � ydoxhv qhdu wkh uhvrqdqfh �hog ydoxh dqg wzr

ydoxhv ixuwkhu r�1

wkh orzhu k|shu�qh pdqlirog i @ 5 wr i @ 61 Wkh vkliw lq wkh orfdwlrq ri wkh SD

pd{lpxp lv gxh wr wkh dssurdfk ri wkh wrwdo hqhuj| dw uhvrqdqfh wr wkh wkuhvkrog ri

wkh mi4>pi4> i5>pi5l @ m5>�5> 5>�5l lqflghqw fkdqqho/ uhgxflqj wkh uhvrqdqw froolvlrqdo

nlqhwlf hqhuj| %uhv dqg wkxv lqfuhdvlqj wkh uhvrqdqw odvhu iuhtxhqf|1 Wklv lv frqvlvwhqw

zlwk wkh suhglfwhg sdwwhuq ri wkh d+E, ghshqghqfh ^:`= d ghfuhdvh wr �4/ iroorzhg e|

d ghfuhdvh iurp .4 iru lqfuhdvlqj E/ srlqwlqj wr d txdvlerxqg vwdwh wkdw furvvhv wkh

wkuhvkrog iurp deryh +vhh Ilj1 716,1

717 Dq Dqdo|wlfdo Prgho

D pruh ghwdlohg lqyhvwljdwlrq ri wkh sduwldo zlgwk �O iru wkh odvhu h{flwdwlrq hqdeohv

d txdolwdwlyh h{sodqdwlrq ri doo wkh pdlq ihdwxuhv ri Ilj1 7141 Lq Ilj1 717 zh vkrz

wkh ghshqghqfh ri �O rq wkh froolvlrq hqhuj| H iru d ydoxh ri E forvh wr wkh uhvr0

qdqfh �hog1 D fohdu uhvrqdqfh ehkdylru lv ylvleoh vxshusrvhg rq d qrquhvrqdqw edfn0

jurxqg1 Wkh uhvrqdqw sduw lv ghvfulehg dssur{lpdwho| e| d Euhlw0Zljqhu0olnh idfwru

+�@5�,@
�
+H � %uhv,

5 . 4

7
�5

�
zlwk �+E, wkh uhvrqdqfh zlgwk1 Iljxuh 717 dovr vkrzv d

Euhlw0Zljqhu �w wr �O+H,1 Wkh zlgwk wxuqv rxw wr eh dw prvw ri rughu 315 pN1 Zh
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2,2,2 ,2 −−

2,3,2 ,2 −−

3,3,1 ,2 −−

1,3,3 ,3 −−

2,3,2 ,3 −−

Iljxuh 715 Udgldo zdyh ixqfwlrqv �Eo� iru wkh k|shu�qh frpsrqhqwv �s�c6s�c s2c6s2� ri

wkh jurxqg0vwdwh froolvlrqdo zdyh ixqfwlrq/ iru froolvlrq hqhuj| . ' f�� pN +zlwk dpsolwxgh

E& @f�
3�*2

iru o<"/ zkhuh & lv wkh dv|pswrwlf zdyh qxpehu,1 +d, Ilhog idu iurp uhvrqdqfh

+� ' �ff J,1 +e, Ilhog forvh wr uhvrqdqfh +� ' �e� J,1 Uhvrqdqw dgpl{wxuh ri d txdvlerxqg

wzr0dwrp vwdwh hqkdqfhv wkh lqwhulru zdyh ixqfwlrqv1
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Iljxuh 716 Erxqg0vwdwh hqhuj| +wklq vrolg olqh, dqg hqwudqfh fkdqqho wkuhvkrog +wklfn olqh,

dv d ixqfwlrq ri wkh pdjqhwlf �hog vwuhqjwk �1 Wkh gdvkhg h{wudsrodwlrq ri wkh erxqg0

vwdwh fxuyh lv d v|perolf uhsuhvhqwdwlrq ri d txdvlerxqg vwdwh hpehgghg lq wkh frqwlqxxp1

D Ihvkedfk uhvrqdqfh rffxuv zkhq wkh wrwdo hqhuj| +wkuhvkrog soxv nlqhwlf hqhuj|> gdvkhg0

grwwhg olqh, htxdov wkh txdvlerxqg0vwdwh hqhuj| dw wkh dssolhg pdjqhwlf �hog1 Iru fodulw| wkh

�jxuh vkrzv d vlwxdwlrq zkhuh wkh uhvrqdqw nlqhwlf hqhuj| 0oer lv kljkhu wkdq wkh hqhujlhv wkdw

frqwulexwh wr wkh SD vljqdo dw h{shulphqwdo whpshudwxuhv1

� � �
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Iljxuh 717 Ghshqghqfh ri sduwldo zlgwk �u +vrolg olqh, iru odvhu h{flwdwlrq rq froolvlrq

hqhuj| . forvh wr uhvrqdqfh dqg d Euhlw0Zljqhu �w wr wklv fxuyh +gdvkhg olqh,1
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�qg wkdw %uhv+E, vkrzv dssur{lpdwho| d olqhdu E ghshqghqfh/ dv rqh zrxog h{shfw iru

d vwdwh wkdw furvvhv wkh wkuhvkrog wr ehfrph erxqg1 Lw lv lqwhuhvwlqj wr qrwh/ krzhyhu/

wkdw wkh furvvlqj +%uhv @ 3, dsshduv wr rffxu dw d �hog vrphzkdw odujhu wkdq zkhuh wkh

vfdwwhulqj ohqjwk ehfrphv lq�qlwh +E @ 475 J,/ gxh wr lqwhuihuhqfh ri wkh uhvrqdqfh

zlwk wkh edfnjurxqg iru vpdoo %uhv1

Uhwdlqlqj rqo| wkh Ihvkedfk uhvrqdqfh frqwulexwlrq wr �O dqg ghvfulelqj lw e| wkh

deryh Euhlw0Zljqhu irup/ wkh skrwrdvvrfldwlrq udwh frqvwdqw

N+W>E> $O, @

-
y
�

n5

�3�O

^H .�O`
5
. 4

7
�5
3

.
wk

> +716,

zlwk wkh eudfnhwv k=lwk vwdqglqj iru d wkhupdo dyhudjh ryhu wkh froolvlrq yhorflw| y dqg

wkh dvvrfldwhg zdyh qxpehu n/ idfwrul}hv lqwr wkh H lqwhjudo

W
�6@5

]
4

3

gH h
�H@n

E
W 4

^H .�O`
5
. 4

7
�5
3

�@5�

^H � %uhv`
5
. 4

7
�5

+717,

dqg d idfwru N3 lqghshqghqw ri W / E dqg $O1 � lv vx!flhqwo| vpdoo frpsduhg wr wkh

wzr uhpdlqlqj hqhuj| vfdohv nEW dqg �3 rffxuulqj lq wkh lqwhjudo +717,/ iru d txdolwdwlyh

ghvfulswlrq lq zklfk zh dssur{lpdwh wkh Ihvkedfk uhvrqdqfh hqhuj| ghshqghqfh e| d

Gludf � ixqfwlrq dqg rewdlq

N+W>E> $O, @ N3W
�6@5

h
�%uhv@nEW

4

^%uhv .�O`
5
. 4

7
�5
3

= +718,

Ht1 +718, ghvfulehv wkh txdolwdwlyh ihdwxuhv ri wkh SD vljqdov zlwk 474 J ? E ? 476 J

glvsod|hg lq Ilj1 714= +4, D vkliw ri wkh vljqdov iurp �O @ 3 ryhu %uhv+E, lq wkh

qhjdwlyh �O gluhfwlrq> +5, d zlgwk dssur{lpdwho| htxdo wr wkh vsrqwdqhrxv hplvvlrq

udwh �3> +6, d ghfuhdvh lq pdjqlwxgh ri wkh SD pd{lpxp zlwk lqfuhdvlqj uhvrqdqfh

hqhuj| deryh wkuhvkrog1 Wkh ghfuhdvh ri wkh vljqdo zlwk lqfuhdvlqj E deryh 476 J fdq

eh dvfulehg wr wkh judgxdo glvdsshdudqfh ri wkh uhvrqdqfh ehorz wkuhvkrog1

718 Frqfoxvlrqv

Zh frqfoxgh wkdw pdjqhwlf0�hog lqgxfhg Ihvkedfk uhvrqdqfhv zloo eh uhdglo| revhuydeoh

lq d skrwrdvvrfldwlrq h{shulphqw fduulhg rxw rq d ;8Ue jdv vdpsoh1 Zh suhglfw d

vwurqj hqkdqfhphqw ri wkh SD vljqdo/ zlwk d ghshqghqfh rq wkh odvhu iuhtxhqf| dqg

wkh pdjqhwlf �hog wkdw fdq eh txdolwdwlyho| xqghuvwrrg e| frqvlghulqj wkh olplw ri d

ydqlvklqj zlgwk ri wkh Ihvkedfk uhvrqdqfh1 Wkh odvhu ghwxqlqj dw wkh pd{lpxp ri wkh

SD vljqdo lpphgldwho| jlyhv wkh uhvrqdqw nlqhwlf hqhuj| dw wkh h{shulphqwdo �hog1 Wkh

revhuydwlrq ri wkh SD vshfwudo shdn iru ydu|lqj E frxog hqdeoh wkh �uvw h{shulphqwdo

ghprqvwudwlrq ri wkh vkliw ri d Ihvkedfk uhvrqdqfh lqwr wkh frqwlqxxp/ vwduwlqj iurp d

erxqg wzr0dwrp vwdwh wkdw furvvhv wkh wkuhvkrog ri wkh hodvwlf vfdwwhulqj fkdqqho1 Dq
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lqwhuhvwlqj dowhuqdwlyh srvvlelolw| wr vwxg| wklv skhqrphqrq frxog eh uhdol}hg yld d wzr0

skrwrq h{shulphqw/ zkhuh wzr dwrpv lq wkh mi4 @ 6>pi4 @ �6l. mi5 @ 6>pi5 @ �6l

hqwudqfh fkdqqho froolgh lq wkh suhvhqfh ri wzr odvhu �hogv ri iuhtxhqf| $4 dqg $5 wkdw

hqdeoh d wzr0skrwrq wudqvlwlrq wr wkh deryh0phqwlrqhg erxqg vwdwh1 Djdlq/ ydu|lqj

wkh pdjqhwlf �hog/ wkh odwwhu frxog eh wxqhg wr deryh wkh wkuhvkrog1

Iru wkhvh uhdvrqv/ skrwrdvvrfldwlrq vshfwurvfrs| dsshduv zhoo vxlwhg dv d sureh

ri Ihvkedfk uhvrqdqw froolvlrqv/ dqg pruh jhqhudoo| dv d vshfwurvfrslf sureh ri wkh

vwuxfwxuh ri wkh uhjlrq ehwzhhq wkh orzhvw dqg kljkhvw k|shu�qh0vsolw wzr0dwrp glvvr0

fldwlrq olplwv1 Vxfk vfdwwhulqj uhvrqdqfhv vkrxog surylgh qhz rssruwxqlwlhv wr vwxg|

Ervh0Hlqvwhlq frqghqvdwhv zlwk d zlghu udqjh ri lqwhudfwlrq vwuhqjwkv/ dqg pd| kdyh

rwkhu dssolfdwlrqv lq dwrp rswlfv1 Zh �qdoo| qrwh wkdw yhu| suhflvh phdvxuhphqwv

ri wkh pdjqhwlf �hog ydoxhv dw zklfk wkh froolvlrqv duh uhvrqdqw frxog pruh suhflvho|

ghwhuplqh lqwhudwrplf srwhqwldov1

Dfnqrzohgjphqw

G1M1 Khlq}hq dfnqrzohgjhv vxssruw iurp wkh U1D1 Zhofk Irxqgdwlrq/ wkh Qdwlrqdo

Vflhqfh Irxqgdwlrq/ dqg wkh QDVD Plfurjudylw| Uhvhdufk Glylvlrq1

Uhihuhqfhv

^4` P1K1 Dqghuvrq/ M1U1 Hqvkhu/ P1U1 Pdwwkhzv/ F1H1 Zlhpdq/ dqg H1D1 Fruqhoo/ Vflhqfh

59</ 4<; +4<<8,1

^5` N1E1 Gdylv/ P10R1 Phzhv/ P1U1 Dqguhzv/ Q1M1 ydq Guxwhq/ G1V1 Gxuihh/ G1P1 Nxuq/

dqg Z1 Nhwwhuoh/ Sk|v1 Uhy1 Ohww1 :8/ 6<9< +4<<8,1

^6` F1F1 Eudgoh|/ F1D1 Vdfnhww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :;/ <;8 +4<<:,> lelg1 :8/

49;: +4<<8,1

^7` V1 Jlrujlql/ O1 S1 Slwdhyvnll/ dqg V1 Vwulqjdul/ Sk|v1 Uhy1 Ohww1 :; 6<;: +4<<:,1

^8` \x1 Ndjdq/ H1O1 Vxunry/ dqg J1Y1 Vko|dsqlnrz/ Sk|v1 Uhy1 Ohww1 :</ 5937 +4<<:,1

^9` H1 Wlhvlqjd/ D1M1 Prhuglmn/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ Sk|v1 Uhy1 D 79/ U449:

+4<<5,> H1 Wlhvlqjd/ E1M1 Yhukddu/ dqg K1W1F1 Vwrri/ Sk|v1 Uhy1 D 7:/ 7447 +4<<6,1

^:` M1 P1 Yrjhov/ F1 F1 Wvdl/ U1 V1 Iuhhodqg/ V1 M1 M1 P1 I1 Nrnnhopdqv/ E1 M1 Yhukddu/ dqg

G1 M1 Khlq}hq/ Sk|v1 Uhy1 D 89/ U439: +4<<:,1

^;` F1 F1 Wvdl/ U1 V1 Iuhhodqg/ M1 P1 Yrjhov/ K1 P1 M1 P1 Erhvwhq/ E1 M1 Yhukddu/ dqg G1 M1

Khlq}hq/ Sk|v1 Uhy1 Ohww1 :</ 4578 +4<<:,1

^<` G1M1 Khlq}hq lq Dwrplf Sk|vlfv 47/ Surfhhglqjv ri wkh Irxuwhhqwk Lqwhuqdwlrqdo Frq0

ihuhqfh rq Dwrplf Sk|vlfv/ Erxoghu/ FR/ 4<<7/ hglwhg e| G1M1 Zlqhodqg/ F1H1 Zlhpdq/

dqg V1M1 Vplwk/ DLS Frqi1 Surf1 Qr1 656 +DLS/ Qhz \run/ 4<<8,/ ss1 544054;1

^43` Q1 U1 Qhzexu|/ F1 M1 P|dww/ dqg F1 H1 Zlhpdq/ Sk|v1 Uhy1 D 84/ U59;3/ +4<<8,1
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^44` M1 U1 Jdugqhu/ U1 D1 Folqh/ M1 G1 Ploohu/ G1 M1 Khlq}hq/ K1 P1 M1 P1 Erhvwhq/ dqg E1 M1

Yhukddu/ Sk|v1 Uhy1 Ohww1 :7/ 6:97 +4<<8,1



8
Revhuydwlrq ri d Ihvkedfk Uhvrqdqfh lq

Frog0Dwrp Vfdwwhulqj

Sk1 Frxuwhlooh/ U1 V1 Iuhhodqg/ G1 M1 Khlq}hq/ I1D1 ydq Dehhohq/ dqg E1M1 Yhukddu

Sxeolvkhg lq Sk|v1 Uhy1 Ohww1 ;4/ 9< +4<<;,

Zh sureh r0zdyh froolvlrqv ri odvhu0frrohg HDUe �s ' 2c6s ' 32� dwrpv zlwk ]hhpdq0

uhvroyhg skrwrdvvrfldwlrq vshfwurvfrs|1 Zh revhuyh wkdw wkhvh froolvlrqv h{klelw d

pdjqhwlfdoo| wxqdeoh Ihvkedfk uhvrqdqfh/ dqg ghwhuplqh wkdw wklv uhvrqdqfh wxqhv

wr }hur hqhuj| dw d pdjqhwlf �hog ri 497 � : J1 Wklv uhvxow lqglfdwhv wkdw wkh vhoi0

lqwhudfwlrq hqhuj| ri dq HDUe Ervh0Hlqvwhlq frqghqvdwh fdq eh pdjqhwlfdoo| wxqhg1

Zh dovr ghprqvwudwh wkdw ]hhpdq0uhvroyhg skrwrdvvrfldwlrq vshfwurvfrs| surylghv d

xvhixo qhz wrro iru wkh vwxg| ri xowudfrog dwrplf froolvlrqv1

814 Lqwurgxfwlrq

Wkh revhuydwlrq ri Ervh0Hlqvwhlq frqghqvdwlrq +EHF, lq gloxwh/ pdjqhwlfdoo| wudsshg

dondol jdvhv kdv fuhdwhg h{flwlqj qhz rssruwxqlwlhv iru vwxglhv ri pdfurvfrslf txdqwxp

skhqrphqd ^4�:`1 Dq lpsruwdqw dvshfw ri gloxwh jdv EHF lv wkdw wzr0erg| lqwhudfwlrqv

grplqdwh/ dqg jlyh ulvh wr d frqghqvdwh vhoi0hqhuj| sursruwlrqdo wr wkh wzr0erg| vfdw0

whulqj ohqjwk d1 Wkh vhoi0hqhuj| vwurqjo| lq xhqfhv prvw ri wkh lpsruwdqw surshuwlhv ri

d frqghqvdwh/ lqfoxglqj lwv vwdelolw|/ irupdwlrq udwh/ vl}h dqg vkdsh/ dqg froohfwlyh h{fl0

wdwlrqv1 Wkhuh kdv ehhq frqvlghudeoh lqwhuhvw lq �qglqj zd|v wr h{shulphqwdoo| prgli|

wkh vfdwwhulqj ohqjwk/ ehfdxvh wkdw frxog pdnh srvvleoh vwxglhv ri d EHF zlwk d yhu|

vwurqj/ yhu| zhdn/ srvlwlyh/ qhjdwlyh/ ru hyhq wlph0ghshqghqw lqwhudfwlrq vwuhqjwk/ doo

zlwklq d vlqjoh h{shulphqw1 Rqh surplvlqj sursrvdo wr gr wklv uholhv rq wkh vwurqj ydul0

dwlrq ri d wkdw rffxuv li d Ihvkedfk froolvlrq uhvrqdqfh lv wxqhg wkurxjk }hur hqhuj| ^;`1

Vxfk d wxqdeoh uhvrqdqfh frxog eh lqgxfhg rswlfdoo|/ exw wklv phwkrg lqwurgxfhv xqgh0

vluhg h�hfwv ri rswlfdo vsrqwdqhrxv hplvvlrq lqwr wkh frqghqvdwh ^</ 43`1 Pdjqhwlfdoo|

wxqdeoh Ihvkedfk uhvrqdqfhv wkdw dulvh iurp wkh frxsolqj ehwzhhq gl�huhqw vslq fkdq0

qhov lq dq dwrplf froolvlrq fdq dovr uhvxow lq d wxqdeoh ydoxh ri d ^;/44/45`1 D suhylrxv

vhdufk iru wklv w|sh ri uhvrqdqfh ^46` glg qrw ghwhfw rqh1 Lqwhuhvw lq wklv wrslf lq0

fuhdvhg zlwk d suhglfwlrq ri d }hur0hqhuj| Ihvkedfk uhvrqdqfh lq froolvlrqv ri ;8Ue

mi @ 5>pi @ �5l dwrpv ^45`1 Lq wklv sdshu/ zh uhsruw wkh revhuydwlrq ri wklv uhvr0
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qdqfh/ zklfk zh �qg wxqhv wr }hur hqhuj| dw d pdjqhwlf �hog ri 497 	 : J1 Iurp wkh

revhuyhg srvlwlrq dqg zlgwk ri wkh uhvrqdqfh/ zh duh deoh wr suhflvho| ghwhuplqh ;8Ue

lqwhudfwlrq sdudphwhuv1 Rxu zrun/ dorqj zlwk d uhfhqw uhsruw ri d vlplodu uhvrqdqfh

lq dq dwrplf 56Qd EHF ^47`/ frqvwlwxwh wkh �uvw revhuydwlrqv ri wklv lpsruwdqw frog

froolvlrq skhqrphqrq1

815 H{shulphqwdo Phwkrg

Lq rughu wr ghwhfw wklv uhvrqdqfh/ zh xvh skrwrdvvrfldwlrq vshfwurvfrs| ^48` wr sureh wkh

froolvlrqv ri odvhu0frrohg ;8Ue dwrpv lq d pdjqhwlf �hog1 Wkh frqfhsw ri wkh h{shulphqw

lv looxvwudwhg lq Ilj1 8141 Wr eh frqfuhwh/ zh vshfldol}h wr rxu sduwlfxodu fdvh1 Iuhh/

jurxqg0vwdwh ;8Ue dwrpv froolgh lq wkh mi @ 5>pi @ �5l. mi @ 5>pi @ �5l hqwudqfh

fkdqqho1 Khuh/ i @ 5 ru 6 lv wkh k|shu�qh vwdwh +frpelqhg hohfwurq dqg qxfohdu vslq,

ri dq dwrp dqg pi lv wkh vslq surmhfwlrq txdqwxp qxpehu ri wkdw dwrp1 Wkh hqwudqfh

fkdqqho kdv d wrwdo dqjxodu prphqwxp surmhfwlrq txdqwxp qxpehu PI @ �7/ htxdo

wr wkh vxp ri wkh wzr dwrplf pi ydoxhv1 Lw lv frxsohg wr rwkhu PI @ �7 fkdqqhov dw

vpdoo lqwhuqxfohdu glvwdqfh e| wkh hohfwurqlf h{fkdqjh lqwhudfwlrq1 Wkh rwkhuPI @ �7

srwhqwldo fxuyhv doo fruuhodwh wr wkh kljkhu hqhuj| i @ 5 . i @ 6 ru i @ 6 . i @ 6

glvvrfldwlrq olplwv1 Wkh| vxssruw pxowlfkdqqho txdvlerxqg vwdwhv dw srvlwlyh hqhujlhv/

zkhuh zh wdnh wkh }hur ri hqhuj| wr eh wkh wkuhvkrog ri wkh hqwudqfh fkdqqho1 Li wkh

hqhuj| ri wkh lqfrplqj dwrpv pdwfkhv wkh hqhuj| ri rqh ri wkhvh vwdwhv/ d Ihvkedfk

uhvrqdqfh rffxuv lq zklfk d odujh zdyh0ixqfwlrq dpsolwxgh exlogv xs lq wkh txdvlerxqg

vwdwh1 Wkh uhvrqdqfh hqhuj| fdq eh wxqhg wr }hur zlwk d pdjqhwlf �hog ehfdxvh wkh

txdvlerxqg vwdwh dqg wkuhvkrog hqhuj| ]hhpdq vkliw dw gl�huhqw udwhv1 Lq wkdw fdvh wkh

uhvrqdqfh vwurqjo| d�hfwv xowudfrog froolvlrqv1 Lq rughu wr ghwhfw wkh uhvrqdqfh/ zh gulyh

skrwrdvvrfldwlrq wudqvlwlrqv wr wkh h{flwhg ;8Ue5 3
�

j erxqg prohfxodu yleudwlrqdo vwdwh

dw dq hqhuj| 81< fp�4 ehorz wkh 8 5V4@5.8
5S4@5 glvvrfldwlrq olplw ^49`1 Dv glvfxvvhg

ehorz/ zh duh deoh wr lvrodwh d vlqjoh frpsrqhqw ri wkh vshfwuxp zklfk ruljlqdwhv iurp

wkh v0zdyh/ PI @ �7/ froolvlrqdo uhvrqdqfh vwdwh1 Lwv wudqvlwlrq udwh lv sursruwlrqdo wr

wkh vtxduh ri wkh zdyh0ixqfwlrq ryhuods ehwzhhq wkh froolvlrqdo vwdwh dqg wkh h{flwhg

vwdwh/ dqg wkhuhiruh vkrzv dq hqkdqfhphqw zkhq wkh Ihvkedfk uhvrqdqfh lv wxqhg qhdu

