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Abstract

We obtain Gaussian estimates for the kernels of the semigroups gen-
erated by a class of subelliptic operators H acting on L,(R¥). The
class includes anharmonic oscillators and Schrodinger operators with
external magnetic fields. The estimates imply an H.,-functional cal-
culus for the operator H on L, with p € (1,00) and in many cases the
spectral p-independence. Moreover, we show for a subclass of opera-
tors satisfying a homogeneity property that the Riesz transforms of all
orders are bounded.
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1 Introduction

In this paper we consider a class of subelliptic operators given by a composition of differen-
tial and multiplication operators acting on L,(R*). These operators generate holomorphic
semigroups which are consistent on L,(RF¥) for p € [1, 00]. Moreover, the semigroup opera-
tors turn out to be integral operators with a smooth kernel on R* x R*. Examples of such
operators include the (an)harmonic oscillator and the Hamiltonian for curved magnetic
fields. All these operators are naturally associated to subelliptic operators on a nilpotent
Lie group.

It H is a subelliptic operator affiliated to a continuous representation U of a Lie group
(G then the closure generates a holomorphic semigroup S which has a representation inde-
pendent kernel K such that

Se= [ dg Kilg) Ulg)

For the kernel K one has Gaussian bounds (see [EIR3]). Henceforth we consider a class
of representations of a nilpotent Lie group on L,(R*). Under suitable conditions we show
that the semigroup S has a reduced heat kernel « such that

(Sio)(e) = [ dyiasy)oly)

for all t > 0, p € C*(R*) and z € R*. The aim of this work is to prove Gaussian bounds
for k. Previously, Gaussian bounds for reduced heat kernels have been deduced in [EIR2]
and [EIS] for semigroups generated by strongly elliptic operators affiliated to irreducible
unitary representations of nilpotent Lie groups and in [EIS] for strongly elliptic operators
on homogeneous spaces (/M with G unimodular and M compact. In [Sik] Sikora proved
off- and on-diagonal bounds for the kernels of semigroups generated by (second-order)
Schrodinger operators with magnetic field and a potential of polynomial growth, satisfying
a Nash inequality. The novelty of this paper is that the operators are weighted subcoercive
instead of strongly elliptic. As a consequence of the Gaussian bounds for the kernel we
obtain that H has a bounded H.-functional calculus on all the L,-spaces with p € (1, 0)
and also in many cases the p-independence of the spectrum of H. We also show that the
Riesz transforms are bounded on L, for p € (1, 00).

Typical examples for the second order operators are the spinless particles of mass
m in an external magnetic field B where B is a polynomial. Then the Hamiltonian is

given by H = ﬁ(p — —%_1))2 where § = —ihV and A is a polynomial vector potential

C

satisfying B = V x A, see [JoK] and [Sim]. Other examples are the anharmonic oscillators
(—0%/0x?)7 4+ 22", with j,n € N.

Throughout the following let ¢ be a connected nilpotent Lie group with Lie algebra g.
Then the exponential mapping on g is surjective. Let ay,...,as be an algebraic basis
of g, 1.e., ay,...,ay are independent and together with their multi-commutators span g.
Let U be a continuous representation of G in a Banach space X'. For ¢ € {1,...,d'} let
A; = dU(a;) be the infinitesimal generator of the one parameter group ¢ — U(exp(—ta;)).
We also need multi-index notation. Set J(d') = UpZo{1,...,d"}". fa = (i1,...,4,) € J(d)
define A* = A;, ... A;,. Generally we adopt the notation of [EIR3].

The representations that we consider in this paper are of the following type. First
we assume that there exist agyy,...,a4 € g such that ay,...,as is a basis for g and



[g,9] C span{agi1,...,aq}. Secondly, let & < d'. For p € [1,00] let U be a representation
of G in L,(RF) of the form

(U(exp a)p) () = €7 pf 1 £(0) 1)
for all ¢ € C>=(R*), where E:g x R* — R is a real polynomial and
&0 = (&0 &)

forall a = X%, & a; € g. Tt is straightforward to see that the representation is a continuous
representation acting on L,(R¥) for all p € [1, oc].
Fix ny,...,ng € N and set

a'
=3 (1A
=1

with domain
D(H)= () D(A")
aed(d)
[l <m

where m = 2lem(ny, ..., ng), w; = (2n;) 'mioralli € {1,...,d'} and ||a|| = w;, +. . . 4w,

if @ = (i1,...,1,) € J(d'). Define the modulus || - ||: R* — [0, 00) by

k
][ = > s>/ (2)
=1

where & = (21,...,2;) and w = lem(wy, . .., wg). The main result of this paper is the next
theorem.

