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Robust Engineering of Maximally Entangled States by
Identical Particle Interferometry

Matteo Piccolini,* Vittorio Giovannetti, and Rosario Lo Franco*

This study proposes a procedure for the robust preparation of maximally
entangled states of identical fermionic qubits, studying the role played by
particle statistics in the process. The protocol exploits externally activated
noisy channels to reset the system to a known state. The subsequent
interference effects generated at a beam splitter result in a mixture of
maximally entangled Bell states and NOON states. It also discusses how
every maximally entangled state of two fermionic qubits distributed over two
spatial modes can be obtained from one another by fermionic passive optical
transformations. Using a pseudospin-insensitive, non-absorbing, parity check
detector, the proposed technique is thus shown to deterministically prepare
any arbitrary maximally entangled state of two identical fermions. These
results extend recent findings related to bosonic qubits. Finally, it analyzes the
performance of the protocol for both bosons and fermions when the externally
activated noisy channels are not used and the two qubits undergo standard
types of noise. The results supply further insights toward viable strategies for
noise-protected entanglement exploitable in quantum-enhanced technologies.

1. Introduction

With the advent of technologies based on quantum paradigms,
entanglement has become the subject of a rapidly increasing
amount of studies.[1] These include, but are not limited to, its gen-
eration, manipulation, and protection from detrimental noise.
The latter, in particular, is a crucial step to be tackled as quantum
correlations are known to decay rapidly in systems exposed to
the action of environmental noise.[2] Since achieving a perfectly
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isolated system at the quantum level is
practically unfeasible, different strate-
gies have been proposed over time to
deal with entanglement fragility. These
ranges from structured environments with
memory effects,[3–12] decoherence-free
subspaces,[13,14] dynamical decoupling
and control techniques,[15–24] to quantum
error corrections[25–28] and distillation
protocols.[29–34] Furthermore, a recently
developed research line investigates the
possibility to exploit the indistinguishability
of identical particles to generate and protect
quantum correlations in open quantum
systems.[35–39]

A method has recently been proposed
to distill pure maximally entangled states
from two bosonic qubits subjected to ar-
bitrary local noisy environments.[38] To do
so, this scheme exploits artificially induced
noise to affect the two constituents af-
ter they have been subjected to the en-
vironmental noise sources. Allowing the

externally activated noisy interaction to act for a sufficiently long
time, the system is reset to a known state regardless of the envi-
ronmental noise that previously affected it. Referring to a pho-
tonic implementation for simplicity, the resulting photons are
later subjected to the non-local action of a beam splitter (BS).
As a consequence of the interference effects occurring due to
particle indistinguishability, the result is found to be a classical
mixture of a Bell singlet state and NOON states. Using a po-
larization insensitive, non-absorbing, parity-check detector D set
on one of the two spatial modes, the former is filtered proba-
bilistically, while the latter are reintroduced in the BS and sub-
jected once again to depolarization. In this way, the process can
be iterated until a singlet is obtained, with distillation proba-
bility that scales to one exponentially. It has also been shown
that all the maximally entangled states of two bosonic qubits
distributed over two spatial modes can be mapped one into the
other via passive optical (PO) transformations and the action of
the detector D,[38] suggesting that the proposed procedure can
be used to prepare any arbitrary maximally entangled state of
two identical bosons. It is then important to study how a simi-
lar procedure can be applied to particles of different nature, such
as fermions.
In this work, we first extend the procedure proposed in Ref.

[38] to identical fermions, introducing the analogous PO equiva-
lences between fermionic maximally entangled states. After that,
we analyze for both bosons and fermions the scenario where
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Figure 1. Schematic representation of the setup. The scheme uses externally activated depolarization noises, here represented by the green areas.
The implementation with externally activated amplitude damping noises follows analogously, with the addition of a polarization rotator set on one
spatial mode immediately before the BS. The red wavy lines represent environmentally-induced noise sources. The D element represents a pseudospin-
insensitive, non-absorbing parity check detector. This setup is applicable to generic bosons and fermions by suitably adapting the represented photonic
devices.[38]

the artificially activated noise is not applicable to the two qubits.
In this situation, where the system is not reset to a fixed state
anymore, the performance of the scheme depends on the type
of noisy environment affecting the particles, on the system-
environment interaction time, and on the initially prepared state.
In particular, we focus on three standard types of local noisy chan-
nels (phase damping, depolarizing, amplitude damping), and on
a set of initial states that includes both entangled and separa-
ble ones.
Multiparticle states are written in the no-label approach,[40–42]

an alternative formalism for identical particles that allows
to simplify the notation by avoiding to explicitly sym-
metrize/antisymmetrize global states as required by the
symmetrization postulate in the standard first-quantization
framework.