}hur hqhuj|1

Zh ghwhfw wkh skrwrdvvrfldwlrq zlwk d wuds orvv phwkrg ^49�4<`1 Derxw 437 ;8Ue

dwrpv duh wudqvihuuhg iurp d pdjqhwr0rswlfdo wuds lqwr d idu0r� uhvrqdqfh rswlfdo

glsroh irufh wuds +IRUW, ^53`/ fuhdwhg e| d 41: Z/ ;68 qp zdyhohqjwk odvhu ehdp

irfxvvhg wr d zdlvw ri 53 �p1 Wkh dwrpv duh odvhu frrohg wr d whpshudwxuh ehwzhhq

63 dqg 433 �N/ dqg kdyh d ghqvlw| ehwzhhq 43
44 dqg 43

45 fp�61 Zh wkhq vzlwfk rq

d pdjqhwlf �hog E dqg doorz lw wr vwdelol}h iru 633 pv1 Diwhu wklv/ zh frqwlqxrxvo|

looxplqdwh wkh dwrpv zlwk d qhdu0uhvrqdqfh odvhu ehdp wkdw rswlfdoo| sxpsv wkhp lqwr
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5 2S1/2 + 5 2P1/2
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0
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f = 3 + f = 3

5 2S1/2 + 5 2S1/2

40

Iljxuh 814 Skrwrdvvrfldwlrq phwkrg iru ghwhfwlqj d Ihvkedfk uhvrqdqfh lq froolvlrqv ri

xowudfrog HDUe �s ' 2c6s ' 32� dwrpv1 Wkh hqwudqfh fkdqqho zdyh ixqfwlrq ��?�|E-� frxsohv

wr d txdvlerxqg vwdwh zlwk zdyh ixqfwlrq �oerE-�1 D odvhu �hog lqgxfhv skrwrdvvrfldwlrq ri

wklv vwdwh wr dq h{flwhg/ erxqg f3} E�c a�prohfxodu vwdwh dw d udwh �u/ zklfk wkhq ghfd|v edfn wr

iuhh dwrpv dw d udwh �
f
1 Dv d pdjqhwlf �hog lv ydulhg/ wkh txdvlerxqg vwdwh wxqhv wkurxjk }hur

hqhuj|/ surgxflqj d Ihvkedfk uhvrqdqfh iru xowudfrog froolvlrqv1 Wkh uhvxowlqj hqkdqfhphqw

ri �oerE-� surgxfhv dq hqkdqfhphqw ri �u wkdw zh ghwhfw zlwk d wuds orvv phwkrg1

wkhlu i @ 5 jurxqg k|shu�qh vwdwh/ dqg zlwk d wxqdeoh sureh +SD, odvhu ehdp zklfk

lqgxfhv wkh skrwrdvvrfldwlrq wudqvlwlrqv1 Lq vrph fdvhv zh dovr dsso| dq dgglwlrqdo

qhdu0uhvrqdqfh ��0srodul}hg +RS, odvhu wr sxps wkh dwrpv lqwr wkhlu pi @ �5 vwdwh1

Diwhu dq dgglwlrqdo :33 wr 4333 pv/ zh vzlwfk r� wkhvh odvhu ehdpv dqg wkh pdjqhwlf

�hog/ dqg sureh wkh dwrpv uhpdlqlqj lq wkh wuds zlwk odvhu0lqgxfhg  xruhvfhqfh1 Wkh

skrwrdvvrfldwlrq udwh lv ghwhfwdeoh dv uhgxfhg dwrplf  xruhvfhqfh/ ehfdxvh prvw sdluv

ri dwrpv zklfk devrue d SD odvhu skrwrq uhwxuq wr wkh jurxqg vwdwh e| vsrqwdqhrxv

hplvvlrq dv iuhh dwrpv zlwk d nlqhwlf hqhuj| wkdw lv wrr kljk wr uhpdlq lq wkh wuds1

Lq wkh sorwv ehorz/ zh vkrz wklv phdvxuhg  xruhvfhqfh vljqdo yv SD odvhu iuhtxhqf|/

lqyhuwhg vr wkdw skrwrdvvrfldwlrq0lqgxfhg wuds orvv surgxfhv xszdug jrlqj shdnv1
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Iljxuh 815 HDUe2 skrwrdvvrfldwlrq vshfwud iru h{flwdwlrq iurp orzhu Es ' 2 n s ' 2�

k|shu�qh vwdwh froolvlrqv wr d vlqjoh h{flwhg yleudwlrqdo ohyho/ dw d odvhu lqwhqvlw| ri 53 Z2fp21

Xsshu fxuyh= vshfwuxp dw }hur pdjqhwlf �hog1 Orzhu fxuyh= vshfwuxp dw d pdjqhwlf �hog

ri 4<8 J1 Hdfk ri wkh }hur0�hog frpsrqhqwv vsolwv lqwr 43 ru 48 glvwlqfw frpsrqhqwv gxh wr

]hhpdq vsolwwlqj ri wkh jurxqg0vwdwh dwrpv> fdofxodwhg vsolwwlqjv duh vkrzq e| wkh yhuwlfdo

gdvkhg pdunv1 Wkh vxffhvvlyh shdnv lq wkh orzhu vshfwuxp fruuhvsrqg pdlqo| wr a ' f/ dqg

+iurp ohiw, �8 ' 3e/ 3�/ 32/ 3�/ f/ �/ dqg 51

816 Revhuydwlrq ri d Ihvkedfk Uhvrqdqfh

D w|slfdo vshfwuxp/ uhfrughg zlwk wkh RS odvhu ehdp r� dqg zlwk qr pdjqhwlf �hog/ lv

vkrzq lq Ilj1 8151 Zh revhuyh d vlpsoh vshfwuxp wkdw dulvhv iurp wkh 3�
j
h{flwhg vwdwh

M @ 3/ 4/ dqg 5 urwdwlrqdo ohyhov1 Ilj1 815 dovr vkrzv wkh vshfwuxp zlwk wkh RS odvhu

ehdp r� dqg zlwk E � 4<8 J1 Lq wklv fdvh/ wkh i @ 5.i @ 5 glvvrfldwlrq olplw ]hhpdq

vsolwv lqwr 48 gl�huhqw olplwv iru wkh hyhq sduwldo zdyhv/ dqg 43 gl�huhqw olplwv iru wkh

rgg sduwldo zdyhv/ zklfk fruuhvsrqg wr wkh ydulrxv srvvleoh frpelqdwlrqv ri wkh wzr

dwrplf pi txdqwxp qxpehuv1 Zlwkrxw rswlfdo sxpslqj doo ri wkhvh frpelqdwlrqv duh

srsxodwhg1 Wkh h{flwhg vwdwh grhv qrw vkrz d vljql�fdqw ]hhpdq vsolwwlqj1 Ehfdxvh

vrph ri wkh vsolwwlqjv duh qrw uhvroyhg/ wkh M @ 3 urwdwlrqdo shdn vsolwv lqwr < ]hhpdq

frpsrqhqwv fruuhvsrqglqj wr PI @ �7/111/.71 Wkh ohiwprvw shdn lq wkh vshfwuxp

dulvhv rqo| iurp mi @ 5>pi @ �5l. mi @ 5>pi @ �5l +PI @ �7, froolvlrqv1 Ixuwkhu/

wklv shdn dulvhv rqo| iurp v0zdyh froolvlrqv ehfdxvh wkh vhohfwlrq uxoh M @ o lv reh|hg
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Iljxuh 816 Skrwrdvvrfldwlrq vshfwud vkrzlqj wkh a ' f/ �8 ' 3e shdn dw d vxffhvvlrq ri

pdjqhwlf �hog ydoxhv/ zlwk d odvhu lqwhqvlw| ri 314 Z2fp
21 Wkh uhodwlyh ]hhpdq vkliw ri wkh

vxffhvvlyh shdnv lv uhpryhg vr wkdw wkh| dsshdu dw wkh vdph odvhu wxqlqj1

iru wklv wudqvlwlrq/ zkhuh o lv wkh ruelwdo dqjxodu prphqwxp ri wkh lqlwldo vwdwh ^49`1

Wkhuhiruh wkh ohiwprvw shdn surehv h{foxvlyho| wkh ghvluhg froolvlrq fkdqqho1

Lq Ilj1 816/ zh vkrz uhshdwhg vfdqv ryhu wkh M @ 3/ PI @ �7 shdn dw pdq|

gl�huhqw �hog ydoxhv1 Wkh gdwd fohduo| vkrz wkh h�hfw ri wkh Ihvkedfk uhvrqdqfh1 Iru

wkhvh vfdqv zh dovr wxuq rq wkh RS odvhu ehdp/ zklfk hqkdqfhv wkh lqwhqvlw| ri wkh

PI @ �7 shdn e| d idfwru ri 81 Wkh SD odvhu lqwhqvlw| L @ 3=4 Z2fp51 Dv wkh

pdjqhwlf �hog lv lqfuhdvhg/ wkh vljqdo hphujhv iurp wkh qrlvh/ uhdfkhv d pd{lpxp

vwuhqjwk qhdu 49: J/ dqg wkhq glvdsshduv djdlq lqwr wkh qrlvh1 Wkh �hog pdjqlwxgh lv

fdoleudwhg xvlqj wkh ]hhpdq0uhvroyhg vshfwud1 Rxu lqwhusuhwdwlrq ri wklv hqkdqfhphqw

dv d Ihvkedfk uhvrqdqfh lv vxssruwhg e| vhyhudo idfwruv1 Iluvw/ suhylrxv vwxglhv ri



8; 8 Revhuydwlrq ri d Ihvkedfk Uhvrqdqfh lq Frog0Dwrp Vfdwwhulqj

155 160 165 170 175 180
 

 

 

 

Magnetic Field (G)

P
ho

to
as

so
ci

at
io

n 
P

ea
k 

H
ei

gh
t

   
   

(A
rb

itr
ar

y 
U

ni
ts

) 
   

 

Iljxuh 817 Khljkw ri wkh skrwrdvvrfldwlrq shdnv vkrzq lq Ilj1 816/ dv d ixqfwlrq ri pdjqhwlf

�hog/ vkrzlqj fohduo| wkh Ihvkedfk uhvrqdqfh1 Wkh vrolg fxuyh vkrzv d Oruhqw}ldq �w wr wkh

gdwd1

xowudfrog Ue froolvlrqv kdyh idluo| vwurqjo| frqvwudlqhg lwv jurxqg0vwdwh lqwhudfwlrq

srwhqwldov ^7/ 46/ 49�4</ 54/ 55`/ dqg doorzhg iru suhglfwlrqv ri wklv uhvrqdqfh ^45/ 55`1

Zh revhuyh d uhvrqdqfh lq wkh fruuhfw fkdqqho qhdu wkh suhglfwhg �hog1 Ilqdoo|/ zh

revhuyh wkhvh skrwrdvvrfldwlrq shdnv dw dq dqrpdorxvo| orz odvhu lqwhqvlw|/ dw zklfk

rwkhu ihdwxuhv lq wkh vshfwuxp duh qrw ylvleoh1 Wklv fdq rffxu rqo| zlwk uhvrqdqfh

hqkdqfhphqw ri wkh udwh �O gxh wr wkh hqkdqfhg zdyh0ixqfwlrq dpsolwxgh1

Lq Ilj1 817/ zh sorw wkh khljkwv ri wkh skrwrdvvrfldwlrq shdnv/ ghwhuplqhg iurp

Oruhqw}ldq �wv/ dv d ixqfwlrq ri pdjqhwlf �hog1 Zh �qg wkdw wklv fxuyh lv dovr zhoo

�w e| d Oruhqw}ldq olqh vkdsh/ zklfk |lhogv d uhvrqdqfh �hog E3>SD+L, dqg d zlgwk

+IZKP, �ESD+L,1 Wkhruhwlfdo fdofxodwlrqv dorqj wkh olqhv ri fkdswhu 7 ^56` vkrz

wkdw ghsduwxuhv iurp Oruhqw}ldq olqh vkdshv vkrxog eh vpdoo iru rxu frqglwlrqv1 Zh

�qg wkdw rswlfdo srzhu eurdghqlqj lv vljql�fdqw1 Lq rughu wr dffrxqw iru wklv/ zh

uhshdw wkh phdvxuhphqwv dw odvhu lqwhqvlwlhv L udqjlqj iurp 314 wr 3187 Z2fp5/ dqg

sorw E3>SD+L, dqg �ESD+L, yv L1 E3>SD+L, ydulhv e| ohvv wkdq 418 J ryhu wklv udqjh/

dqg �ESD+L, ydulhv iurp derxw ; J wr derxw 48 J1 E| �wwlqj wkhvh gdwd/ zh ghwhuplqh

}hur0lqwhqvlw| lqwhufhswv ri E3>SD @ 499=9	 9 J dqg �ESD @ 8=<	 5=4 J1 Wkh huuru

lq E3>SD lv pdlqo| gxh wr huuruv lq wkh pdjqhwlf �hog fdoleudwlrq1 Zh vhdufkhg iru dqg

glg qrw �qg dq| dgglwlrqdo Ihvkedfk uhvrqdqfhv lq wkh �hog udqjh ehwzhhq 433 J dqg

4<8 J1
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Lq rughu wr ixuwkhu dqdo|}h wkhvh uhvxowv/ zh kdyh fdofxodwhg wkh uhvrqdqfh �hog E3>SD

dqg zlgwk �ESD xvlqj dq dffxudwh prgho iru wkh dwrplf Ue lqwhudfwlrq srwhqwldov

dqg skrwrdvvrfldwlrq surfhvv/ dv ghvfulehg lq fkdswhu 7 ^56`1 Wkhvh txdqwlwlhv ghshqg

prvw vhqvlwlyho| rq wkh Ue5 jurxqg0vwdwh Ydq ghu Zddov lqwhudfwlrq frh!flhqw F9/

dqg wkh wzr sdudphwhuv yGV +prg 4, dqg yGW +prg 4,1 yGV dqg yGW fruuhvsrqg

wr wkh +iudfwlrqdo, qxpehu ri erxqg vwdwhv lq wkh orzhvw vlqjohw dqg wulsohw ;8Ue5

prohfxodu srwhqwldo zhoov/ uhvshfwlyho|1 Ixuwkhu/ qhdu rxu sdudphwhu udqjh wkh srvlwlrq

ri wkh uhvrqdqfh ghshqgv prvwo| rq F9 dqg rq wkh vxp yGV +prg 4,. yGW +prg 4,/

zkhuhdv lwv zlgwk ghshqgv prvwo| rq wkh gl�huhqfh yGV +prg 4,�yGV +prg 4,1 Wdnlqj

d �{hg F9 @ 7883 d1x1 ^4;` zh ghwhuplqh iurp rxu phdvxuhg ydoxh ri E3>SD wkdw

yGV +prg 4,.yGW +prg 4,@ �3=3;5	3=3441 Doorzlqj iru d 83 d1x1 xqfhuwdlqw| lq F9

lqfuhdvhv wkh xqfhuwdlqw| ri yGV +prg 4,.yGW +prg 4, wr 	3=3491 Iurp wkh phdvxuhg

ydoxh ri �ESD/ zh ghwhuplqh yGV +prg 4,�yGV +prg 4, @ 3=38;	3=3491 +Zh uxoh rxw

dq rssrvlwh vljq iru yGV � yGW ehfdxvh lw frq lfwv zlwk suhylrxv phdvxuhphqwv ^4<`1,

Frpelqlqj wkhvh uhvxowv/ zh ghwhuplqh yGV +prg 4, @ �3=345 dqg yGW +prg 4, @

�3=3:3/ zlwk xqfhuwdlqwlhv iru erwk wkhlu vxp dqg gl�huhqfh ri 	3=3491

Wkh ehvw suhylrxv ghwhuplqdwlrq ri wkhvh txdqwlwlhv iroorzhg iurp rxu phdvxuhphqwv

ri wkh kljkhvw erxqg ohyhov ri wkh ;8Ue5 prohfxoh ^4<`1 Wdnlqj djdlq d �{hg F9 @

7883 d1x1/ wkrvh phdvxuhphqwv |lhog yGV +prg 4, @ �3=339	3=33; dqg yGW +prg 4, @

�3=37:	3=3391 Sorwwlqj wkh doorzhg uhjlrqv lq wkh yGV�yGW sodqh dw �{hg F9 iru erwk

wkh Ihvkedfk dqg wkh erxqg0vwdwh phdvxuhphqwv/ zh �qg wkdw wkh| qhduo| frqwdfw hdfk

rwkhu qhdu wkh srlqw fruuhvsrqglqj wr wkh orzhu olplwv iru erwk wkh Ihvkedfk uhvrqdqfh

zlgwk dqg uhvrqdqfh �hog1 Wkh gl�huhqfh ehwzhhq wkh sdudphwhuv ghulyhg iurp wkh

wzr h{shulphqwv lv vrphzkdw odujhu wkdq zrxog eh h{shfwhg iurp wkhlu uhvshfwlyh

xqfhuwdlqwlhv> d srvvleoh h{sodqdwlrq lv wkdw huuruv lq wkh erxqg0vwdwh phdvxuhphqwv

gxh wr olqh0vkdsh h�hfwv zhuh xqghuhvwlpdwhg1 Wkh xqfhuwdlqw| lq F9 dovr lqfuhdvhv

wkh xqfhuwdlqwlhv ri wkh sdudphwhuv ghulyhg iurp wkh erxqg0vwdwh h{shulphqw ^4<`/ exw

lw grhv qrw vljql�fdqwo| fkdqjh wkh ohyho ri djuhhphqw ehwzhhq wkh wzr h{shulphqwv

ehfdxvh wkhlu doorzhg yGV � yGW uhjlrqv glvsod| vlplodu vkliwv zlwk F91

Edvhg rq rxu Ihvkedfk uhvrqdqfh phdvxuhphqwv/ zh fdofxodwh wkh vfdwwhulqj ohqjwk

d5>�5 iru froolvlrqv ri ;8Ue mi @ 5>pi @ �5l dwrpv dv d ixqfwlrq ri �hog vwuhqjwk/

vkrzq lq Ilj1 8181 Wkh uhvrqdqfh lq wkh vfdwwhulqj ohqjwk kdv wkh glvshuvlyh irup

d5>�5 @ d
3
5>�5^4 � �@+E � E3,`1 Iru wkh vdph sdudphwhuv wkdw |lhog wkh revhuyhg

ydoxhv ri E3>SD dqg �ESD/ zh �qg wkdw d3
5>�5 @ �5<8	 ;3d3/ � @ ;=5	 6=; J/ dqg

E3 @ 497 	 : J1 E3 lv d ihz Jdxvv orzhu wkdq E3>SD gxh wr wkh idfw wkdw forvh wr

wkh furvvlqj ri wkh Ue5 erxqg vwdwh dqg wkh mi @ 5>pi @ �5l . mi @ 5>pi @ �5l

wkuhvkrog/ wkh SD skhqrphqrq lv lq xhqfhg wr d vljql�fdqw h{whqw e| lqwhuihuhqfh ri
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Iljxuh 818 Fdofxodwhg �hog ghshqghqfh ri vfdwwhulqj ohqjwk @2c32/ fruuhvsrqglqj zlwk wkh

uhvrqdqfh �hog ydoxh dqg zlgwk revhuyhg lq wklv h{shulphqw1

wkh Ihvkedfk uhvrqdqfh dqg wkh vwurqj edfnjurxqg +srwhqwldo, vfdwwhulqj dvvrfldwhg

zlwk wkh odujh edfnjurxqg ydoxh ri d5>�51 Wkh phdvxuhg uhvrqdqfh �hog lv lq prghudwh

glvdjuhhphqw zlwk rxu suhylrxv suhglfwlrq ri 475	 43 J ^45`/ zklfk zdv edvhg rq wkh

erxqg0vwdwh phdvxuhphqwv ^4<`/ iru wkh uhdvrqv glvfxvvhg deryh1

818 Frqfoxvlrqv

Lq vxppdu|/ zh kdyh ghwhfwhg d }hur0hqhuj| Ihvkedfk uhvrqdqfh lq froolvlrqv ri ;8Ue

mi @ 5>pi @ �5l dwrpv dw d pdjqhwlf �hog ri 497	:J1 Rxu phwkrg/ edvhg rq ]hhpdq0

uhvroyhg skrwrdvvrfldwlrq vshfwurvfrs| ri xowudfrog dwrpv/ doorzv xv wr vhdufk iru uhv0

rqdqfhv lq dq| k|shu�qh/ ]hhpdq/ dqg sduwldo zdyh fkdqqho e| vlpso| orrnlqj iru dq

hqkdqfhphqw ri wkh dssursuldwh vshfwudo frpsrqhqw dv wkh pdjqhwlf �hog lv wxqhg1

Wklv phwkrg pd| wkhuhiruh suryh pruh jhqhudoo| xvhixo dv d qhz sureh ri xowudfrog

dwrplf froolvlrqv1 ;8Ue mi @ 5>pi @ �5l dwrpv fdq eh pdjqhwlfdoo| wudsshg/ dqg

duh h{shfwhg wr h{klelw d yhu| orz wzr0erg| lqhodvwlf froolvlrq udwh ^55`1 Hydsrudwlyh

frrolqj ri wklv lvrwrsh lv vrphzkdw gl!fxow gxh wr d vxssuhvvlrq ri lwv hodvwlf furvv

vhfwlrq dw whpshudwxuhv deryh 43 �N ^55/ 57/ 58`/ exw lw lv ihdvleoh ^58`1 Wkhuhiruh lw

vkrxog eh srvvleoh wr vwxg| d pdjqhwlfdoo| wudsshg ;8Ue EHF zlwk dq dgmxvwdeoh vfdw0

whulqj ohqjwk1 Rqh dwwudfwlyh ihdwxuh ri wklv uhvrqdqfh lv wkdw lwv udwlr �@E3/ zklfk

jryhuqv wkh ghjuhh ri pdjqhwlf �hog frqwuro qhhghg wr vwdeo| surgxfh d yhu| odujh
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vfdwwhulqj ohqjwk/ lv uhodwlyho| odujh1 Wzr dqg wkuhh erg| froolvlrqdo orvv udwhv duh

dovr hqkdqfhg e| d Ihvkedfk uhvrqdqfh ^47/ 55`/ dqg wklv pd| olplw wkh wxqlqj udqjh

dfklhydeoh lq sudfwlfh1 D ixuwkhu lqwhuhvwlqj srvvlelolw| lv wkdw lw vkrxog eh srvvleoh wr

irup d pl{hg ;:Ue0;8Ue frqghqvdwh/ zlwk wkh ;:Ue dqg furvv0vshflhv vfdwwhulqj ohqjwk

srvlwlyh ^4:/55`/ dqg wkh ;8Ue vfdwwhulqj ohqjwk wxqdeoh1 Rwkhu Ihvkedfk uhvrqdqfhv lq

erwk vlqjoh dqg pxowlfrpsrqhqw jdvhv frxog sod| lpsruwdqw urohv lq pdq| ixwxuh EHF

dqg frkhuhqw dwrp rswlfv h{shulphqwv1

Dfnqrzohgjphqwv

Zh judwhixoo| dfnqrzohgjh xvhixo glvfxvvlrqv zlwk Fduo Zlhpdq dqg Fkulv Juhhqh/

lqfoxglqj d suholplqdu| lqglfdwlrq ri d uhvrqdqfh �hog ydoxh iurp h{shulphqwv dw MLOD1

Zrun dw Wh{dv zdv vxssruwhg e| wkh U1 D1 Zhofk Irxqgdwlrq/ wkh Qdwlrqdo Vflhqfh

Irxqgdwlrq/ dqg wkh QDVD Plfurjudylw| Uhvhdufk Glylvlrq1

Uhihuhqfhv

^4` P1K1 Dqghuvrq/ M1U1 Hqvkhu/ P1U1 Pdwwkhzv/ F1H1 Zlhpdq/ dqg H1D1 Fruqhoo/ Vflhqfh

59</ 4<; +4<<8,1

^5` N1E1 Gdylv/ P10R1 Phzhv/ P1U1 Dqguhzv/ Q1M1 ydq Guxwhq/ G1V1 Gxuihh/ G1P1 Nxuq/

dqg Z1 Nhwwhuoh/ Sk|v1 Uhy1 Ohww1 :8/ 6<9< +4<<8,1

^6` F1F1 Eudgoh|/ F1D1 Vdfnhww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :;/ <;8 +4<<:,1

