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On Analytical Expressions for the Distribution of the Filtered Output of Square
Envelope Receivers with Signal and Colored Gaussian Noise Input

Idelfonso Tafur Monroy

Abstract—Closed-form expressions for the moment generating Il. SYSTEM MODEL
function (MGF) of the filtered output of square envelope receivers . .
with signal and colored Gaussian noise input are derived. The N this section, we present the reference model for the
informative signal is a binary sequence of rectangular pulses. System under investigation. The receiver schematic diagram
The considered Gaussian processes are the Wiener process, 4 presented in Fig. 1. This receiver has the classic configu-
?laugs'a” process V‘t’)'th k“”ear covariance (WO\(’;“EA g"éerage)v ﬁ‘“d ration of pre-detection filter(¢), square envelope detector,
the Ornstein—-Uhlenbeck process. The derive s are then ) : ) . - - - ;
applied to the problem of finding the quantum limit for optically and post-detection f!I'Fer. Th.e Input 'S an Informatlve signal
preamplified, direct detection receivers. corrupted by an additive white Gaussian noise (AWC_%Nr))
with spectral density parameté¥,. In the sequel, equivalent
bandpass representation of signal and noise is assumed. The
incoming signal is a binary sequence of rectangular pulses

S(t). For agiven bit pattert3 = (..., b_1, b,, b1, ...), atthe

Index Terms—Communication theory, envelope receivers, error
analysis, optical communications, preamplified receivers.

|. INTRODUCTION output of the filterr(¢) the signal is given by
ETERMINING the distribution of the output of square en- Y () = S(t) % r(t)r
velope receivers with colored Gaussian input constitutes
a classic problem in communication theory; see, e.g., [1]-[5]. _|m
Although the mathematical formalism for determining the sta- VT bol(t) + Z bil(t — KT (1)

tistics of the output of such receivers is well known, e.g., [1], k70

[3], [5], and [6], deriving closed-form expressions for the disyherer(t) is the pre-detection filter impulse respongg) =
tribution is a complex task. Moreover, if both signal and noisg() « »(¢) in which « denotes convolution(#) is unit rectan-
are present at the input, this task become even more formidalglgiar pulse of duratiof’, b;, € {0, 1} are statistically binary
For the case of noise only input expressions for the momejyimbols representing a data “zero” and a “one,” respectively.
generating function (MGF) and analytical approximations to the the energy content of the signéi(t) in a bit-duration time
probability density function have been reported for several Cprerval m = (1/2) foT |S(t)|? dt. At the pre-detection filter
variance kernels, e.g., [3], [5], and [7]. For both signal and noiggitput, the resultant colored Gaussian noise is denotet(by;

being present at the input closed-form expressions for the djghose in-phase and quadrature components have zero mean and
tribution are scarcely documented in the literature. In this lettgf,tocovariance

closed-form expressions for the MGF are derived for the case oo

of an input informative signal composed of a binary sequence K(1) = &R(r) R(1) = / r(tyr*(t+1)dt (2)

of rectangular pulses. The considered Gaussian processes are 2 —o0

the Wiener process, a Gaussian process with linear covaria@gfere «+ means complex conjugate. With the above nota-

(moving average), and the Ornstein-Uhlenbeck process.  tions, the input of the square envelope detector becomes
The remain of this letter is structured as follows. In Section l(+) — y(¢) + X (). If we consider and integrate-and-dump

the system model to be discussed is presented. The matherggkt-detection filter, then the receiver’s output is given by
ical formalism to obtain closed-form expressions for the MGF

of the receiver’s output is also described. Closed-form expres-
sions for the MGF for the considered Gaussian processes are de-
rived in Section lll. Section IV is devoted to the application o{_

: ) o . The general mathematical form for the MGF &f M (s) =
the derived MGFs to find the quantum limit for optically preamE{eSA}, is well known. e.g.. [1], [7]

plified, direct detection receivers. Finally, summarizing conclu-
sions are presented in Section V. 0 1 0 |ynl?s

A:/ Y(8) + X () dt. @®)