Theorem 1.1 Let p € [1,00]. Then the following are satisfied.

L The closure H of H generates a semigroup S in L,(R¥), which is holomorphic in
the right half-plane.

I1.  For allt > 0 the semigroup operator S; has a smooth kernel k; € C*(RF x R¥) such
that the maps x — k(2 ;90) and y — ri(xo;y) belong to the Schwartz space S(RF)
for all zo,y0 € R* and

(Sie)w) = [ dysilesy) oly)
for all p € L,(R¥) and (a.c.) x € R*.
III. There exist ¢, 7 > 0 such that
k(x5 y)| < et memm(lomplmem )/ im =y

for all t >0 and x,y € R*, where Q = wy + ... + wy,.

Moreover, if A; and B; denote the left derivative of ky with respect to the first
and second variable, respectively, and A* and B® the corresponding multi-derivatives,
then for all o, 5 € J(d') there exist ¢,7 > 0 such that

(A B k) (a5 )| < et~ @HIRIHIBID/m g =r (=gl /m )

for all t > 0 and z,y € R*.



IV. Forallp € (1,00) the operator H is closed and for all o« € J(d') one has D(H!I*I/™)
D(A%). Moreover, there exists a ¢ > 0 such that

1A%l < el Ve,
for all p € D(HNN/m)y,

Statement [ is a direct consequence of [EIR3]. To be precise, it follows from Example 4.4,
Proposition 11.3 and Theorem 1.1 of [EIR3]. The sketch of the proof of the other three
statements is as follows. The directions ay,...,ay with the weights wq, ..., wy make the
operator H homogeneous. Unfortunately these weights do not in general allow one to
define a family of dilations on g. This problem, however, can be circumvented by lifting
the representation to a free nilpotent group (i. Then the semigroup has a kernel K on G
and one can relate the reduced heat kernel £ with K. The Gaussian bounds for x follow
by a projection and a scaling argument from the Gaussian bounds for K. Finally the
boundedness of the Riesz transforms follows from transference.

Although Theorem 1.1 is formulated for operators H which are sums of even powers,
the conclusions of the theorem are with small modifications also valid for a larger class of
operators affiliated to representations of the form (1) of the group Gi. In Section 2 we prove
Statements I and III of Theorem 1.1 in the generalized theorem and in Section 3 we give
applications and examples. Finally, in Section 4 we discuss the boundedness of the Riesz
transforms in case the operator is homogeneous. In that section the representation can be
any induced representation from a character and the representation does not have to be of
the form (1). In particular the bounds are valid for any basis realization of an irreducible
unitary representation.

2 Gaussian bounds

Before we can define the operators for which the generalization of Theorem 1.1 is valid we
have to introduce a suitable free Lie group.

Let aq,...,as be an algebraic basis of the Lie algebra g of a connected nilpotent Lie
group G and let wy,...,wy € N be weights. For o = (i1,...,1,) € J(d') set ||of =
wi, + ...+ w;,. Let

r=max{||a| : a = (i1,...,1,) € J(d') and [a;,[...[a;,_,,a:,]...]] # 0}

Let g be the nilpotent Lie algebra with d' generators @y, ..., as which is free of weighted
step r. So g is the quotient of the free Lie algebra with d’ generators by the ideal spanned
by the commutators [a;,,[...[a:,_,,a;,]...]] with ||(¢1,...,4,)|| = r + 1. We give a; the
weight w; for all ¢ € {1,...,d'}. Then there exists a family (9:)i>0 of dilations of g
such that v(a;) = t" a; for all £ > 0 and ¢ € {1,...,d'} (see [NRS] or [EIR3], Example
2.7). Moreover, there exist dgy1,...,a; € @ and wgy1,...,w; € N such that a,...,a;
is a basis for g and ~(a;) = ¢t a; for all ¢ > 0 and ¢ € {d' + 1,...,(2}. Then [g,g] =
span{dgy1,...,a5} (cf. [EIR3] Example 2.6).

