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A B S T R A C T

In this paper, we propose an innovative design of an elastic network, which is capable of channelling the energy
supplied by an external source towards any of its endpoints, that can be chosen arbitrarily and in advance.
This system, named Mechanical Switching Network (MSN), consists of an interconnected array of branches,
each of which is represented by a lattice strip endowed with gyroscopic spinners. The latter make the system
non-reciprocal and, hence, are responsible for the preferential directionality exhibited by the network. We
formulate and solve the forced problem for the gyro-elastic strip in the analytical form and compare the
derived solutions with the results of independent finite element simulations, showing an excellent agreement.
Additionally, we carry out a parametric analysis to evaluate the influence of the main parameters of the
system on the uni-directional wave propagation of Lamb waves. We envisage that the proposed model can
have important implications in many engineering applications, where control and tunability of guided waves
play a key role.
1. Introduction

Propagation of elastic waves in classical continuous waveguides,
such as rods or plates, has been studied for more than 150 years, since
the seminal works by Pochhammer (Pochhammer, 1876), Rayleigh
(Rayleigh, 1888) and Lamb (Lamb, 1917) (see also the review papers
by Meleshko et al. (2009, 2010)). In order to take into account the
dynamic effects induced by the micro-structure, discrete models for
elastic strips have also been developed. In particular, the scalar problem
associated with anti-plane shear waves was solved using Chebyshev
polynomials in Sharma (2017) for square and triangular lattice waveg-
uides and in Sharma (2018) for honeycomb structures. The presence of
a surface with different material properties was analysed in Eremeyev
and Sharma (2019), Sharma and Eremeyev (2019). With regards to the
vector problem, the dispersive properties of Lamb waves propagating in
discrete homogeneous and heterogeneous triangular lattice strips were
discussed in Carta et al. (2023), where it was also shown how to create
uni-directional waves through mode conversion and selection.

Guided Lamb waves have proved to be useful in many engineering
applications, such as Non-Destructive Testing (NTD) methods for the
detection of damage in thin-sheet and tubular elements (Su and Ye,
2009), as well as Structural Health Monitoring (SHM) for the auto-
mated diagnosis of structural components (Mishra et al., 2015). More
recently, carbon nanotubes (having a discrete graphene-like structure)
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have attracted increasing attention due to their exceptional electrical,
mechanical and thermal properties, that can be extremely useful in
electronic (Maheswaran and Shanmugavel, 2022), structural reinforce-
ment (Jafari, 2018) and biomedical (Simon et al., 2019) applications.

The possibility to guide Lamb waves in a more efficient and robust
way requires the use of non-conventional systems, such as mechani-
cal metamaterials (Zadpoor, 2016; Bertoldi et al., 2017; Kadic et al.,
2019; Surjadi et al., 2019). The design of these artificial structures
has led to the attainment of novel and surprising phenomena, such
as negative refraction (Craster and Guenneau, 2012; Bordiga et al.,
2019b; Madine and Colquitt, 2022), invisibility (Brun et al., 2009;
Colquitt et al., 2013; O’Neill et al., 2015; Misseroni et al., 2016, 2019;
Meirbekova and Brun, 2020; Cassier et al., 2022), filtering and wave
attenuation (Martinsson and Movchan, 2003; Miniaci et al., 2021;
Bosia et al., 2022; Fantoni et al., 2022), resonant effects (Ma and
Sheng, 2016; Tallarico et al., 2017; Dal Corso et al., 2019), inertia
amplification (Yilmaz and Hulbert, 2010; Frandsen et al., 2016; Settimi
et al., 2021), localisation (Ayzenberg-Stepanenko and Slepyan, 2008;
Pal and Ruzzene, 2017; Vila et al., 2017; Haslinger et al., 2018; Bordiga
et al., 2019a; Haslinger et al., 2022), bifurcations (Bordiga et al., 2021;
Hima et al., 2022), tunability (Gliozzi et al., 2020), and so on.

A special class of mechanical metamaterials is represented by gyro-
scopic systems. The first model of a gyro-elastic lattice was proposed
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in Brun et al. (2012), where it was shown that the presence of gy-
roscopic spinners is capable of altering the filtering and polarisation
properties of the lattice. By introducing a doubly-periodic array of
gyroscopic spinners, it is even possible to confine the propagation of
waves along a straight line, whose direction can be varied by modifying
the arrangement of spinners (Carta et al., 2017). Waves can also be
forced to travel at the edge or at an interface of a gyroscopic system in
one single direction, as demonstrated in Nash et al. (2015), Wang et al.
(2015), Garau et al. (2018), Lee et al. (2018), Mitchell et al. (2018),
Garau et al. (2019), Carta et al. (2020, 2023). Localised waveforms
in a lattice chain with gyroscopic spinners were investigated in Jones
et al. (2020), while the gyroscopic coupling of displacements was
exploited to design imperfect chiral interfaces in Movchan et al. (2022).
Gyroscopes can also be used as stabilisers in structural applications,
as demonstrated in Giaccu (2020) for slender monopole towers and
in Carta and Nieves (2021) for frames made of beams and columns.

Gyroscopic spinners act as an external bias (Nassar et al., 2020),
responsible for breaking time-reversal symmetry and reciprocity. This
property of gyroscopic systems was formally proved in Nieves et al.
(2020) in relation to the propagation of Rayleigh waves in a lattice
half-space. As a consequence, the dynamic response of the system
to an external excitation results in a non-symmetric response with
respect to the point of application of the loading (Nieves et al., 2021).
Successively, Rayleigh waves travelling on the edge of two-dimensional
skyrmion lattices in the presence of Lorentz forces were studied in Ben-
zoni et al. (2021) for a semi-infinite plane and in Marijanović et al.
(2022) for a finite-size circular domain. Note that the equations of
motion of a spinning top are formally analogous to the equations of
motion of a Gilbert or Ampére magnetic dipole (Giordano and Déjardin,
2020). In Zhou and Baz (2023), the gyroscopic force was provided by
integrating acoustic cavities with piezoelectric diaphragms, acting as
pairs of sensors and actuators, that were controlled in order to exhibit
the desired non-reciprocal features. In Rakhimzhanova and Brun (2022)
a micro-structured system, made of two orthogonal non-linear lattice
chains crossing at a point where a single spinner is attached, was
proposed with the aim of having a tunable structure where the direction
of wave propagation can be selected.

