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Quadriexcitons and excitonic condensate in a symmetric electron-hole
bilayer with valley degeneracy
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Using quantum Monte Carlo simulations we have mapped out the zero-temperature phase diagram of a
symmetric electron-hole bilayer with twofold valley degeneracy, as a function of the interlayer distance d and
in-layer density n. We find that the effect of the valley degeneracy is to shrink the region of stability of the
excitonic condensate, in favor of quadriexcitons at small d and of the four-component plasma at large d , with
minor effects on the value of the excitonic condensate fraction. The enclosure of the condensate in a density
window possibly explains why anomalous tunneling conductivity, interpreted as a signature of condensation, is
observed only between two finite values of carrier density in graphene bilayers. Our phase diagram may provide
directions to select device parameters for future experiments.
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The idea that spatially separated electrons and holes
provide an ideal playground for the observation of super-
fluidity/superconductivity was put forward long ago [1]. An
equilibrium condensate, however, has long remained elusive
in conventional electron-hole semiconductor bilayers [2–4],
while it was observed in semiconductor electron-electron
(hole-hole) bilayers [5–7] in strong perpendicular magnetic
fields [8], i.e., in the quantum Hall regime. It was recently ar-
gued that excitonic condensation should be strongly enhanced
in coupled electron-hole graphene bilayers, where extremely
thin hexagonal boron nitride (hBN) barriers can be used [9]
and electrons and holes have equal masses. Yet, carrier valley
degeneracy is present in graphene bilayers and its effect is
not immediately obvious; moreover, (i) a BCS mean field
[10] would suggest an enhancement of the condensate, (ii)
the screening by a larger number of fermion components
would point to a weakening of the e-h attraction, and (iii) the
presence of four fermion components in each bilayer would
allow for the formation of quadriexcitons [11].

Experiments on coupled graphene bilayers promptly fol-
lowed the proposal in Ref. [9], replicating however the
scenario encountered in semiconductor bilayers, with no ev-
idence of a condensate in coupled electron-hole graphene
bilayers [12,13] and clear evidence of a condensate in cou-
pled electron-electron graphene bilayers in the quantum Hall
regime [14,15]. Eventually, evidence of condensed inter-
bilayer excitons in zero magnetic field, signaled by enhanced
tunneling, was reported in coupled electron-hole graphene
bilayers [16] and more recently in coupled monolayers of
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transition metal dichalcogenides [17,18]; moreover, thermo-
dynamic evidence of the condensate was also provided [19].
We should recall at this point that some evidence of condensa-
tion was also found in semiconductor electron bilayers, with
long-lived indirect excitons produced by photoexcitation and
electrostatic trapping [20,21] and in excitons coupled to light
confined within a cavity (exciton polaritons), which do live
long enough to condense and require a continuous input of
light [22].

Here, we restrict ourselves to equilibrium excitonic con-
densation in systems of electron and holes and assess the
effects of the interplay of the valley degeneracy gv , the
interlayer distance d , and the in-layer density n in deter-
mining the T = 0 phase diagram of the system. To this end
we resort to quantum Monte Carlo (QMC) simulations of
the simplest possible model, i.e., a paramagnetic, symmetric
electron-hole bilayer (me = mh = mb, gv = 2), to mimic the
situation encountered in double bilayer graphene [9]. In effec-
tive Hartree atomic units [h̄ = mb = e2/(4πε0ε) = 1], which
we use throughout, the Hamiltonian of the system reads

H = −1

2

∑
v,i

∇2
e,v,i + 1

2

′∑
v,v′,i,i′

1

|re,v,i − re,v′,i′ |

− 1

2

∑
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h,v,i + 1

2

′∑
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|rh,v,i − rh,v′,i′ |

−
∑

v,v′,i,i′

1√|re,v,i − rh,v′,i′ |2 + d2
, (1)

where terms with both v′ = v and i′ = i are excluded from the
primed sums and re,v,i (rh,v,i) is the in-plane position of the
ith electron (hole) in valley v. Above, mb is the band effective
mass of the carriers, which move in a medium of dielectric
constant ε. QMC simulations of the gv = 1 case are already
available both at T = 0 [23–27] and at T > 0 [28].
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At a given valley degeneracy, the properties of the system
depend on the interlayer distance d and the in-layer coupling
parameter rs = 1/

√
πn, while the ratio rs/d measures the

importance of the interlayer attraction, as compared to the
in-layer repulsion. Provided that screening is not too strong,
i.e., rs � 1, a paired phase is expected for rs/d > 1 [23,25].
Moreover, for rs/d � 1 quadriexcitons [11] should appear,
instead of the biexcitons found in the one-valley case [25]. In
this Letter we systematically investigate the region rs < 8, for
systems with N = 84 particles per layer. We also study some
systems with a larger number of particles, up to N = 148, to
assess size effects, as well as some systems at lower densities
(larger rs values).

