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PERTURBATION AND APPROXIMATION PROPERTIES
FOR ABSTRACT EVOLUTION EQUATIONS
OF FRACTIONAL ORDER

Emilia Bazhlekova

Abstract

We investigate the abstract evolution equation of fractional order

D% = Au, a > 0,

where D is the Caputo fractional derivative of order & and A is an unbounded
closed operator in a Banach space X. Some perturbation properties are presented.
Using a numerical approximation of D by fractional differences, a representation
formula for the solution operator S, is obtained and applied for studying of the
convergence of the corresponding numerical method. The results generalize known
facts about Cp-semigroups and cosine operator functions.

Mathematics Subject Classification: 26A33, 47D06, 47D09.
Key Words and Phrases: fractional calculus, Cp-semigroup, cosine operator
function, Mittag-Leffler function

1. Introduction

Consider a linear closed operator A densely defined in a Banach space X. Let
a > 0 and n € N. Given z € X, we investigate the following Cauchy problem:

Dfu(t) = Au(t), t>0, n—1<a<n,
(1.1)
u(0) ==z, u®(0)=0, k=1,2,....,n— 1.

Here D¢ is the Caputo fractional derivative of order a:
Dfu(t) =J " Diu(t), n—1< a < n, (1.2)
where D} = (%)n and Jtﬁ is the Riemann-Liouville fractional integral:

JPu(t) = ﬁ/gt(t — ) u(s)ds, B> 0; JPu(t) = u(t). (1.3)

The connection between D¢ and the Riemann-Liouville fractional derivative

Dyu(t) =Dy J %u(t), n—1<a<n, (1.4)



is given by
n—1 . tk
Dou(t) = DY (u(t) - kz ul )(O)H) ,n—1<a<n. (1.5)
=0

For more details on fractional calculus and applications see [6] and [9]. For results
on the abstract problem (1.1) (also with nonzero initial conditions) see [1], [2], [5]
and references there.

Section 2. contains preliminaries. In Section 3. we study perturbation prop-
erties of problem (1.1). In Section 4. we derive a representation formula for
the solution operator S, (t; A), in terms of the resolvent of its generator A. The
starting point is a numerical approximation of D¢ by fractional differences. The
convergence rate of the formula when « > 1 is estimated. The results generalize
some facts concerning Cy-semigroups and cosine operator functions (COF) and
also exhibit some new features.

2. Preliminaries

Throughout this paper D(A) is the domain, p(A) is the resolvent set, R(A, A) =
(Al — A)~1 is the resolvent operator of A; B(X) is the space of all bounded oper-
ators from X into itself; 2% denotes the principal branch of z in C cut along the
negative real axis.

DEerFINITION 2.1. A family {5, (t; A) }+>0 C B(X) is called a solution operator
for (1.1), if the following conditions are satisfied:

a) S, (t; A) is strongly continuous for ¢ > 0 and 5,(0; A) = I;

b) So(t; A)D(A) C D(A) and AS,(t; A)z = S, (t; A) Az for all 2 € D(A);

¢) Su(t; A)z is a solution of (1.1) for all € D(A), ¢t > 0.

DEFINITION 2.2.  The solution operator S,(t; A) is called exponentially
bounded, if there are constants M > 1 and w > 0 such that

1St A)l| < Me, & > 0. (2.1)

An operator A is said to belong to C%(M,w), if the problem (1.1) has a solution
operator S, (t; A) satisfying (2.1). Denote C* = J{C*(M,w); M > 1,w > 0}.

Let us note that if A € C*(M,w) and A € C such that ReA > w then A®
belongs to the resolvent set p(A) of A, R(A%, A) is analytic in A and

AR Ay = / eS8, (s)rds, © € X, (2.2)
0
(see e.g. [2, eqs (2.2), (2.3)]).
A characterization of C* is given in the following generation theorem, a par-
ticular case of [13, Theorem 1.3].



THEOREM 2.1. A € C¥(M,w) iff (w*,00) C o(A) and
(AR, A < Mn!(A — w)~"D | X > o, n e No. (2.3)

It is known (see [2, Theorem 2.1]) that if @ > 2, then A € C* iff A € B(X).
That is why we consider only o € (0,2]. In general, it is difficult to prove that
A € C® verifying conditions (2.2) directly. Therefore it is useful to develop a
perturbation theory for problem (1.1).

