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An important problem in analysis on fractals is the existence of a self-similar energy on finitely ramified fractals.
The self-similar energies are constructed in terms of eigenforms, that is, eigenvectors of a special nonlinear
operator. Previous results by C. Sabot and V. Metz give conditions for the existence of an eigenform. In this
paper, I prove this type of result in a different way. The proof given in this paper is based on a general fixed-point
theorem for anti-attracting maps on a convex set.
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1 Introduction

The subject of this paper is analysis on fractals. Much of analysis on fractals is built based on the notion of
an energy. Therefore, an important problem is the construction of self-similar Dirichlet forms on fractals, i.e.
energies. In this paper, we investigate the finitely ramified fractals. This means more or less that the intersection
of each pair of copies of the fractal is a finite set. Examples of finitely ramified fractals are the Sierpinski Gasket
(or Sierpinski triangle) and its generalizations, the Vicsek Set and the Lindstrgm Snowflake, while a well-known
example of infinitely ramified fractal is the Sierpinski Carpet.

The Gasket can be constructed in the following way. Take an equilateral triangle Tj (0O-step of the construc-
tion), next divide T} into 4 copies of it and remove the central one; call 7T} the set so obtained (1-step of the
construction); next use the same process on every of the remaining three triangles and call this set 7%, and so on.
The Gasket will be the intersection of all 7;,. The Vicsek set and the Carpet are obtained taking a square as the
0-step of the construction. In Figures 1 and 2 the O-step and 1-step in the construction of the Gasket are depicted.
In Figures 3 and 4 the Vicsek Set and the Carpet are depicted (1-step of the construction). We see in Figures
2 and 3 that in the Gasket and in the Vicsek Set, the intersection of two copies of the fractal either is empty or
consists of a singleton, while in the Carpet, depicted in Figure 4, the intersection of some two copies of the fractal
consists of a line-segment.

An important and general class of finitely ramified fractals is that of the P.C.F. self-similar sets, introduced
by J. Kigami in [2] and a general theory with many examples can be found in [3]. In this paper, we consider a
subclass of the class of the P.C.F. self-similar sets, with a very mild additional requirement, which is described
in Section 2. This is the same setting as in other papers of mine e.g., [6] and is essentially the same setting as
in [1], and in other papers ([9], [8]). We require that every point in the initial set is a fixed point of one of the
contractions defining the fractal. Moreover, we require that the fractal is connected. All fractals considered in
this paper are subsets of a metric space X generated by a finite set ¥ of maps from X to X, in the sense that the
fractal F is the unique non-empty compact subset of X such that

F=J . (1.1)
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Roberto Peirone: Fixed Points of maps and Eigenforms on Fractals

On such a class of fractals, the basic tool used to construct a Dirichlet form is a self-similar discrete Dirichlet
form defined on a special finite subset V(°) of the fractal. This subset is a sort of boundary of the fractal. For
example, in the Gasket, we have V(©) = {P|, P», P3} and in the Vicsek Set we have V(9 = {P,, P,, P5, P;}
(see Figures 2 and 3). Such self-similar discrete Dirichlet forms are the eigenforms, i.e., the eigenvectors of a

P Py Py Py
Figure 1. The Gasket, O-step Figure 2. The Gasket, 1-step
Ps P Py

Py Py Py

Figure 3. The Vicsek Set Figure 4. The Carpet
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special nonlinear operator A, called renormalization operator, which depends on a set of positive weights r;
placed on the cells of the fractal.

Thus, an important problem in analysis on fractals is whether on a given P.C.F. self-similar set there exists an
eigenform with prescribed weights. Another important problem is whether such an eigenform is unique up to a
multiplicative constant (it can be easily verified that a positive multiple of an eigenform is an eigenform as well).
In this paper, we will consider only the problem of the existence of an eigenform.

In some specific cases (e.g., the Gasket) an explicit eigenform can be given. The first result of existence of
an eigenform on a relatively general class of fractals was given by T. Lindstrgm in [4], where it was proved
that there exists an eigenform with all weights equal to 1 on the nested fractals, a class of fractals with good
properties of symmetry including for example, the Lindstrgm snowflake. C. Sabot in [8] proved a rather general
criterion for the existence of an eigenform, and V. Metz in [5] improved the results in [8]. In fact, he removed
an additional requirement present in the paper of Sabot and also, considered more general classes of fractals than
those considered in [8] and in the present paper. Moreover, the result given in [5] provides a condition for the
existence of an eigenform, which is in some sense almost necessary and sufficient although it does not cover
some usual cases (see Remark 3.3). More details on the existence results of Sabot and Metz are given in Section
3.

In this paper, I prove essentially the same existence result as that in [5], here described in Section 3, Theorem
3.2. Note that in [5], other criteria are also given, but apparently less appropriate in the context considered here.
Strictly speaking, the result given here is slightly weaker than the result of Metz here described in Theorem 3.2.
However, I think that, in the practical cases, the ranges of application of the two results are probably essentially
the same. Moreover, the condition almost” necessary and sufficient for the existence here mentioned in Remark
3.3 can be also deduced from the result given in this paper. See Remark 6.9 for the details.

The idea behind the proof given here is entirely different. Note that it avoids almost completely the use of the
theory of Hilbert’s projective metric and also the use of the notion of P-parts is reduced and limited to the last
theorem (Theorem 6.8) and a preliminary lemma. Instead, the proof is based on a natural and general principle.