2. Procedure

The considered protocol is schematically depicted in Figure 1.
Two identical qubits are initially localized on two distinct spatial
modes L and R, prepared in an initial state |𝜓0⟩. Two arbitrary en-
vironmental induced noises act locally on the two spatial modes
for a time t. After that, local depolarization is artificially induced
on both qubits, leading to a maximally mixed state. The two
particles are now let to impinge on the two input ports of a BS.

A pseudospin-insensitive, non-absorbing, parity check detector
D is employed on one of the output modes to discriminate the
outcomes with one constituent per mode (odd parity) from the
ones with two particles in the same spatial mode (even parity).
When dealing with bosons, the state is collected in the former
case, terminating the process. If an even-parity state is found,
instead, the method is iterated by depolarizing the particles and
detecting them again, until an odd-parity state is distilled. In
an alternative implementation, two local amplitude damping
channels are employed instead of the depolarizing ones. In this
case, a pseudospin rotator, which maps the pseudospin ↑ of a
qubit into ↓ and viceversa, is set on one spatial mode immedi-
ately before the BS. In Ref. [38], the authors showed that this
procedure allows to distillate bosonic Bell singlet states, which
can be afterward converted into arbitrary maximally entangled
states via PO operations (see Subsection 3.1) and, if required,
the action of the detector D.
We stress that, when the externally activated depolarizing

(amplitude damping) channels are let to act on the qubits for
a sufficiently long time, they lead to the maximally mixed state
(ground state) independently on both the initial state |𝜓0⟩, the
interaction time t, and the type of environmental noise acting
before them: in this sense, the artificially induced noises are
used to reset the system to a fixed state. On the contrary, all the
mentioned factors contribute to the final outcomes when such
channels are not activated.
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Figure 2. Structure of passive optical equivalent maximally entangled states of two photons. The figure shows two sets of PO equivalent maximally
entangled states of two bosonic qubits distributed over two spatial modes. Examples of PO transformations connecting them are reported for each set.
All the depicted PO transformations are assumed to occur on a single arbitrary spatial mode, except when ”two-modes” is stated. 𝜃-PDPS/PIPS are
polarization dependent/independent phase shifters inducing a phase 𝜃 on the spatial mode they are set on, PRs are 90◦ polarization rotators, and BSs
are beam splitters. The two sets are linked by a polarization-insensitive, non-absorbing, parity check detector D (see main text).[38]

3. Fermionic Implementation

We introduce the following notation for maximally entangled
states of two qubits distributed over two distinct spatial modes
L, R:

|1±⟩LR := 1√
2
(|L ↑, R ↓⟩ ± |L ↓, R ↑⟩)

|2±⟩LR := 1√
2
(|L ↑, R ↑⟩ ± |L ↓, R ↓⟩)

|1±⟩NO := 1√
2
(|L ↑, L ↓⟩ ± |R ↑, R ↓⟩)

|U±⟩NO := 1
2
(|L ↑, L ↑⟩ ± |R ↑, R ↑⟩)

|D±⟩NO := 1
2
(|L ↓, L ↓⟩ ± |R ↓, R ↓⟩)

(1)

Here, states with subscripts LR andNO are Bell states andNOON
states, respectively. The two differ in the number of particles lo-
calized in one spatial mode, which is one for the former and zero
or two for the latter and can thus be discriminated by a paritymea-
surement. States in Equation (1) constitute a basis := LR ∪ NO

of the 10D bosonic Hilbert space, where LR := {|1±⟩LR , |2±⟩LR}
and NO := {|1±⟩NO , |U±⟩NO , |D±⟩NO}. On the other hand, Pauli
exclusion principle forbids the existence of states |U±⟩NO , |D±⟩NO
for identical fermions, restricting their Hilbert space to six di-
mensions spanned by the remaining vectors of .

3.1. Passive Optical Operations

Referring to a photonic implementation, PO operations are de-
fined as the set of transformations that can be obtained by a
proper sequence of BSs, polarization BSs (PBSs), polarization-
dependent or -independent phase shifters (PDPSs/PIPSs), and
local polarization rotators (PRs), with two states being PO equiv-
alent if they can be obtained one from the other by means of
PO operations.[38] Here, we extend PO operations to fermions by
simply asking for the involved devices to act on the particle pseu-
dospin rather than polarization, performing analogous transfor-
mations.
Figure 2 reports the two sets of PO equivalent maximally en-