In this direction, the following subordination principle [2] could be also helpful.

THEOREM 2.2. Let0 < a < <2,y =a/f. If A€ CP then A €C?, S, (t; A)
is analytic in {t € C\{0};|argt| < min{(1/y — 1)x/2,7/2}} and the following
representation holds

Sa(t; A)z = / or(5)98(s; A)xds, t>0, z€X, (2.4)
0
where ©1(s) =177y (st77), ©,(2) = 32720 %

3. Perturbation properties

A classical result (see [11] and [10]) is: if A is the generator of a Cy-semigroup
(COF) and B € B(X), then A+ B is again a generator of a Cp-semigroup (COF).
This is not true in general for solution operators of (1.1) with 0 < a < 1, as the
following example shows.

EXAMPLE 3.1. Let 0 < a < 1 be fixed. Assume X = [' - the Banach space of
all sequences z = {z,}72,, z, € C, with norm ||z|| = >_,2, |z, | < co. Let A, be
an operator defined by A,z = {exp(iar/2)nz,},L, with domain D(A4,) = {z €
252" nje,| < oo}. We are going to prove that A, € C%, but A, + I & C*.

Applying (A.2), it follows that if S, (¢; A) exists, it is given by the formula

So(t; A)z = {FEy(exp(ian/2)nt) e, ol .

Since arg(exp(iar/2)nt*) = ar/2 for t > 0, the asymptotic property of Mittag—
Leffler functions (A.3) implies |E,(exp(iam/2)nt®)| ~ 1/a, n — oo. Hence
1S (85 A)z|| < (1/a + &)||z|| for some £ > 0 and any « € I!, hence A, € C°.

Similarly,
Sa(t; Ao + Do = {E.((exp(ian/2)n+ 1)t ) a, }or .
Using again the asymptotic relation (A.3),
|Eq((exp(iar/2)n+1)t%)] ~ (1/a) exp(Re(exp(iar/2)n+1)"/t), n — oo, (3.1)

we shall show that, given ¢ > 0, there is no constant C' such that ||S, (¢; Ao +1)z|| <
C||z||- Indeed, let us use the representation



Re((exp(iam/2)n + 1)) = Re((r,, exp(i6,))/) = r/*cos(8, /a),  (3.2)

where
nsin(am/2)
1+ ncos(ar/2) "

rn = (n? 4+ 14 2ncos(ar/2))'/?, 9, = arctan (3.3)

Now we shall find the asymptotic behaviour of cos(f,/a) as n — oo. Using a
well-known school formula and (3.3) we obtain

_ tan(am/2) —tan®,  sin(ar/2) 1
tan{am/2 = bn) = 1 +tan(ar/2) tanf,  n+cos(ar/2) 0(5)7 e

that is 7/2 — 6, /a = O(1/n), n — oo. Hence cos(§,/a) = sin(r/2 — 0, /a) =
O(1/n), n — oco. Together with /= O(n'/*),n — 0o, we obtain

rif®cos(8,/a) = O(n/*™Y), n = .

Since 1/a—1 > 0, using (3.1) and (3.2), we have the desired result.

In contrast to the case @ € (0,1), in the case @ € (1,2) perturbations by
bounded operators are always possible. In the next theorem we prove this even
in the case of bounded time-dependent perturbations. For o = 2 an analogous
theorem is presented in [7].

THEOREM 3.1. Let o € (1,2), A € C*(M,w) and for every t € Ry B(t) €
B(X). If the function t — B(t) is continuous in the uniform operator topology
then for every @ € D(A) the Cauchy problem

Dy u(t) = (A+ B(t))u(t), t >0, (3.4)
u(0) =z, ' (0) =0, (3.5)
admits an uniquely determined solution u(t) given by the formula
W) = Sult: A4 Br = Y Sunlts Ao, (35)
n=0

where

Sao(t; A) = Sa(t; A);
1
Son(t: A) :/ Rult — 5: A)B(5)Su s (s: A)ds, n € N: (3.7)
0

Ru(t; A) = ﬁ/gt(t )25, (1 A) ds. (3.8)



Moreover, if KT = maxcpo,11||B(t)||, we have for all t € [0,T] the bounds

lu()]] < Me* Eq(MEqt®)||z]],

(3.9)
ut) = Sa(t; A)el < Me!(Ea(MEt) - 1)e]).
Proof. From (2.1) and (3.8) it follows
|Ralt; A)| < Me“'27 /T (a). (3.10)