Let m € N be such that m € 2w;N for all ©« € {1,...,d'} and for all & € J(d') with
laf| < m let ¢, € C. Moreover, let A = dLgz(a;) for all ¢ € {1,...,d'}, where G is



the connected simply connected Lie group with Lie algebra g and Lz is the left regular
representation of G on Lg(é). Set

H= Z caga

llaf|<m

with domain D(H) = Nijai<m D(A?) and assume that H is a weighted subcoercive operator,
i.e., there exist y,v > 0 such that

Re(p, Ho) > Y. |[A%3— v ol

llel|=rm/2

for all o € C>(Q), that is, H satisfies a Garding inequality on G (see [EIR3]). Here || - ||;
is the norm on Lz(é).

Let U be a representation of G in L,(RF) of the form (1). We consider the analogue
operator

H = Z co A”

llaf|<m

with domain D(H) = ja)<m D(A) and the same coefficients as the operator H.
Theorem 2.1 Let U be a representation of the form (1) and

H = Z cy A

llel|<m
as above. Let p € [1,00]. Then the following are satisfied.
L The closure H of H generates a semigroup S in L,(R¥), which is holomorphic in a
p-independent sector.

I1.  For allt > 0 the semigroup operator S; has a smooth kernel k; € C*(RF x R¥) such
that the maps x — k(2 ;90) and y — ri(xo;y) belong to the Schwartz space S(RF)
for all zo,y0 € R* and

(Sep)( / dy k(2 5y) o(y)

for all p € L,(R¥) and (a.c.) x € R*.
III. For all o, B € J(d') there exist ¢c,7 > 0 and w € R such that

(A“BP k) (5 y)| < et (@HIIHII m ot = (le—yl 1) /m 0

for allt > 0 and x,y € R*, where Q = w;y + ...+ wy and the modulus || - || on R* is
as in (2).

Moreover, if H is a pure m-th order operator, i.e., H = 37,|=m ca A”, then w
can be taken equal to 0.

IV. The Schwartz space S(R¥) is a core for H.



Proof Statement I follows from Proposition 11.3 and Theorem 1.1 of [EIR3].

Next, since g is free of weighted step r there exists a unique Lie algebra homomorphism
7:g — g such that 7(a;) = a; for all ¢ € {1,...,d'}. The Lie algebra homomorphism =
lifts to a Lie group homomorphism @ from onto G. For § € G define U( ) =U(P(g)).
Then U is a continuous representation of G in L o(RF¥). Define E:gxRF = R by

Let a = Zil éfli € g. Since 7(a;) € 7([g,8]) = [g,9] C span{agy1,...,aq} for all
te{d+1,...,d} and

chwa

i=d'+1

it follows that ééo) = ffr(?i) where

& = (&6
Hence ~ . .
(0(e5pa)e) (2) = ¢FO)p(a + )

for all ¢ € C.(R¥), @ € g and € R*, where exp is the exponential map on g. Thus the
representation U/ is of the same type as the representation /.

Note that dU(a;) = dU(a;) for all i € {1,...,d'}. Therefore we can just as well use
the group G with the representation U instead of the group & with the representation U.
According to Theorem 1.1 of [EIR3] for all £ > 0 there exists a K; € S(() such that

Sio = [LdiE3)U(9) ¢
for all ¢ € L,(R*). Moreover, there exist ¢,7 > 0 and w € R such that
[ (@p(@))] < ermP/mestemr (e 3)
forall t >0 and a € §, where D = w; + ...+ w; and the modulus | - | on g is defined by

d 2w
Y Ga

=1

d
=l
=1

and @ = lem(wy,...,w;). By scaling one can take w = 0 in case the operator H is
homogeneous. Next, set h = span{ajy1, . .. ,aj} and for y = (y1,...,yr) € R* define § € g
by

]):yldl—I-...—I-kale

Since E is real valued one can define for all ¢+ > 0 the function K € COO(Rk % Rk) by
wi(wsy) = / db j&tt(e’ﬁ)(?) — & +79)) eiﬁ(é—ﬂg,w)
b

Then it is easy to verify that Statement II of Theorem 2.1 is valid.