tangled states of two bosons, with an example of PO transfor-
mations connecting them (see Ref. [38]). Similar relations can
be found for fermions, as illustrated in Figure 3. In particular,
a PIPS introducing a phase 𝜋 on one spatial mode links |1−⟩LR
to |1+⟩LR and |2−⟩LR to |2+⟩LR, while the introduction of a phase
𝜋∕2 transforms |1−⟩NO and |1+⟩NO into each other. A PR mapping
↑ into ↓ and viceversa set on one spatial mode achieves the con-
nections |1−⟩LR ↔ |2−⟩LR and |1+⟩LR ↔ |2+⟩LR. Being inherently lo-
cal, this net of PO equivalent states is the same for fermions and
bosons (see Ref. [38]). On the contrary, a BS transforms two si-
multaneously impinging fermions differently from the bosonic
situation, due to their different commutation/anticommutation
rules. As a 50:50 BS transforms single particle states according
to |L⟩ ←→ (|L⟩ + |R⟩)∕√2 and |R⟩ ←→ (|L⟩ − |R⟩)∕√2, we find its
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Figure 3. Structure of passive optical equivalent maximally entangled
states of two fermionic qubits. The figure shows two sets of PO equiva-
lent maximally entangled states of two fermionic qubits distributed over
two spatial modes. Examples of PO transformations connecting them are
reported. All the depicted PO transformations are assumed to occur on a
single arbitrary spatial mode. 𝜃-PDPS/PIPS, PRs, and BSs are devices act-
ing on fermions performing operations analogous to their bosonic coun-
terpart (see main text and Figure 2).

action on fermionic maximally entangled states to achieve the
transformations

fermionic BS:

⎧⎪⎪⎨⎪⎪⎩

|1−⟩LR ←→ |1−⟩NO|1+⟩LR ←→ − |1+⟩LR|2−⟩LR ←→ − |2−⟩LR|2+⟩LR ←→ − |2+⟩LR
(2)

whereas for bosons we have

bosonic BS:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

|1−⟩LR ←→ − |1−⟩LR|1+⟩LR ←→ |1−⟩NO
|2−⟩LR ←→ (|U−⟩NO − |D−⟩NO)∕√2

|2+⟩LR ←→ (|U−⟩NO + |D−⟩NO)∕√2

(3)

A 50:50 BS can thus be employed to connect the fermionic states|1−⟩LR and |1−⟩NO. Since |U±⟩NO and |D±⟩NO are forbidden for iden-
tical fermions, we thus find that all the fermionic maximally en-
tangled states are PO equivalent. The described situation is pic-
torially depicted in Figure 3.

3.2. Results for Fermions

Let us consider the implementation of the protocol based on the
artificially induced depolarization of the two qubits. Once the de-

polarization is complete, the system is left in a maximally mixed
state 𝜌dep :=

1
4
ΠLR, where ΠLR :=

∑|v⟩∈LR
|v⟩ ⟨v| is the projector

onto the subspace spanned by the elements of the basisLR intro-
duced in Section 3. Under the action of a BS given in Equation (2),
state 𝜌dep is transformed into

𝜌BS =
1
4
|1−⟩NO ⟨1−|NO + 3

4
𝜌LR (4)

where

𝜌LR :=
1
3

(|1+⟩LR ⟨1+|LR + |2+⟩LR ⟨2+|LR + |2−⟩LR ⟨2−|LR) (5)

The previously discussed detector D can now be employed to
discriminate the even-parity components of 𝜌BS from the odd-
parity ones. In the first case, 𝜌BS is projected onto the sub-
space spanned by the elements of basis NO via the projec-
tion operator ΠNO :=

∑|k⟩∈NO
|k⟩ ⟨k|, returning |1−⟩NO ⟨1−|NO with

probability pNO = Tr[ΠNO𝜌BS] = 1∕4. We thus collect the qubits,
and the process terminates. In the second case, instead, 𝜌BS is
projected onto the subspace spanned by the elements of ba-
sis LR via ΠLR, returning 𝜌LR with probability pLR = Tr[ΠLR𝜌BS] =
3∕4. When this happens, the two qubits are artificially depo-
larized once again, re-obtaining 𝜌dep and allowing for the pro-
cess to be iterated. By repeating the procedure, we find the
probability of distilling the state |1−⟩NO ⟨1−|NO at the j-th itera-
tion to be p(j)NO =

∑j
n=1(1∕4)(3∕4)

n−1, which converges exponen-
tially to one for j → ∞. Given the PO transformations discussed
in Subsection 3.1, we thus conclude that the proposed scheme
allows for the robust preparation of any maximally entangled
state of two fermionic qubits in an asymptotically-deterministic
way.
We now consider the implementation where the artificially

induced noise is an amplitude damping locally acting on both
particles, followed by a PR set on one spatial mode, which
here, we fix to be the L one for simplicity. When the damping
is complete, the system is left in the ground state |L ↓, R ↓⟩
regardless of the initial state |𝜓0⟩, of the type of noise previously
acting on the qubits, and of the interaction time t. The PR
transforms it into |L ↑, R ↓⟩ = (|1−⟩LR + |1+⟩LR)∕√2, which is
then transformed by a BS. From Equation (2), the resulting
state is easily found to be (|1−⟩NO − |1+⟩LR)∕√2. Once again, the
detector D allows for discriminating the even component |1−⟩NO
from the odd one |1+⟩LR, both distilled with the same probability
pNO = pLR = 1∕2. Depending on whether, we are interested in
preparing a NOON state or a Bell state, we collect the particles
when the corresponding parity is detected and repeat the pro-
cess otherwise. In this way, the desired state is obtained at the
j-th iteration with probability p(j)NO = p(j)LR =

