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Abstract The effective field theory of heterotic vacua that realise R*! preserving
N'=1 supersymmetry is studied. The vacua in question admit large radius limits taking
the form R3! x X, with X a smooth threefold with vanishing first Chern class and
a stable holomorphic gauge bundle E. In a previous paper we calculated the kinetic
terms for moduli, deducing the moduli metric and Kéhler potential. In this paper, we
compute the remaining couplings in the effective field theory, correct to first order
in &' . In particular, we compute the contribution of the matter sector to the Kihler
potential and derive the Yukawa couplings and other quadratic fermionic couplings.
From this we write down a Kihler potential K and superpotential W.
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1 Introduction

We are interested in heterotic vacua that realise N'=1 supersymmetric field theories in
R3!. At large radius, these take form R3! x X where X is a compact smooth complex
threefold with vanishing first Chern class. We study the Egx Eg heterotic string, and
so there is a holomorphic vector bundle E with a structure group H C Eg x Eg and
a d = 4 spacetime gauge symmetry given by the commutant & = [Egx Eg, H]. The
bundle E has a connection A, with field strength F satisfying the Hermitian Yang—
Mills equation. The field strength F is related to a gauge-invariant three-form H
and the curvature of X through anomaly cancellation. The triple (X, E, H) forms a
heterotic structure, and the moduli space of these structures is described by what we
call heterotic geometry. In this paper, we compute the contribution of fields charged
under the spacetime gauge group & to the heterotic geometry.

The challenge in studying heterotic vacua is the complicated relationship between
H, the field strength F and the geometry of X. Supersymmetry relates the complex
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On the effective field theory of heterotic vacua 1033

structure J and Hermitian form w of X to the gauge-invariant three-form H:
, : 1
H=dw, do= Ejm‘nl Iy Ty (O, @noyny) dx™dx™2dx™3 . (1.1)

where x" are real coordinates on X. Green—Schwarz anomaly cancellation gives a
modified Bianchi identity for H

\

dH:—%(TrFZ—TrRz), (1.2)

where in the second of these equations R is the curvature two-form computed with
respect to a appropriate connection with torsion proportional to H. This means the
tangent bundle T'x has torsion if H is nonzero. Unless one is considering the standard
embedding—in which E is identified with Tx the tangent bundle to X—the right-hand
side of (1.2) is nonzero even when X is a Calabi—Yau manifold at large radius. This
means that H is generically non-vanishing, though subleading in ', and so even for
large radius heterotic vacua X is non-Kihler. Torsion is inescapable.

The effective field theory of the light fields for these vacua is described by a
Lagrangian with A" = 1 supersymmetry, whose bosonic sector is of the form

1 1 DU _
L= F\/—GAL <R4 — ZTr|Fg|2 ~2G 45D, D, ®F — V(®, D) +- > .
Ky

(1.3)

Here «4 is the four-dimensional Newton constant, R4 is the four-dimensional Ricci
scalar, Fy is the spacetime gauge field strength, the ®4 is range over the scalar fields
of the field theory, and their kinetic term comes with a metric G 4. The fields ®4 may
be charged under g, the algebra of the gauge group &, with an appropriate covariant
derivative D,. Finally V (®, ®) is the bosonic potential for the scalars.

When E = Tx the moduli space of the heterotic theory reduces to that of a Calabi—
Yau manifold and is described by special geometry. The unbroken gauge group in
spacetime is Eg, and the charged matter content consists of fields charged in the 27
and 27 representations. The Yukawa couplings were calculated in supergravity in, for
example, [1,2]. The effective field theory of this compactification was described in a
beautiful paper [3], in which relations between the Kahler potential and superpotential
were computed using string scattering amplitudes, (2, 2) supersymmetry and Ward
identities. The Kédhler and superpotential were shown to be related to each other and
in fact were both determined in terms of a pair of holomorphic functions. These are
known as the special geometry relations. For a review of special geometry in the
language of this paper, see [4]. A key question is how these relations generalise to
other choices of bundle E.

We work towards answering this question by computing the effective field theory
couplings correct to first order in ' . In a previous paper [5] we commenced a study
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1034 J. McOrist

of heterotic geometry using a' -corrected supergravity. This is complementary to a
series of papers [6—10] who identified the parameter space with certain cohomology
groups. In the context of effective field theory (1.3), one of the results of [5] was to
calculate the contribution of the bosonic moduli fields to the metric G ,z. In this paper,
we compute the contribution of the matter sector to the metric G 43, and the Yukawa
couplings, correct to order & . We describe an ansatz for the superpotential and Kiihler
potential for effective field theory:

4 _ _ _
K = —log <§/w3) — log (1/9 Q) + G Tr C5CT + Gz Tr DT DP,

(1.4)
W = —iv/2e / Q(H - do).
The superpotential is normalised by comparing with the Yukawa couplings computed
in the dimensional reduction using the conventions of Wess—Bagger [31].
The moduli have a metric

ds? = 2G5 dy* @ dyP,
1 1
GafoA““*AE” g~ﬂ+W/Z“*ZE+ (1.5)

+ %/ Tr (Do * D) — %/ Tr (Do® + D50"),

where Z, = By + idyw is the o' -corrected, gauge-invariant generalisation of the
complexified Kahler form § B + idw, the yx, form a basis of closed (2, 1)-forms, and
the last line is the Kobayashi metric, extended to the entire parameter space, including
deformations of the spin connection on T'x. The metric expressed this way is an inner
product of tensors corresponding to complex structure A, Hermitian moduli Z,, and
bundle moduli D, A. The role of the spin connection D, 6 is presumably determined
in terms of the other moduli as they do not correspond to independent physical fields.
The tensors depend on parameters holomorphically through

Ay =0, Zz=Bg+idgw=0, DzA*' =0, Dze%'=0. (1.6

de la Ossa and Svanes [6] showed that there exists a choice of basis for the parameters in
which each of the tensors in the metric are in an appropriate cohomology; ' hence, the
moduli space metric (5.2) is the natural inner product (Weil-Peterson) on cohomology
classes.

The matter fields are Cé and D® and appear in the Kihler potential trivially, as
they do in special geometry. The matter metric is the Weil-Petersson inner product of
corresponding cohomology elements

' T would like to thank Xenia de la Ossa for explaining this choice of basis to me.
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On the effective field theory of heterotic vacua 1035

o o
o eV G = 1.7
4V/;<W W Gey 4V/;<¢E*¢ﬁ (L.7)

where ¢¢, ¥, are (0, 1)-forms valued in a sum over representations of the structure
group H.

In some sense it was remarkable that one was able to find a compact closed expres-
sion for the Kihler potential for the moduli metric. This was not a priori obvious,
especially given the nonlinear PDEs relating parameters in the anomalous Bianchi
identity and supersymmetry relations (1.1)—(1.2). Indeed, it turned out that the Kihler
potential for the moduli in (1.4) is of the same in form as that of special geometry,
except where one has replaced the Kihler form by the Hermitian form w. At first sight
this is confusing as the only fields appearing in the Kihler potential are @ and €.
Nonetheless, the Kéhler potential still depends on bundle moduli in precisely the right
way through a non-trivial analysis of the supersymmetry and anomaly conditions. The
Hermitian form o contains, hidden within, information about both the bundle and
Hermitian moduli.”

The metric (5.2) is compatible with the result in [11], who studied the &' and o' 2
corrections to the moduli space metric in the particular case where the Hermitian part
of the metric varies, while the remaining fields are fixed: (8aw)]’l #0,B, = A, =
D,A = 0. In general all fields vary with parameters and the metric is nonzero already
at O(a').

The analysis in [5] focussed primarily on D-terms relevant to moduli. In this paper,
we compute the remaining D-terms, including the metric terms for the bosonic matter
fields charged under g. We also compute the F-terms up to cubic order in fields,
exploiting the formalism constructed in [5]. The primary utility of this is to derive an
expression for the Yukawa couplings in a manifestly covariant fashion. Together with
the metrics discussed above, one is now finally able to compute properly normalised
Yukawa couplings, relevant to any serious particle phenomenology. The F-terms are
protected in o' -perturbation theory, and so the only possible o' -corrections are due
to worldsheet instantons.

The fields neutral under g, the singlet fields, also do not have any mass or cubic
Yukawa couplings. In fact, all singlet couplings necessarily vanish. They correspond
to moduli which are necessarily free parameters and so the singlets need to have
unconstrained vacuum expectation values. If there were a nonzero singlet coupling at
some order in the field expansion, e.g. 1", or in a eg theory (27-27)320.1'%! then some
parameter y* would have its value fixed, a contradiction on it being a free parameter.’

2 Ttis important to note that the derivation here and in [5], no assumption is made about expanding around
the standard embedding. £ is not related to the tangent bundle.

3 An important open question is, when are singlet couplings are generated by worldsheet instantons? At
least for vacua derived from linear sigma models, there are arguments that suggest that after summing over
all worldsheet instantons all the singlet couplings vanish [12,13]. Here we assume the vacua is well defined
with a large radius limit, and so all singlet couplings vanish.
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1036 J. McOrist

The superpotential W in (1.4) is an ansatz designed to replicate these couplings. Its
functional form can be partly argued by symmetry. There is a complex line bundle over
the moduli space in which the holomorphic volume form on X, denoted €2, transforms
with a gauge symmetry € — u2 where v € C*. The superpotential is also a section
of this line bundle, and transforms in the same way W — uW. Hence, W has an
integrand proportional to 2. To make the integrand a nice top-form we need to wedge
it with a gauge-invariant three-form. The three-form needs to contain a dependence
on the matter fields, and this can only occur through the ten-dimensional H field.
The other natural gauge-invariant three-forms that are not defined in a given complex
structure are dw and d°w. W is also required not to give rise to any singlet couplings.
So all derivatives of W with respect to parameters must vanish. The combination
H — d°w manifestly satisfies this request. Derivatives with respect to matter fields of
W do not vanish. As these are charged in g, the only nonzero contributions come from
H. This allows us to fix the normalisation of W by comparing with the dimensional
reduction calculation of the Yukawa couplings. Finally, W must be a holomorphic
function of chiral fields, which is straightforward to check. It is convenient that the
single expression for the superpotential captures both the matter and moduli couplings,
and fact seemingly not realised before.

A complementary perspective on W was studied by [8]. In that paper, one starts
with an su(3)-structure manifold X, posits the existence of W, and uses it as a device to
reproduce the conditions needed for the heterotic vacuum to be supersymmetry. This
builds on earlier work in the literature, see, for example, [14—16]. The superpotential
ansatzed in those papers is of a different form to that described here, and the cubic and
higher-order singlet couplings nor Yukawa couplings were not consistently computed.
We choose to work with the expression above as it manifestly replicates the vanishing
of all singlet couplings.