Now we prove Statement III. It follows from the Gaussian bounds (3) that
k(25 y)] < / déct‘ﬁ/m oWt T(b=g4gmem )t/ m =) n
b

< ¢4=Dim ewt/ dh e=2 7 r(lE=gmem ) o=l gl (jpmety1/im=1)
b
L Q/m et =2 (g e ) (t—@—c))/m/ dg6—2—1T<|6|mr1>1/<m—1>)
b

for all t > 0 and x,y € R*. But the quantity between the brackets is independent of ¢ (and

also of # and y), by scaling. Moreover, there exists a 7/ > 0 such that ||z|| < 7"|Z]| for all

z € R¥ with ||z]| < 1. Hence, again by scaling, it follows that ||z|| < 7/|Z] for all z € R*.

Therefore the proof of the Gaussian bounds of Statement III is complete if ||| = || ]| = 0.
Next we consider derivatives of the reduced heat kernel x,. If o, 5 € J(d') then

z

(A B ) sy) = [ db(A° BPR) (Db & + ) e FO+0)
h

for all t > 0 and =,y € R¥, where B; = dRy(a;) for all v € {1,...,d'} and Ry is the right

regular representation on (7. Since one has Gaussian bounds
(A% BPR,)(&p(a))| < et~ DHlall+IN/m gt o= (lalm et/ m

by [EIR3], Theorem 1.1, one can estimate A% B?r; as in (4). Again w can be taken equal
to 0 if H is homogeneous.

Finally, since A; = d/dx; + M; for all : € {1,...k} with M; a multiplication operator
with a polynomial it follows from the Gaussian bounds that S; maps S(R*) into S(RF)
for all t > 0. Therefore S(R*) is a core for H (see [BrR] Corollary 3.1.7). This completes

the proof of Theorem 2.1. a

3 Applications and examples

The Gaussian bounds have several implications. The first is the p-independence of the
spectrum if all weights equal one. Note that it will follow from Theorem 4.2 that the
operator H is already closed on L, for all p € (1, 00).

Corollary 3.1 Assume the notation and conditions of Theorem 2.1. Moreover, suppose
that w; = 1 for all i € {1,...,d'}. Then for all p € [1,00] the spectrum o,(H) of the
operator I on L,(RF) is independent of p.

Proof This follows from [Kun], or [LiV]. O

Note that the spectrum o(H) is independent of p € [1,o0] if the representation U is
irreducible, by the arguments given in the proof of Theorem 2.5 of [EIR2].

The second implication of the Gaussian bounds is that the bounded H., -functional
calculus on L, extends to all L, spaces.



Corollary 3.2 Assume the notation and conditions of Theorem 2.1. Then for all p €
(1,00) and large enough X > 0 the operator H + A\l has a bounded H.,-functional calculus
on L,(RF). If the operator H is homogencous then one can take A = 0.

Proof By [EIR3] Theorem 9.2.11I the semigroup generator H satisfies a Garding inequal-
ity on Ly. Therefore I + Al is maximal accretive if A > 0 is large enough. Hence it follows
from Theorem G of [ADM] that the operator H+ A1 has a bounded H, -functional calculus
on Ly. Then the corollary is a consequence of the Gaussian bounds of Theorem 2.1.11T and

[DuR] Theorem 3.4. O

Quadrature of the Gaussian bounds gives semigroup bounds.

Corollary 3.3 Assume the notation and conditions of Theorem 2.1. Then there exist
¢ >0 and w € R such that for all p,q € [1, 00| with p < q one has

HSth—n] S Ct_Q(l/p_l/q)/m ewt
uniformly for all t > 0.

Proof Obviously ||Si]|lime = ||Ft]lee < et~/ ¢t by the bounds of Theorem 2.1.111.
Next, let ¢, 7 be as in Theorem 2.1.1IT with ||a|| = ||3|| = 0. For ¢t > 0 define G;: RF — R
by Gi(z) = ct-@/merille=sle=D ppey

|(Sep) ()] < e /Rk dy Gy — y) lp(y)| = € (Gox [o])(2)

for all » € C>*(R¥) and » € R*, where * denotes the convolution on the commutative
group R*. Therefore, ||S;|l—p, < ||Gill1 et = ||Gi][1 e** for all £ > 0 and p € [1, 0], by
scaling. Now the corollary follows by interpolation. a

If the spectrum o(H) of I is a subset of (0, c0) then one also has exponential decay for
t — oo in the Gaussian bounds. Furthermore, the decay at infinity of the kernel is almost
equal to the growth bound of the semigroup on L,.