∑j
n=1 1∕2

n, which for
j → ∞ converges to one exponentially. Nonetheless, differently
from the depolarizing implementation, we stress that in this
case both even and odd components are pure states, so that
the desired state can always be obtained from the distilled one
by means of the PO transformations previously discussed.
Thus, we conclude that the implementation employing artificial
amplitude damping channels enables the robust preparation of
any maximally entangled state of two fermionic qubits in a way
that is deterministic already in just one run of the protocol.
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4. Implementation Without Externally Activated
Noisy Channels

In this Section, we analyzes the situation where the artificial in-
troduction of externally activated noise is not possible. Given its
role of resetting the qubits to a determined state, dropping this
assumption introduces new factors that ultimately determine the
performances of the setup. In particular, the initial state |𝜓0⟩, the
type of environmental induced noise acting on the particles be-
fore the BS, and the interaction time t all affect the distilled state.
In this work, we consider the pure initial state

|𝜓0⟩ = a |L ↑, R ↓⟩ + b ei𝜙 |L ↓, R ↑⟩ (6)

Here, a is a real and positive number, b :=
√
1 − a2, and 𝜙 ∈

[0, 2𝜋). We highlight that the quantum correlations carried by|𝜓0⟩ depend on the parameter a, ranging from separable states
for a = 0, 1 to maximally entangled ones for a = 1∕

√
2. No-

tice that, in the latter situation, we recover the Bell states|1+⟩LR , |1−⟩LR in Equation (1) when 𝜙 = 0,𝜋, respectively. We
study three standard models of local noisy environments: phase
damping channels, depolarizing channels, and amplitude damp-
ing channels. Within this framework, the results discussed in
Ref. [38] for bosons and in the previous Section for fermions pro-
vide the limiting case of the two latter types of noise when t → ∞,
with the addition of a PR on onemode in the amplitude damping
scenario. Particle statistics is taken into account, to highlight the
different performances of bosons and fermions. Furthermore, we
focus on a non-iterated version of the process.

4.1. Characterization of the Noisy Environments

We consider the two noisy environments to be of the same type
and to independently act on one spatial mode each. We model
them as baths of harmonic oscillators at zero temperature, the
interaction with the particles being described by a qubit-cavity
model, where the coupling involves one single excited mode of
the baths.[43] We assume the spectral density of the baths to be
Lorentzian, i.e.,[43,44]

J(𝜔) = 𝛾

2𝜋
𝜆2

(𝜔 − 𝜔0)2 + 𝜆2
(7)

where 𝛾 is the coupling strength between the system and the re-
lated environment, 𝜆 is the spectral width of the coupling, and𝜔0
is the qubit transition frequency.We compute the dynamics of the
system using the operator-sum formalizm.[43,45] While the struc-
ture of the employed Kraus operators depends on the specific
type of environment considered, they all encompass the time-
dependent disturbance probability p(t), which for the Lorentzian
spectral density in Equation (7) is given by [43, 46]

p(t) = 1 − e−𝜆t
[
cos

(
d t
2

)
+ 𝜆

d
sin

(
d t
2

)]2
(8)

with d :=
√
2𝛾𝜆 − 𝜆2

4.2. Phase Damping Channel

Under the action of two local phase damping channels, the initial
state 𝜌0 = |𝜓0⟩ ⟨𝜓0| evolves into
𝜌
pd
(t) =

(
1 − p(t)

) |𝜓0⟩ ⟨𝜓0|
+
p(t)
2

(|1+⟩LR ⟨1+|LR + |1−⟩LR ⟨1−|LR)
+
p(t)
2

(2a2 − 1)
(|1+⟩LR ⟨1−|LR + |1−⟩LR ⟨1+|LR)

(9)

Bosons: Two identical bosons in the state 𝜌
pd
(t) given in Equa-

tion (9) impinging on the input ports of a 50:50 BS are trans-
formed according to Equation (3) into

𝜌bos
BS
(t) =

[1
2
+
(
1 − p(t)

)
a b cos𝜙

] |1−⟩NO ⟨1−|NO
+
[1
2
−
(
1 − p(t)

)
a b cos𝜙

] |1−⟩LR ⟨1−|LR
+
[1
2
− a2 − i

(
1 − p(t)

)
a b sin𝜙

] |1−⟩NO ⟨1−|LR
+
[1
2
− a2 + i

(
1 − p(t)

)
a b sin𝜙

] |1−⟩LR ⟨1−|NO

(10)

We thus notice that, by employing the parity check detec-
tor D previously introduced, we can distill either the pure
NOON state 𝜌bos