The layout of this paper is the following. In Sect. 2 we review the necessary
background to study heterotic vacua, reviewing the results of [5]. In Sect. 3, we dimen-
sionally reduce the Yang—Mills sector to obtain a metric on the matter fields. In Sect. 4,
the reduction is applied to the gaugino to get the quadratic fermionic couplings, includ-
ing the Yukawa couplings. In Sect. 5, we summarise the results. In Sect. 6 we show
how these couplings are represented in the language of a Kihler potential K and
superpotential W.
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On the effective field theory of heterotic vacua 1037
1.1 Tables of notation

Table 1 A table of objects used

Quantity Definition Comment

g d = 4 spacetime gauge algebra Group is &

] Structure algebra of E Group is H

r Representation of b dimr =r

R Representation of g dimR =R

d d = 10 gauge field in (r, R) of h @ g p=00 d=¢-yf

v d = 10 gauge field in (7, R) of h ® g y=w0l u=y_pf

3 Basis for H! X, Ep) Valued in r of h

Vo Basis for H! (X, Ef) Valued in 7 of

CE, DP, Y% d = 4 bosons in the R, R, 1 of g (e.g. 27,271 of ¢6) &, 7, a label harmonic bases
ct,pr,y d = 4 fermions in R, R of g Calligraphic for anticommuting
B, dX¢ g-valued connection on R3! Occasionally embed in Aeg

Apy dx™ h-valued connection for E on X Occasionally embed in A

sA Fluctuation of connection for E Occasionally §Ay,

8B Fluctuation of connection for g Occasionally use §A4

& Majorana—Weyl s0(9, 1) spinor

@A 50(3, 1) @ s0(6) spinors A, A’ positive/negative chirality

Table 2 A table of coordinates and indices

Coordinates Holomorphic indices Real indices
Calabi—Yau manifold xH W, v, m,n, ...
R3-! spacetime Xx¢ — e, f,...
basis forrep r of h e.g. h = su(3) [Th]ij er i,j=1,...,r —

basis forrep Rof g e.g. g = ¢q [Tg]MNeR M,N=1,....,R -
parameters of heterotic structure y* o, By, a, b,c...
indices for d = 4 spinors (occasional) Cas Ea — a, b,

2 Heterotic geometry

The purpose of this section is to establish conventions and notation through a review
of heterotic moduli geometry, most of which is explained in [5]. In terms of notation,
there are occasional refinements and new results towards the end of the section. We
largely work in the notation of [5], with a few exceptions, most important of which
is that real parameters are denoted by y“ and complex parameters by y%, y#. The
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1038 J. McOrist

discussion both there and in this section refers to forms defined on the manifold X.
This is generalised in later sections in order to account for the charged matter fields. A
table of notation is given in Tables 1 and 2. Basic results and a summary of conventions
are found in Appendices. Hodge theory and forms are in “Appendix A”; spinors in
“Appendix B”’; and representation theory in “Appendix C”.

We consider a geometry R*! x X with X smooth, compact, complex and vanishing
first Chern class. While X is not Kihler in general, we take it to be cohomologically
Kihler satisfying the 99-lemma, meaning that its cohomology groups are that of a
Calabi—Yau manifold.

The heterotic action is fixed by supersymmetry up to and including o’>—corrections.
In string frame with an appropriate choice of connection for T, it takes the form
[17,18]:

1 | /
s=— [d°X 20 e—2‘1’{7z— C|H? +4(0®)2 — = (Tr|F2—Tr |R(®+)|2)},

2/{10 2 4
2.1)

Our notation is such that x, v, . . . are holomorphic indices along X with coordinates x;
m, n, ... arereal indices along X; while e, f, ... are spacetime indices corresponding
to spacetime coordinates X. The 10-dimensional Newton constant is denoted by « g,
g10 = —det(gyn), @ is the 10-dimensional dilaton, R is the Ricci scalar evaluated
using the Levi—Civita connection and F is the Yang—Mills field strength with the trace
taken in the adjoint of the gauge group.

We define an inner product on p-forms by

and take the p-form norm as
IT|> = (T, T).
Thus, the curvature squared terms correspond to
Tr|F|? = % Tr Fyn FMY and Tr|R(OM))? = % Tr Runpo(@N)RMNPC (@),
where the Riemann curvature is evaluated using a twisted connection
n 1
Oy =0y =* EHM’

with ® ), is the Levi—Civita connection. The definition of the H field strength and its
gauge transformations are given in Sect. 2.3.
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On the effective field theory of heterotic vacua 1039

We write the metric on X as
ds? = 2g,pdxtdx’”.
The manifold X has a holomorphic (3, 0)-form

1
Q= ;Q,wpdx“dx”dxp,
where €2, depends holomorphically on parameters and coordinates of X. 2 is a
section of a line bundle over the moduli space, meaning that there is a gauge symmetry
in which Q — uQ where pu(y*) € C* is a holomorphic function of parameters.
There is a compatibility relation

i — 1 3 2 1 —uvp
where ||€2|| is the norm of €. For fixed X, this is often normalised so that ||$2||? = 8.

However, ||2|| depends on moduli and is gauge dependant and so it is not consistent
in moduli problems to do this.

2.1 Derivatives of 2 and A,

A variation of complex structure given by a parameter y* can be described in terms
of the variation of the holomorphic three-form by noting that 3,Q € H®*? ¢ H®D
and writing

a2 1 P
—— = —ka Q+ Xa; Xa = 5 Xaxrpdx“dx"dx". (2.3)
ay* 2

Here x, are d-closed (2, 1)-forms. Variations of complex structure J : Tx — Tx
can also be phrased in terms of (0, 1)-forms valued in Tx

B =20 A" dx’ ® 8, Budpd =20 Agp = 2i Aggp™dx” @ ..

We have denoted dg A = Aqg which makes manifest the symmetry property dg Ay =
0y Ag. Occasionally we will denote parameter derivatives by dy@ = @ 4.
The A, and yx, are related

1 —LT,

1 _ _
Q YAy apdxPdxdxt, AF=—"Q
“n C 29

Yo = 520 "Xerprdx®.  (2.4)

The symmetric component of Ay appears in variations of the metric 8gz5 =
Aq (jin) 0y
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1040 J. McOrist

It is best to describe variations of complex structure through projectors P and Q
onto holomorphic and antiholomorphic components, respectively,

&ﬂzl(%ﬂ—Lmﬂ, Qmﬂzl(%ﬂ+LMﬂ.

N
N |

The projectors capture the implicit dependence on complex structure. For example,
the operator 8 = dx™Q,," 9, undergoes a variation purely as a consequence of the
implicit dependence on the complex structure:

[Oa, 5] = [aa’ (andxm ® an)] = _Aauau (2.5)

2.2 The vector bundle E

Let E denote a vector bundle over X, with structure group H, and A the connection
on the associated principal bundle. That is, A is a gauge field valued in the adjoint
representation ady, of the Lie algebra b of 'H.

Under a gauge transformation, A has the transformation rule

PA=0(A-Y)0 !, Y =0 ldo, (2.6)

where @ is a function on X that takes values in &. We take @ to be unitary and then
d® ®~! and A are anti-Hermitian. The field strength is

F =dA + A2,

and this transforms in the adjoint of the gauge group: F — ®F®~ !,
Let A be the (0, 1) part of A then, since A is anti-Hermitian,

A=A-A".
On decomposing the field strength into type, we find F2 = 9.4 4+ A2. The bundle
E is holomorphic if and only if there exists a connection such that F(©-? = 0. The

Hermitian Yang—Mills equation is

w*F = 0.

2.3 The B and H fields

There is a gauge-invariant three-form

\

H=dB— 2 (CcS[A] — CS[® 27
= dB — = (Cs[A] - €s[o]), 2.7
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On the effective field theory of heterotic vacua 1041

where CS denotes the Chern-Simons three-form
2 3 1 3
CS[A] = Tr(AdA—i—;A ) _ Tr(AF— o4 )

and O is the connection on Tx for Lorentz symmetries. The three-form dB is defined
so that H to be gauge invariant, and so dB itself has gauge transformations. Under a
gauge transformation

1 3
CSIA] — CS[A] - dTr(AY) + S Tr (Y )

together with the analogous rule for CS[®]. The integral of Tr (Y>) over a three-cycle is
a winding number, so it vanishes if the gauge transformation is continuously connected
to the identity. The integral vanishes for every three-cycle and so Tr(Y?) is exact
% Tr (Y3) = dU, for some globally defined two-form U. There are corresponding
transformations for the connection ® in which Y is replaced by Z and U by W.
Anomaly cancellation condition means that the B field is assigned a transformation

\

B — B—%{Tr(AY)—U—Tr(G)Z)+W}. (2.8)

With this transformation law, B is a 2-gerbe and H is invariant.
An important constraint arising from supersymmetry is that H is related to the
Hermitian form w and complex structure J of X:

. : 1
H=dw, do= Ejmlnl Iy Ty (O, @poyny) dx™1dx™2dx™3,  (2.9)
which for an integrable complex structure reduces to
0 =J"o — (dJ"wpy. (2.10)

We denote the real parameters of the compactification by y* and complex parameters
by y%, yP. If the parameters are fixed to y = yo, the second term in (2.10) vanishes
and the relation simplifies to

dwly=y, =i(0 — . (2.11)

However, when complex structure is varied d,(dJ) = 2i0A4, the second term in
(2.10) is nonzero and is important as it contributes to the equations satisfied by the
moduli.
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1042 J. McOrist

2.4 Derivatives of A

The heterotic structure (X, H, E) depends on parameters. This means the gauge con-
nection A and its gauge transformations ® depend on parameters. As constructed in
[5], the gauge covariant way of describing a deformation of A is given by introducing
a covariant derivative

D,A =0,A —daA,, (2.12)
where A” = A,dy? is a connection on the moduli space with a transformation law
PA= DA, — Y )P, Y, =0 '9,0. (2.13)
With this transformation property D, A transforms homogeneously under (2.6):
D,A — ®D,AD.

The moduli space M is complex, and we introduce a complex structure y¢ = (y“, yE).
When parameters vary complex structure the holomorphic type of forms change, and
the covariant derivatives Dy.A is no longer gauge covariant. This is remedied by
defining a generalisation, termed the holotypical derivative Dy .A:

Do = (DeA) O = 8, A — A Al — 4 AL,

DA = (DgA) ) = 924 — AP Az — AL = @19
/3—(,3) =0gA T Ay M_AE_’
where the vanishing of DE.A follows from (2.5). It follows from the definition that
under a gauge transformation the holotypical derivative transforms in the desired form

Dy A — ®D AD .

