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Abstract

Continuum approaches are reviewed whick can properly model localised defor-
mations that act as a precursor to final fracture in quasi-brittle materials. Next,
one such higher-order damaging continuum model is combined with a stochastic
approach to describe the heterogeneity in quasi-brittle materials. _
Keywords: Higher-order continua, softening, localisation, finite element analysis,

random fields.

1 Introduction

Failure in quasi-brittle and frictional materials involves localisation of deforma-
tion, i.e., we observe that at incipient failure small zones of highly strained ma-
terial develop abruptly while the remainder of the body experiences virtually no
additional straining. Examples are cracks in concrete, shear bands in soils and
rock faults. Experiments show that these localisation phenomenona are accom-
panied by a sharp decrease of the load-carrying capacity. This phenomenor is
commonly named strain softening and leads to ill-posed beundary value prob-
lems in standard continuum theories, since in quasi-static problems ellipticity of
the governing set of differential equations is lost and in dynamic problems hyper-
bolicity is lost. In numerical simulations this leads to an extreme mesh sensitivity
in terms of fineness and direction of the grid lines. To remedy this improper be-
haviour the standard continuum model must be enriched by adding higher-order
terms, either spatially or in the time domain. These techniques are commeonly
referred fo as regularisation methods.

In this contribution we shall scrutinise the possibilities of using enriched conti-
nuum theories {non-local and gradient theoties) to remedy this deficiency of the
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standard continuum. For dynamic problems the possibility of adding viscosity
to the constitutive model will also be investigated. Finite element analyses are
presented to illustrate some of the approaches. '

Another important property of these materials is the inherent heterogerieity
at a relatively large scale. This heterogeneity may imply that the exact failure
mode can be highly dependent upon the precise flaw distribution. To model this
inhomogeneity stochastic material properties must be assumed in numerical sim-
ulations. However, the use of a stochastic approach does not resolve the above
mentioned issue of the change of character of the governing differential equations
during progressive damage. A simulation technique that describes the true failure
process properly within the framework of continuum mechanics must incorporate
both a regularisation of the standard continuum during progressive damage and
a stochastic strength distribution. This statement will be substantiated in this
contribution. To do so we will present finite element analyses of direct tension
tests with a local damage model and with a nonlocal damage model. In both
cases deterministic as well as stochastic calculations using a Monte Carzlo tech-
nique will be presented for two different levels of discretisation. The randomness
in the damage process will be introduced by considering the initial damage as a
univariate homogeneous random field, describing the continuous spatial distribu-
tion and the autocorrelation. The relation between the relative variation of the
correlation distance and the internal length scale of the nonlocal continugm will
also be discussed.

2 Cracking, damage and localisation of deformation

A major problem when using a standard, rate-independent continuum for mod-
elling degradation processes such as smeared cracking is that beyond a certain
level of damage accumulation the governing set of partial differential equations
changes type. In the static case the elliptic character of the set of partial differ-
ential equations is lost, while, on the other hand, in the dynamic case we observe
a change of a hyperbolic set into an elliptic set. In both cases the rate bound-
ary value problem becomes ill-posed and numerical solutions suffer from spurious
mesh sensitivity. ) .

The inadequacy of the standard, rate-independent continuum to model failure
zones correctly is due to the fact that force-displacement relations measured in
testing devices are simply mapped onto stress-strain curves by dividing the force
and the elongation by the original load-carrying area and the original length of
the specimen, respectively. This is done without taking into account the changes
in the micro-structure that occur when the material is so heavily damaged as
in fracture processes. Therefore, the mathematical description ceases to be a
meaningful representation of the physical reality.

To solve this problem one must either introduce additional terms in the conti-
nuum description which reflect the changes in the micro-structure that occur
during fracture, or one must take into account the viscosity of the material, In
both cases the effect is that the governing equations do not change type during the
damage evolution process and that physically meaningful solutions are obtained
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for the entire loading range (regularisation procedures). It is emphasised that
although concrete can be regarded as a disordered material, the introduction of
stochastic distributions of defects does not replace the need for the introduction
of regularisation procedures. For a proper description of failure in concrete both
enhancements are necessary: enrichment of the continuurm by higher-order terms,
either in space or in time, and the introduction of the occurrence of material flaws
as a stochastic quantity. .