In this paper, we exploit the non-reciprocity induced by gyroscopic
spinners, proved in Nieves et al. (2020), to design a network with an
internal lattice structure, where the destination of Lamb waves gener-
ated by an external excitation can be chosen a priori. An example of
such a network, which will be denoted as Mechanical Switching Network
(MSN), is shown in Fig. 1. In this figure, it is clear that the selected
destination is the output labelled as B. Each branch of the network is
characterised by a parameter, called effective gyricity and indicated by

∗, which is associated with the properties of the gyroscopic spinners,
s specified in the next sections.

The paper is organised as follows. In Section 2, the description of
gyro-elastic lattice strip and the formulation in both the transient

nd time-harmonic regimes are presented. In Section 3, the dispersion
urves for Lamb waves propagating in the gyro-elastic strip are found
nd discussed. In Section 4, by means of analytical calculations and
inite element simulations, it is shown that the proposed system is
apable of creating uni-directional waveforms; in addition, using the
oncept of energy flux, a parametric analysis is performed to determine
or which values of the effective gyricity of the spinners and of the
requency of the external load the preferential directionality is more
ronounced. In Section 5, the MSN is described in detail, and it is
hown how to tune the spinner properties to channel energy from
n external source to a prescribed endpoint. Finally, in Section 6,
oncluding remarks are provided.

. Gyro-elastic lattice strip under boundary forcing

.1. Description of the model

We consider an elastic lattice strip as shown in Figs. 2(a) and 2(b),
2

inite in the 𝑥2-direction and of infinite extent in the 𝑥1-direction. The
lattice structure is made of periodically-placed point masses arranged
in a triangular fashion, having mass 𝑚 and interconnected by elastic
links of stiffness 𝛾 and length 𝐿. The width of the strip is controlled
by the parameter 𝑁 , with 𝑁 > 2 and 𝑁 ∈ N, that defines the number
𝑁 + 1 of horizontal rows possessed by the strip in the 𝑥2-direction.

Each junction of the lattice is connected to a gyroscope that is
hinged at its base (see Fig. 2(c)), while the connection at its tip with
the mass is such that the spinning motion of the gyroscope is not
transferred to the mass. The gyroscope possesses axial symmetry and
has length 𝑙 along the symmetry axis. Additionally, its moment of
inertia about this symmetry axis is denoted by 𝐼1, whereas the moments
of inertia about the 𝑥1- and 𝑥2-axes are equal and indicated by 𝐼0.
Following Brun et al. (2012), Garau et al. (2019), the gyroscopes couple
the in-plane displacements of the lattice nodes. The magnitude of the
coupling is controlled via a constant quantity called gyricity 𝛺 = 𝜙̇(𝑡)+
𝜓̇(𝑡) (Garau et al., 2019), that represents the sum of the precession and
pin rates of the gyroscope during time 𝑡 in the regime where the lattice
odes undergo small displacements. Further, the gyroscope provides an
dditional inertial contribution to the mass at the junction, such that
he combined effective mass is given by 𝑚∗ = 𝑚 + 𝐼0∕𝑙2.

From a practical point of view, the elastic lattice can be built
onnecting a triangular array of spheres by thin elastic rods. The
onnection between each gyroscope and mass can be fabricated by
rilling a cylindrical hole at the bottom of the sphere, where the tip of
he gyroscope can be inserted, and making this connection frictionless,
uch that the mass does not rotate as the gyroscope spins but only
ranslates as the spinner precesses. In the initial configuration, each
yroscope is hinged at the base and its symmetry axis is in the 𝑥3-
irection; the spinning motion can be induced by an electric motor,
hich would keep the spin rate constant during time. In the case that

here is a risk of buckling of the spinners due to the weight of the lattice
trip, a different design can be suggested, whereby the strip does not
ie atop the system of gyroscopes, but is instead suspended by means
f cables attached to the ceiling. Alternatively, the gyroscopic lattice
an be constructed by employing dc motors and magnets, as in the
xperimental tests performed in Nash et al. (2015).

We assume that the nodes along the lower and upper boundaries
𝑛2 = 0 and 𝑛2 = 𝑁 , respectively) are harmonically excited by forces
hat all possess the same frequency 𝜔0 and whose exact form will be
pecified later.

To construct the equations governing the dynamic behaviour of the
attice, we introduce the vectors (see also Fig. 2(a))
(1) = (1, 0)T , 𝒂(2) = (1∕2,

√

3∕2)T and 𝒂(3) = (−1∕2,
√

3∕2)T , (1)

the matrix

𝑹 =
(

0 1
−1 0

)

nd the discrete spatial variables

1 = (𝑛1 + 𝑛2∕2)𝐿 and 𝑥2 =
√

3𝑛2𝐿∕2 ,

with 𝑛1, 𝑛2 ∈ Z , 0 ≤ 𝑛2 ≤ 𝑁 ,

hat describe the positions of the nodes belonging to the strip, each
ne identified by the multi-index (𝑛1, 𝑛2). In what follows, we denote
he displacements of the nodes in the strip by
(𝑛1 ,𝑛2)(𝑡) = 𝒖(𝑥1, 𝑥2, 𝑡).

Additionally, in the equations below the dots atop of the dependent
variable will be used to represent time derivatives.

2.1.1. Governing equations
Here, we present the equations governing the transient motion of

the masses within the gyro-elastic strip.
First, we assume that the nutation angle 𝜃 of the gyroscope and

its time derivatives are small (see Fig. 2(c)), which implies that the
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Fig. 1. Illustration of a Mechanical Switching Network (MSN), which channels most of the energy coming from the external source S to the output B. The effective gyricity 𝛺∗,
characterising the gyroscopic branches of the network, will be defined in Section 2.

Fig. 2. Discrete elastic strip, consisting of a triangular array of masses 𝑚 connected by elastic springs of stiffness 𝛾 and length 𝐿 and attached to gyroscopic spinners, characterised
by moments of inertia 𝐼0 and 𝐼1 and gyricity 𝛺: (a) view from above, multi-indexes (𝑛1 , 𝑛2) identify nodes, 𝑷 (𝑛1 )

1 on the lower (𝑛 = 0) and 𝑷 (𝑛1 )
2 on the upper (𝑛 = 𝑁) boundary are

the amplitudes of the applied sinusoidal external forces; (b) three-dimensional representation; (c) detail of each gyroscopic spinner, where 𝜃, 𝜙 and 𝜓 are the three Euler angles,
representing the spinner’s nutation, precession and spin, respectively.
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displacement of the attached mass is also small. Under these conditions,
the non-linear equations of motion of the gyroscope can be linearised
and the gyricity 𝛺 results to be a constant quantity during the motion.
This assumption leads to estimate the gyroscopic effect as a force that
is proportional to the velocity of the mass (Garau et al., 2019), as
evidenced in the equations below.