Proposition 3.4 Assume the notation and conditions of Theorem 2.1. Let
A\ = inf{Re(p, Hp) : ¢ € CZ(R)}
Then for all ¢ > 0 there exist ¢, 7 > 0 such that
k()| < etm@/me=amstg=rllemsimetyin=
for allt >0 and z,y € R”.

Proof It follows from semigroup theory that ||Si||a—s < e~ for all + > 0. Let ¢ > 0.
Then by Corollary 3.3 there exist ¢,w > 0 such that

HlitHOO = HStHl—*OO < HSEt/2H1—>2HS(1—s)tH2—>2HSst/2H2—>oo < Ct_Q/me_/\l(l_E)tGEWt
for all £ > 0. Hence interpolation with the Gaussian estimates of Theorem 2.1.II1 gives
|we(wsy)| = |re(a s y)I° |we(asy) |
< (ct—Q/mewte—T(Hl’—yHmt_l)1/(7"—1))5 (ct—Q/me—/\l(l—s)teswt)1_6

— ¢ t—Q/me—/\l(1—5)225es(2—s)wte—Ts(Hx—yHmt_l)1/(7"_1)

for all t > 0 and x,y € R*, from which the proposition follows. a
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Example 3.5 Let j,n € N. Then the anharmonic oscillator is the operator

d* N7
e () o

 da?

on L3(R) and domain the Schwartz space. This operator is a special example for which
Theorem 1.1 applies in the following way. Let ' be the connected simply connected
Heisenberg group with Lie algebra g and let aq, ay, az be a basis of g such that [ay, a3] = as.
Then the standard irreducible representation U of G is given by

(U(GXP(& a1+ & az + &3 GS)W)(@') =@ pr 4 &)

for all ¢ € C*(R). So U is of the form (1) and if one takes &k = 1 and d’ = 2. Then
Ay = —iP and Ay = iQ), where P and @) are the self-adjoint operators in Ly(R) given by
(Pf)(x)=1f'(x) and (Qf)(x) = xf(x) for all f € CX(R) and z € R. If

H= (=1 AY + (=1)" A"

then the operator Hy is the restriction of the self-adjoint operator H to the Schwartz space,
which is a core for H (see [EIR1], Example 7.1). Let dy = gcd(j,n). Then wy = n/dy,
wy = j/do, @ = n/dy and the weighted order of H equals m = 2jn/dy. Moreover, ||z|| = ||
for all x € R.

Let k be the reduced heat kernel of the semigroup generated by H. Then it is a
consequence of Theorem 1.1 that there are ¢, 7 > 0 such that

[227/do 4=1)1/(237/do=1)

il sy)| < et/ Demrlmy

for all t > 0 and x,y € R. Moreover, if j = n = 1 then the smallest eigenvalue of H equals
A1 = 1 and it follows from Proposition 3.4 that for all ¢ > 0 there are ¢, 7 > 0 such that

|/£t(x ’ y)| < ct—1/2e—(l—s)te—7|x—y|2t_1
for all t > 0 and =,y € R. Note that these bounds are consistent with the explicit
expression for « by Mehler’s formula;
/it(l’ ’ y) — (7_‘_(1 . e—4t>)—1/2€—(90+y)2(tanht)/4e—(ac—y)2(Cotht)/4e—t

for all t > 0 and ,y € R (see [Dav] Theorem 7.13).

Lower order terms are also allowed. If, for example, H is an operator of the form

d2 i 2n { dk
H=(=ga) tuet e 2 el ®)
lj+kn<2in

with g > 0, ¢y € C and domain D(H) = D(P%) N D(Q*") then the semigroup generated
by H has a smooth reduced heat kernel k. Moreover, there are ¢, 7,w > 0 such that

_ . (240 ) dg 4 —1\1 /(250 dg —1)
ko y)| < et 12D wtemrllaylintdormtyHGintdo

for all t > 0 and =,y € R. A typical example of an operator H in (5) is the operator
2
_ 4 2
H = T2 +pat + ,u’ T
with g > 0 and ¢’ € R.



Example 3.6 Let m be an ideal in the Lie algebra g of a connected simply connected Lie
group (, let M be the connected (and simply connected) subgroup of G with Lie algebra
m and let y be a one dimensional representation of M. Set k = d — dimm. Let aq,...,ay
be a basis for g such that azyq,...,aq is a basis for m. Finally, assume that d" > k is
such that ay,...,aq is an algebraic basis for g and [g, g] C {ag11,...,a4}. Then the basis
realization of the induced representation Ind(M T G, x) is of the form (1). This follows
immediately from the description in [CoG] p. 125 and the fact that m is an ideal.