2.1 The standard continuum for localised failure computations

The essential deficiency of the standard continuum model can be demonstrated
simnply by the example of a simple bar loaded in uniaxial tension [1]. Let the bar
be divided into m elements. Now suppose that one element has a tensile sirength
that is marginally below that of the other m — 1 elements. Upon reaching the
tensile strength of this element failure will occur. In the other, neighbouring
elements the tensile strength is not exceeded and they will unload elastically.
The result in terms of the displacement of the end of the bar is fully dominated
by the discretisation, and convergence to a ‘true’ post-peak failure curve does
not seem to occur. In fact, it does occur, as the failure mechanism in a standard
continuum is & line crack with zero thickness. The finite element solution of our
continuum rate boundary value problem simply tries to capture this line crack,
which results in localisation in one element, irrespective of the width of this
element. The result on the load-average strain curve is obvious: for an infinite
number of elements (s — co) the post-peak curve doubles back on the original
loading curve. Numerous numerical examples for all sorts of materials exist which
further illustrate the above argument. From a physical point of view the above
behaviour is unacceptable and when we adhere to continuum descriptions one
must enrich the continuum by adding higher-order terms, either in space or in
time, which can accommeodate narrow zones of highly localised deformations.

2.2 The fracture-energy ‘trick’

As an’intermediate solution between using the standard continuum model and
adding higher-order terms a number of authors [2-4] have proposed to regard
the area under the softening curve as a material parameter, namely the fracture
energy Gy :

Gy = /adu: /crs(s)ds n

Assuming a constant softening modulus k and adopting a constant strain distri-
bution over the band, we now obtain that

WL _ 1,26
¢ ELf @)

which shows that the solution in the post-peak regime is now only depehden_t
upon the Young’s modulus E, the fracture energy Gy, the tensile strength f,
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Figure 1: Numerical model of Split-Hopkinson bar

Fi__gure 2: Displacements of concrete specimen (¢t = 0.50 : 1072 5)

and the length of the bar L. When we prescribe the fracture energy Gy as an
additional material parameter the global load-displacement response can become
insensitive to the discretisation. However, locally nothing has altered and local-
isation still takes place in one row of elements. This is logical, since the loss
of ellipticity occurs at a local level, even though the energy that is dissipa,ted
remains constant by adapting the softening modulus to the element size. For
numerical simulations this implies for instance that severe convergence problems
are usually encountered if the mesh is refined or if in addition to matrix failure
interface debonding between matrix and fibres is modelled by inserting interface
elements in the numerical model. Also, the frequently reported observation still
holds that the localisation zones are biased by the discretisation and tend to prop-
agate along the mesh lines. This can be nicely demonstrated with the example
of impact loading a concrete specimen in a Split-Hopkinson device, Fig. 1 [3].

The results for the deformed specimen at failure are shown in Fig. 2 for three
different discretisations in the region between the notches. We observe a clear
spurious localisation pattern with the localisation concentrated in a single band
of elements which generally follows the mesh lines and occasionally jumps from
one row to the next and back without any physical motivation.
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Figure 4: Axial strain profile in the notched area at t=10.45-10"%s.

2.3 . Rate-dependent continuum models

From a physical peint of view the introduction of rate dependence is perhaps the
most natural way to regularise ill-posed initial value problems which arise because
of the introduction of damage or frictional effects. Here we adopt a simple, linear
rate-dependent smeared crack model as developed by Sluys [5]. In it the major
principal stress degrades according to '
+
o= fo+he+ m%%-, (3)
with ¢! the inelastic strain, & the softening modulus and m a rate-sensitivity
parameter,
Using the rate-dependent smeared crack model as defined in Eq. 3 the exper-
iment of a concrete specimen under impact loading in a Split-Hopkinson bar {cf.
Figs 1 and 2) has been reanalysed. The incremental displacement patterns are
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shown in Fig. 3. The most striking difference with the displacement pattern of
Fig. 2 is that localisation now does not proceed along the element lines and is no
longer confined to the rows of elements between the notches. This is even more
obvious when the strains in the vertical direction are plotted (z,,) as has been
done in Fig. 4. We observe a clear branching of the cracks.

