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On a Recursive Formula for the Moments of Phase Noise

Idelfonso Tafur Monroy and Gerard Hooghiemstra

Abstract—n this paper, we present a recursive formula for The proces$ Z..(¢),t > 0} can be decomposed into its real
the moments of phase noise in communication systems. Thegnd imaginary part
phase noise is modeled using continuous Brownian motion. The
recursion is simple and valid for an arbitrary initial phase value. t ot
The moments obtained by the recursion are used to calculate Z(t) I/ cos(z + B(s))ds +‘7/ sin(x + B(s)) ds
approximations to the probability density function of the phase 0 ) 0
noise, using orthogonal polynomial series expansions and a = Xo(t) +4Ya (D). 2
maximum entropy criterion. )
We present a recursive formula, (8), for the momentX gf¢)

andY,(t), for fixed ¢ > 0. The recursion has two advantages
over the one given in [6]. It is simpler in form, and it is valid
for arbitrary initial valuex € IR of Brownian motion{ B(s),
. INTRODUCTION s > 0}, whereas the recursion of [6] is restricted to the initial

HASE noise has proven to be a major performance-linyaluez = 0.

iting factor in a number of communication systems. For ex- We close the section with a definition and some notation. We
ample, in optical coherent or weakly coherent systems, e.g., [dgnote by, the probability measure of the Brownian motion
[2]. Multicarrier transmission, using orthogonal frequency-dstarting fromsz € IR. More specifically for each Borel set,
vision multiplexing, for instance in wireless indoor systems, &onsisting of continuous functions ¢ co)
very sensitive to phase noise [3], [4]. Phase noise is also reported
to degrade the performance of coherent analog amplitude-mod- Po((B(5))sz0 € 4) = P((z+ B(s))sz0 € 4)
ulated wide-band rectifier narrow-band optical links [5], amonghere P = P is the probability measure of Brownian motion
others. The statistical properties of phase noise (in the CONt@¥(s), s > 0}, starting from 0. The symbdt,, is used for the
of optical communication systems) have been studied by se¥athematical expectation with respect to the probability mea-
eral authors, e.g., [1] and [2] and by those authors to whom theyre p,. Note that theP, distribution of Z, is equal to theP,
refer. It is a complex problem for which different types of apgjstribution ofZ,. When we writeZ, X, orY” without subscript,

proximate solutions have been presented (cf. [2]). The authgyg meanzg, X, or Yy, respectively. Finally, we often writB,
in [1] use simulation techniques; a characterization through Mgstead ofB(s).

ments has been given by [6] and [7], whereas a numerical ap-

proach is given in [8]. The list of references on phase noise anal- Il. RECURSIVE FORMULA

ysis cited here is by no means complete but demonstrates the . ) , ,

range of different approaches. We consider the following functional of the Brownian mo-
From a mathematical point of view, characterizing phad®":

noise is equivalent to the study of the complex-valued stochastic t
process (cf. [1]) Ar = Ay ((Bs)s>o) = /0 f(B)ds, t>0 (3)

t . . .
Z.() = j@+B() g >0 1 wheref is a measurqble, nonnegatlye function. Moreover, for
®) /0 ¢ * - @ someA > 0 the functionf should satisfy

Index Terms—Brownian motion, derivation of moments, error
analysis, maximum entropy, optical communication, phase noise.

where{B(s), s > 0} is Brownian motion starting from 0, with = —lylVA
zero mean and variance /_Oo e dy < oo “)
02 = var(B(s)) = Bs. Denote for fixedt, by E,e~%4, b > 0, the Laplace—Stieltjes
transform of the random variablg;. We first derive from a
implified form of the Feynman-Kac formula (cf. [9, p. 272])
‘functional equation for the double Laplace transform

The paramete = 2rAv, whereAv is the Lorentz linewidth
of the oscillator (laser linewidth in the case of optical systems

o>
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is a so-called additive functional The left-hand side of (5) can be written as
As+u — A, =A, 00, E, /00 A=A, (ebAt _ 1) dt
0
whered, is the shift operatoré, maps the set of continuous Y Ay T atp —ba
) . . = dt — e B eT N dt
functions on[0, c) onto the set of the continuous functions on o o
[0,00) and is defined by, (g)(u) = g(s + »), whereg is a B \
continuous function of0, oc)). The proof that{ A,,¢ > 0} is T ol A)

additive is straightforward and the right-hand side as

s+u s o oo
Aspu — As = /0 f(By)dv - / f(By) dv E, / ¢ Mbf(B,)Ep, { / e AUt du} ds
0 0
s+ [=S) [=S) —(y—x)? /2072
:/ dU—/ f s—l—b :/ —As / b )\ 76 - d d
o c - f(y)d)b(yv ) 0—5\/% S ay
/ F(8,(B,))dv=A,08, 0 /°<> )b ) /°° _,, ey i
— Y)Pu\Y, ¢ O'S\/% Yyas
where it is implicitly assumed that both sidek, — A o—ly—zl\/23/
and A, o 6, are applied to the random continuous function =b / du(y, A dy.
{B(v).v > 0). e
Following [9, p. 272], we obtain fon,b > 0 Hence, we get the functional equation
E /Ooe—)\t—bA,(ebA,_l)dt 1 /00 e~ lv—=1\/20/8
x - — A =10 A ———dy. (6
o t N =b [ NI ) - (©)
_ —At—bA, bA,
= E,;/O ¢ {/Obf(Bs)C ds} dt By expanding on both sides of (6) the expressiofi!* in a