We have employed variational and diffusion Monte Carlo
[29–31] (VMC and DMC) as implemented in our own code.
At each rs and d , an optimal trial function �T is determined
by minimizing the variational energy with respect to a number
of optimizable parameters [32]. We then compute estimates of
the properties of interest using Monte Carlo integration with
|�T |2 as the importance function and, in most cases, using
also the more accurate fixed-node DMC [29,30] with �T as
the guiding function. We have used a singlet BCS-Jastrow trial
function [23,33]

�T = J
∏
σ

Dσ,σ
e,h , (2)

Dσ,σ
e,h = det[φ(re,σ,i − rh,σ, j )], (3)

with σ = (v, sz ) the valley-spin index or flavor, and the Jas-
trow factor

J = exp

⎡
⎣−(1/2)

∑
μ,μ′

∑
iμ, jμ′

′
uμ,μ′

(∣∣riμ − r jμ′
∣∣)

⎤
⎦ (4)

embodying two-body correlations. Above, the species index
μ = (t, σ ) combines the particle type (t = e, h) and the fla-
vor; moreover, the primed sum for μ′ = μ contains only the
terms with iμ �= jμ. The pairing orbital φ(r) is chosen of a
flexible form suggested earlier [25,34],

φ(r) = c(r) +
Nk∑

l=1

p|kl | cos(kl · r), (5)

where c(r) is a spherical function of finite range rc � L/2,
L is the side of the periodic square simulation box, and the
sum is over closed shells of the shortest reciprocal space wave
vectors. The BCS part of the wave function

∏
σ Dσ,σ

e,h is able
to describe different homogeneous fluid phases [25]. When
p|kl | = 0 for all l , one obtains a fluid of excitons. On the
contrary, when c(r) = 0, Nk = N/4, and p|kl | �= 0 for all l ,
one obtains a plasma phase described by plane-wave Slater
determinants. In this latter case, in fact, Dσ,σ

e,h = Dσ
e Dσ

h [33]
and Dσ

t = det[exp(ikl · rt,σ,i )]. The Jastrow factor, embody-
ing two-body terms, apart from generally improving the wave
function, is crucial in making possible polyexcitonic phases
[35].

The function c(r) and all pseudopotentials uμ,μ′ (r) in the
Jastrow factor are expanded on a flexible basis of locally
piecewise-quintic Hermite interpolants [36], which among
other things easily accommodates constraints at the end
points. For each function its radial range and the expansion
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FIG. 1. (a) Phase diagram of an electron-hole bilayer with
twofold valley degeneracy for small to moderate values of the in-
tralayer coupling rs and interlayer distance d . The red dots indicate
states that are studied in Figs. 2 and 3. The regions of stability
of the competing (fluid) phases are displayed in different colors.
(b) Comparison of the phase diagrams of electron-hole bilayers with
one (1v) and two (2v) valleys. The region of stability of the excitonic
phase in the one-valley system [25,38] (union of the gray and blue
areas) is substantially reduced in going to the two-valley system
(blue area).

coefficients provide the variational parameters. For the pairing
orbital φ(r) such a set of variational parameters is augmented
by the plane-wave coefficients p|kl |. Depending on the chosen
numbers of knots in the radial mesh and plane-wave coeffi-
cients, the overall number of variational parameters used in
the simulations described below is typically between about 50
and 60 [37].

The main outcomes of our DMC simulations are sum-
marized in the phase diagram displayed in Fig. 1(a). For
small values of the intralayer coupling rs � 1 (large den-
sity), a four-component plasma phase is found stable at all
distances evidently due to strong screening. As one turns to
larger values of rs (rs � 1) the interlayer attraction becomes
more effective and stabilizes a novel quadriexcitonic phase
at smaller distances and an excitonic phase with condensate
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FIG. 2. PCFs (solid lines) between electrons (holes) with dif-
ferent flavors (σ ′ �= σ ) in a symmetric electron-hole bilayer with
twofold valley degeneracy, at rs = 4; interlayer distances d corre-
spond to various phases (see Fig. 1). The inset reports the RCNs
defined in Eq. (6). Electron-hole PCFs and RCNs are also shown
for the two smaller distances (dashed lines), where they turn out to
be independent of flavors, which have therefore been dropped.

at intermediate distances. As illustrated in Fig. 1(b), with
respect to the findings of DMC simulations for a symmetric
electron-hole bilayer without valley degeneracy [23,25] we
obtain a substantial shrinking of the region of stability of the
excitonic phase, especially at small rs. This may partly explain
the difficulties encountered in finding experimental evidence
of excitonic condensation in coupled electron-hole graphene
bilayers [12,13,16] and suggests avoiding high density in the
search for the condensate, as has been noted before [9]; it also
shows that the system without valley degeneracy appears to be
a better choice for experiments aiming at the detection of an
excitonic condensate. In the density range investigated here,
we find no evidence of biexcitons [25], which appear to be
substituted by the much more stable quadriexcitons [39]. Be-
low we characterize the various phases by analyzing features
of the extrapolated estimates of pair correlation functions and
condensate fraction [37].

