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Exchange interaction in p-type GaAs/AlxGa12xAs heterostructures studied by magnetotransport

M. Kemerink, P. M. Koenraad, and J. H. Wolter
COBRA Interuniversity Research Institute, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Nethe

~Received 14 August 1997; revised manuscript received 21 October 1997!

Low-temperature magnetotransport experiments have been performed on ap-type GaAs/AlxGa12xAs quan-
tum well. From activation measurements on Shubnikov–de Haas conduction minima it was found that ex-
change interactions can be of great importance for both odd and even filling factors and strongly influence the
observed periodicity. Furthermore, it was found that the temperature dependence of Shubnikov–de Haas
oscillations in the low-magnetic-field regime could not be explained within a single-particle model based on a
solution of the full Luttinger Hamiltonian in a magnetic field. Numerical simulations of Shubnikov–de Haas
spectra, based on a model that treats hole exchange interactions in a simplified manner, show unambiguously
that exchange driven enhancement of hole ‘‘spin’’ splittings are extremely important at magnetic fields as low
as 1.5 T. Also, the inclusion of a valence-band warping in the calculations is shown to be essential. Qualita-
tively, most experimental observations could be described within the presented model. Our results imply that,
in any hole system, the effective masses obtained from temperature-dependent SdH measurements are to be
treated with extreme care as they can deviate from their single-particle value by as much as a factor of 2.
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I. INTRODUCTION

In the past decades there has been considerable inter
the magnetic-field dependence of the electronicg factor,g* .
An enhancement of the electrong factor owing to exchange
interactions was first proposed by Janak1 to explain experi-
ments by Fang and Stiles.2 Later it was shown by Ando and
Uemura3 that g* should be an oscillatory function of th
magnetic field with maxima at odd filling factors, i.e., whe
the Fermi level is in between the spin-up and -down state
a Landau level~LL !, and minima at even filling factors. Th
physical idea behind this periodicg-factor enhancement i
the following: At large magnetic fields the spin-up an
-down states of a Landau level near the Fermi energy h
different occupations and therefore experience different
change energies, leading to an enhanced gap betwee
two spin states. This enhanced splitting is usually descri
in terms of an enhancedg factor. At odd filling factors, with
EF in between, say,N↑ and N↓, where N is the Landau
number, the occupation difference between the up and d
levels is at a maximum, resulting in a maximum ing* . From
a similar reasoning the minimum ing* at even filling factors
can be understood. At even filling factors the same eff
should lead to an increase of the Landau-level splitting\vc .
This effect is usually neglected as for the electronic LL,
most III/V semiconductors, the energy associated with t
exchange interaction is much smaller than the LL spacin

Experimentally, the exchange enhancement ofg* has
been studied in various donor-doped semiconductor het
structures and in some of them oscillatory behavior has b
reported.4–6 To our knowledge, no experimental eviden
has been reported for such effects in acceptor-doped he
structures.

In this work we report on magnetotransport experime
on an acceptor-doped GaAs/AlxGa12xAs quantum well. We
find direct evidence that, in these structures, exchange ef
are important at odd and even filling factors. Furthermo
570163-1829/98/57~11!/6629~7!/$15.00
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we find from numerical simulations that exchange effects
extremely important at magnetic fields as low as 1.5 T. A
result, the effective mass that is determined fro
temperature-dependent Shubnikov–de Haas measurem
should be treated with extreme care and can often be
garded as meaningless.

The remainder of this chapter is organized as follows.
Sec. II the experimental setup and results are discusse
Sec. III we outline the model used for the numerical simu
tions that are presented and discussed in Sec. IV. Our
clusions are summarized in Sec. V.

II. EXPERIMENTS

The experiments were performed on a single 89
GaAs/Al0.45Ga0.55As quantum well ~QW!. The sample is
p-modulation doped with Be and grown by standa
molecular-beam epitaxy~MBE! techniques on a~001! GaAs
substrate. The carrier density, as obtained from Hall and S
measurements, is 9.5531015 m22. The sample was we
etched into a standard Hall-bar geometry and contacted
Au/Zn or Au/Sn in-diffused contacts.

Measurements in the temperature range of 60 to ab
900 mK were performed with the sample mounted on
cold finger of a dilution refrigerator. For the temperatu
range of 1.2 to 4.2 K a pumped bath cryostat was use
Magnetic fields up to 11 T were generated by means o
superconducting coil. To exclude undesired carrier hea
the measurement current was kept more then an orde
magnitude below the value at which heating effects beca
observable. Typical values for the channel current and sh
resistance were around 25 nA and 500V, respectively. Fur-
thermore, all wiring of the dilution refrigerator was equippe
with low-pass filters to prevent heating by rf noise.