power series i € (0, 1) and comparing the coefficients &f,

= Em/ e Mbf(B,) {/ e MEm) b AL dt} ds  we obtain
0 s

E, / e~ b f(B,) { / e umbAwol du} ds / cTNELAY dt =
0 0 0

o0 o0 ’ oo oo —As—|y—z|\/2N/3
=E, / e bf(B,)Ep. { / emAuTbAy du} ds. n / f() / ¢ E,A" ldsdy.
0 0 oo 0 220
5
®) Arecursive formulafoZ,. A} can be obtained by taking on both
Here, the first equality sign follows from sides of the above equation the inverse Laplace transform. Note
that the inverse Laplace transform of
d
o ¢ =bf(B,)e" o As—ly—aly/27/B
which implies 2AB
is equal to
LA, _ bA:
/0 bf(Bs)e™ ds = et — 1. Gys(t— 1t > 5),  te(0,00) @)
Changing the order of integration (this is permitted by Fubiniwhere
theorem since the integrand is nonnegative) yields the third line. 1 (a?/280)
The third equality is justified by a change of variables ¢ —s, 9a(t) = —= 7" /770,
V2m Bt
and by
So
At—A5:A5+u—A5:Au095 [ oo
E, A} :n/ f(y)/ Gy—x(t —8)1(t > ) E AT  ds dy
where we use the additivity of the functiongh,,¢ > 0}. Fi- —oo 0 ,
nally, the last equality is the (weak) Markov property (see [9] or I ) e (y=)"/20(t=s) BAnL gsd
Freedman [10]). The Brownian motion starts afresh from posi- =" o 4 o /275t — s) yros 54y
tion B;.
Define This proves the following recursion:
oo =] t
i) = [ B Bl =n [ 1) [ BT et - sodsds @)
0 —00 0
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Probability density

Fig. 1. Probability density oio(¢)/¢. Zero initial valuexr = 0. Solid lines represent the results by a maximum entropy approach while dashed lines denote the
Chebyshev polynomial series expansion.f&a)= 1. (b) 5t = 2. (c) 5t = 4. (d) 3t = 18.

where For the second moment, we obtain
4 o0 t
p(s;z,y) = Pu(Bs € dy)/dy EmX(t)Q: B/_ COSQy{/O (1—6_'85/2)p(t—3;a:,y) ds}dy
=(273s) Y% exp{—(y — )?/2Bs}. —

=3 / (1 — e P5/2)(1 4 =200=%) cos 22) ds
The above recursion has two advantages over the recursion /1 0
given in [6]. It is simpler in form, and it gives the moments {28t — 4 + 4e/2}

starting from arbitraryc € R. 32
cos 2z

t g Be e, (10)
Ill. APPLICATIONS
\We 2pply (8) 1o find the maments of The third moment can be expressed in terms involvirtge and
cos 3z
. 3 CoOsx B8t/2 28t = L,—0t/2\ _qax
X, (t) = / cos (z + B,) ds. B X(8)" = 3 55 {136¢7/7— e 4 651G+ 5e™H7) 135}
o n cos 3w {6e= 20t _15¢0t/2 _o=984/2 10,
Note that the cosine can be negative; however, it is not difficult 30p° 7

to show that both the functional equation (6) and the recursionag the order increases, the expressions become more com-
(8)'also hold for functions that are bounded from below a"lﬂex. We used a computer program supporting symbolic inte-
satisfy (4). FromE, X (#)° = 1, and gration to find the moments up to the 15th order.
Based on the moments, we used a maximum entropy crite-
. {/oo ot si.5) dy} — cos @ exp{_l Bt — 5)} rion (cf. [11]) to obtain an approximation for the probability
2 density function (pdf) ofX,(¢)/¢. We also used a series ex-
] pansion involving Chebyshev polynomials for comparison. Two
we obtain cases were treated as follows: 1) zero starting valee0 and
. 2) a random, uniformly distributed oft-, ), initial value z
E.X(t) = cosx / exp {_1 Bt — 3)} ds (steady-state regime [7]). In Fig. 1, we present the results of the
0 2 case of zero initial value for different values@f. The results of
2cosz(1 — e~F4/2) 9 the steady-state regime are displayed in Fig. 2. In both figures,
- B ’ ©) the solid lines represent calculations with the maximum entropy

— o0
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Fig. 2. Probability density ok, (¢)/t. The initial valuer is random, uniformly distributed oft-=, =) (steady-state regime). Solid lines represent the results by
a maximum entropy approach while dashed lines denote the Chebyshev polynomial series expangien(ap) 5t = 1. (c) 5t = 4. (d) 3t = 8. (e) 3t = 18.

approach, while the dashed lines represent the Chebyshev poly-
nomial series expansion. Both approaches yield a similar shapg;
of the pdf of X ,.(¢) /¢. However, the maximum entropy approach
seems to converge faster than the orthogonal polynomial repre[-z]
sentation.

The results for the steady-state regime are found to be in goodg]
agreement with previously published results [7]. As one can ob-
serve in Figs. 1 and 2, for large valuesiif(what can be con-
sidered as strong filtering), the pdf &F,.(¢)/¢ tends to acquire
a Gaussian shape.

[4]
(3]

IV. CONCLUSIONS [6]

A simple recursive formula for the moments of phase noise[7]
and its real and imaginary parts is presented. In fact, the re-
cursion is valid for any integral of a function of the Brownian 8
motion provided that the function is measurable, bounded from
below, and satisfies (4). The recursion also gives the moments
for an arbitrary starting value. Approximate pdf’s can be found [
through a maximum entropy approach or an orthogonal polyngi0]
mial series expansion. Moments may also be used for the cgl-
culation of error probabilities by Gaussian quadrature rules; S(je
[12].

(12]
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