NO
:= |1−⟩NO ⟨1−|NO with probability pbos

NO
(t) = 1

2
+

(1 − p(t)) a b cos𝜙 or the pure Bell state 𝜌bos
LR

= |1−⟩LR ⟨1−|LR with
probability pbos

LR
(t) = 1

2
− (1 − p(t)) a b cos𝜙. Figure 4 depicts pbos

LR
(t)

as a function of a and of the interaction time t, for 𝜙 = 0, 𝜋.
We notice that, as t → ∞, both pbos

LR
(t) → 1∕2 and pbos

NO
(t) → 1∕2

independently on a and 𝜙, that is, on the initial state. When|𝜓0⟩ is separable (a = 0, 1), the detections of 𝜌bos
LR

and 𝜌bos
NO

are
equiprobable, with pbos

LR
= pbos

NO
= 1∕2 independently on the interac-

tion time. Equiprobability is obtained also for 𝜙 = 𝜋∕2, 3𝜋∕2, in-
dependently on both a and t. When |𝜓0⟩ is entangled and the rel-
ative phase is real, instead, it holds that pbos

LR
(𝜙 = 𝜋) ≥ pbos

LR
(𝜙 = 0)

for any a and t, with the Bell singlet state (a = 1∕
√
2, 𝜙 = 𝜋) max-

imizing the probability of detecting 𝜌bos
LR
at finite times. In partic-

ular, pbos
LR
(t) increases with the interaction time for 𝜙 = 0 and de-

creases when 𝜙 = 𝜋. Nonetheless, we stress that both 𝜌bos
LR
and 𝜌bos

NO

are pure, maximally entangled states, either in the pseudospin or
in the polarization, with related detection probabilities satisfying
pbos
NO
(t) + pbos

LR
(t) = 1. Using the bosonic PO equivalences reported

in Figure 2, both the states can be transformed into any other
maximally entangled state. Thus, we conclude that considering
two bosons subjected to local phase damping, our method allows
for the robust and deterministic preparation of any arbitrary pure
and maximally entangled state, without the necessity to iterate
the process.
Fermions: When the BS operation is applied to two identical

fermionic qubits in the state given in Equation (9), we get (see
Equation (2))
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Figure 4. Distillation probability of the pure Bell state 𝜌bosLR (NOON state 𝜌ferNO) of two bosonic (fermionic) qubits subjected to local phase damping for a
time t. A Lorentzian spectral density is assumed (see Equation (7)), with 𝛾 = 𝜆 = 1 (non-Markovian regime).

𝜌fer
BS
(t) =

[1
2
+
(
1 − p(t)

)
a b cos𝜙

] |1+⟩LR ⟨1+|LR
+
[1
2
−
(
1 − p(t)

)
a b cos𝜙

] |1−⟩NO ⟨1−|NO
+
[1
2
− a2 − i

(
1 − p(t)

)
a b sin𝜙

] |1+⟩LR ⟨1−|NO
+
[1
2
− a2 + i

(
1 − p(t)

)
a b sin𝜙

] |1−⟩NO ⟨1+|LR

(11)

As for the bosonic scenario, we notice that the parity check
detector D allows to discriminate the even-parity compo-
nent 𝜌fer

NO
:= |1−⟩NO ⟨1−|NO of 𝜌fer

BS
from the odd-parity one 𝜌fer

LR
=|1−⟩LR ⟨1−|LR, detected with respective probabilities pfer

NO
(t) = 1

2
−

(1 − p(t)) a b cos𝜙 and pfer
LR
(t) = 1

2
+ (1 − p(t)) a b cos𝜙. Further-

more, as pfer
NO
(t) = pbos

LR
(t) and pfer

LR
(t) = pbos

NO
(t), the same considera-

tions drawn for the odd-parity (even-parity) component in the
bosonic scenario hold for the even-parity (odd-parity) one for
fermions, with pfer

NO
(t) being reported in Figure 4, too. Given the

fermionic PO equivalences introduced in Subsection 3.1, we thus
conclude that when applied to two fermions subjected to local
phase damping, our method allows for the robust and determin-
istic preparation of any arbitrary pure and maximally entangled
state, without having to iterate the process.

4.3. Depolarizing Channel

Let us now consider the two qubits prepared in the initial state
𝜌0 = |𝜓0⟩ ⟨𝜓0| to be subjected to the local action of a depolarizing
channel each. Such an interaction leads to the Werner state

𝜌
dep
(t) =

(
1 − p(t)

) |𝜓0⟩ ⟨𝜓0| + 1
4
p(t)ΠLR (12)

with ΠLR defined in Subsection 3.2. As previously mentioned, the
limit t → ∞ provides the maximally mixed state studied in Ref.
[38] (for bosons) and in Subsection 3.2 (for fermions).
Bosons: Two identical bosons in the state 𝜌dep(t) given in Equa-

tion (12) subjected to the BS operation in Equation (3) are trans-
formed into

𝜌bos
BS
(t) =

[
1
2
−
p(t)
4

+
(
1 − p(t)