A low-temperature Shubnikov–de Haas~SdH! spectrum
of the QW sample is displayed in Fig. 1. The SdH spectr
is very similar to those reported in publications on simi
6629 © 1998 The American Physical Society
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6630 57M. KEMERINK, P. M. KOENRAAD, AND J. H. WOLTER
structures by other groups.7–9 By plotting extrema indexes v
1/B ~not shown! we find low- and high-field periodicities o
18.6 and 39.5 T21, respectively. The latter corresponds to t
density that is deduced from the position of the center of
Hall plateaus. The observed periodicity doubling is ob
ously due to a lifting of the heavy hole spin (mJ563/2)
degeneracy at 4 T. The ratio of high- and low-field perio
icities deviates from the expected exact value of 2, which
assigned to exchange effects, as will be discussed in Sec

In studying thermal activation of resistance minima thr
magnetic-field regimes can be identified. In the lo
magnetic-field regime the densities of~extended! states
~DOS! of many Landau levels overlap at the Fermi lev
Only in this regime the Lifshitz-Kosevich10 formula applies
and effective masses can be extracted from the tempera
dependence of the oscillation amplitude. The high-magne
field regime, on the other hand, is characterized by the e
tence of mobility gaps. These are regions in between w
separated Landau levels in which only localized states e

FIG. 1. Shubnikov–de Haas spectrum at 60 mK for the sin
quantum well.
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and that, at low temperatures, give rise to plateaus in the
resistance and plateaus of zero conductance in the SdH s
tra. As long askBT is much smaller than this mobility gap
the temperature dependence of conduction minima will sh
linear activated behavior due to the thermal activation
carriers into the extended states.11 In the intermediate-field
regime the mobility gap is small or absent, and only the D
of neighboring LL overlap. Here, activation measureme
on conductance minima will only yield information about th
shape of the DOS tails.

In order to analyze the thermal activation of SdH minim
in the high- and intermediate-magnetic-field regimes o
should, in principle, invertRxx to Sxx , using the well-known
tensor relationsxx5rxx /(rxx

2 1rxy
2 ). In our experimentsrxx

is always at least one order of magnitude smaller thanrxy for
magnetic fields above 1.5 T, so we may safely assume
portionality betweenrxx and sxx . We therefore analyze
Rxx , being the raw measurement data.

In Fig. 2~a! we have plotted the high-field minima atn
54, 5, and 6 versus 1/T, with 1.4,T,3 K. Obviously there
is a marked difference between the filling factors 4 and 6
the one hand and 5 on the other. The linear activated be
ior (n54,6) of resistance minima is what is to be expected
the absence of exchange effects. In the presence of exch
effects the same activation is at work, but then the separa
between the two successive extended Landau levels, us
the spin-up and down states of one single LL, is—partially
due to the exchange and hence a function of their occupa
As the temperature is raised the occupation difference
tween these states is decreased and, consequently, their
ration is decreased. Since the exchange splitting is, in
order, linearly proportional to the occupation difference,3 the
total activation behavior will be quadratic inT. The dashed
line through the data points ofn55 is a fit to
A exp@2(B/T)2#, validating the importance of exchange spl
ting for this conduction minimum. The behavior describ

e

ear
FIG. 2. ~a! Temperature dependence of the resistance minima atn54, 5, and 6 for the quantum-well sample. The solid lines are lin
least-squares fits, the dashed line is a fit withA exp@2(B/T)2#. ~b! Same as panel~a!, but for n510, . . . ,16.Here, the solid lines guide the
eye.
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57 6631EXCHANGE INTERACTION IN p-TYPE . . .
for the p-type QW is the same as what is to be expected
n-type systems or any system in which the Landau splitt
is much bigger than the Zeeman energy.

Interesting information can also be obtained from t
thermal activation of filling factor minima in the
intermediate-field regime. In Fig. 2~b! the SdH minima atn
510,...,16 are depicted for temperatures below 1 K. He
the solid lines are meant to guide the eye. The most rem
able feature of Fig. 2~b! is the nearly constant value of th
resistance minima ofn514 and 16 at the lowest temper
tures. We find that the observed behavior cannot be
plained in terms of simple, linear thermal activation nor
described in terms of the Lifshitz-Kosevich formula. The la
ter would predict a far stronger temperature dependenc
the low-temperature regime when applied to the curr
minima. It is tempting to relate this nonlinear behavior
exchange effects, as forn55 in Fig. 2~a!. In Sec. IV we will
show that this indeed is the case.