This principle is that a map from the (non-empty) interior of a compact and convex set A in R into itself
has a fixed point if it is anti-attracting. To illustrate it, in this situation call repulsing a map ¢ from A into itself
if it has the following property: for every T € 0A, ¢ sends a suitable neighborhood of Z toward the interior of
A. The name repulsing appears to be appropriate since every point of the boundary is repulsing for ¢. Then,
it is well-known that a repulsing map ¢ has a fixed point on A. We say that the map is anti-attracting if, more
generally, for every T € 04, it sends a suitable neighborhood of T in a direction which is not opposite to a given
element = chosen in the interior of A. The previous, of course, are informal definitions.

Moreover, I will use a stronger notion of anti-attracting map, namely, I will require that the map is anti-
attracting with respect to a point z, which is not constant but depends continuously on Z. In the original version
of this paper, I have used only the versions of the fixed point theorems with constant z. The proof of the final
result was definitely simpler than in the present version. However, after the referee asked for a better comparison
with the previous result, I realized that in that version, the result was substantially weaker than that of Metz.

The precise definitions and theorems (Theorem 4.4 and Theorem 4.5) are discussed in Section 4. Since at least
the versions with constant = of such theorems, especially Theorem 4.4, are simple consequences of Brouwer’s
fixed point Theorem, we can reasonably conjecture that at least some version of them could be already known,
but since I do not know any reference to them, I prove them in this paper. In the proof of the existence result
described in this paper, which, as previously told, is based on a natural and general result, we cannot however
avoid a technical point. Namely, in Lemma 6.3 we use a rather technical result proved in [8]. Such a type of
result, is in any case, a key-point also in the proofs in [8] and in [5].

Note that in [8] and in [5] also sufficient conditions for non-existence of an eigenform as well as the uniqueness
of the eigenforms are discussed. These problems are not discussed in this paper, apart from in Section 3, which
is a Section devoted to previous results. Finally, note that many examples of fractals are known where for some
prescribed weights there exist no eigenforms. A natural conjecture was considered in literature, namely whether
on every fractal (of the type considered in this paper) there exists an eigenform for a suitable set of weights.

Such a problem has been solved in [6] and in [7] by two different points of view. More precisely, in [7] an
example of a fractal is shown where for every set of weights there exist no eigenforms on the fractal. However,
in [6] a weak form of the conjecture is proved. Namely, it is proved that there exists always an eigenform with
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4 Roberto Peirone: Fixed Points of maps and Eigenforms on Fractals

suitable weights but with respect to a suitable set of maps generating the fractal, which is not necessarily the
original set of maps (as ¥ in (1.1)).

2 Notation

In this Section, we introduce the notation, based on that of [6]. This type of construction was firstly considered
in [1]. A notion similar to that of a fractal triple was discussed first in [2], Appendix A, and called an ancestor.

First, we define the general fractal setting. The basic notion is that of fractal triple. By this, we mean a triple
(V(O), V(l), \Il), where V() is a finite set with N > 2 elements, V(1) is a finite set and ¥ is a finite set of
one-to-one maps from V(% into V1) satisfying V(1) = (J,,cq ¢ (V(?). Put

VO ={p,..., Py}
We require that

a) foreach 1 < j < N, there exists a (unique) function ¥; € ¥ such that ¢;(P;) = Pj, and ¥ = {¢1, ..., 1 },
with &k > N;

b) Pj & 1; (V) when i # j (in other words, if ¢;(P,) = P; with i € {1,...,k}, j,h € {1,..., N}, then
i=j=h);
¢) all pairs of points in V(1) can be connected by a path every edge of which is contained in a set of the form

;(V(9)); in other words for every @, Q" € V() there exists a sequence of points Qo, ..., @, € V() such
that Qo = Q, Q,, = Q' and forevery h = 1, ..., n there exists i, = 1, ..., k such that Q;_1, Qp, € 1y, (V(?).

Note that V(0 C V(1) As discussed in Introduction, V(?) is seen as a sort of boundary of the fractal. By
definition, a I-cell (or simply a cell) is a set of the form V; := 1;(V(®)) with i = 1,...,k. The points P},
j=1,..., N, will be called vertices. Let

J=J(VO) = {{j1, 2} : 1,42 € {1,.... N}, jn # fa}-

Based on a fractal triple, we can construct in a standard way a (unique) finitely ramified fractal, more precisely
a P.C.F. self-similar set. See, for example, [2], Appendix A, for the details of such a construction.
Next, we define the Dirichlet forms on V(9) | invariant with respect to an additive constant. Namely, denote by

D(V(O)) , or simply D, the set of functionals E from RV into R of the form

Ew)= Y Eg oy (u(Py) - u(Py)),

{j1.d2}€J

where Ey;, j,3 = 0. The numbers Ey;, ;.3 will be called coefficients of E. Denote by 5(V(0)), or simply D,
the set of the irreducible Dirichlet forms, i.e.

D ={E € D: E(u) = 0if and only if v is constant}.

We remark that, in particular, if £ € D and all coefficients of E are strictly positive, then E € D. However, there
are forms in D that have some coefficients equal to 0. More precisely, if £ € D, then F € D if and only if the
graph G(E) defined on V(©) as

= {{ J1s jz} : E{jhjz} > 0}7

is connected. This means that for every P;, Pj € V() there exists a sequence jo = j,71, -, jn = j' such that
Ej, 1y > 0forevery h=1,...,n

Note that a form E' € D is uniquely determined by its coefficients. Thus, we can identify I € D with the set
of its coefficients E;, ;,3 in R7. In fact,

1
Biny = 7 (B0r) — Xim) — Bt + Xip,)))-
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Accordingly, we will equip D with the euclidean metric in R”. We will also use the following convention:
E<E < E(w)<E@u) YueR"Y”,

EXFE < E,;<E), VdeJ.

Note that £ < E’ implies E < E’ but the converse does not hold. The following lemma is standard. I merely
sketch the proof.