^7` F1M1 P|dww/ H1D1 Exuw/ U1Z1 Jkulvw/ H1D1 Fruqhoo/ dqg F1H1 Zlhpdq/ Sk|v1 Uhy1 Ohww1

:;/ 8;9 +4<<:,

^8` X1 Huqvw/ D1 Pduwh/ I1 Vfkuhfn/ M1 Vfkxvwhu dqg J1 Uhpsh/ Hxursk|v1 Ohww1 74/ 4 +4<<;,1

^9` O1 Y1 Kdx/ E1 G1 Exvfk/ F1 Olx/ ]1 Gxwwrq/ P1 P1 Exuqv/ dqg M1 D1 Jroryfkhqnr/ Sk|v1

Uhy1 D 8;/ U87 +4<<;,1

^:` G1 M1 Kdq/ U1 K1 Z|qdu/ Sk1 Frxuwhlooh/ dqg G1 M1 Khlq}hq/ Sk|v1 Uhy1 D 8:/ U7447

+4<<;,1

^;` H1 Wlhvlqjd/ D1 M1 Prhuglmn/ E1 M1 Yhukddu/ dqg K1 Vwrri/ Sk|v1 Uhy1 D 79/ U449: +4<<5,>

H1 Wlhvlqjd/ E1 M1 Yhukddu/ dqg K1 Vwrri/ Sk|v1 Uhy1 D 7:/ 7447 +4<<6,1

^<` S1 R1 Ihglfkhy/ \x1 Ndjdq/ J1 Y1 Vko|dsqlnry/ dqg M1 W1 P1 Zdoudyhq/ Sk|v1 Uhy1 Ohww1

::/ 5<46 +4<<9,1

^43` M1 O1 Erkq dqg S1 V1 Mxolhqqh/ Sk|v1 Uhy1 D 89/ 47;9 +4<<:,1

^44` D1 M1 Prhuglmn/ E1 M1 Yhukddu dqg D1 D{hovvrq/ Sk|v1 Uhy1 D 84/ 7;85 +4<<8,1

^45` M1 P1 Yrjhov/ F1 F1 Wvdl/ U1 V1 Iuhhodqg/ V1 M1 M1 P1 I1 Nrnnhopdqv/ E1 M1 Yhukddu/ dqg

G1 M1 Khlq}hq/ Sk|v1 Uhy1 D 89/ U439: +4<<:,1

^46` Q1 U1 Qhzexu|/ F1 M1 P|dww/ dqg F1 H1 Zlhpdq / Sk|v1 Uhy1 D 84/ U59;3 +4<<8,1

^47` V1 Lqrx|h/ P1 U1 Dqguhzv/ M1 Vwhqjhu/ K10M1 Plhvqhu/ G1 P1 Vwdpshu0Nxuq/ dqg Z1

Nhwwhuoh/ Qdwxuh 6<5/ 484 +4<<;,1
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^48` G1 M1 Khlq}hq/ lq Dwrplf Sk|vlfv 47/ hgv1 G1M1 Zlqhodqg/ F1H1 Zlhpdq/ dqg V1M1 Vplwk/

DLS Frqi1 Surf1 Qr1 656 +Qhz \run/ 4<<8,/ s1 5441

^49` M1 U1 Jdugqhu/ U1 D1 Folqh/ M1 G1 Ploohu/ G1 M1 Khlq}hq/ K1 P1 M1 P1 Erhvwhq/ dqg E1 M1

Yhukddu/ Sk|v1 Uhy1 Ohww1 :7/ 6:97 +4<<8,1

^4:` K1 P1 M1 P1 Erhvwhq/ F1 F1 Wvdl/ M1 U1 Jdugqhu/ G1 M1 Khlq}hq/ dqg E1 M1 Yhukddu/ Sk|v1

Uhy1 D 88/ 969 +4<<:,1

^4;` K1 P1 M1 P1 Erhvwhq/ F1 F1 Wvdl/ E1 M1 Yhukddu/ dqg G1 M1 Khlq}hq / Sk|v1 Uhy1 Ohww1 ::/

84<7 +4<<9,1

^4<` F1 F1 Wvdl/ U1 V1 Iuhhodqg/ M1 P1 Yrjhov/ K1 P1 M1 P1 Erhvwhq/ E1 M1 Yhukddu/ dqg G1 M1

Khlq}hq/ Sk|v1 Uhy1 Ohww1 :</ 4578 +4<<:,1

^53` M1 G1 Ploohu/ U1 D1 Folqh/ dqg G1 M1 Khlq}hq/ Sk|v1 Uhy1 D 7:/ U789: +4<<6,1

^54` V1 M1 M1 P1 I1 Nrnnhopdqv/ K1 P1 M1 P1 Erhvwhq/ dqg E1 M1 Yhukddu/ Sk|v1 Uhy1 D 88/

U48;< +4<<:,> S1 V1 Mxolhqqh/ I1 K1 Plhv/ H1 Wlhvlqjd/ dqg F1 M1 Zlooldpv / Sk|v1 Uhy1

Ohww1 :;/ 4;;3 +4<<:,> M1 S1 Exunh/ Mu1/ M1 O1 Erkq/ E1 G1 Hvu|/ dqg Fkulv K1 Juhhqh/

Sk|v1 Uhy1 D 88/ U5844 +4<<:,1

^55` M1 S1 Exunh/ Mu1/ M1 O1 Erkq/ E1 G1 Hvu|/ dqg Fkulv1 K1 Juhhqh/ Sk|v1 Uhy1 Ohww1 ;3/ 53<:

+4<<;,> Fkulv Juhhqh/ sulydwh frppxqlfdwlrq1

^56` I1 D1 ydq Dehhohq/ G1 M1 Khlq}hq/ dqg E1 M1 Yhukddu/ Sk|v1 Uhy1 D1 8:/ U7435 +4<<;,1

^57` V1 M1 M1 P1 I1 Nrnnhopdqv/ E1 M1 Yhukddu/ N1 Jleeoh/ dqg G1 M1 Khlq}hq/ Sk|v1 Uhy1 D

89/ U76;< +4<<:,1

^58` F1 Zlhpdq/ sulydwh frppxqlfdwlrq1
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V|psdwkhwlf Frrolqj ri SOl Dwrpv

I1D1 ydq Dehhohq/ E1M1 Yhukddu/ dqg D1M1 Prhuglmn

Sxeolvkhg lq Sk|v1 Uhy1 D 88/ 76:: +4<<:,

Zh xvh uhfhqwo| phdvxuhg frog skrwrdvvrfldwlrq dqg wzr0skrwrq gdwd wr h{wudfw wkh

vlqjohw dqg wulsohw dffxpxodwhg udgldo skdvhv ri lqwhudfwlqj jurxqg0vwdwh olwklxp dwrpv1

Xvlqj wkh uhvxowlqj ydoxhv zh suhglfw vfdwwhulqj ohqjwkv/ Ihvkedfk uhvrqdqfhv dqg

h{fkdqjh ghfd| udwh frh!flhqwv iru frog froolvlrqv ehwzhhq .Ol dqg SOl dwrpv wkdw duh

ri lqwhuhvw iru wkh srvvlelolw| ri v|psdwkhwlf frrolqj ri SOl dqg iru wkh frh{lvwhqfh ri

wkh ervrqlf dqg ihuplrqlf txdqwxp0ghjhqhudwh skdvhv ri .Ol dqg SOl1 Lq dgglwlrq/

zh fdofxodwh vfdwwhulqj ohqjwkv dqg h{fkdqjh ghfd| udwh frh!flhqwv iru frog froolvlrqv

ehwzhhq lghqwlfdo olwklxp lvrwrshv lq gl�huhqw k|shu�qh vwdwhv1 Wkhvh txdqwlwlhv duh

xvhg wr h{dplqh wkh srvvlelolwlhv ri frh{lvwlqj .Ol Ervh frqghqvdwhv dqg ri hydsrulwlyho|

frrolqj frh{lvwlqj SOl vxev|vwhpv1

914 Lqwurgxfwlrq

Lq uhfhqw |hduv frog froolvlrqv ehwzhhq :Ol dwrpv dqg ehwzhhq 9Ol dwrpv kdyh ehhq

vwxglhg h{whqvlyho| erwk h{shulphqwdoo| dqg wkhruhwlfdoo|1 Uhodwlyho| olwwoh dwwhqwlrq

kdv ehhq ghyrwhg wr froolvlrqv zkhuh d :Ol dwrp froolghv zlwk d 9Ol dwrp1 Lqwhuhvw lq

ihuplrq0ervrq froolvlrqv olnh wkhvh/ krzhyhu/ lv udslgo| jurzlqj lq ylhz ri wkh srvvlelolw|

ri frrolqj d ihuplrqlf jdv wr wkh Ihupl0ghjhqhudwh uhjlph e| frqwdfw zlwk dq xowudfrog

ervrqlf jdv +v|psdwkhwlf frrolqj ^4`,1 Vxfk d frrolqj phwkrg lv fdoohg iru vlqfh qrupdo

hydsrudwlyh frrolqj ri d vslq0srodul}hg ihuplrqlf jdv lv qrw h!flhqw gxh wr wkh devhqfh

ri v0zdyh froolvlrqv lq wklv fdvh ^5`1 Wkh h!flhqf| ri wkh v|psdwkhwlf frrolqj vfkhph/

rq wkh rwkhu kdqg/ grhv ghshqg rq wkh hodvwlf v0zdyh furvv vhfwlrq � @ 7�d
5 ri :Ol�

9Ol froolvlrqv/ zkhuh d lv wkh vfdwwhulqj ohqjwk1 Dv lq wkh vlqjoh0lvrwrsh fdvh zh duh

hvshfldoo| lqwhuhvwhg lq frpelqdwlrqv ri :Ol dqg 9Ol k|shu�qh vwdwhv iru zklfk wkh

w|slfdoo| idvw h{fkdqjh ghfd| lv iruelgghq lq d vwdwlf pdjqhwlf wuds= mi4 @ 5>pi4 @ 5l

zlwk mi5 @ 6

5
>pi5 @ 6

5
l dqg mi4 @ 4>pi4 @ �4l zlwk mi5 @ 4

5
>pi5 @ �4

5
l1 Lq wklv

sdshu zh suhvhqw fdofxodwhg d ydoxhv iru wkh fruuhvsrqglqj froolvlrq fkdqqhov1

Lq dgglwlrq wr v|psdwkhwlf frrolqj/ wkh vfdwwhulqj ohqjwk lv dovr ri lqwhuhvw iru wkh

ghvfulswlrq ri wkh h�hfwlyh lqwhudfwlrq ehwzhhq wkh ervrqlf dqg ihuplrqlf vxev|vwhpv lq

d ixwxuh v|vwhp ri frh{lvwlqj txdqwxp0ghjhqhudwh :Ol dqg 9Ol skdvhv lq fdvh wkh deryh
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vfkhph iru v|psdwkhwlf frrolqj lv vxffhvvixo1 Lq wklv frqqhfwlrq zh dovr dgguhvv lq wklv

sdshu wkh wrslf ri wkh srvvleoh h{lvwhqfh ri Ihvkedfk uhvrqdqfhv lq wkh +4 �4,.+4
5
� 4

5
,

froolvlrq fkdqqho1 Vxfk d uhvrqdqfh fdxvhv d wr fkdqjh vljq dv d ixqfwlrq ri wkh pdjqhwlf

�hog vwuhqjwk lq wkh wuds dqg zrxog wkhuhiruh r�hu wkh srvvlelolw| wr fkdqjh wkh qdwxuh

ri wkh h�hfwlyh lqwhudfwlrqv lq d frpelqhg txdqwxp0ghjhqhudwh vwdwh1

Dqrwkhu srvvlelolw| wr frro d 9Ol jdv vdpsoh/ zlwkrxw frqwdfw zlwk hydsrudwlyho|

frrohg :Ol/ frxog eh wkh xvh ri frh{lvwlqj 9Ol vxev|vwhpv lq wkh m6
5
> 6
5
l dqg m4

5
>�4

5
l

k|shu�qh vwdwhv/ iru zklfk v0zdyh froolvlrqv duh qrw iruelgghq ^6`1 Wklv v|vwhp zrxog

eh dqdorjrxv wr wkh uhfhqwo| uhdol}hg frh{lvwlqj ;:Ue vxev|vwhpv lq gl�huhqw k|shu�qh

vwdwhv ^4`1 D qhfhvvdu| frqglwlrq iru wklv vfkhph wr zrun lv d vpdoo hqrxjk h{fkdqjh

ghfd| udwh dqg d vl}deoh vfdwwhulqj ohqjwk1 Iru wklv uhdvrq zh dovr vwxg| wkhvh txdqwl0

wlhv1

Dv d e|surgxfw ri rxu fdofxodwlrqv zh dovr rewdlq wkh vfdwwhulqj ohqjwk dqg h{fkdqjh

ghfd| udwh iru froolvlrqv ri wzr :Ol dwrpv lq wzr gl�huhqw k|shu�qh vwdwhv/ zklfk lv

lpsruwdqw iru srvvleoh h{shulphqwv zlwk frh{lvwlqj m5> 5l dqg m4>�4l Ervh frqghqvdwhv

lq dq xowudfrog :Ol jdv vdpsoh ^7`1

Uhfhqw ghyhorsphqwv/ erwk wkhruhwlfdo dqg h{shulphqwdo/ hqdeoh xv wr edvh rxu

suhglfwlrqv rq lpsuryhg nqrzohgjh ri wkh lqwhudfwlrq ehwzhhq jurxqg0vwdwh olwklxp

dwrpv1 Dq lpsruwdqw ghyhorsphqw lq wkhru| lv wkh uljrurxv fdofxodwlrq ri wkh Ol . Ol

glvshuvlrq frh!flhqwv e| \dq hw do1 ^:`1 Rq wkh h{shulphqwdo vlgh d phdvxuhphqw ri

wkh elqglqj hqhuj| ri wkh ohdvw0erxqg :Ol5 wulsohw o @ 3 vwdwh ^;`/ dv zhoo dv d uhfhqw
:Ol . :Ol dqg 9Ol . 9Ol frog skrwrdvvrfldwlrq vwxg| ^<`/ |lhog lpsruwdqw lqirupdwlrq

wkdw qhhgv wr eh wdnhq lqwr dffrxqw1

Doo uhvxowv lq wkh suhvhqw sdshu kdyh ehhq fdofxodwhg e| wkh uljrurxv frxsohg0

fkdqqhov phwkrg1 Wkh| frxog dovr kdyh ehhq rewdlqhg lq wkh ghjhqhudwh lqwhuqdo vwdwhv

+GLV, dssur{lpdwlrq ^8/9`1 Wkh vkliwv lq wkh skrwrdvvrfldwlrq vljqdov +vhh Iljv1 914 dqg

915, zrxog uhvxow iurp d fdofxodwlrq lqfoxglqj d �uvw0rughu fruuhfwlrq wr GLV uhvxowv ^8`1

Zh suhihuuhg wr fduu| rxw wkh ixoo frxsohg0fkdqqhov fdofxodwlrqv lq ylhz ri rxu lqwhuhvw

lq Ihvkedfk uhvrqdqfhv/ zklfk gr qrw vkrz xs lq wkh dssur{lpdwh fdofxodwlrqv1

Lq vhfwlrq 915 zh uhh{dplqh wkh lqirupdwlrq dydlodeoh rq wkh lqwhudfwlrq surshuwlhv

ri wkh jurxqg0vwdwh olwklxp lvrwrshv/ xvlqj wkh phwkrg ri dffxpxodwhg skdvhv ^43/ 44`1

Lq vhfwlrq 916 zh suhvhqw suhglfwlrqv iru wkh pl{hg :Ol�9Ol froolvlrqv dqg lq vhfwlrq

917 iru wkh lghqwlfdo0lvrwrsh :Ol�:Ol dqg 9Ol�9Ol v|vwhpv1 Rxu frqfoxvlrqv duh jlyhq lq

vhfwlrq 9181

915 Uhh{dplqdwlrq ri wkh Oln Ol Dffxpxodwhg Skdvhv

Zh kdyh dssolhg wkh dffxpxodwhg skdvh phwkrg wr wkh jurxqg0vwdwh wulsohw srwhq0

wldo YW +u, dqg vlqjohw srwhqwldo YV+u,/ dqg wkh dvvrfldwhg sduwldo0zdyh udgldo zdyh
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ixqfwlrqv1 Wkh fhqwudo lghd lv wr lpsrvh d erxqgdu| frqglwlrq rq wkh rvfloodwlqj ud0

gldo zdyhixqfwlrq dw d udglxv u3 @ 4;d3 lq wkh irup ri d ZNE skdvh !W@V+H> o, @

!3W@V+H> o, . �!W@V / irujhwwlqj derxw wkh ghwdlohg irup ri wkh srwhqwldov zlwklq wklv

erxqgdu|/ h{fhsw iru yduldwlrqv lq wkh uhihuhqfh skdvhv !3W@V+H> o, zlwk H dqg o+o . 4,

zklfk iroorz dffxudwho| iurp wkh dydlodeoh srwhqwldov ^43/45`/ dv ghvfulehg e| Prhuglmn

hw do1 ^43/ 44`1 Wkh orqj0udqjh sduw ri wkh srwhqwldov +u A 4;d3, frqvlvwv ri glvshuvlrq

dqg h{fkdqjh sduwv ri wkh irup

YW@V @ �
F9

u9
�
F;

u;
�
F43

u43
	Dh��u > +914,

wkh rqo| fkdqjh uhodwlyh wr Uhiv1 ^43�45` ehlqj wkh vxevwlwxwlrq ri wkh uljrurxv ydoxhv

iru wkh glvshuvlrq frh!flhqwv zklfk kdyh uhfhqwo| ehfrph dydlodeoh ^:`1

Wr ixuwkhu lpsuryh rxu nqrzohgjh ri wkh Ol . Ol vkruw0udqjh lqwhudfwlrq gxulqj

frog froolvlrqv/ zh �uvw frqfhqwudwh rq wkh wulsohw dffxpxodwhg skdvh dqg frpsduh

wkhruhwlfdo suhglfwlrqv iru wkh elqglqj hqhuj| ri wkh ohdvw0erxqg o @ 3 wulsohw vwdwh

ri :Ol5 +y @ 43, wr wkh phdvxuhg ydoxh �45=7: 	 3=37 JK} ^;`/ wkxv hvwdeolvklqj wkh

skdvh fruuhfwlrq �!W qhhghg wr uhsurgxfh lw1 Zlwk d frqvhuydwlyh huuru edu zh �qg

�!W @ 3=358	3=338
�
dW +

:Ol, @ � +5:=9	 3=;, d3> dW +
9Ol, @ �+55	 ;,� 435 d3

�
1 Wkh

:Ol wulsohw vfdwwhulqj ohqjwk wkdw zh fdofxodwh djuhhv zlwk wkh ydoxh jlyhq lq Uhi1 ^;`1

Zh qrz wxuq wr wkh vlqjohw dffxpxodwhg skdvh1 Wkh prvw dffxudwh sxeolvkhg ydoxh

iru �!V ^44` zdv ghulyhg iurp hqhuj| lqwhuydov ehwzhhq kljko| h{flwhg vlqjohw uryleud0

wlrqdo :Ol5 ohyhov1 Lw lv xvhixo wr frpsduh wkh uhvxow/

�3=35 ? �!V ? .3=38 > +915,

wr uhfhqw frog0dwrp :Ol. :Ol dqg 9Ol. 9Ol skrwrdvvrfldwlrq h{shulphqwv ^<`1 Lq wkhvh

h{shulphqwv d vlqjoh Q @ 4 urwdwlrqdo ohyho ri wkh D4	.
x vwdwh ri Ol5 zdv rswlfdoo|

h{flwhg iru d qxpehu ri vxevhtxhqw yleudwlrqdo txdqwxp qxpehuv +y @ 98�:9/ :<�;5

iru :Ol5/ y @ 95�:5/ :9�:< iru 9Ol5,/ vwduwlqj iurp xqsrodul}hg +i4> i5, @ +l. 4

5
> l. 4

5
,/

+l . 4

5
> l � 4

5
,/ dqg +l � 4

5
> l � 4

5
, jurxqg0vwdwh k|shu�qh fkdqqhov zlwk l @ 6

5
+4, wkh

qxfohdu vslq ri :Ol +9Ol,1 Wkhvh gdwd zhuh dqdo|}hg e| Deudkdp hw do1 ^<` lq wkh GLV

dssur{lpdwlrq ^8/9`/ dvvxplqj hvvhqwldoo| wkdw wkh vlqjohw dqg wulsohw sduwv ri wkh zdyh

ixqfwlrq lq hdfk lqflghqw jurxqg0vwdwh k|shu�qh fkdqqho duh vfdwwhuhg lqghshqghqwo|

r� wkh vlqjohw dqg wulsohw srwhqwldov1 Dv d frqvhtxhqfh/ wkh dqdo|vlv |lhoghg d ydoxh iru

wkh vlqjohw vfdwwhulqj ohqjwk zlwk d udwkhu odujh huuru edu/ vlqfh hdfk ri wkh wkuhh i4> i5

frpelqdwlrqv xqghu wkhlu dvvxpswlrq ohdgv wr d gl�huhqw dV ydoxh1 Iru wkh sxusrvh ri

wklv sdshu zh kdyh gursshg wklv dvvxpswlrq dqg fduulhg rxw d ixoo frxsohg0fkdqqhov

dqdo|vlv wdnlqj lqwr dffrxqw erwk wkh vlqjohw dqg wulsohw lqwhudfwlrqv dqg wkh dwrplf

k|shu�qh frxsolqjv gxulqj d froolvlrq1 Xvlqj wkh hohfwulf0glsroh pdwul{ hohphqw iru

wkh rswlfdo wudqvlwlrq lqyroyhg/ wkh orqj0udqjh D4	.
x dwrp0dwrp srwhqwldo ghulyhg lq
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YLEUDWLRQDO�OHYHO

S
K
R
WR
DV
VR
FL
DW
LR
Q
�V
LJ
Q
DO

f1 = 1, f2 = 1

f1 = 1, f2 = 2

f1 = 2, f2 = 2

Iljxuh 914 Frpsdulvrq ehwzhhq h{shulphqwdo skrwrdvvrfldwlrq vljqdov +wdnhq iurp Uhi1 ^<`,

iru wkuhh +s�c s2, frpelqdwlrqv +wuldqjohv/ flufohv dqg vtxduhv, dqg wkhruhwlfdo suhglfwlrqv

+olqhv, iru {�
7
' f dqg {�

A
' f�f2.D1 Wkh djuhhphqw lv jrrg1

Uhi1 ^:`/ dqg wkh D4	.
x +Q @ 4, elqglqj hqhujlhv phdvxuhg e| Deudkdp hw do1 ^46`/ zh

kdyh fdofxodwhg wkh wkhupdoo| dyhudjhg dqg pi4>pi5 dyhudjhg skrwrdvvrfldwlrq vljqdo

dv d ixqfwlrq ri y iru d udqjh ri �!V ydoxhv1 Zh uhvwulfwhg �!W wr wkh udqjh suhylrxvo|

ghulyhg iurp wkh ohdvw0erxqg ixoo| vslq vwuhwfkhg :Ol5 vwdwh1 Frpsdulqj zlwk wkh :Ol

skrwrdvvrfldwlrq phdvxuhphqwv zh wkxv �qg wkh udqjh

�3=38 ? �!V ? .3=3; = +916,

Iljxuh 914 looxvwudwhv wkh h{fhoohqw djuhhphqw iru �!V @ 3= wkh vkliwv dorqj wkh y0d{lv

iru wkh wkuhh i4> i5 frpelqdwlrqv duh yhu| zhoo ghvfulehg1 Iljxuh 915 vkrzv wkdw wkh

djuhhphqw lv pxfk zruvh iru �!V @ �3=41

Vlploduo|/ wkh 9Ol gdwd ohdg xv wr wkh udqjh

�3=4 ? �!V ? 3 = +917,

Erwk udqjhv duh frqvlvwhqw zlwk wkh uhvxow +915,1 Iru wkh iroorzlqj/ zh wdnh zlwk d

frqvhuydwlyh huuru edu

�!V @ 3=33	 3=37
�
dV+

:Ol, @ +67	 4, d3> dV+
9Ol, @ +78	 4, d3

�
= +918,
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YLEUDWLRQDO�OHYHO

S
K
R
WR
DV
VR
FL
DW
LR
Q
�V
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Q
DO

f1 = 1, f2 = 1

f1 = 1, f2 = 2

f1 = 2, f2 = 2

Iljxuh 915 Vdph frpsdulvrq dv lq Ilj1 914/ exw iru {�
7
' 3f��1 H{shulphqwdo vljqdov

iurp Uhi1 ^<`1 Wkh olqhv wkdw frqqhfw wkh wkhruhwlfdo ydoxhv duh vkliwhg wr wkh uljkw uhodwlyh wr

wkh h{shulphqwdo gdwd1

Wkh vlqjohw vfdwwhulqj ohqjwkv jlyhq lq Ht1 +918, djuhh zhoo zlwk wkh GLV ydoxhv lq