Without the extra term —Aa”AL in the holotypical derivative, this property does not
hold as 9 fails to commute with 9.
The holotypical derivative can be extended to act on (p, g)-forms. Define

r.s -
m = Wingarpu, o5

DY D
ol dx K1 Hrvi s,

and understand W,;" = 0 if r or s are negative or r+s > n—1. The holotypical
derivatives are then given by

D,WP4 = (D,W)P4 = D,WP9 — AaHW;IL)_Lq + Aoz#W/[Z’q_l,

e N A L)
DgWP4 = (DgW)P1 = DgWP 4 + Az Wl ™H0 — aAgPwl !,
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On the effective field theory of heterotic vacua 1043

The holotypical derivative has the nice feature that it preserves holomorphic type:
DEDQW’W = (DBDQW)I’"J = (DgDy wHP4,

We use D, to denote the covariant derivative to account for any gauge dependence of
the real form W. For example, the covariant derivative of the field strength is related
to that of A:

DyF = dyF + [AEL,, F] =da(DuA),

However, the holotypical derivative of, for example, F©2) gives
Dy FO? =5 4 Dy A = A" F,,

and this is known as the Atiyah constraint.

2.5 Derivatives of H

Itis of use to compute derivatives of H with respect to parameters. First define a gauge
covariant derivative of B via

\

D.B = 3,B — “ITr(Aa dA), (2.16)

With this choice, we have a gauge transformation law for D, B that is parallel to the
gauge transformation (2.8) for B:

\
®p,B = D,B + %(Tr(YDaA) n Ua). 2.17)
The second and third derivatives are defined to transform in a natural way inherited

from that of D, B

\

D.DyB = 3,D,B — O‘I Tr (DyAdA,),

\ (2.18)
o
DeDyDyB = 9:DyDpB — = Tr (DpDsAdAY) .
A gauge-invariant quantity B, is the formed from D, B
Ol\
B, =D,B + T Tr(AD,A) — db,, (2.19)

with db, an exact form. The exact form comes from the fact the physical quantity is
dB, and so in writing B,, there is a corresponding ambiguity. It is a simple exercise to
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1044 J. McOrist

note that 9, H is given by the expression

\

9, H = dB, — “7 Tr (D, A F). (2.20)

In terms of holomorphic parameters, we introduce the holotypical derivative and find

\

Do HP4 = 9BL~ 14 4 gBPa~1 % Tr(Dy A FP17Y), 2.21)

The second derivative is given by

\

00 H = —‘% Tr ((dAD;,A)DaA n FD;,DaA) +dBy,, (2.22)

where By, = 0B, and in terms of the B-field
a\
Bpa = (DbDaB -7 Tr((DbDaA)A)) .

Despite appearances the right-hand side is symmetric in a, b after one uses that

\

\
DDy B = —a? TrdA[FbaaIdTr [Aa, ASIA. (2.23)

and so

\

9pda H = —O’Z Tr ((dADbA)DaA 4 (dsD,A)DyA + F{D,, Db}A)

Ol\
+d <D(bDa)B -7 Tr((D(bDa)A)A)) :
(2.24)

The third derivative of H is given by

\

9.0 H = —% Tr ({DL.A, DyAYD,A + (daD.DyA)DyA + (dy DyA)D, Dy A

+(daDeA)Dy Dy ) + dBepa. (2.25)
where By, = 9.9,B, and in terms of the B-field:
a\
dB,py = (DCD;,DaB - ((DCD;,DaA) A+ (DyD, A) (DCA))) .

For similar reasons to the second derivative above, this is actually symmetric ina, b, c,
but not made manifest in this expression for compactness.
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2.6 Derivatives of d‘®
The derivative of d“w in (2.10) with respect to parameters is
0o (d°@) = 2IA" I + J" O 0o — 21 (AAG™) Wy — (") dqwpm.  (2.26)

We can evaluate (2.26) for a given complex structure, denoted |y, in the corresponding
complex coordinates of X:

e (dW)|yy = 2iAx" (B — dawy,) +i(d — 9)dgw — 2id (Daa)o’z)
For a given complex structure, we project onto holomorphic type then we need to use

holotypical derivatives. Two cases we will need and then projecting onto (0, 3) and
(1, 2) components

(0udw) 93 = —i9Dy0"?,
1,2 . . 0,2 By 1,1 (227)
(Badca)) Ly = 2iA M (B0 — dwy) — 10 D™ —id Dy ™.

The second derivative of d°w, given by differentiating (2.26) and then evaluated on a
fixed complex structure, is

(0a0pd) |y, = 2i (Agp") (Buw) + 2iA" 0, (dpw)
+ 2iAg" 0, (0gw) — 2i (0Aap") wp
+ 10 — Dw,gp — 21 (0A") W p — 21 (0A") Wy a-

We will have need for the (0, 3)-component:

9080w ) |93 = 21(Ag" AR” + A" Ag”), 0" — 10 (0 4p)"2. (2.28)
B 0 B B n®y ap

2.7 Supersymmetry relations

One can apply these results to compute how the supersymmetry condition dw = H
relates the variations of fields. The parameter space coordinates are corrected at order
' . Differentiating with respect to these corrected coordinates, Eq. (2.9) gives rise to
relations between first-order deformations of fields:

Bg‘o — 3/31,0’ Daa)Z,O — 0,
BY2 4 iDua? = 3,
Bg{,l _ iDawl,l =0, (2.29)

\

2iA," (800 — Do) + % Tr (D AF) =3 (B! +iDgo™! — k{1
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where yo}’l is d-closed (1, 1)-form, and kg’l and 13»‘ are some (0, 1)-forms. As dis-
cussed in [5] in o' -perturbation theory, Bg,z = D,”? = O(a') when appropriately
gauge fixed.

The heterotic structure are holomorphic functions of parameters. This can be com-
pactly stated as

Az'd, =0, DgA=0, BL'+iDgo!!=0. (2.30)

3 The matter field metric

In this section we dimensionally reduce the Yang—Mills term in (2.1) to obtain the
metric for the matter fields. Our task divides into two steps. First, determine how A
decomposes under eg @ ez O g @ b, using this to form a KK ansatz. For simplicity we
will suppress writing the second eg sector. Second, use this to dimensionally reduce the
d = 10 action thereby getting an effective field theory metric and Yukawa couplings
for the matter fields and construct the Kéhler potential.

3.1 Decomposing A under g ® ) C eg

The branching rule for g ® b C eg is
adeg = (1,ady) ® (adg, 1) ®; (Ri. ri) ® (R;, F7). (3.1

where ad denotes the relevant adjoint representation. The matter fields transform in
representations of g & h. We denote these representations by r; for h and R; of g,
respectively. Denote dimensions in the obvious way dimr; = r; and dim R; = R;.
We have allowed for a sum over all the relevant representations r; and R;, including,
for example, pseudo-real representations. For simplicity we will often suppress the
sum and write a single matter field representations of g @  and its conjugate. The
generalisation is obvious.

The matrix presentation of the adjoint of eg is complicated. For the moment let us
suppose we can write the generator in simplified form as

_(Ty O
Teg_<0 Tg). (3.2)

We do this as a toy model to illustrate the key points of the calculation, and at the end
of the day our results will not depend on this presentation.
The background gauge field is
Aes = Ab D BQ’
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where Ay = A, (x)dx™ is the b gauge field and we take it to have legs purely along
the CYM; By = B.(X)dX* is the R3! spacetime gauge field valued in g. When there
is no ambiguity we will drop the g, h subscripts. We indicate this combined Lorentz
and gauge structure schematically in matrix notation

Agg = <A0‘7 ;g) = Apdx™ + B,dX°.

Note that having off-diagonal terms turned on in the background would amount to
Higgsing gauge group, which we do not want for the discussion in this paper.
A fluctuation of A is of the form

SA¢ = 3A(adh,1) ®i 8A("i»R7j) D; SA(T]'>R.]') (&) 5A(1,adg)
\pl

SA, @ | R
= , 0] == CD CD 5 W r = : ’
( W 8Bg> ek = ) R .
7

(3.3)

where again we have used matrix notation to indicate the structure. This gives us an
intuition for understanding the transformation properties under a b @ g rotation:

8Acy = 8Acy + [Ty, 5A]
[Ty, 8Ay] Tp D — DT, (3.4
= 5Ag + b b b g
TqW -V Ty [Ty, 6Bgl.
We see that fields transform under g @ b as:

1. §Ay transforms as (1, ady), and 8 By transforms as (adg, 1);
2. ®isinthe (R, r) andisar x R matrix. Column vectors are in the fundamental; row

vectors the antifundamental. For example, ®!, ..., ®F are each column vectors
transforming in the r of b.

3. Wisin the (R,7) and is a R x r matrix with U!, ..., W® row vectors and so in
the 7 of b.

4. To preserve the structure g & b, Ay has legs only on the CYM, while § By has
legs only in R

The reality condition is SAZS = — § A, which implies
SA) =—384y, ® =—W, 8B} =-3B,.
Decomposing this condition according to the holomorphic type of X we have:

Ay =8A—0AT,  o=¢-yl W=y ¢
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where

=01, ¥ =WV,

while the (1, 0)-components are fixed by reality: ®; o = —lﬁ, Yip=— ¢T.4
The eg field strength is

2
Feog = dAg + Ag,.
Its background value decomposes according to its orientation of legs:

Feger dX°dy’ = dBy + B,
Fegmn dx™ dx" = dAy + A7, (3.5)
Fegme dx™ dX* = (3uBge — 8 Aym + AgmBge — BgeApm) dx™ dX¢ = 0.

Under A¢g — Agg +0Ac,

§Fey = da, 8As

da(5Ay) dd 4+ Ap® + OB, (3.6)
dW + WAy + Bg¥ dg,(8By) '

Consider § F¢ oriented along X. At this point we drop the b, g subscripts on A, B.
Then, the equations of motion require Feg be (1, 1) implying any (0, 2)-component
must satisfy,

d4GA) 99+ AP\ 5y“Aa“Fh°lf 0
I+ YA 0 N 0 0/

The off-diagonal terms tell us the fields ¢, ¥ are holomorphic sections of E. We will
occasionally introduce index to make manifest the fact that ¢ is in the (R,r)ofg® b
by writing ¢' ¥ where i, j = 1, ..., r for representations r of h; M, N = 1,..., R
for representations R of g. Then, for example,

I =M + (AP =0 — ¢M ¢ H' (X, E,),

Tau o (3.7)
A =

N +wHYN =0 — ¢V e H'(X, Ep).

We have introduced the 9-cohomology group H'(X, E,), with forms valued in the b-
subbundle of EE whose fibres are the representation r of fj. The r index i, j is implicitly
summed.

4 It may be useful to define \i/ﬁ givenby lifﬁ = (\IJE)* sothata is areal index and <I>‘11Y0 =—y*t =\ ?,0'
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We could also study the equations of motion for § A, dz (dadA¢g) = 0. Choosing
the gauge dLSAe8 = 0 we see [148A; = 0. For example, on the ¢ matter field this
gives

(5,45&1 + 5;@;4) ¢ =0.