In Fig. 2 we report the pair correlation function (PCF) [37]
between electrons with different flavors gσσ ′

ee (r), σ ′ �= σ , at
rs = 4. By symmetry, gσσ ′

ee (r) = gσσ ′
hh (r). In the plasma phase

(d = 1) the PCF is structureless for r � 5, with a modest
correlation hole for r � 5. In the excitonic phase (d = 0.4) the
PCF remains structureless at larger distances, though showing
a modest increase at smaller distances. As one crosses into
the quadriexcitonic phase (d = 0.3) a large peak (higher than
3) appears at small distances, followed by a deep wide min-
imum, inducing pronounced oscillations at large distances.
This behavior is further enhanced at d = 0.05 with a peak
as large as 11 and a minimum of 0. So, what is causing an
“effective attraction” between unlike flavor electrons (holes),
that overcomes direct Coulomb repulsion and produces such
a short-range ordering? We note that this phenomenon is
accompanied by the fact that the electron-hole PCF gσσ ′

eh (r),
which is strongly peaked on the electron, becomes indepen-
dent on the flavor and displays the same deep wide minimum
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FIG. 3. Electron-hole PCFs in a symmetric electron-hole bilayer
with twofold valley degeneracy, at rs = 4 and interlayer distances d
corresponding to various phases (see Fig. 1). The PCFs of quadriex-
citons and plasma are independent of flavors σ, σ ′.

found in gσσ ′
ee (r), σ ′ �= σ . A clue to what is going on is pro-

vided by the inspection of the distance-dependent pileup of
particles of the species (t ′, σ ′) around a particle of the species
(t, σ ), i.e., the running coordination number (RCN),

Nσσ ′
tt ′ (r) = 2πnt ′,σ ′

∫ r

0
ds s gσσ ′

tt ′ (s) (6)

nt,σ being a species areal density.
In the inset of Fig. 2 we display Nσσ ′

ee (r) and Nσσ ′
eh (r),

respectively counting the average number of electrons (holes)
with flavor σ ′ around an electron with flavor σ . Let us con-
sider the case d = 0.05 first. It is evident that electrons with
the same flavor as the one at the origin are completely expelled
from a very large region, Nσσ

ee (r) � 0, r � 8. They make
space for a dynamic compound of radius about 5, comprising
4 electrons (the one at the origin and 3 with σ ′ �= σ ) and 4
holes of the four flavors. This is what we call quadriexciton. At
d = 0.05 the quadriexciton appears to be well defined, being
neatly separated by its nearest neighbors, whereas at d = 0.30
neighboring quadriexcitons touch and at d = 0.40 they are
melted into excitons.

The comparison in Fig. 3 of the electron-hole PCFs of the
various phases at rs = 4 reveals in the excitonic phase a large
difference between paired (σ ′ = σ ) and unpaired (σ ′ �= σ )
gσσ ′

eh (r), the height at the origin differing by as much as a
factor 6. On the contrary, gσσ ′

eh (r) is flavor independent both
in the plasma phase, a consequence of the symmetry of the
wave function, and in the quadriexcitonic phase, seemingly
as an effect of the interplay of pseudopotentials and pairing
orbital in the energy minimization. Such an interplay often
results in a very repulsive pseudopotential uμ,μ(r) between
electrons (holes) with the same flavor, as found also in the
biexcitonic phase of the one-valley system [25]. We remark
that the qualitative features of PCFs and RCNs of the various
phases illustrated above for rs = 4 are common to the whole
density range displayed in Fig. 1.
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FIG. 4. Condensate fraction vs interlayer distance d in a sym-
metric electron-hole bilayer, at rs = 5: (a) Present results for gv = 2
(red dots), with vertical dashed lines providing boundaries between
phases; (b) gv = 1 [25] (blue circles), with the dashed blue line a
guide to the eyes; (c) BCS mean field [10] predictions (solid curves).