Lemma 2.1 If E,E> € D there exist positive constants c, ¢’ such that cE, < Ey < ' Ej.

Proof. Let
S:={ue RV cu(Py) = 0,||ul| = 1}.

. S . . © .
The ratio % attains its minimum c and its maximum ¢’ over S. Thus, for every non-constant u € RV, putting

~ — u(P; _
U= w, we have u € S, thus
|[u —u(Py)]|

O

Next, we recall the definition of the renormalization operator A,.. For every r € W :=]0, —|—oo[k, every E € D
and every v € RV, define

S1r(E)v) = 3 i B(voty).

=1

Here, an element r of W can be written as (r1, ..., ) and the number r; > 0 is called the weight placed on the
cell V;. Note that Sy ,-(E) is a sort of sum of E on all cells. It is easy to see that Sy ,.(E) is a Dirichlet form on

RV, Now, for u € RV"” let
L(u) = {v eR"" :v=uon V(O)} ,
and let us define A,.(E)(u) foru € RV as

A (E)(uw) =1inf {S1 -(E)(v) :v € L(u)}.

The form A,.(E) is called the restriction of Sy ,-(E) on V(). Note that A,. maps D into D and D into D.
Ifr € W, we say that & € Disan r—eigenform (with eigenvalue p) if there exists p > 0 such that

A(E) = pE. (2.1)

We say that E is an r-degenerate eigenform (with eigenvalue p) if E € D \ D satisfies (2.1). The following
lemma is standard and can be easily proved

Lemma 2.2 i) The map (E,u) — E(u) from D X RV to R is continuous.
ii) The map (r, E) — A (E) from W x D to D is continuous.

Proof. (i) is trivial, and for ii) see for example [6], Lemma 3.1. O

The aim of this paper will be to give sufficient conditions for the existence of an r-eigenform.
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6 Roberto Peirone: Fixed Points of maps and Eigenforms on Fractals

3 Previous Results

We here adopt some notations of [5], or light variants of them. If E € D, we denote by ker(E) the set E~1(0).
Moreover, we denote by Dg the set {E’ € D : ker(E’) = ker(E)}. The sets of the form Dy, E € D will be
called P-parts. Note that Dg is the unique P-part containing E. We will put ker(Dg) = ker(E). Of course,
D and {0} are P-parts. We will call D ands {0} the trivial P-parts. Note that in [8], instead of P-parts, the
equivalent notion of G-relation is used. Here G stands for a group, which in our case is the trivial group.

We observe that Dy only depends on the set graph G(E) defined in Section 2. Therefore, there are only finitely
many P-parts.

Given a P-part P, the P-part Dy (g is independent of E' € P and » € W and will be denoted by A(P). We
will say that a P-part P is A-invariant if A(P) = P. Note that the trivial P-parts are A-invariant. Given two
P-parts P; and P, we put P; < P if ker(P;) C kerPs.

We will now describe the existence results of Sabot and of Metz. We will reformulate them using our notation.
In the present context some statements can be simplified. We need to introduce a notion due to Sabot (see [8])
whose aim is to approximate A, near E € D\ D by minimizing along functions in ker(E). Namely, we define

A, 5(E) : ker(E) — Ras
A, 5(E)(u) = inf {S1+(E)(v) :v € L(u),voty Eker(E)Vi=1,...k} Vuc€ ker(E).

Of course, AT,E(E) is independent of E in a given P-part. We are now ready to state the existence result of Sabot
(ii) of Theorem 5.1 in [8]).

Theorem 3.1 Suppose the nontrivial A-invariant P-parts are mutually incomparable (with respect to the order
=). Suppose for every non-trivial A-invariant P-part P there exist E € P and E € D such that

nf{Ar,E(E)(u) - } . Sup{Ar(E)(u)

(0) —
:u € ker(F),u non-constant = cueRY ker(E }

Then there exists an r-eigenform (and it is unique up to a multiplicative constant).

Now, I will describe the existence result of Metz. In [5], in fact there is a general but not easily verifiable
existence criterion (Theorem 25 there) and later more practical criteria are deduced. I will describe the criterion
which is the most appropriate in our setting, that is Corollary 28 combined with Theorem 25 in [5] and called
Sabot’s test there.

Theorem 3.2 Suppose that for every non-trivial A-invariant P-part containing a degenerate r-eigenform E
with eigenvalue p > 0 A5 has an eigenvector EE € D with eigenvalue strictly greater than p. Then there exists
an r-eigenform (and it is unique up to a multiplicative constant).

Note that in the statement of Theorem 3.2, we could avoid the use of the P-parts, and could instead use only
the degenerate r-eigenforms. However, referring to the P-parts clarifies better that we have to check only finitely
many possibilities. Also, it is important to note that the eigenvalue does not depend on the degenerate r-eigenform
in the given P-part (see [5], Corollary 13), so that in Theorem 3.2 the statement does not depend on the degenerate
r-eigenform E.

Remark 3.3 I here explain what are the main differences between the result of Metz and that of Sabot. First of
all, in Theorem 3.2 the hypothesis that the nontrivial A-invariant P-parts are mutually incomparable is removed.
Moreover, in the result by Metz, we are reduced to check only the P-parts containing a degenerate r-eigenform.
As observed in [5], Remark 34 and subsequent comments, this provides a condition for the existence of an
r-eigenform which is “almost” necessary and sufficient. Namely, enumerate the nontrivial A-invariant P-parts
containing a degenerate r-eigenform as P, ..., P,. Forevery i = 1, ..., s, let E; be a degenerate r-eigenform with
eigenvalue p;. Let

A, 5, (E)(u) —
v; = sup inf {7 tu € ker(E;),u non—constant}.
ped E(u)

Then it follows from Theorem 3.2 that if
max{p; 1t =1,...,8} <min{vy; : i =1,..., s},
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then there exists an r-eigenform. On the other hand, if
max{p; 1t =1,...,s} >min{y : i =1,..., s},

then there exist no r-eigenforms. The proof of the latter statement proposed in [5], Remark 34, is not clear to me.
However, as mentioned there, it is also proved in the part i) of the result of Sabot (Theorem 5.1 in [8]).