This has solution if ¢ is harmonic element of #!(X, E,). This is slightly stronger than
the cohomology relation (3.7).

Expand the fields ¢ and ¥ in a harmonic basis for H!(X, E,) and H (X, Ep),
respectively:

=1 ¢:C° e B, Y= D' e R), 38)
§ T

where ¢¢ € H'(X,E,) and Y. € H'(X, E,) are harmonic forms
b =pspdxfer, Y =yrpdt er, 3.9)

while C¢ and D7 are valued in R and R, respectively.

For example, consider the standard embedding. Then, E3 = T;C’O and ¢: €
EI(X;TQO); Ey = T%' with the v, € H'(X,T%'). C¢ and D* are in the
R =27 and R = 27.

We need to satisfy the reality condition ® = —W, which forces ¢ = —y and so
in terms of the (¢¢, ¥;) basis:

©=¢:C5 - Y DT, W=Dy D= ¢:C5. (3.10)
& T T £

We denote conjugation through the barring of the indices. For example, ¢z = (q‘)g)*
is a (1, 0)-form valued in 7 of b and Ctk = (C5)Tisin the R of g.

3.2 The matter field metric from reducing Yang-Mills, £

The spirit of KK reduction is to promote the coefficients to spacetime fields: Y*(X),
C5(X), D'(X), and integrate over the six-dimensional manifold to get an effective
four-dimensional theory. With the conventions of [5], the d = 10 eg Yang—Mills field
contribution to the d = 4 effective field theory is:

\

1
Lp=— | dxyg TeloFe P [FP=SFunFYY. @1
4v Jx 2
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We dimensionally reduce, doing a background field expansion. A small fluctuation of
the field strength is given by (3.6), and so

Tr[8Feg|? = Tr (d4(8A) % d4(8A)) + Tr (da4p® * daypV)

(3.12)
+ Tr (dasrV * dayp®) + Tr (dgSB = dgsB),

The first term involves just the bundle moduli, contributing to the moduli metric
considered in [5]; the middle two terms involve the matter fields and the last term
gives rise to the kinetic term for the d = 4 spacetime gauge field. The terms involving
the matter fields are:

darp® = (0, ® + ®B,) dX° + Ay Py + Ay Py) dx™ dx
=D, ®dX° +d,®, (3.13)
da+pV¥ = ﬁeqf dX¢ +da Vv,
where ﬁe is the spacetime g-covariant derivative and d4 the h-covariant deriva-
tive. Hence, using Tr |8F|2 = %TI‘(SFMNBFMN = 2TréF,,6F", where
Tr (§Fu 6 F*) = Tr(8F.;6F°¢), and ignoring the moduli fields for the moment,

we find the kinetic terms for the matter fields come from middle two terms in (3.12)
and are

Tr|§Fey|> = —27Tr (@qn,; ﬁeqﬂﬁ) —2Tr (ﬁe\y,; 23"\11W) . (3.14)

We have used the reality condition ®' = —W. The matter fields have a KK ansatz,
given by (3.10), which when substituted into each of the above terms gives

dxg? Tr (Do D°077) = (DoC N (0)9f 1 (1)) (D CTM (X091 (1)) 8183 (+ 1)
(D™ (0) (DCEN D) (840 % 97(0)) 8178y
(e M 0w, 0) (D D™V (X)) Wl ()8 837 G+ 1)

(Bep™0) (B0 (X)) (W] 06 % i) By
(3.15)

dﬁxg% Tr (ﬁe\l’ﬂ ﬁeqﬁﬂ>

where indices for the representation R and r are explicit. The trace projects onto
invariants constructed by the Kronecker delta functions §; 7 and §,,7;. In the following
we will suppress the indices and delta symbols where confusion will not arise.

Substituting (3.14) and (3.15) into L in (3.11), reintroducing the moduli contribu-
tion, calculated in [5], we find a kinetic term for both the matter fields and the moduli
fields:

L =—2G,50,Y" 3YP — 2G5 D,CE D*CT — 2G o+ D, DT DD,  (3.16)
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from which we may identify the moduli space metric and matter field metric
ds? = 2G,5dy* dyP +2G7dCEdCT +2G o7 dD7 dDT, (3.17)

where we denote the coordinates of the moduli space M by y¢, yﬁ, and without
wanting to clutter formulae, denote the coordinates of the matter fields by C § Do°—
any ambiguity with their corresponding fields will always be made explicit. The moduli
fields have the metric computed in [5], given in (5.2). The matter fields also have a
metric

a\

a\
G@=—W/X¢w¢s, Gﬁz—W/X%*w (3.18)

There is no trace as the integrands are written in the form 7 - r. Although we have
indicated the result for a single representation r and 7, the result generalises to a sum
over representations of .

For any two-form F there is arelation wxF = %}' w?. Using this and 0"’ = —igh?
we find

b+ 9 = =i % 6L ] 817 = —50" Tr (¢ ),

o : (3.19)
Yo * Yz = —iwx Yl YL 87 = —sz Tr (V5 V7).

We introduce the trace over r indices in order to be able to write ¢, ¥, in any order.
The matter field metrics are then expressible in a way closely resembling the moduli
metric

\

io
Gen = oy o® Tr ¢ ¢z, e € H (X, E,),
o (3.20)
10
G =<5 @ Tr Yo Y. Vo € H' (X, Ep).
vV Jx

4 Fermions and Yukawa couplings

The fermionic couplings of interest to heterotic geometry derive from the kinetic term
for the gaugino. We compute the quadratic and cubic fluctuation terms. The former
are mass terms for the gauginos, which we show all vanish consistent with the vacuum
being supersymmetric. The latter are the Yukawa couplings between two gauginos
and a gauge boson.

In “Appendix B” all spinor conventions we used are explained. We also give a
summary of results in spinors in d = 4, 6, 10 relevant to this section. We also derive
some expressions for bilinears relevant to the dimensional reduction.
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4.1 Fermion zero modes on R31 x X
4.1.1 s0(3, 1) & su(3) spinors

The gaugino is a Majorana—Weyl spinor & which has zero modes on R*! x X. The
Lorentz algebra is so(3, 1) & s0(6) C s0(9, 1) under which ¢ is

e=0@NBrRL = (%)@A’—i—(?)@k,

where A and A’ are in the 4 and 4’ of 50(6); ¢ and ¢’ are in the 2 and 2’ of s0(3, 1).
Where possible we use the 2-component Weyl notation for ¢, ¢ and always leave the
50(6) spinor indices implicit. We write @ in this context to reflect the embedding of 2-
component spinors into a 4-component notation as shown by the second equality. The
barring of 2-component spinors, and dotting the spinor index, comes with complex
conjugation (¢%)* = Ea as described in appendix. The fermions ¢, ¢’ are Grassmann
odd and under complex conjugation are interchanged without paying the price of a
sign.

The Majorana condition implies £ ® A are determined in terms of ¢’ ® 1. With our
conventions this means

'er=74®r", 4.1

where A’¢ denotes taking the s0(6) Majorana conjugate. The Majorana—Weyl spinor
& can now be written solely in terms of say ¢’, A”:

= & A O' Ae 4.2
8—(())@ + E/a ® . ()

The presence of N/ = 1 spacetime supersymmetry means there is a globally well-
defined spinor on X. This implies the existence of an su(3)-structure on X. Under
50(6) — su(3) the spinors A, A" decompose according to the branching rule 4 = 3®1,
and 4 = 3 @ 1, which we write as

A=23@ Ag, N =r3®A_.

The spinors A, A_ are the nowhere vanishing su(3) invariant spinors. As established
in appendix, we can express A3, Az in terms of A+ and gamma matrices

A=AgyPas, A= ARyTag, 4.3)
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where {y*,y"} = g" and A, A, are components of 1-forms on X. Appendix
details the construction of the su(3) bilinears:

Mty =g, alyPyral = g, (4.4)
and
Qp = = NN yphs,  Qup =N ympho,  @5)

where ¢ accounts for a relative phase difference between A_ and 2. Under the gauge
symmetry 2 — €2, the fermions A4 transform as a phase:

Ae — e, = |pule.

The bilinears above respect this gauge symmetry.
Given (4.3), the action of Majorana conjugation is

Moo= —idg, AS=iAfyMal, A =iALy . (4.6)

4.1.2 Kaluza Klein ansatz

¢ is in the adjoint of eg. Consequently, it decomposes under g & h C eg and the
expectation from supersymmetry is that we find a natural pairing between fluctuations
of the gauge field and the fermions. As the background is bosonic, all fermionic fields
are fluctuations; we aim to study the effective field theory of those fluctuations that are
massless. The massless fluctuations are zero modes of an appropriate Dirac operator.

The gaugino and gauge field have decomposition under so(3, 1) ®su(3) C s0(9, 1)

e: 16=20180211)o2®3) & (2'®3),

_ 4.7
A: 10=40333,

and for the gauge algebra es D g @ b:

adey = (1, ady) @ (adg, 1) ®; (Ri, ri) ®; (Ri, 7).

We organise our study of the zero modes according to their representations under
50(3, 1) @su(3) and the gauge algebra g @ h. We continue the mnemonic of indicating
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the gauge structure through block matrices

5A = (SA(adg,l) @i SAR;,77) Dj 8A(R7j,rj) (&) aA(l,adr,)

_ [ Awy @8Am.,) _ <5A —SAT d))
D®iSAR; ) 8Aad, v §B
4.8)
€= E(adg,1) Bi ERi.7) Bj ER; ;) D Eady)
(é—/ ® )\'/ @ é—/c ® )"/C)(l,adb) @/(g/ ® )\,/ @ é—/c ® A/C)(Tj’ri)
@i(é./ ® )\’/ @ ;/C ® )"/C)(Ri,rT') (C/ ® )\,/ @ é-/c ® )"/C)(adg’l) .

In the second line we have indicated the representations of the individual components
of the gaugino by a subscript, and these are regarded as independent field fluctuations.
We will now drop the sum over representations @; in order to simplify notation and
as the generalisation to include a sum over representations is obvious.

We classify the zero modes by the symmetries under su(3)-structure and g @ b.
The first type of zero modes is s1(3)-structure singlets and transforms in the (adg, 1)
with KK ansatz

0 0
§AggedX¢ =
esed (o SBedXe> ’

0 0
Eadg,1) = 0 0 QA D — ® Ay,
! 0 Zaq, 0 18 ad,

where we use the first line of (B.36).