T
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S(t) ~ B(t) 2 A
. T
D= 0 | e =
1\ Envelope
n(t) Pre-filter detector Post-filter
Fig. 1. Square envelope receiver.
in which K (¢, w) is the covariance kernel of the procesét). Case 2: Gaussian Process with Linear Covariandest r(¢)

Let 2(t, u; s; 7) stand for the resolvent kernel associated withe a finite-time bandpass integrator (moving average) whose
the integral equation (5). The MGF in (4) can be representedimpulse response is given by

terms of the resolvent kernel as [7] 1
—1 - — Veak) 0 S t S T 12
Ma(s) = [D(s)] 7" exp[F(s)] (6) rt) =471 . (12)
0, otherwise.
where . : . . .
- The covariance kernel of (¢) is the triangular function (linear
F(s) :S/ Y ()2 dt covariance [5])
Lo No < - m) 0<t<T
+ 82 / / Y (Oh(t w5 T)Y (u) dtdu (7) K(r)={ T r) =TS (13)
o Jo 0, otherwise.
andD)(s), also called the Fredholm determinant, is given by The analysis for the observation tirfie 7'] shows that the MGF
s T for A is of the same character as (11). As already reported in [5],
D(s) = exp / / h(t, t;v; T) dt dv (8) it can be derived from (11) by substitution ¢fs by v/2s. The
070 result is
-1 t( 2N
Il. MGF My (s) = cos(V/2Nos ) exp|—2 + 1 fan{y2803)
. . . Ny Ny V2Nys
In this section, closed-form expressions fdh (s) are pre-
sented for three different Gaussian processes. In contradistinction to the integrate-and-dump filter the fi-

Case 1: The Wiener ProcesSuppose that(t) is the (nor- nite-duration integrator introduces ISI. Communication is

malized) impulse response of an integrate-and-dump filter, thenly possible if the observation time is shifted frdfy 7] to
[(T/2), (3T/2)]. For this type of filter, only a single past and

X)) = / r(t — s)n(s)ds one succeeding bit produce ISI on the present transmitted bit.
0 1 Hence the bit sequence of interestds= (b_1, bg, b1). The
- s<t expression fotl'(s) is given by (14), shown at the bottom of
rt-s) =31 ©) e page, with
0, s > t. ’
The processX (¢) is the Wiener process which has covariance Hi(s) =sind8)(5Nos +4) — 2sind3/2)(Nos + 1)
given by — 2cos(3/2)
N [t Ny Hy(s) =sind3)(Nos — 4) — sind(/3/2)(Ngs — 2)

K(t, u)= ﬁ/o /0 S(t—u)dt du = 2 min(¢, ). (10) +2cos(53/2)

As one can observe from the character «it), the in- Hj(s) =sind(3)(Nos/2 + 2) — sinq(3/2) — cos(3/2)

tegrate-and-dump filter does not introduce intersymbol e . .
interfere_nce (1sh. Thfe re_sulting expression for the MGF is (S%%Eﬁrr?nﬁin;nt istg;?/:natT ; (il)nfiog(\s/%—il/fb\;ggn?iid; ZI)T
Appendix A for a derivation) plains the derivation of (14).

-1 m  m tan (vNos) Case 3: The Ornstein—Uhlenbeck Proceskr(t) is the im-

Mz(s) = COS(\/ Noé’) exp | = No  VNos | Pulse response of the Lorentzian filter
(11) r(t) =V2ue, >0 (15)
F(s) _ m[boHl (8) + (\/ b—lbO + kY4 bobl)HQ(S) + (b—l + bl)Hg(S)] (14)

4Np cos(3)
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Optical preamplifier

| B(t) zZ 1
r(t) —:6 —= fOT()dt [ | 0

Optical Postdetection Decision
filter Photodetector filter

n(t)

circuit

Fig. 2. Optically preamplified OOK receiver.