III. MODEL

The numerical calculation of SdH spectra consists of t
parts. In the first part hole Landau levels are calculated
are used as input for the second part that calculates the a
Rxx traces. Exchange effects on the spin splitting are
cluded in the second part. Both steps will be outlined bel
in somewhat more detail.

The Landau-level energiesEN were calculated from the
434 Luttinger Hamiltonian according to a method outlin
elsewhere.12,13 Valence band anisotropy14–16 ~warping! was
included using standard perturbation theory in which
used the unwarped LL as basis functions for the fin
warped, levels. At zero magnetic fieldB, the energy levels
and the electrostatic potential were calculated s
consistently. In this zero-magnetic-field calculatio
exchange-correlation potentials that account for the com
cations in the valence bands were included.17 The resulting
fan chart for the quantum-well structure is shown in Fig.
The numbers in the figures follow the Broido/Sham18 con-
vention for hole Landau-level indexing. From the sm
Landau-level spacings at the Fermi level, one may draw
conclusion that, in the absence of exchange effects, the

FIG. 3. Landau-level diagram for the quantum-well samp
Hole anisotropy has been included. Solid~dashed! lines indicate
spin up~down! levels. For the meaning of the numbers see text. T
fat lines denote the Fermi level.
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sample will show a very strong temperature depende
(} larger effective mass! of the SdH oscillation amplitude
One should bear in mind that the meaning of the effect
mass that can be extracted from this temperature depend
is rather limited, considering the extremely nonlinear nat
of the Landau levels.

The calculation of the Shubnikov–de Haas spectra
lows in principle the work of Ando and Uemura.19 Accord-
ing to Ref. 19sxx is given by

sxx5
e2

h (
N,i

E
0

`

2
d f

dE FGN,i
tr

GN,i
G2H expF22S E2EN,i

GN,i
D 2G J dE,

~1!

wheref (E) is the Fermi-Dirac distribution and the sum run
over all occupied subbandsi and Landau levelsN. From the
original Ando formulas19 the following analytical expres-
sions were derived:20

FGN,i

G i
G2

5

(
k50

N S N
k D 2

a4k

~a211!2N51 ,
~2!

FGN,i
tr

G i
G2

5

2N111 (
k51

N S N
k D 2

a4k22$@2~N2k!11#a222k%

2~a211!2N12 .

The quantity a5d/ l relates the magnetic lengthl ( l 2

5\/eB) to the range of the scatterersd. G i is usually given
by G i5@(2\vc\)/(pt0)#1/2, which corresponds to the Bor
approximation ford-shaped scatterers in low magnetic field
In this work we used the value ofG i at 1 T,Gext,↑/↓

1 T , as a free
parameter for each subband, of which we only assumed
portionality to B1/2. Hereby, we neglected the influence
the possible magnetic-field dependence of the hole effec
mass onG i . Furthermore, it was shown in Ref. 21 that, ev
when the effective mass is independent ofB, G i is no longer
proportional toB1/2 in high magnetic fields. The latter effec
turned out to be unimportant in the range of fields in whi
we used our model.

In Eq. ~1! we assumed a Gaussian profile of the LL i
stead of the semielliptic profile that was calculated by An
and Uemura19 and Xu and Vasilopoulos.21 The reason was
that it turned out to be impossible to produce Shubnikov–
Haas spectra that resemble the experimental ones
slightly when semielliptic profiles were used. This is in a
cordance with other experimental observations22,23 and re-
cent calculations based on a Gaussian random potential
long-range spatial correlations.24

A fraction P of the carriers in each Landau level wa
assumed to be localized due to strong localization. The
calized states were also assumed to have Gaussian-sh
profiles, with a widthG loc,↑/↓

1 T at B51 T, that are centered a
the Landau energyEN . In simulating experimental SdH
spectra it turned out that the best simulations were obtai
when the width of the localized states was made so la
that, effectively, a constant background of localized sta
arose. This, again, is in agreement with earlier experime
work.22,23

.
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The longitudinal conductancesxx calculated from Eq.~1!
was transformed to the longitudinal resistancerxx using the
standard tensor relations and the classical approximation
the Hall conductivitysxy5ne/B, with n the total 2D carrier
density. Shubnikov–de Haas effective masses in the l
magnetic-field regime were determined by calculatingrxx as
a function of temperature and analyzing the resulting tra
with standard Fourier filtering techniques and the we
known formula

Drxx~B!

r0
54(

s51

`

expF 2ps

mq,iB
GcosF2ps~EF2Ei !