Uhi1 ^<`/ exw kdyh d frqvlghudeo| kljkhu dffxudf| wkdq wkrvh wkdqnv wr rxu ixoo frxsohg0

fkdqqhov dssurdfk1

Zlwk wkh deryh dffxpxodwhg skdvhv zh qrz glvsrvh ri wkh lqirupdwlrq qhhghg wr

fdofxodwh doo uhohydqw jurxqg0vwdwh Ol . Ol frog froolvlrq txdqwlwlhv/ hlwkhu iru olnh ru

iru xqolnh lvrwrshv1 Lq wklv sdshu wkh pdlq lqwhuhvw jrhv wr wkh pl{hg ervrq0ihuplrq

v|vwhp1

916 .Ol�SOl Froolvlrqv

Rxu suhglfwlrqv iru wkh +5 5,.+6
5

6

5
, dqg +4 �4,.+4

5
�

4
5
, vfdwwhulqj ohqjwkv iru E @ 3

^d+55,+ 6
5

6

5
, dqg d+4�4,+ 4

5
�

4

5
,/ uhvshfwlyho|` duh olvwhg lq Wdeoh 9141 Qrwh wkdw wkh iruphu lv

lqghshqghqw ri E1 Wkh huuru eduv fruuhvsrqg wr wkh xqfhuwdlqwlhv lq wkh dffxpxodwhg

wulsohw dqg vlqjohw udgldo skdvhv1 Erwk d+55,+ 6
5

6

5
, dqg d+4�4,+ 4

5
�

4

5
, duh odujh vr wkdw

v|psdwkhwlf frrolqj vkrxog zrun h!flhqwo| iru hdfk ri wkh wzr wudssdeoh frpelqdwlrqv

ri k|shu�qh vwdwhv1 Dovr/ wkh| duh erwk srvlwlyh/ lqglfdwlqj dq h�hfwlyho| uhsxovlyh

lqwhudfwlrq/ zklfk pd| eh idyrudeoh iurp wkh srlqw ri ylhz ri wkh vwdelolw| ri wkh pl{hg
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Wdeoh 914 ]hur pdjqhwlf0�hog ydoxhv iru wkh uhdo sduw ri wkh vfdwwhulqj ohqjwk @ dqg iru

wkh }hur0whpshudwxuh wrwdo h{fkdqjh ghfd| udwh frh!flhqw C iru d qxpehu ri Ol0Ol froolvlrq

fkdqqhov lqyroylqj gl�huhqw lvrwrshv dqg vslq vwdwhv1

Fkdqqho Uh d +d3, J +43�44 fp62v,

:Ol +5 5, . 9Ol +6
5

6
5
, 73=;	 3=5 �

:Ol +4 � 4, . 9Ol +4
5
�

4
5
, 6;=3	 3=5 �

:Ol +5 5, . 9Ol +4
5
�

4
5
, 67=<	 3=7 5=:	 3=6

:Ol +4 � 4, . 9Ol +6
5

6
5
, 6;=8	 3=5 3=48	 3=34

9Ol +6
5

6
5
, . 9Ol +4

5
�

4
5
, �+4:	 9,� 435 $ 3

:Ol +5 5, . :Ol +4 � 4, �47	 4 5=7	 3=5

txdqwxp0ghjhqhudwh v|vwhp1 Pruh jhqhudoo|/ wkh fdofxodwhg lqwhulvrwrsh vfdwwhulqj

ohqjwkv duh ri lpsruwdqfh iru wkh vroxwlrq ri wkh frxsohg v|vwhp ri jhqhudol}hg Jurvv0

Slwdhyvnll htxdwlrqv ri wklv pl{hg txdqwxp0ghjhqhudwh v|vwhp1

Lq Ilj1 916 wkh uhdo sduw ri d+4�4,+ 4
5
�

4

5
, lv vkrzq dv d ixqfwlrq ri E iru �!W @ 3=35:8

dqg �!V @ �3=341 Wkh uhvxowv iru rwkhu dffxpxodwhg skdvhv zlwklq wkh huuru eduv gr

qrw vkrz vljql�fdqw gl�huhqfhv1 Lw wxuqv rxw wkdw/ gxh wr wkh vpdoo 9Ol k|shu�qh vsolw0

wlqj/ dw E � 483 J wkh h{fkdqjh ghfd| fkdqqho +4 3, . +65 �
6
5, rshqv dqg d+4�4,+ 45�

4

5
,

ehfrphv frpsoh{ +vhh grwwhg dqg gdvkhg olqhv lq Ilj1 917,1 D vlplodu vlwxdwlrq fdq0

qrw dulvh lq wkh vfdwwhulqj ri wzr lghqwlfdo lvrwrshv1 Iruwxqdwho|/ wkh ghfd| lv vwloo

iruelgghq iru wkh h{shulphqwdoo| uhohydqw orz whpshudwxuhv dqg wkh orzhu �hog udqjh

zkhuh wkh dwrpv duh wudssdeoh lq d vwdwlf pdjqhwlf �hog1 Wkh ghfd| udwh frh!flhqw

J+4�4,+ 4
5
�

4

5
,$+43,+ 6

5
�

6

5
, lv dovr vkrzq lq wkh �jxuh1 Wklv udwh frqwdlqv wkh vdph lqiru0

pdwlrq dv wkh lpdjlqdu| sduw ri d+4�4,+ 4
5
�

4

5
, zklfk lv qrw vkrzq1

Wkh fxuyh iru wkh vfdwwhulqj ohqjwk frqwdlqv wkuhh uhvrqdqfh ihdwxuhv/ wzr ri zklfk

rffxu dw doprvw wkh vdph �hog1 Xqiruwxqdwho|/ qrqh ri wkhp rffxuv lq wkh E udqjh

zkhuh erwk :Ol dqg 9Ol dwrpv duh orz0�hog vhhnlqj zlwk 9Ol sxwwlqj wkh vwurqjhvw

uhvwulfwlrq rq wkh pdjqhwlf �hog vwuhqjwk= E ? 5: J1 Dv d uhvxow ri wklv wkh uhvrqdqfhv

fdqqrw eh revhuyhg lq d vwdwlf pdjqhwlf wuds1 Wkh| pljkw eh revhuydeoh/ iru lqvwdqfh/

lq dq lqiuduhg wuds ^47` zlwk d vwdwlf pdjqhwlf �hog vxshulpsrvhg1 Dw uhvrqdqfh 5

+zh qxpehu wkh uhvrqdqfhv iurp orz wr kljk pdjqhwlf �hog, d+4�4,+ 4
5
�

4

5
, jrhv wkurxjk

	4/ dv zh zrxog h{shfw iru d Ihvkedfk uhvrqdqfh ^48`1 Dw wkh uhvrqdqfhv 4 dqg 6 wklv

lv qrw wkh fdvh dqg wkh vfdwwhulqj ohqjwk grhv qrw fkdqjh vljq1 Wklv lv rqo| srvvleoh

gxh wr wkh suhvhqfh ri dq h{fkdqjh ghfd| fkdqqho1 Wkh uhvrqdqfhv lq d+4�4,+ 4
5
�

4

5
,

frlqflgh zlwk wkh pd{lpd lq J1 Dw uhvrqdqfh 5/ J vkrzv d fxvsolnh ehkdylru> e|

dffxudwh wxqlqj ri wkh �hog/ J ydoxhv ri pruh wkdq 436 wlphv wkh w|slfdo h{fkdqjh ydoxh

+Jh{fk � 43�44 fp62v, pljkw dulvh1 Wkh rwkhu pd{lpd gr qrw vkrz wklv ehkdylru/ lq
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Iljxuh 916 Uhdo sduw ri wkh vfdwwhulqj ohqjwk @ dqg }hur0whpshudwxuh h{fkdqjh ghfd| udwh

frh!flhqw C iru E� 3 �� n E �
2
3

�

2
� .Ol�SOl froolvlrqv dv d ixqfwlrq ri wkh pdjqhwlf �hog

vwuhqjwk/ fdofxodwhg zlwk {�
7
' 3f�f� dqg {�

A
' f�f2.D1 Wkh h{fkdqjh ghfd| fkdqqho

rshqv dw � E �Df J1

� ��� ��� ��� ��� ����

%��*�

�����

�����

�����

�����

�����

�����

����

(
��
.
�

�� ������� �����

�� �������� �����

Sm m mS i i1 2

1 1 13
2− −

1 0 03
2−

1 0 11
2− −

1 1 13
2− −

1 1 01
2− −

1 1 11
2− −

Iljxuh 917 Hqhujlhv ri wkh ohdvw0erxqg wulsohw , ' f vwdwhv +� ' �f, dv d ixqfwlrq ri wkh

pdjqhwlf �hog vwuhqjwk +vrolg olqhv, dqg wkh wkuhvkrog hqhujlhv ri wkh lqfrplqj fkdqqho +grwwhg

olqh, dqg wkh ghfd| fkdqqho +gdvkhg olqh,1 Ihvkedfk uhvrqdqfhv rffxu qhdu wkh lqwhuvhfwlrqv1
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djuhhphqw zlwk wkh ehkdylru ri wkh vfdwwhulqj ohqjwk1 Dw wkh �uvw wzr uhvrqdqfhv wkh

pd{lpxp lq J lv suhfhghg e| d J plqlpxp1 Dw uhvrqdqfh 6 wkh vlwxdwlrq lv uhyhuvhg

dqg wkh pd{lpxp lv iroorzhg e| wkh plqlpxp1 Rxwvlgh wkh uhvrqdqfh uhjlrqv wkh

ghfd| udwh frh!flhqw lv ri rughu 43�49�43�47/ pxfk vpdoohu wkdq wkh w|slfdo h{fkdqjh

ghfd| udwh frh!flhqw Jh{fk1 Wklv lv suredeo| gxh wr wkh vpdoo dydlodeoh skdvh vsdfh

lq wkh �qdo fkdqqho1

Wkh orfdwlrq ri wkh uhvrqdqfhv lq Ilj1 916 fdq eh xqghuvwrrg e| phdqv ri d vlpsoh
:Ol�9Ol erxqg0vwdwh fdofxodwlrq/ qhjohfwlqj wkh sduw ri wkh wrwdo k|shu�qh lqwhudfwlrq

iru wkh wzr0dwrp v|vwhp frxsolqj wkh vlqjohw dqg wulsohw vxevsdfhv/ l1h1 wkh sduw sur0

sruwlrqdo wr �V4� �V51 Iljxuh 917 vkrzv wkh hqhujlhv ri wkh wzr0dwrp erxqg vwdwhv zlwk

wkh vdph ydoxh pI @ pi4 .pi5 @ �
6

5
ri wkh frqvhuyhg wrwdo vslq pdjqhwlf txdqwxp

qxpehu dv wkdw lq wkh lqflghqw fkdqqho/ dv d ixqfwlrq ri wkh pdjqhwlf �hog vwuhqjwk1

Dw wkh E ydoxhv zkhuh d sduwlfxodu erxqg vwdwh furvvhv wkh frqwlqxxp wkuhvkrog ri wkh

lqflghqw fkdqqho +wkh grwwhg fxuyh,/ lw wxuqv lqwr d Ihvkedfk uhvrqdqfh dw }hur froolvlrq

hqhuj|1 Wkh furvvlqjv lqghhg rffxu dw derxw wkh �hog ydoxhv zkhuh wkh uhvrqdqfhv zhuh

suhglfwhg lq wkh frqwlqxxp fdofxodwlrq ri Ilj1 9161 Wkh gl�huhqfh lq qdwxuh ehwzhhq

uhvrqdqfhv 4 dqg 6 rq wkh rqh kdqg dqg uhvrqdqfh 5 rq wkh rwkhu zloo eh wkh vxemhfw

ri ixuwkhu vwxg|1

Iru frpsohwhqhvv/ lq Wdeoh 914 zh dovr jlyh wkh vfdwwhulqj ohqjwk dqg wrwdo h{fkdqjh

ghfd| udwh frh!flhqw iru E @ 3 lq wkh fdvh ri :Ol +5 5, . 9Ol +4
5
�

4

5
, vfdwwhulqj dqg

:Ol +4 � 4, . 9Ol +6
5

6

5
, vfdwwhulqj1

917 Froolvlrqv ehwzhhq Lghqwlfdo Lvrwrshv

Zh qrz jlyh wkh uhvxowv ri fdofxodwlrqv ri vrph txdqwlwlhv wkdw duh ri lpsruwdqfh iru

wkh dowhuqdwlyh v|psdwkhwlf frrolqj phwkrg ghvfulehg lq vhfwlrq 914/ lqyroylqj v0zdyh

froolvlrqv ehwzhhq 9Ol dwrpv lq gl�huhqw k|shu�qh vwdwhv1 Gxh wr wkh idfw wkdw v0zdyh

vfdwwhulqj lv iruelgghq iru wzr 9Ol dwrpv lq lghqwlfdo vslq vwdwhv/ h{fkdqjh ghfd| wr wkh

+4
5

4

5
,.+4

5

4

5
, fkdqqho lv qrw srvvleoh dqg rqo| rqh ghfd| fkdqqho uhpdlqv= +6

5

4

5
,.+4

5

4

5
,1

Wkh }hur0whpshudwxuh udwh frh!flhqw J wr wklv fkdqqho ydqlvkhv iru E $ 3 ehfdxvh ri

wkh }hur dydlodeoh skdvh vsdfh lq wkdw fdvh1 Iru vpdoo E/ lw lv sursruwlrqdo wr E4@51 Lq

Ilj1 918 wkh udwh frh!flhqw J lv vkrzq dv d ixqfwlrq ri E dorqj zlwk wkh uhdo sduw ri wkh

vfdwwhulqj ohqjwk d iru �!V @ �3=34 dqg �!W @ 3=35:81 Iru rwkhu ydoxhv ri wkh skdvh

fruuhfwlrqv zlwklq wkhlu huuru eduv/ wkh uhvxowv duh qrw vljql�fdqwo| gl�huhqw1 Wkh uhdo

sduw ri d fkdqjhv vljq dw E � 73 J/ lqglfdwlqj dq h�hfwlyh lqwhudfwlrq wkdw fkdqjhv

iurp dwwudfwlyh wr uhsxovlyh1 Dw vpdoo E wkh devroxwh ydoxh ri wkh vfdwwhulqj ohqjwk lv

yhu| odujh= d � �5�436 d3 iru E @ 3/ vhh Wdeoh 9141 Wrjhwkhu zlwk wkh ydqlvklqj }hur0

whpshudwxuh h{fkdqjh ghfd| udwh wklv zrxog vxjjhvw wkdw d pl{hg 9Ol m6
5
> 6
5
l.9Ol m4

5
>�4

5
l

jdv vdpsoh fdq eh frrohg hydsrudwlyho|1 Lw vkrxog eh qrwhg/ krzhyhu/ wkdw J lv vwloo ri
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Iljxuh 918 Uhdo sduw ri wkh vfdwwhulqj ohqjwk @ +vrolg olqh, dqg }hur0whpshudwxuh h{fkdqjh

ghfd| udwh frh!flhqw C +grwwhg olqh, iru E �
2

�

2
� n E �

2
3

�

2
�
SOl�SOl vfdwwhulqj dv d ixqfwlrq ri

wkh pdjqhwlf �hog vwuhqjwk �/ fdofxodwhg zlwk {�
7
' 3f�f� dqg {�

A
' f�f2.D1 Wr frpelqh

wkh dgydqwdjhv ri d olqhdu �hog vfdoh iru vpdoo � dqg d orjdulwkplf vfdoh iru odujh � zh kdyh

sorwwhg � n�*�f orjdulwkplfdoo| zlwk �f ' � J1

rughu 43�43 fp62v dw E @ 3 iru d �qlwh whpshudwxuh ri 43 qN1

Lq ylhz ri wkh suhvhqw lqwhuhvw lq frh{lvwlqj Ervh frqghqvdwhv zh dovr suhvhqw suh0

glfwlrqv iru wkh vfdwwhulqj ohqjwk d dqg wkh h{fkdqjh ghfd| udwh frh!flhqw J+55,+4�4,

dvvrfldwhg zlwk :Ol +5 5,.:Ol +4 �4, vfdwwhulqj lq d vwdwlf pdjqhwlf �hog E1 Wkh dydlo0

deoh h{fkdqjh ghfd| fkdqqhov lq wklv fdvh duh +5 4,.+4 3,/ +5 3,.+4 4, dqg +4 3,.+4 4,1

Iljxuh 919 vkrzv wkh uhdo sduw ri wkh vfdwwhulqj ohqjwk dv d ixqfwlrq ri E1 Lq wkh

vdph �jxuh zh suhvhqw wkh }hur0whpshudwxuh ydoxh ri J+55,+4�4, dorqj zlwk wkh vhs0

dudwh frqwulexwlrqv iurp wkh wkuhh ghfd| fkdqqhov iru �!V @ �3=341 Wkh J ydoxhv

iru rwkhu fkrlfhv ri �!
V
zlwklq wkh frpelqhg huuru edu wkdw zh irxqg lq vhfwlrq 915

duh qrw vljql�fdqwo| gl�huhqw iurp wkrvh vkrzq lq wkh �jxuh1 �!W lv vhw wr 3135:81

Wkh uhdo sduw ri d lv qhjdwlyh iru vpdoo dqg srvlwlyh iru odujh E/ lqglfdwlqj dq h�hfwlyh

lqwhufrqghqvdwh lqwhudfwlrq wkdw fkdqjhv iurp dwwudfwlyh wr uhsxovlyh dv wkh pdjqhwlf

�hog lv lqfuhdvhg1 Wkh sduwldo ghfd| udwhv wr wkh wzr i4> i5 @ 5> 4 fkdqqhov ydqlvk

dv E dssurdfkhv }hur/ dv rqh vkrxog h{shfw vlqfh wkhvh fkdqqhov kdyh }hur dydlodeoh

skdvh vsdfh iru E $ 31 Wkh sduwldo udwh wr wkh i4> i5 @ 4> 4 fkdqqho vwduwv iurp d

qrqydqlvklqj ydoxh dqg wkhuhiruh grplqdwhv wkh wrwdo udwh iru wkh yhu| orz E ydoxhv ri
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Iljxuh 919 Uhdo sduw ri wkh vfdwwhulqj ohqjwk @ +vrolg olqh, dqg }hur0whpshudwxuh sduwldo

+gdvkhg olqhv, dqg wrwdo +grwwhg olqh, ghfd| udwh frh!flhqwv C iru .Ol lqwhufrqghqvdwh vfdw0

whulqj dv d ixqfwlrq ri wkh pdjqhwlf �hog vwuhqjwk �/ fdofxodwhg zlwk {�
7
' 3f�f� dqg

{�
A
' f�f2.D1 � d{lv dv lq Ilj1 81

sulpdu| h{shulphqwdo lqwhuhvw1 Wkh ghfd| udwh frh!flhqw jurzv zlwk E dqg lv ri rughu

43�44 fp62v dw vpdoo E/ l1h1 wkh w|slfdo pdjqlwxgh iru h{fkdqjh ghfd| udwh frh!flhqwv1

Wkdw phdqv wkdw lw lv pxfk odujhu wkdq wkh h{shulphqwdoo| revhuyhg lqwhufrqghqvdwh

ghfd| udwh frh!flhqw iru ;:Ue ^J+55,+4�4, @ 5=5+<, � 43�47 fp62v` wkdw pdgh lw srv0

vleoh wr fuhdwh ryhuodsslqj ;:Ue frqghqvdwhv lq wkh wzr gl�huhqw k|shu�qh ohyhov ^4`1

Zh frqfoxgh wkdw rxu suhglfwhg h{fkdqjh udwh lv wrr odujh wr pdnh revhuydwlrq ri :Ol

frh{lvwlqj Ervh frqghqvdwhv srvvleoh1 Lw wkxv dsshduv wkdw wkh vlwxdwlrq iru :Ol lv lq

wklv uhvshfw frpsdudeoh wr wkdw iru 56Qd ^49`1

918 Frqfoxvlrqv

Zh frqfoxgh wkdw v|psdwkhwlf frrolqj ri 9Ol dwrpv e| frqwdfw zlwk hydsrudwlyho|

frrohg :Ol dwrpv vkrxog zrun h!flhqwo|1 Wkh lqwhulvrwrsh lqwhudfwlrq lq d pl{hg jdv

vdpsoh lv uhsxovlyh1 Zh kdyh irxqg Ihvkedfk uhvrqdqfhv lq wkh +4 � 4, . +4
5
�

4

5
,

froolvlrq fkdqqho/ krzhyhu rxwvlgh wkh pdjqhwlf0�hog udqjh zkhuh erwk Ol lvrwrshv duh

orz0�hog vhhnlqj1 Wkhvh uhvrqdqfhv vkrz xqxvxdo fkdudfwhulvwlfv gxh wr wkh suhvhqfh



Uhihuhqfhv :6

ri dq h{fkdqjh ghfd| fkdqqho1 Wkh h{fkdqjh ghfd| udwh wkdw rffxuv lq wkh vfdwwhulqj

ri 9Ol dwrpv lq gl�huhqw k|shu�qh vwdwhv ydqlvkhv li wkh pdjqhwlf �hog dssurdfkhv }hur

dw }hur whpshudwxuh1 Dw �qlwh whpshudwxuhv dv orz dv 43 qN wkhuh lv/ krzhyhu/ vwloo

d vl}deoh ghfd|1 Wkh }hur pdjqhwlf0�hog vfdwwhulqj ohqjwk/ rq wkh rwkhu kdqg/ lv ri

rughu 436 d31 E| fdofxodwlqj wkh lqwhufrqghqvdwh h{fkdqjh ghfd| udwh frh!flhqw iru :Ol

dwrpv/ zh kdyh irxqg wkdw frh{lvwlqj :Ol Ervh frqghqvdwhv fdqqrw eh revhuyhg1 Lq wkh

surfhvv ri rxu fdofxodwlrqv zh kdyh frq�uphg wkh uholdelolw| ri d suhylrxvo| sxeolvkhg

vlqjohw dffxpxodwhg skdvh fruuhfwlrq dqg irxqg d yhu| qduurz udqjh iru wkh wulsohw

dffxpxodwhg skdvh fruuhfwlrq1

Dfnqrzohgjphqw

Zh judwhixoo| dfnqrzohgjh yhu| khosixo glvfxvvlrqv zlwk Fodxv ]lpphupdqq1

Uhihuhqfhv

^4` F1M1 P|dww/ H1D1 Exuw/ U1Z1 Jkulvw/ H1D1 Fruqhoo/ dqg F1H1 Zlhpdq/ Sk|v1 Uhy1 Ohww1

:;/ 8;9 +4<<:,1

^5` M1P1Y1D1 Nrhopdq/ K1W1F1 Vwrri/ E1M1 Yhukddu/ dqg M1W1P1 Zdoudyhq/ Sk|v1 Uhy1 Ohww1

8</ 9:9 +4<;:,1

^6` K1W1F1 Vwrri/ P1 Krxelhuv/ F1D1 Vdfnhww/ dqg J1D1 Kxohw/ Sk|v1 Uhy1 Ohww1 :9/ 43 +4<<9,/

kdyh vxjjhvwhg d v|psdwkhwlf frrolqj vfkhph dorqj wklv olqh/ exw edvhg rq d gl�huhqw

frpelqdwlrq ri SOl k|shu�qh ohyhov1

^7` U1J1 Kxohw/ sulydwh frppxq1

^8` E1M1 Yhukddu/ M1P1Y1D1 Nrhopdq/ K1W1F1 Vwrri/ R1M1 Oxlwhq/ dqg M1W1P1 Zdoudyhq/ Sk|v1