2.4 Non-standard conf_.inuuin models

The deficiency of the standard continuum model with regard to properly describ-
ing strain localisation can also be overcome by introducing higher-order terms
in the continuum description, which are thought to reflect the microstructural
changes that take place at a level below the continuum level. Exariiples of such
changes are void formation in metals and crack bridging phenomena in'the con-
text of concretes [6). Essentially, one then departs from the concept of a ‘simple’
solid which has been the starting point for virtually all modern developments
in continuum mechanics. A number of suggestions have been put forward for
non-standard continuum descriptions that are capable of properly incorporating
failure zones. These include the non-local models [7,8], the use of the Cosserat
continuum [9-11] and the gradient models f11-16]. _

Non-local models can either be introduced in a plasticity-based formalism or
in a damage-based format. The latter approach has gained most popularity. In
fact, it has been shown in [17} that non-local plasticity models are extremely diffi-
cult to implement properly. Non-local damage theory follows standard elasticity-
based damage mechanics in that it introduces an internal variable, the damage
parameter w , which accounts for degradation of the elastic stiffness matrix D:

o=(1-w)D% (4)

In this isotropic elasticity-based damage theory the damage variable w grows from
zero to one (complete loss of integrity). Damage growth is possible if the damage
loading function

fEr)=8—¢« (5)

vanishes. In particular, the damage loading function f and the rate of damage
- growth & have to satisfy the discrete Kuhn-Tucker conditions

f50, w>0, fo=o. (6)

In (5} & is the equivalent strain, which can be a function of the strain invariants,
the principal strains as in Mazars [18,19]:

0

with ¢; the principal strains, and {&;) = ¢; if &; > 0 and {€:) = 0 otherwise, or
the local energy release due to damage. The parameter & starts at a damage
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threshold level g and is updated by the requirement that during damage growth
f = 0. Damage growth occurs according to an evelution law F (£) such that

w=F) ®)

The salient depa.rture from the local damage theory occurs when the local damage
parameter w in the above identities is replaced by an averaged or non-local value
w , such that

5(e) = 5 [ oo+ nate), V= [ gtriav ©

with 7 the separation vector between the points « and @ + T , and g an attenu-
ating weighting function, e.g., the errer function

9(7) = exp (| [*/21%) (10)

in which the non-local parameter [ has the role of an internal length scale.

Non-local damage theory suffers from the drawback that the issue of addi-
tional boundary conditions for this higher-order continuum is still not completely
settled, thus rendering the theory incomplete. Also, they seem less amenable to
an efﬁc1ent implementation, thus making large-scale computations less feasible.
It is for these reasons that gradient models, in which the higher-order gradients
of internal parameters are considered instead of averaging one of more internal
parameters, are here considered as a serious alternative for non-local approaches.

Below we shall restrict ourselves to a brief discussion and an example of a
gradient-enhanced Rankine flow plasticity theory [20-22]. The essential feature
of gradient plasticity theory is that the yield function f not only depends upon
the stress & and an equivalent inelastic strain measure 4* , but that there is also
a dependence upon gradients of 4%, e.g., the Laplacian:

f= f(o'a 751 v2,71') ) (11)

If we denote by &y the major principal stress and by 7 the instantaneous tensile
strength, then

f=o1—7F ('7{1 Vz’)‘i) (12)

N : 100

L

Fil 10F/11 -~
20, 180 20[20, 180 20

i 440

Figure 5: Loading configuration and discretisation of SEN beam
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Figure 6: Contour plots of equivalent fracture strain at the final load level for
[=2 mm (left) and /=3 mm (right)

When it is further assumed that the dependence upon the gradient term is linear—
the simplest possible case—then Eq. (12) reduces to

f=o1—7{y) —eViy (13)

In the example calculations that will be presented below € has been taken propor-
tional to the rate of softening: & = 1287/8+'. The material parameter { has the
dimension of length and represents the gradient influence. For I = () the standard
Rankine flow theory is recovered.