then the process((t) is the so called Ornstein—Uhlenbeckf only noise is present, then the MGF is given only in terms

process with covariance given by of the Fredholm determinat®(s), and their expressions are in
K(r) = pel7l ;>0 (16) agreement with those already known in the literature, e.g., [5]
and [7].
The information signal fot € [0, T is given by
IV. APPLICATIONS
_[2m it
Y(t) = V' T [bo + pe™] In this section, we applied the derived MGF to determine the
-1 guantum limit for optically preamplified, on—off keying (OOK)
p=(c""—1) Z bpet*T — b, direct detection receivers. The schematic diagram of such a re-
k=—o0 ceiver is illustrated in Fig. 2. The preamplifier is an EDFA (er-

The Lorentzian filter is a causal filter; hence when studying tum-doped fiber amplifier) which is modeled as linear optical
effect of ISI only a sequence of previous bits with respect to tfig!d amplifier with gainz and AWGN noisen(t) representing
present transmitted bli, is treated,8 = (..., b_a, b_1, bo). the ASE (amphﬂgd s_pontaneous emission) noise. The spectral
In practice only a small number of previous bit is considereRframeter oh(t) is given byNo = (G — 1)hw, whereny,

[8] For this case the resolvent kernel is well known, e.g., [5f the amplifier spontaneous emission factors the Planck’s
and [7]. The closed-form expression fuf, (s) and its detailed constant, and optical frequency. An optical filter(¢) is used

derivation has been reported in an earlier paper by the autifdimit the effect of ASE on the system performance, and in
[8]. The resulting expressions f@(s) and F(s) are presented the case of WDM (wavelength-division multiplexing) systems
to select the desired channel.

here
9mG By introducing a proper normalization (see [8]) represents
F(s) = —— [szl(s) + bopFa(s) + p2F3(s)] (17) the average number of photons contained in an optical signal
I,LT . H “ ”
S(t) for a transmitted binary “one.” The spectral parameter of
where n(t) is then given byNy = n,(G — 1). At the output of the
Fi(s) photodetector the photocurrent is directly proportional to the
2 2 square magnitude of the received optical field. Further, the pho-
2uls”o I . .
=pls+ —5— tocurrent is filtered and sampled to form the decision variable
v

Z. Thus, the analysis of optically preamplifed, OOK direct de-

2 2 _ 8T _ _ — 8T
4s0® (2= [(v+1)e (v — e 7T]) tection receivers (Fig. 2) is an example of the classic commu-

w3 (v +1)2eT — (v — 1)%e=FT] nication situation of square envelope detectors followed by fil-
Fy(s) tering with colored Gaussian input. Assume that the postdetec-
4 — 2502 [(v + 2)eT — (v — 2)e=FT] tion filter is an integrate-and-dump filter. The MGF for the re-
=2s\1- v[(v+ 1)2¢°T — (v — 1)2¢ PT] ceiver decision variabl€ is then given byM z(s) = Ma(e® —
Fa(s) 1), whereA is the so-calledPoisson parametejcf. (3)], e.g.,
2 (BT _ =BT 8T —8T [10] and [8].
— [1 +Z s(e” —e 2) ;T[(U_l)e jfg:l)e ]} Assuming independent, equally likely binary symbols the av-
2 [(v+1)2e = (v = 1)2e=77] erage error probability is given by

. . _ 5 4
inwhichv = V1 — 202, 3 = vpu. i P % [EB {Pr (Z < a|B|b0=1) L P (Z N a|B|b0=0)}] .
(v+1)2e°T — (v —1)2e=FT (18) (19)
et ’ Based on the MGF for the decision variatife error probabil-
The mean and the variancestan be found from the propertiesities are expeditiously computed by the so-called saddlepoint
of the MGF. Namely, from the first and second derivative of thepproximation. For further details on the saddlepoint approxi-
MGF evaluated at = 0 [9]. The mean and the variance Bf mation see [7], [11], and [8] for an application to performance
can also be expressed in terms of the covariance kernel withantlysis of optically preamplified receivers.
the knowledge of the MGF [8]. The validity of the previous In optical communications, the (standardyjantum limitis
derived MGF has been tested by confirming that the mean amhefined as the average number of photons per bit in the optical

the variance obtained by both methods are identical. Moreoveignal S(¢) needed to achieve a bit-error probability f—°