In some sense, this condition is analogous to the fact that in the one-dimensional dynamics, a fixed point = of
a function f is attracting if | f'(Z)| < 1 and repelling if |f/(Z)| > 1. Note however that this condition does not
work in some usual fractals, e.g., when we have existence but not uniqueness.

4 The fixed point Theorems.

In this Section, we give two fixed point Theorems, useful for the following. They are simple variants of the
Brouwer fixed point Theorem. The first concerns maps from a convex and compact set not necessarily into itself
but such that any point = of the boundary is mapped not on the half-line with end-point at  and opposite to an
interior point depending on x. The second theorem is a variant of the first but for open convex sets. First, recall
some notation. An affine subset of R" is a set in R"™ of the form X + a where X is a linear subspace of R™ and
a € R™. Now, let Z be an affine set in R", and let v, w € Z. Let

Jv,wii={v+t(w—v): t €0,1[},

v, wi=lv, w[U{v},  Jo,w] :=lv, wH{w}, (v, w] :=]v, w]U{v, w}.

In the following, if Z is an affine subset of R", every topological notion on Z will be meant to be with respect to
the topology on Z inherited from the euclidean topology on R™. For example, if A C Z, we will denote by int(A)
the interior of A with respect to such a topology. The following lemma is standard and can be easily proved.

Lemma 4.1 Suppose Z is an affine subset of R™ and A is a convex subset of Z. Then
i)Ifv e Aandw € int(A), we have v, w[C int(A).

ii) int(A) is convex.

Let Z, = be points of the affine subset Z of R™. Then, we define

Extz(z) = {T+t(x — ) : t > 1}.

Lemma 4.2 Let K be a compact convex subset of the affine subset Z of R™. Then

i) For every ¥ € int(K) and every x € Z \ {x} there exists a unique y = pz(x) € OK of the form
y=T+tlx—1x),t>0.

ii) The map (T, z) — pz(x) from {(T,z) € int(K) X Z : & # &} into OK is continuous.

iii) Let © € int(K). If x € 0K, then pz(x) = x;

ifx € K\ {Z}, then x € [pz(x),T];

ife € Z \ int(K), then pz(z) € [z, Z].

w) IfT € int(K), z € K\ {2} and z1 € Extz(z) N K, then x1 € [z, pz(T)].

v)IfT € int(K) and v € Z \ K, then y = pz(x) is the unique point in OK satisfying x € Extz(y) U {y}.

Proof. (Sketch) i) Clearly, H := 0K N {x + t(x — Z) : t > 0} is non-empty by connectedness. In fact, the
point Z + ¢(x — ) belongs to int(K) for t = 0, and moreover, in view of the boundedness of K, it lies in Z \ K
for sufficiently large t. Moreover, H cannot contain two different points by Lemma 4.1. ii) This follows at once
from the uniqueness of the point defining pz(x). iii) It is easy to see that in the definition of pz(x) we have t = 1
ifre oK, t>1ifx e K\{z},t<lifz € Z\ int(K). iv) and v) are trivial. O

In order to prove the main results of this Section, we recall a standard version of Tietze’s Theorem where the
functions take values in a convex set in R™. Stronger versions of this theorem are known but the present suffices
for our aims. We will use Lemma 4.3 also in Section 6.

Lemma 4.3 If f is a continuous function from a non-empty compact subset Y of a metric space X with values
in a convex set C'in R", then there exists a continuous function f : X — C that extends f.
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8 Roberto Peirone: Fixed Points of maps and Eigenforms on Fractals

Proof. Let f = (f1,..., fn). Since every f; is continuous with values in R, the usual form of Tietze’s
Theorem provides continuous functions ﬁ : X — R extending f;. Thus we find a continuous function f: X —
R™ extending f. Now, let 7 be the projection of R™ over co( f (Y)) Then the function fdeﬁned as f =mo f
satisfies the Lemma. O

Theorem 4.4 Let Z be an affine subset of R", let K be a non-empty compact convex subset of Z. Let 6 be a
continuous map from OK to int(K) and let ¢ : K — Z be a continuous map such that ¢(x) ¢ Extg(,(x) for
every x € OK. Then ¢ has a fixed point on K.

Proof. In ViNew of Lemma 4.3, we can extend 6 to a continuous function, which we call 6 as well, from Z to
int(K). Define ¢ : K — K by

= Jpewy(0(y) if d(y) € Z\ K
o) {¢(y> it g(y) ek

Since po(y) (¢(y)) = ¢(y) when ¢(y) € OK, then ¢ is continuous on all of K with values in K and amounts
to ¢ on ¢ (K). Thus it has a fixed point T € K. We claim that ¢(Z) = Z. In fact, if T € 9K and ¢(Z) #
T = ¢(T), by the definition of ¢ we have T = py(z) (6(Z)) and ¢(Z) € Z \ K. Thus, by Lemma 4.2 v) we have
#(T) € Exty(z)(T), contrary to our assumption. Thus T € int(K’), and consequently ¢(Z) € K. In fact, in the

opposite case, T = py(z) (¢(Z)) € OK. Therefore T = ¢(T) = ¢(T). O

Let Z and K be as in Theorem 4.4, let ¢ be a continuous map from int(K) into itself, and let 6 be a continuous
map from OK to int(K). We say that T € OK is anti-attracting for (¢, 0) if there exists a neighborhood Uz of T
in Z such that for every x € Uz Nint(K) and every 2’ € Uz N 0K we have ¢(z) ¢ Exty(,)(x). We say that ¢ is
f-anti-attracting if every T € 0K is anti-attracting for (¢, 6).