Owing to the linear momentum balance, the displacement of the
generic node within the lattice bulk characterised by 𝑛1, 𝑛2, with 𝑛1 ∈ Z
and 0 < 𝑛2 < 𝑁 , 𝑛2 ∈ N, satisfies the equation:

∗𝒖̈(𝑛1 ,𝑛2) = −
𝐼0
𝑙2
𝛺𝑹𝒖̇(𝑛1 ,𝑛2) + 𝛾

[

𝒂(1) ⋅
(

𝒖(𝑛1+1,𝑛2) + 𝒖(𝑛1−1,𝑛2) − 2𝒖(𝑛1 ,𝑛2)
)

𝒂(1)

+ 𝒂(2) ⋅
(

𝒖(𝑛1 ,𝑛2+1) + 𝒖(𝑛1 ,𝑛2−1) − 2𝒖(𝑛1 ,𝑛2)
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝒖(𝑛1−1,𝑛2+1) + 𝒖(𝑛1+1,𝑛2−1) − 2𝒖(𝑛1 ,𝑛2)
)

𝒂(3)
]

.

(2)

Along the lower boundary, associated with 𝑛2 = 0, the following
equations hold:

𝑚∗𝒖̈(𝑛1 ,0) = −
𝐼0
𝑙2
𝛺𝑹𝒖̇(𝑛1 ,0) + 𝛾

[

𝒂(1) ⋅
(

𝒖(𝑛1+1,0) + 𝒖(𝑛1−1,0) − 2𝒖(𝑛1 ,0)
)

𝒂(1)

+ 𝒂(2) ⋅
(

𝒖(𝑛1 ,1) − 𝒖(𝑛1 ,0)
)

𝒂(2) + 𝒂(3) ⋅
(

𝒖(𝑛1−1,1) − 𝒖(𝑛1 ,0)
)

𝒂(3)
]

+ 𝑷 (𝑛1)
1 cos(𝜔0𝑡 − 𝜙

(𝑛1)
1 ) .

(3)

On the other hand, the equations of motion along the upper boundary,
defined by 𝑛2 = 𝑁 , are expressed by

𝑚∗𝒖̈(𝑛1 ,𝑁) = −
𝐼0
𝑙2
𝛺𝑹𝒖̇(𝑛1 ,𝑁) + 𝛾

[

𝒂(1) ⋅
(

𝒖(𝑛1+1,𝑁) + 𝒖(𝑛1−1,𝑁) − 2𝒖(𝑛1 ,𝑁))𝒂(1)

+ 𝒂(2) ⋅
(

𝒖(𝑛1 ,𝑁−1) − 𝒖(𝑛1 ,𝑁))𝒂(2)

+ 𝒂(3) ⋅
(

𝒖(𝑛1+1,𝑁−1) − 𝒖(𝑛1 ,𝑁))𝒂(3)
]

+𝑷 (𝑛1)
2 cos(𝜔0𝑡 − 𝜙

(𝑛1)
2 ) .

(4)

In (3) and (4), the quantities 𝑷 (𝑛1)
𝑗 and 𝜙(𝑛1)

𝑗 (𝑗 = 1, 2) represent given
constant load amplitudes and phases, respectively, of the applied har-
monic point forces. Their appearance indicates a harmonic loading that
is distributed along both boundaries of the strip amongst the locations
of the masses. Thus, the solution of the equations above allows one to
determine the response of the strip to a range of distributed loads along
the strip’s frontiers.

We note that the gyricity 𝛺, appearing in (2)–(4), will be assumed to
be uniform in given regions of the lattice. Accordingly, the same initial
conditions will need to be imposed to all the gyroscopes inside a certain
region. This can be realised in practice by imposing at 𝑡 = 0 (before an
xternal disturbance generates any elastic wave in the lattice) the same
pin rate 𝜓̇ to all the gyroscopes; in this way, the gyricity will have a
niform value (𝛺 = 𝜓̇(0)) throughout the same region of the lattice.

.2. Normalisation

It is convenient to work with non-dimensional quantities. To this
im, we introduce dimensionless displacements:

(𝑛1 ,𝑛2)(𝑡) = 𝐿𝒖̃(𝑛1 ,𝑛2)(𝑡),

here 𝒖̃(𝑛1 ,𝑛2)(𝑡) = 𝒖̃(𝑛1 + 𝑛2∕2, 𝑛2, 𝑡) and 𝑡 is the dimensionless time de-
ined by 𝑡 = 𝑡

√

𝑚∗∕𝛾. In addition, we employ the following normalised
uantities, appearing with a tilde:

= 𝛺̃
√

𝛾∕𝑚∗ , 𝜔0 = 𝜔̃0
√

𝛾∕𝑚∗ and 𝑷 (𝑛1)
𝑗 = 𝑷̃ (𝑛1)

𝑗 𝛾𝐿.

urther, we introduce the effective gyricity 𝛺∗, defined by

∗ = 𝛺̃𝐼0∕(𝑚∗𝑙2).

n what follows, we drop the tilde associated with the dimensionless
4

uantities for ease of notation.
.2.1. Dimensionless time-dependent governing equations
We seek the dimensionless displacements of the lattice’s particles in

he form:

(𝑛1 ,𝑛2)(𝑡) = Re
[

𝑼 (𝑛1 ,𝑛2)(𝑡)𝑒i𝜔0𝑡
]

,

where 𝑼 (𝑛1 ,𝑛2)(𝑡) = 𝑼 (𝑛1 + 𝑛2∕2, 𝑛2, 𝑡) are complex displacement ampli-
tudes, to be calculated.

Here, we aim to derive the steady-state problem in terms of the
discrete Fourier transforms of complex displacement amplitudes. This
will be achieved later by taking the limit as 𝑡 → ∞. As a consequence
of the causality principle (Slepyan, 2002), the limiting problem will
contain a small dissipation term that allows one to employ techniques
from complex function theory to evaluate the displacements of the
medium through the inversion of the Fourier transform (see Section 4).

Next, we rewrite the governing Eqs. (2)–(4) in non-dimensional
forms and in terms of the displacement amplitudes. For 0 < 𝑛2 < 𝑁 ,
2 ∈ Z, we have

𝑼̈ (𝑛1 ,𝑛2) + (2i𝜔0𝑰 +𝛺∗𝑹)𝑼̇ (𝑛1 ,𝑛2) − 𝜔2
0𝑼

(𝑛1 ,𝑛2) + i𝜔0𝛺
∗𝑹𝑼 (𝑛1 ,𝑛2)

= 𝒂(1) ⋅
(

𝑼 (𝑛1+1,𝑛2) + 𝑼 (𝑛1−1,𝑛2) − 2𝑼 (𝑛1 ,𝑛2)
)

𝒂(1)

+ 𝒂(2) ⋅
(

𝑼 (𝑛1 ,𝑛2+1) + 𝑼 (𝑛1 ,𝑛2−1) − 2𝑼 (𝑛1 ,𝑛2)
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑼 (𝑛1−1,𝑛2+1) + 𝑼 (𝑛1+1,𝑛2−1) − 2𝑼 (𝑛1 ,𝑛2)
)

𝒂(3) .