As an example reconsider the Hamiltonian with polynomial vector field A and magnetic
field B = V x A. In order to avoid confusion between the components of the vector field A
and the infinitesimal generators A; which we introduce below, we denote the components of
the components of the vector field A by A;M). Set X; = ho; —iec_lAgM) with domain S(R?)
for all j € {1,2,3}. Then [X;, X;] = —thec™ '3 3_, ciix By, for all 7,5 € {1,2,3}. Since
multiplication operators commute and the B; are polynomials it follows that X;, X5, X5
generate a finite dimensional Lie subalgebra g of operators in Hom(S(R?)), the space of
all linear operators acting on the Schwartz space S(R?). Extend X, X5, X3 to a basis
X1, Xo, X5,..., X, for g such that Xy, ..., X  are all polynomial multiplication operators,
say with polynomials %y, ...,%e. Then m = span{X4,..., Xy} is an (Abelian) ideal in
g. Moreover, there exists a unique linear map [: g — C such that [(X;) = —ec_lAgM)(O)
for all j € {1,2,3} and I(X;) = —);(0) for all j € {4,...,d}. Define x: M — C by
x(expa) = exp(il(a)) for all @ € m. Then it follows from [HeN] Proposition 11.1.6.1 and
its proof that y is a one dimensional representation of M and that the basis realization
U of the induced representation Ind(M T G, x) with respect to the basis aq,...,aq given
by a; = h™'X; is of the form (1). For j € {1,2,3} let A; = dU(a;) be the associated
infinitesimal generator. Note that X;¢o = hA;p for all ¢ € S(R?). One can take d' = 3
and set H = —%(A% + A2 4+ A2%). By Theorem 2.1.1V it follows that IT is the closure of

the operator

. 1
Hy=—(p—-A)}= —%(Xf + X7+ X3)

with domain S(R?). Moreover, Theorem 2.1 states that the semigroup generated by H
has a reduced heat kernel « and there are ¢, 7 > 0 such that

|/€t(x ; y)l < Ct_3/26_7|1’—y|2t—1
for all t > 0 and z,y € R?, where |z — y| is the Euclidean modulus of  — y.

Remark 3.7 It can be proved as above that any operator associated with a representation
of the form (1) equals an operator associated with an induced representation as described
in the first part of Example 3.6 on a possibly different Lie group.

4 Riesz transforms

It H =3 ja)j=m ca A is acting on L,(R*) and is such that the comparable operator H =
2 llall=m Ca A%isa homogeneous weighted subcoercive operator then in this section we show
that the Riesz transforms of all orders are bounded on L,(RF) for all p € (1,00). The
result relies on an application of the transference theorem in [CoW], which holds naturally

for kernels in L;(G'), and a technique that has been used in the the study of the Riesz
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transforms of all orders for homogeneous subcoercive operator with complex coefficients in
[ERS] Section 4. We stress that in the present context the representation of the nilpotent
group (G can be any representation induced from a character, including the basis realization
of a unitary irreducible representation (see [Kir], [CoG] and [EIR2], Lemma 2.1).

Theorem 4.1 Let (M, ) be a o-finite measure space, p € (1,00) and U a continuous
bounded representation of G in L,(M). Suppose H = 3= ca A” is a homogeneous

weighted subcoercive operator of order m on G and set

H = Z cy A

llerll=m

with domain D(H) = (\ja)j=m D(A%). Then H is closed, generates a bounded semigroup
and for all o € J(d') one has D(HW/™) C D(A®). Moreover, there exists a ¢ > 0 such
that

1A%l < el HV e,

for all o € D(HNIN/m),

Proof Let ®:G — G be as in the proof of Theorem 2.1. Let U = U 0 ®. Then U is a
continuous representation of G in Ly(M). If K is the kernel of the semigroup S generated
by H and S the semigroup generated by H then S,o = Jzdg F(f]) (7(57) . for all t > 0
and ¢ € L,(M). Then the transference method of [CoW], Theorem 2.4, together with a
density argument, gives the bounds