The second type of zero modes transforms as 3 under su(3)-structure and as
(1,ady) ® (R, T) @ (R, r) under g @ b. There is a natural pairing between 8A8§1
and ¢’ ® A3. Using the KK ansatz (3.3), (3.10) for bosons there is a corresponding KK
ansatz for the spinors:

4.9)

SAg’l _ YO( DQA’ Cs ¢§/:L dxﬂ,
T \Ymbt 0 (4.10)
/ o ya DOlAﬂ CE ¢§;‘/1 /2 '

where the matrices in the last line are related to the A;-L in (4.3). We have denoted the
anticommuting R>! spinors by calligraphic letters %, C¢ and D ; superpartners to
Ye, C%, DT. C¢ and D are in the R and R of g, while Y* are neutral. )

The spinor in the 3 of su(3)-structure is determined by Majorana conjugation '®
A3 = Z/Td ® )%, expressed through (4.1) and (4.6):
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D AT T =
SAléO:—(ayaDaA DT Wru) dxh,

Ct ¢ 0
N 5: . (4.11)
T@is=i y_ﬁDaAMD Vru ® yMi_.
C"¢5. O

Altogether, the Majorana—Weyl spinor is given by substituting the above two expres-
sions into the first line of (B.37) and combining with (4.9) giving

) —(O O)@k @ 0 0 QA
-0 G, - \O 184, "

*D,Ai CE b ; - (YPDgAl D ys
(o el T e

(4.12)

The 6 reflects the embedding of the 2-component Weyl spinors into a 4-component
notation used in (B.36), (B.37).

4.2 Dimensional reduction of Trz T'™ Dye

The ten-dimensional kinetic term for the gaugino is now dimensionally reduced, with
action:

Ol\

6 L. — M
Lo =— [ d°xg2iTr (8 r DM£>. (4.13)
4V Jx

The quadratic fluctuations give the kinetic terms as well as any mass terms; the cubic
fluctuations give Yukawa interactions.
We split the bilinear into two terms

Tr (5 M DM8> = Tr (5 M aMg) 4+ Tr (5 ™ [Ay, e]) L 414

where & = &' 'Y is the Dirac conjugate. ' are the d = 10 gamma matrices, given
as

r‘=y'@y® Tr“=1@y",
as described in appendix. Here u is a holomorphic index along X.
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4.2.1 Quadratic couplings

As the background is bosonic, we take A to be the background gauge field

A— At 0
A_( 0 Bedxe). (4.15)

We start with the derivative operator
iTre TM dye =iTr (8 T¢8,e) +iTr (€ [ dpe).

The first term Tr (£ T'° 9,¢) is computed using (4.2) and the third lines of (B.36),
(B.37),

dOxg?iTr (é re aes) = —2i d®xg? Tfs(zidg o e Zéda)
(37 8.37) 00 ADgAD

+ (5o 0.CT) @ Tro(gedy) + (D77 8. D7) & (Yo i),
(4.16)

Spinor and representation indices are contracted in the natural way.
The second term Tr (g I'™ 0,,¢) follows from the fourth lines of (B.36), (B.37)

together with the relation in (A.5):

e
[E]
0
El
o —io
—HCED) @ (Ve @) + @0 96 )
e

1211

dxg?iTr (F1"d,e) = —i(0*Y)Q Tr ((D"‘A) (5DﬁA))

+iO7YH) @ Tr ((DaA”) (0 DA

+iC D)@ (0Dl +oLovd)
4.17)

Next we compute the reduction of
i Tr (5 ™ [Ay, a]) =iTr (8 T°[Ae.e]) + Tr (F T [An,e]).  (4.18)
The first terms follows the calculation of (4.17) after using (4.15) and Tr B, = 0
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dSxg?iTr (z re[A.,, e]) — —2i d®xg? Trg(f;dg & B., ;;dg])
+ (€8 0¢ B.C") @ Tro(@egy) + (D 7 B D7) 02 (Wre ).
(4.19)

The second term Tre ' [A,,, €] mirrors the calculation of (4.20), using the back-
ground (4.15)

1 ei¢
dOxg? iTr (7" [Ap, £]) = =¥ V) @ Tr (Dad) (A, DﬂA})m

o . i
+ 107V @ Tr (DeAD) (AT, DpAT}) =

€211
—ig = - ip
—i(CEDT ¢ iC D)@ (LA i)
(4.20)

We now put the terms together. TheD/y term comes from adding (4.17) and (4.19):

a\ s\

6 1, 10 — . A —7_
v d°xg2i Tr (D ¢) = 5 Trg(gadg ¢ D, {;dg) — 2Ga51yﬁae de V*
X
— 2G¢iC 0 D, C" —2G 51D’ 5 D, D*.
4.21)

where D, is a spacetime covariant derivative appropriate to whatever representation
if it acts on

Dely = 3L + [Be, &gl,  Do.C* = 8,05 +C*B,, D,D" =9,D° + B, D".

The matter and moduli fields have kinetic terms with non-trivial metrics:

LS
Gaﬁ = li a)2 TI'[J Da.ADE.AT,
8V Jx
A\ - (4.22)
i 2 ior 2
W=y XCU Ve Vs, Géﬁ:W Xw Trg ¢¢ ¢

The fermions have identical metrics to their bosonic superpartners. The bundle moduli
appear with a metric that coincides with that derived by Kobayashi and Itoh [19,20].

The mass terms come from adding together (4.17) and (4.20). We normalise the
mass term to be compatible with the convention in [31]:

0[\

v dxg?iTr (8 T Dy £) = — 5/ myp (V*VP) — 265 2me, (C5D)+coc.
X

(4.23)
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where K is the Kéhler potential, which on our background evaluates to be K2 =

(24/2V|22|)~ /2. The mass terms are

i\ e™1¢ =
myg = f Q Try Dy A (34 DﬂA) ,
. \‘/5 X ( ) (4.24)
mee =20 [ @ (v Gado + @avor o)
&t 2\/5 - T (0APr AV1) Pz) ).

The last term is normalised with a factor of 2 as the two indices are distinguished. As
before, we do not write the trace, understanding the indices contracted in the natural
way.

Recall that the equations of motion are

4D A) = A Fy, dade =0,  d4¥; =0. (4.25)
Substituting this in we find
o e~ 19

Tk =T aviall Jx

mgr = 0.

QAlgMTI'r]<Da~AF#>’ (4.26)

The vanishing of mg is guaranteed when 3(Dgy.A) = 0, that is for bundle or Hermitian
moduli. For complex structure parameters, if one can find a basis for parameters in
which 5(DQ.A) = 0 for complex structure moduli, so that A,* F,, = 0, then this is
also satisfied. If this is not possible, we exploit the last line of the supersymmetry
relation (2.29)

N
= QA,g“Trh(DO,AFM)zf QA Ag" (000" — 3,00
4 Jx X

= [ (Ad"a5"2l0) do

/X< o« BB St (4.27)
= —ieiKzaa’BV\/\ 77 86{)
X
= 0.

We have used some results familiar from special geometry, see [21], which apply in
this general heterotic context. They are:

(AQMA;;UQL"?> = ('Da)(ﬁ)l’z = _ielczaaﬁ777, DaXﬁ = 304)(/3 + (aaK2)Xﬂ,
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Here D, xp is covariant with respect to gauge transformations xq — 1 Xo- Also,

_ _ onzXf
Gapy = _/QAHMAﬂvAVp Quvpr Gap” = aapy Go”7, Goup = _fTﬁﬁ'

and

K, = —1og<i/sz§)

In special geometry aqg, is a Yukawa coupling for 273 fields, playing the role of
an intersection quantity relating derivatives of x4 to X3 Go the metric on complex
structures, used to raise and lower indices. The same relation applies in heterotic
geometry with the understanding that the complex structures may be reduced by the
Atiyah constraint. Consequently, we see that the Atiyah condition gives mqg = 0.

4.2.2 Cubic fluctuations and Yukawa couplings

We now compute the cubic order fluctuations to get the Yukawa couplings. The cal-
culation proceeds in a similar fashion to the above. The cubic interaction only comes
from:

Tr (E ™[5 Ay, a]) . (4.28)

The fluctuations only occur on the internal space §AyT'™ = §A,,I'". The gauge
structure of § A is specified in (4.8). The calculation is a simple generalisation of the
result (4.20) using the fourth line of (B.37).

dxg?iTr (FT"[8A, e]) = —i(V*YPYY) Q Tr ((D ) (DyA.D A}>”;:|,>|
= 2i(CEYDT +CEV* DT + CEVUDT) @ Tr (Y DaA ) ||;2T| (4.29)
—iTr (D D D) R Tr (¥ (Y, 1)) ||;T|
—iTry(C5C"C™) Q Tr (¢s {0, ¢n}) ﬁ;ﬁ

In the last two lines, we use the appropriate symmetric invariants to construct R>
=3
and R™.
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Putting it together, normalising to agree with [31], we find

\
Z‘—V dxg2iTr (7 T (84w, e]) = —4¢/*Yeqr (CFYD™ + €537 D7 + CE° DY)
X

= 26K/ (€ CTCT) = 26KP2Y (D DODT) = 26X g, (YUY IV ) tcc,
(4.30)

where c.c denotes the complex conjugate and the Yukawa couplings are given by

A

Vewr = =5 | T (e Dud ).
Yapy = e ? QTr ((Da-A){DﬁA, D A}), 4.31)
2v2 Jx
io e 4
Ve = = [ @M (0c(6062)). Yooy == | @Tr (vl ¥5)

The result is straightforwardly extended to vacua with more complicated branching
rules involving multiple representations &, R ,. More Yukawa couplings appear—one
for each invariant computed via the trace—but the integrand is of the same form as
above.

The 13 coupling vanishes classically. To see this, write 5.4 to second order in
deformations

8A = 8y“DyA + 8y*8yPDyDg A+ - - .

Note that DaDg.A = DgD, A and so the second term is appropriately symmetric in
indices «, 8. A standard deformation theory argument related to the Kuranishi map
implies the second-order deformation is unobstructed provided

04(DyDpA) 4 {DgA, Dg A} = 0.

Substituting into (5.4) one finds Yqg, = 0, when A#*F, = 0. When A, # 0,
that is complex structure is varying, the coupling still vanishes with exactly the same
argument as for the singlet mass term in (4.27).

The coupling Ygy, also vanishes by demanding that ¢¢, equivalently, v/;, remain
solutions of the equation of motion under a bundle deformation A — A + §y* Dy A:
9 ArsABe = d Ars AV = 0. Hence, the singlet couplings vanish.

Yeqr = Yoy, =0.
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5 The final result: moduli, matter metrics and Yukawa couplings

The effective field theory has A/ = 1 supersymmetry, with a gravity multiplet and a
gauge symmetry g. The A/ = 1 chiral multiplets consist of >

e g-neutral scalar fields Y and fermions ) corresponding to moduli;
e g-charged bosons C¢ and fermions C¢ in the R of g;
e g-charged bosons D? and fermions D? in the R of g;

The final result is expressed as a Lagrangian with normalisation conventions match-
ing [31]

L= —2Gg;0,Y®* °Y" — 2Gg; D,C5 DCT
~ 2Gow DD DD ~ % Trg (Cha, 7 De )
~ 26,51 VP59, V% —2GeiC5 0 D.C" — 2G151D” 5 D, D
_ (eKﬂmaﬁ V2 VP)2eK P, (C5DT) + c.c.) (5.1)
- <4eK/2Yga,(C§ Y*D' + CEY* DT + CE DY)
+ 2652V, (€ C1C7) +265/2Y 0 (D DO DY)

+ 2652, (DU YP V) + ).