(5)

Conversely, the equations for the nodes along the lower boundary of
the strip (𝑛2 = 0) are

𝑼̈ (𝑛1 ,0) + (2i𝜔0𝑰 +𝛺∗𝑹)𝑼̇ (𝑛1 ,0) − 𝜔2
0𝑼

(𝑛1 ,0) + i𝜔0𝛺
∗𝑹𝑼 (𝑛1 ,0)

= 𝒂(1) ⋅
(

𝑼 (𝑛1+1,0) + 𝑼 (𝑛1−1,0) − 2𝑼 (𝑛1 ,0)
)

𝒂(1)

+ 𝒂(2) ⋅
(

𝑼 (𝑛1 ,1) − 𝑼 (𝑛1 ,0)
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑼 (𝑛1−1,1) − 𝑼 (𝑛1 ,0)
)

𝒂(3) + 𝑷 (𝑛1)
1 𝑒−i𝜙

(𝑛1)
1 ,

(6)

while on the upper boundary (𝑛2 = 𝑁) they are given by

𝑼̈ (𝑛1 ,𝑁) + (2i𝜔0𝑰 +𝛺∗𝑹)𝑼̇ (𝑛1 ,𝑁) − 𝜔2
0𝑼

(𝑛1 ,𝑁) + i𝜔0𝛺
∗𝑹𝑼 (𝑛1 ,𝑁)

= 𝒂(1) ⋅
(

𝑼 (𝑛1+1,𝑁) + 𝑼 (𝑛1−1,𝑁) − 2𝑼 (𝑛1 ,𝑁))𝒂(1)

+ 𝒂(2) ⋅
(

𝑼 (𝑛1 ,𝑁−1) − 𝑼 (𝑛1 ,𝑁))𝒂(2)

+ 𝒂(3) ⋅
(

𝑼 (𝑛1+1,𝑁−1) − 𝑼 (𝑛1 ,𝑁))𝒂(3) + 𝑷 (𝑛1)
2 𝑒−i𝜙

(𝑛1)
2 .

(7)

2.3. Transformed equations of motion

We transform the Eqs. (5)–(7) using the Laplace transform in time
𝑡 and the discrete Fourier transform in the index 𝑛1. To this end, we
introduce the transformed displacement amplitude:

𝑼LF
𝑛2
(𝑠, 𝑘) =

∞
∑

𝑛1=−∞
∫

∞

0
𝑼 (𝑛1 ,𝑛2)(𝑡)𝑒−𝑠𝑡+i𝑘(𝑛1+𝑛2∕2)d𝑡.

Under this transform, we have
[

𝑼 (𝑛1+𝑝,𝑛2+𝑞)(𝑡)
]LF = 𝑒−i𝑘(𝑝+𝑞∕2)𝑼LF

𝑛2+𝑞
(𝑠, 𝑘).

In this case, assuming that the system is initially at rest, Eqs. (5)–(7)
take the form:

[(𝑠 + i𝜔0)2𝑰 + (𝑠 + i𝜔0)𝛺∗𝑹]𝑼LF
𝑛2

= 2𝒂(1) ⋅ (cos(𝑘) − 1)𝑼LF
𝑛2
𝒂(1)

+ 𝒂(2) ⋅
(

𝑒−i𝑘∕2𝑼LF
𝑛2+1

+ 𝑒i𝑘∕2𝑼LF
𝑛2−1

− 2𝑼LF
𝑛2

)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒i𝑘∕2𝑼LF
𝑛2+1

+ 𝑒−i𝑘∕2𝑼LF
𝑛2−1

− 2𝑼LF
𝑛2

)

𝒂(3)
(8)

for 0 < 𝑛2 < 𝑁 , 𝑛2 ∈ Z;

[(𝑠 + i𝜔0)2𝑰 + (𝑠 + i𝜔0)𝛺∗𝑹]𝑼LF
0

= 2𝒂(1) ⋅ (cos(𝑘) − 1)𝑼LF
0 𝒂(1) + 𝒂(2) ⋅

(

𝑒−i𝑘∕2𝑼LF
1 − 𝑼LF

0
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒i𝑘∕2𝑼LF − 𝑼LF)𝒂(3) +
𝜱1(𝑘)

(9)
1 0 𝑠
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for 𝑛2 = 0; and

[(𝑠 + i𝜔0)2𝑰 + (𝑠 + i𝜔0)𝛺∗𝑹]𝑼LF
𝑁

2𝒂(1) ⋅ (cos(𝑘) − 1)𝑼LF
𝑁 𝒂(1) + 𝒂(2) ⋅

(

𝑒i𝑘∕2𝑼LF
𝑁−1 − 𝑼LF

𝑁
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒−i𝑘∕2𝑼LF
𝑁−1 − 𝑼LF

𝑁
)

𝒂(3) +
𝜱2(𝑘)
𝑠

(10)

for 𝑛2 = 𝑁 . We note that the Fourier transforms of the loads on the
pper and lower faces of the strip are

𝑗 (𝑘) =
∑

𝑛1∈Z
𝑷 (𝑛1)
𝑗 𝑒−i𝜙

(𝑛1)
𝑗 +i𝑘(𝑛1+𝑝𝑗∕2) , 𝑗 = 1, 2 , (11)

here 𝑝1 = 0 and 𝑝2 = 𝑁 .