\vc
2psG

3
sX

sinh~sX!
, ~3!

whereX52p2kBT/\vc .
In order to validate our model we calculated SdH mas

by the procedure outlined above, but using linear LL as
put, i.e., assuming parabolic bands. We found that the res
ing masses were, at least up to two decimal places, the s
as those used for the calculation of the LL. This agreem
was totally independent of the used parameter set, as lon
the minima in rxx did not reach zero. Using semiellipti
broadening profiles instead of Gaussian profiles did not a
this agreement.

The effects of exchange on the splitting between spin
and -down LL’s were includeda posteriori. We used a sim-
plified version of the model proposed by Ando and Uemur3

which was derived for, and successfully applied to, elect
systems.4–6 The exchange energy of a Landau levelN is
written as

EEx
N 5EEx

0 ~n↑
N2n↓

N!, ~4!

where EEx
0 is only dependent on the magnetic field,5,6 EEx

0

5EEx
1 TB1/2. EEx

1 T is used as a free parameter andn↑
N and n↓

N

are the relative occupations of the two spin states of theNth
Landau level. For hole LL’s the question remains as to wh
N’s should be assigned to the various hole Landau lev
The only consistent way to do this is by assigning the low
spin-up and -down Landau levels~21 and212 in Fig. 3! to
the up and down states of theN50 Landau level, and by
assigning subsequent up and down hole LL’s toN
51,2, . . . .

Several objections can be made against the applicatio
Eq. ~4! to a 2D hole gas. Bobbertet al.17 have shown that the
change from a spin doublet (s561/2) for electrons to a spin
quadruplet~mJ563/2, 61/2! for holes strongly affects the
exchange interaction. Furthermore, in the derivation of
~4! pure spin states were assumed. Due to the strong b
mixing, spin is a poorly defined quantity in hole system
Since there seems to be no theory on exchange in
Landau-level regime that includes these features, we will
Eq. ~4! as an educated guess. In the next paragraph we
show that most experimental features can be explained q
tatively within the model outlined above.

Finally, it should be pointed out that the Fermi energy a
the EEx

N are mutually dependent, and therefore form a s
consistency problem that is solved by iteration.
or
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IV. NUMERICAL RESULTS AND DISCUSSION

The model outlined in the previous paragraph has b
used to simulate the Shubnikov–de Haas spectrum of Fig
The results for the quantum well are plotted in Fig. 4. T
Landau levels that are displayed in Fig. 3 are used as in
for the simulations; other parameters used are given in Ta
I. It turned out to be impossible to simulate both the hig
and low-field regions of the experiment without includin
exchange interactions, see the upper two curves of Fig
When we use the density from the high-field SdH period
ity, 9.5531015 m22, the low-field oscillations are exactly ou
of phase with the experiment. Using the low-field densi
9.031015 m22, solves this deviation but introduces large d
viations in the high-field regime. Only when we include e
change interactions in our model and use the high-field d
sity, satisfying agreement with the experiment can
obtained in the whole magnetic-field range. It should
pointed out that when the low-field density is used in t
simulations with exchange, the agreement with the exp
mental curve is very poor. From a comparison of the cur
with p59.5531015 m22 with and without exchange~middle
two curves of Fig. 4! we can conclude that the low-fiel
resistance minima occur at even instead of odd filling fact
due to an exchange-driven rearrangement of Landau lev
This implies that exchange interactions are important at m
netic fields as low as 2 T. Furthermore, we observe that
exchange indeed enhances the spin splitting atn55, in
agreement with our interpretation of the activation measu
ments in Fig. 2~a!. At n58 our simplified model fails in

FIG. 4. Experimental and simulated Shubnikov–de Haas spe
of the single quantum well. The parameters used in the simula
are given in Table I.