The kinetic terms for fields contain metrics. The metric for fermions and bosons are
identical, consistent with supersymmetry. The moduli metric, derived in [5], is:

ds? = 2G5 dy" @y,
1 1
o 12 _V _ . a
Gotﬂ - 4v f A‘x *AIB 8uv + 4v fza*zﬁ+ (52)
a o .
+ W/ Tr(DaA*DEA) - W/ Tr(DD,@ . Dﬁ(a‘).

The metric terms for the fermionic superpartners to moduli * are fixed by supersym-
metry from the bosonic result. The matter field metrics are given in (3.20),

ia

8V Jx

iy (5.3)
Gis=— | & Trvo¥e, Vo€ H (X Ep).

8V Jx

The mass terms written in (4.24) vanish mqyg = mg; = 0.

5 We do not consider the universal multiplet, the d = 4 dilaton and B-field, which decouples.
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The Yukawa nonzero couplings in (4.31) are

ia' e
Yepn = WA XQTT <¢s{¢>n,¢n}),
. : (5.4)
Yooy = 242 QT (3t )
Top 2«/5 « \Wo, Ypi)-

6 The superpotential and Kiihler potential

The effective field theory has V' = 1 supersymmetry in R*!, and so the couplings
ought to be derivable from a superpotential and Kéhler potential. The Kihler potential
for the moduli metric couplings was proposed in [5], and checked against a dimensional
reduction of the o' -corrected supergravity action. It is

Kmoduli = — log (g / a)3> — log (1/95) ) 6.1)

in which o is the Hermitian form of X. The a" -corrections preserved the form of the
special geometry Kihler potential, and the second term remains classical.
The Kéhler potential for the matter field metric is trivial and given by

Kmater = GgC* M C™N 8, 5 + G 28, 5w D™ DPV (6.2)

where a, b = 1, ..., R label the R representation and the trace is taken with respect
to the delta function.

The F-term couplings for the d = 4 chiral multiplets are described by a superpo-
tential. In the language of d = 4 effective field theory, this superpotential takes the
general form

1 1
W(Y%, C%, DY) = 3 Yenr TrC5C"CT + 3 Yoo Tr D°D*D® + ..., (6.3)

where the Tr projects onto the appropriate R-invariant and we are to view these as
chiral multipletsin N = 1d = 4 superspace in the usual way. The omitted terms are the
quartic and higher-order couplings and non-perturbative corrections. It is important
that W gives no singlet couplings, and this means all parameter derivatives of W
vanish.

We would like to study a superpotential in a similar vein to the Kahler potential
proposal (6.1). As ten-dimensional fields A.; and H depend on both parameters and
matter fields. The fields d°w and €2 are valued on X and depend only on moduli fields.
The spirit of the dimensional reduction is to promote the parameters to d = 4 fields.
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In this vein define a superpotential ©
WY, CE, D7) = —iv/2e ¢ f Q(H - dv), (6.4)

in which the fields are regarded as functionals of the d = 4 chiral multiplets. The
couplings in the effective field theory are specified by differentiating W and evaluating
the integral after fixing the parameters y = yy.

The rules for differentiating fields in the expressions for K and W with respect
to parameters have been described in [5], which is complicated by virtue of h gauge
transformations being parameter- and coordinate-dependent. These transformations
are, however, independent of matter fields, and so the rule for matter field differentia-
tion is simple

IAe

Oedes = 508

= ¢§.
Itis important that we have written the ten-dimensional eg gauge field A4, and not Ay,
as this is the functional of the matter fields—C¢, D"—as illustrated in, for example,
(3.3) and (3.10). The integrand in W is a functional of the ten-dimensional H so that it
depends on matter fields. The rule is to differentiate as noted above and then evaluate
the integral on the fields’ vacuum expectation values (VEV). Note that it is the VEV
of H that satisfies d°w = H, and the matter fields VEVs vanish C¥ = DT = 0.

For example, the tadpole matter and moduli couplings for a vacuum at the point
y = Yo are

GWlymy ~ [ R:Hlmy ~ [ QT Fel,yy =0
(6.5)
(B W)ly=y, ~ f ((xa—kassz—d%o)+Q(5<B2*2+iDaw°~2>))|y:y0 =0.

where we use 0y H in (2.20) and 9,d°w in (2.26), and we evaluate them on some fixed
Y =Yo.

As an ansatz W must satisfy a number of tests: it must be a section of a line
bundle over the moduli space; any derivative with respect to parameters must vanish
viz. 04080y - -+ W = 0; be a holomorphic function of chiral fields; tadpole and mass
terms for the matter fields must vanish; capture the F-term couplings derived through
dimensional reduction in this paper. The expression (6.4) passes these tests. ’

W is a section of the line bundle transforming under the gauge symmetry Q2 —
w2 as W — puW where u(y) is a holomorphic function of parameters. This is

6 The form of this integrand is due to Xenia de la Ossa who suggested to me in private conversation.

7 In the literature a different ansatz is proposed for the superpotential: W= J Q(H +idw). After careful
calculation one can check 9g W = 94 9gW = 94359, W = 0, and so there are no 1, 12, 13 couplings. To
what extent this reproduces singlet couplings to higher order is an interesting question.
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necessary in order to consistently couple to gravity [22]. This fixes the integrand to be
proportional to 2.

The supersymmetry relation H = de holds for all yg € M. Hence, derivatives of
it vanish:®

Oy -+ Oy (H = d°@)y=yy =0, 35 -~ 35 (H —d°@)ly=y, =0,  (6.6)

where y*!, ..., y* are any collection of parameters and we evaluate on a super-
symmetric vacuum, denoted by y = yg. It then follows that any derivative of the
superpotential with respect to parameters vanishes. This is what is used in (6.5) to
show that all tadpole terms vanish. The argument clearly extends to higher order.
Consider the kth derivative

(00 W Yy = [ (202 (1 = @0+

+ KBy oy 2 O (H — ) + - - -)|y=y0 =0.

This vanishes on any supersymmetric background: W is independent of moduli fields,
and so W does not give rise to any singlet couplings in agreement with the dimensional
reduction.

An analogous argument, together with €2 being holomorphic, shows that despite
neither H nor d°» being holomorphic, W is a holomorphic function of fields. For
example, the first-order derivative is

e @01 -0) = & [0

Using (6.6) all higher-order antiholomorphic derivatives of Q(H — d°w) vanish. It is
also the case that (Bg)"W = 0foralln > 1. So, W is a holomorphic function of chiral
fields.

The expression for the masses can be written as derivatives of W

Map = aaaﬁW = O, Mmer = 3§3TW = 0, (6.7)

where for the second term we use that d°w, 2 do not depend on C¢, D7, while Og 0 H
is given by (2.22) with D, A — 3: A = ¢¢. As A depends linearly on the matter fields,
all second derivatives vanish.

8 Many examples of relations involving complex structure do not hold for all yg € M. A simple example
is dJ. Although for any fixed complex structure dJ|y=y, = 0, differentiating we get something nonzero
0adJ = dAq|y=y, #O0.
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The Yukawa couplings Y are also all derived from W. Using (2.25), we find agree-
ment with the functional forms in (4.31), of which the non-vanishing terms are

1 1
Yepn = Eagananw, Yorp = Eagaaafw. (6.8)

Even though the singlet couplings vanish, one can check that their functional form is
correctly derivable from W. The fact of 1/2 is in order to agree with the convention
given in [31]. It is satisfying that the superpotential consistently captures the cou-
plings derived in the dimensional reduction, both involving moduli and matter fields.
Furthermore, it manifestly does not give rise to any singlet couplings.

7 Outlook

We have calculated the effective field theory of heterotic vacua of the form R*! x X
at large radius, correct to order o' . The field theory is specified by a Kihler potential
and superpotential. Supersymmetry forbids W from being corrected perturbatively in
a', but is in general corrected non-perturbatively in o . For E obtained by deforming
Tx, some of these non-perturbative corrections have been computed as functions of
moduli using linear sigma models, see, for example, [23-27]. One can now use the
results obtained here and those in [5] to determine the normalised quantum corrected
Yukawa couplings, in examples that may be of phenomenological interest, see, for
example, [28]. Although the Kihler potential is corrected perturbatively in o, it was
conjectured in [5] that the form of the Kihler potential does not change to all orders
in perturbation theory, and that the o' -corrections are contained within the Hermitian
form w. This conjecture is consistent with the work in [6,7], and it would be very
interesting to prove this conjecture, at least to second order in o' .

Although we have derived this result using a single pair of matter fields, the result
clearly generalises to a sum over representations @, R, ®) E,,. The main burden of
the generalisation is to evaluate the trace using the appropriate branching rules.

Many questions arise. For example, are there any special geometry type relations
between K and W? Finding a prepotential analogous to special geometry looks dif-
ficult, partly because it involved analysis related on the geometry of the standard
embedding and Calabi—Yau manifold’s. Nonetheless, it is likely K and W are related.

It would be interesting to compute the field theory couplings in specific examples.
For E attained by deforming Tx one might be able to compare with the linear sigma
model parameter space studied in say [24,29,30] and study the quantum corrections
to the 273 and 27° couplings using the correctly normalised fields. We showed using
deformation theory arguments that the 1% coupling vanishes classically. A pressing
question is to what extent these couplings vanish exactly. Any non-vanishing would
imply the vacuum does not exist, and thereby shrink the moduli space of heterotic
vacua quantum mechanically.
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A Hodge theory on real and complex manifolds

We establish some notation and results for forms on real and complex manifolds to be
used in the text. Coordinates for R3! are denoted X¢, while real coordinates on X are
denoted by x™. Complex coordinates are denoted x*, x”.

We need to write coordinate expressions for forms more than metrics, and so our
convention is to omit the wedge symbol A except where confusion may arise. We
write metrics as ds? = g,,,dx" ® dx”, only occasionally omitting the ® only where

confusion will not arise.

A.1 Real manifolds

The volume form on a n-dimensional Riemannian manifold is

dOxg? = +1 = *2—? €y, dX™ L dx™ g = | det gunl- (A1)

12.-

where €12...,, = € " = 1 is the permutation symbol. The determinant of the metric

18

g= l6p1'~pn6q|-~-

q
n! ngplql 8 pndn -

If w is a top-form, then

[N]

1 /8 1
dﬁxg i—r €M = ;a),,,lu_mndx1 coadx™.