)
a b cos𝜙

] |1−⟩NO ⟨1−|NO
+
[
1
2
−
p(t)
4

−
(
1 − p(t)

)
a b cos𝜙

] |1−⟩LR ⟨1−|LR
+
(
p(t) − 1

)(
a2 − 1

2
+ i a b sin𝜙

) |1−⟩NO ⟨1−|LR
+
(
p(t) − 1

)(
a2 − 1

2
− i a b sin𝜙

) |1−⟩LR ⟨1−|NO
+
p(t)
4

(|U−⟩NO ⟨U−|NO + |D−⟩NO ⟨D−|NO)

(13)

Once again, the parity check detector D can be employed to distill
the pure Bell singlet state 𝜌bos

LR
= |1−⟩LR ⟨1−|LR with a probability

pbos
LR
(t) = 1

2
− p(t)

4
− (1 − p(t)) a b cos𝜙. pbos

LR
(t) is depicted in Figure 5

as a function of a and t for 𝜙 = 0, 𝜋.
First of all, pbos

LR
(t) → 1∕4 as t → ∞ independently on a and 𝜙,

i.e., on the initial state |𝜓0⟩, in agreement with the results re-
ported in Ref. [38] when depolarization is used to reset the sys-
tem to amaximally mixed state. Furthermore, it holds once again
that pbos

LR
(𝜙 = 𝜋) ≥ pbos

LR
(𝜙 = 0) for any a and t. In particular, the Bell

singlet state (a = 1∕
√
2, 𝜙 = 𝜋) is found to maximixe pbos

LR
(t) at fi-

nite times. Nonetheless, differently from the phase damping sce-
nario, the interaction time affects the probability of distilling 𝜌bos

LR

even when the initial state is separable (a = 0, 1), ranging from
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Figure 5. Distillation probability of the pure Bell state 𝜌bosLR (NOON state 𝜌ferNO) of two bosonic (fermionic) qubits subjected to local depolarization for a
time t. A Lorentzian spectral density is assumed (see Equation (7)), with 𝛾 = 𝜆 = 1 (non-Markovian regime).

pbos
LR

= 1∕2 to pbos
LR

= 1∕4 as t → ∞. The same behavior is obtained
when 𝜙 = 𝜋∕2, 3𝜋∕2, regardless of a.
Fermions: When the two particles impinging on the BS are

fermions, the state 𝜌dep(t) in Equation (12) is mapped into

𝜌fer
BS
(t) =

[
1
2
−
p(t)
4

+
(
1 − p(t)

)
a b cos𝜙

] |1+⟩LR ⟨1+|LR
+
[
1
2
−
p(t)
4

−
(
1 − p(t)

)
a b cos𝜙

] |1−⟩NO ⟨1−|NO
+
(
p(t) − 1

)(
a2 − 1

2
+ i a b sin𝜙

) |1+⟩LR ⟨1−|NO
+
(
p(t) − 1

)(
a2 − 1

2
− i a b sin𝜙

) |1−⟩NO ⟨1+|LR
+
p(t)
4

(|2+⟩LR ⟨2+|LR + |2−⟩LR ⟨2−|LR)

(14)

Analogously to the bosonic scenario and in agreement with the
results discussed in Subsection 3.2, the parity check detector D
can be used to distill the NOON state 𝜌fer

NO
= |1−⟩NO ⟨1−|NO with

probability pfer
NO
(t) = 1

2
− p(t)

4
− (1 − p(t)) a b cos𝜙. Since pfer

NO
(t) =

pbos
LR
(t), Figure 5 also reports pfer

NO
(t) and the same considerations

discussed for the distillation of the bosonic Bell singlet state can
be drawn for the fermionic NOON state |1−⟩NO.
4.4. Amplitude Damping Channel

Finally, we study the performance of the proposed method when
the two qubits are independently subjected to a local amplitude
damping channel. In this situation, the initial state 𝜌0 = |𝜓0⟩ ⟨𝜓0|
evolves into

𝜌
ad
(t) =

(
1 − p(t)

) |𝜓0⟩ ⟨𝜓0| + p(t) |L ↓, R ↓⟩ ⟨L ↓, R ↓| (15)

where |L ↓, R ↓⟩ = (|2+⟩LR − |2−⟩LR)∕√2 is the two-particle
ground state. We highlight that, differently from the analogous
scenario in Ref. [38] and in Section 3, here we do not assume
the presence of a PR rotating the pseudospin of particles on one
spatial mode before the BS operation.
Bosons: The action of a BS on the bosonic state 𝜌

ad
(t) given in

Equation (15) returns

𝜌bos
BS
(t) =

(
1 − p(t)

)[(1
2
+ a b cos𝜙

) |1−⟩NO ⟨1−|NO
+
(1
2
− a b cos𝜙

) |1−⟩LR ⟨1−|LR
−
(
a2 − 1

2
+ i a b sin𝜙

) |1−⟩NO ⟨1−|LR
−
(
a2 − 1

2
− i a b sin𝜙

) |1−⟩LR ⟨1−|NO]
+ p(t) |D−⟩NO ⟨D−|NO

(16)