Then, applying the identity fg(t—s)“_lsb_l ds = t**t*=1 B(a, b) to (3.7), we obtain
by induction

S (t; A)|| < MLt K149 /T (an +1), n € No. (3.11)

From these bounds it follows that the series representing S,(¢; A + B) in (3.6)
are uniformly convergent on compact subsets of Ry with respect to the operator
norm topology. Hence, S,(t; A+ B) is a strongly continuous function on Ry with
values in B(X). Furthermore, the bounds (3.9) follow directly from (3.11).

Next we prove that u(t) satisfies (3.4) and (3.5). Since 5,(0; A) = I, 5,,,(0; A)
=0,n€N,S],(0;4) =0, n € Ng, we have S,(0; A+ B) =1, 5,(0; A+ B) =0,
i.e. the initial conditions are satisfied. Applying (3.6) and (3.7), it follows

u(t) = So(t; A)x + i_o: /Ot R, (t — 53 A)B(5)San(s; A)x ds

— 5. (t; Az + /Ot Ru(t — s: A)B(s)u(s) ds, (3.12)

where the interchanging of the summation and integration is justified by the uni-
form convergence of the series. Integrodifferentiating (3.12), we obtain

D?u(t) = AS,(t; A)z + D2 /t Rao(t — s A)B(s)u(s) ds. (3.13)

Let for shortness, (f+g)(t) = [J f(t—s)g(s) ds. Then, setting h(t) = B(t)u(t) and
using (1.5), (1.4), (Ro*h)(0) = (Ro+h)'(0) = 0, the property JZ (fxg) = (JZ f)*g

and the semigroup property for operators of fractional integration, we obtain

D7 (Ra(t; A) % (1)) = D (Ra(t; A) + h(t)) = DEJE (J7 7 Sa(t; A) + h(t))

= D (S, (t; A) x h(t)) = (D} S4(t; A)) * h(t) + S, (0; A)h(1). (3.14)
Since 57, ,(0; A) = 0, n € Ny, it follows

DS, (t; A)x = J}!DIS, (t; A)x = JP~ I DS, (t A)e = JP ' DYS, (t A



= JPLS, (4 A) Az = R, (t; A) Az = AR, (t; A). (3.15)
Combining (3.13), (3.14) and (3.15) and using the closedness of A, we obtain that
u(t) satisfies (3.4).

To prove the uniqueness, let v : Ry — D(A) be a solution of (3.4) with
v(0) = v'(0) = 0. Then, using the property J?D¥u(t) = u(t) — u(0) — tu/(0)
we have v(t) = JZAv(t) + J B(t)v(t) and applying the variation of parameters
formula (see [13, Prop. 1.2]), v(t) satisfies the integral equation

t
v(t):/ Ru(t — s: A)B(s)u(s) ds.
0
Setting m; = max ¢ 4 ||v(s)|[, we see that for m; > 0
. . .
< Mlﬁtmt/ (t B S)a—lew(t—s) ds < Mtaewt
I'(a) Jo I'a+1)
if £ > 0 is chosen sufficiently small. Thus, v(¢) = 0 on [0, fo] with ¢ > 0. Iteration

of this argument leads to v(¢) =0 on R4. O
Next we present an additional perturbation result.

iy < My,

THEOREM 3.2. Leta € (0,2), A € C* and B be a linear operator with domain
D(B) satisfying D(B) D D(A). Assume that there exist constants w > 0, M > 1
such that (w®,00) C p(A); BR(A, A) is strongly infinitely differentiable when
A > w and satisfies

I(BR(A™, A))™z|| < Mn!||z]|/(A— )", 2€ X, A>w, ne€ Ny (3.16)
Then A+ B € C“.

P r oo f. The proof imitates the proof of an analogous theorem for COF (see
[14]). Here we take A>7'R(A?, A) instead of AR(A?, A) and use Theorem 2.1. O

We conclude this section with two open problems:

1) Let @ € (1,2). If A € C* does there exist w € R such that the solution
operator S, (t; A — wl) is uniformly bounded (||S,(t; A —wIl)|| <M, t>0)?