Theorem 4.5 Let Z and K be as in Theorem 4.4. Let 0 be a continuous map from 0K into int(K), and let ¢
be a -anti-attracting map from int(K) into itself. Then ¢ has a fixed point on int(K).

Proof. Forevery T € 0K, let Uz be a neighborhood of T in Z as in the definition of an anti-attracting point.
We can and do assume that Uz is open and, moreover, its closure has the same property, namely

(ac e Uz Nint(K), ' € Uz N aK) = ¢(x) ¢ Exty(y (). (4.1)

Moreover, we can extend # continuously on K \ {Z} where Z is an arbitrary point in int(K) by putting 0(x) =
H(pg(x)) By continuity we can choose Uz such that the following variant of (4.1) holds

v € U Nint(K) = (x ¢ {3} UO(OK), é(z) ¢ Extg(m)(x)). (4.2)

By compactness, there exist Z1, ..., T,, € 0K such that

—:

U .= UE

i

D 0K.

=1

Let K := co(K \ U). Note that, in view of Lemma 4.1 ii), we have
K Cint(K). (4.3)

‘We also have o
OK CU. (4.4)

In fact, in the opposite case, there exists = € 8[? such that
zeint(K)\UCK\UCK,
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and since int(K) \ U is open in Z, then = ¢ 0K, a contradiction, thus (4.4) holds. By (4.3) and (4.4), for every
x € OK we have x € Uz, Nint(K) for some i = 1, ..., m, thus by (4.1)

¢(z) ¢ Exty(z)(x).

Next, 7 ¢ U by (4.2). Therefore, 7 € K \ U C I~(, but in view of (4.4), T ¢ 8I~(, thus 7 € int(I?). In particular,
the compact and convex set K is non-empty.

Moreover, if z € 9K C K \ {Z}, then §(z) € int(K). In fact, on one hand, §(z) € K by hypothesis and
0(z) ¢ U by (4.2) thus §(z) € K by definition of K, on the other f(z) ¢ K by (4.2) and (4.4). The map ¢
from K into Z thus satisfies all hypotheses of Theorem 4.4, thus ¢ has a fixed point on KC int(K). O

5 Anti-attracting forms on Fractals.

In this Section, we investigate the notions of Section 4 in the setting of forms in D. Recall that a form in D can
be seen as an element of R7. So, we define specific sets in R’ which will play the roles of Z and K in Section

4. Moreover, we will investigate the notion of an anti-attracting form with respect to a map obtained normalizing
A,. Let us define

L(z) == Zxd Vo e R,
deJ

|| = Z lza] Yz eR’,
deJ

Z = {IERJ:E(I):I},
Dy=:{EcD:|E|=1}={E€Z:E;>0 VdeJ}.

So, Z is an affine set in R’ and D, is a non-empty compact and convex subset of Z. Note that

>m =
max Fg = m ()

VE € Z. (5.1)
We easily characterize int(Dys). In fact we have int(Dys) = Dj(\lf) where
DY :={Ee€Dy:E;>0vdeJ}CD.

We next want to study the map JF » defined as

As it is known that if E € D satisfies Eq > 0 for every d € J, so does A,.(E) (see, for example, [8], Prop. 1.15),
then A* maps continuously D( ) into itself. However, in general A*r cannot be extended continuously on all of
Dyr. In fact, we could have A,.(E) = 0 for some E € D\ D. We so need a nice decomposition of 0D,s. Let

DY =Dy ND\DY,

Dy = {E € Dy \ D+ Ar(E) # 0},
DY = {E € Dy \D: A(E) = 0},

where r € W. In fact, it can be proved that the formula A,.(E) = 0 is independent of € W, but this is not
important for our considerations since we fix a given r € W. We easily have

Dy =D uDP UD.
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Claerly, A* » maps continuously Dj(\lf) U DJ(\Q/) U Dj(\?}) into Dys. Note also that, when F € Dj(\lf) U DJ(\Q/) U D(3), then
FE is a (possibly degenerate) r-eigenform if and only if it is a fixed point of A+ -

We are going to prove that every point £ € 0D which is not an r-degenerate eigenform is anti-attracting for
A* . We need the following lemma, which is well-known, but however, I will prove it.

Lemma 5.1 IfE,E' € Dand 0 < p < p we cannot have A,(E) < pE and A.(E') > p'E'.
Proof. By contradiction, if A,.(E) < pE and A.(E’) > p'E’, using an inductive argument we obtain
AN E)<p"E, A(E') > p"E ¥neN.

However, in view of Lemma 2.1, there exist positive ¢ and ¢’ such that cE’ > FE > ¢ E’ which implies, A,." (E) >
A" (E') for every positive integer n, so that

an 2 ATW(E) 2 CIATn(E/) Z C/plnE/ > *p/nE

and, since 0 < p < p/, this cannot hold for large n. O

Now, for every form E € int(Dy) = /(\1[), according to the notation of the previous section, put

Extz(E) = {E+tE—-E):t>1} VE € Z\ {E}.

Here, Dy plays the role of K in Section 4. Next, define pz : Z \ {E} — 0D, as in the previous section.

Lemma 5.2 Let r € W and let 0 be a continuous map from 9Dy to Dj(\lf). Then every E € D/(é) is anti-
attracting for (A*,., 0).