The gradient-dependent Rankine plasticity model has been apphed to mixed-
mode crack propagation in a Single-Edge Notched plain concrete beam (Iosipescu
geometry). The experimental resuls are from Schlangen [23]. The loading config-
uration including some aspects of the numerical discretisation is shown in Fig. 5.
The loading plates have been included in the discretisation and have also been
modelled with reduced integrated eight-noded quadrilaterals, but with a higher
stiffness. Details of the employed mixed finite element formulation are given in
[21,22].

The material data for the concrete, determined as the average experimental
values are: Young’s modulus E = 35 GPa, Poisson’s ratio v = 0.2, the tensile
strenth f; = 3.0 MPa and fracture energy Gy = 0.1 N/mm. For this value of
the fracture energy two different length scales ! have been considered, namely
[ = 3 mm and subsequently { = 2 mm. The differences with respect to the width
of the fracture process zone are shown in the contour plots of the equivalent
fracture strain of Fig. 6. Provided that the fracture energy is kept constant a
variation of the internal length parameter ! does, however, not affect the load-
CMSD diagrams shown in Fig. 7, neither does the discretisation influence the
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Figure 7: Computed and experimentally obtained load-CMSD diagrams

results for this level of mesh refinement. Since the computed load-CMSD diagram
is too brittle compared with the experiment another analysis with a higher value
of the fracture energy (0.2 N/mm) has also been conducted, Fig. 7.

3 Stochastic methods and damage evolution

A fundamental question regarding application of random fields to localisation
phenomena is whether a statistical description of the standard continuum re-
solves the ill-posedness that arises after the onset of localisation. This question
becomes imperative especially if we consider that the description of a heteroge-
nous continuum by correlated random variables introduces a length parameter in
the form of the correlation length # analogous to the introduction of an internal
length scale  in non-standard continua. The correlation length # is a measure for
the tate of fluctuations of the random field and may significantly influence the
damage process and global response of the structure. The example of a tensile
specimen with random initial damage is well suited to study this fundamental is-
sue. We assume that the initial damage threshold is randomly distributed over the
solid and can be represented by a non-Gaussian correlated random field. For the
non-Gaussian field a three-parameter Weibull distribution function is assumed:

FKo) = M (Ko — KJ™)* ™ exp [\ (Ko — K7™} (14)

with X, g the Weibull-parameters and K7™ the lower bound of the initial damage
threshold. The material parameters are taken from Carmeliet [24] and have
been assigned the following values: A = 6.56 - 10%, g = 1.6, K™ = 0.66 -

10~*. An inverse fitting procedure, comparing the numerical responses to the
experimental distribution of tensile strength and energy dissipation, was used for
the proper identification of the material parameters [24]. The field is assumed to
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be homogeneous and isotropic, which implies that the autocorrelation coefficient
function can be expressed in terms of the separation vector T between the points
2 and @ + v . The autocorrelation coefficient function is assumed to be of the
same form as the weight function of the nonlocal damage model:

p(7) = exp (=|7[*/2%) (15)

with d a parameter. In case of a squared exponential function as in Eq. (15),
d is related to the correlation length 8 by d = 8/+/2. The correlation length 4
is defined here as the length over which the autocorrelation coefficient function
drops to a small value, say e™. _ _ _

For finite element analysis involving random field properties, it is necessary
to discretise the continuous random field into random vector representations.
This discretisation involves the division of the structure into several stochastic
elements and the representation of the stochastic field within the elements by
random variables. In this paper, we will use the midpoint method [25]. To
accurately describe the random field, the size of the stochastic element is taken
less than one half of the correlation length §. A sample tensile specimen with
initial damage is generated following a cutting procedure. Firstly a sample of
200200 mm? with random initial damage is digitally generated according to the
method of Yamazaki and Shinozuka {26]. Out of this sample a tensile specimen
with dimensions of 100 x 25 mm? is cut at a random position. This cutting
procedure obviates the problem of defining statistical boundary conditions or
considering boundary layer effects. In the reference simulations the correlation
parameter has been assigned the value d = 5 mm or, equivalently, a correlation
length # = 7 mm. For the finite element discretisation two different meshes have
been used: 8x32 and 16x64 elements. During the discretisation process, the size
of the stochastic clement is not changed. This means that a stochastic element is