.4. The problem in the steady-state regime

We also define the steady-state amplitudes of the displacements of
he lattice’s masses through the standard formula
F
𝑛2
(𝑘) = lim

𝑠→+0
𝑠𝑼LF

𝑛2
(𝑠, 𝑘),

or 𝑛2 ∈ Z, 0 ≤ 𝑛2 ≤ 𝑁 .
Multiplying (8)–(10) by 𝑠 and employing the preceding limit, we

etrieve the following equations for the steady-state regime:

(0 + i𝜔0)2𝑰 + (0 + i𝜔0)𝛺∗𝑹]𝐔F
𝑛2

= 2𝒂(1) ⋅ (cos(𝑘) − 1)𝐔F
𝑛2
𝒂(1)

+ 𝒂(2) ⋅
(

𝑒−i𝑘∕2𝐔F
𝑛2+1

+ 𝑒i𝑘∕2𝐔F
𝑛2−1

− 2𝐔F
𝑛2

)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒i𝑘∕2𝐔F
𝑛2+1

+ 𝑒−i𝑘∕2𝐔F
𝑛2−1

− 2𝐔F
𝑛2

)

𝒂(3)
(12)

or 0 < 𝑛2 < 𝑁 , 𝑛2 ∈ Z;

(0 + i𝜔0)2𝑰 + (0 + i𝜔0)𝛺∗𝑹]𝐔F
0

= 2𝒂(1) ⋅ (cos(𝑘) − 1)𝐔F
0𝒂

(1) + 𝒂(2) ⋅
(

𝑒−i𝑘∕2𝐔F
1 − 𝐔F

0
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒i𝑘∕2𝐔F
1 − 𝐔F

0
)

𝒂(3) +𝜱1(𝑘)

(13)

or 𝑛2 = 0; and

(0 + i𝜔0)2𝑰 + (0 + i𝜔0)𝛺∗𝑹]𝐔F
𝑁

= 𝒂(1) ⋅ (cos(𝑘) − 1)𝐔F
𝑁𝒂(1) + 𝒂(2) ⋅

(

𝑒i𝑘∕2𝐔F
𝑁−1 − 𝐔F

𝑁
)

𝒂(2)

+ 𝒂(3) ⋅
(

𝑒−i𝑘∕2𝐔F
𝑁−1 − 𝐔F

𝑁
)

𝒂(3) +𝜱2(𝑘)

(14)

or 𝑛2 = 𝑁 . Here, we note that the term 0 + i𝜔0 has been retained and
epresents the limit

lim
𝑠→+0

𝑠 + i𝜔0 , (15)

hat is taken with respect to the Laplace transformed quantities and is
ssociated with the causality principle (Slepyan, 2002).

.5. The solution to the steady-state problem in the interior of the strip

The solutions to the Eqs. (12) are sought in the form
F
𝑛2
(𝑘) = 𝑪𝜆𝑛2 , 0 < 𝑛2 < 𝑁 , (16)

here 𝑪 and 𝜆 are to be determined.
Substitution of (16) into (12) provides the system

= 𝑴𝑪 , (17)

here

=
⎡

⎢

⎢

⎣

cos
(

𝑘
2

)(

𝜆 + 1
𝜆

)

+ 8 cos2
(

𝑘
2

)

− 10 + 2𝜔̂2
0 −i

√

3 sin
(

𝑘
2

)(

𝜆 − 1
𝜆

)

− 2i𝛺∗𝜔̂0

−i
√

3 sin
(

𝑘
2

)(

𝜆 − 1
𝜆

)

+ 2i𝛺∗𝜔̂0 3 cos
(

𝑘
2

)(

𝜆 + 1
𝜆

)

− 6 + 2𝜔̂2
0

⎤

⎥

⎥

⎦

,

(18)

with 𝜔̂0 = 𝜔0 − i0. A non-trivial vector 𝑪 satisfying (17) exists if 𝜆
satisfies the bi-quadratic equation:
(

𝜆 + 1)2
− 4𝑏

(

𝜆 + 1) + 4𝑐 = 0 , (19)
5

𝜆 𝜆
hose coefficients are

=
[

2 sin2
(𝑘
2

)

+ 1 + 2
3
𝜔̂2
0

]

cos
(𝑘
2

)

,

𝑐 =
𝜔̂2
0
3

{

𝜔̂2
0 − 4

[

sin2
(𝑘
2

)

+ 1
]

− (𝛺∗)2
}

+ 3 sin2
(𝑘
2

)

+ 1.

There are four solutions to (19), denoted by 𝜆𝑗 (1 ≤ 𝑗 ≤ 4), with
𝜆𝑗+2 = 1∕𝜆𝑗 (𝑗 = 1, 2), such that for 𝑗 = 1, 2:

𝜆𝑗 =

√

𝑔𝑗 + 1 −
√

𝑔𝑗 − 1
√

𝑔𝑗 + 1 +
√

𝑔𝑗 − 1
,

with

𝑔𝑗 = 𝑏 + (−1)𝑗−1
√

𝑏2 − 𝑐

nd |𝜆𝑗 | < 1. We take all four roots and, using (16) and (17), we
onstruct the transform of the displacements of the lattice’s masses as
F
𝑛2
(𝑘) = 𝑼𝜦𝑛2𝑩 . (20)

ere

= [𝑼 0(𝜆1),𝑼 0(𝜆2),𝑼 0(𝜆−11 ),𝑼 0(𝜆−12 )] , (21)

𝜦 = diag{𝜆1, 𝜆2, 𝜆−11 , 𝜆−12 } . (22)

n addition

0(𝜆) =
[

1
ℎ𝛺∗ (𝜆)

]

and ℎ𝛺∗ (𝜆) =
i
√

3 sin
(

𝑘
2

)(

𝜆 − 1
𝜆

)

− 2i𝛺∗𝜔̂0

3 cos
(

𝑘
2

)(

𝜆 + 1
𝜆

)

− 6 + 2𝜔̂2
0

,

(23)

while 𝑩 in (20) is a 4 × 1 coefficient vector depending on the wave
number 𝑘 and that is unknown at this point.

Before proceeding, we note that, according to Carta et al. (2023), via
a straightforward rescaling of 𝑩 by a non-degenerate diagonal matrix,
it is possible to rewrite the solution (20) with a representation that
embeds terms defined relative to either boundary at 𝑛2 = 0 and 𝑛2 = 𝑁 .
Applying this procedure yields an updated form of (20), given by

𝐔F
𝑛2
(𝑘) = 𝑼𝜰 (𝑛2)𝑫 , (24)

where

𝜰 (𝑛2) = diag{𝜆𝑛21 , 𝜆
𝑛2
2 , 𝜆

𝑁−𝑛2
1 , 𝜆𝑁−𝑛2

2 } , (25)

which is used below as it leads to a compact representation of subse-
quent calculations. In (24), 𝑫 is an unknown coefficient vector that is
determined in the next section using (13) and (14).