The condensate fraction n0/n in the excitonic phase is
shown in Fig. 4 for rs = 5, as a function of the interlayer
distance d [37]. A comparison of the present results with
those for the one-valley system [25] reveals that valley de-
generacy, while substantially reducing the region of stability
of the excitonic phase, leaves essentially unchanged the value
of the condensate fraction. On the other hand, a comparison
with the predictions of a BCS treatment [10] uncovers the
limitations of such a mean-field approach, which predicts for
the condensate a substantial increase with valley degeneracy
and a much slower decay with the distance d . The results at
rs = 5 are representative of our findings in the full range of
density investigated in the present work, i.e., rs � 8, when one
keeps in mind that (i) the stability window (in distance) of the
excitonic phase grows with rs, as it is clear from Fig. 1, and
(ii) the condensate fraction becomes somewhat smaller than
in the one-valley system at large densities (rs < 3).

The excitonic condensate at T = 0 may be found in three
regimes [40]: BCS at high density, BEC at low density, and
BCS-BEC crossover in the middle. In order to characterize
the regime for given d and rs one may use the values of the
condensate fraction n0/n [27,41] and kF rex [42], the ratio of
the exciton radius rex and the interexciton distance ∼1/kF , kF

being the Fermi wave vector of electrons. The exciton radius
is evaluated as

r2
ex = 2πnh,σ

∫ r1

0
ds s gσσ

eh (s)s2, (7)

with r1 the radius of the circle centered on an electron con-
taining on average one hole. In the density range studied here
we find [37] 0.21 � n0/n � 0.75 and 0.31 � kF rex � 0.96
which, using the criteria of Refs. [27,41], places the conden-
sate always in the BEC-BCS crossover regime.

We now turn to a peculiar aspect of the determination
of the phase boundaries in Fig. 1(a). The wave functions
obtained through energy minimization display a hysteresis

phenomenon when crossing a boundary. For the sake of clar-
ity consider the quadriexciton to exciton transition at fixed
rs, which takes places at dqe(rs) and choose rs = 4, where
dqe(4) = 0.35. If at d � 0.35 we start the energy minimiza-
tion with a converged quadriexcitonic wave function taken
from d < 0.35, the wave function remains quadriexcitonic in
character, with zero condensate. However, by increasing d
further the wave function eventually becomes excitonic, with
a finite condensate. Similarly, if at d � 0.35 we start with
a converged excitonic wave function taken from d > 0.35,
we find that the wave function remains excitonic; however, if
we decrease d further, the wave function eventually becomes
quadriexcitonic, with zero condensate. This implies that in
the vicinity of d = 0.35 we have two solutions with different
character and different VMC energies as well as fixed-node
DMC energies. The latter more accurate energies are thus used
to determine the stable phase near the boundary [37].

To conclude, we comment on the correspondence of the
calculated phase diagram [Fig. 1(a)] with interlayer con-
ductance measurements in double-bilayer graphene-WSe2

heterostructures [16]. In the experiment, a nominally di-
vergent differential conductance between the two graphene
bilayers, observed in a density interval (nmin, nmax), is at-
tributed to the condensation of electron-hole pairs [16,17,43].
The suppression of condensation is ascribed to the in-plane
screening of interlayer interactions for n > nmax and to disor-
der or competing phases for n < nmin, as generally expected
for indirect excitons [44,45]. A disentanglement of disorder
and quadriexcitons in suppressing the excitonic phase could
in principle be achieved through measurements on samples
with different degrees of disorder. We can relate the onset of
pair condensation to phase transitions from plasma to exci-
tons on the high-density side, which is common to one-valley
electron-hole devices [17,25], and from quadriexcitons to ex-
citons on the low-density side, which represents a mechanism
peculiar to two-valley devices even in the absence of disorder
[46]. We note that the large extent of the quadriexcitonic
phase, compared to the biexcitonic phase in the one-valley
system [25], is instrumental in having suppression of pair
condensation at low density for interlayer spacings accessible
experimentally.

The experimental observation of condensation is strongly
peaked around conditions of balanced electron and hole
densities [16], matching the symmetric two-valley system
considered here. Other aspects of our model, such as the
assumption of parabolic bands [47] and isotropic dielectric
constant, are less faithfully representative of the actual het-
erostructure. Nevertheless, using the largest and the smallest
dielectric constants [16] of the constituent materials to trans-
late device parameters to our units, the experimental spacing
between graphene bilayers varies from 0.1 to 0.5. This is
well within the region where we find a nonzero condensate
bracketed by the plasma and the quadriexciton phases.

Our results support and complement measurements of
interlayer tunneling conductance [16,17,43] as a probe for
indirect exciton condensation. Furthermore, they demonstrate
the potential of graphene bilayer systems for the experimen-
tal investigation of thermodynamically stable, as opposed to
optically pumped, multiexciton states.
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