Uhy1 D 68/ 6;58 +4<;:,1

^9` K1W1F1 Vwrri/ M1P1Y1D1 Nrhopdq/ dqg E1M1 Yhukddu/ Sk|v1 Uhy1 E 6;/ 79;; +4<;;,1

^:` ]10F1 \dq/ M1I1 Edee/ D1 Gdojduqr/ dqg J1Z1I1 Gudnh/ Sk|v1 Uhy1 D 87/ 5;57 +4<<9,1

^;` H1U1L1 Deudkdp/ Z1L1 PfDoh{dqghu/ F1D1 Vdfnhww/ dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :7/

4648 +4<<8,1

^<` H1U1L1 Deudkdp/ Z1L1 PfDoh{dqghu/ M1P1 Jhuwrq/ U1J1 Kxohw/ U1 F÷wì/ dqg D1 Gdojduqr/

Sk|v1 Uhy1 D 86/ U6:46 +4<<9,1

^43` D1M1 Prhuglmn/ Z1F1 Vwzdooh|/ U1J1 Kxohw/ dqg E1M1 Yhukddu/ Sk|v1 Uhy1 Ohww1 :5/ 73

+4<<7,1

^44` D1M1 Prhuglmn dqg E1M1 Yhukddu/ Sk|v1 Uhy1 Ohww1 :6/ 84; +4<<7,1

^45` Z1W1 ]hpnh dqg Z1F1 Vwzdooh|/ M1 Fkhp1 Sk|v1 <:/ 5386 +4<<6,1

^46` H1U1L1 Deudkdp/ Q1Z1P1 Ulwfklh/ Z1L1 PfDoh{dqghu/ dqg U1J1 Kxohw/ M1 Fkhp1 Sk|v1

436/ :::6 +4<<8,1

^47` W1 Wdnhnrvkl/ M1U1 \hk/ dqg U1M1 Nql}h/ Rsw1 Frppxq1 447/ 754 +4<<8,1
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^48` E1M1 Yhukddu/ Odvhu Sk|v1 7/ 4387 +4<<7,> E1M1 Yhukddu/ lq Dwrplf Sk|vlfv 47/ hglwhg e|

G1M1 Zlqhodqg/ F1H1 Zlhpdq/ dqg V1M1 Vplwk +Dphulfdq Lqvwlwxwh ri Sk|vlfv Suhvv/ Qhz

\run/ 4<<8,/ s1 6841

^49` V1M1M1P1I1 Nrnnhopdqv/ K1P1M1P1 Erhvwhq/ dqg E1M1 Yhukddu/ Sk|v1 Uhy1 D 88/ +4<<:,1



:
Ghwhuplqdwlrq ri Froolvlrqdo Surshuwlhv ri

Frog Qd Dwrpv iurp Dqdo|vlv ri

H{shulphqwdo Gdwd

I1D1 ydq Dehhohq dqg E1M1 Yhukddu

Sxeolvkhg lq Sk|v1 Uhy1 D 8</ 8:; +4<<<,

Zh uhylhz wkh lqirupdwlrq rq wkh lqwhudfwlrqv ehwzhhq frog jurxqg0vwdwh Qd dwrpv iro0

orzlqj iurp Qd2 erxqg vwdwhv/ d Qd skrwrdvvrfldwlrq h{shulphqw/ dqg d uhfhqw revhu0

ydwlrq ri �hog0lqgxfhg Ihvkedfk uhvrqdqfhv lq d Qd Ervh frqghqvdwh1 Zh rewdlq d vhw

ri Qd lqwhudfwlrq sdudphwhuv wkdw lv lq h{fhoohqw djuhhphqw zlwk doo wkhvh h{shulphq0

wdo gdwd1 Wkh h{lvwlqj glvfuhsdqf| ehwzhhq gl�huhqw ydoxhv iru wkh vfdwwhulqj ohqjwk

@�c3� ri Qd dwrpv lq wkh ��c3�� k|shu�qh vwdwh lv uhvroyhg1 Wkh suhvhqw lqwhudfwlrq

sdudphwhuv hqdeoh xv wr jlyh dffxudwh suhglfwlrqv iru wkh vlqjohw dqg wulsohw vfdwwhulqj

ohqjwkv @7 dqg @A / @�c3�/ vfdwwhulqj ohqjwkv iru froolvlrqv ehwzhhq Qd dwrpv lq rwkhu

k|shu�qh vwdwhv/ dqg uhvrqdqfh �hogv ri vhyhudo |hw xqrevhuyhg Ihvkedfk uhvrqdqfhv1

Zh �qg @7 ' E�b��� 2��� @f/ @A ' ESD��� f�b� @f/ dqg @�c3�+E @ 3, ' EDD�e� ��2� @f1

:14 Lqwurgxfwlrq

Lq wkh sdvw ihz |hduv h{whqvlyh h{shulphqwdo dqg wkhruhwlfdo h�ruwv kdyh ehhq sxw

lqwr rewdlqlqj vfdwwhulqj ohqjwkv dqg lqhodvwlf udwh frh!flhqwv iru froolvlrqv ehwzhhq

dondol0phwdo dwrpv zlwk wkh kljkhvw srvvleoh dffxudf|1 Wkh vfdwwhulqj ohqjwk iru wzr

hodvwlfdoo| froolglqj dwrpv fkdudfwhul}hv wkhlu lqwhudfwlrq lq wkh xowudorz0whpshudwxuh

olplw dqg wkxv sod|v d fuxfldo uroh lq wkh surshuwlhv ri Ervh0Hlqvwhlq frqghqvdwhv dqg

lq wkh hydsrudwlyh frrolqj surfhvv wkdw lv xvhg lq wkh fuhdwlrq ri wkhvh frqghqvdwhv1

Wkh lqhodvwlf froolvlrqdo udwhv duh dovr lpsruwdqw iru wklv frrolqj surfhvv dqg iru wkh

olihwlph ri wkhvh frqghqvdwhv1

Wkh vfdwwhulqj ohqjwkv d4>�4 iru 56Qd dwrpv froolglqj lq wkh mi>pi l @ m4>�4l dqg

d5>5 iru dwrpv lq wkh m5> 5l grxeo| srodul}hg vwdwh +i @ 4 ru 5 lv wkh k|shu�qh txdq0

wxp qxpehu/ l1h1/ wkh frpelqhg hohfwurq dqg qxfohdu vslq/ ri dq dwrp dqg pi lv lwv

surmhfwlrq, zhuh �uvw fdofxodwhg e| Prhuglmn dqg Yhukddu ^4`/ edvhg rq dq dqdo|vlv

ri wkh hqhuj| vsdflqjv ri erxqg wulsohw ^5` dqg vlqjohw ^6` Qd5 vwdwhv1 Wkh| irxqg
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d4>�4 @ ;9.99
�55 d3 dqg d5>5 @ 439.:<

�63 d31 Wkh vwduwlqj srlqw iru wklv dqdo|vlv zhuh

wkh wulsohw dqg vlqjohw srwhqwldov jlyhq lq Wdeoh LL ri Uhi1 ^7` ^frpsrvhg ri U|gehuj0

Nohlq0Uhhv +UNU, fxuyhv/ dqg dqdo|wlf lqqhu zdoo dqg orqj0udqjh wdlo`1 Dq lqyhuwhg

shuwxuedwlrq dqdo|vlv +LSD, zdv dssolhg wr wkh vlqjohw srwhqwldo diwhu rqh UNU srlqw

zdv vkliwhg wr ehwwhu �w wkh kljkhvw phdvxuhg yleudwlrqdo hqhuj| vsdflqjv1 Lq wkh vdph

|hdu/ F÷wì dqg Gdojduqr ^8` suhglfwhg dV @ 67=< d3 dqg dW @ ::=6d3/ zlwkrxw huuru

eduv/ iru wkh vlqjohw dqg wulsohw vfdwwhulqj ohqjwkv1 Wkh| dovr xvhg wkh UNU fxuyhv

ri Uhi1 ^7`/ exw h{whqghg wkh vlqjohw fxuyh zlwk wzr vshfwurvfrslf gdwd srlqwv qhdu

wkh srwhqwldo plqlpxp dqg erwk fxuyhv zlwk de lqlwlr gdwd srlqwv lq wkh vkruw0udqjh

uhjlrq1 Lq dgglwlrq/ wkh| xvhg d gl�huhqw dqdo|wlfdo lqqhu zdoo dqg orqj0udqjh wdlo1

Vlqfh wkhq/ dq dqdo|vlv e| Wlhvlqjd hw do1 ^9` ri d Qd skrwrdvvrfldwlrq h{shulphqw

ohg wr vfdwwhulqj ohqjwkv zlwk pxfk vpdoohu huuru eduv wkdq wkrvh ri Prhuglmn dqg

Yhukddu= d4>�4 @ +85 	 8,d3 dqg d5>5 @ +;8 	 6,d31 Wkh idfw wkdw wzr vshfl�f

uryleudwlrqdo olqhv lq wkh skrwrdvvrfldwlrq vshfwuxp wkdw dulvh iurp s0zdyh vfdwwhulqj

zhuh vljql�fdqwo| zhdnhu wkdq qhljkerulqj olqhv hqdeohg wkhp wr frqvwudlq wkh srvlwlrq

ri wkh odvw qrgh lq wkh }hur0pdjqhwlf0�hog s0zdyh jurxqg0vwdwh zdyh ixqfwlrq zlwk

wrwdo dwrplf dqjxodu prphqwxp txdqwxp qxpehuv i4 @ i5 @ 4 dqg vxp I @ 41

Qh{w/ e| lqwurgxflqj d vprrwk fkdqjh lq wkh lqqhu zdoov ri wkh deryh0phqwlrqhg UNU

srwhqwldov/ wkh| frqvwuxfwhg d idplo| ri srwhqwldov uhsurgxflqj wkh s0zdyh qrgh zlwklq

wkhvh frqvwudlqwv1 Wkh udwlr ri wkh shdnv iru wkh urwdwlrqdo txdqwxp qxpehuv M @ 5

dqg M @ 7 zdv wkhq xvhg wr ixuwkhu frqvwudlq wkh srwhqwldov1 Zlwk wkh �qdo idplo| ri

srwhqwldov/ wkh vfdwwhulqj ohqjwkv zhuh fdofxodwhg1 Wkh fkdqjhv lq wkh srwhqwldo zhuh

uhvwulfwhg e| wkh uhtxluhphqw wkdw wkh qxpehu ri o @ 3 yleudwlrqdo ohyhov lq erwk wkh

vlqjohw dqg wulsohw srwhqwldov zdv frqvhuyhg1 Frqwudu| wr Prhuglmn dqg Yhukddu dqg

F÷wì dqg Gdojduqr/ Wlhvlqjd hw do1 glg qrw fkhfn wkh frqvlvwhqf| ri wkhlu �qdo srwhqwldov

zlwk wkh hqhuj| vsdflqjv ehwzhhq wkh phdvxuhg erxqg vwdwhv1

Zh qrwlfh dq dssduhqw glvfuhsdqf| ehwzhhq wkh skrwrdvvrfldwlrq gdwd dqdo|}hg e|

Wlhvlqjd hw do1 dqg wkh ohyho vsdflqjv dqdo|}hg e| Prhuglmn dqg Yhukddu= Wkh udqjhv

wkdw wkh| �qg iru d4>�4 gr qrw ryhuods1 Wklv glvfuhsdqf| lv ixuwkhu hqkdqfhg e| wkh idfw

wkdw hdfk suhglfwlrq iru d4>�4 lv vxssruwhg e| rqh pruh gluhfw phdvxuhphqw ri d4>�4=

Iurp wkh wkhupdol}dwlrq wlph ri d 56Qd jdv vdpsoh zlwk d whpshudwxuh ri 533 �N

wkh ydoxh d4>�4 @ +<5	 58,d3 zdv irxqg ^:`/ zkhuhdv d odwhu dqdo|vlv ri wlph0ri0 ljkw

phdvxuhphqwv ri h{sdqglqj frqghqvdwhv ^;` |lhoghg +75	 48,d31

Ydoxdeoh dgglwlrqdo h{shulphqwdo gdwd uhfhqwo| ehfdph dydlodeoh lq wkh irup ri

pdjqhwlf �hog ydoxhv dw zklfk Ihvkedfk uhvrqdqfhv rffxu lq wkh vfdwwhulqj ri xowudfrog
56Qd dwrpv1 Ihvkedfk uhvrqdqfhv dulvh zkhq wkh wrwdo hqhuj| ri d sdlu ri froolglqj

dwrpv pdwfkhv wkh hqhuj| ri d txdvlerxqg wzr0dwrp vwdwh/ ohdglqj wr wkh uhvrqdqw

irupdwlrq ri wklv vwdwh gxulqj wkh froolvlrq1 Wkh| jlyh ulvh wr d yduldwlrq ri wkh vfdwwhulqj

ohqjwk wr duelwudu| srvlwlyh ru qhjdwlyh ydoxhv dv d ixqfwlrq ri wkh dssolhg �hog vwuhqjwk



:15 Phwkrg ::

durxqg d uhvrqdqfh ydoxh ^<` dqg/ ghshqglqj rq h{shulphqwdo frqglwlrqv/ wr d vljql�fdqw

hqkdqfhphqw ri lqhodvwlf surfhvvhv ^<`1 Erwk wkhvh h�hfwv zhuh revhuyhg lq dq rswlfdoo|

wudsshg 56Qd m4> 4l Ervh0Hlqvwhlq frqghqvdwh dw dq h{whuqdo pdjqhwlf �hog ri <3:	53J1

D vhfrqg Ihvkedfk uhvrqdqfh zdv ghwhfwhg dw d �hog vwuhqjwk 87	 4 J vpdoohu ^43`1

Lq wklv sdshu/ zh vkrz wkdw wkh idluo| odujh glvfuhsdqf| ehwzhhq wkh skrwrdvvrfld0

wlrq gdwd dqg wkh erxqg0vwdwh gdwd fdq eh uhpryhg zlwk wkh xvh ri d vhw ri srwhqwldo

sdudphwhuv wkdw jlyh dq lpsuryhg ghvfulswlrq ri wkh lqwhudfwlrqv ehwzhhq xowudfrog

jurxqg0vwdwh 56Qd dwrpv zlwk uhvshfw wr wkh iruphu +prgl�hg, UNU dqg LSD srwhq0

wldov1 Dovr/ zh vkrz djuhhphqw ehwzhhq wkhvh srwhqwldo sdudphwhuv dqg wkh phdvxuhg

Ihvkedfk uhvrqdqfh �hogv/ zklfk duh wkhq xvhg wr uhvwulfw wkh sdudphwhuv wr yhu| qdu0

urz udqjhv dqg dffxudwho| suhglfw vfdwwhulqj ohqjwkv dqg �hog ydoxhv iru rwkhu Ihvkedfk

uhvrqdqfhv lq 56Qd�56Qd froolvlrqv1

:15 Phwkrg

Udwkhu wkdq xvlqj frpsohwh vlqjohw +V @ 3, dqg wulsohw +V @ 4, srwhqwldov/ zh xvh

rqo| wkh orqj0udqjh sduwv dqg vxppdul}h wkh lqirupdwlrq lq wkh vkruw0udqjh sduwv lq

d erxqgdu| frqglwlrq rq wkh V @ 3 dqg V @ 4 udgldo zdyh ixqfwlrqv dw d vxlwdeoh

lqwhudwrplf glvwdqfh u @ u3 @ 49d3/ rq wkh edvlv ri zklfk Vfkuùglqjhu*v htxdwlrq

lv vroyhg iru u A u31 Wkh fkrlfh ri u3 @ 49d3 lv glvfxvvhg ehorz1 Wkh erxqgdu|

frqglwlrq wdnhv wkh irup ri d vhw ri skdvhv !V^H> o+o . 4,` dqg !W ^H> o+o . 4,` ri wkh

rvfloodwlqj vlqjohw dqg wulsohw udgldo zdyh ixqfwlrqv dv d ixqfwlrq ri wkh hqhuj| H dqg

lqwhudwrplf dqjxodu prphqwxp txdqwxp qxpehu o ^44`1 Wkh skdvhv !V^H> o+o.4,` dqg

!W ^H> o+o . 4,` duh h{suhvvhg dv d Wd|oru vhulhv xs wr vhfrqg rughu lq wkh wzr yduldeohv

H dqg o+o. 4,1 Wkh orqj0udqjh vlqjohw dqg wulsohw srwhqwldov YV dqg YW duh zulwwhq lq

wkh irup

YV@W +u, @ �
F9

u9
�

F;

u;
�

F43

u43

 YH > +:14,

zlwk wkh Vpluqry0Fklelvry ^45` h{fkdqjh sduw

YH @ Du:@5��4h�5�u > +:15,

lq zklfk zh xvh wkhlu uhfrpphqghg 56Qd sdudphwhuv � @ 3=959d�4
3

dqg D @ 4=58 �

43�5 d1x1 Lq Uhi1 ^8`/ F÷wì dqg Gdojduqr xvh wkh vdph irupxod iru YH / exw zlwk

voljkwo| gl�huhqw ydoxhv iru � dqg D1 Wkh glvshuvlrq frh!flhqwv F; dqg F43 duh vhw

wr wkh ydoxhv fdofxodwhg e| Pdulqhvfx/ Vdghjksrxu/ dqg Gdojduqr ^46`1 F; lv ydulhg

zlwklq 8( xqfhuwdlqw| olplwv durxqg wklv fhqwhu ydoxh1 Dq xqfhuwdlqw| lqwhuydo lv qrw

jlyhq lq Uhi1 ^46`/ exw zh eholhyh 8( lv d uhdvrqdeoh hvwlpdwh1 F43 lv nhsw �{hg ehfdxvh

vpdoo fkdqjhv lq F43 kdugo| sod| d uroh iru u � 49d31 D uhfhqw dffxudwh ydoxh ri

F9 @ 4894 d1x1 zdv rewdlqhg e| Nkdufkhqnr/ Edee/ dqg Gdojduqr ^47`> lw gl�huv iurp
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d suhylrxv ydoxh ri 486< d1x1 fdofxodwhg e| Pdulqhvfx/ Gdojduqr/ dqg Edee ^48` e|

55 d1x1 Zh fkrvh F9 @ 4894	 55 d1x1 lq rughu wr wdnh lqwr dffrxqw wklv gl�huhqfh1

Wkh pdlq gl�huhqfh ehwzhhq wkh dqdo|vlv ri wkh erxqg vwdwhv lq wklv sdshu dqg

wkdw lq Uhi1 ^4` lv lq wkh fkrlfh ri wkh orqj0udqjh vlqjohw dqg wulsohw srwhqwldov1 Lq

wkh suhylrxv zrun wkhvh zhuh wdnhq iurp UNU ^7` dqg LSD ^4` dqdo|vhv ri vhsdudwh

vhwv ri vlqjohw dqg wulsohw erxqg gldwrplf vwdwhv1 Wkh txdqwlwlhv wkdw zh zdqw wr

suhglfw/ rq wkh rwkhu kdqg/ duh yhu| vhqvlwlyh wr wkh gl�huhqfh ri wkh srwhqwldov/ l1h1/

wkh h{fkdqjh hqhuj|1 Dowkrxjk wkh deryh erxqg vwdwhv zhuh wkh ehvw h{shulphqwdo

lqirupdwlrq dydlodeoh dw wkh wlph/ zh eholhyh wkdw d pxfk ehwwhu ghvfulswlrq lv dfklhyhg

e| wdnlqj wkh h{fkdqjh hqhuj| iurp wkhru|1 Wkh suhvhqw xvh ri wkh Vpluqry0Fklelvry

irup iru YH+u, juhdwo| lpsuryhv wkh h{fkdqjh hqhuj| lq wkh uhfrxsolqj uhjlrq zkhuh

wkh k|shu�qh dqg h{fkdqjh lqwhudfwlrqv duh frpsdudeoh dqg wkxv ohdgv wr vljql�fdqwo|

pruh uholdeoh suhglfwlrqv iru vfdwwhulqj ohqjwkv dqg h{fkdqjh ghfd| udwhv1

Reylrxvo|/ dw u @ u3/ wkh h{fkdqjh lqwhudfwlrq YH pxvw eh pxfk odujhu wkdq wkh

k|shu�qh vsolwwlqj �ki vr wkdw wkhuh duh lqghhg xqfrxsohg V @ 3 dqg V @ 4 udgldo zdyh

ixqfwlrqv wr sxw d erxqgdu| frqglwlrq rq1 Wklv ohdgv xv wr wkh uhtxluhphqw u3 � 4: d3

^YH+4: d3, � 56�ki `1 D vhfrqg uhtxluhphqw/ zklfk olplwv wkh fkrlfh ri u3 rq wkh orzhu

vlgh/ lv wkh ydolglw| ri wkh orqj0udqjh h{suhvvlrq +:14, eh|rqg u31 Ixuwkhu/ iru d jlyhq

ydoxh ri o/ wkh erxqgdu| frqglwlrq rq wkh udgldo zdyh ixqfwlrqv dw u @ u3 fdq rqo| eh

h{suhvvhg lq whupv ri skdvhv !V dqg !W zlwk d vlpsoh hqhuj| ghshqghqfh dv lqglfdwhg

suhylrxvo|/ deryh d fhuwdlq plqlpxp hqhuj| ghshqglqj rq u3 dqg o1 Frqvhtxhqwo|/

wkh fkrlfh ri u3 olplwv wkh hqhuj| udqjh/ dqg wkxv wkh qxpehu ri erxqg vwdwhv/ wkdw

fdq eh lqfoxghg lq rxu dqdo|vlv iru hdfk o1 Edvhg rq wkh deryh frqvlghudwlrqv zh kdyh

fkrvhq u3 @ 49 d31 Wklv doorzv xv wr dqdo|}h whq erxqg vwdwhv= wkuhh vlqjohw vwdwhv

+y @ 93> 94> 95, iru erwk o @ 46 dqg o @ 48/ dqg wzr wulsohw vwdwhv +y @ <> 43, iru erwk

o @ 47 dqg o @ 491

:16 Erxqg0Vwdwhv Dqdo|vlv

Wkh h{shulphqwdo erxqg vwdwh hqhujlhv lq Uhiv1 ^5` dqg ^6` zhuh doo +vlqjohw dqg wulsohw,

ghwhuplqhg zlwk uhvshfw wr wkh plqlpxp ri wkh vlqjohw srwhqwldo1 Krz idu wklv plqlpxp

olhv ehorz wkh glvvrfldwlrq olplw zdv qrw phdvxuhg1 Wkhuhiruh/ lqvwhdg ri �wwlqj rxu

srwhqwldo sdudphwhuv wr devroxwh elqglqj hqhujlhv/ zh �w wkhp wr wkh hqhuj| vsdflqjv

ehwzhhq wkh ohyhov1 Wr eh vshfl�f/ zh xvh wkh vlqjohw vwdwh zlwk y @ 93 dqg o @ 46 dv

wkh uhihuhqfh ohyho/ dqg �w wr wkh hqhuj| vsdflqjv ehwzhhq wklv vwdwh dqg hdfk ri wkh

rwkhu qlqh erxqg vwdwhv xvhg lq rxu dqdo|vlv1 Doo wkhvh vwdwhv dqg wkhlu h{shulphqwdo

hqhujlhv zlwk uhvshfw wr wkh uhihuhqfh vwdwh duh vkrzq lq Wdeoh :141

Wkh �wwlqj surfhgxuh lv dv iroorzv= Iru d fhuwdlq fkrlfh ri F9 dqg F;/ zh vlpxowd0

qhrxvo| rswlpl}h !V+3> 3, dqg !W +3> 3, dqg wkhlu �uvw ghulydwlyhv zlwk uhvshfw wr H dqg
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Wdeoh :14 Erxqg Qd2 vwdwhv xvhg lq rxu dqdo|vlv dqg wkhlu h{shulphqwdo hqhujlhv ^5/6` zlwk

uhvshfw wr wkh vlqjohw uhihuhqfh vwdwh d +� ' Sfc , ' ��, zlwk dq hqhuj| ri 93431<435 fp3� ^6`

zlwk uhvshfw wr wkh plqlpxp ri wkh vlqjohw srwhqwldo1

Vwdwh y> o Hqhuj| +fp�4,

Vlqjohw

d 93/46 3

e 93/48 418<74

f 94/46 916565

g 94/48 :18;88

h 95/46 43133:<

i 95/48 431<555

Wulsohw

D </47 04155<5

E </49 318:7;