Proof. First, prove that there exists a neighborhood U of E such that
pory(E)a <2Eq YE€UNDy,VE €UNIDy, Vd e J (5.2)
Note that by Lemma 4.2 iii), if £ € Dy \ {#(£’)} we have E € [pg(g/)(E), 0(E")], thus
Eq € [pocpn(E)a,0(E")a) Vde J (5.3)

If d € J satisfies E4 = 0, since §(E) € D/(\}), thus O(E)4 > 0, by continuity we have E; < 6(E')4, thus by
(5.3) we have pg(p/)(E)q < Eqg, and a fortiori (5.2). On the other hand, by continuity we have

Eq — Ea, poy(E)a  —__ pyp(Ela=FEq VdeJ.
E—E (E,E")—(E,E)

We have used the fact that, since E € Dj(é) C 9Dy, by Lemma 4.2 iii) we have p, (E) = E. Thus (5.2) holds
for a suitable U, also for d such that E4 > 0, and (5.2) is proved. We now prove by contradiction that, possibly
restricting U, given £ € U N D(l), E' € U N ODyr we have

A*(E) ¢ Exty(pr)(E). (5.4)

By Lemma 4.2 iv) we have E, € [E4, pg(gry(E)a] if E € Extg( ) (E) N Dy, for every d € J. Thus, by (5.2), if
(5.4) does not hold we have
A*T(E)d <2E; VdelJ. (55)

(4)

Take a positive & which we will specify later. Since E € D}/, by definition we can choose U such that

(A(E)),<e YEeUND, vdel. (5.6)
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For such E, by the definition of A*, we have CX]\V*T(E) = A, (E) for some o > 0 (depending on E). Thus, by
(5.1) and (5.6), for some d € J we have

ai < a(A*(B)); = (Ar(B))

a <E.

d

It follows that &« < <. Hence, in view of (5.5) we have

m

(A(B)), = a(A*,(B)), < 2=Ea Vde .

2 2 ~ ~
Thus, we have A,.(F) < %E, hence A,.(E) < %E Fix E € Dj(\lf) and take ¢ > 0 so that A,.(9(E’)) > cE (see

2

Lemma 2.1). Thus, if we choose € so that fg < ¢, we have contradicted Lemma 5.1. Such a contradiction shows
m

that (5.4) holds and the Lemma is proved. O

Lemma 5.3 Let r € W and let 0 be a continuous map from 0D s to DJ(\}). Then every E € Dﬁ) U Dj(\?}) such
that A*,.(E) # E is anti-attracting for (A* ., 0).

Proof. Since py g (E) = E we have ET(E) ¢ [E, Po(E) (E)] = {E}. By continuity, there exists a
neighborhood U of E such that for every E € U N Dﬁ\}) and every B/ € U N 0Dy we have A*.(E) ¢
[E, po(p)(E)], thus, by Lemma 4.2 iv), A*,.(E) ¢ Exty g (E). O

6 The Final Results.

In view of Lemmas 5.2 and 5.3, we can use Theorem 4.5, provided that also every degenerate r-eigenform in
0D,y is anti-attracting for (/f\v*r7 ). However, this does not necessarily hold, but depends on the r-eigenform.
More precisely, we have to study carefully the local behavior of A, near a degenerate r-eigenform. Recall that if
EcD)\ D, E # 0, then ker(E) strictly contains the set of the constant functions. We say that the degenerate
r-eigenform £ € D/(\?}) with eigenvalue p is E -repulsing if

3p' > p: A, 5(E)(u) > p'E(u) Vu € ker(E). (6.1)

Recall that AT,E(E) has been defined in Section 3. We also say that the degenerate r-eigenform is repulsing if it
is E—repulsing for some E € Dj(\lf). We now prove that if 8 is a continuous map from 0Dy, to DJ(\}) then every
degenerate r-eigenform E € Dﬁ), 9(E)-repulsing, is anti-attracting for (A*,., #). We need some preliminary

lemmas. Here, we consider E € Dj(\?}) fixed in the following lemmas.

~ E
Lemma 6.1 IfE  FE € DJ(\}), then the ratio E attains a minimum 1, i on the set of all non-constant functions

in ker(E).
Proof. The proof is similar to that of Lemma 2.1. O
Lemma 6.2 If F, E¢€ Dj(\}), we have
)ng i > 0.
i) E(u) > ny, E(u) Vu € ker(E).

iii) There exists Uy, i € ker(E)N .S such that E(u,, ) = 1, 5E(Uy, ), where S is the set defined in Lemma
2.1.

Proof. Trivial. O

The following Lemma is the most technical point in this paper, where we use a previous result of Sabot (a
similar result was proved later by Metz in [S]) whose proof is rather long.
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Lemma 6.3 Letr € Wand let E € D(l) IfE ¢ D ) and A +(E) = E, then for every a < 1 there exists a
neighborhood U of E such that

Ar(B)(u) > ang 5M, 5(E)(u) YE € UNDy Vu € ker(E).

Proof. This is a consequence of the arguments in [8]. For example, by [8], Prop. 4.23 (see also Prop. 23
in [5]) there exists a neighborhood U of E such that for every E € U N D/(\P and every u € ker(E) we have
A (E)(u) > oA, 5(E)(u). The Lemma follows from Lemma 6.2 ii) and the definition of A 5 (E). O

Lemma 6.4 Let r € W and let 0 be a continuous map from 9D s to DJ(\}). Suppose a degenerate r-eigenform
Ec D/(\?}) is O(E)-repulsing. Then E is anti-attracting for (A*,.,0).

Proof. By Lemma 6.3 and (6.1), given a €]0, 1], we find a neighborhood U of E such that, if £ € U N D/(\})
and u € ker(E) we have

A (B)(w) > playy o, 0(F) (u). (6.2)
On the other hand, since the ratio 99((—?,)) attains all values on the compact set S defined in Lemma 2.1, it can be

easily seen, using Lemma 2.2 i) and the continuity of 6, that, given o > 0, possibly restricting U, if E' € U we
have

(1—0)0(E') () < 0(E)(u) < (1+0)0(E")(u) YueRV.