For av = 1 the existence of such a constant is trivial and it is of great help in
dealing with Cy-semigroups. For aw = 2 it is shown by an example (see [4]) that
the answer is negative. Applying the subordination principle (Theorem 2.2), we
can give an answer to the problem for noninteger « only in some particular cases.

2) Let a € (1,2). If Ay, Ay € C* and they commute, is it true that A; + Ay €
Cc*?

Again for o = 1 the answer is positive (see [15]) and for v = 2 — negative (see
[4]). Here we notice only a weaker property of 4; + A3, as follows.



ProposITION 3.1. Let a € (1,2), A1, Ay € C* and they commute. Then
Ay + Ay generates a semigroup analytic in A, = {t € C\{0};]argt| < (o —

1)7/2}.

Let us note that the analyticity of Si(¢; Ay + A2) in A, does not imply in
general A; + Ay € C (see [2, Example 3.2]).

P r o o f. According to Theorem 2.2, A; and A, generate Cy-semigroups
analytic in A, and given by the formulas

Si(t; Aj)a :/0 ©11/a(8)5 (L Aj)ads, j=1,2.

Since S, (t; Ar) and S, (¢; A2) commute for all £, s > 0, then Sy (¢; Aq) and Sy (¢; Aj)
commute for ¢,5 > 0. Hence (see [15]) A; + Ay € C! and Sy(t; Ay + Ay) =
S1(t; A1)S2(t; Ag) is a strongly continuous semigroup analytic in A,. O

4. Approximate solutions

The exponential representation for Cy-semigroups
t
Si(t; A)x = lim (I——=A)""z, z€ X, t >0, (4.1)
n—00 n

where the convergence is uniform in bounded t-intervals for each fixed z, is very
well known. This formula has important implication for the numerical approxima-
tion of the trajectories of Sq(t; A) especially for implicit approximation schemes.
Results in this direction for cosine operator functions are given e.g. in [16] and
[8].

First we recall why the exponential formula (4.1) is important for the numer-
ical approximation of Sy(¢; A). Usually, to find an approximation of the value of
the solution of the problem

Diu(t) = Au(t), u(0) = z, (4.2)

at a fixed time ¢ > 0 we divide the interval [0, {] into n equal parts and approximate
the derivative by a difference. If we take the two-point backward difference we
obtain the following implicit difference scheme

%[un(jh) Cun((G= )R] = Awn(Gh)s G =1, einy wn(0) =2, (4.3)

with A = t/n. The equations (4.3) can be solved explicitly and their solution
u, (t) given by u,(t) = (I — LA)™"a for n sufficiently large is an approximation
of the solution u(t) of (4.2). Then the exponential formula (4.1) implies that
up (t) — u(t), as n — oco. So, the solution of the difference scheme (4.3) converges



to the solution of the differential equation (4.2). Some estimates of the range of
convergence could be also done.

We generalize this classical result to the case of the fractional order problem
(1.1). Consider the numerical method for solving fractional differential equations
using the following approximation of D{, by the backward fractional difference

(see [12, Ch.7.8]):

N
DIf(r) % b7 3 (-1)" () flr —ih), (4.4)

where

(Of) :oe(oe—l)....(oe—iﬁ—l)? LeN

7 7!

Applying (1.5) to the solution wu(t) of (1.1) we obtain Dfu(t) = D (u(t) — z).
Then using (4.4) to approximate the equation in (1.1) and forward differences to
approximate the initial conditions in (1.1)

B (0) ~ b Xk:(—w (’j) w((k = i)h), k=0,1,....m—1,

we obtain the following difference scheme

1

e Z(—w (0‘) (un((j — 0)h) — ) = Aun(§h), j=m,m+1,...;  (4.5)

u,(jh) =2, j=0,1,...,m — 1, (4.6)
where h = t/n. It can be solved explicitly and the result is presented in the next

THEOREM 4.1. Let A € C*(M,w) and u,(t) be the approximation defined by
(4.5-6) to the solution wu(t) of (1.1). Then

n—m-1

U (t) = ; Z b8 gt (T = (t/0)*A) " 2, @ € X, (4.7)

(n—m)!

where b7~ are given by the reccurence relations
bil = 17 bz,n = (n —-1- ko‘)bz,n—l + Oé(k - 1) z—l,n—h 1 S k S n, n—= 2737 R

=0 k>n n=12 .. (4.8)

and u,(t) converges to u(t) as n — oo uniformly on bounded subsets of t > 0.
To prove this theorem we need two lemmas.