The detector D allows to distill the pure Bell singlet state 𝜌bos
LR

=|1−⟩LR ⟨1−|LR with probability pbosLR
(t) = (1 − p(t))( 1

2
− a b cos𝜙), de-

picted in Figure 6.
As for the phase damping and the depolarizing channels, we

notice that pbos
LR
(𝜙 = 𝜋) ≥ pbos

LR
(𝜙 = 0) for every a, t. In particular,

such a probability reaches its maximum at finite times when |𝜓0⟩
is a Bell singlet state. However, this time pbos

LR
(t) decays to zero

with the interaction time regardless of a and 𝜙. As in this case
𝜌bos
NO
(t) is not a pure state (similarly to the depolarizing scenario

and in contrast with the phase damping one), at first sight such a
decay could be interpreted as an inefficacy of the proposed tech-
nique to distill pure and maximally entangled states when the
particles of interest have been subjected to the considered noise
for too long. Nonetheless, we highlight that in the limit t → ∞
the even parity state 𝜌bos

NO
becomes the pure NOON state |D−⟩NO,
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Figure 6. Distillation probability of the pure Bell state 𝜌bosLR (NOON state 𝜌ferNO) of two bosonic (fermionic) qubits subjected to local amplitude damping
for a time t. A Lorentzian spectral density is assumed (see Equation (7)), with 𝛾 = 𝜆 = 1 (non-Markovian regime).

and pbos
NO
(t) = 1 − pbos

LR
(t) → 1. Thus, for sufficiently long interaction

times, we should collect the qubits when the detector D signals
an even number of particles, achieving the distillation of a state
that becomes pure as t → ∞.
Fermions: When dealing with identical fermions, the state

𝜌
ad
(t) in Equation (12) is transformed by a BS into

𝜌fer
BS
(t) =

(
1 − p(t)

)[(1
2
+ a b cos𝜙

) |1+⟩LR ⟨1+|LR
+
(1
2
− a b cos𝜙

) |1−⟩NO ⟨1−|NO
−
(
a2 − 1

2
+ i a b sin𝜙

) |1+⟩LR ⟨1−|NO
−
(
a2 − 1

2
− i a b sin𝜙

) |1−⟩NO ⟨1+|LR]
+ p(t) |L ↓, R ↓⟩ ⟨L ↓, R ↓|

(17)

As in the other fermionic scenarios discussed, the detector D
allows to distill the pure NOON state 𝜌fer

NO
= |1−⟩NO ⟨1−|NO. The

probability of such a detection is given by pfer
NO
(t) = (1 − p(t))( 1

2
−

a b cos𝜙), which is reported in Figure 6 as pfer
NO
(t) = pbos

LR
(t). The

considerations drawn for detection of the odd component in the
bosonic situation are thus valid also for the detection of 𝜌fer

NO
.

Nonetheless, an important difference emerges: in the limit t →
∞ the fermionic odd-component, which is the only one distillable
as pfer

LR
(t) = pbos

NO
(t) → 1, is the pure state 𝜌fer

LR
= |L ↓, R ↓⟩ ⟨L ↓, R ↓|

which is not entangled. Notice that the presence of this term in
𝜌fer
BS
in contrast to 𝜌bos

BS
is due to the anti-bunching effect character-

izing identical fermions, which makes |L ↓, R ↓⟩ in 𝜌
ad
(t) invari-

ant under the action of a BS whereas the bosonic bunching effect
transforms it into the maximally entangled NOON state |D−⟩NO.
Nonetheless, the fermionic state |L ↓, R ↓⟩ can be transformed
into amaximally entangled state bymeans of PO transformations

and the detector D as discussed in Subsection 3.2, that is, by ro-
tating the pseudospin of the qubit on one region, by applying a
BS operation to the resulting state, and by finally distilling either
the odd component |1+⟩LR or the even one |1−⟩NO.
5. Conclusion

We have extended a theoretical procedure for the robust prepa-
ration of maximally entangled states introduced in Ref. [38] for
bosons to the fermionic scenario. Considering two qubits set on
two distinct spatial modes and subjected to local environmental
noise, the protocol employs two externally activated local noisy
channels to reset the bipartite state to a known one. A BS is
then used to set the system in a mixture or a superposition of
NOON states, entangled in the spatial mode, and Bell states,
entangled in the internal degree of freedom. A non-absorbing,
pseudospin-independent, parity check detector D set on one
mode is later used to discriminate between the two components,
distilling a maximally entangled state, which is shown to be
pure. Such a result is independent on the initial state of the
system, on the characteristics of the environments, and on the
interaction between the two besides requiring the latter to be
local and particle-preserving, making the proposed preparation
robust. We have analyzed two possible implementations of the
protocol: one employing depolarizing channels as the externally
activated noises, and one using amplitude damping channels as
such. In both cases, the procedure can be iterated; by doing so,
the implementation relying on externally activated depolarizing
channels achieves determinism asymptotically with the number
of iterations, while determinism can be reached either asymp-
totically or in a single run when employing externally activated
amplitude damping channels.
It is worth to stress some main differences with previous

works,[35,36] where the authors present indistinguishability-based
probabilistic preparation of Bell singlet states starting from noisy