F 43/47 71<5<;

G 43/49 91874;

o+o . 4, zlwk wkh dlg ri d ohdvw0vtxduhv phwkrg wkdw plqlpl}hv "5 iru wkh erxqg0vwdwh

hqhuj| vsdflqjv1 Wkh vhfrqg dqg pl{hg ghulydwlyhv ri !V dqg !W duh qrw �wwhg exw

ghwhuplqhg iurp wkh lqqhu sduwv +xs wr 49 d3, ri wkh LSD vlqjohw srwhqwldo frqvwuxfwhg

e| Prhuglmn dqg Yhukddu dqg wkh UNU wulsohw srwhqwldo ri Uhi1 ^7`1 Wkh LSD srwhqwldo

lv jlyhq lq Wdeoh :151 Wkhvh ghulydwlyhv duh qhduo| frqvwdqw ryhu wkh hqhuj| udqjh eh0

wzhhq wkh glvvrfldwlrq olplw dqg wkh orzhvw ri wkh dqdo|}hg erxqg vwdwhv1 Wkhlu dyhudjh

ydoxhv/ olvwhg lq Wdeoh :16/ duh xvhg lq wkh �wwlqj surfhgxuh1 Wkh h�hfwv ri wkh vsuhdg

durxqg wkh dyhudjh ydoxhv fdq eh hvwlpdwhg dqg duh wdnhq lqwr dffrxqw lq wkh irup ri

vpdoo huuruv dgghg wr wkh xqfhuwdlqwlhv lq wkh �wwhg sdudphwhuv wkdw iroorz iurp wkh

ohdvw0vtxduhv �w1 Wkh surfhgxuh lv uhshdwhg iru gl�huhqw fkrlfhv ri F9 dqg F;1

Wkh phdvxuhg vlqjohw erxqg0vwdwh hqhujlhv duh jlyhq zlwk d suhflvlrq ri 43�7 fp�4

lq Uhi1 ^6`1 Dq h{shulphqwdo huuru lv qrw jlyhq exw zh dvvxph lw wr eh ri wkh rughu ri

43�7 fp�4 dv zhoo1 Zlwk rxu olplwhg vhw ri srwhqwldo sdudphwhuv zh fdqqrw uhsurgxfh

wkh hqhuj| vsdflqjv ehwzhhq wkh vlqjohw erxqg vwdwhv zlwk wkdw suhflvlrq1 Vwloo/ zh fdq

dwwdlq d yhu| kljk suhflvlrq= li zh �w wkh vlqjohw sdudphwhuv wr wkh vlqjohw erxqg vwdwhv

dorqh/ zh �qg "5 @ 8 +vl{ vlqjohw vwdwhv jlyh �yh hqhuj| vsdflqjv, iru d vwdqgdug ghyld0

wlrq �V @ 4=4�43�6 fp�4 lq wkh ohyho hqhujlhv1 Wklv �V lv xvhg lq wkh �wwlqj surfhgxuh

ghvfulehg deryh1 Iru wkh wulsohw erxqg0vwdwh hqhujlhv/ d pd{lpxp h{shulphqwdo huuru

ri 316 fp�4 lv txrwhg lq Uhi1 ^5`1 Wkh vwdqgdug ghyldwlrq �W lq wkh wulsohw hqhujlhv lv
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Wdeoh :15 LSD vlqjohw srwhqwldo T7Eo� iru Qd frqvwuxfwhg e| Prhuglmn dqg Yhukddu ^4`1 Wkh

}hur ri hqhuj| lv vhw dw wkh glvvrfldwlrq olplw1

u +d3, YV+u, +d1x1, u +d3, YV+u, +d1x1, u +d3, YV+u, +d1x1,

713 313385;:::<3< 4313 031337;<6;5<68 4913 031333474:35:<

715 031336499794;; 4315 031337638<6;65 4918 031333446384<:

717 03133<;;698959 4317 031336:;694595 4:13 0313333<4597<;

719 031348587:3;7< 4319 031336654658:5 4:18 0313333:78;378

71; 03134<76;68838 431; 031335<467:64< 4;13 03133339488549

813 0313558;9:98;< 4413 0313358875<985 4;18 031333383<<858

815 031357;6:<45;8 4415 03133556<5;99: 4<13 03133337575;9<

817 031359659589;5 4417 031334<96:;594 4<18 0313333687<457

819 03135:48;3<7:9 4419 031334:55<5735 5313 03133335<;5883

81; 03135:769969;; 441; 031334845863:: 5318 0313333584:9;5

913 03135:598<38;< 4513 03133465;<9<;6 5413 03133335473<33

915 031359:6788;96 4515 03133449;:;7:8 5418 03133334;6<544

917 031358<4863857 4517 03133435<4;7<4 5513 031333348<<956

919 031357;:374788 4519 031333<3:7;643 5518 0313333473<47<

91; 0313569888:746 451; 031333;3459456 5613 03133334587:6<

:13 03135565354;;4 4613 031333:3;934;< 5618 0313333445668:

:15 031353<3:36477 4615 03133395::9698 5713 03133334337567

:17 03134<78538957 4617 03133388:45:5: 5718 03133333;<8366

:19 03134:<;865749 4619 0313337<868:79 5813 03133333:<8744

:1; 031349864;6443 461; 0313337745;67: 5818 03133333:37<::

;13 0313484454734< 4713 0313336<6<3579 5913 03133333956673

;15 031346:75;<88; 4715 031333685696:7 5918 03133333886<:8

;17 03134576:436<8 4717 031333648;933< 5:13 031333337;;:59

;19 0313445378437< 4719 0313335;6:935: 5:18 03133333764364

;1; 031343384;45;9 471; 0313335887;687 5;13 031333336;37:4

<13 03133;<;635737 4813 0313335637:579 5;18 03133333669935

<15 03133:<<<;4;:< 4815 03133353;654:7 5<13 031333335<;<<8

<17 03133:434;:<5: 4817 0313334;;9;<48 5<18 031333335845<3

<19 0313395;:56499 4819 0313334:45659: 6313 03133333554635

<1; 0313388859664: 481; 03133348896996
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Wdeoh :16 Ydoxhv ri wkh vhfrqg dqg pl{hg ghulydwlyhv ri wkh skdvhv �
7
dqg �

A
xvhg lq wkh

erxqg0vwdwhv dqdo|vlv1

Sdudphwhu Ydoxh

C5!V@CH
5

�7=;� 43�7 N�5

C5!V@C^o+o . 4,`5 3

C5!
V
@CH Co+o . 4, 4=<� 43�8 N�4

C5!W@CH
5

�<=:� 43�7 N�5

C5!
W
@C^o+o . 4,`5 3

C5!W@CH Co+o . 4, 6=<� 43�8 N�4

Wdeoh :17 Wkh �yh fkrlfhv ri �S dqg �H xvhg lq rxu dqdo|vlv1

Fkrlfh F9 +d1x1, F; +d1x1,

L 486< 4395;6

LL 486< 44:7:4

LLL 4894 444;::

LY 48;6 4395;6

Y 48;6 44:7:4

wdnhq wr eh �W @ 4

5
� 3=6 fp�4 @ 3=48 fp�41 Wkh gl�huhqfhv ehwzhhq wkh wkhruhwlfdo

dqg h{shulphqwdo hqhuj| vsdflqjv wkdw zh �qg iru wkh �wwhg sdudphwhuv zlwk F9 dqg

F; dw wkh plggoh ri wkhlu xqfhuwdlqw| lqwhuydov duh vkrzq lq Ilj1 :141 Qrwh wkdw iru wkh

wulsohw vwdwhv wkhru| dqg h{shulphqw djuhh zlwklq wkh deryh vwdqgdug ghyldwlrq1 Wkh

ehvw dffxudf| lq suhylrxv fdofxodwlrqv ri wkh kljkhvw Qd5 erxqg vwdwhv zdv rewdlqhg

e| F÷wì dqg Gdojduqr ^8`1 Wkhlu dffxudflhv zhuh durxqg 43�5 fp�4 iru wkh vlqjohw dqg

315 fp�4 iru wkh wulsohw ohyhov1

Wkh !V+3> 3, dqg !W +3> 3, wkdw zh �qg iurp wkh �wwlqj surfhgxuh iru hdfk fkrlfh

ri F9 dqg F; duh wudqvodwhg lqwr wkh iudfwlrqdo yleudwlrqdo txdqwxp qxpehuv dw wkh

glvvrfldwlrq olplw ri wkh vlqjohw dqg wulsohw 56Qd5 prohfxodu srwhqwldo zhoov yGV @

qEV�4.�V dqg yGW @ qEW�4.�W / uhvshfwlyho|1 Wkh lqwhjhu qEV+W , lv wkh qxpehu ri

erxqg vwdwhv lq wkh vlqjohw +wulsohw, srwhqwldo dqg�V+W , lv wkh iudfwlrqdo sduw> qEV @ 99

dqg qEW @ 491 Wkh yGV dqg yGW lqwhuydov wkdw zh �qg iru wkh irxu fkrlfhv ri F9 dqg F;

zkhuh hdfk ri wkhvh sdudphwhuv lv dw wkh orzhu ru xsshu olplw ri lwv huuru edu dqg iru wkh

fkrlfh ri fhqwudo ydoxhv +vhh Wdeoh :17, duh olvwhg lq Wdeoh :18 +lq whupv ri �V dqg �W ,/

dorqj zlwk wkh udqjhv wkdw zh �qg iru C!V+W ,@CH +3> 3, dqg C!V+W ,@Co+o.4, +3> 3,1 Wkh

ydoxhv ri F9 dqg F; iru hdfk sdudphwhu fkrlfh duh dovr jlyhq lq wkh wdeoh1 Wkh doorzhg
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Iljxuh :14 Gl�huhqfhv ehwzhhq wkhruhwlfdo dqg h{shulphqwdo +vhh Wdeoh :14, erxqg0vwdwh

hqhuj| vsdflqjv irxqg iru wkh �wwhg srwhqwldo sdudphwhuv zlwk �S dqg �H dw wkh plggoh ri

wkhlu xqfhuwdlqw| lqwhuydov1

Wdeoh :18 Vlqjohw +7, dqg wulsohw +A , srwhqwldo sdudphwhuv uhvxowlqj iurp wkh �w wr wkh

erxqg0vwdwh hqhuj| vsdflqjv lq Wdeoh :14 iru wkh �yh fkrlfhv +L�Y, ri �S dqg �H olvwhg lq Wdeoh

:171 Wkh skdvh sdudphwhuv �
7EA� kdyh ehhq wudqvodwhg lqwr wkh fruuhvsrqglqj iudfwlrqdo sduwv

{7EA � ri �(7EA�1 Wkh ydoxhv ri �(7EA � lwvhoi fdq eh irxqg iurp �(7EA� ' ?�7EA� 3 �n{7EA�/

zlwk ?�7 ' SS dqg ?�A ' �S1 Li ghvluhg/ wkh ydoxhv ri �7EA�Efc f� fdq eh hydoxdwhg e|

�7EA�Efc f� Eprg Z� ' �|�oerc7EA� n {7EA �Z1 Wkh skdvhv �|�oerc7EA � Eprg Z� iru zklfk wkh

kljkhvw erxqg vwdwh olhv dw wkh wkuhvkrog/ duh olvwhg lq wkh odvw froxpq1

Fkrlfh Srwhqwldo C!

CH
+3> 3, +N�4, C!

Co+o.4,
+3> 3, � !wkuhv

L V 3=3<;<	 3=3349 �3=3397	 3=3334 3=994	 3=338 417475

W 3=459	 3=356 �3=33;	 3=336 3=63	 3=4; 41936<

LL V 3=3<9<	 3=3349 �3=3397	 3=3334 3=989	 3=338 416484

W 3=458	 3=356 �3=33;	 3=336 3=5<	 3=4; 418364

LLL V 3=3<98	 3=3349 �3=3396	 3=3334 3=99<	 3=338 415949

W 3=458	 3=356 �3=33;	 3=336 3=63	 3=4; 4177<7

LY V 3=3<93	 3=3349 �3=3396	 3=3334 3=9;5	 3=338 4153;7

W 3=457	 3=356 �3=33;	 3=336 3=65	 3=4; 416<93

Y V 3=3<74	 3=3349 �3=3396	 3=3334 3=9::	 3=338 414437

W 3=456	 3=356 �3=33;	 3=336 3=64	 3=4; 415<97
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yGV dqg yGW udqjhv iru rwkhu ydoxhv ri F9 dqg F; fdq eh irxqg e| olqhdu lqwhusrodwlrq

ehwzhhq wkh jlyhq lqwhuydov1 Iru hdfk sdudphwhu fkrlfh wkh odvw froxpq ri Wdeoh :18

olvwv wkh ydoxhv ri !V+3> 3, dqg !W +3> 3, +prgxor �, iru zklfk yGV+W , @ qEV+W , � 4/

l1h1/ wkh kljkhvw erxqg vwdwh olhv dw wkh wkuhvkrog1 Wkhvh skdvh ydoxhv duh ghqrwhg dv

!wkuhv>V dqg !wkuhv>W 1 Li ghvluhg/ wkh skdvhv wkdw fruuhvsrqg wr wkh jlyhq �V dqg �W

udqjhv fdq eh vlpso| hydoxdwhg e| !V+W ,+3> 3, +prg�, @ !wkuhv>V+W ,.�V+W ,�1 Li F9 lv

lqfuhdvhg/ yGV dqg yGW lqfuhdvh wrr1 Wklv lv frqvlvwhqw zlwk wkh Oh Ur| irupxod ^49`

iru elqglqj hqhujlhv zklfk suhglfwv wkdw wkh hqhuj| vsdflqjv ehwzhhq ohyhov ghfuhdvh

zlwk lqfuhdvlqj F91 Doo ohyhov pxvw eh orzhuhg +dqg wkxv yGV dqg yGW lqfuhdvhg, wr

frpshqvdwh iru wklv1

Zh zrxog olnh wr hpskdvl}h wkdw wkh pdjqlwxgh ri wkh yGW udqjhv olvwhg lq Wdeoh :18

lv gluhfwo| uhodwhg wr wkh odujh huuru eduv lq wkh h{shulphqwdo wulsohw erxqg0vwdwh hqhu0

jlhv1 Wkh| duh qrw gxh wr rxu phwkrg ri dqdo|}lqj wkh erxqg vwdwhv1 Dv dq looxvwudwlrq

ri wklv/ zh srlqw wr wkh pxfk vpdoohu yGV udqjhv lq wkh vdph wdeoh1 Lq wklv sdshu

zh rewdlq wkh ehvw dffxudf| iru wkh vlqjohw sdudphwhuv iru hdfk F9> F; fkrlfh iurp

rxu dqdo|vlv ri wkh erxqg vwdwhv> wklv vlqjohw dffxudf| lv qrw ixuwkhu uhvwulfwhg e| wkh

uhpdlqlqj h{shulphqwdo gdwd1 Lq idfw/ lw wxuqv rxw wkdw wkh xqfhuwdlqwlhv lq C!V@CH

dqg C!V@Co+o . 4, kdyh qhjoljleoh h�hfwv rq wkh dqdo|vlv ri wkh uhpdlqlqj gdwd/ vr

wkdw lq wkh iroorzlqj vhfwlrqv zh fdq olplw rxuvhoyhv wr �wwlqj !W +3> 3, dv d ixqfwlrq

ri wkh F9> F; fkrlfh dqg yGV/ C!W @CH/ dqg C!W @Co+o . 4, zlwklq wkh udqjhv olvwhg lq

Wdeoh :181 Rqo| ehfdxvh wkh udqjh ri F9 lv uhvwulfwhg e| wkh uhpdlqlqj gdwd/ lv wkh

ryhudoo huuru lq yGV wkdw zh �qg dw wkh hqg ri wklv sdshu vpdoohu wkdq wkh ryhudoo huuru

iroorzlqj iurp wkh erxqg0vwdwhv dqdo|vlv dorqh1

:17 Skrwrdvvrfldwlrq Gdwd

Lq wkh skrwrdvvrfldwlrq h{shulphqw dqdo|}hg e| Wlhvlqjd hw do1 doo dwrpv zhuh sxpshg

lqwr wkh 6 5V+i @ 4, jurxqg vwdwh dqg qr vwdwlf pdjqhwlf �hog E zdv dssolhg1 Iru E @ 3

+dqg qhjohfwlqj wkh zhdn glsroh0glsroh lqwhudfwlrqv,/ wkh wrwdo wzr0dwrp hohfwurqlf

dqjxodu prphqwxp txdwxp qxpehu I lv d jrrg txdqwxp qxpehu1 Ixuwkhu/ wkh dwrplf

txdqwxp qxpehuv i4 dqg i5 lq Qd +i4 @ 4,.Qd +i5 @ 4, froolvlrqv frxsoh wr I @ 3 ru 5

iru hyhq o dqg I @ 4 iru rgg o1 Wkhuhiruh/ v0zdyh frqwulexwlrqv wr wkh skrwrdvvrfldwlrq

gdwd fdq eh uhsuhvhqwhg lq whupv ri wzr v0zdyh zdyh ixqfwlrqv �v3 dqg �v5/ zlwk I @ 3

dqg I @ 5/ uhvshfwlyho|1 Wkhuh lv rqo| rqh s0zdyh frqwulexwlrq= �s41 Ilqdoo|/ g0zdyhv

dovr frqwulexwh wr wkh skrwrdvvrfldwlrq vshfwuxp exw zh gr qrw qhhg wkhp khuh1

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ Wlhvlqjd hw do1 zhuh deoh wr frqvwudlq wkh srvlwlrq

ri wkh odvw qrgh lq �s4 edvhg rq wkh idfw wkdw fhuwdlq uryleudwlrqdo olqhv dulvlqj iurp

s0zdyh vfdwwhulqj zhuh vljql�fdqwo| zhdnhu wkdq qhljkerulqj olqhv1 Wkh| irxqg wkh

srvlwlrq ri wklv qrgh wr eh +:6 	 6,d3 iru d froolvlrq hqhuj| Hfroo ri 833 �N1 Wkh
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Wdeoh :19 Udqjhv iru wkh iudfwlrqdo sduwv {(A ri �(A iroorzlqj iurp dqdo|vlv ri skrwrdvvr0

fldwlrq gdwd ^9` dqg revhuyhg Ihvkedfk uhvrqdqfhv ^43`/ iru wkh �yh fkrlfhv ri �S dqg �H olvwhg

lq Wdeoh :171 [R� qrgh/ {(A udqjh wkdw surgxfhv wkh odvw qrgh lq wkh R0zdyh zdyh ixqfwlrq

[R� dw E.� � ��@f> [rf qrgh/ {(A udqjh wkdw surgxfhv wkh odvw qrgh lq wkh r0zdyh zdyh

ixqfwlrq [rf dw ESf � �� @f> [r2 qrgh/ udqjh surgxflqj wkh odvw qrgh lq [r2 dw ESf � ��@f1

Wkh uhvwulfwlrqv rq wkh srvlwlrqv ri wkh qrghv zhuh wdnhq iurp Uhi1 ^9`1 ��/ {(A udqjh wkdw

surgxfhv wkh Ihvkedfk uhvrqdqfh qhdu <3: J dw d pdjqhwlf �hog frqvlvwhqw zlwk h{shulphqw>

�� 3 �2/ udqjh surgxflqj d gl�huhqfh ri Ihvkedfk uhvrqdqfh �hogv �� 3 �2 frqvlvwhqw zlwk

h{shulphqw1

Fk1 �s4 qrgh �v3 qrgh �v5 qrgh E4 E4 �E5

L 316385�3167<8 31647;�317398 3168<6�317843 3166<<�316933 316774�316954

LL 316397�31683: 31648:�3173;3 31693<�31784< 3166<5�3168<6 316767�316947

LLL 316385�3167<7 316477�317394 3168<4�317838 31675:�31695< 316837�3169:9

LY 31636<�3167;5 316458�31736< 3168:4�3177;7 316796�316996 3168:6�316:6;

Y 316384�3167<6 316479�317393 3168<5�317838 316788�31698< 31689;�316:66

hqhuj| 833 �N lv forvh wr wkh prvw suredeoh froolvlrq hqhuj| lq wkh h{shulphqw dqg wkh

skrwrdvvrfldwlrq vshfwud duh wkhuhiruh prvw vhqvlwlyh wr wkh vkdsh ri zdyh ixqfwlrqv

zlwk wklv froolvlrq hqhuj|1 Lq dgglwlrq/ Wlhvlqjd hw do1 vkrzhg wkdw wkh udwlr ri wkh

M @ 5 dqg M @ 7 shdnv lv uhodwhg wr wkh srvlwlrq ri wkh odvw v0zdyh qrgh1 Wkh| jdyh

+93	6,d3 iru wklv srvlwlrq zkhuh wkh| glg qrw gl�huhqwldwh ehwzhhq �v3 dqg �v51 Wkh

fkrlfh ri wkh suhflvh froolvlrq hqhuj| lv ohvv fulwlfdo iru wkh v0zdyh qrghv1 Zh wdnh djdlq

833 �N1

Zlwk d frxsohg0fkdqqhov surjudp zh kdyh fdofxodwhg wkh srvlwlrqv ri wkh odvw qrghv

lq �s4/ �v3/ dqg �v5 dv d ixqfwlrq ri !V+3> 3, dqg !W +3> 3, iru gl�huhqw fkrlfhv ri F9/

F; dqg zlwk Hfroo @ 833 �N1 Iru hdfk ri wkh �yh fkrlfhv ri F9 dqg F; lqwurgxfhg lq wkh

suhylrxv vhfwlrq +vhh Wdeoh :17,/ wkuhh yGW lqwhuydov duh olvwhg lq Wdeoh :19 +lq whupv

ri �W ,= Wkh �uvw jlyhv wkh yGW udqjh wkdw surgxfhv wkh qrgh lq �s4 dw +:6 	 6,d3/

wkh vhfrqg lqwhuydo jlyhv wkh yGW udqjh wkdw surgxfhv wkh �v3 qrgh dw +93 	 6,d3/

dqg wkh odvw jlyhv wkh yGW udqjh iru wkh �v5 qrgh dw +93 	 6,d31 D vpdoo sduw ri

wkh zlgwk ri wkh s0qrgh lqwhuydo lv gxh wr wkh xqfhuwdlqw| lq C!W@Co+o . 4,1 Doo olvwhg

lqwhuydov duh iru yGV vhw dw wkh plggoh ri lwv xqfhuwdlqw| lqwhuydo iroorzlqj iurp wkh

erxqg0vwdwhv dqdo|vlv1 Li yGV lv lqfuhdvhg ru ghfuhdvhg e| lwv xqfhuwdlqw| ri 31338/ doo

yGW lqwhuydov pryh dssur{lpdwho| 31334; wr orzhu ru kljkhu ydoxhv1 Wkhlu zlgwkv dqg

pxwxdo srvlwlrqv uhpdlq xqfkdqjhg wr ehwwhu wkdq 5(1 Wkh uhvxowv iru F9/ F; fkrlfhv

qrw vkrzq iroorz iurp olqhdu lqwhusrodwlrq1
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Wr hqdeoh d txlfn frpsdulvrq/ doo yGW udqjhv irxqg lq wkh deryh dqdo|vlv ri wkh

skrwrdvvrfldwlrq gdwd duh dovr judsklfdoo| vkrzq lq Ilj1 :15/ lq frpelqdwlrq zlwk wkh

yGW udqjhv iurp wkh erxqg0vwdwhv dqdo|vlv1 Orrnlqj dw wkh s0 dqg v0qrgh lqwhuydov/

dqg uhdol}lqj wkdw wkh h{shulphqwdoo| uhohydqw v0qrgh olhv vrphzkhuh ehwzhhq wkh �v3

dqg �v5 qrghv/ wkhuh fohduo| lv d vwurqj lqglfdwlrq wkdw zh kdyh dfklhyhg djuhhphqw

zlwk wkh skrwrdvvrfldwlrq gdwd1 Pruhryhu/ wklv djuhhphqw lv uhdol}hg iru yGV dqg yGW

ydoxhv wkdw dovr djuhh zlwk wkh erxqg0vwdwh gdwd1

:18 Ihvkedfk Uhvrqdqfhv

Wkh odvw wzr slhfhv ri lqirupdwlrq wkdw zh lqfrusrudwh lq rxu dqdo|vlv duh wkh Qd m4> 4l.