It follows that NE.0(F) > H%']/]EVQ(E/). Thus, in view of (6.2), we have
A (E)(u) > p"ompoen0(E")(u) Vu € ker(E) (6.3)

forevery E € U N Dj(\lf) and every E' € U N ODyr, where p”’ = ng > p for sufficiently small o > 0.
Next, note that A,.(E) = pFE, hence |A,.(E)| = p|E| = p. Thus, for u € ker(E), in view of (6.3) we have

A (E)(u)

_ A (B)(w) |A(E)]
[A(B)] |A-(E)]

/! A
p QNE,0(E") :A E ;IG(E )(u).

Also, possibly restricting U, by the continuity of A,. we can assume that |A,.(E)| > a|A,.(E)|. Hence,

/!

n P
A (E)(u) =2 Oé2?77E,9(E’)9(E/)(U)~
Since p” > p we can choose « such that az%/ > 1. Thus if u € ker(E) is non-constant we have

A (E) (1) > 1p,000 0(E") (u). (6.4)

It follows that E is anti-attracting for (ZXV*,«, 0) as K;T(E) ¢ Exty g (E) forevery E € U N Dﬁ\}) and every

E' € U N JDys. In fact, in the opposite case, for some F € U N Dﬁ\}) and some E’ € U N 9Dy, by Lemma 4.2
iv), we have

A*(E) € [E, po(er) (E)). (6.5)
On the other hand, by Lemma 4.2 iii) we have
E € [pge(E),0(E")]. (6.6)
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Next, possibly restricting U, in view of Lemma 2.2 i), since the set .S defined in Lemma 2.1 is compact, we can
assume that for every £ € U N D, and every u € S we have

|E(u) — E(u)| <6, ¢:=min{0(E")(u): E” € 0Dx,u € S}. (6.7)

Note that the minimum defining ¢ does exist since D and S are compact and the map (E”, u) — 0(E")(u) is
continuous by Lemma 2.2 i) and the continuity of 6. On the other hand, we have § > 0 as 6 takes values in Dﬁ\lf
and every u € S is non-constant.

Thus, if we fix £ € U N D(l) and B/ € U N 9Dy and put i := g g(p), since u € ker(E) N S, in view of
(6.7) we have E(u) < 0(E')(u ) Thus, by (6.6) we have py(g) (E)(u) < E(u), thus, by (6.5) and Lemma 6.2

iii) we have A*,.(E)(u) < E(u) = ne,o(e)0(E') (). This contradicts (6.4) and the Lemma is proved. O

Theorem 6.5 Suppose that there exists a continuous map 6 : 0Dy — Dj(\lf) such that every degenerate
r-eigenform E € Dj(\?}) is O(E)-repulsing. Then there exists an r-eigenform.

Proof. Suppose there exist no r-eigenforms, in particular /A\;T(E) # E for every E € D/(\?). By Lemmas
5.2, 5.3 and 6.4, the hypothesis of Theorem 4.5 is satisfied with K = Dy, and ¢ = A*,. Thus, there exists

Eec DJ(\}) such that K;T(E) = E, hence E is an r-eigenform. O

We now want to prove that, in the hypothesis of previous theorem, we can remove the continuity of . In other

words, if every r-degenerate eigenform E in ’D( ) is repulsing, that is repulsing with respect to some 0(E), we
can choose such a function 6 to be continuous. We need two simple lemmas.

S

Lemma 6.6 We have A, (> anEp) > > anl, 5(En) whenever ay, > 0 and Ej, € D.
h=1 ’

h=1

Proof. This is a standard and simple fact (see [5], Proposition 2 ii) for the analogous statement on A,.). [

Lemma 6.7 i) D U DJ(\/) is closed.
ii)IfPisa P—part then P C \J{P": P'isa P-part,P < P'}.

Proof. i)If Ey € D(S) D/(é) and Ey, X —+> E,then F € D/(\?}) U Dj(é). In fact, in the opposite case, we have
L — + 00

E € D, but then there exists § > 0 such that E(u) > ¢ for every u € S, where S is as usual, the set defined in
Lemma 2.1. By Lemma 2.2 i) and the compactness of S we have, for large h, Ep(u) > 0 for every u € S. This

easily implies E,(u) > 0 for every non-constant u € RV , thus E}, € D, a contradiction. ii) Clearly, the kernel
of the limit of a sequence in P contains ker(P). O

Theorem 6.8 Suppose that every degenerate r-eigenform E € Dj(\?) is repulsing. Then there exists a continu-
ous map 0 : 9Dy — Dj(\}) such that every degenerate r-eigenform E € Dﬁ) is O(E)-repulsing, thus there exists

an r-eigenform.

Proof. Since on every P-part the eigenvalue of possible degenerate r-eigenforms does not depend on the

r-eigenform as observed in Section 3, and we have finitely many P-parts, the degenerate r-eigenforms in Dﬁ)

have only finitely many eigenvalues. Call them p; > 0,7 =1, ...,n. Let
B, = {EcDY : A(E)=pE}.

Also using Lemma 6.7 i), we easily see that the sets B; are closed and mutually disjoint. Now, when P is a P-part
put B; p = B; N P, and, if P’ is another P-part, put B, p < B, p/ if P < P’. We define

B; = {Biﬁp : P P-part, Bi_’p 75 @}.