Adv. Quantum Technol. 2023, 2300146 2300146 (8 of 10) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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states that arise from unavoidable system-environment interac-
tions. Here, we have extended such results by introducing the
non-absorbing parity check detector, which allows to iterate the
process achieving an asymptotically-deterministic preparation.
Focusing on the indistinguishability of the two qubits at a beam
splitter, we have also stressed the interplay between NOON states
and Bell states, showing how pure NOON states can be distilled
in the fermionic scenario. A further improvement comes from
the insertion of this result in a wider preparation framework,
where noisy channels are suitably externally activated to reset the
system to a desired state. Crucially, this solution leads to a pro-
tocol that is independent of the initial state and of any system-
environment interaction occurring prior to the BS operation.
We have extended the bosonic PO equivalences introduced

in Ref. [38] to fermions, showing that all the pure maximally
entangled states of two fermionic qubits distributed on two
spatial modes can be obtained one from another by means of
transformations analogous to passive optical ones. Provided
with such a set of transformations, the proposed framework
can thus be employed to deterministically prepare any arbitrary
maximally entangled state of two identical fermionic qubits.
The difficulty in realizing a polarization-insensitive, non-

absorbing, parity check detector constitutes the main obsta-
cle hindering an experimental implementation of the proposed
scheme. Nonetheless, we emphasize that two commercially avail-
able single photon detectors can be used in its place to postselect
the odd components by performing a coincidence measurement
on the two spatial modes. In this way, the implementation em-
ploying amplitude damping channels can be used to achieve the
probabilistic distillation of a pure fermionic Bell state with prob-
ability pLR = 1∕2.
We have further studied the performances of our technique

when the artificially induced noisy channels are not employed,
analyzing both bosonic and fermionic qubits. In this case, the
initial state, the characteristics of the environmental noise, and
the system-environment interaction time all affect the result. We
have taken the two particles to be initially prepared in a generic
superposition of anti-parallel pseudospin states as given by Equa-
tion (6). Such a set of states includes both entangled and separa-
ble ones, allowing the role of the initial quantum correlations to
be assessed. The two environments acting locally on the qubits
have been modeled as identical phase damping channels, depo-
larizing channels, and amplitude damping channels. Focusing
on a single run of the protocol, we have shown that it allows
us to distillate pure and maximally entangled states determin-
istically when dealing with phase damping channels. When con-
sidering depolarizing channels, instead, a pure maximally entan-
gled state can be prepared conditionally, with a distillation prob-
ability decaying to 1∕4 asymptotically with the interaction time
regardless of the initial state. Nonetheless, preparing the system
in a Bell singlet state increases the chances of success at finite
interaction times. Finally, a pure maximally entangled state is
probabilistically achieved when the two constituents are affected
by amplitude damping noise for a finite time t, whereas a deter-
ministic distillation is achievable as t → ∞ regardless of the ini-
tial state. Remarkably, all the above results hold for both bosons
and fermions.
We stress that the core of the proposed procedure lies in

the bunching/antibunching interferometric effects characteriz-

ing identical particles under the action of a BS. In particular, we
notice from Equations (2) and (3) that the singlet is the only Bell
state whose number of particles on one spatialmode changes par-
ity (for fermions) or preserves it (for bosons) under a BS trans-
formation. Thus, the parity-check detector ultimately discrimi-
nates the pure BS-transformed singlet component from the other
ones, achieving the desired distillation. With a specific focus on
coincidence measurements, i.e., on the detection of odd-parity
terms, this mechanism is also at the heart of the technique em-
ploying the spatially localized operations and classical commu-
nication (sLOCC) operational framework[37,42,47–51] to recover the
quantum correlations initially present in a Bell singlet state sub-
jected to the local action of noisy environments.[35,36,52]

Finally, we emphasize that in order that the discussed interfer-
ence effects properly occur, the different two-particle probability
amplitudes must be indistinguishable when the qubits are col-
lected. Crucially, as demonstrated in Ref. [53], this requirement
is not equivalent to ask for the two particles to simultaneously
impinge on the BS; an arbitrary time delay is indeed acceptable,
provided it gets compensated after the BS. If a time delay occurs
due, e.g., to the particle sources being desynchronized, the re-
sults of this paper can thus be restored, for example, by suitably
arranging the lengths of the different paths after the BS or, re-
ferring to a photonic implementation, by inducing a proper de-
phasing on the particles with birefringent media prior to their
collection.[53,54]
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