2.6. Conditions along the boundaries of the strip and solution to the problem

The aim of this section is to determine the constant vector 𝑫 in (24).
We note that the solution (24) is subject to (12). Hence, substituting

his solution into (13) and (14), one can write down an equivalent,
ore condensed form of these equations satisfied by (24) which take

he form:
(2) ⋅

(

𝑒i𝑘∕2𝐔F
−1 − 𝐔F

0
)

𝒂(2) + 𝒂(3) ⋅
(

𝑒−i𝑘∕2𝐔F
−1 − 𝐔F

𝑛2

)

𝒂(3) = 𝜱1(𝑘) , (26)

𝒂(2) ⋅
(

𝑒−i𝑘∕2𝐔F
𝑁+1 − 𝐔F

𝑁
)

𝒂(2) + 𝒂(3) ⋅
(

𝑒i𝑘∕2𝐔F
𝑁+1 − 𝐔F

𝑁
)

𝒂(3) = 𝜱2(𝑘) . (27)

Using (24) together with the above leads to the following system:

𝑸̂𝑫 = 𝜱(𝑘) , (28)

where

𝜱(𝑘) =
[

𝜱1(𝑘)
𝜱2(𝑘)

]

and 𝑸̂ =
[

𝑸𝛺(𝜆1, 𝜆2) 𝑸𝛺(𝜆−11 , 𝜆−12 )𝑲𝑁

−1 −1 𝑁

]

, (29)
𝑿𝑸−𝛺(𝜆1 , 𝜆2 )𝑲 𝑿𝑸−𝛺(𝜆1, 𝜆2)
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with

𝑸𝜏 (𝜆1, 𝜆2)

=

⎡

⎢

⎢

⎢

⎢

⎣

cos
(

𝑘
2

)

−𝜆1
2𝜆1

+
√

3iℎ𝜏 (𝜆1) sin
(

𝑘
2

)

2𝜆1

cos
(

𝑘
2

)

−𝜆2
2𝜆2

+
√

3iℎ𝜏 (𝜆2) sin
(

𝑘
2

)

2𝜆2

√

3i sin
(

𝑘
2

)

2𝜆1
+

3ℎ𝜏 (𝜆1)
[

cos
(

𝑘
2

)

−𝜆1
]

2𝜆1

√

3i sin
(

𝑘
2

)

2𝜆2
+

3ℎ𝜏 (𝜆2)
[

cos
(

𝑘
2

)

−𝜆2
]

2𝜆2

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑲 = diag{𝜆1, 𝜆2} and 𝑿 = diag{1,−1}.
Thus, combining (28) with (24) gives the solution for the transformed
displacements of the gyro-elastic strip:

𝐔F
𝑛2
(𝑘) = 𝑼𝜰 (𝑛2)𝑸̂

−1𝜱(𝑘) . (30)

Note that, in the limit when 𝑁 → ∞, the solution above for the
ourier transformed displacements reduces to that for the problem of
ayleigh waves propagating along the boundary of a half-plane formed

rom a gyro-elastic lattice (Nieves et al., 2020). Indeed, as |𝜆𝑗 | < 1
(𝑗 = 1, 2), in this limit the matrix 𝑫 becomes a block diagonal (see
(29)). Additionally, as 𝑁 → ∞, only the first diagonal block of 𝜰 in
(25) remains non-zero. The last limit demonstrates that the influence
of the boundary located at 𝑛2 = 𝑁 on the lattice motion and within the
solution (30) becomes absent. Then, when 𝑁 → ∞, we can take the
transformed lattice displacements to be

𝐔F
𝑛2
(𝑘) = [𝑼 0(𝜆1),𝑼 0(𝜆2)]𝑲𝑛2 [𝑸𝛺(𝜆1, 𝜆2)]−1𝜱1(𝑘).

2.7. Solution to the steady-state problem

The lattice strip’s displacement field in the steady-state regime,
defined by

 (𝑛1 ,𝑛2)(𝑡) = lim
𝑡→∞

𝒖(𝑛1 ,𝑛2)(𝑡),

is found by applying the inverse discrete Fourier Transform to (30). The
displacements of the lattice’s nodes have the form

 (𝑛1 ,𝑛2)(𝑡) = Re[𝐔(𝑛1 ,𝑛2)𝑒i𝜔0𝑡] , (31)

where the complex displacement amplitudes are found from

𝐔(𝑛1 ,𝑛2) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
2𝜋 ∫

𝜋

−𝜋
𝐔F
𝑛2
(𝑘)𝑒−i𝑘(𝑛1+𝑛2∕2)d𝑘 if 𝑛2 is even,

1
4𝜋 ∫

2𝜋

−2𝜋
𝐔F
𝑛2
(𝑘)𝑒−i𝑘(𝑛1+𝑛2∕2)d𝑘 if 𝑛2 is odd, .

(32)

3. Dispersion curves

The dispersion relation, which shows how the radian frequency 𝜔 of
aves propagating in the strip depends on the wave number 𝑘, is found
y setting the loading term 𝜱(𝑘) = 0 in (28), in addition to replacing
0 − i0 by 𝜔, and searching for degenerate values of the matrix 𝑸̂ in

28). The dispersion relation is associated with singular points of the
ntegral kernel appearing in (32), owing to the solution (30).

An illustrative example is presented in Fig. 3, where the dispersion
iagram for 𝑁 = 10 and 𝛺∗ = 0.5 is shown. The pairs of values of 𝜔 and
for which the matrix 𝑸̂ in (28) becomes degenerate are represented

y dots.
First of all, we point out that the number of dispersion curves is

qual to 2(𝑁+1) (that is 22 in the present example), since there are 𝑁+1
ows in the lattice and each node possesses two degrees of freedom.
his is analogous to what observed in triangular lattice strips without
yroscopic spinners (Carta et al., 2023). In addition, in Fig. 3 we note
hat only one dispersion curve departs from the origin of the dispersion
iagram, where low-frequency large-wavelength vibrations are charac-
erised by dispersive features (since the relationship between 𝜔 and
6

is not linear). On the other hand, in the non-gyroscopic waveguide t
double solution was found at (𝑘, 𝜔) = (0, 0), with dispersion curves
haracterised by either a linear or quadratic trend in the neighbourhood
f the origin (Carta et al., 2023). It is also important to underline
hat the dispersion diagram in Fig. 3 does not exhibit internal band-
aps; the only stop-band, where waves decay exponentially, is found
or 𝜔 > 2.5118.

. Uni-directional propagation in a straight strip

In this section, we present an example of a gyro-elastic lattice strip
ith 11 rows (𝑁 = 10), that is loaded by a horizontally acting point

orce with frequency 𝜔0 = 0.3 and unit amplitude, located along the
ower boundary of the strip. Accordingly, in this case 𝜱1 = (1, 0)T

nd 𝜱2 = (0, 0)T in (30), which corresponds to the case in (11) when
(𝑛1)
1 = (1, 0)T𝑒i𝜙

(0)
1 𝛿𝑛1 ,0 and 𝑷 (𝑛1)

2 = 𝟎, 𝑛1 ∈ Z, with 𝛿𝑚,𝑛 being the
ronecker delta.