D(s) =
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TABLE | whereos? = No/T?, 3 = Vo?s

QUANTUM LIMIT FOR OPTICALLY PREAMPLIFIED OOK DIRECT DETECTION,

G = 100, AND ng, = 1
g = tan(87) and 0t —u) = { (1)’ i ; Z

Optical filter type Quantum limit ’ '

Ideal bandpass 38.4 [11] We perform integration in (7) first with respect tcand with

Integrate-and-dump 46.3 respect tou.

Finite-time Bandpass Integrator 59.6

Lorentzian, Optimal 7' =7 49.9 T . T

I = / Y(u)/ h(t, u; s; TYY (t) dt du
0 0
assuming ideal detection conditions, which for a preamplified . Iz
receiver means that a largeis assumed. /
S . . I = Y () hi +Y () ha + Y (t)h3 dt
Suppose we have optical filters described by the impulse re- S A &J+Qﬁ+&

sponses (equivalent baseband representation) of Cases 1-3 [see @ b ¢

(9), (12), and (15)]. The above derived MGFs [(11), (14), and \yhich y'(+) = \/(2m/T)t/T = At. Solving the integrals
(17)] can then be used [substituting — mG to accountfor . e get

amplification, and withNy = ng,(G — 1)] to find the corre-
sponding quantum limits. In Table I, the obtained results are L= _gu 400 sin(fy)

presented. For comparison, the quantum limit for the situation 2T 32 33 cos(BT)"

when the optical signal is assumed to pass the optical filtg

undistorted and thaX (¢) is Gaussian bandlimited (ideal band-

passfilter) is also included. When the effect of optical filtering is T o2 2,52

taken into account penalties are observed compared to the casdl = | Aulzdu = —A2T3W + ﬁ—s(tan(ﬁT) —BT).
assuming ideal bandpass filtering. For the analyzed optical fil- T

ters, this penalty in the quantum limit is at least of eight photong’(s) = 3/ Y (£)|*d + s*1, resulting in

per bit. It should be noted that of the considered optical filters 0

only the Lorentzian filter (Case 3) represents practical interes "(s)= — m I ﬂtan( NoS) 1)
Widely used in optical transmission systems Fabry—Perot fil- No Ny /Ngs

ters are well described by the Lorentzian impulse response

f . L
(15).We observe also that there exists an optimum bandwi(;lfhe Fredholm determinant is given by [see (8)]

lersequentIy

bit-time productBT = uT'/n, the reason being a tradeoff be- ol
tween ISI and ASE noise (see Table I). D(s) = exp /0 NG tan(oT/v p dv = cos(y/Nos).
(22)
V. CONCLUSIONS A result already obtained in [5] and references therein.
Closed-form expressions, believed to be new, for the MGF APPENDIX B

of the filtered output of square envelope receivers with signal
and colored Gaussian noise have been derived. The Wiener
process, a Gaussian process with linear covariance, and thEOr the covariance kernel given in (13) and an observation
Ornstein-Uhlenbeck process are considered. The informatipéerval [=77/2, T/2], the resolvent kernel is presented in [5].
signal is binary sequence of rectangular pulses. We presentfdhe observation time is extended(th 277, then the resultant
application of the derived MGFs in the performance analysis Btsolvent kernels is given by

optically preamplified, direct detection receivers. h(t, u; 53 T)

[tanﬁcos[@} —sin[mt:; “'” 23)

For the covariance function given by (10), the resolvent kern@th # = v'2Nos. The MGF is found by performing integration
P in (7) and (8) with the proper integration limits and the corre-
is given by [5] X : ) -

sponding expression fdr(¢). The algebraic procedure is sim-

DERIVATION OF THE MGF: CASE 2

APPENDIX A = 3T

DERIVATION OF THE MGF: Case 1

h(t,u; 5;7) ilar to that presented in Appendix A.
2
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