Qd m4> 4l Ihvkedfk uhvrqdqfhv phdvxuhg e| Lqrx|h hw do1 ^43`1 Wkh zlghvw ri wkh wzr

zdv ghwhfwhg dw d pdjqhwlf �hog E4 @ <3: 	 53 J dqg wkh vhfrqg yhu| qduurz rqh

E4 �E5 @ 87	 4 J ehorz wkh �uvw rqh1

Iru gl�huhqw fkrlfhv ri rxu srwhqwldo sdudphwhuv/ zh kdyh fdofxodwhg wkh vfdwwhulqj

ohqjwk d4>4 iru Qd m4> 4l.Qd m4> 4l froolvlrqv dv d ixqfwlrq ri E dqg ghwhuplqhg zkhuh

lw ehfrphv lq�qlwh/ wkxv orfdwlqj Ihvkedfk uhvrqdqfhv ^<`1 Iru rxu �yh fkrlfhv ri F9

dqg F; +vhh Wdeoh :17,/ wkh yGW udqjhv frqvlvwhqw zlwk wkh phdvxuhg �hog E4 duh

olvwhg lq Wdeoh :19 +lq whupv ri �W ,1 Wkh vshfl�f fkrlfh ri yGV lq lwv xqfhuwdlqw|

lqwhuydo kdv d qhjoljleoh h�hfw rq wkh doorzhg yGW ydoxhv1 Wklv lv gxh wr wkh idfw

wkdw wkh erxqg vwdwh lqyroyhg lq wkh Ihvkedfk uhvrqdqfh lv doprvw sxuho| wulsohw1 Wkh

xqfhuwdlqw| lq C!W@CH/ rq wkh rwkhu kdqg/ lv lpsruwdqw +lw fdxvhv d vkliw ri derxw 	: J

lq E4, dqg frqwulexwhv wr wkh zlgwk ri wkh jlyhq yGW lqwhuydo1 Pxfk dv h{shfwhg/

fkdqjlqj F9 zlwklq lwv huuru olplwv wxuqv rxw wr fdxvh d vljql�fdqw vkliw ri wkh yGW

udqjh fruuhvsrqglqj wr wkh phdvxuhg E4/ zkhuhdv wkh h�hfw ri fkdqjlqj F; lv yhu|

vpdoo= derxw d 	3=3336 vkliw lq yGW iru d fkdqjh ri 	8( lq F;1

Wkh yGW lqwhuydov wkdw surgxfh d gl�huhqfh ri Ihvkedfk uhvrqdqfh �hogv E4 � E5

wkdw lv frqvlvwhqw zlwk wkh h{shulphqw duh dovr jlyhq lq Wdeoh :19/ djdlq iru hdfk

ri wkh �yh F9> F; fkrlfhv1 Dovr lq wklv fdvh/ uhvxowv iru lqwhuphgldwh F9> F; ydoxhv

fdq eh irxqg e| olqhdu lqwhusrodwlrq1 E4 � E5 ghshqgv prvwo| rq E3 dqg F91 Iru

F9 @ 486< d1x1/ ;;: J ? E3 ? <5: J ohdgv wr 86 J ? E4 � E5 ? 8: J/ zkhuh wkh

kljkhvw E3 ydoxh fruuhvsrqgv wr wkh orzhvw E4 �E5 ydoxh1 Iru F9 @ 48;6 d1x1 zh jhw

87 J ? E4 �E5 ? 8< J1 Vlqfh wkh xqfhuwdlqw| lq C!W@CH kdv dq h�hfw rq E3/ lw dovr

kdv dq h�hfw rq E4 � E5 dqg wkxv frqwulexwhv wr wkh zlgwk ri wkh yGW udqjhv wkdw

djuhh zlwk wkh phdvxuhg ydoxh1

Dv lq vhfwlrq :17/ iru d txlfn frpsdulvrq/ doo yGW udqjhv irxqg lq wkh deryh dqdo|vlv

duh vkrzq lq Ilj1 :151 Ryhuorrnlqj doo dydlodeoh gdwd/ zh frqfoxgh wkdw wkhuh lv frpsohwh

djuhhphqw iru F9 ydoxhv qhdu wkh orzhu hqg ri wkhlu xqfhuwdlqw| lqwhuydo1 Li F9 lv

lqfuhdvhg wr 48;6 d1x1/ wkh djuhhphqw ehwzhhq wkh Ihvkedfk uhvrqdqfh �hogv dqg wkh
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Iljxuh :15 Judsklfdo uhsuhvhqwdwlrq ri wkh udqjhv iru wkh iudfwlrqdo sduw {(A ri �(A +vhh

Wdeohv :18 dqg :19, uhvxowlqj iurp rxu dqdo|vlv ri ydulrxv h{shulphqwv1 Wkh qxpehuv L�Y uhihu

wr wkh fkrlfhv ri �S dqg �H1 Hdfk edu uhsuhvhqwv d {(A udqjh1 EV/ erxqg0vwdwh udqjhv> sQ/

[R� qrgh udqjhv> vQ +ohiw0kdqg udqjh lqfoxglqj wkh kdwfkhg sduw,/ [rf qrgh udqjhv> vQ +uljkw0

kdqg udqjh lqfoxglqj wkh kdwfkhg sduw,/ [r2 qrgh udqjhv> IE4/ �� udqjhv> IE5/ �� 3 �2

udqjhv1 Iru hdfk �Sc �H fkrlfh �(7 lv frpsohwho| ghwhuplqhg e| wkh erxqg0vwdwhv dqdo|vlv1
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Wdeoh :1: Vfdwwhulqj ohqjwkv @ iru doo frpelqdwlrqv ri k|shu�qh vwdwhv lq wkh s ' � pdqlirog/

hydoxdwhg dw }hur pdjqhwlf �hog1

Fkdqqho d +d3,

Qd m4> 4l.Qd m4> 4l 88=7	 4=5

Qd m4> 4l.Qd m4> 3l 88=7	 4=5

Qd m4> 4l.Qd m4>�4l 84=:	 4=6

Qd m4> 3l.Qd m4> 3l 86=8	 4=6

Qd m4> 3l.Qd m4>�4l 88=7	 4=5

Qd m4>�4l.Qd m4>�4l 88=7	 4=5

skrwrdvvrfldwlrq gdwd ghwhulrudwhv1 Wklv frq�upv zkdw rqh pljkw h{shfw iurp wkh wzr

fdofxodwlrqv ri F9 e| Nkdufkhqnr hw do1 ^47` dqg Pdulqhvfx hw do1 ^48` dorqh= Wkh ydoxh

ri F9 vkrxog olh ehwzhhq 486< d1x1 dqg 4894 d1x1/ udwkhu wkdq deryh 4894 d1x1 Djdlq/

wkh h�hfw ri fkdqjlqj F; dssduhqwo| lv yhu| vpdoo1

:19 Suhglfwlrqv dqg Frqfoxvlrqv

Frpelqlqj doo wkh uhvxowv ri wkh suhylrxv vhfwlrqv dv olvwhg lq Wdeohv :18 dqg :19/ zh kdyh

ghwhuplqhg wkh pd{lpxp yGV dqg yGW udqjhv wkdw duh frqvlvwhqw zlwk doo h{shulphqwdo

gdwd dqdo|}hg lq wklv sdshu1 Wkh ryhuods ehwzhhq wkh yGW udqjhv h{wudfwhg iurp wkh

E4 � E5 gdwd dqg wkrvh h{wudfwhg iurp wkh s0qrgh gdwd wxuqv rxw wr eh wkh olplwlqj

idfwru1 Zh �qg yGV @ 98=995 	 3=345 dqg yGW @ 48=67;	 3=3381 Wkh fruuhvsrqglqj

vlqjohw dqg wulsohw vfdwwhulqj ohqjwkv duh dV @ +4<=4	 5=4,d3 dqg dW @ d5>5 @ +98=6	

3=<,d31 Wuhdwlqj wkh xqfhuwdlqwlhv lq yGV dqg yGW dv xqfruuhodwhg huuruv/ zh kdyh

dovr fdofxodwhg wkh vfdwwhulqj ohqjwkv iru doo frpelqdwlrqv ri k|shu�qh vwdwhv lq wkh

i @ 4 pdqlirog dqg iru }hur pdjqhwlf �hog1 Wkh uhvxowv duh olvwhg lq Wdeoh :1:1 Wkh

vlwxdwlrq wkdw vhyhudo vfdwwhulqj ohqjwkv kdyh wkh vdph ydoxh lv d uhvxow ri wkh idfw

wkdw iru E @ 3 doo v0zdyh Qd +i4 @ 4, . Qd +i5 @ 4, froolvlrqv fdq eh uhsuhvhqwhg

lq whupv ri �v3 dqg �v5/ dv glvfxvvhg lq vhfwlrq :171 Doo h{fkdqjh ghfd| udwhv iru

wkhvh froolvlrqv ydqlvk dv E $ 3 dqg H $ 3 ehfdxvh ri }hur dydlodeoh skdvh vsdfh1 Lq

sduwlfxodu/ zh �qg d4>�4 @ +88=7	4=5,d31 Wkdw lv frqvlvwhqw zlwk wkh ydoxh +85	8,d3

irxqg e| Wlhvlqjd hw do1 dqg wkh wlph0ri0 ljkw ydoxh +75 	 48,d3 iurp Uhi1 ^;`1 Wkh

wkhupdol}dwlrq0wlph ydoxh ri d4>�4 @ +<5	 58,d3 ^:` idoov rxwvlgh wkh suhvhqw huuru edu1

Wkh wulsohw vfdwwhulqj ohqjwk wkdw zh �qg lv vljql�fdqwo| vpdoohu wkdq erwk wkh ydoxhv

irxqg e| Prhuglmn dqg Yhukddu dqg Wlhvlqjd hw do1 Wklv lv qrw yhu| vxusulvlqj ehfdxvh

wkh orqj0udqjh sduw +u A 49 d3, ri wkh wulsohw srwhqwldo/ iru zklfk wkh| erwk xvh wkh

wdlo ri wkh UNU srwhqwldo iurp Uhi1 ^7`/ zdv lpsuryhg e| xv1 Wkh idfw wkdw rxu ydoxhv
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Wdeoh :1; Suhylrxv ^4` dqg suhvhqw ydoxhv iru wkh uhvrqdqfh �hogv �f ri Ihvkedfk uhvrqdqfhv

lq xowudfrog Qd froolvlrqv1

Fkdqqho Suhylrxv E3 +J, Suhvhqw E3 +J,

Qd m4> 4l.Qd m4> 4l <33 ? E3 ? 4;83 5368 ? E3 ? 53;3

Qd m4>�4l.Qd m4>�4l qrw uhsruwhg 4533 ? E3 ? 45;8

Qd m4>�4l.Qd m4>�4l ;73 ? E3 ? 4673 47;8 ? E3 ? 4853

Qd m4>�4l.Qd m4>�4l 47;3 ? E3 ? 5663 5953 ? E3 ? 59:3

iru d4>�4 dqg d5>5 duh forvhu wrjhwkhu wkdq wkrvh ri Wlhvlqjd hw do1 fdq eh h{sodlqhg e|

rxu gl�huhqw kdqgolqj ri wkh h{fkdqjh sduw ri wkh srwhqwldov1 Rxu uhvxowv iru dV dqg

dW duh dovr erwk vpdoohu wkdq wkh ydoxhv dV @ 67=< d3 dqg dW @ ::=6d3 irxqg e| F÷wì

dqg Gdojduqr/ zkr xvh d vlplodu wuhdwphqw ri wkh h{fkdqjh hqhuj|/ exw wkh ydoxhv iru

wkh gl�huhqfh dW � dV duh idluo| vlplodu1

Zh kdyh dovr xvhg wkh uhvxowv ri rxu dqdo|vlv wr suhglfw wkh orfdwlrqv ri dq dgglwlrqdo

Ihvkedfk uhvrqdqfh lq wkh Qd m4> 4l.Qd m4> 4l hqwudqfh fkdqqho dqg wkuhh uhvrqdqfhv

lq wkh Qd m4>�4l.Qd m4>�4l fkdqqho1 Vlqfh doo wkhvh uhvrqdqfhv duh uhodwhg wr doprvw

sxuho| wulsohw txdvlerxqg vwdwhv/ wkhlu uhvrqdqfh �hogv ghshqg prvwo| rq yGW / F9 dqg

C!W@CH1 Fruuhodwlrqv ehwzhhq wkhvh sdudphwhuv duh wdnhq lqwr dffrxqw1 Wkh uhvxowv

duh vkrzq lq Wdeoh :1;/ dorqj zlwk suhylrxv suhglfwlrqv e| Prhuglmn dqg Yhukddu ^4`

iru frpsdulvrq1 Wkh suhvhqw suhglfwlrqv iru wkh uhvrqdqfh �hogv duh kljkhu wkdq wkh

suhylrxv rqhv1 Wklv lv lq djuhhphqw zlwk wkh orzhu dW +kljkhu yGW , wkdw zh �qg

lq wklv sdshu1 H{fhsw iru wkh uhvrqdqfh qhdu 4533 J lq wkh Qd m4>�4l . Qd m4>�4l

fkdqqho/ wkh erxqg vwdwhv wkdw furvv wkh wkuhvkrog dw wkh suhglfwhg pdjqhwlf �hogv

kdyh pV @ .4> vhh Ilj1 :161 Iru wkh uhvrqdqfh qhdu 4533 J/ zklfk zdv qrw suhylrxvo|

uhsruwhg/ pV @ �4 vr wkdw d vpdoohu dW wkhuh ohdgv wr d orzhu uhvrqdqfh �hog1

Lq frqfoxvlrq/ zh kdyh uhvroyhg wkh dssduhqw glvfuhsdqf| ehwzhhq wkh Qd skrwrdv0

vrfldwlrq gdwd lq Uhi1 ^9` dqg wkh vlqjohw dqg wulsohw erxqg0vwdwh hqhujlhv lq Uhiv1 ^5�7`1

Pruhryhu/ zh kdyh rewdlqhg djuhhphqw ehwzhhq wkh deryh gdwd dqg wkh revhuydwlrq ri

Ihvkedfk uhvrqdqfhv lq d Qd Ervh frqghqvdwh1 Frpelqlqj doo wkhvh gdwd kdv hqdeohg

xv wr ghwhuplqh d vhw ri Qd lqwhudfwlrq sdudphwhuv zlwk dq dffxudf| wkdw doorzv suhflvh

fdofxodwlrq ri Qd frog froolvlrq surshuwlhv1 D ihz hvvhqwldo frog froolvrq surshuwlhv kdyh

ehhq suhvhqwhg lq wklv sdshu/ exw lw lv dovr srvvleoh wr dffxudwho| fdofxodwh rwkhu surs0

huwlhv vxfk dv wkh vfdwwhulqj ohqjwkv dqg h{fkdqjh ghfd| udwh frh!flhqwv iru duelwudu|

Qd k|shu�qh vwdwhv lq wkh i @ 5 pdqlirog ru iru froolvlrqv ehwzhhq dwrpv zlwk gl�huhqw

i / dqg wkh orfdwlrqv ri Ihvkedfk uhvrqdqfhv lq duelwudu| hqwudqfh fkdqqhov1
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Iljxuh :16 Wulsohw dqg vlqjohw erxqg vwdwhv +vrolg olqhv, dqg wkh Qd ��c ��nQd ��c �� wkuhvk0

rog +gdvkhg olqh, dv d ixqfwlrq ri pdjqhwlf �hog1 Dw � ' f/ wkh ghjhqhudf| ri wkh wulsohw vwdwh

lv oliwhg e| wkh k|shu�qh lqwhudfwlrq1 Ihvkedfk uhvrqdqfhv rffxu dw wkh lqwhuvhfwlrqv ri wkh

erxqg0vwdwh dqg wkuhvkrog fxuyhv1 Li �(A lv lqfuhdvhg/ wkh erxqg0vwdwh fxuyhv pryh wr orzhu

hqhujlhv dqg wkxv wkh uhvrqdqfh �hogv lqfuhdvh1

Dfnqrzohgjphqw

Zh dfnqrzohgjh wkh khos ri Mrkqq| Yrjhov lq dsso|lqj klv vhdufk frgh/ zklfk kh xvhg

iru wkh dqdo|vlv ri erxqg vwdwhv lq
;8
Ue ^4:`/ iru wkh �w ri wkh srwhqwldo sdudphwhuv wr

wkh h{shulphqwdo erxqg0vwdwh hqhuj| vsdflqjv1
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Vxppdu|

D uhpdundeoh dvshfw ri wkh uhfhqwo| uhdol}hg Ervh0Hlqvwhlq frqghqvdwhv lq gloxwh jdvhv

ri dondol dwrpv lv wkh surplqhqw uroh wkdw dwrp0dwrp lqwhudfwlrqv sod| lq wkhp1 Wkh|

lq xhqfh prvw ri wkh lpsruwdqw surshuwlhv ri wkhvh frqghqvdwhv/ lqfoxglqj wkhlu vwdelo0

lw|/ vl}h dqg vkdsh/ dqg froohfwlyh h{flwdwlrqv1 Wkh frqghqvdwhv duh fuhdwhg e| wudsslqj

dwrpv lq d pdjqhwlf wuds dqg frrolqj wkhp wr ehorz wkh fulwlfdo whpshudwxuh e| irufhg

hydsrudwlrq1 Dwrplf lqwhudfwlrq surfhvvhv duh dovr fuxfldo lq wklv surfhvv= d plqlpxp

udwh ri hodvwlf froolvlrqv lv uhtxluhg iru h!flhqw frrolqj dqg lqhodvwlf froolvlrqv vkrxog

qrw rffxu wrr riwhq1 Lq dgglwlrq/ lqwhudfwlrqv ehwzhhq frog dwrpv zloo eh dq lpsruwdqw

idfwru lq ghyhorsphqwv lq wkh �hogv ri dwrplf forfnv/ frkhuhqw pdwwhu zdyhv dqg Ihupl0

ghjhqhudwh jdvhv1 Wklv wkhvlv frqwdlqv wkhruhwlfdo frqwulexwlrqv wr wkh lqyhvwljdwlrq ri

frog0dwrp lqwhudfwlrq surfhvvhv dqg wkh ghwhuplqdwlrq ri sdudphwhuv wkdw ghvfuleh wkh

lqwhudfwlrqv ehwzhhq frog uxelglxp/ olwklxp dqg vrglxp dwrpv1 Udwkhu wkdq ghvfulelqj

frpsohwh lqwhudfwlrq srwhqwldov zlwk wkhvh sdudphwhuv/ zh ghvfuleh rqo| wkh orqj0udqjh

sduwv xvlqj wkh vwdqgdug sdudphwhuv +glvshuvlrq frh!flhqwv dqg dq dqdo|wlfdo h{suhv0

vlrq iru wkh h{fkdqjh hqhuj|, dqg vxppdul}h wkh lqirupdwlrq lq wkh vkruw0udqjh sduwv

lq erxqgdu| frqglwlrqv rq wkh udgldo vfdwwhulqj zdyh ixqfwlrqv lq whupv ri dffxpxodwhg

ZNE skdvhv dw d vxlwdeoh lqwhuqxfohdu vhsdudwlrq ^Vhf1 517`1

Wkh vfdwwhulqj ohqjwk fkdudfwhul}hv wzr0erg| hodvwlf froolvlrqv dw yhu| orz whpshud0

wxuhv dqg wkhuhiruh dovr wkh dwrplf lqwhudfwlrqv lq d gloxwh frqghqvdwh1 Dq lqwhuhvwlqj

skhqrphqrq lq frog froolvlrq sk|vlfv lv wkh uhvrqdqfh ehkdylru riwhq vkrzq e| wkh

vfdwwhulqj ohqjwk dv d ixqfwlrq ri wkh vwuhqjwk ri dq h{whuqdo pdjqhwlf �hog1 Wkhvh

vr0fdoohg Ihvkedfk uhvrqdqfhv pdnh lw srvvleoh wr ydu| wkh vwuhqjwk ri wkh lqwhudfwlrqv

ehwzhhq wkh dwrpv lq d frqghqvdwh dqg hyhq fkdqjh wkhp iurp h�hfwlyho| uhsxovlyh

wr dwwudfwlyh/ zklfk lv suhglfwhg wr fdxvh d froodsvh ri wkh frqghqvdwh1 Dq h{shulphqw

lqyhvwljdwlqj Ihvkedfk uhvrqdqfhv lq d uhodwlyho| ghqvh vrglxp frqghqvdwh vkrzhg wkdw

furvvlqj d uhvrqdqfh zkloh lqfuhdvlqj wkh pdjqhwlf �hog dw kljk udps vshhg fdq dovr

ohdg wr d odujh orvv ri dwrpv iurp wkh wuds1 Xvlqj wkh qrqfrqvhuydwlrq ri hqhuj| gxh wr

wkh wlph ghshqghqfh ri wkh pdjqhwlf �hog/ zh ghvfuleh d wzr0erg| ghfd| phfkdqlvp

^Vhf1 615> Ilj1 614` wkdw fdq h{sodlq wklv revhuydwlrq ^Ht1 617> Ilj1 615`1 Dq hvvhqwldo

hohphqw lq rxu slfwxuh lv wkh frqfhsw ri d joredo dqg d orfdo uhvrqdqfh olihwlph1

Zkhq wkh zrun iru wklv wkhvlv zdv vwduwhg/ wkh h{lvwhqfh ri Ihvkedfk uhvrqdqfhv lq

frog0dwrp vfdwwhulqj kdg ehhq suhglfwhg exw qrw |hw revhuyhg1 Zh vkrz wkdw skrwrdv0

vrfldwlrq lv d jrrg sureh iru revhuylqj Ihvkedfk uhvrqdqfhv ^Vhfv1 715 dqg 716`1 Lq wkh

skrwrdvvrfldwlrq surfhvv d odvhu rswlfdoo| h{flwhv wzr froolglqj jurxqg0vwdwh dwrpv lqwr



<5 Vxppdu|

d erxqg hohfwurqlfdoo|0h{flwhg prohfxodu vwdwh/ zklfk wkhq ghfd|v edfn wr iuhh dwrpv

zlwk d wudqvodwlrqdo hqhuj| odujh hqrxjk wr hvfdsh iurp wkh wuds> wkh uhvxowlqj gh0

fuhdvh lq wkh qxpehu ri wudsshg dwrpv lv phdvxuhg1 D Ihvkedfk uhvrqdqfh ohqjwkhqv

wkh wlph wkdw wkh dwrpv vshqg lq wkh lqwhuqxfohdu glvwdqfh udqjh zkhuh wkh rswlfdo

h{flwdwlrq rffxuv/ vr wkdw wkh skrwrdvvrfldwlrq vljqdo lqfuhdvhv ^Iljv1 715 dqg 814`1 Rxu

fdofxodwlrqv vkrz dq hqkdqfhphqw e| dw ohdvw wzr rughuv ri pdjqlwxgh ^Ilj 714` iru

wkh eurdghvw ri wkh wkuhh uhvrqdqfhv wkdw kdg ehhq suhglfwhg iru ;8Ue dqg d vxlwdeoh

fkrlfh iru wkh h{flwhg erxqg vwdwh1 Diwhu wklv suhglfwlrq/ wkh skrwrdvvrfldwlrq phwkrg

zdv vxffhvvixoo| dssolhg e| Khlq}hq dqg klv jurxs dw wkh Xqlyhuvlw| ri Wh{dv/ Dxvwlq/

zlwk zkrp zh forvho| frooderudwhg rq wklv vxemhfw1 Wkhlu revhuydwlrq ri wkh ;8Ue

uhvrqdqfh ^Ilj1 816`/ dqg wkh doprvw vlpxowdqhrxv revhuydwlrq ri d Ihvkedfk uhvrqdqfh

lq d vrglxp frqghqvdwh e| Nhwwhuoh*v jurxs dw PLW/ frqvwlwxwh wkh �uvw revhuydwlrqv

ri wklv skhqrphqrq lq frog froolvlrqv1 Wkh skrwrdvvrfldwlrq vshfwud duh dqdo|}hg ^Vhf1