For an ordinary elastic lattice strip without gyroscopic spinners, it
s expected that energy propagates in equal amounts in both directions
way from the point of application of the force, as illustrated in
ig. 4(a). Conversely, the presence of gyroscopic spinners can lead to a
uasi-perfect uni-directional propagation, as shown in Fig. 4(b) where
he chosen value of gyricity is 𝛺∗ = 0.5. The displacement fields in
igs. 4(a) and 4(b) are obtained from (31).

Here, the inversion of the Fourier transform in (32) can be evalu-
ted in a semi-analytic manner. Without the dissipative term in (15),
he kernel of (32) possesses simple poles owing to the degeneracies
f 𝑸̂ that are located along the interval of integration in (32). The
issipation creates a small perturbation in the location of these points,
hifting them inside the complex plane associated with 𝑘. One can
hen calculate the asymptotes of the kernel near these simple poles
nd use these to rewrite the kernel of (32) as function involving all
uch asymptotes and a bounded integrable function. The latter is easily
ntegrated with standard quadrature routines, whereas the integration
f the asymptotes is performed using (i) a contour integral involving
he selection of an appropriate contour for different 𝑛1 and 𝑛2 in the
omplex plane defined by 𝑘 and (ii) the residue theorem to evaluate
he sinusoidal contributions to the integrals that represent the waves
ropagating in the strip.

The results based on the inversion of the Fourier transform in (31)
nd (32) are also verified by means of independent finite element com-
utations performed in Comsol Multiphysics (version 5.6). The lattice is
uilt in the Structural Mechanics module by using truss elements and
ts domain has normalised base length equal to 200. The gyroscopic
ffect is implemented by introducing an additional point force at each
unction of the truss, that mimics the contribution of the gyroscopes
o the motion of the nodes (see the first terms in the right-hand sides
f Eqs. (2)–(4)). Further, a region with damping is added near the
eft and right ends of the domain to create adaptive absorbing layers
hat minimise the effect of reflected waves within the computational
indow. The response of the system to the point force is determined by

arrying out a frequency response analysis. The numerical outcomes are
resented in Figs. 4(c) and 4(d) for 𝛺∗ = 0 and 𝛺∗ = 0.5, respectively.

Comparing Figs. 4(a) and 4(c) and Figs. 4(b) and 4(d), we note that
here is an excellent agreement between the analytical calculations and
he numerical simulations.

.1. Energy flux in the gyro-elastic strip

Here, we calculate the energy fluxes for the waves propagating to
he right and to the left of the lattice strip endowed with gyroscopic
pinners, in order to determine situations for when uni-directional wave
ropagation can be attained.

We consider a finite rectangular domain, with height equal to
he width of the strip and base centred at the application point of

he external load. Since damping is absent inside the computational
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Fig. 3. Dispersion curves for a gyro-elastic lattice strip with 11 rows and effective gyricity 𝛺∗ = 0.5. The semi-infinite stop-band is coloured in grey.
Fig. 4. Displacement field in a discrete strip, infinite in the 𝑥1-direction and consisting of 11 rows in the 𝑥2-direction, subjected to a point force at (0, 0) acting in the 𝑥1-direction,
having frequency 𝜔0 = 0.3 and unit amplitude. (a,b) Analytical solutions given by (31); (c,d) numerical results. (a,c) Ordinary strip with 𝛺∗ = 0; (b,d) gyro-elastic strip with
𝛺∗ = 0.5.
domain, the length of the base of the domain is not relevant. If we
indicate the external force in the frequency regime by 𝑷 = (1, 0)T (see
7

Section 4), then the energy input rate is given by
(in) 1 [ (0,0)]
𝑊 =

2
Re 𝑷 ⋅ 𝒗̄ ,
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Fig. 5. Ratios of energy flux through the right (black) and left (grey) boundary for
different values of the radian frequency 𝜔0 of the external force and for a fixed gyricity
equal to 𝛺∗ = 0.5.

where 𝒗̄(𝑛1 ,𝑛2) is the complex conjugate of the velocity. The energy
output rates 𝑊 (out)

𝑅 and 𝑊 (out)
𝐿 through the right and left boundaries, re-

spectively, of the domain are determined from the formulae (Brillouin,
1953)

𝑊 (out)
𝑖 = −1

2
∑

𝒏𝑗∈𝐷𝑖

Re
[

𝑭 (𝒏𝑗 )
𝑒𝑙 ⋅ 𝒗̄(𝒏𝑗 )

]

, 𝑖 = 𝐿,𝑅 ,

where 𝒏𝑗 indicates the generic node in proximity of the boundary and
inside the rectangular domain, 𝑭 (𝒏𝑗 )

𝑒𝑙 denotes the total elastic force
provided by the elastic links connected to the node with multi-index
𝒏𝑗 , and 𝐷𝑖 is the set of nodes 𝒏𝑗 positioned in the proximity of the
boundary. Of course, since the conservation of energy law must hold,
the following equality needs to be satisfied:

𝑊 (in) = 𝑊 (out)
𝑅 +𝑊 (out)

𝐿 . (33)

In Fig. 5 we show how the ratios of energy flux propagating to the
right (𝑊 (out)

𝑅 ∕𝑊 (in)) and to the left (𝑊 (out)
𝐿 ∕𝑊 (in)) of the domain vary

with the radian frequency 𝜔0 of the external load, when the gyricity
is taken as 𝛺∗ = 0.5. First of all, we note that the conservation of
energy is verified for any value of the frequency (33). Moreover, it is
evident that the energy does not propagate symmetrically to the left
and to the right. Furthermore, the energy fluxes strongly depend on
𝜔0; in particular, at some frequencies there are significant drops in
the diagrams, which are associated with zero-group velocity points on
the dispersion diagram. Nonetheless, at certain values of the frequency
the ratio of energy flowing through the right is close to 1, confirming
there exists the possibility to realise uni-directional propagation in the
considered system. For instance, when 𝜔0 = 0.3 (as in Fig. 4(b)),
𝑊 (out)
𝑅 ∕𝑊 (in) = 0.98; the same value is obtained with the finite element

model in Comsol Multiphysics. Finally, we point out that the directional
behaviour of energy flux can be reversed by changing the sign of
gyricity.