The Hodge dual of a p-form A, is

\/g mi...m

*A, = —F2 MMy A dx"' ... dx"r.
P ny.ny—pmy..m
pl(n — p)! nr P
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The inner product of two p-forms is then
Ay A+ By = dxgt (L A B
P p =4 Xg pp ey :
A.2 Complex manifolds

On a complex manifold the metric is Hermitian
ds? = 2g,5 dx" ® dx”

with det(g;,,)=g. In addition to the Hodge dual =, which contracts a (p, ¢) with a
(g, p) form, on a complex manifold we can define a * which contracts a pair of
(p, q)-forms, and so forming an inner product. If «, 8 are two (p, ¢)-forms, then it is
defined as

1

a*xf = —a
plq!

ity BRI (1) = ok () (A2)
It has a complex volume form, which is nowhere vanishing and globally well defined:

1 1 _
Q= ;Q,wpdx”dx”dxp, 1192/ = 5QWQ’”’),

where ||€2]| is a coordinate scalar, and so a constant for a fixed manifold, but depends
on parameters, denoted y. We can write

Q;/,v,o = f(x, y)qu, €123 = 1, (A.3)

where e, is the permutation symbol and f (x, y) is a holomorphic function of coor-
dinates and parameters. €, is not a tensor and consequently f transforms like g4
under holomorphisms (holomorphic diffeomorphisms): if x’ = x’(x), then f (x) trans-
forms f’(x) = (det j) f (x), where j}' = %. It satisfies the relation

117 =g 2197, (A.4)

The complex volume form €2 transform like sections of a complex line bundle on M.
Under a gauge transformation Q — uQ with i € C*, we have ||| — |u|?[|Q||?
while g is invariant. It is sometimes convenient to isolate the phases of f and w:

f=1f1%  pw=lule®,
If A, B, C are (0, 1)-forms, then

o 1 L
Ap By C; QP %1 =1Q ABC, ABC = WA,; B; C5 QP Q. (AS)
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where we have the compatibility relation

e 1
Q2 3!

It is also useful to note
*Q =1iQ, Q¥Q=||Q||2*1=152§.
In coordinates

1= %ieﬂlﬂzug€i1ﬁzﬁ3dxmdx”’zdxl“dxa' dxﬁzdxl_B. (A.6)

B Spinors

We establish some conventions and results for spinors ind = 4,d = 6 and d = 10.
We define the Pauli matrices as

L (01 , (0 —i s (10
‘7_(1 0)’ U‘(i o)’ ”‘(0 —1)’ (B.1)

and we denote 1, the n x n identity matrix. We also define

1 0
0 _
“‘(0 —1>‘

We denote 0%/ = %(O’eO'f — o/5¢). A similar definition applies for the gamma
matrices.

B.1 Spinors in flat space
B.1.150(09,1)

The Dirac representation of s0(9, 1) is 32-dimensional. We denote the 32-dimensional
50(9, 1) gamma matrices '™ and chirality operator I' = H?VI:O '™ The Dirac spinor
decomposes into two Majorana—Weyl representations 32 = 16 16’. Our notation will
be that primed representations are negative chirality spinors; unprimed representations
are positive chirality spinors.

Let & be Weyl spinor that is of positive chirality I'e = & ¢. As (I'¥)* and —(I'¥)*
both satisfy the same Lorentz algebra as '™, there are two similarity transformations

@ Springer



On the effective field theory of heterotic vacua 1069

preserving the Lorentz algebra

ByI'MB ! = @My*, BB, = —(TM)*, (B.2)

m = @ =
under which the spinor transforms to ¢ — B;¢. Hence, £* and B;¢ transform in the

same way under Lorentz transformations, and we can define Majorana conjugation to
be

c _ p—1_*
e _B(l.)e,

and the Majorana condition is ¢ = &°. Applying Majorana conjugation twice gives
a consistency condition Bl-*Bi = 1, no sum on the i, which must be satisfied. For
50(9, 1) it is possible to find both B(j) and By satisfying (B.2) that also satisfy the
consistency condition; this is not true for so(3, 1) and so0(6). In the text we utilise By),
which, with our choice of basis, gives a manifestly consistent Majorana condition for
50(3, 1) ® 50(6).

We utilise the convention of complex conjugation of a pair of spinors interchanging
their order without introducing a sign.

B.1.2s0(3, 1)

We work with mostly positive signature. A basis of Dirac gamma matrices are

0 o€
L , B.3
14 (—Ee 0 ) (B.3)
where ¢ = (00, ol, o2, 03) with 69 = —1,, and the remaining matrices are the
Pauli matrices (B.1). The conjugate matrices ° = (60, —o'!, =02, —03). ¥ is anti-
Hermitian (y°)? = —14, while y!, ..., y3 are all Hermitian. Complex conjugation

is the same as transpose: (0¢)* = (0°)’. We denote yel = %(yeyf —yTyo).
The chirality matrix is

-1 0
@ _ 0.3 2
y =1y 14 (0 ]12)~

The Majorana conjugate of a Dirac spinor W is

v BT, By = <2 _08>, (B.4)

where ¢ = io'. It can be checked that B4yeB4_1 = (y°)* and that B4B} = 1 so that
(P = .
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The 4 of s0(3, 1) admits a pair of Weyl representations

_ / _ (O ¢’
T ()

of positive and negative chirality, respectively, and in the second equality, expressed
as spinors in the basis (B.3). This is sometimes denoted ¥ = ¢ @ ¢’.

Where possible, we adopt the 2-component spinor notation, see, for example, [31,
32]. The indices on Weyl spinors are denoted by @ and a. The rule for raising and
lowering is through the € permutation symbol where €2
—1:

=6 =land e =¢p =

I/ b / b
(=€, ¢ =eant”,

. . : (B.5)
—a ih—= = —=b

¢ =e€Tp La=eul
Complex conjugation exchanges dots on indices (£)* = Ea, (€ap)™ = €, etc. These
spinors are assigned the Grassmann odd property and so anticommute. However,
when complex conjugating a pair of spinors, the order is interchanged without a sign:

T
(Calp)™ = iS4
The indices on o¢ and o° are related
f bb

e _ =. .
Uad = €4h0 E(lb’

¢y
v=1]. B.6
(g_) ®.6

When indices are not written there is an implicit contraction through the € symbol.

and the index structure on W is

For example,
¢ =, = eo, = -l =g =t (B.7)

Analogous conventions exist for dotted indices, given by complex conjugating the
above equation. Some useful spinor relations to be used inside actions are:
—/

{08, =50, (=i/0%9,0)" = —i¢0¢9,C = —i 58, (B.8)

The Dirac conjugate of a Dirac spinor is
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A slight abuse of notation: the bar on a Dirac spinor denotes the Dirac conjugate, while
the bar on a Weyl spinor denotes a dotted index.
The kinetic term for the Dirac spinor in terms of Weyl spinors (B.6)

Wy 9,V =i¢ 69,0 +1iC09,7 . (B.9)

A Lorentz transformation on a Dirac spinor is §¥ = A,y vl with A, =Ny,
and in the basis (B.3) becomes an action on Weyl spinors

AN —(0¢ /)b 0 ) ¢
(32“)_1\”( 0 @i ) \e" ) ®.10)

from which we identify the transformation properties of ¢, and Ed, and identify these
with the 2" and 2 of s0(3, 1), respectively.
The Majorana conjugate is

U= fﬁ, v =By = ff;, (B.11)
e ¢

and as expected W and W have the same index structure, with Majorana conjugation
swapping the prime, reflecting the fact they transform in the same way under Lorentz
transformations. Notice that complex conjugation of a Weyl spinor does not by itself
give another Weyl spinor. For example, ¢, transforms as the 2’ but ¢ ; does not transform
as a 2, as can be seen by conjugating the top line of (B.10) and comparing with the
second line. Instead, one is to complex conjugate and contract with e: (G
€ ¢ ; transforms in the 2.

In this basis, a Majorana spinor satisfies £, = ¢,. We will not impose this and
choose to work in the Weyl basis.

B.1.3 50(6)

We describe s0(6) spinors first in flat space, before coupling them to a curved manifold
with su(3)-structure in the next section.
A Dirac spinor decomposes into a pair of Weyl representations

§=404.
A basis compatible with this is

y1201®03®03, )/2=O'2®03®63, )/3=]12®O'1®O'3,

V=10l ®0, Y =Lolbeo, y=Leolos? (B.I2)
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The chirality operator is

y(ﬁ)ziyl...y6=o3®a3®a3. (B.13)

We define raising and lowering operators, introducing holomorphic and antiholomor-
phic indices

1 . I
=S i, =@ =iy,
These are real (y*)* = yH, related by (y*)" = y# and satisfy {y*, y’} = 6*". In

this basis only s0(2) @ s0(2) @ s0(2) C is manifestly preserved.
The conjugation matrix Bg satisfies

Bey" Bg' = —(y"™)",
and in this basis is the product of all imaginary matrices so that

3
Bs =y 'y =0t @ —ic' @ =i [ (" — /). (B.14)
n=1

which satisfies Bﬁ_lng‘: — Bg and so an s0(6) spinor X satisfies ()¢ = A. In the
second equality, we have written Bg in terms of raising and lowering operators. The
conjugation matrix changes chirality Bey =+ Be.
B.2 Spinors on R3! x X
In discussing R>! x X, we take the 32-dimensional gamma matrices to decompose

l—-e:ye®y6’ 1—~m:]1®ym’

where y ¢ are four-dimensional matrices in (B.3) and " are the 8-dimensional matrices
in (B.12). The chirality matrix is

= l—[[‘M — 7/(4) ® )/(6).
M

The complex conjugation matrix
B = B4 ® Bg, (B.15)
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where By is in (B.4) and Bg is in (B.14). B is imaginary, unitary and anti-Hermitian
BT = B~! = —B and satisfies the property that

BB~ = —(rM)*,
The Majorana conjugate of a spinor ¢ in the 32 is ¢ = B~ !¢*. Expand ¢ in terms of

50(3, 1) @ s0(6) spinors

0 /
e=rR@ADI RN = (Ed> ®,\+<%)®X,

where A and A’ are in the 4 and 4, respectively, while ¢ and ¢’ are in the 2 and 2/,
respectively. In the second line we have written this in terms of the four-dimensional
50(3, 1) spinors, with their spinor indices explicit; we will always leave the s0(6)
spinor indices implicit.

The Majorana condition ¢ = ¢ is simplified by using (B.11),

0, _ 0 /c Cg; /_ Ca c
(2)er=(8)er (Hor=(3)er.  ww

It is sometimes more convenient to write this simply as
—a ~'a rc
I QA=C"QA1". (B.17)

The Majorana—Weyl spinor ¢ can now be written solely in terms of, for example,

'\
(0> » (z) ,
e=_u | @A+ [N,
I3 0

B.3 Spinors on a complex manifold X with su(3)-structure
The manifold X is endowed with an su(3)-structure meaning that there is a glob-
ally well-defined non-vanishing spinor implying a reduction of the structure group
50(6) — su(3) under which

4=301, 4=301, (B.18)
and the spinors decompose, respectively, as

A=2A3P Ay, M =r3®A_.
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The spinors A, A_ are the su(3) invariant spinors that are nowhere vanishing on the
manifold X that define the su(3)-structure.