LEmMMA 4.1. Let o > 0. If A € C is such that R(A*, A) is infinitelly differen-
tiable then

n+1
(LR, 4) e = (1A Y g L CROS, AN, (4.9)
k=1

forn=0,1,... where b = are given by the reccurence relations (4.8).

LEmMA 4.2, Let f(-) : [0,00) — X be a continuous function such that
lf @) < Me“', t > 0, for some M > 1 and w > 0. Then for any integer
k> 0 we have

: nn—k-l—l ° n—k _—no
lim 7/ a" e f(t) — f(to)]do =0
0

nes (n— k)!

uniformly on bounded subsets of t > 0.
Lemma 4.1 follows by a simple inductive argument on n, Lemma 4.2 can be
proven by a method similar to that in [11, p.34], so we omit the proofs.

Proof. (of Theorem 4.1) The case t = 0 is trivial, applying ZZI% by ny1 = 1l
which can be obtained from (4.9) with A = 0. Consider ¢ > 0. Then, using (4.6)

and the identity
j )
if J-
g -1 L) = . )
i:O( ) ( 2) ( J )

(I—h*A)u, ((m+5)h) = ZJ:(—MH (j‘) un((m+j—i)h)+(j ; 0‘) x, j=0,1,...,
= (4.10)

(4.5) is equivalent to

(here we let 32, = 0).
If we choose n such that n/t > w and apply (2.2) then (I — h*A)~! =
h™R(h™", A) exists and we obtain from (4.10)

un ((m+ j)h) = Ko R(h™, A) [XJ:(—MH (0‘) wn ((m 4+ j — i)h) + (j - 0‘) x] .

=1 t J
(4.11)
Denote for shortness F'(A\) = A>"'R(A*, A). Next we shall prove by induction on
J that u,((m+ j)h) = v,(4,h), 7=0,1,..., where

(_1)1‘,\j+1F( )

vulj, h) = [ A j (/\)x] L i=0,1,.... (4.12)
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For j = 0 this is trivial. Suppose that w,((m + [)h) = v,({, h) is true for all
! <j—1. By (4.11) and the induction hypothesis it follows

JAl= -
un((m47)h) = | AF(A 1)+t Z ( ) A F(]_Z)(/\)w + (‘] . 04) x
—i)! J \
—1/h
(4.13)
Further, we use the identity
AFD () = (A F (M) Do + (—1)/ L jia-ito? («7 - 0‘) e =01 (414)

which can be easily proven by induction. (Note that AFW()) is a bounded
operator by (4.9) and the fact that AR(A, A) is bounded and it is sufficient
to prove (4.14) for 2 € D(A).) Applying the operator —R(A%, A) to both sides
of (4.14) and using that AR(AY, A)z = R(A*, A)Az = AF (N2 — 2z, 2 € D(A),
R(A?, A) = AL=2F()\), we obtain

PO = F(3) [_/\1—a(,\aF(/\))(J)x +AFD (A\)z + (~1)7j1x~ (j - a) x] .

(4.15)
With the aid of the Leibniz rule

AP = ZJ: (‘Z) afa—1) .. (a—i4+ AT FED ()

=0

and (4.15) can be written in the form

FON)z = (Aj}rl] AF (X [ ]HZ ( ) AT ; FUD (X + (j ; O‘) x]

(4.16)
Now (4.13) and (4.16) imply w, ((m+j)h) = v,(j, h). Taking j = n—m we obtain

[(—w-w-m“

(n—m)!

plr=m) (/\)x] : (4.17)
A=n/t

and this representation together with (4.9) implies (4.7).
Differentiating (2.2) n — m times with respect to A and inserting the result
into (4.17) we find

wn(t) = l Al

(n—m)!

/ s"TeTNS, (s A ds] . (4.18)
0 A=n/t
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Noting that A=+ [0 gn=me=As s = (n — m)!, it follows

() = up (£) = l% /Oo SN (S (1 AYe — Su(s; A)e)ds|  (4.19)
70 A=n/t

or, after the change of variables s = to

nn—m—l—l

w(t) = un(t) = /0 T o e (S (1 A)e — Saltos A)x) do. (4.20)

(n—m)!
It remains to apply Lemma 4.2 and the proof of Theorem 4.1 is completed. O

REMARK 4.1. A similar representation for w(t) has been obtained in [1,
Corollary 3.2], applying the Post-Widder inversion formula. In our notations it
can be written as u(t) = lim, o v,(n,t/n). In fact, (4.20) together with Lemma
4.2 shows that u(t) = lim, o v, (n — k,t/n) for any integer k£ > 0.