We enumerate the P-parts that intersect B; as P, h = 1,...,s;, and put B; ;, := B; p,
h =1, ..., s;, are the elements of B;. We order the sets P; ;, so that the sets B; p, h = 1,.

thus the sets B; 3,
with 1 < s} < s,

Lh

?fu
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are the maximal elements of B; (with respect to the order <). Note that, by Lemma 6.7 ii), the sets B; j,
h =1,.., s, are closed. Let

s
!
B; = U B; h,
h=1

thus B, is closed.

By hypothesis, for every B; 5, h = 1, ..., s} there exists E; j, € Dj(\lf) such that an arbitrarily fixed Ee Bipis
E; j,-repulsing. But, by the definition of Arf this implies that every E € B; j, is E; p-repulsing. Put§ = E;
on B, ;. Now, let

Ly = U {Bin W =1,...8,Bin £ Bin}.

By Lemma 6.7 ii) again, L, 5, is closed. Since B; ;, and L; j, are disjoint closed subset of B;, by Tietze’s Theorem
(in its usual form) there exists a continuous function «; 5, : B; — R that attains the value 1 on B, j, the value 0
on L; j, and is strictly between 0 and 1 elsewhere. In particular, «; j, attains the value O on the sets of the form
Bin, W =1,...,s;, I/ # h, as they are subsets of L; j, by definition. We now extend ¢ on B; putting

cey 94

O(E):Ztﬁi,h(E)Ei_’h, Bin(E) = S/O‘zhi
- hZ_Z:I Q5 h (E)

Note that, given E € B;, then E € B, for some i/ = 1,...,s;, and there exists h = 1,..., s, such that

B p = B p, therefore a; 1, (E) > 0, thus the function Z oy, 1s positive on B;. Also, observe that, since Dﬁ\})
h=1
is convex, then 0(E) € Dj(\}). Since o; ,r amounts to 1 on B; 5, and to 0 on the other B; j,, the function so defined
in fact extends 6.
Next, suppose E € B; so that in the definition of §(E) we can restrict the sum to the £’s that satisfy
Ker(P; ;) DKer(E), as we have «; ,(E) = 0 for the other h’s. Let E;;, € B, so that by definition we

have A, g > AT B, - Thus, also using Lemma 6.6, for every u € kerEl C kerEi’h, we have

’

Aep(OE) ) > S Bin(B)Arp(Fin) (1)
h=1

> Bin(E)A, 5, (Bin)(w)
h=1
> Bin(E)p) 4 Ein(u)
h=1

> min{f, ) ; Bun(B)E, () = min{ g, }0(E) (),

where p; ,, are numbers greater than p;. These numbers exist since El n is E; p-repulsing. In sum, E is 6(E)-

repulsing and 6 : B; — D/(\}) is continuous. Since the sets B; are mutually disjoint closed subsets of the compact

n
set 9D and 6 is a continuous function from | J B; with values in the convex set PV
i=1

be extended continuously to all of D with values in Dj(\lf). O

, using Lemma 4.3, 6 can

Remark 6.9 We now compare Theorem 6.8 with Theorem 3.2. First, note that when Theorem 6.8 is applicable
also Theorem 3.2 is so. To prove this, we use a variant of an argument in [5], namely Lemma 8 there. Here we
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use similar considerations but replacing A, with A_ . Suppose the hypothesis of Theorem 6.8 is satisfied, that

is, for every degenerate r-eigenform E € Dj(\g}) with eigenvalue p

3E € DY, 30 > p: A, 5(E)(u) > p'E(u) Vu € ker(E). (6.8)

We now want to prove that the hypothesis of Theorem 3.2 is satisfied. Let E be a nonzero degenerate 7-

eigenform with eigenvalue p > 0. It immediately follows that % € D(3), thus E satisfies (6.8). Note in fact,
that by definition we have A_ 7 = A_ 5 . Also, note that we can associate to the P-part containing E a partition
s T

{W1, .. W,} of V(O such that ker(E) is the set of the functions in RV"” that are constant on every W;. This fact
is well-known. The graph G(E) defined in Section 2 is disconnected as E' ¢ D and the sets W7, ..., W are the
components of G(E). Define D(FE) to be the set of the restrictions of E € D to ker(E). Note that the coefficients

E¢;, j,y of an element E of D(E) are not unique, since different sets of coefficients can give the same function
on ker(E). However, we can find a canonical set of coefficients. Select Pjny € Wy, and put

S 2
E(u) = Y Ejnin) (@(Pin) — w(Pinn)) (6.9)
hh/=1

with E;(4) jny > 0 '. Moreover, put Dy(E) = {E € D(E) : |E| = 1}. Here, |E| is defined as usual using the
A, 5(E)

coefficients of E given by (6.9). Next, define Z\V*TE(E) =n

&, 2B Consider now the set

A:={EeDy(E): A, 5(E)(u) > p'E(u) Vu € ker(E)}.

Then A is non-empty by (6.8), convex and compact. Moreover, A+ - maps continuously A into itself, thus
it has a fixed point on A. As a consequence A, 7 has an eigenvector in D n with eigenvalue greater than p, thus
satisfies the hypothesis of Theorem 3.2. '

On the other hand, Theorem 6.8 is (at least apparently) slightly weaker since in the hypothesis of Theorem 3.2
it is not clear that we find a function E € Dﬁ\lf) satisfying (6.1). In fact, this would be trivial if the eigenvector E
given in Theorem 3.2 belongs to D, since we can approximate it with forms in D/(\}). In general this approximation
does not work to obtain (6.1) for u € ker(E).

However, I think that in the usual cases where Theorem 3.2 works so also does Theorem 6.8. In particular,
note that the condition given in Remark 3.3 can be deduced from Theorem 6.8. I also suspect that refining the
argument in Theorem 6.8 we could obtain the exact statement of Theorem 3.2.
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