1.0
Nonlocal
—0.5 —
— 32x8
— 64x16
0.0
I I : i [ I
0 0.01 0.02 0 0.01 0.02
energy dissipation [N/mm] energy dissipation [N/mm]

Figure 8: Cumulative distribution of the energy dissipation during failure. Left:
local damage model. Right: non-local damage model.
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energy digsipation {N/mm]
Figure 9: Cumulative distribution of the energy dissipation during failure for the
non-local continuum:. Influence of the original length scale I vs the correlation
parameter 4.

either a block of one or of four finite elements with identical random properties.
Furthermore, we assume a constant linear softening diagram with a softening
modulus k = —0.1F and an elastic modulus E' = 20000 MPa.

The differences between the local and nonlocal stochastic models become most
clear when comparing the total energy dissipation during damage for the two dif-
ferent finite element discretisations. Fig. 8 shows the cumulative distributions
calculated from the responses of 100 samples using the Monte Carlo technique.
The results for the local damage model, obtained for a less steep softening branch,
h = ~0.01E, are clearly mesh dependent: a decreasing emergy dissipation is
observed upon mesh refinement. On the contrary, the results for the nonlocal
stochastic model show a perfect agreement for both discretisations. These obser-
vations correspond fully with the findings for deterministic models.

So far, we have shown that a stochastic continuum déscription of damage lo-
calisation must include a regularisation technique to prevent loss of well-posedness
of the rate boundary value problem. A major problem now lies in combining the
two different length parameters introduced in a physically realistic manner: the
internal length scale { of the nonlocal continuum and the correlation length @ of
the random field. Both length parameters result from the transition of a micro-
level to a macro continuum level. While the internal length { depends merely on
the typical size of defects (or aggregates), the correlation length ¢ depends on
the size as well on the frequency, i.e. the distance between successive defects.
This important issue will be illustrated by means of an example. Fig. 9 compares
the cumulative distribution of the energy dissipation for various values of the
internal length scale of the nonlocal model (! = 5 mm and [ = 2.5 mm) and of
the correlation parameter (d = 5 mm and d = 16 mm). Otherwise the standard
material data have been used. The figure suggests that variations of [ have a
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Iarger influence on the cumnlative distribution of the energy dissipation than the
correlation length 6.

4 Some reflections on future work

In this contribution current developments have been reviewed for modelling lo-
calisation and fracture via continuum methods. Various promising approaches
exist, but there is no such a thing like a panacea which cures the shortcomings
of standard, rate-independent continua upon the introduction of strain softening
and/or non-symimetry in the constitutive rate equations.

In the authors’ opinion the most pressing issues that require further attention
for failure computations are:

» The proper determination of the additional model parameters that emerge
in the higher-order and rate-dependent continuum models when compared
to the classical approach. Especially in higher-order continua this prob-
lem is not solved easily, since the additional parameters are not directly
derivable from elementary tests such as uniaxial or triaxial tension or com-
pression tests. Even if one would be able to carry out a test on a perfect
specimen, so that homogeneous deformations would occur throughout the
entire loading programme, these parameters could not be measured be-
cause for homogeneous deformations there is no effect of the higher-order
continunm models. Therefore, one must proceed in a semi-inverse manner,
whereby the experlmental results of different types of tests are fitted in the
post-peak regime.

o The steep strain gradients that occur in higher-order and rate-dependent
continua during failure require that very fine meshes are used to capture the
failure mode properly. If such analyses are to be carried out on nowadays’
or even tomorrow’s computers, then the use of adaptive mesh refinement
techniques or spectral overlay methods is a conditio sine qua non. A prob-
lem is the development of proper criteria for mesh refinement in inelastic,
non-standard continua. Althcugh necessary this will probably not prove an
easy task.

e The combination of stochastic methods with higher-order continuum modeIs
for frictional and damaging materials.
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