With respect to the basis (B.12), the raising and lowering matrices y_f and y”
are real and related by Hermitian conjugation (yﬁ o= yf‘ . This reality property
is consequence of our choice of basis, and any physical result will not depend on
this choice. Care must be taken when interpreting the holomorphy of indices, and
where any ambiguity may arise, we will keep the &+ subscript. Nonetheless, at the end
of a calculation we will be able to interpret the indices in terms of holomorphic or
antiholomorphic indices of T;O &) Tgél.

The matrices satisfy an algebra

v =g¢""
where 11, ¥ are coordinate indices and the right-hand side is the inverse metric.’
Majorana conjugation is defined using a covariant version of B in (B.14). On an
su(3) manifold, B is a coordinate scalar, gauge invariant, and satisfies the property
that

By"B '=—-(™* B*B=1, B'=B""

This fixes

. 1 1 1 1
B = 1g1/4 <§eu,,pyf:w + zewpyfyfp - Eewpyfvyf — iewpy“v’) (B.19)

This is the main example where confusion can arise in holomorphy of indices, and so
we use the = subscript for clarity.
We build spinor representations by lowering and raising operators. Denote the

lowest weight state A_, satisfying y*A_ = 0. We define the remaining spinors as
follows:
Ao 1,
A3 = Ayt 3,
1 2 B.20
)\j = EAMV)/MV)‘— 3, ( )
1
)\.+ = —A+EMU’O]/'LLW))\., 1.

3!

where y#” = 1(y*y” — yVyH) and y*P = 3(y*y yP — yPyPy” +---). Note
that y#A_ = yH*yVA_. Here €, is the permutation symbol with €123 = 1 and A
is a tensor density to be fixed.

9 We can phrase this in terms of tangent space indices, and then use the vielbein to go to coordinate indices,
but for succinctness have skipped this step.
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To identify A4 we study its transformation properties under symmetries of the
moduli space and under holomorphisms. First note that A transforms like g!/*
under holomorphisms. Hence, A o g'/* up to a parameter-dependent coordinate
scalar. Second, recall the gauge symmetry  — u$ where 4 = |ule® e C*.
Under this symmetry the fermions A are charged transforming under the U (1) C C*
as10

Ay — Apel/?, (B.21)

and so A transforms as A, — Ae. Hence, A (f/©)/1f1, now fixed up
to a gauge-neutral coordinate scalar. If we demand that )Li)ur = A" A_ this fixes the
constant to be a phase and we can write the final result as

Ay = eiqbﬁ, (B.22)

for some phase ¢'?. There are three phases of interest: ¥4 = arg A+ and ¢ the phase of
f = | flel. The gauge symmetry eliminates one of these degrees of freedom, and we
can form two gauge-invariant combinations ¢ = ¥y —Y_ — ¢ and ¥ = ¢4 + _.
Using one of these global symmetries we could choose ¢ = 0, which in the gauge
where ¢ = 0 amounts to fixing the relative phases of A+ equal.
We state the final result as

4?1

= mﬁgﬂupyu‘)p)\.,, (B23)

+

The norms Alki are gauge-invariant coordinate scalars, and so we are free to fix them
to be unity

Mg = 1. (B.24)
We note that A3 can be written as

- e_i(p_ _ el¢ —
A=Ay ay, A= ——QumA", A= —Qu AL (B.25)
3T BT IR

10 This charge assignment is determined by studying the Kihler transformations of the Kihler potential.

K:—]og(i/gﬁ)—mg(g/aﬁ).

under Q — Q. As described in [31], in order to couple d = 4 chiral fields to gravity preserving ' = 1
supersymmetry the R3:! fermions must transform, which in order for the s0(9, 1) fermions to remain neutral,
implies the transformation law (B.21).
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By studying Xi)ur in two different ways we identify
Qp = —¢ 1A ypre, Q= P 1Q1 A ymsho,  (B.26)
as well as
Mytyiae =g, AlyTyral = ghh (B.27)
The norms of spinors are then
Mz = AuAs, x%’xg = ALAR = A AP (B.28)

It is useful to tabulate Majorana conjugates of spinors A = B~11* = (BA)*:

AC = g AT = —ing,

A = —ig VAT = —ia_,

B.29
A%:ig_l/A'AiA/;y“)ﬁi =iA%yHa_, (B-29)
2§ =1igPATIAL YL = 1A%y,
and
0" =—inmlyh T =—inalyr (B.30)

Finally, given a derivative operator Dj, which in the text becomes a covariant derivative
with respect to the bundle symmetries, we will need the following bilinear

cTD_ i !y A/ QW N LY
A§ vy Dydy =ie AﬁDvAﬁ m (A3)'y " DyA3
onve

— e i (A D,A )— (B.31)
SRR AT
B.4 Spinors charged under gauge symmetries

Sometimes the spinors carry additional structure, for example being charged in a
representation of g & h. In that case complex conjugation is promoted to Hermitian
conjugation.

Consider first ¢, ¢'; these spinors may be charged in a representation of g. In comput-
ing a Majorana conjugate, the complex conjugate in (B.11) is promoted to Hermitian
conjugate on the gauge structure. It is normally easy to do this with the spinor indices
explicit; Majorana conjugation does not transpose the spinor structure.

As a way of illustration, there are three relevant cases to the text. The first are when
¢, ¢/ are singlets under adg, in which Majorana conjugation is unchanged from the
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previous subsection. The second case, ¢ is in a representation R, denoted ¢ ,R,’ and
Hermitian conjugation acts as (;“1‘3)T = Z% The Fhird case is when ¢’ is in the adjoint
of g, in which it is anti-Hermitian (g“éldg)T = —;ng. The Majorana conjugates of the
last two cases are explicitly:

C;i’a C_ -1 (é‘l/?’a)T — _/0, é‘ei.dga ‘ _ 0
<0>_B4(0 = (72 ) ! =—(za) ®32

The Majorana condition (B.17) implies that if ¢’ is in the R, then ¢ is in the R. Of
course, if the representation is real, then R = R in the above.

Similar comments apply when %, A carry representations of . Only A3 and A5 turn
out to carry non-trivial representations of b, and this is through the object A, and Aiz
in (B.20) and (B.25). The singlets A4 are always gauge singlets. The generalisation
of (B.29)is

Moo= —ing, AS=iAfyMal, A§=iAfy A, (B.33)

where A, is charged in arepresentation and A; is the appropriate Hermitian conjugate.
Putting this into (B.17) determines { ® A in terms of £’ ® A/

Teon =it @r, @A =TT @Ay AL (B34)
B.5 Some useful spinor bilinears

We express the Majorana—Weyl spinor ¢ in terms of ¢’, A" and list some bilinears
relevant to the main text.

O /
e = (E/a-) RN+ (%) ® N,
T = (g./Ta 0) Q ()\'/0)7 + (O E;T) ® )»,T,
_ (B.35)
ce=0
9 = (¢719040,7") 0/ + (€] 7 0. g) 11,

—rt—ra

T me = (TN Ty 9u) + (T4 T DA Ty™ 3,0 ).

We have left the four-dimensional spinor indices for clarity, but will now drop them
in spinor contractions, using convention (B.7).

We can now evaluate these relations for some specific examples relevant to the text
when the spinors are charged in representations of g @ b:
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1. {'®)\ € (adg, 1) of g h. Use (¢/4)T = —E/d, its Majorana conjugate (B.32), as
wellas A = A_ and M = —iry:

(N or i) e
& = 0 ® _+1 E/a ® —+>
- _ —/ T s (ora T
5 = (0 §a> @rl +i(ce0)@rl, (B.36)

{ET¢9,8 = —2i (E/ae 3% ;’) Aal,
ET" e = 0,

where in the last line )»1 yH*A_ = 0. In the third line we understand this will appear
integrated and so use integration by parts E/ 00,0 =¢'0°%0, E/.
2.0'®A3€ (Ri,ri)of g b,

In the text this bilinear the constituents are a sum over representations, € = @®;¢;
where ¢; € (R;, 7;) and the trace projects onto the natural invariants. There are
nonzero invariants as the trace derives from the ad.; which is real. For example, if
(R;, r;) is complex representation, then the sum @; contains both (R;, 7;) and its
conjugate representation (R;, r;), with the trace constructing the natural invariant.

/ 0
& = {Ri X AL f]/M}\._;,_ +1 [ A ri H]/'u)\._
0 %

e (0F) S - 0) 0181
iTr (e T Bee,> = iTrg<E/ITjE” e Cl[ii) Trh(A/,'jMArl v)
. — 5
+ lTrg(é’I,ej o0, (E) Trh( i ;-jf;)gu )

iTr (gjrmamgi> = _e 19 Trg({ - ff)Tfh( I A" ) oHrvP (B.37)

[1€2[]

' QAP

- e‘¢Trg(i;ejé“;ei)Trh(A/F,-ﬂaﬁA/?fﬁ) <
SHvP
VT (2,718 4, &11) = —e 7 Tr o (€ ;805 ) Try (A7), 16541, ’l”]>m
QAvP

= e Trg (630765, ) Try (A7, uld2 45 A7 51) o

Trg and Try descend from the trace over eg. They are understood to mean to
contract the R and r indices in the appropriate way in order to get an invariant;
if none exists, then the trace vanishes. We use (B.31) in the last two lines. We
have written 6A; = SPEsz A i to represent a generalised variation of the eg
gauge field. In the text this includes moduli and matter fields e.g. s®=5gA; =
YDy Ap + C¢s i + D™ .
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C Some representation theory

Consider some Lie algebra e and for this subsection only denote ¢ = 1, ..., dime.
We choose A to be anti-Hermitian A" = — A. In terms of adjoint generators T¢:

A= AT (A% = A%, [T9]" = —T.
Anti-Hermitian matrices for the fundamental and antifundamental satisfy
(T4, TP) = fabere, [(T*)9, (T*)P] = fobe(T*)c, (fabeyr = pabe,
We identify
Tz = (Tp)".

Let x be in the fundamental and W in the antifundamental. The covariant derivatives
are

dax =dyx +Ax, day' =dy' +y'A.
Decompose into type:
A= Ao+ Ao = (Af, + AT, T
For A to be a real form, we require
(A51)" = Afo.  (A10)" =4, (C.DH

This is consistent with A(T)_i = —Aj0and A;O =—Ao1.
As in the paper we define

A=A- A",
where
A= A0,  ATi=—Ap.
Now define the components of A and A':
A= AT AT = ANHTe. (C2)
The conjugation property of A is:

(AY* = (Af )" = A g = —(AD™ (C.3)
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