TABLE I. Input parameters used in the calculations of Figs
and 5. The roman numbers and the symbols refer to the curve
Fig. 4 and the symbols in Fig. 5, respectively. For all calculatio
we tooke50.2, d5250 Å andGloc,↑/↓

1 T 51.5/1.5meV.

Parameter

Calculation

I II, 3 III, * 1

p @10115 m22# 9.0 9.55 9.55 9.55
GEx,↑/↓

1 T @meV# 0.28/0.28 0.25/0.25 0.55/0.55 0.28/0.2
EEx

1 T @meV# 0 0 0.35 0
warping yes yes yes no
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57 6633EXCHANGE INTERACTION IN p-TYPE . . .
giving a proper description of the experiments. The rea
for this is unclear at present.

If, as stated above, exchange is important in the lo
magnetic-field regime, this should also be observable in
temperature dependence of the Shubnikov–de Haas os
tions. In Fig. 5 we plotted experimental and calculated eff
tive masses versus magnetic field. Because of the nonli
nature of the hole Landau levels and the presence of
change interactions, the masses plotted in the figure sh
only be regarded as a measure of the temperature de
dence of SdH oscillation amplitudes, i.e., as an indication
the splitting between the highest occupied and lowest un
cupied Landau level. As from the simulation of the raw lo
temperature SdH spectra, we can conclude from
effective-mass calculations that the single-particle mod
which neglects exchange effects, cannot explain the exp
mental observations. Once again it should be stated tha
calculated effective masses do not depend significantly
any model parameter exceptEEx

1 T. The good agreement be
tween the experimental masses and those of the model
culations without warping and exchange~1! is due to a can-
cellation of errors: When the band warping is included in
calculation of the hole Landau levels, an extra, repulsive
teraction between the highest occupied~HO! and lowest oc-
cupied ~LO! states is included.14,16 This results in a ‘‘com-
pression’’ of the HO Landau fan, which can be expressed
terms of an increased effective mass~3!. This demonstrates
that the inclusion of band warping in hole Landau-level c
culations is not only essential for reproducing resista
minima in SdH experiments,15 but also for the determination
of single-particle masses. When exchange interactions
included in the calculations, spin-up and -down splittings
the Fermi level are increased. The thereby enhanced spli
between the highest occupied and lowest unoccupied Lan
level is observed as a decrease of the effective mass~* !. For
this reason we believe that the effective mass that is
tracted from Shubnikov–de Haas measurements is ra
meaningless. It should be mentioned that the calculated

FIG. 5. Experimental~solid circles! and calculated effective
masses vs magnetic field. The parameters used are the same
the simulations of Fig. 4~where appropriate! and are given in Table
I, in which also the meaning of the other symbols is given. T
effective masses plotted in this figure should only be regarded
measure of the temperature dependence of the SdH oscillation
plitude; see text.
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mass is usually very different from the calculated cyclotr
mass, mcycl* 5\eB/(EN↑,↓2EN21↑,↓), even when the ex-
change interaction is neglected in the former calculation.

A further confirmation of our interpretation of the prese
experiments can be obtained from the calculated thermal
tivation of resistance minima in the high- and intermedia
field regimes. In the discussion of Fig. 2~a! the nonlinear
activation of then55 minimum was taken as an indicatio
for an exchange-driven enhancement of a spin splitting. O
simulations reproduce the observed behavior qualitativ
The n54 and 6 minima exhibit linear activated behavio
whereas then55 minimum indeed shows a pronounced qu
dratic activation, see Fig. 6~a!. To produce a good local fi
aroundn55, including the broad plateau of zero resistan
at 60 mK, we usedGext,↑

1 T ,Gext,↓
1 T 50.25 meV instead of 0.55

meV that gives the best overall simulation, and that theref
is used in the simulations of Figs. 4 and 5. It should
pointed out that also an increase of the exchange param
EEx

1 T can be used to reproduce the zero-resistance plateau
also in this case a quadratic temperature dependenc
found. Since neitherEEx

1 T nor Gext,↑
1 T andGext,↓

1 T have a quanti-
tative meaning in our model, and only the qualitative resu
of our model are important, this freedom in parameter cho
is not troublesome.