Different values of the gyricity are considered in Fig. 6, namely
𝛺∗ = 0.25 (part (a)) and 𝛺∗ = 0.75 (part (b)). Comparing Figs. 5
and 6, we observe that local maxima are found at different values of
the frequency; hence, the phenomenon of uni-directional propagation
is easily tunable by varying the gyricity of the spinners. As in Fig. 5,
we note that at larger frequencies the strip tends to channel more
energy to the left of the source than to the right (for positive gyricity).
However, the disparity between the two fluxes in this frequency regime
is relatively small in comparison with what is observed in the low-
frequency regime, where larger differences in the energy fluxes of
left-going and right-going waves are more likely to be achieved.
8

5. Mechanical switching network (MSN)

The results of Section 4 have suggested the possibility of designing a
network of lattice strips, that can route the propagation of elastic waves
along a prescribed path and channel the majority of the energy towards
a predetermined endpoint (or output) of the network. The choice of the
path and, hence, of the output can be varied, depending on the needs
of the application. Accordingly, such a device will be referred to as
Mechanical Switching Network (MSN).

An illustrative example of a MSN is sketched in Fig. 7(a). The
primary lattice strip with effective gyricity 𝛺∗, where the source S
is located, is split into two branches, whose effective gyricities are
denoted as 𝛺∗

1 (upper branch) and 𝛺∗
2 (lower branch) and are specified

below. Each secondary branch is divided into two sub-branches, so
that the total number of outputs in the network is equal to 4. The
endpoints are indicated by A, B, C and D in Fig. 7(a), and the effective
gyricity of each sub-branch is identified with a subscript that refers to
the corresponding output. The source S is represented by a horizontal
time-harmonic force, with frequency 𝜔0 and unit amplitude.

The simulations are performed with a finite element model built in
Comsol Multiphysics. In order to avoid reflections at the ends of the MSN,
adaptive absorbing layers (AAL) are inserted, as shown in Fig. 7(a).
The effective gyricity of the primary branch and the radian frequency
of the point force are taken as 𝛺∗ = 0.5 and 𝜔0 = 0.095, respectively.
This pair of values has been selected in order to achieve a large ratio
𝑊 (out)
𝑅 ∕𝑊 (in) (see Fig. 5).
The effective gyricity of each branch of the MSN is set equal to

either 𝛺∗ or −𝛺∗, according to the output where it is desired to gather
most of the energy introduced by the source. The rule of thumb is to
assign to the branches belonging to the chosen path an effective gyricity
𝛺∗ and to the others the equal and opposite value −𝛺∗. The switching
of the output can be easily implemented by changing the signs of the
effective gyricities in the appropriate branches; in practice, this can be
realised by reverting the direction of rotation of the spinners.

The results of the numerical simulations are shown in Figs. 7(b)-
7(d). In particular, the chosen outputs are A, C and D in parts (b), (c)
and (d), respectively. The values of the effective gyricities for the three
cases are indicated in the caption of the figure. The situation when
energy propagation is directed towards endpoint B has been presented
in the Introduction (see Fig. 1). From the figures, it is apparent that
the MSN is very efficient at channelling most of the energy towards the
selected output. A more quantitative assessment of the proposed design
can be achieved by employing the concept of energy flux, discussed
in Section 4.1. Following this approach, we have found that in all the
four scenarios more than 96.5% of the energy flowing to the right of
the source reaches the chosen output. In addition, 2.5% of the energy
propagating in the network follows the path of the sub-branch that
departs from the same secondary branch as the chosen output, and the
residual 1% is divided in almost equal amounts between the remaining
sub-branches.

Additional finite element simulations have been carried out in the
transient regime to show how elastic waves propagate during time
in the four scenarios described above. In the transient regime, the
external force has been located in the bottom part of the left end of the
primary branch and its expression is given by sin

(

𝜔0𝑡
)

. The outcomes
are illustrated in Video 1 - Video 4 of the Supplementary Material. We
underline that the simulations have been interrupted when waves reach
the prescribed destinations. The videos are a further demonstration of
the efficiency of the proposed design.

For comparison, in Video 5 the results of a different simulation
are presented, where the effective gyricity is set equal to zero in all
branches. In this non-gyroscopic network, the energy is being divided
into nearly equal parts when waves impinge on a bifurcation. The slight
non-symmetry of the wave motion is due to the non-symmetric position

of the source, that acts on the bottom node of the left end of the primary
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Fig. 6. Same as in Fig. 5, but for different values of gyricity: (a) 𝛺∗ = 0.25; (b) 𝛺∗ = 0.75.

Fig. 7. (a) Schematic drawing of the Mechanical Switching Network (MSN), where S is the source and A, B, C, D are the outputs; the effective gyricities in all the branches of
the network and the normalised dimensions of the geometry of the numerical model are also indicated. (b-d) Displacement field calculated numerically with different choices
of the effective gyricities: (b) 𝛺∗ = 0.5, 𝛺∗

1 = 𝛺∗
A = 𝛺∗, 𝛺∗

2 = 𝛺∗
B = 𝛺∗

C = 𝛺∗
D = −𝛺∗; (c) 𝛺∗ = 0.5, 𝛺∗

2 = 𝛺∗
C = 𝛺∗, 𝛺∗

1 = 𝛺∗
A = 𝛺∗

B = 𝛺∗
D = −𝛺∗; (d) 𝛺∗ = 0.5, 𝛺∗

2 = 𝛺∗
D = 𝛺∗,

𝛺∗
1 = 𝛺∗

A = 𝛺∗
B = 𝛺∗

C = −𝛺∗.
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branch. It is apparent that, without the momentum bias introduced by
the gyroscopic effect, it is impossible to control wave propagation in a
non-gyroscopic network.

6. Conclusions

The non-reciprocity induced by the gyroscopic effect in an elastic
lattice has been employed to design a Mechanical Switching Network.
This MSN is an elastic device capable of redirecting wave propaga-
tion along preferential paths in a waveguide network with switching
regions.

The design of this device has resulted from analytical study of Lamb
waves propagating in a gyro-elastic lattice strip, whose steady-state
response and dispersive properties have been identified with the dis-
crete Fourier transform. An excellent agreement between the analytical
predictions and those based on finite elements has been demonstrated.
This analysis shows the dispersion curves calculated for any branch
of the network are symmetric with respect to the wavenumber, as
shown in Fig. 3. However, the vibration modes are non-symmetric, as
demonstrated in Nieves et al. (2020), and wave propagation also results
to be non-symmetric, as illustrated in Fig. 4. This leads to energy flux
diagrams which are clearly non-symmetric (see Figs. 5 and 6), so that
the response of the system to an external load is different for right-going
and left-going waves.

The model proposed in this work is fully tunable, and the tunabil-
ity can be obtained by simply changing the sign of gyricity in each
branch of the network. Analytical and numerical analyses in either the
frequency or transient regime show the quality and robustness of the
micro-structured system that, after a couple of switches, still redirects
96.5% of the energy towards the designed output port.

We believe that the above design may lead to novel technological
applications in Microelectromechanical and Signal Processing Systems.
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