REMARK 4.2. Note that if 0 < a <1 then by, > 0. This fact can be applied
for studying the positivity properties of the solution operator.
Next we estimate the rate of convergence of representation (4.7) when o > 1.

THEOREM 4.2. Let o« > 1, A € C*(M,w) and © € D(A). If u,(t) is the
approximation defined by (4.5-6) to the solution u(t) of (1.1) then

[u(t) = ua(8)]] = O(n™'/2), (4.21)

uniformly on t in compacts of [0,00). If A € C(M,0) then the more precise
estimate

Ju(t) - ()] < Cuddn™"2|| Az, & € D(A), (1.2
holds, where C,, depends only on «.

Proof. Westart from (4.19). Let us find a bound for S, (t; A)z — S, (s; A)z.
Applying D}J to both sides of the equation in (1.1) and using the property

n—1 k
x x t
JEDE () = 1) = 30 [P0
k=0
we obtain
SH () = DHJPAS, (te = Dy J IR 1S, () Ax = JP 1S, (1) Az, (4.23)

Therefore S, (t; A)z — S, (s; A)z = [! R,(; A)Az dr with R, (t; A) defined as in
(3.8). Applying (3.10) it follows

IS0 (t; Az — S, (s; A)z|| < MD(a)~Ht — 5| mEaLX]Ta_leMHAxH =
TE[S,t

)
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_ a—1_wt .
M| Az (t—s)t* e, t>s;

Ia) (s —t)s*7lews, s> 1.

Inserting these bounds in (4.19) we get

[[u(t) = un ()] <

Ty (n = m)! (;) [/0 §PTM e — )1 et ds

/OO Sn—me—ns/t(s B t)soz—lews ds| =
t

M || Az||toe? [( 1) 1 ( L2t
T (o) (n — )] Y(n=m+1n) = —y(n—m+2n

nn—m—l—l e—wt

(n_wt)n_m_l_a_l_lf(n—m—l—oe—l—1,n—wt)—

nn—m—l—l e—wt

mf(n— m—l—oz,n—wt)] s (424)
where 5(a,b) = [2 et~V dt, T(a,b) = [° e~'t*~1 dt are the incomplete Gamma
functons (see [3], vol.1). Using the identities y(a+ 1,b) = ay(a,b) — b% ", ['(a+
1,0) = al'(a, b) + b%e~", we simplify the last expression and obtain

M||Az|[t>e?

() = 1Ol € oo

m—1
|: n 7(n_m+17n)+

2n — wt

ot (1 wt)_” =" (o + wt — m)
e _

" (7 = wt)o—mt I'n—m+a,n—wt)+

n —wt " ‘

(4.35)
Applying the inequalities v(n+1,n) < I'(n+1) =n!, '(n+a,n—wt) < I'(n+a),
2(n!)~'n"e=" < (2/7n)'/? and the asymptotic property of the Gamma functions
L(n+a)/n! =~ n* Y14+ O(n™1)), ([3], vol. 1), we see that the last term in the
brackets is dominating as n — oo, that implies (4.21). In case w = 0 the estimate
(4.25) reduces to

M| Az|[t* [m -1

() (n—m)! [ n

lu(®)=ua ()] < — Y0+ 1n) + =T (04 a,n) 4 207"

that by remarks above implies (4.22) O
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Appendix

The Mittag-Leffler function (see [3, vol. 3]), defined as follows

%) o0
E)=S — zeC, Al
(2) ;F(an—l—l) a>0,z¢€ (A.1)

is an entire function which satisfies the fractional order differential relation

DY EL(AtY) = AFEL(At7Y). (A.2)
Its asymptotic expansion as z — oo for 0 < o < 2 is:
1 1
F.(2) = aexp(zl/a) +e0(2), |argz] < JOT, (A.3)
1
Fa(2) = 2a(2), Jars(=2)] < (1= Sa)r, (A4)
where
N-1 S
2al?) = = 2 F gy TOUT), 2 oo
n=1
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