In Sec. II the activation of resistance minima in th
intermediate-field regime of the quantum-well SdH spectr
are discussed, and the claim was made that the extrem
nonlinear activation of then514 and 16 minima@see Fig.
2~b!# is related to effects of exchange-enhanced spin sp
ting. In Fig. 6~b! the activation behavior of various minim
in the same magnetic-field regime of calculated SdH spe
are shown. The same parameters have been used as i
calculation of curves II and III in Fig. 4. Note that for th
calculation without exchange resistance minima occur at
filling factors, in contrast to the calculation with exchan
and the experiment. Apart from this, additional support
our claim can be extracted from a comparison of Fig. 6~b!
with Fig. 2~b!. It is clear that the saturation at low temper
tures of the experimental SdH resistance minima atn514
and 16 is qualitatively far better reproduced by the mo
calculations that include exchange. As in the intermedia
field regime no mobility gaps are present; the observed a
vation behavior is far more complicated than the simple 1T
or 1/T2 that is found in the high-field regime. We found th
at the lowest temperatures, the observed~lack of! tempera-
ture dependence predominantly reflects the shape and w
of the tails of the LL density of states. The essential para
eter determining thisT dependence is thereforeGExt

1 T. In the
calculations with and without exchangeGExt

1 T equals 0.55 and
0.25 meV, respectively, giving rise to the lesser temperat
dependence at low temperatures in the former case. The
portance of exchange interaction lies in the fact that it
hances the Landau-level splitting at the Fermi level so t
resistance oscillations are still observable, notwithstand
the fact that the Landau-level broadening is larger than
splitting in the single-particle calculation; see Fig. 3.

There are two last questions that we want to address w
respect to these simulations. The first concerns the magn
field in which exchange effects become important. Our o
servations indicate that rearrangement of Landau levels
to exchange interactions is essential for a proper descrip
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FIG. 6. ~a! Calculated thermal activation of the conduction miniman54, 5, and 6 of the quantum well, including exchange. As in F
2~a!, then55 minimum shows a quadratic activated behavior, indicative of exchange enhanced spin splitting.~b! Calculated activation of
resistance minima in the intermediate-magnetic-field regime. The density in the quantum well is taken to be 9.5531015 m22. The solid
squares~circles! correspond to calculations without~with! exchange. The parameters used are the same as for the middle two curves
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of the transport experiments onp-type heterostructures atall
magnetic fields. This is in marked contrast with the situat
for n-type heterostructures, for which exchange effects
come only significant at much higher magnetic fields.5 The
reason for this contrast is that the hole spin splitting is
only due to the Zeeman effect, but also due to the differ
interactions with other bands for up and down hole levels.
a result, the total spin splitting at the Fermi level is alrea
much larger than the Landau-level splitting for magne
fields as low as 1 T, as can be seen in Fig. 3.

The second question concerns the universality of our
sults. In the above we have shown that for one particu
GaAs/AlxGa12xAs QW exchange dominates the SdH res
tance and the effective masses derived from its tempera
dependence. It is, however, well known that, qualitative
the dispersion relations and Landau levels of m
GaAs/AlxGa12xAs heterostructures are the same. This a
holds for the valence bands of most III/V-based heterostr
tures, in the sense that the holeg factor and the interaction
with other hole subbands lead to a much stronger spin s
ting than in the corresponding electron bands. Conseque
it is very likely that the exchange interaction is important
magnetotransport experiments on these structures. We
that one should therefore be extremely careful in us
temperature-dependent SdH measurements as a tool to o
the single-particle hole mass.

V. CONCLUSIONS

We have performed magnetotransport measurements
p-type quantum well. From the thermal activation behav
of Shubnikov–de Haas conduction minima we conclud
that exchange enhancement of spin splittings can be im
tant at both odd andevenfilling factors. Numerical simula-
tions of Shubnikov–de Haas spectra, based on realistic L
n
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dau levels and a simplified model for the exchan
interaction confirmed these observations. Furthermore, si
lations showed that exchange interactions lead to a dra
rearrangement of hole Landau levels around the Fermi le
at all magnetic fields, which is reflected in the observ
Shubnikov–de Haas spectra. This conclusion is strengthe
by the observed temperature dependence of
Shubnikov–de Haas oscillation amplitude in the lo
magnetic-field regime. We found that the observed beha
cannot be described within the single-particle model
which the Landau levels are calculated. Inclusion of e
change effects in the model did greatly improve the agr
ment of the calculations with the experimental data. Th
findings, in combination with the extremely nonlinear natu
of hole Landau levels, lead us to the conclusion that h
effective masses, deduced from temperature-dependent
measurements, should be treated with extreme care and
can be regarded as totally meaningless.

Although the simplified model that we applied to take t
effects of exchange on the hole Landau levels into acco
seems to give a qualitatively correct description of our e
perimental findings, a more extensive theoretical mo
could greatly improve on the understanding of many-bo
effects inp-type heterostructures.
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