1ellp—p < 1Sellp—p <  1Eelli = € 1Kull;

uniformly for all ¢ > 0, where || - ||5 is the norm on Lp(é) and ¢ = sup,cq [|[U(g)|lp—p. So
H generates a bounded semigroup.
If n € N is large enough then for all v, > 0 the convolution kernel k., . of the operator

B = A®(wl 4+ ) 1Nm (1 4 Ty
is in Ll(é). Since A; = dU(a;) = dﬁ(di) for all 2 € {1,...,d'} it follows that
Ry = A0l + H) IV (1 ) = [ dghae3) 0(9)
The transference method then gives the estimates
1Bawello—p < ¢ 1 Raipeell— (6)

uniformly for all v,e > 0. But the right hand side of (6) is bounded uniformly for all
v,e > 0 by scaling on & (cf. [ERS] Lemma 4.1). Hence there exists an M > 0 such that
| Rowwe|lp—p < M uniformly for all v, > 0. Then

1A%l < M |[(vI + V(T 4 cH) o),
for all ¢ € Do (H) = Nses(a) D(AP). Taking the limit ¢ | 0 it follows that

1A% elly < M ||(v 1 + )1V, (7)
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for all p € Do (H).

Now let v > 0, N € N and ¢ € D(HN/m) = D((vI —I—H)N/m). Since DOO(H) is a
core for the operator (vI 4+ H)™/™ there are ¢y, q,... € Doo(H) such that lime, = ¢
and im(vI + H)N/mc,on = (vl + H)N/mc,o. Then lim(v1 + H)j/mc,on = (vl + H)j/mc,o for
all 7 € {0,1,..., N}. Hence by induction on the number of indices of the multi-index
a and the closedness of the A; it follows from the estimates (7) that lim A%p, = A%
for all a with ||a| < N. So D(H”a”/m) C D(A%) for all o € J(d') and the estimates
(7) are valid uniformly for all ¢ € D(H”a”/m) and v > 0. Taking the limit v | 0 yields
|4l < M [V g, for all ¢ € DV,

Finally, one has as a special case that D(H) C D(A?) for all a with ||a|| = m. Therefore

the operator H is closed. a
In the unweighted case, i.e., if wy = ... = wy = 1, then one can prove as in Corollary
4.3 of [ERS] that
DH™™) = (] D(A?) (8)
llol|=nw

for all n € N and that the seminorms on the two spaces are equivalent. It is unclear
whether the equality (8) is also valid in the weighted case.

Finally, for non-homogeneous operators we prove optimal regularity for any weighted
subcoercive operator.

Theorem 4.2 Let (M, ) be a o-finite measure space, p € (1,00) and U a continuous
bounded representation of G'in L,(M). Suppose H = 3|jujj<m Ca AY is a weighted subco-
ercive operator of order m on G, where Lg is the left reqular representation on L,(G) and

~

A; =dLg(a;) foralle e {1,...,d'}. Let
H = Z cy A

llaf|<m

be the corresponding operator on L,(M). Then H is closed and for all o € J(d') one has
D((H + ADl/my ¢ D(A*) if X > 0 is large enough. Moreover, there exists a ¢ > 0 such
that

1A%l < ell(H +anlelmyl,

for all ¢ € D((H + \I)llell/m),

Proof We may assume that H generates an exponentially decreasing semigroup S on
L,(G). The proof of the theorem is similar to the proof of Theorem 4.1. If n € N is large
enough then for all ¢ > 0 the convolution kernel of the operator

Ry = AYH W (1 4 ey~

is in L1(G). Moreover, D(ﬁ”a”/m) C D(A®) and the embedding is continuous in L,(G)-
sense by [EIR3], Section 9. Next,

| Rasell L@y < NA“H V™| Loy pyey (1 + eH) |1 0)—Lo(c)

and if M = sup,yq HgtHLp(G)_*Lp(G) then

H(]—|— €/H\)_RHLP(G)—>LP(G) S (n — 1)’_1‘/0 dt e_t tn_l HgstHLp(G)—J/p(G) S M
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uniformly for & > 0. Therefore the operators E)a;s are bounded on L,(G) uniformly for
¢ > 0. The rest of the proof is by the same arguments as in the proof of Theorem 4.1. It
relies on the transference method. O

Note that in fact the above argument can be applied to any continuous bounded rep-
resentation of an amenable Lie group G in L,(M) where (M, p) is a o-finite measure
space.
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