817` ohdglqj wr d suhflvh suhglfwlrq iru wkh ghshqghqfh ri wkh vfdwwhulqj ohqjwk rq wkh

pdjqhwlf �hog vwuhqjwk qhdu wkh uhvrqdqfh ^Ilj1 818`1 Wkh udwlr ri wkh �hog zlgwk dqg

wkh uhvrqdqw �hog vwuhqjwk/ zklfk jryhuqv wkh ghjuhh ri �hog frqwuro wkdw lv qhhghg wr

vwdeo| fkdqjh wkh vljq ri wkh vfdwwhulqj ohqjwk/ wxuqv rxw wr kdyh d uhodwlyho| idyrxudeoh

ydoxh iru wkh ;8Ue uhvrqdqfh1

Ehfdxvh hydsrudwlyh frrolqj grhv qrw zrun iru vslq0srodul}hg ihuplrqv dw yhu| orz

whpshudwxuhv/ wkh fuhdwlrq ri d Ihupl0ghjhqhudwh jdv lv pruh frpsolfdwhg wkdq wkh

fuhdwlrq ri d Ervh0Hlqvwhlq frqghqvdwh1 Zh vkrz/ wkurxjk dqdo|vlv ri skrwrdvvrfldwlrq

gdwd dqg phdvxuhg erxqg0vwdwh elqglqj hqhujlhv ^Vhf1 915`/ dqg yld fdofxodwlrq ri vfdw0

whulqj surshuwlhv ^Wdeoh 914> Iljv1 916 dqg 918`/ wkdw wkhuh duh wzr srvvleoh vroxwlrqv lq

wkh fdvh ri 9Ol= v|psdwkhwlf frrolqj +frrolqj wkh 9Ol dwrpv zlwk hydsrudwlyho| frrohg

ervrqlf :Ol dwrpv, ru xvlqj 9Ol dwrpv lq gl�huhqw lqwhuqdo vwdwhv1

Wkh wkhvlv lv frqfoxghg zlwk d vlpxowdqhrxv dqdo|vlv ^Vhfv1 :16�:18` ri gdwd iurp

wkuhh gl�huhqw h{shulphqwv rq vrglxp= Qd5 erxqg0vwdwh hqhujlhv/ skrwrdvvrfldwlrq

gdwd/ dqg Ihvkedfk uhvrqdqfh �hogv1 Zh rewdlq d vhw ri Qd lqwhudfwlrq sdudphwhuv

^Ilj :15> Wdeoh :16` zlwk d kljk suhflvlrq wkdw lv lq h{fhoohqw djuhhphqw zlwk doo wkhvh

h{shulphqwdo gdwd> d glvfuhsdqf| ehwzhhq wkh uhvxowv ri suhylrxv dqdo|vhv ri wkh erxqg0

vwdwh hqhujlhv dqg wkh skrwrdvvrfldwlrq gdwd lv uhvroyhg1 Wkh lqwhudfwlrq sdudphwhuv

duh xvhg wr jlyh dffxudwh suhglfwlrqv iru vfdwwhulqj ohqjwkv ^Wdeoh :1:` dqg uhvrqdqfh

�hogv ri vhyhudo |hw xqrevhuyhg Ihvkedfk uhvrqdqfhv ^Wdeoh :1;` +rqh ri zklfk kdv

ehhq revhuyhg lq wkh phdqwlph dw wkh uljkw �hog vwuhqjwk,1 Suholplqdu| uhvxowv ri rxu

dqdo|vlv kdyh ehhq ri juhdw khos lq orfdwlqj dqg revhuylqj wkh Ihvkedfk uhvrqdqfhv

lq vrglxp e| Nhwwhuoh*v jurxs1 Pruhryhu/ rxu uhvxowv kdyh ehhq xvhg wr frq�up wkh

uholdelolw| ri de lqlwlr fdofxodwlrqv ri ydq ghu Zddov lqwhudfwlrqv1



Vdphqydwwlqj

Hhq rsphunholmn dvshfw ydq gh uhfhqw jhuhdolvhhugh Ervh0Hlqvwhlqfrqghqvdwhq lq lmoh

jdvvhq ydq dondol0dwrphq lv gh ehodqjulmnh uro glh lqwhudfwlhv wxvvhq gh dwrphq gddulq

vshohq1 ]lm ehòqyorhghq khw phuhqghho ydq gh uhohydqwh hljhqvfkdsshq ydq gh}h frq0

ghqvdwhq/ }rdov kxq vwdelolwhlw/ yrup hq diphwlqjhq/ hq froohfwlhyh h{flwdwlhv1 Gh frq0

ghqvdwhq zrughq jhpddnw grru dwrphq rs wh voxlwhq lq hhq pdjqhwlvfkh ydonxlo hq }h

di wh nrhohq wrw rqghu gh nulwlvfkh whpshudwxxu grru plggho ydq jhirufhhug digdpshq1

Dwrpdluh zlvvhozhunlqjvsurfhvvhq }lmq rrn ydq grruvodjjhyhqg ehodqj lq glw surfhv=

yrru h!flîqw nrhohq lv hhq plqlpdoh iuhtxhqwlh ydq hodvwlvfkh erwvlqjhq qrrg}dnholmn

hq lqhodvwlvfkh erwvlqjhq prjhq qlhw wh yddn yrrunrphq1 Whyhqv }xoohq lqwhudfwlhv

wxvvhq nrxgh dwrphq hhq ehodqjulmnh idfwru }lmq lq rqwzlnnholqjhq rs khw jhelhg ydq

dwrrpnornnhq/ frkhuhqwh pdwhulhjroyhq hq Ihupl0rqwddugh jdvvhq1 Glw surhivfkuliw eh0

ydw wkhruhwlvfkh elmgudjhq ddq khw rqghu}rhn qddu gh}h zlvvhozhunlqjvsurfhvvhq hq khw

ydvwohjjhq ydq sdudphwhuv glh gh zlvvhozhunlqj wxvvhq nrxgh uxelglxp0/ olwklxp0 hq

qdwulxpdwrphq ehvfkulmyhq1 Lq soddwv ydq gh frpsohwh lqwhudfwlhsrwhqwldohq wh ehvfkulm0

yhq phw gh}h sdudphwhuv/ ehvfkulmyhq zh doohhq khw odqjh0gudfkw ghho phw ehkxos ydq

gh vwdqgddugsdudphwhuv +glvshuvlhfrî!flîqwhq hq hhq dqdo|wlvfkh xlwguxnnlqj yrru gh

h{fkdqjh0hqhujlh, hq ydwwhq zh gh lqirupdwlh rsjhvorwhq lq khw nruwh0gudfkw ghho vdphq

lq udqgyrruzddughq yrru gh udglîoh yhuvwurrllqjvjro�xqfwlh lq gh yrup ydq jhdffxpx0

ohhugh ZNE idvhq elm hhq jhvfklnwh lqwhuqxfohdluh divwdqg ^¢ 517`1

Gh yhuvwurrllqjohqjwh ndudnwhulvhhuw hodvwlvfkh wzhh0ghhowmhverwvlqjhq elm }hhu odjh

whpshudwxuhq hq gddurp rrn gh lqwhudfwlhv lq hhq lmo frqghqvddw1 Hhq lqwhuhvvdqw yhu0

vfklmqvho lq gh i|vlfd ydq nrxgh erwvlqjhq lv khw uhvrqdqwlhjhgudj gdw gh yhuvwurrllqjv0

ohqjwh yddn yhuwrrqw dov ixqfwlh ydq gh vwhunwh ydq hhq h{whuq pdjqhwlvfk yhog1 Gh}h

}rjhqddpgh Ihvkedfkuhvrqdqwlhv pdnhq khw prjholmn rp gh vwhunwh ydq gh lqwhudfwlhv

wxvvhq gh dwrphq lq hhq frqghqvddw wh ydulîuhq hq }hoiv rp hhq h�hfwlhi divwrwhqgh

zlvvhozhunlqj rp wh }hwwhq lq hhq ddqwuhnnhqgh/ zdw yrojhqv yrruvshoolqjhq ohlgw wrw

lqhhqvwruwlqj ydq khw frqghqvddw1 Hhq h{shulphqw gdw Ihvkedfkuhvrqdqwlhv rqghu}rfkw

lq hhq frqghqvddw phw hhq uhodwlhi krjh ghhowmhvglfkwkhlg khhiw ddqjhwrrqg gdw khw sdv0

vhuhq ydq hhq uhvrqdqwlh wlmghqv hhq vqhooh yhukrjlqj ydq gh pdjqhwlvfkh yhogvwhunwh

rrn ndq ohlghq wrw hhq jurrw yhuolhv ydq dwrphq xlw gh ydonxlo1 Jheuxln pdnhqg ydq

khw qlhw ehkrxghq }lmq ydq gh hqhujlh whq jhyrojh ydq gh wlmgdikdqnholmnkhlg ydq khw

pdjqhwlvfkh yhog/ ehvfkulmyhq zh hhq wzhh0ghhowmhvyhuydophfkdqlvph ^¢ 615> Ilj1 614`

gdw gh}h zdduqhplqj ndq yhunoduhq ^Yjo1 617> Ilj1 615`1 Hhq hvvhqwlhho rqghughho ydq

rqv ehhog lv khw lghh ydq hhq orndoh hq hhq joredoh ohyhqvgxxu ydq gh uhvrqdqwlh1
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Elm khw ehjlq ydq glw surprwlhrqghu}rhn zduhq Ihvkedfkuhvrqdqwlhv lq erwvlqjhq

wxvvhq nrxgh dwrphq zho yrruvshog pddu qrj qlhw zddujhqrphq1 Zh odwhq }lhq gdw

irwrdvvrfldwlh hhq jrhg lqvwuxphqw lv rp gh}h uhvrqdqwlhv zddu wh qhphq ^¢ 715 hq 716`1

Lq glw surfhv h{flwhhuw hhq odvhu wzhh erwvhqgh dwrphq/ glh }lfk lq gh jurqgwrhvwdqg

ehylqghq/ qddu hhq hohfwurqlvfk ddqjhvodjhq jherqghq wrhvwdqg/ glh yhuyrojhqv zhhu

yhuydow qddu yulmh dwrphq phw hhq wudqvodwlh0hqhujlh jurrw jhqrhj rp xlw gh ydonxlo wh

rqwvqdsshq> gh uhvxowhuhqgh diqdph ydq khw ddqwdo dwrphq lq gh ydonxlo zrugw jhph0

whq1 Hhq Ihvkedfkuhvrqdqwlh yhuohqjw gh yhueolmiwlmg ydq gh dwrphq lq khw jhelhg ydq

lqwhuqxfohdluh divwdqghq zddu gh h{fldwlh soddwvylqgw/ }rgdw khw irwrdvvrfldwlhvljqddo

wrhqhhpw ^Ilj1 715 hq 814`1 Rq}h ehuhnhqlqjhq odwhq hhq yhuvwhunlqj phw whqplqvwh

wzhh jurrwwh0rughq }lhq ^Ilj1 714` yrru gh euhhgvwh ydq gh gulh uhvrqdqwlhv glh yrru
;8Ue zduhq yrruvshog hq yrru hhq jhvfklnwh nhxv yrru gh ddqjhvodjhq jherqghq wrh0

vwdqg1 Qd gh}h yrruvshoolqj lv gh phwkrgh vxffhvyro wrhjhsdvw grru Khlq}hq hq }lmq

jurhs ddq gh Xqlyhuvlw| ri Wh{dv lq Dxvwlq/ phw zlh zh qdxz kheehq vdphqjhzhunw

ddq glw rqghuzhus1 Kxq zdduqhplqj ydq gh uhvrqdqwlh elm ;8Ue ^Ilj1 816`/ hq gh yulmzho

jholmnwlmgljh zdduqhplqj ydq hhq Ihvkedfkuhvrqdqwlh lq hhq qdwulxpfrqghqvddw grru

gh jurhs ydq Nhwwhuoh rs PLW/ yruphq gh hhuvwh zdduqhplqjhq ydq glw yhuvfklmqvho lq

nrxgh erwvlqjhq1 Gh irwrdvvrfldwlhvshfwud zrughq jhdqdo|vhhug ^¢ 817`1 Glw ohyhuw hhq

h{dfwh yrruvshoolqj rs yrru gh dikdqnholmnkhlg ydq gh yhuvwurrllqjvohqjwh ydq gh pdj0

qhwlvfkh yhogvwhunwh lq gh exxuw ydq gh uhvrqdqwlh ^Ilj1 818`1 Gh yhukrxglqj wxvvhq gh

yhogeuhhgwh hq gh uhvrqdqwh yhogvwhunwh/ glh gh pdwh ydq frqwuroh ryhu khw yhog ehsddow

glh qrglj lv rp gh yhuvwurrllqjvohqjwh vwdelho ydq whnhq wh yhudqghuhq/ eolmnw uhodwlhi

jxqvwlj wh }lmq yrru gh uhvrqdqwlh elm ;8Ue1

Rpgdw digdpsnrholqj qlhw zhunw yrru vslq0jhsrodulvhhugh ihuplrqhq elm }hhu odjh

whpshudwxuhq/ lv khw pdnhq ydq hhq Ihupl0jhghjhqhuhhug jdv lqjhzlnnhoghu gdq khw

pdnhq ydq hhq Ervh0Hlqvwhlqfrqghqvddw1 Yld dqdo|vh ydq irwrdvvrfldwlhgdwd hq jhph0

whq elqglqjvhqhujlhîq ^¢ 915`/ hq khw ehuhnhqhq ydq yhuvwurrllqjvhljhqvfkdsshq ^Wdeho

914> Ilj1 916 hq 918`/ wrqhq zh ddq gdw hu lq khw jhydo ydq 9Ol wzhh rsorvvlqjhq pr0

jholmn }lmq= v|psdwkhwlf frrolqj +khw nrhohq ydq gh 9Ol dwrphq phw grru plggho ydq

digdpshq jhnrhogh :Ol dwrphq glh }lfk jhgudjhq dov ervrqhq, ri khw jheuxln ydq 9Ol

dwrphq lq yhuvfkloohqgh lqwhuqh wrhvwdqghq1

Khw surhivfkliw zrugw dijhvorwhq phw hhq jhfrpelqhhugh dqdo|vh ^¢ :16�:18` ydq

gh phhwuhvxowdwhq ydq gulh yhuvfkloohqgh h{shulphqwhq ddq qdwulxp= hqhujlhîq ydq

jherqghq Qd5 wrhvwdqghq/ irwrdvvrfldwlhgdwd/ hq yhogvwhunwhq zdduelm Ihvkedfkuhvr0

qdqwlhv rswuhghq1 Zh yhunulmjhq hhq vwho lqwhudfwlhsdudphwhuv yrru Qd ^Ilj1 :15> Wdeho

:16` phw hhq jurwh suhflvlh gdw xlwvwhnhqg lq ryhuhhqvwhpplqj lv phw do gh}h h{sh0

ulphqwhoh jhjhyhqv> hhq glvfuhsdqwlh wxvvhq uhvxowdwhq ydq hhughuh dqdo|vhv ydq gh

jherqghq0wrhvwdqgvhqhujlhîq hq gh irwrdvvrfldwlhgdwd zrugw rsjhorvw1 Gh lqwhudfwlh0

sdudphwhuv zrughq jheuxlnw yrru qdxznhxuljh yrruvshoolqjhq yrru yhuvwurrllqjvohqjwhq



Vdphqydwwlqj <8

^Wdeho :1:` hq uhvrqdqwlhyhoghq ydq yhuvfkloohqgh qrj qlhw zddujhqrphq Ihvkedfkuhvr0

qdqwlhv ^Wdeho :1;` +zdduydq hu ììq lqplgghov zddujhqrphq lv elm gh mxlvwh yhogvwhunwh,1

Yrruorsljh uhvxowdwhq ydq rq}h dqdo|vh }lmq ydq jurwh zddugh jhzhhvw elm khw orfdolvh0

uhq hq zdduqhphq ydq gh uhvrqdqwlhv lq qdwulxp grru Nhwwhuoh*v jurhs1 Eryhqglhq

lv rqv zhun jheuxlnw rp gh ehwurxzeddukhlg ydq de lqlwlr ehuhnhqlqjhq ydq Ydq0ghu0

Zddovlqwhudfwlhv wh ehyhvwljhq1



Gdqnzrrug

Ln zlo klhu juddj hhq ddqwdo phqvhq ehgdqnhq glh hhq ehodqjulmnh uro kheehq jhvshhog

elm gh wrwvwdqgnrplqj ydq glw surhivfkuliw1 Doohuhhuvw qdwxxuolmn Erxghzlmq Yhukddu

yrru }lmq vwlpxohuhqgh ehjhohlglqj hq }lmq jurwh ulmngrp ddq lghhîq yrru khw ddqsdnnhq

ydq i|vlvfkh sureohphq zdduydq ln yhhoyxoglj jheuxln khe prjhq pdnhq1 Yhughu plmq

froohjd*v Mrkqq| Yrjhov hq Vhuyddv Nrnnhopdqv yrru gh suhwwljh vdphqzhunlqj1 Mrkqq|

zlo ln lq khw elm}rqghu ehgdqnhq yrru khw whu ehvfklnnlqj vwhoohq ydq }lmq surjudppd

yrru khw ehsdohq ydq lqwhudfwlhsdudphwhuv xlw jhphwhq jherqghq0wrhvwdqgvhqhujlhîq/

zdduphh gh dqdo|vh lq sdudjuddi :16 lv xlwjhyrhug1 Phw Vhuyddv/ glh jhgxuhqgh khw

oddwvwh kdoyh mddu plmq ndphujhqrrw zdv/ khe ln yhho soh}lhu jhkdg1

Rrn Kxjr Erhvwhq pdj qlhw rqjhqrhpg eolmyhq1 Grru }lmq zhun ddq gh ehvfkulmylqj

ydq irwrdvvrfldwlh0h{shulphqwhq hq }lmq xlwohj ryhu glw rqghuzhus khe ln hhq yorwwh

vwduw jhkdg elm plmq zhun ddq irwrdvvrfldwlh dov lqvwuxphqw yrru khw zdduqhphq ydq

Ihvkedfkuhvrqdqwlhv1

L zrxog olnh wr wkdqn Gdq Khlq}hq/ Sklolssh Frxuwhlooh/ dqg Uloh| Iuhhodqg iru rxu

frrshudwlrq dqg wkhlu frqwulexwlrq wr fkdswhuv 7 dqg 8 ri wklv wkhvlv1 Wkhlu skrwrdv0

vrfldwlrq h{shulphqwv kdyh wuxo| rshqhg xs qhz krul}rqv1

Hq qlhw wh yhujhwhq dooh phgh0D1L1R1*v hq dqghuh ohghq ydq zdw whjhqzrruglj khw

Zhunyhuedqg Wkhruhwlvfkh Qdwxxunxqgh khhw1 ]rqghu khq }rx khw hhq vwxn plqghu

jh}hoolj }lmq jhzhhvw1 Whqvorwwh ehq ln plmq rxghuv gdqneddu yrru kxq vwhxq hq jrhgh

}ruj wlmghqv gh dijhorshq mduhq1



Fxuulfxoxp Ylwdh

44 rnwrehu 4<:3 jheruhq wh Vrq hq Euhxjho

4<;6�4<;< J|pqdvlxp E/

Oruhqw} O|fhxp wh Hlqgkryhq

4<;<�4<<9 vwxglh Whfkqlvfkh Qdwxxunxqgh/

Whfkqlvfkh Xqlyhuvlwhlw Hlqgkryhq/

grfwruddo h{dphq +fxp odxgh, lq dsulo 4<<9

4<<9�4<<< surprwlhrqghu}rhn/

jurhs Dwrrpi|vlfd hq Txdqwxphohfwurqlfd/

Idfxowhlw Whfkqlvfkh Qdwxxunxqgh/

Whfkqlvfkh Xqlyhuvlwhlw Hlqgkryhq
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1
Bij een experiment aan een Bose-Einsteincondensaat van Na-atomen in een
tijdafhankelijk magneetveld zagen Stenger et al. 80% van de condensaatatomen
verdwijnen binnen de korte tijd van 1 µs. Dit kan verklaard worden met een twee-
atoomsvervalmechanisme.

- J. Stenger, S. Inouye, M.R. Andrews, H.-J. Miesner, D.M. Stamper-Kurn, and W.
Ketterle, Phys. Rev. Lett. 82, 2422 (1999).

- Dit proefschrift, hoofdstuk 3.

2
Met een kleine uitbreiding van de experimenten van Stenger et al. had een condensaat
van moleculen, en daarmee een belangrijke stap op weg naar coherente chemie,
waarschijnlijk reeds in 1998 een feit kunnen zijn.

- J. Stenger, S. Inouye, M.R. Andrews, H.-J. Miesner, D.M. Stamper-Kurn, and W.
Ketterle, Phys. Rev. Lett. 82, 2422 (1999).

3
De nauwkeurigheid van uit experimenten bepaalde interactieparameters voor alkali-
atomen is de laatste jaren razendsnel toegenomen. De veelgebruikte vuistregel voor de
relatie tussen de geaccumuleerde fasen van verschillende isotopen van één element, die
stelt dat deze fasen zich verhouden als de wortels uit de massa van het isotoop, heeft
zichzelf hierdoor overleefd.

- Dit proefschrift, hoofdstukken 1, 6 en 7.
- A. Messiah, Quantum Mechanics (North-Holland, Amsterdam, 1970), p. 234.

4
De nieuwe multiprocessor supercomputer UNITE heeft die eigenschappen in zich
verenigd waardoor hij bij uitstek geschikt is voor rigoureuze quantummechanische
berekeningen aan drie-deeltjesverstooiing.

- http://www.unite.nl.
- J.M. Vogels, proefschrift Technische Universiteit Eindhoven (1999).

5
Het formalisme van Kievsky et al. voor drie-deeltjesverstrooiing vereist een efficiënt
integratie-algoritme voor tweede-ordedifferentiaalvergelijkingen met eerste afgeleide.
De gemodificeerde Numerovmethode, een beproefd algoritme voor tweede-orde-
differentiaalvergelijkingen zònder eerste afgeleide, kan na generalisatie aan deze eis
voldoen.

- A. Kievsky, M. Viviani, and S. Rosati, Phys. Rev. C 56, 2987 (1997).
- J. Raynal, in Computing as a Language of Physics, edited by A. Salam (IAEA, Wenen,

1972), p. 292.



6
Fotoassociatiespectroscopie in een variabel extern magneetveld is een verrijking van de
experimentele technieken voor het bestuderen van koude botsingen.

- Dit proefschrift, hoofdstukken 4 en 5.

7
De formule van Gribakin en Flambaum voor de verstrooiingslengte is gebaseerd op de
foutieve veronderstelling dat een atoombotsing voor alle internucleaire afstanden waar
de potentiaal afwijkt van het Van der Waalsgedrag, semiklassiek beschreven kan
worden.

- G.F. Gribakin and V.V. Flambaum, Phys. Rev. A 48, 546 (1993).
- Ch. Boisseau, proefschrift Université Paul Sabatier de Toulouse (1999).

8
De zegswijze “stille wateren hebben diepe gronden” gaat ook op voor stabiele alkali-
atomen: hoe dieper de singletpotentiaal, des te minder vibratieniveaus deze bevat.

- A.J. Moerdijk, Notorious Table (interne lijst met gegevens over alkali-atomen, groep
Atoomfysica en Quantumelectronica, Technische Universiteit Eindhoven).

9
De beangstigend steile trappen in veel Nederlandse huizen getuigen van een
doorgeschoten angst om ruimte te verspillen.

10
Dankzij satellietverbindingen en internet hoeft een grote oceaanzeilwedstrijd als de
Whitbread Round The World Race wat betreft aantrekkelijkheid voor toeschouwers
niet onder te doen voor het wereldkampioenschap voetbal.

- http://www.whitbread.org.

11
Een geslaagd dessert is door zijn presentatie en smaak in staat de verrukkingen van
kunst en gastronomie in zich te verenigen.

12
 “Eerst denken, dan doen” is de verkeerde filosofie in de omgang met Windows-
programmatuur.
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